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ABSTRACT

The low complexity of IIR adaptive �lters (AFs) is specially appealing to real-
time applications but some drawbacks have been preventing their widespread use
so far. For gradient based IIR AFs, adverse operational conditions cause conver-
gence problems in system identi�cation scenarios: underdamped and clustered
poles, undermodelling or non-white input signals lead to error surfaces where the
adaptation nearly stops on large plateaus or get stuck at sub-optimal local minima
that can not be identi�ed as such a priori. Furthermore, the non-stationarity in
the input regressor brought by the �lter recursivity and the approximations made
by the update rules of the stochastic gradient algorithms constrain the learning
step size to small values, causing slow convergence. In this work, we propose
IIR performance enhancement strategies based on hybrid combinations of AFs
that achieve higher convergence rates than ordinary IIR AFs while keeping the
stability.



RESUMO

A baixa complexidade dos �ltros adaptativos (FAs) IIR é atrativa para aplica-
ções em tempo real, mas certos inconvenientes têm impedido sua ampla utilização
até agora. Para os FAs baseados no gradiente descendente, condições operacio-
nais adversas suscitam problemas de convergência em cenários de identi�cação
de sistemas: pólos subamortecidos ou agrupados, submodelagem ou sinais corre-
lacionados originam super�cies de erro onde a adaptação desacelera em grandes
planícies ou para em mínimos locais sub-ótimos que não podem ser identi�cados
como tais a priori. Além disso, a não-estacionaridade do regressor de entrada
causada pela recursividade do �ltro e as aproximações feitas pelas regras de atua-
lização dos algoritmos de gradiente estocástico restringem o passo de aprendizado
a valores pequenos, retardando a convergência. Neste trabalho, propomos estra-
tégias de aprimoramento de desempenho baseadas em combinações híbridas e
estáveis de FAs que alcançam taxas de convergências mais altas do que FAs IIR
comuns.
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LIST OF SYMBOLS

o Superscript that identi�es measures belonging to or produced by an

unknown plant, as opposed to those associated to adaptive �lters.

For example, Ho(z) identi�es the rational transfer function of an

unknown plant in opposition to that of an AF, denoted by H(z).

ak(i) k-th feedback coe�cient of an AF. A(z, i) =
M∑
k=1

ak(i)z
k .

A(z) Polynomial that de�nes the denominator (i.e., the poles) of a rational

transfer function H(z) = B(z)
1−A(z) .

Ai State transition matrix that describes the dynamics of a given system

in the state space. Wi+1 = AiWi + biu(i) .

bk(i) k-th feed-forward coe�cient of an AF. B(z, i) =
M∑
k=0

bk(i)z
k .

B(z) Polynomial that de�nes the numerator (i.e., the zeros) of a rational

transfer function H(z) = B(z)
1−A(z) .

bi State space variable that describes the dynamics of a given system

represented in the state space. Wi+1 = AiWi + biu(i) .

ci State space variable that describes the output of a given system rep-

resented in the state space. y(i) = ciWi + d(i)u(i) .

d(i) Output of an unknown plant as perceived by the outside environment

in a system identi�cation scenario; i.e., d(i) = yo(i) + v(i) .

d(i) State space variable that describes the output of a given system rep-

resented in the state space. y(i) = ciWi + d(i)u(i) .

e(i) Estimation error committed by an AF at the instant i.

e(i) = d(i)− y(i) .
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ea(i) A priori estimation error committed by an AF at the instant i.

ea(i) = yo(i)− y(i) = xoiw
o − xiwi−1 .

ēa(i) Filtered a priori estimation error committed by an AF at the instant

i. ēa(i) = φiw̃i−1 .

ep(i) A posteriori estimation error committed by an AF at the instant i.

ep(i) = xoiw
o − xiwi .

ēp(i) Filtered a posteriori estimation error committed by an AF at the

instant i. ēp(i) = φiw̃i .

E Expectancy (expected value) .

φi Filtered regressor of an Output-Error AF.

φi = xi
1−A(z) = xi +

M∑
k=1

akφi−k.

J Cost function used to optimize the coe�cients wi with respect to wo.

J = J(wi−1) = E e2(i) .

M Order of a given AF as de�ned by the order of the underlying rational

transfer function Hn(z) .

µ Learning step size (or adaptation constant) .

u(i) Input signal that feeds a given unknown plant and/or an adaptive

�lter in a system identi�cation scenario.

ui Regressor of a FIR AF.

ui = [u(i) u(i− 1) · · · u(i−M − 1) u(i−M)].

v(i) Aditive noise, normally assumed to be zero-mean, white and Gaus-

sian, that contaminates the output signal yo(i) produced by an un-

known plant in a system identi�cation scenario. d(i) = yo(i) + v(i).

wi Weight vector that stores the coe�cients of an AF at the instant i.

wi = [a1(i) a2(i) · · · aM(i) b0(i) b1(i) b2(i) · · · bM(i)].

w̃i Weight error vector that gives the misalignment between wi and wo.

w̃i = wo − wi.



Wi State vector of a given system represented in the state space .

xi Regressor of an Output-Error AF.

xi = [y(i− 1) y(i− 2) . . . y(i−M) u(i) u(i− 1) · · ·u(i−M)].

xEE,i Regressor of an Equation-Error AF.

xi = [d(i− 1) d(i− 2) . . . d(i−M) u(i) u(i− 1) · · ·u(i−M)].

xoi Regressor of an unknown IIR plant.

xoi = [yo(i− 1) yo(i− 2) . . . yo(i−M) u(i) u(i− 1) · · ·u(i−M)].

y(i) Output signal produced by an adaptive �lter in a system identi�cation

scenario.

z Operator of the Z-Transform, also understood as the unit delay op-

erator; e.g., H(z) =
∞∑
k=0

hkz
k (the Z-Transform) and H(z)u(i) =

∞∑
k=0

hkz
ku(i) =

∞∑
k=0

hku(i− k) (delay operator in the mixed notation).
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1 INTRODUCTION

Adaptive �lters (AFs) are versatile tools that have been used as real time

solutions for several applications, such as [1�5]:

1. System Identi�cation

2. Equalization and Inverse Modelling

3. Adaptive Linear Prediction

4. Adaptive Autoregressive Spectrum Analysis

5. Echo Cancellation

(a) Network Echo Cancellers

(b) Acoustic Echo Cancellers

6. Adaptive Interference Cancelling

Once the main concepts in Adaptive Filtering may be properly studied via a

system identi�cation perspective, it is focused in this work through scenarios like

the one depicted in Fig. 1. In this �gure, u(i) is the input signal, Ho(z) is the

unknown plant 1 which produces the output yo(z), v(i) is a Gaussian additive

signal that models any external disturbance on yo(z) such as thermal noise or

anything else that causes systematic error measurements and d(i) is the output

of the unknown plant as perceived by the outside environment.

1In this work, we employ the terms system and plant interchangeably
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Figure 1: An Adaptive Filter in a System Identi�cation Scenario

In order to identify the system Ho(z), an adaptive algorithm adjusts the

parameters of the AF H(z) iteratively, making its estimates y(i) approximate

d(i) as close as possible; i.e., minimizing the estimation error e(i) de�ned as

e(i) = d(i)− y(i), (1.1)

according to a methodical approach [1, 4, 5]. This way, the adaptation becomes

an optimization problem that seeks to minimize some properly chosen function

J
(
e(i)
)
and then achieve identi�cation 2 . Several cost functions are used to this

end, but the most employed in the literature is the Mean Squared Error (MSE)

given by

JMSE = E e2(i), (1.2)

which owes its popularity to some nice mathematical properties as continuous dif-

ferentiability [6]. Given that the cost function drives the adaptation, the analysis

of the MSE and its plots against the AF parameters (known as error surfaces)

gives valuable insights to understand convergence issues.

As any digital �lter, AFs are characterized by a transfer function that de-

termines their impulse responses, so they can be either FIR (Finite Impulse Re-

sponse) or IIR (In�nite Impulse Response) AFs [7�9]. Strictly speaking, IIR

2Here, we tacitly admit that the orders of both Ho(z) and H(z) are the same. If they are
not, optimal estimation can still be possible, but identi�cation is not (at least in a literal sense).
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systems can be correctly identi�ed only by an IIR AF because a FIR one can

at the best yield a truncated version of the original impulse response. In fact,

IIR AFs tend to require fewer coe�cients than comparable FIR AFs, particularly

when the underlying system they are trying to model has sharp resonances [8,10].

For example, whereas an FIR AF may need some thousands of taps in applica-

tions like channel equalization or echo cancellation, an equivalent IIR AF could

require as few as 200 taps to achieve the same performance, which makes IIR

adaptive �ltering appealing [4, 11�16].

However, two major downsides have traditionally prevented the large scale us-

age of IIR AFs so far: stability and convergence rate [1,17�19]. Stability concerns

materialize when the adaptive algorithm allocates some of its poles outside the

unit circle, which could cause the AF to diverge [20]. Such concerns have already

been addressed by the use of non-expensive checks as the Schurr recursion [12],

which detect and handle unstable updates. Also, the normalized lattice �rst

devised by Gray et al. [21] and later improved by Rodriguez-Fonollosa [22] is in-

ternally bounded by trigonometric functions and it is intrinsically stable 3 [12,23].

So, stability is no longer an issue for IIR adaptive �ltering.

Speed of convergence remains an open problem though [1, 4, 11, 19, 24], with

IIR AFs sometimes exceeding the typical convergence times of FIR AFs by or-

ders of magnitude [10]. Unlike the stability issues, this can not be solved by

merely changing the �lter structure, although a given IIR realization could show

improved performance against another under speci�c conditions [13] 4. In op-

3In the adaptive �ltering literature, to state that the normalized lattice is intrinsically stable
is common sense. The fact is that the lattice does require stability tests to run smoothly;
however, these tests turn out to be quite simple (unlike in the direct form case, where the
stability tests depend upon the zeros of a polynomial). Indeed, all the normalized lattice requires
to become exponentially stable is to constrain its rotation angles θk such that 0 < θk <

π
2 ,

allowing one to conclude that stability is structurally induced in this case [12, Theorem 6.6].
4Any constant gain IIR formulation such as the RPEM (Recursive Prediction Error Method),

Steiglitz-McBride method, SHARF (Simple Hyperstable Adaptive Recursive Filter) or the PLR
(Pseudo Linear Regression) is prone to very slow convergence under adverse conditions [10].
Even IIR Newton-based formulations, generally faster, show convergence times that may be
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position to the FIR case where the only existing constraints for the parameters

adaptation are those related to a proper choice of the step size, trivially derived

from the eigenvalues of the input data correlation matrix, the IIR AFs parameters

evolution must be further constrained for some good technical reasons as follows.

First, in the case of stochastic gradient based algorithms for the direct forms,

the approximations made on the update rules become progressively coarse as

the learning step size increases. As a matter of fact, the implementation of the

stochastic gradient is possible only under the assumption that the denominator

coe�cients are slowly varying [4], as discussed in Section 2.8.2.

Second, once IIR �lters are recursive, larger step sizes lead to a fast param-

eters evolution and, hence, increase the non-stationarity degree of the regressor

signal to an extent that the AF fails to converge. In the case of the normalized

lattice, this phenomenon can be managed by keeping the rotation angles into

the interval [0 · · · π
2
] instead of [0 · · · 2π] [12, Tables 7.1 to 7.5], which just

emphasizes that the step size must be kept relatively small.

Third, it is possible that unstable updates become so frequent that the sta-

bility checks - if existent - prevent the parameters of the AF from evolving, which

is known as lockup [23, 25]. Again, this could be avoided by decreasing the step

size but, sometimes, the gradient magnitudes change so abruptly along the error

surfaces [26] that a su�ciently small step size could make the convergence rate

unacceptably slow anyway.

Finally, in algebraic terms the presence of poles amounts to decompose the

transfer function of the plant onto a non-orthogonal basis de�ned by the poles

of the �lter, which may render a certain information matrix ill-conditioned and

increase its eigenvalue spread (see Appendix C). If the spread is large enough,

much bigger than those typically found in the FIR case.
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the adaptation will slow down regardless the numerical precision 5 [11], even for

exact gradient algorithms with optimally tuned step sizes.

As discussed above, the benchmark we used to tell whether a given adaptive

�lter is fast or slow are the FIR adaptive �lters, which can be signi�cantly faster

than their IIR correlates. It is that performance gap that motivates this work,

where we try to answer the following question: how to increase the adaptation

speed of an IIR AF by one or more orders of magnitude while keeping the stability?

The answer we found to that question gives this thesis its title � Hybrid

Convex Combinations for IIR Systems Identi�cation. In order to describe those

hybrid combinations and understand their behaviour, some theoretical topics on

adaptive �ltering and related matters were gathered and summarized along this

work. Chapter 2 shows some of the fundamentals of adaptive �ltering, introduces

the mixed notation, talks about �lter realizations and makes a brief comment on

stability aspects, explaining how all these things relate to the algorithms we

developed. It also examines two mainstream IIR approaches for IIR adaptive

�ltering (Output Error and Equation Error) and adaptation rules, where the

Output Error LMS is derived by exploiting the mixed notation within the direct-

form realization.

Chapter 3 examines convex combinations of adaptive �lters, covering the

regular and normalized supervisor designs in the FIR adaptive �ltering context.

The hybrid combinations themselves are described in Chapter 4. Section

4.2 shows a FIR-IIR AFs combination (the �T-OE�) for the system identi�cation

setup that we �rst introduced in [28], which shows improved performance over

an ordinary IIR AF while keeping the computational complexity low by skipping

5This is a well known issue in linear algebra: the solution of ill-conditioned systems is
extremely sensitive to small perturbations and no numerical trick can prevent that [27]. In case
of stochastic gradient-based algorithms, the adaptation itself is �disturbing� due the gradient
noise; so, the optimal solution will take longer to be achieved, regardless of the algorithm used.
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stability checks. To achieve this goal, the FIR AF (guide �lter) is designed to

be fast and robust while the IIR AF has an arbitrarily small step size, therefore

achieving both accuracy and exponential stability (refer to Sections 2.6 and 2.7).

Inspired by the cyclic feedbacks of weights originally intended for FIR combi-

nations (see [29]), the T-OE is also endowed with conditional FIR→IIR weights

transfers to improve the overall performance. We suggested in [28] that these

transfers were carried via the Balanced Model Reduction algorithm (BMR) pro-

posed by Beliczynski et. al [30], but here we also propose an alternative scheme

based on Prony's method and Paddè Approximants (PAM). Both approaches

have their own merits as we discuss in Section 4.2.1, but the latest is consider-

ably simpler.

By recognizing that the weights transfer procedure may be too involving

(either BMR or PAM handle matrices), we also exploited IIR-IIR �lters com-

binations in Section 4.3. This idea resembles the composite �lters introduced in

several prior works (e.g., [18,31�36]) but it o�ers new possibilities such as a greater

control over the switching between the components, improved performance in the

transient due to a cyclic feedback mechanism and enhanced tracking capabilities.

Conceptually, the IIR-IIR �lters combinations are an extension to the T-OE

in which the guide �lter is no longer a FIR AF, but an Equation Error (EE)

or Pseudo-Linear Regression (PLR) AF (in the former case, they were called �E-

OE� and in the second, �P-OE�). Compared to the T-OE, these new combinations

have the obvious advantage of facilitating the weights transfers procedure as the

components are structurally alike; however, they lack the possibility of chang-

ing the order of the guide �lter as mismodelling can seriously deteriorate the

performance of IIR AFs. Besides, both Equation Error and Pseudo-Linear Re-

gression algorithms have known convergence issues, as detailed in Sections 4.3.2

and 4.3.3. As indicated by the experiments shown in Section 4.3.4, the best choice



17

is application-dependent.

Chapter 4 also contains a brief consideration on the computational complexity

of the combinations in Section 4.2.6. This study had to be somewhat heterodox

because the weights transfers are cyclic and conditional, which made us consider

the amount of operations performed among the transfers instead of the amount

of operations per iteration. Of course, this applies to the T-OE only, because

the FIR→IIR weights transfers are computationally demanding; in the E-OE

or the P-OE, the transfers yield a negligible overhead. We also mention some

limitations of the IIR-IIR combinations when identifying plants endowed with

long-tailed impulse responses in Section 4.3.5. In those cases, the E-OE and P-

OE behave anomalously and can be ine�ective, although the T-OE can still be

used successfully by increasing the length of the FIR guides as necessary.

In Chapter 5, we propose a theoretical contribution to the study of IIR adap-

tive �lters: a mean-square analysis that covers the steady-state of the combina-

tions introduced in Chapter 4 and can also be applied to stand-alone IIR AFs

(normalized Output Error LMS, to be more speci�c). This analysis is based on

the energy conservation arguments originally developed by Sayed [5] in the con-

text of FIR adaptive �ltering. Although recursive systems as the IIR AFs are

inherently more di�cult to analyze than their FIR counterparts, the energy con-

servation principles proved to �t well into the IIR adaptive �ltering framework.

In fact, some of the independence assumptions made by Sayed to derive the en-

ergy conservation relation are still more reasonable for the IIR AFs than for the

FIR ones given that, usually, IIR AFs constrain the learning step-size to small

values for stability reasons.

Finally, this work ends in Chapter 6, where we make some �nal remarks and

draw our conclusions about the IIR combinations introduced in Chapter 4 and

the corresponding steady-state mean square analysis in Chapter 5.
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2 IIR ADAPTIVE FILTERING PRINCIPLES

2.1 Systems Modelling

The goal of a system identi�cation application like that in Fig. 1 is to build a

model able to reproduce accurately the input-output relationship of an unknown

system [37]. While the very nature of this system can be entirely concealed -

in fact, that relationship could not even exist in a physical sense but hold in a

statistical sense only [1] - the identi�cation is generally attainable when some

reasonable premises are adopted.

In adaptive �ltering, a set of parameters evolves along time according to an

update strategy that seeks to optimize some prede�ned �gure of merit as the mean

squared error (MSE) (de�ned in Eq. 1.2) [3�5]. In order to gain some insight of

how this goal may be accomplished, let us assume the existence of an externally

observable, vector-valued quantity xi that is related to yo(i) in some unknown

way. Herewith, under a Bayesian perspective, the identi�cation problem takes

the form of determining the expected value of yo(i) given xi; i.e., 1

y(i) = E
(
yo | x = xi

)
(2.1)

In the recursive scenario of Fig. 1, the random vector x has to collect the

1Rigorously, the estimator y(i) = E(yo | x) does not comply with the scenario of Fig. 1 in
which y(i) = E(d | x). However, we are tacitly admitting that v(i) is zero-mean and statistically
independent of xi and, hence, E(yo | x) = E(d | x). For notational convenience, we kept the
former to the detriment of the latter.
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prior samples of the �lter's output y and the current input signal u; i.e.,

xi = [y(i− 1) · · · y(i−M) u(i) u(i− 1) · · ·u(i−M)], (2.2)

whereM is the order of the �lter. Now, from the Bayesian estimation theory, the

optimal estimator that minimizes the MSE is the least-mean-squares estimator

(LMSE ) [5] given by

y(i) = E
(
yo | x = xi

)
=

∫
Syo

yo(i)fyo|x
(
yo(i) | xi

)
dyo, (2.3)

where Syo is the domain of the random variable yo and fyo|x is the conditional

probability density function (pdf) of yo given the occurrence of x. Although this

integral is not trivial in the general case, it can be shown that for a Gaussian xi,

the probability P (yo | x) is a linear combination of xi with the �lters coe�cients

as in [5, 38]

y(i) =
M∑
k=0

bku(i− k) +
M∑
k=1

aky(i− k)

=
M∑
k=0

bku(i)zk +
M∑
k=1

aky(i)zk

= xiw, (2.4)

where w = [a1 a2 · · · aM · · · b0 b1 · · · bM ]T . 2

As Gaussian signals rule a wide variety of physical processes, Eq. 2.4 works

in several practical applications [5]. In addition, this simple model is also robust

and can handle unanticipated factors as unmodeled dynamics, modeling errors,

measurement noise and quantization errors to some extent [39, Chapter 20].

2Broadly speaking, the expansion orders does not have to be the same and y(i) =
M1∑
k=0

bk(i)u(i − k) +
M2∑
k=1

ak(i)y(i − k) with M1 = M2 is only a possibility. However, both are

often assumed to be equal to M ; as Regalia [12] remarks, actually the adoption of two distinct
orders is meaningless because the AF transfer function is characterized by only one degree
(the so-called McMillan degree). The seemingly resulting incongruence may be easily solved by
taking M = max(M1,M2) and then canceling some higher order parameters accordingly.
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2.2 Some Remarks on IIR Realizations

If the inner physical structure of an adaptive �lter is a literal implementation

of the model in Eq. 2.4, it is said that it was realized in the direct form. However,

AFs may also be realized in di�erent ways (lattice, normalized lattice and so on),

according to the existing design requirements.

A particular realization (or form) de�nes the �ow of the signal samples within

the �lter and what are the operations performed along that �ow [9]. As di�er-

ent realizations perform distinct operations when implementing a given transfer

function, they exhibit distinct numerical properties. This is even more noticeable

with time varying systems like adaptive �lters, particularly with the IIR ones.

One desirable characteristic for a given realization is stability, usually de�ned

in the BIBO (bounded-input bounded-output) sense. As a rule, any AF is capable

of operating in a stable manner if its learning step size 3 respects certain stability

bounds. There are theoretical criteria to determine a proper step size either for

IIR or FIR AFs, although the limits of the former are quite inaccurate 4 [40].

Such criteria are required for a smooth adaptation, but in the IIR case they are

not su�cient (although necessary) due to the existence of poles that could be

moved outside the unit border and possibly crash the AF [41].

In this context, the normalized lattice �rst devised by Gray [21] is surely an

advance. As mentioned previously, its internal signals are bounded by trigono-

metric functions, which restricts the range of the location of the poles and enforces

stability. Also, although the original gradient descent algorithms for the normal-

3The learning step size is a real constant that sets the rate at which the coe�cients of the
adaptive �lter are updated along time. See Eq. 2.61 in Section 2.8 for more information.

4While the stability bounds of the step size of a FIR AF can be trivially determined through
the eigenvalues of the input signal correlation matrix [4, 5], in the IIR case the bounds on the
step size are a function of the impulse response of the unknown plant, the input spectral density
and the parameters of the AF itself. Hence, accurate step sizes can not be determined but only
roughly approximated and it is often advisable to decrease them by a factor of 10 or more [12].
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ized lattice were somewhat complex, featuring a complexity of O(M2) [4], more

recently Rodriguez-Fonollosa [22] provided an e�cient algorithm with a complex-

ity of O(M), making it asymptotically comparable to the direct form [12,22].

Moreover, the lattice endures the �nite precision e�ects found on �xed-point

arithmetics or short word length hardwares [42], whereas the direct form su�ers

from roundo� errors accumulation in the state vector loop 5 [23, 44, 45] and may

experience quantization induced oscillations known as limit cycles [46, 47] 6 7.

While all the arguments above seem to promote the normalized lattice to the

detriment of the direct form, the fact is that the latter continues preponderant.

This could simply indicate that designers tend to be conservative by refusing

to adhere in large scale to the lattice as claimed by Regalia [12], but there are

practical reasons that make the direct form more appealing as well.

First, the 32 and 64 bits wordlength standards for current CPUs allow the

implementation of recursive �lters in the direct form with no limit-cycles [47].

As a matter of fact, the limit cycle behavior can be completely avoided even with

much shorter wordlengths by using �oating-point arithmetics [48], which virtually

encompasses all modern CPUs, including low-pro�le embedded systems.

Second, there are no consistent reports in the literature about the superior-

ity of the normalized lattice in terms of steady state error or speed of conver-

gence [1, 11, 19]. For instance, Burt et al [15] showed that the convergence rate

5 This is highlighted with bigger values of M , which explains why the numerical sensitivity
of higher order structures decreases when they are built by associating low-order sections (e.g.,
second order sections or biquads) [12]. Such an issue is recurrent in numerical analysis, with the
polynomial roots being a�ected by the polynomial-coe�cient round-o�s (e.g., the Wilkinson's
polynomial [43, The Per�dious Polynomial ]). Such sensitivity tends to increase when the roots
are clustered and to decrease when they are spread out in the complex plane, justifying the
option for factoring the �lter transfer function into series and/or parallel second-order sections.

6Limit cycles or multiplier roundo� limit cycles require recursion to exist and result from
the nonlinearity associated with rounding (or truncating) internal �lter calculations [1].

7Although both �oating-point and �xed-point binary arithmetics feature �nite word length,
the former has a very large dynamic range even for small exponent wordlengths which makes the
signal-to-quantization-noise ratio (SQNR) nearly constant over the entire dynamic range [48].
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of the lattice could outperform that of the direct form when identifying all-pass

functions with clustered poles, but this superiority does not extend to di�erent

con�gurations. As Fan [11] remarks, locally most lattice algorithms do not o�er

much improvement over the direct form ones and underdamped low frequency

poles are known to prevent some algorithms from converging or make the conver-

gence extremely slow in spite of their theoretical properties under ideal conditions.

In these cases, the slow convergence of the direct form is not necessarily related

to its alleged poor numerical properties, but to the large eigenvalue spread of its

information matrix 8 even in in�nite precision [11].

Third, some caveat is needed when analyzing the complexity of an algorithm.

The big O notation de�nes an asymptotic bound for the amount of resources

required by an algorithm to run when M → ∞. As that bound does not have

to have a practical meaning, it could lead to a coarse perception of the resources

actually involved and should not be taken literally. Hence, it is somewhat abu-

sive to state that both direct and lattice forms feature asymptotically the same

complexity once the later executes about four times more operations per iteration

than the former.

Finally, if the direct form is powered by an algorithm whose step size is

carefully designed (i.e., if it is small enough), the need for stability checks fades 9

. In the general case, they remain crucial for a direct form IIR AF once its poles

may be allocated outside the unit border whatever the step size is. Note, however,

that the concern is not to casually place the poles outside the unit border once

8The information matrix is the covariance matrix associated to the input vector (sometimes
called information regressor [3]) that feeds the adaptive �lter. For FIR �lters, it is simply the
covariance of the input signal but, for IIR �lters, it is the covariance of a vector that gathers
both the input and prior output signals.

9Unlike in the FIR adaptive �ltering, where the step size trades convergence speed for accu-
racy at the steady state, in IIR adaptive �ltering a perverse e�ect may arise: the feedback loop
injects a certain non-stationarity degree into the input so that bigger steps could inadvertently
slowdown the convergence in some cases. Therefore, smaller step sizes could not only enforce
stability but also improve the steady state and incidentally increase the convergence rate [12].
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the gradient tend to attract them back to the stability region, but to keep them

there enough time to make the AF diverge [49] as detailed in Section 2.6.

2.3 System Identi�cation Setup

Figure 2: An Adaptive Filter in a System Identi�cation Scenario

Let us consider again the IIR system identi�cation scenario, shown in Fig. 2.

The unknown system denoted by Ho(z) is described by the di�erence equation [8]

yo(i) =
M∑
k=0

boku(i− k) +
M∑
k=1

aoky
o(i− k), (2.5)

where yo(i) is the output, M is the system order, u(i) is the input signal, {bok}Mk=0

and {aok}Mk=1 are respectively the feedforward and feedback coe�cients sets (ao0 ,

1), and the sign o (naught) identi�es the measures produced by or belonging to

the unknown plant.

Usually, the output yo(i) is measured in the presence of an additive back-

ground noise v(i), so that the actual measured system output d(i) is given by

d(i) = yo(i) + v(i), (2.6)

where v(i) is normally assumed to be zero-mean and statistically independent of

both yo(i) and u(i). u(i) feeds the unknown system Ho(z) as well as the adaptive

�lter and is often thought as a white process but, in some applications like active
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noise control, can be an arbitrary process.

The adaptive �lter seen in Fig. 2 (H(z)) implements the di�erence equation

y(i) =
M∑
k=0

bk(i− 1)u(i− k) +
M∑
k=1

ak(i− 1)y(i− k), (2.7)

where {bk(i − 1)}Mk=0 and {ak(i − 1)}Mk=1 are respectively its feedforward and

feedback coe�cients sets at instant i− 1 (a0(i− 1) , 1 ∀ i), which are iteratively

adjusted by a training rule in order to make the output y(i) as close as possible

to d(i). For simplicity, it is assumed that the order M holds for both AF and

plant (su�cient modelling) but in the general case the orders could be di�erent.

A literal interpretation of Eq. 2.7 yields the direct form �ltering structures

as that of Fig. 3 for M = 3. Some authors remark that the direct form is

not so resilient to the �nite-precision e�ects as other alternative realizations and

may be too sensitive to round-o� errors in the coe�cients [8, 12]. However, as

discussed in Section 2.2, those drawbacks become a matter of concern on �xed

point arithmetics only and will not be taken into the consideration in this work.

Figure 3: 3rd Order Direct Form IIR

Depending on the realization or the speci�c parametrization, the adaptive

�lter is subject to some convergence problems caused by multimodal performance

surfaces (with several local minima) and saddle points (which deteriorates the
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convergence rate) [12] 10 . In this work though, such issues do not appear because

it considers scenarios with su�ciently modelled adaptive �lters and broadband

input signals u(i), setups in which the performance surfaces are unimodal as

demonstrated by Soderstorm and Stoica [50] and Fan and Nayeri [51] (refer to

Appendix B to more details on mismodelling aspects).

There are two useful ways to represent and handle the �lter structures and the

related equations, the mixed notation [12] (also delay operator [20, 25, 50, 52, 53],

backward delay operator [54] or polynomial operator [4] notation) and the vector

notation [4, 5]. Consonant to some works in which these notations are used

interchangeably to emphasize di�erent aspects of certain analyses (e.g., [25]),

here we keep both 11.

In the mixed notation, the key point is to mix the time domain i and the Z

domain; for instance,

y(i) =
+∞∑

k=−∞

hku(i− k) =
+∞∑

k=−∞

hkz
ku(i)→ y(i) = H(z)u(i), (2.8)

which allows to denote a convolution in a compact mode. Here we adopt the

notation suggested by Regalia in [12], where the unit delay operator is represented

by z instead of z−1 as this choice simpli�es the derivation of the mean square

measures used to analyze the IIR AFs. Herewith, the signs of the powers of the

Z-Transform are the opposite of the conventionally adopted; i.e., we use

H(z, i) =
+∞∑

k=−∞

hk(i)z
k

10An example of this situation is an IIR AF trying to model a FIR plant, because several
parameters sets could make the impulse response of the AF close to the original one. Another
example is the grouping of low-order sections in cascade or in parallel: upon swapping the
coe�cients of a section with another, the resulting transfer function does not change. Even if the
cost function of the equivalent direct form has an unique minimum, the allowable permutations
between the sections of the cascade/parallel form will lead to multiple equally good minima.

11Although the mixed notation of Regalia [12] and the aforementioned correlates are equiva-
lent, sometimes di�erent authors use them in slightly distinct manners. In any case, note that
such a notation is just a convenient algebraic trick that requires some caveat to be used.
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instead of

H(z, i) =
+∞∑

k=−∞

hk(i)z
−k

Besides being the operator of the Z Transform, z is also understood as the

standard delay operator and, as such, a signal u(i) delayed by k samples can be

represented either as u(i)zk or u(i−k). Such a �exibility is extremely convenient

when deriving several results along this work.

By using the mixed notation, Eq. 2.7 would evolve to

y(i) =
M∑
k=0

bk(i− 1)u(i)zk +
M∑
k=1

ak(i− 1)y(i)zk

= u(i)
M∑
k=0

bk(i− 1)zk + y(i)
M∑
k=1

ak(i− 1)zk (2.9)

Now, let B(z, i − 1) and A(z, i − 1) the Z transforms of the parameters sets

{bk(i− 1)}Mk=0 and {ak(i− 1)}Mk=1, de�ned as

B(z, i− 1) =
M∑
k=0

bk(i− 1)zk (2.10)

A(z, i− 1) =
M∑
k=1

ak(i− 1)zk, (2.11)

By replacing B(z, i − 1) and A(z, i − 1) in Eq. 2.9, the output y(i) can be

represented as

y(i) = u(i)B(z, i− 1) + y(i)A(z, i− 1) (2.12)

y(i)
(
1− A(z, i− 1)

)
= B(z, i− 1)u(i) (2.13)

y(i) =
B(z, i− 1)

1− A(z, i− 1)
u(i) , H(z, i− 1)u(i) (2.14)

Accordingly, the plant output yo(i) given in Eq. 2.5 can be rewritten as

yo(i) = Ho(z)u(i) =
M∑
k=0

boku(i− k) +
M∑
k=1

aoky
o(i− k)
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=
M∑
k=0

boku(i)zk +
M∑
k=1

aoky
o(i)zk = u(i)

M∑
k=0

bokz
k + yo(i)

M∑
k=1

aokz
k

= u(i)Bo(z) + yo(i)Ao(z) =
Bo(z)

1− Ao(z)
u(i) (2.15)

The vector notation works in the time domain only and collects the signals

into vectors 12 such that

ui = [u(i) u(i− 1) u(i− 2) · · · u(i−M)] (2.16)

yi = [y(i− 1) y(i− 2) · · · y(i−M)], (2.17)

whereas its coe�cients are represented by the column vectors

bi−1 = [b0(i− 1) b1−1(i− 1) · · · bM(i− 1)]T (2.18)

ai−1 = [a1(i− 1) a2−1(i− 1) · · · aM(i− 1)]T (2.19)

Now, by collecting the coe�cients vectors bi and ai into a single column

vector, the parameters vector wi emerges as

wi−1 =

ai−1
bi−1

 (2.20)

Similarly, the regressor xi is de�ned by grouping the signal vectors ui and yi

in a single row vector; i.e.,

xi = [y(i− 1) · · · y(i−M) u(i) · · · u(i−M)], (2.21)

so that the output y(i) can be rewritten as a simple inner product; i.e,

y(i) = uibi−1 + yiai−1 = xiwi−1 (2.22)

12 Bultheel [55] calls the vector made by the polynomial or series coe�cients a stacking

vector, alluding to the fact that the convolution can be conveniently written as the product of
a Toeplitz or Hankel matrix (i.e., stacked vectors shifted by one element at a time) by a vector.
That explains why the factorization of such matrices is a recurrent matter in adaptive �ltering.
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The vector notation makes the similarities between FIR and IIR �ltering more

evident, posing the former as a particular case of the last when the feedbacks

coe�cients {ak}Mk=1 are zero.

Note that the regressor xi de�ned in Eq. 2.21 contains the �lter outputs

y(i − k), k = 1 · · ·M , which means that a di�erent regressor should be de�ned

for the plant as

xoi = [yo(i− 1) · · · yo(i−M + 1) u(i) · · · u(i−M + 1)] (2.23)

In the same vein, the plant coe�cients {bok} and {aok} are collected into a

single plant coe�cients column vector wo ; i.e.,

wo =

ao
bo

 , (2.24)

where bo = [bo0 b
o
1 · · · boM ]T and ao = [ao1 a

o
2 · · · aoM ]T . So, the measured output

d(i) becomes

d(i) = yo(i) + v(i) = xoiw
o + v(i) (2.25)

2.4 Systems Identi�cation Models

Although adaptive �lters generally �t into the model of Eq. 2.14 when op-

erating, they may follow a di�erent framework when adapting according to the

�gure of merit used to optimize its coe�cients. Often, the �gure of merit depends

upon the estimation error e(i) de�ned in terms of the �lter output y(i) as

e(i) = d(i)− y(i), (2.26)

situation in which the AF is said to follow the Output-Error (OE) approach. Dif-

ferent de�nitions for e(i) lead to new cost functions and new algorithmic proper-
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ties as in the Equation-Error (EE) or the Steiglitz-McBride (SM) approaches 13 .

Once the peculiar �gure of merit associated to the SM algorithm does not lead to

a well-de�ned (or, at least, not well-understood) optimality criterion surrounding

the stationary points of some cost function [12, Section 8.12] [1, Chapter 23], this

work focuses the OE and EE approaches only.

2.4.1 Output Error (OE) and Mean Square Output Error
(MSOE)

The output error (OE) approach relies on the recursive di�erences equations

given in Eq. 2.14 either to run or adapt its coe�cients as shown in Fig. 4.

Figure 4: Output Error Formulation

Eq. 2.27 shows that in this approach the recursivity of H(z) makes e(i) a

non-linear function of the parameters set wi−1 which, in the general case, can

raise multimodal performance surfaces and trap the gradient descent algorithms

into local minima (see Appendix B). However, as aforementioned, such issues are

not faced in this work once we assume su�cient modelling and broadband input

signals.

e(i) = d(i)− y(i)

= Ho(z)u(i) + v(i)−H(z, i− 1)u(i)

= (Ho(z)−H(z, i− 1))u(i) + v(i)

= H̃(z, i− 1)u(i) + v(i)

13The literature of systems identi�cation (e.g., [45]) considers other approaches as well, such as
ARMAX, Generalized Least Squares and Box-Jenkins. However, these models are not pervasive
in adaptive �ltering and are generally intended to provide a more complete description about
the additive noise v(i) [20, 45].
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= xoiw
o + v(i)− xiwi−1 (2.27)

In the literature of adaptive �ltering, the name Output Error comes from the

fact that the OE estimation error e(i) is the subtraction of the �actual� output

y(i) from the desired output d(i), as seen in Eq. 2.27 [20]. The corresponding

minimization criterion for the gradient descent algorithm (refer to Section 2.8.2)

is the Mean Squared Output Error (MSOE) E e2(i) de�ned in Eqs. 2.28-2.29,

where the additive noise v(i) is assumed to be zero-mean (such that its variance

σ2
v equals E v2(i)) and statistically independent from the other signals.

E e2(i) = E
(

(Ho(z)−H(z, i− 1))u(i) (Ho(z)−H(z, i− 1))u(i) + v2(i)
)

= E H̃(z, i− 1)u(i)H̃(z, i− 1)u(i) + σ2
v (2.28)

= E
∞∑
k=0

h̃k(i− 1)zku(i)
∞∑
l=0

h̃l(i− 1)zlu(i) + σ2
v

= E
∞∑
k=0

h̃k(i− 1)u(i− k)
∞∑
l=0

h̃l(i− 1)u(i− l) + σ2
v

= E
∞∑
k=0

h̃k(i− 1)
∞∑
l=0

h̃l(i− 1)u(i− l)u(i− k) + σ2
v (2.29)

If H̃(z, i − 1) is thought as a constant H̃(z), then it becomes statistically

independent of the input u(i). As such, by taking into account that the auto-

correlation function of u(i) is ru(k − l) = ru(l − k) = Eu(i − l)u(i − k), the

so de�ned MSOE may be further elaborated as in Equations 2.30-2.32, where ∗

denotes a convolution and 〈., .〉 is the usual inner product, whose de�nition is

implied in Equations 2.30 and 2.31.

E e2(i) =
∞∑
k=0

h̃k

∞∑
l=0

h̃lru(l − k) + σ2
v (2.30)

∴ Ee2(i) = 〈h̃, h̃ ∗ ru〉+ σ2
v ≡ 〈H̃(z), H̃(z)Su(z)〉+ σ2

v (2.31)

=
1

j2π

∮
|z|=1

Su(z)H̃(z)H̃(z−1)
1

z
dz + σ2

v
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=
1

2π

∫ π

−π
Su(e

jω)|H̃(ejω)|2dω + σ2
v (2.32)

Besides consolidating the intuitive notion that the smaller the di�erence

H̃(z) = Ho(z)−H(z) the smaller the estimation error, Eq. 2.32 reveals that the

MSOE is related to Su(ejω), the spectral density of u(i) de�ned as the Fourier

Transform of ru(i). Now, for a white u(i) with power pu, Su(z) = pu because

ru(k) = 0 ∀ k 6= 0. In these cases, Fan and Nayeri [51] showed that the surface

de�ned by E e2(i) = pu〈H̃(z), H̃(z)〉 is unimodal if the modelling of the AF is suf-

�cient (see Appendix B), which had been formerly conjectured by Stearns [26].

It is important to note that an unimodal cost E e2(i) does not avoid conver-

gence issues, because the feedback of IIR AFs makes e(i) a non linear function

of the coe�cients [4, 20, 56]. A perfectly symmetrical (i.e., paraboloidal) error

surface arises only when all poles are at the origin of the unit circle 14 � as the

poles magnitude grow, e(i) becomes increasingly non-linear and E e2(i) distorts,

assuming a nonquadratic shape on which the gradient changes abruptly [26]. As

such, issues as low convergence rates and high steady state errors may arise even

in the absence of multiple local minima [10] (See Appendices B and C) 15 .

Further Considerations Regarding OE

• Due to their recursive nature, algorithms based on the OE approach (as the

LMSOE, de�ned in Section 2.8.2) are sometimes called Recursive Prediction

Error Algorithm or RPE [20,45];

• The Output Error algorithms have a degenerate form called Pseudolinear

14If all poles are at the origin, the �lter is all-zeros and it is actually FIR. This way, as
mentioned in Section 2.1, the estimation error e(i) will be a strictly linear function of the �lter
coe�cients, which leads to a paraboloidal error surface and predictable convergence properties.

15Underdamped poles distort signi�cantly the error surface (particularly if they are clustered),
often making it near �at right before the minima, which decreases the magnitude of the gradient
descent. As a result, the adaptation may be ended prematurely to avoid huge convergence
times or just because the AF looks stagnated. In both cases, decent error levels could not be
reached sooner by enlarging the step size either because that increases the non-stationarity of
the regressor xi (due to the recursivity) or simply because bigger steps worsen the steady state.
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Regression or PLR [45, 54] in which the non-linear dependence between y(i)

and A(z) is neglected when the stochastic gradient is computed. As a result,

the adaptation of the parameters wi becomes an iterative linear regression

problem that has to be optimized in the mean square sense [57, Section 3.3] [1,

Section 23.3.2]. However, there is no way of guaranteeing that it converges to

a minimum (actually, it could stabilize far from it) unless the so-called SPR

(Strictly Positive Real) condition is met (refer to Section 4.3.3) [20, 25,58];

• To make PLR converge is a goal of several works. As the SPR condition is

su�cient but not necessary, these approaches try to overcome it by selecting

carefully the input sequence, adopting larger adaptation gains, using system

overmodelling or extra-�ltering the input [20,25,59];

• the hyperstable algorithms can be derived from an extension of the PLR

approach called �ltered error [20, 54] [60, Chapter 7, Analysis and Synthesis

Tools for Robust SPR Discrete Systems ].

2.4.2 Equation Error (EE) and Mean Square Equation Er-
ror (MSEE)

In the Equation Error approaches, the AF is not recursive during the adap-

tation, implementing the di�erence equation shown in Eq. 2.33. It can be noted

that the feedback coe�cients {ak} are actually associated to the outputs d(i) of

the unknown plant, not to y(i). As a result, the AF is perceived as a dual-channel

FIR AF in which B(z) and A(z) are adapted independently like seen in Fig. 5.

ye(i) =
M∑
k=0

bk(i− 1)u(i− k) +
M∑
k=1

ak(i− 1)d(i− k)

=
∞∑
k=0

bk(i− 1)zku(i) +
M∑
k=1

ak(i− 1)zkd(i)

= B(z, i− 1)u(i) + A(z, i− 1)d(i) (2.33)
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Figure 5: Equation Error Formulation (A)

Figure 6: Equation Error Formulation (B)

The term Equation Error results from the fact that the EE estimation error is

produced by subtracting two di�erence equations,
(
1−A(z, i− 1)

)
d(i)−B(z, i−

1)u(i), as Eq. 2.34 shows. In contrast with ye(i), which is plain linear, y(i) is

yielded by the rational expression y(i) = B(z,i−1)
1−A(z,i−1)u(i) = H(z, i−1)u(i) and thus

di�ers from ye(i) as seen in Fig. 6. This picture highlights the fact that the

actual AF output y(i) is available to the application whereas ye(i) is used for the

adaptation only.

e(i) = d(i)− ye(i)

= d(i)−B(z, i− 1)u(i)− A(z, i− 1)d(i)

=
(
1− A(z, i− 1)

)
d(i)−B(z, i− 1)u(i) (2.34)

Unlike the OE case, in the EE approaches the additive noise v(i) impacts the

adaptation and causes a bias in the AF coe�cients wi that is proportional to

E v2(i) = σ2
v [20, 35, 61]. In order to better understand the causal link between

the bias and the noise, we �rst consider the case in which v(i) = 0 and only then
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it is shown how the Equation Error is biased by the presence of noise.

The EE Approach in The Noiseless Case

In case v(i) = 0, d(i) = yo(i), which means that d(i) = Ho(z)u(i) (see Eq.

2.6). Herewith, Eq. 2.34 becomes

e(i) =
(
1− A(z, i− 1)

)
d(i)−B(z, i− 1)u(i)

=
((

1− A(z, i− 1)
)
Ho(z)−B(z, i− 1)

)
u(i) (2.35)

Accordingly, the Mean Squared Equation Error (MSEE) is de�ned as

E e2(i) = E
(((

1− A(z, i− 1)
)
Ho(z)−B(z, i− 1)

)
u(i)

)2
(2.36)

Similarly to what was made with the MSOE in Equations 2.30 and 2.31, let us

treat H(z, i− 1) as a constant H(z) so that B(z, i− 1) = B(z) and A(z, i− 1) =

A(z). This way, by de�ning C(z) ,
(
1− A(z)

)
Ho(z)−B(z), Eq. 2.36 becomes

E e2(i) = E
(
C(z)u(i)

)2
E e2(i) = E

(
C(z)u(i)

)(
C(z)u(i)

)
= E

∞∑
k=0

ckz
ku(i)

∞∑
l=0

clz
lu(i)

=
∞∑
k=0

ck

∞∑
l=0

cl Eu(i− k)u(i− l), (2.37)

and we note that the EE estimation error e(i) nulli�es if H(z) equals Ho(z).

As in the case of the derivation of the output error in Eq. 2.30, here it is

possible to apply the de�nition of the auto-correlation of u(i) in Eq. 2.37 to

further elaborate it, as shown in Eqs. 2.38-2.40.

E e2(i) =
∞∑
k=0

ck

∞∑
l=0

cl(i)ru(k − l) (2.38)

∴ Ee2(i) = 〈c, c ∗ ru〉 ≡ 〈C(z), C(z)Su(z)〉 (2.39)
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=
1

j2π

∮
|z|=1

Su(z)C(z)C(z−1)
1

z
dz

=
1

2π

∫ π

−π
Su(e

jω)|C(ejω)|2dω

=
1

2π

∫ π

−π
Su(e

jω)|1− A(ejω)Ho(ejω)−B(ejω)|2dω (2.40)

Once ye(i) does not depend on the prior �lter outputs y(i) (Eq. 2.33), it

becomes a strictly linear function of the parameters and the signal input (made

of ui and the prior values of d(i)). Hence, E e2(i) will be a quadratic function of

the coe�cients sets {bk(i)}Mk=0 and {ak(i)}Mk=1, leading to unimodal performance

surfaces, predictable convergence (no poles to concern about) and intrinsic stabil-

ity. However, as aforementioned, in the presence of noise this comes at the price

of biased estimates, which may lead to a poor performance if the SNR is low.

The EE Approach in The Noisy Case

If v(i) is not zero, then the EE estimation error becomes as in Eq. 2.41, where

eu(i) is the unbiased estimation error as de�ned in Eq. 2.35 for the noiseless case

and v(i) is �ltered by 1 − A(z, i − 1). The bias results from the two con�icting

goals the AF has to cope with, namely, identify the system poles (determined by

A(z)) and, at the same time, minimize the MSEE [20].

e(i) = d(i)− ye(i)

= d(i)−B(z, i− 1)u(i)− A(z, i− 1)d(i)

=
(
1− A(z, i− 1)

)
d(i)−B(z, i− 1)u(i)

=
(
1− A(z, i− 1)

)(
Ho(z)u(i) + v(i)

)
−B(z, i− 1)u(i)

=
(
1− A(z, i− 1)

)
Ho(z)u(i) +

(
1− A(z, i− 1)

)
v(i)−B(z, i− 1)u(i)

=
((

1− A(z, i− 1)
)
Ho(z)−B(z, i− 1)

)
u(i) +

(
1− A(z, i− 1)

)
v(i)

= eu(i) +
(
1− A(z, i− 1)

)
v(i) (2.41)
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Once v(i) is assumed to be independent of the input signal and zero-mean,

the MSEE becomes as in Eq. 2.42. It can be seen that the power of the bias is

a function of the feedback coe�cients and the power σ2
v of the noise v(i). Also,

unlike in the noiseless case (Eq. 2.37), even if H(z) = Ho(z), the MSEE E e2(i)

will not be zero because of the bias term σ2
v E
∑M

k=0 a
2
k.

E e2(i) = E
(
eu(i) +

(
1− A(z)

)
v(i)

)2
= E e2u(i) + σ2

v E
M∑
k=0

a2k (2.42)

Some works cope with the bias by using additional �ltering, noise suppressing

or, more recently, constrained minimization techniques but all debiasing tech-

niques have drawbacks. An interesting and simple approach to get rid of the bias

is the monic normalization described by Kim et al. [62], which is grounded on the

perception that the bias impacts every feedback coe�cient roughly the same way.

Once a0 (the �lter coe�cient related to the current output ye(i)) is constant and

unitary, the update rule is supposed to adapt ak for 0 < k ≤ M only. Now, by

the time ye(i) is calculated the plant output d(i) is available already, so a simple

change in the update rule allows to adapt a0 along with the remaining feedback

coe�cients. If those coe�cients are normalized by a0 right afterwards to en-

force the monic constraint a0 = 1, the bias shall be corrected as the AF adapts.

Despite promising practical results though, Soderstrom [63] observed that the

method is not always convergent and relies on independence assumptions that

are unrealistic unless v(i) is white.

2.4.3 Output Error Versus Equation Error

By comparing the OE and EE estimation error (Eqs. 2.27 and 2.41), it

becomes clear that the last is a �ltered version of the prior, as shown in Eq. 2.43
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where, for convenience, the errors are identi�ed by the subscripts ee and oe.

eee(i) =
((

1− A(z, i− 1)
)
Ho(z)−B(z, i− 1)

)
u(i) +

(
1− A(z, i− 1)

)
v(i)

=
((

1− A(z, i− 1)
)(
Ho(z)−H(z, i− 1)

))
u(i) +

(
1− A(z, i− 1)

)
v(i)

= eoe(i)
(
1− A(z, i− 1)

)
(2.43)

As Section 2.8.2 discusses, the LMS derivation for the OE approach (LMSOE)

assumes that the step size µ is small, otherwise the error between the actual up-

date formula and its stochastic approximation (refer to Equations 2.72 and 2.73)

is emphasized and may prevent the algorithm from converging [12]. Furthermore,

a large µ makes the adapting A(z) highly variable, which may disturb the recur-

sive OE regressor to an extent that the AF stagnates. On the other hand, in the

EE approach there are no further restrictions other than the stability bounds on

the step size. Also, as a dual FIR con�guration, it requires no stability checks.

In a nutshell, there is a clear trade-o� between EE and OE approaches: while

the former is generally faster though biased 16 , the latter is more accurate albeit

prone to slowness. This fact inspired the composite IIR AFs discussed in Ap-

pendix A, which exploit the good characteristics of both approaches by merging

them into a single structure (e.g., [18,31�34,36]). It should be also noted that the

EE bias may not be an issue whenever the application can deal with estimation

errors within certain bounds or the SNR is good, as unveiled by Eq. 2.42.

From a mathematical point of view, the linearity in the parameters o�ered

by the EE approach is relevant. In fact, the use of linearization techniques in

systems identi�cation is recommended wherever possible [50,64,65] 17 . As afore-

16Note that adapting both B(z, i) and A(z, i) through separate FIR AFs does not necessarily
make the EE approaches immune to poor performance. In fact, even with u(i) white, yo(i) (and,
hence, d(i)) will be correlated due to the recursivity of the IIR plant. If the correlation is too
strong, the adaptation rate at which Ao(z) is identi�ed by the EE AF may drop considerably [5].

17Algebraically, linearity in parameters is a matter of choosing an appropriate ba-
sis {Fm(z)}M−1m=0 so that a linear parameters set {θom(z)}M−1m=0 is attainable with y(i) =
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mentioned, in situations where the bias can not be tolerated some debiasing

schemes could be applied, producing good results at the expense of computa-

tional power (e.g., [66]), additional degrees of freedom (e.g., [67]) or somewhat

strict assumptions (e.g., [59, 62]). However, formal analyses of performance and

convergence of these methods are not always reported.

Rigorously, only the OE approaches are really IIR �ltering techniques because

(as previously noted) the EE methods are actually a dual-FIR con�guration whose

coe�cients happen to �t in an IIR structure. For this reason, some authors

(e.g., [12] and [20]) are reluctant to classify the EE approaches as IIR adaptive

�ltering. In this work, unless explicitly stated otherwise, IIR adaptive �ltering

will always refer to some OE approach.

2.5 State Space Description

Strictly speaking, IIR systems can not be represented directly through their

impulse responses because that would require in�nite storage. For this reason,

IIR systems are usually conceived as a recursive di�erence equation in the time

domain, a rational function in the Z domain or, alternatively, as a matrix system

in the state space form. In the latter option, the recursivity is dealt with by

creating a dependency between the current state of the system and the prior one.

All state space representations are equivalent in the sense that their in-

put/output properties are alike. Notwithstanding, a particular representation

may have some advantages over others for a given task. In particular, the

controller canonical and observer canonical forms are best suited to digital �l-

ters [68, 69].

(M−1∑
m=0

θomFm(z)
)
u(i). Herewith, as the parameters are linear in spite of the original very nature

of Ho(z), an unbiased least squares estimate {θm(z)}M−1m=0 can be found in the closed form. How-
ever, o�-the-shelf linearization schemes as the Laguerre and Krautz models will always require
some a priori knowledge of the system Ho(z) if it is endowed with resonances [13,16,65].
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A digital �lter can be converted to a state-space canonical form by inspection

given the strictly proper transfer-function coe�cients [69, 70]. Let {A, b, c, d} be

the state-space parameters that represent the IIR AF in the observable canonical

form. The evolution of the �lter's state Wi in terms of the input is then given in

Eq. 2.44, which relies on the de�nitions given by Eqs. 2.45-2.49.Wi+1

y(i)

 =

A b

c d


Wi

u(i)

 (2.44)

Wi+1 =



W1(i+ 1)

W2(i+ 1)

...

WM(i+ 1)


(2.45)

A =



−a1 −a2 · · · −aM

1 0 · · · 0

...
. . .

. . .
...

0 · · · 1 0


(2.46)

b =



1

0

...

0


(2.47)

c = [ b1 − b0a1 b2 − b0a2 · · · bM − b0aM ] (2.48)

d = b0 (2.49)

In all these equations, the measures {bk} and {ak} are the feedforward and feed-

back coe�cients of the adaptive �lter.
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The matrix A, de�ned in Eq. 2.46, is the state transition matrix and deter-

mines the dynamics of the system (its poles or resonant modes). In the particu-

lar case of the state space description of Equations 2.44-2.49, the system under

consideration is known as direct form IIR �lter realization type I. An alternate

description of this system is given by Eqs. 2.50-2.52, which may be far more

intuitive and convenient for algorithm design as the �lter coe�cients {bk} and

{ak} are dealt with individually [12]. Wi+1

w(i)

 = Q

 Wi

u(i)

 (2.50)

y(i) = [ b0 b1 · · · bM−1 bM ]

 Wi+1

w(i)

 (2.51)

Q =



−a1 −a2 · · · −aM 1

1 0 · · · 0 0

0
. . .

. . .
...

...

...
. . . 1

... 0

0 · · · 0 1 0


(2.52)

It is possible to build a state space model {A, b, c, d} whose order is greater

than M , the order of the di�erence equation of the corresponding system. How-

ever, any state space model that matches the behaviour of that system and is

both controllable and observable has to have order M [71, Theorem 8.9], the

so called McMillan degree 18 . In this case, the model is said to be a minimal

realization because it describes the system with the minimum number of states

Wk(i) with k = 1, 2, · · · ,M [55].

18From the Linear Systems Theory, if a single realization of a given system H(z) exists, then
actually H(z) admits an in�nite number of realizations. There may be no upper bound to
the order of these realizations, but it can be shown that there is a lower bound known as the
McMillan degree. A realization of such lowest order is called minimal (or irreducible) [68,71].
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2.6 Stability of Time Varying Systems

The notion that keeping the poles inside the unit circle is both a necessary

and a su�cient condition for stability is grounded on a coarse approximation of

the truth that holds for �xed �lters only. For time varying systems as adaptive

�lters, BIBO stability requires exponential stability [71], which is usually de�ned

in the state space and describes the dynamics of the AF under conditions of no

input. So, as for the study of the exponential stability aspects, the complete

time-varying state space description of an AF given byWi+1

y(i)

 =

Ai bi

ci d(i)


Wi

u(i)

 (2.53)

boils down to the underlying homogeneous system

Wi+1 = AiWi, (2.54)

where Wi is the state vector, Ai is the state transition matrix drawn from A(z, i)

(i.e., the polynomial A(z) at the instant i), bi and ci are vectors, u(i) is the input

signal, y(i) is the output and d(i) is a scalar. Note that di�erently of Eq. 2.44, in

Eq. 2.53 the state space parameters {Ai, bi, ci, d(i)} are time-varying as implied

by the time index i.

Along the adaptation, A(z, i) de�nes Ai in a way that the eigenvalues of the

later give the roots of the former (i.e., the poles). That being said, it follows that

the AF will be (exponentially) stable in the interval {i−k}nk=1 if and only if there

exists a matrix norm ‖.‖ such that the sequence {Ai−1,Ai−2 · · ·Ai−n+1,Ai−n} is

contractive; i.e.,

‖Ai−1Ai−2 · · ·Ai−n+1Ai−n‖ ≤ βαn−1, (2.55)

where 0 ≤ α < 1 and β ≥ 1 are real constants. Thus, under conditions of no input,
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the state space vector norm ‖Wi‖ of a exponentially stable system is supposed to

decay faster than the exponential envelope de�ned by Eq. 2.55 [12, Section 6.2].

For a �xed IIR �lter, Ai−k is constant and exponential stability will be

achieved provided that all of its eigenvalues are bounded by the unit, but in

the adaptive case this is not necessarily true: even if all poles are kept into the

unit circle during the adaptation, the AF may diverge. On the other hand, even

if some eigenvalues of Ai−k casually slip to the outside of the unit border for some

k, the system may remain stable if the condition of Eq. 2.55 is met.

To clarify this matter, Carini et al. [40] refer to a simple 2nd order system

whose impulse response grows with no control in spite of its poles be coincident

at ±1/2 along time, described as

y(i) = (−1)i−1y(i− 1)− 1

4
y(i− 2) + u(i) (2.56)

where a1 (the coe�cient associated to y(i − 1)) switches from −1 to +1 every

time i changes. In this example,

Ai =

−1 −1
4

1 0

 for i even and Ai =

1 −1
4

1 0

 for i odd, (2.57)

whose eigenvalues are λ1 = λ2 = −1/2 for i even and λ1 = λ2 = 1/2 for i odd; i.e.,

the system keeps its poles inside the unit border all the time. Notwithstanding,

it is unstable, which looks counterintuitive at the �rst sight but makes sense

because even if Ai and Ai−1 are stable feedback matrices, their product may not

be (likewise, even if they were unstable, their product could be stable).

In fact, by inspection, it is possible to tell that Eq. 2.56 is periodic and Ai

alternates between the values shown in Eq. 2.57. Therefore, the system will

be stable if the product of these matrices is stable, which is not the case: the

eigenvalues of Ai−1Ai are −0.43 and −1.46 19 and the system is clearly unstable.
19The eigenvalues of Ai−1Ai (supposed to be square matrices) will be the same as those of
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Technically, the problem here is not the original eigenvalues per se as their moduli

are always smaller than 1, but the abrupt variation of a1 in Eq. 2.56, that amounts

to π/2 radians per iteration (the highest frequency in discrete-time signal analysis).

For a similar system in which a1 changed slower from −1 to +1; e.g.,

y(i) = sin (i/100) y(i− 1)− 1

4
y(i− 2) + u(i) =⇒ Ai =

sin (i/100) −1
4

1 0

 ,

(2.58)

the stability will be preserved because the condition shown in Eq. 2.55 is re-

spected. Likewise, even if the moduli of a few eigenvalues are greater than 1, the

system keeps exponentially stable provided that it changes slowly enough; e.g.,

y(i) = e−(i−5)y(i− 1)− 1

4
y(i− 2) + u(i) =⇒ Ai =

e−(i−5) −1
4

1 0

 , (2.59)

which is a stable system despite of some of its eigenvalues have moduli greater

than 1 for i < 5.

To derive the maximum rate of variation that a given IIR AF endures without

becoming unstable is a rich �eld of study by itself (e.g., [40,73]), where one de�nes

an �energy� function which is contractive for the homogeneous part of the system,

normally via Lyapunov methods. In practice though, often the step size is kept

small as mentioned in Chapter 1, which causes the parameters of the AF to

vary slowly and, therefore, it is common that IIR AFs be exponentially stable by

construction (see [74, Condition 2.6]). However, even if the condition in Eq. 2.55

is obeyed for a certain AF, actually it could require an unreasonably high β so

that an over�ow would be raised - even for a system that is theoretically stable.

For this reason, to restrict the poles to the unit circle during the adaptation

became a common sense among the designers [3, 4, 12].

AiAi−1 [72, Theorem 1.3.20], so the order in which the product is computed does not matter.
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2.7 Exponential Stability and the Direct Form

All discussions led in Section 2.6 tackle the notion that keeping the poles

inside the unit circle is necessary and su�cient to assure stability, except for

�xed �lters. As Wu points out [75], the individual matrices {Ai−k}nk=1 can not

tell much about the stability of a linear time-varying system and, in the general

case, stability criteria of linear time-invariant systems do not apply to linear time-

varying systems and instability criteria of linear time-invariant systems do not

apply to linear time-varying systems.

Within the scope of this work, it is important to understand the implications

of the exponential stability, which explains why we adopted the direct form in-

stead of the intrinsically stable normalized lattice. The point of interest here is

to understand that it is possible to keep a direct form IIR AF stable without re-

sorting to stability tests despite occasional unstable updates. Theoretically, this

can be achieved by making it operate far below the exponential stability upper

bounds as told by the greatest adaptation rate this AF can cope with (e.g., [49];

also, [40,73]). In practice, this amounts to adopt an arbitrarily small learning step

size, such that occasional unstable poles are brought back into the unit circle by

the gradient in the next iterations, enforcing the condition in Eq. 2.55 20 . Under

these circumstances, the IIR AF is going to be intrinsically stable anyway and

the option for the normalized lattice becomes a matter of choice 21 .

Now, in this work we aim to improve the convergence rates of IIR AFs by

employing parallel hybrid �lters combinations in which a fast but inaccurate AF

20 This stabilizing property, in which the poles of a system often drift towards instability and
recover next, is known as bursting in the context of adaptive echo cancellation and adaptive
control systems. The same concept is used to explain the stabilizing features of the pseudo-linear
regression (PLR) algorithm, also an IIR adaptive strategy [2, Section 2.9.4] [76].

21Several works exploit the concept of exponential stability to determine the maximum learn-
ing step size that a given IIR AF endures (e.g., [40, 77]). Normally, the goal of these works is
related to improve the convergence speed, not avoid the stability tests, although exponential
stability criteria can be used to set the upper bounds under which the AF could be operated
safely without resorting to such tests as implied in [49].
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is associated to an accurate but slow AF. Once we are addressing IIR system

identi�cation scenarios in this work, the accurate component has to be IIR and

to keep its learning step size arbitrarily small is a strict requirement to enforce

low estimation errors at the steady state (refer to Chapter 4) [78]. As a result,

in practice the IIR AF is expected to operate far below the exponential stability

upper bounds in one way or another, and then the stability tests can be discarded.

We should also mention an additional aspect that encourages the use of the

direct form to the detriment of the normalized lattice: the mathematical tools

for performance analysis. As a literal interpretation of di�erence equations like

y(i) =
M∑
k=0

bk(i− 1)u(i− k) +
M∑
k=1

ak(i− 1)y(i− k), (2.60)

whereM is the order of the AF, y(i) is its output and u(i) is the input signal, the

direct form manipulates the parameters {bk} and {ak} directly in a linear fashion

22, which is far more intuitive for the designer [4,20] and makes the mean square

analyses of the adaptive algorithms mathematically more tractable. In turn, the

normalized lattice features an input/output relationship that is strongly nonlinear

due to the rotation parameters [12,19,23], rendering the analysis quite complex.

For those reasons and by taking into account that the direct form is conve-

nient when mixing di�erently designed AFs as noted by Lopes in [79, 80], the

experiments and analysis led in this work consider the direct form realization for

IIR AFs. In spite of that, we point out that our option for the direct form does

not prevent the use of the normalized lattice in the algorithms we propose along

this work because, as noted previously, they are functionally equivalent in the

sense both can approximate a given transfer function Ho(z).

22By linear fashion, we mean that di�erence equations are represented by linear operations

such as the sums shown in the text or an inner product of space vectors, not that the AF itself is
linear. As a matter of fact, the recursive nature of IIR AFs make them intrinsically non-linear.
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2.8 Adaptation

In the identi�cation scenario of Fig. 2, the adaptation of an adaptive �lter

is driven by an iterative optimization criterion to adjust its coe�cients towards

the optimal values which makes the �lter match the plant behaviour as close as

possible in some statistical sense.

Di�erent algorithms and optimization criteria are used to adapt the coe�-

cients of an AF, but in many cases a common structure is observed [4,5,45]. Such

structure is given by Eq. 2.61, where e(i) is the estimation error 23 , wi is the

parameters vector of the AF, µ(i) is a positive (possibly constant) learning step

size, Bi is a positive de�nite matrix computed as a function of xi, ηi is a vector

also derived from xi, typically related to the gradient of e2(i) with respect to wi−1

and T denotes the Hermitian conjugation.

wi = wi−1 + µ(i)Biη
T
i e(i) (2.61)

The main advantage of conceiving a general updating rule like Eq. 2.61 is that

all major adaptive algorithms arise via proper choices for Bi and ηi. By forgoing

this approach, these algorithms must be derived individually from scratch, which

ultimately unveils that the rule of Eq. 2.61 underlies all of them.

2.8.1 FIR LMS Recursion

In the FIR LMS case, Bi = I (the identity) and the regressor is made of

the current and delayed versions of the input u(i) only; i.e., ηi = xi = ui =

[u(i) u(i− 1) · · · u(i−M)] and wi is changed accordingly, making the recursion

23As noted in Section 2.4, the estimation error depends upon the formulation employed to
adapt the coe�cients of the IIR AF (OE or EE), which de�nes an output ye(i) that can di�er
from the regular AF output y(i). However, as emphasized in Section 2.4.3, in this work we
consider primarily the OE approaches.
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of Eq. 2.61 become [4,5]

wi = wi−1 + µuTi e(i), (2.62)

which turns out to be the same updating rule of the OE LMS with the feedback

coe�cients {ak}Mk=1 set to 0, as shown in the sequel.

2.8.2 IIR OE LMS Recursion (LMSOE)

Once the EE approach consists in a dual-channel FIR con�guration as men-

tioned in Section 2.4.2, the LMS version for the EE (LMSEE) can be derived

naturally from that of the FIR LMS which, in turn, is equal to the OE LMS

(LMSOE) when the feedback coe�cients are 0. For this reason, here we pursue

the formal derivation of the LMSOE only, treating it as an optimization problem

whose iterative solution will be shown to follow the rule given by Eq. 2.61 24 .

As mentioned in Section 2.4, the adaptation resorts to a �gure of merit used as

a performance criterion which has to be optimized in relation to the adjustable

parameters set of the AF. Several �gures of merit are used according to the

application and mathematical tractability, but in the case of the Output Error

methods it is normally the mean square output error (MSOE) de�ned in Section

2.4.1 as

E e2(i) = E
(
d(i)− y(i)

)2
, (2.63)

which is also denoted as the cost J = J(wi−1), given as a function of the param-

eters set wi once y(i) = xiwi−1.

The MSOE is endowed with a well-de�ned global minimum in case the plant

is su�ciently modelled by the AF (refer to Appendix B) and the input u(i) is

24The LMSEE is described in Section 4.3.2 (Eq. 4.53), where it is evident that the EE
gradient vector is proportional to minus the regression vector, just like in the LMS FIR case
seen in Eq. 2.62.
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white, as it is the case of the scenarios dealt with in this work. So, by considering

that E e2(i) is continually di�erentiable with respect to each one of the elements

of the parameter vector wi−1 [1], the lowest cost is achieved when the derivative

∂ E e2(i)

∂wi−1
= −2 E e(i)

∂y(i)

∂wi−1
(2.64)

is zero. By using the unconstrained optimization method, this leads to the oppo-

site of the update term p used to update iteratively the parameters set as

wi = wi−1 − µp, (2.65)

in which µ is the step size.

In Eq. 2.64, ∂y(i)
∂wi−1

can be determined resorting to the mixed notation as in

Eqs. 2.66-2.71.

y(i) = H(z, i− 1)u(i) =
B(z, i− 1)

1− A(z, i− 1)
u(i) (2.66)

∂y(i)

∂B(z, i− 1)
=

1

1− A(z, i− 1)
u(i) (2.67)

∂y(i)

∂bm(i− 1)
=

1

1− A(z, i− 1)
u(i−m)

= u(i−m) +
M∑
k=1

ak(i− 1)
∂y(i− k)

∂bm(i− 1)
(2.68)

∂y(i)

∂A(z, i− 1)
=

B(z, i− 1)

1− A(z, i− 1)

1

1− A(z, i− 1)
u(i) (2.69)

∂y(i)

∂A(z, i− 1)
=

1

1− A(z, i− 1)
y(i) (2.70)

∂y(i)

∂am(i− 1)
=

1

1− A(z, i− 1)
y(i−m)

= y(i−m) +
M∑
k=1

ak(i− 1)
∂y(i− k)

∂am(i− 1)
(2.71)

Note that the partial derivatives of these equations can not be easily deter-

mined in a closed form [2, 3]. However, if the step-size is kept su�ciently small,
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they can be approximated as in Eqs. 2.72 and 2.73.

∂y(i)

∂bm(i− 1)
= u(i−m) +

M∑
k=1

ak(i− 1)
∂y(i− k)

∂bm(i− 1)

≈ u(i−m) +
M∑
k=1

ak(i− 1)
∂y(i− k)

∂bm(i− 1− k)
(2.72)

∂y(i)

∂am(i− 1)
= y(i−m) +

M∑
k=1

ak(i− 1)
∂y(i− k)

∂am(i− 1)

≈ y(i−m) +
M∑
k=1

ak(i− 1)
∂y(i− k)

∂am(i− 1− k)
(2.73)

These approximations can be used in Eq. 2.64, leading to Eqs. 2.74 and 2.75.

∂ E e2(i)

∂bm(i− 1)
≈ −2 E e(i)

∂y(i)

∂bm(i− 1)

= −2 E e(i)

(
u(i−m) +

M∑
k=1

ak(i− 1)
∂y(i− k)

∂bm(i− 1− k)

)
(2.74)

∂ E e2(i)

∂am(i)
≈ −2 E e(i)

∂y(i)

∂am(i− 1)

= −2 E e(i)

(
y(i−m) +

M∑
k=1

ak(i− 1)
∂y(i− k)

∂am(i− 1− k)

)
(2.75)

By dropping the expectancies from these equations, they become the stochas-

tic approximations for ∂ E e2(i)
∂bm(i)

and ∂ E e2(i)
∂am(i)

; i.e.,

∂ E e2(i)

∂bm(i− 1)
≈ ∂e2(i)

∂bm(i− 1)

= −2e(i)

(
u(i−m) +

M∑
k=1

ak(i− 1)
∂y(i− k)

∂bm(i− 1− k)

)
(2.76)

∂ E e2(i)

∂am(i− 1)
≈ ∂e2(i)

∂am(i− 1)

= −2e(i)

(
y(i−m) +

M∑
k=1

ak(i− 1)
∂y(i− k)

∂am(i− 1− k)

)
(2.77)

Eqs. 2.76 and 2.77 show that both the regressor signals u(i−m) and y(i−m)
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are �ltered by A(z). So, a �ltered regressor φi could be de�ned as [3]

φi = xi +
M∑
k=1

ak(i− 1)φi−k =
xi

1− A(z, i− 1)
, (2.78)

allowing the derivative ∂ E e2(i)
∂wi−1

of Eq. 2.64 be stochastically approximated as

∂ E e2(i)

∂wi−1
≈ ∂e2(i)

∂wi−1
= −2φ(i)e(i), (2.79)

whose negative replaces the update term p in Eq. 2.65 as shown in Eq. 2.80 25.

wi = wi−1 + µφTi e(i) (2.80)

Note that Eq. 2.80 follows the general updating rule of Eq. 2.61 with Bi = I

and ηi = φi. Also, as previously mentioned, the FIR LMS recursion (and, by

extension, the LMSEE) can be retrieved from Eq. 2.80 if ak = 0 for 0 < k ≤M .

Once the regressor xi is actually made of delayed versions of the input and

output signals, the small step-size assumption allows the �ltered regressor shown

in Eq. 2.78 be rewritten in terms of a computationally simpler approximation for

∂y(i)
∂wi−1

as in Eqs. 2.81- 2.83 [3, 4].

yF (i) = y(i) +
M∑
k=1

ak(i− 1)yF (i− k) (2.81)

uF (i) = u(i) +
M∑
k=1

ak(i− 1)uF (i− k) (2.82)

φi = [yF (i− 1) · · · yF (i−M) uF (i) · · · uF (i−M)] (2.83)

By using this formulation, the computation of φi is reduced from M autore-

gressive operations of order 2M + 1 in Eq. 2.78 to only two operations of the

same order in Eq. 2.83 .

25As the constant �2" does not a�ect the direction of the gradient, it may be conveniently
dropped in order to simplify the expression.



51

2.8.3 Normalized IIR LMS (N-LMSOE)

In spite of its good general properties, the LMSOE algorithm may be ine�-

cient in the presence of underdamped or clustered poles [10, 11, 19], particularly

when the parameters are approaching the global minimum (see Appendix C).

Besides, experience and reports from several works indicate that the magnitude

of the instant gradient vectors can change appreciably over the error surfaces

(e.g., [10, 26]). Under these circumstances, the normalization of the regressor φi

mitigates the in�uence of the input signal amplitude on the gradient noise and

simplify the choice of µ.

This normalization strategy applied to the LMSOE yields the algorithm

known as normalized LMSOE (N-LMSOE). In this algorithm, the minimization

of the objective function J(wi−1) = E e2(i) is performed by using the LMSOE

stochastic gradient seen in Eq. 2.79 and the inverse of an stochastic approxima-

tion for the Hessian matrix ∇2
wJ(wi−1).

The Hessian is given by

∇2
wJ(wi−1) = 2 E

(
φTi φi +

∂2e(i)

∂w2
i−1

e(i)

)
, (2.84)

where the rightmost term is approximately 0 since e(i) is zero mean and becomes

independent of ∂2e(i)

∂w2
i−1

as i → 0 [4, Section 10.4.2]. Thus, ∇2
wJ(wi−1) may be

stochastically approximated as

∇2
wJ(wi−1) ≈ φTi φi (2.85)

Once the term φTi φi is a rank-one approximation for the Hessian, it can not be

inverted directly. However, by using a small regularization term ε and applying

the matrix inversion lemma [5, Section 5.1], it can be shown that

1

εI + φTi φi
φTi =

φTi
ε+ ‖φi‖2

(2.86)
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Therefore, by making Bi =
(
εI + φTi φi

)−1
and using the stochastic gradient ηi =

φie(i) given in Eq. 2.79, Eq. 2.61 can then be restated as

wi = wi−1 + µBiη
T
i e(i)

= wi−1 + µ
1

εI + φTi φi
φTi e(i)

= wi−1 + µ
φTi

ε+ ‖φi‖2
e(i) (2.87)

which is the update rule for the N-LMSOE [81].

Extensive simulations corroborate the claims found in the literature (e.g.,

[45, 82]) about the superior performance of the N-LMSOE against the LMSOE

when identifying systems with clustered poles of large magnitude. Although the

presence of poles bring unique features to the IIR AFs in terms of modelling

capabilities and stability issues, the motivation for a normalization procedure in

the N-LMSOE resembles pretty much that in the FIR adaptive �ltering: to make

the AF (IIR or not) more resilient to varying statistics in the input regressor [83].

Similar bene�ts are observed if the normalization is applied to the regressor

xi instead of to its �ltered version φi, as described in Eqs. 2.88-2.90. However,

in this work we employed the regular N-LMSOE as given by Eq. 2.87.

xNi =
xi

ε+ ‖xi‖
(2.88)

φNi = xNi +
M∑
k=1

akφ
N
i−k =

xNi
A(z)

(2.89)

wi = wi−1 + µφNi e(i) (2.90)
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2.9 Stability Bounds on the Step Size µ

In the FIR LMS case, the stability bounds on the step size µ can be computed

directly from the statistical properties of the input signal u(i) as [5]

0 < µ <
2

λmax
, (2.91)

where λmax denotes the largest eigenvalue of the correlation matrix

Ru = EuTi ui (2.92)

In the LMSOE case, these bounds can not be determined so directly because

the recursivity poses them in terms of the time-varying polynomial A(z), which

means that µ can not be determined in the closed form but only coarsely ap-

proximated. In fact, if the adaptation is slow enough, A(z) may be considered

as a constant locally ; i.e., within an interval {i, i + 1, i + 2, . . . , i + L} with L

arbitrary. By exploiting a similar reasoning, Regalia derived the following bound

for the LMSOE [12, Section 7.9]

0 <µ <
2

M2∑
k=0

(
∂y(i)

∂bk(i−1)

)2
+

M2∑
k=1

(
∂y(i)

∂ak(i−1)

)2 (2.93)

0 <µ <
2

‖φi‖2
, (2.94)

where ∂y(i)
∂bk(i−1)

and ∂y(i)
∂ak(i−1)

are the elements of the stochastic gradient ∂y(i)
∂wi−1

(see

Equations 2.74 and 2.75).

Given that A(z) is time-varying, Equations 2.93 and 2.94 can be understood

as local estimations for the stability bounds and no global bound can be deter-

mined. Since those approximations are coarse, in practice these values need to

be decreased by an order of magnitude or more in a trial-and-error approach. In

our case, as aforementioned, the IIR AFs are designed deliberately to operate far
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below the exponential stability bounds, such that µ becomes naturally a fraction

of its maximum theoretical value.
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3 PARALLEL COMBINATIONS OF

ADAPTIVE FILTERS

3.1 Initial Considerations

In IIR adaptive �ltering, the magnitude of the stochastic gradient is likely to

vary signi�cantly over the error surfaces depending on the con�guration of the

poles (Appendix C). As a result of the gradient noise, such variations could set

the parameters of the AF to locations far away from the global minimum [10,26].

Whereas this phenomenon decreases with the normalized form of the LMSOE,

the speed of convergence is still an issue due to the small step size requirement.

Clearly, there is room for improvement in the IIR gradient descent algorithms.

One way of getting around those limitations is by using �lters combinations,

whose concept is a paradigm shift in the design of adaptive �lters. Instead of

using a single AF designed under limited or no knowledge about the �ltering

scenario, a combination allows the use of a pool of di�erently designed AFs (the

experts). These experts present their individual outputs to a supervisor in charge

of delivering a global estimate at least as good as the best expert in the pool,

normally in terms of some �gure of merit as the mean-square error.

The design of a �lter combination involves some fundamental choices: the

number of AFs (that balances the relation between performance and computa-

tional complexity), the individual experts design (comprehending �ltering struc-

ture and learning rule), the supervisor design (discussed in Section 3.2) and a
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Figure 7: Filters Combination in the a Systems Identi�cation Con�guration

topology.

The combination topology de�ne how the AFs are structurally organized. The

�rst works on this matter introduced the parallel topology for the FIR case, in

which every component evolves independently from its peers (Fig. 7) [79,84,85].

Herewith, a combination of two experts is able to deliver the convergence of a

fast µ1-LMS AF allied with the low steady-state error of an accurate µ2-LMS

AF where µ1 >> µ2. This leads to a better overall performance, albeit the

combination experiments a stagnation e�ect that persists until the accurate AF

outperforms the fast one (compare the di�erent curves in Figures 21 or 22).

However, this e�ect may be combated via ad-hoc weights transfers [78, 86] or,

more recently, with cyclic coe�cients feedbacks [29].

As the number of experts increases, the hierarchical topology may be em-

ployed as an alternative to the standard parallel structure where the components

are combined in parallel and in layers, which tends to accelerate convergence [79].

The incremental topology was proposed as a way to combat the stagnation

e�ect. This topology is a cascade in which every expert receives the weights

estimates, update them and pass them to the next expert, therefore implementing
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a serial structure as opposed to parallel. Although e�cient for combating the

stagnation e�ect, the supervisor design is challenging, as the experts no longer

evolve independently. However, it can be e�ciently explored as a technique to

reduce complexity: an incremental combination of several LMS AFs was shown

to outperform the A�ne Projection Algorithm (APA) with less computational

complexity in the FIR system identi�cation scenario [87].

During the development of this thesis, several studies involving the incremen-

tal combination of FIR AFs and IIR AFs were conducted with very promising

results (e.g., [87]). However, in the techniques developed in the next chapters, we

focus on parallel structures in which at least one of the components is IIR.

3.2 Supervisor Design

As aforementioned, the supervisor aggregates the individual outputs yielded

by the experts to deliver an output as good as the best one available at every

iteration [29]. In the case of a parallel topology with two AFs combined through

a convex supervisor as seen in Fig. 7, the outputs are weighted by a mixing

parameter λ(i) such that the combined output y(i) is [78]

y(i) = λ(i)y1(i) +
(
1− λ(i)

)
y2(i), 0 < λ(i) < 1, (3.1)

where yk(i) denotes the output of the k-th AF.

Usually, the mixing factor λ(i) is de�ned by a sigmoidal activation function

such that [78, 88,89]

λ(i) =
1

1 + e−a(i−1)
, (3.2)

which means that λ(i) is not adapted directly, but is mapped from the instanta-

neous value of the auxiliary variable a(i). Fig. 8 shows that the sigmoid constrains

λ(i) to the asymptotic interval (0, 1), ensuring that the combination is indeed con-
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Figure 8: The Sigmoidal Activation Function for the Mixing Factor λ(i)

vex [90] and switches smoothly between the component �lters according to their

relative performance.

Once the combined output is given by y(i), then the global quadratic error is

de�ned as

e2(i) =
(
d(i)− y(i)

)2
=
(
d(i)−

(
λ(i)y1(i) +

(
1− λ(i)

)
y2(i)

))2
(3.3)

In order to minimize e2(i), a(i) is continuously adapted via a gradient descent

procedure, leading to the following update rule [78]

a(i) = a(i− 1)− µa
2

∂e2(i)

∂a(i)

= a(i− 1)− µa
2

∂e2(i)

∂λ(i)

∂λ(i)

∂a(i)

= a(i− 1) + µae(i)
(
y1(i)− y2(i)

)
λ(i)

(
1− λ(i)

)
, (3.4)

where µa is the learning step for a(i).

Fig. 8 shows that the slope of the sigmoid (i.e., its derivative) becomes pro-

gressively smoother when approaching its limits. Herewith, not only the adap-

tation accelerates with the intermediate values of λ(i) but also the stochastic

gradient noise decreases with the extreme values [78]. On the other hand, this

also means that a(i) virtually stops adapting as λ(i)
(
1− λ(i)

)
approaches 0. So,

to ensure a minimal level of adaptation, a(i) may be constrained to a symmetrical
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interval such that [78, 91]

a(i) =
(
a(i− 1) + µae(i)

(
y1(i)− y2(i)

)
λ(i)

(
1− λ(i)

))A+

−A+
, (3.5)

where
(
.
)A+

−A+ denotes that the argument ranges within the interval (−A+, A+)

and A+ is a real positive constant chosen in a way that if a(i) ≥ A+ then λ(i) is

arbitrarily close to 1 (Eq. 3.2).

Now, by realizing that the scheme of Eq. 3.5 prevents λ(i) from reaching its

limit values, Arenas-Garcia [78] suggests a slight modi�cation for the rule of Eq.

3.1, such that

yu(i) = λu(i)y1(i) +
(
1− λu(i)

)
y2(i) (3.6)

λu =



1, a(i) ≥ A+

λ(i), −A+ < a(i) < A+

0, a(i) ≤ −A+

With this modi�ed rule, λu is able to switch entirely to one of the component

�lters, which is impossible with the rule of Eq. 3.1. This ensures universality,

with yu(i) being as good as the best available components outputs in the mean

square sense. In fact, under certain circumstances yu(i) may even outperform the

component �lters.

3.3 Normalized Supervisor Design

Albeit the scheme ruled by Eq. 3.4 succeeds in merging adaptively the com-

plementary capabilities of di�erently designed AFs, in non-stationary scenarios

the correct setup of the learning step µa may be somewhat tricky. An incorrect

value for µa makes the supervisor switches mistakenly (too early or late) and

compromises the universality of the combination, especially if the statistics of the
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input signals are varying [92].

By noticing that, Azpicueta-Ruiz et al. [88] suggested a normalization strat-

egy that simpli�es the proper selection of µa and makes the combination more

robust to non-stationary inputs, particularly the signal-to-noise ratio (SNR).

Let the update rule of Eq. 3.4 restated as

a(i) = a(i− 1) + µae(i)
(
y1(i)− y2(i)

)
λ(i)

(
1− λ(i)

)
= a(i− 1) + µae(i)

(
e2(i)− e1(i)

)
λ(i)

(
1− λ(i)

)
, (3.7)

where ek(i) = d(i) − yk(i), k = 1, 2. Now, it is possible to notice by inspection

that Eq. 3.7 closely resembles the LMS updating rule for an AF endowed with

a variable step size µaλ(i)
(
1− λ(i)

)
and fed by an input signal e2(i)− e1(i). As

Azpicueta-Ruiz et al. [88] properly argue, such equivalence becomes clearer by

restating the combined output as

y(i) = y2(i) + λ(i)
(
y1(i)− y2(i)

)
= y2(i) + λ(i)

(
e1(i)− e2(i)

)
, (3.8)

making the combination a two-layer adaptive arrangement in which the �rst layer

is made of the component �lters performing independently and the second is a

single �lter that processes the signal e2(i) − e1(i) to minimize the overall error.

So, in the same fashion the Normalized LMS (NLMS) mitigate the in�uence of

the (possibly varying) statistics of the input signal, it is tempting to normalize

the updating rule of Eq. 3.7 as

a(i) = a(i− 1) +
µaλ(i)

(
1− λ(i)

)(
e2(i)− e1(i)

)2 e(i)(e2(i)− e1(i)) (3.9)

Notwithstanding, experience indicates that merely squaring the instantaneous

value
(
e2(i) − e1(i)

)
gives a poor indicative of the power of the signal, which

renders the rule of Eq. 3.9 unsatisfactory in practice. Better results arise by
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employing the NLMS with power normalization algorithm to Eq.3.7, yielding

a(i) = a(i− 1) +
µa
p(n)

λ(i)
(
1− λ(i)

)
e(i)
(
e2(i)− e1(i)

)
, (3.10)

where p(n) is a �ltered version of
(
e2(i)− e1(i)

)2
de�ned as

p(i) = γp(i− 1) + (1− γ)
(
e2(i)− e1(i)

)2
, (3.11)

with the forgetting factor γ chosen somewhat arbitrarily close to 1, such as γ = 0.9

Eq. 3.10 shows a greater robustness when compared to the original adaptive

scheme of Eq. 3.4. Also, this scheme facilitates the choice of the step size µa, in

the same fashion that the design of the step size in the NLMS algorithms is less

tricky than in the ordinary LMS.
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4 HYBRID CONVEX COMBINATIONS

WITH IIR ADAPTIVE FILTERS

4.1 Initial Considerations

A discrete-time system is stable if and only if its impulse response is absolutely

summable [7,93]. For this reason, the impulse response Ho = {hom}∞m=0 of a given

IIR system Ho(z) has to decay along time, otherwise it would not be stable.

As such, in practice it is clear that Ho is made of a �nite amount of signi�cant

samples, say 0 < M � ∞, such that |hom| ≈ 0 for m > M. In this work, we

will refer to the truncated set Ho′ = {hom}Mm=0 as the useful impulse response of

Ho(z) and, intuitively, assume that it stores most of the energy of Ho; i.e.,

M∑
m=0

|hom|2 −
∞∑
m=0

|hom|2 ≈ 0 (4.1)

OnceM�∞, it is possible to store Ho′ into the taps of any FIR AF H1(z)

with order M1 ≥ M, which means that H1(z) is capable of identifying Ho(z).

Therefore, in principle one can take advantage of the robustness of the FIR AFs

in the IIR systems identi�cation scenarios, avoiding the severe performance issues

related to the adaptation of the poles (see Chapter 1 and Appendix B).

However, there is no way of telling a priori how largeM should be. Relatively

short FIR AFs may not accommodate a signi�cant amount of the energy of the

original in�nite impulse response, converging prematurely to a high steady state



63

level 1. On the other hand, really large FIR AFs with order M1 � M are not

only a waste of computational resources per se as an equivalent IIR AF is likely

to have much less coe�cients, but may also be ine�cient simply because |hm| ≈ 0

forM < m ≤M1.

In this context, parallel combinations of LMSOE AFs would be of little help:

the stability issues remain and the trade-o�s between convergence rate and accu-

racy are less dramatic than in the FIR case. In fact, experience shows that in case

the unknown plant has a large Hankel singular value spread 2 , the LMSOE may

stagnate for a large range of values for the step size even in the absence of local

minima (see Appendix C) [82]. As a result, the convergence speed of the IIR AFs

is likely to be poor exactly in the scenarios they exhibit the greatest advantage

over their FIR counterparts in terms of computational complexity [10].

4.2 T-OE: Transversal Output-Error Combinations

Motivated by these issues, the hybrid FIR�IIR adaptive combination of Fig. 9

is proposed, featuring the high convergence speed of a low complexity FIR (AF1,

whose transfer function is H1(z)) and the low steady-state error of an accurate

Output-Error IIR (AF2, transfer function H2(z)). Since the FIR component is

transversal, this arrangement was called a Transversal Output Error combination

or T-OE.

Once the plant (denoted by Ho(z)) is assumed to be IIR in nature, a suitable

1The relation between the order of an AF and its convergence is not often exploited in the
literature, but practitioners are aware that the longer an AF, the lower is its convergence rate.
In the FIR case, to increase the order has an e�ect roughly similar to decrease the step size
but, for IIR AFs, the convergence rate may drop signi�cantly as the order of the �lter grows
and often stagnates for AFs of 3rd order and above [12,82].

2 A Hankel matrix Γ of the system Ho(z) stores the impulse response of Ho(z) in its �rst
row and the subsequent rows are left-shifted by a sample regarding the previous one. If the
ratio of the maximum to the minimum singular values of Γ (i.e., its singular value spread) is
large, then it is ill-conditioned and identi�cation by any IIR AF becomes harder (see Appendix
C). Examples of Hankel matrices are seen in Eq. 4.4 (Section 4.2.2) for a FIR AF and in Eq.
B.8 (Section B.1 from Appendix B) for an IIR AF.
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Figure 9: The T-OE combination

candidate for AF2 is a direct form N-LMSOE 3 equipped with a small step size. As

for AF1 (also called the guide �lter), good choices are the LMS or N-LMS due to

their robustness, good tracking capabilities and computational simplicity [4,5,83].

In this scheme, AF1 is designed to adapt fast and reach the vicinity of the

global minimum rapidly while AF2 is slower but manages to identify the system

accurately. Albeit these complementary capabilities lead to a superior overall

performance, the gap between the relative performances of the component �lters

may still be an issue: depending on the pole-zero con�guration of Ho(z), AF1

may feature a too high steady state error while AF2 may converge considerably

later. As a result, the combination will show no performance improvement until

AF2 outperforms AF1, which could be unacceptable for some applications.

As aforementioned, this performance gap also occurs in parallel combinations

of FIR AFs, where it is tackled to a large extent through weights transferring

techniques [29,78,86,89]. In the T-OE context, a similar idea is used as indicated

by the thick arrow in Fig. 9. However, here the transfers are performed unidirec-

tionally from AF1 to AF2 which means that their coe�cients are not aggregated.

This is necessary because AF2 is IIR (therefore, subjected to instabilities) and

could destabilize the whole combination in case its coe�cients were propagated to

3Section 2.2 provides the technical justi�cations for the choice of the direct form IIR AF to
the detriment of the intrinsically stable normalized lattice. Notwithstanding, it is possible to
employ other realizations as the lattice in practical implementations of the T-OE.
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AF1 somehow, particularly in the presence of abrupt non-stationarities or burst

noise.

Once the transfers are unidirectional, they have to cease whenever the later

outperform the former, otherwise the overall performance is worsened; i.e., the

transfers are conditional. As such, the supervisor compares the relative perfor-

mance of both components by checking the mixing factor λ(i) every L iterations

and enable the transfers only when necessary. Succinctly, the T-OE is described

in Algorithm 1 [28].

Algorithm 1 Transversal FIR�Output Error Filters Combination (T-OE)

for i = 0, i++ do

y1,i = uiw1,i−1

e1,i = d(i)− y1(i)
w1,i = w1,i−1 + µ1u

T
i e1(i)

w2,i−1 =

{
δF(w1,i−1) +

(
1− δ

)
w2,i−1, λ(i) ≥ λ

w2,i−1, λ(i) < λ

y2,i = xiw2,i−1

φi =
xi

1− A(z, i− 1)

e2,i = d(i)− y2(i)

w2,i = w2,i−1 +
µ2

‖φi‖2 + ε
φTi e2(i)

y(i) = λ(i)y1(i) +
(
1− λ(i)

)
y2(i)

end for

In Algorithm 1, the subscript n = 1, 2 identi�es a measure related to the AF

n, ui = [u(i) u(i − 1) . . . u(i −M1)] is the regressor of AF1, Mn is the order of

the AF n, xi = [y2(i − 1) y2(i − 2) . . . y2(i −M2) u(i) u(i − 1) . . . u(i −M2)]

and φi are the ordinary and �ltered regressors of AF2, µn is the step size, wn,i is

the parameters vector, δ denotes δ(i − kL) (i.e., the discrete impulse shifted by

kL samples), k ∈ N, L is the cycle length, λ(i) is the adaptive mixing factor (Eq.

3.2), 0� λ < 1 is a real constant that establishes for which range of λ(i) AF1 is
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considered better than AF2 (0.7 is a typical value), and F is a mapping function

that converts the FIR coe�cients into the IIR domain, such that

H2(z)← F
(
H1(z)

)
(4.2)

4.2.1 Considerations on the Mapping Functions F

The implementation of F considers M2 < M1 and, therefore, can be seen as

an order reduction procedure. Typically, the need for compact descriptions like

those o�ered by F arises from the increasingly complex problems often found in

several mathematical and engineering processes. In many applications as optimal

control or simulation, the goal is related to the creation of simple models in which

accuracy is deliberately traded for numerical simplicity: as long as the properties

of interest of the original processes are retained with su�cient realism for analysis

purposes, it does not really matter if the reduced model is not fully accurate [94].

The motivation for F in the T-OE context is di�erent because the overall

complexity will be constant as both components operate all the time � clearly, the

goal is to accelerate the convergence of AF2 to gain accuracy instead of trading

it for a lower complexity as in the regular order reduction applications. However,

if necessary, the implementation of F can be simpli�ed at the expense of the

accuracy because the mapping errors of simpler algorithms can be compensated

to some extent by the adaptive capabilities of AF2 4 .

In this work, F is implemented via the Balanced Model Reduction (compu-

tationally more elaborated, intended to the design of �xed digital �lters) or the

Padè approximants built through the method of Prony (simpler, normally used

to expand a function as a ratio of two power series), described respectively in

4Hankel optimal model reduction is perhaps one of the most powerful model reduction
options available [95], but it is computationally demanding and requires O(M3) �ops, which
makes it impractical for real-time identi�cation of systems of a fair order. It also requires a
perfect description of the system as given by its parameters or frequency response.
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Sections 4.2.2 and 4.2.3.

4.2.2 Balanced Model Reduction (BMR)

The Balanced Model Reduction (or BMR) is a class of state-space based

methods that apply certain linear transformations to a system H(z) in order to

make it suitable for model reduction. As originally conceived, BMR de�nes a bal-

anced realization for H(z) by building diagonal observability and controllability

Grammians made by the singular values of ΓH , the Hankel form of H(z) 5 [97].

This amounts to project H(z) onto a basis where the states related to the smallest

singular values are also harder to reach and observe. A reduced system is then

produced by truncating these states, therefore assuming that the largest singular

values matter the most [98, 99]. For this reason, BMR is also called Truncated

Balanced Realization (TBR) [94,99] or Balanced Model Truncation (BMT) [39].

This idea of reducing a high-dimensional space by exploiting the decompo-

sition of some symmetric matrix is at the core of many statistical tools too.

Principal Component Analysis (PCA), for example, takes the covariance matrix

of a large dataset, perform its eigen-decomposition and de�nes a reduced sub-

space by truncating the eigen-vectors related to the smallest eigenvalues [100].

Either with PCA or BMR, the bound for the approximation error is given by

ζBMR =

M1∑
k2=M2+1

σk2

M1∑
k1=0

σk1

, (4.3)

where σk is the k-th largest singular value of that matrix and M1 and M2 are the

orders of the original and the reduced systems (in our case, H1(z) and H2(z)).

5Let H(z) be an stable linear system described in the space-state by {A, b, c, d}. Then, its
Observability and Controllability Grammians GO and GC are such that they will be positive
de�nite if and only if the pair {A, c} (resp. {A, b}) is completely observable (resp. completely
controllable) [96]. Moreover, the singular values of the Hankel matrix ΓH are the square roots
of the eigenvalues of GOGC and, if GO and GC are diagonal and identical, the realization becomes
internally balanced [12] and well-behaved numerically, which is convenient for model reduction.
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In this work, we use the BMR algorithm developed by Beliczynski et al [30],

which avoids the explicit handling of any observability and controllability Gram-

mians by decomposing directly the Hankel form ΓH1 ∈ RM1×M1 de�ned as

ΓH1 =



h1,1 h1,2 h1,3 · · · · · · h1,M1−1 h1,M1

h1,2 h1,3 h1,4 · · · h1,M1−1 h1,M1 0

h1,3 h1,4 h1,5 · · · h1,M1 0 0

...
...

... . .
.

0 0 0

...
... h1,M1 · · · 0 0 0

h1,M1−1 h1,M1 0 · · · 0 0 0

h1,M1 0 0 · · · 0 0 0



, (4.4)

where {h1,k}M1
k=1 are the samples of the impulse response of a FIR �lter (H1(z)) at

the instant i−1 (note that h1,0(i−1) is omitted in ΓH1). While this straightforward

strategy circumvents the ill-conditioning of the matrices normally used in the

balancing methods by successfully avoiding any matrix inversions, it is not general

and works only when H1(z) is FIR as demonstrated by the authors. On the other

hand, the resulting low-dimensional system H2(z) will be always IIR.

The algorithm starts with the eigen-decomposition of ΓH1 (Eq. 4.4) as

ΓH1 = UΛUT (4.5)

Next, the parameters set {Ai−1, bi−1, ci−1, d(i − 1)} that describes H2(z) in the

state-space at the instant i− 1 is given by

Ai−1 = [U ]Tk1,k2 [U ]k3,k2 (4.6)

bi−1 = [U ]T1,k2 (4.7)

ci−1 = w′1 [Λ]k4,k2 (4.8)

d(i− 1) = h1,0 (4.9)

where w′1,i−1 = [h1,1(i−1) h1,2(i−1) ... h1,M1(i−1)] (i.e., w1,i−1 with h1,0 ommited),
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k1 = {2 3 · · ·M1}, k2 = {1 2 · · · M2}, k3 = {1 2 · · · M1−1}, k4 = {1 2 · · · M1}

and [.]r,s is a submatrix of the argument, made of the rows and columns indicated

by r and s, respectively.

In case no order reduction is performed (i.e., M2 = M1), the resulting param-

eters {Ai−1, bi−1, ci−1} can be partitioned as

Ai−1 =

A1,1 A1,2

A2,1 A2,2

 (4.10)

bi−1 =

b1
b2

 (4.11)

ci−1 =

[
c1 c2

]
, (4.12)

such that the parameters sets {A1,1, b1, c1} and {A2,2, b2, c2} (the index i− 1 was

omitted in the partitions for clarity) give rise to the subsystemsWR,i+1

yR(i)

 =

A1,1 b1

c1 d


WR,i

u(i)

 (4.13)

WD,i+1

yD(i)

 =

A2,2 b2

c2 d


WD,i

u(i)

 , (4.14)

In the general case though, M2 < M1 and clearly the reduction procedure results

into the system in Eq. 4.13 whose order isM2. Also, it is straightforward to notice

that the discarded system given by Eq. 4.14 is related to the smallest singular

values of ΓH1 . It can be shown that both systems are stable and balanced.

Eq. 4.13 can be converted into the transfer function form by applying the

Z-Transform as [101]

WR,i+1 = A1,1WR,i + b1u(i) =⇒ zWR(z) = A1,1WR(z) + b1U(z) (4.15)

yR(i) = c1WR,i + d(1)u(i) =⇒ YR(z) = c1WR(z) + d(1)U(z) (4.16)
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Developing Eq. 4.15 yields

(zI− A1,1)WR(z) = b1U(z) (4.17)

WR(z) = (zI− A1,1)
−1b1U(z) (4.18)

If Eq. 4.18 is replaced into Eq. 4.16,

YR(z) = c1(zI− A1,1)
−1b1U(z) + d(1)U(z) (4.19)

and, therefore, we conclude that

H2(z) =
YR(z)

U(z)
= c1(zI− A1,1)

−1b1 + d(1) (4.20)

Succinctly, the BMR-based mapping F : H1(z)→ H2(z) can be described as

1 Build the Hankel form ΓH1 of H1(z) (Eq. 4.4);

2 Factorize ΓH1 into the factors U and Λ (Eq. 4.5);

3 Find the parameters set {A1,1, b1, c1, d} from U and Λ (Eq. 4.13);

4 Determine H2(z) from the set {A1,1, b1, c1, d} (Eq. 4.20).

Note that this BMR method avoided any matrix inversions only in the state-

space (steps 1-3). To yield the corresponding transfer function, step 4 requires

either the inversion of (zI − Ai−1) ∈ RM2×M2 or, alternatively, the computation

of its determinant and adjoint matrix since Eq. 4.20 may be restated as [102] 6

H2(z) = c1(zI− A1,1)
−1b1 + d(1)

=
c1 adj (zI− A1,1)b1 + d(1)|zI− A1,1|

|zI− A1,1|
(4.21)

6In the same fashion as the characteristic polynomial λI −A in Linear Algebra, the poly-
nomial matrix (zI − A1,1) is recurrent in several problems. Leverrier's algorithm succeeds in
producing a transfer function without inverting (zI− A1,1) [103,104]; however, this is achieved
at the expense of a great computational burden, being impractical for real-time systems.
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Also, the method resorts to an eigen-decomposition in step 2. However, given

the particular conformation of the Hankel matrix speci�ed in Eq. 4.4, one could

employ the fast eigen-decomposition algorithm proposed by [105], which manages

to reduce the complexity of the task from O
(
(M1 + 1)3

)
to O

(
(M1 + 1)2 log(M1 +

1)
)
. Notwithstanding, there are other techniques that could take advantage of

the triangularity besides the symmetry of the Hankel matrix, as discussed in [106]

and [107]. A more e�cient eigen-decomposition solution is an open problem in

our research and it is currently under investigation.

4.2.3 The Padè Approximants Method (PAM)

Padè approximants (PAs) are rational functions whose power series expan-

sions match a given power series to the highest possible order. Since they are

formed by a ratio of two polynomials, they are far more powerful than the Taylor

series expansions and may converge even when the latter does not, particularly

when the function being approximated is endowed with poles [108,109].

In order to derive the approximants, the transfer functions of the adaptive

�lters are thought in terms of their Z Transforms and the mixed notation is not

used. This way, the transfer function of AF2 is denoted by

H2(z) =
B(z)

1 + A(z)
(4.22)

and not by

H2(z) =
B(z)

1− A(z)
, (4.23)

which will allow a better understanding of how the approximants are produced.
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Let an arbitrary (stable) rational form as H2(z); i.e.,

H2(z) =
B(z)

1 + A(z)
=

M2∑
k=0

bkz
k

M2∑
k=0

akzk
=
∞∑
k=0

h2,kz
k, (4.24)

be an approximation for a polynomial like the transfer function of AF1; i.e.,

H1(z) =

M1∑
k=0

h1,kz
k, (4.25)

where M1 is in�nite in the general case.

Then, H2(z) is said a Padè approximant of H1(z) if and only if [108]

H2(z)−H1(z) = O
(
z2M2+1

)
=⇒

 H2(0) = H1(0)

dk

dzk
H2(z)

∣∣∣
z=0

= dk

dzk
H1(z)

∣∣∣
z=0

0 < k ≤ 2M2,

(4.26)

where O
(
z2M2+1

)
denotes that the monomial of lowest order in the di�erence

H2(z)−H1(z) has order equal or greater than 2M2 + 1 and, therefore,

h2,k = h1,k for 0 ≤ k ≤ 2M2 (4.27)

Since Eq. 4.26 states that H2(z)−H1(z) = B(z)
1+A(z)

−H1(z) = O
(
z2M2+1

)
, then

O
(
z2M2+1

)
= B(z)−H1(z)

(
1 + A(z)

)
=

M2∑
k=0

bkz
k −

(
M1∑
k1=0

h1,k1z
k1

)(
M2∑
k2=0

ak2z
k2

)
(4.28)

By its de�nition, Eq. 4.28 states nothing about the monomials with powers higher

than 2M2 and can be used only to solve the lower order monomials. These can be

determined by considering the terms of the rightmost polynomial whose powers

k1 + k2 are smaller or equal to 2M2, such that the corresponding coe�cients are
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either equal to 0 (when M2 < k1 + k2 ≤ 2M2) or bk1+k2 (0 ≤ k1 + k2 ≤M2); i.e.,

M2∑
j1=1

M2∑
j2=0

aj2h1,M2−j2+j1 = 0 (4.29)

M2∑
j1=0

j1∑
j2=0

aj2h1,j1−j2 = bj1 (4.30)

Equations 4.29 and 4.30 de�ne an undetermined linear system with 2M2 + 1

equations and 2M2 +2 unknowns ({bk}M2
k=0 and {ak}M2

k=0), which can not be solved

unless an extra equation as the usual monic constraint a0 = 1 is provided.

By using the monic constraint, this system can be handled by �rst solving

the top M2 equations for {ak}M2
k=1 in terms of {hk}2M2

k=1 (Eq. 4.29), from which

{bk}M2
k=0 can then be computed by using the second set of M2 + 1 equations (Eq.

4.30). In a matrix form, all these equations can be expressed as

b0

b1
...

bM2−1

bM2

0

...

0



=



h1,0 0 0 0 0

h1,1 h1,0 0 0 0

h1,2 h1,1 h1,0 0 0

...
. . .

. . .
. . .

...

h1,M2 h1,M2−1 . . . h1,1 h1,0

h1,M2+1 h1,M2 . . . h1,2 h1,1
...

...
...

...
...

h1,M1 h1,M1−1 . . . . . . h1,M1−M2





1

a1

a2
...

...

...

aM2−1

aM2



, (4.31)

where M1 = 2M2 (although M1 > 2M2 is useful in some cases [110]) and the

samples {h1,k}M1
k=0 are stored into a RM1+1×M2+1 Toeplitz matrix denoted by T.

Once the parameters {bk}M2
k=0 and {ak}

M2
k=1 are computed separately, Eq. 4.31

can be conveniently partitioned, splitting into two systems given byb
0

 =

T1

T2


1

a

 , (4.32)
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where b = [b0 . . . bM2 ]
T ∈ RM2+1×1, a = [a1 . . . aM2 ]

T ∈ RM2×1, T1 ∈ RM2+1×M2+1

stores the �rst M2 + 1 rows of T and T2 ∈ RM2×M2+1 stores the remainder ones.

This procedure, known as the Prony's method, is exact and yields the Padè Ap-

proximants referred in Eq. 4.26 as long as M1 ≥ 2M2 [97, 110,111].

By using T2, the parameters ak can be determined via the system

−



h1,M2+1

h1,M2+2

...

h1,2M2−1

h1,2M2


=



h1,M2 h1,M2−1 · · · h1,2 h1,1

h1,M2+1 h1,M2 · · · h1,3 h1,2
...

... . .
. ...

...

h1,2M2−2 h1,2M2−3 · · · h1,M2 h1,M2−1

h1,2M2−1 h1,2M2−2 · · · h1,M2+1 h1,M2





a1

a2
...

aM2−1

aM2


(4.33)

where the constant terms are the �rst column of T2 and the remainder columns

are stored into a RM2×M2 coe�cients matrix denoted by T3
7 . Once this system

is solved, the parameters bk are found via backward substitution using T1 as

b0

b1

b2
...

...

bM2−1

bM2



=



h1,0 0 0 · · · 0 0

h1,1 h1,0 0 · · · 0 0

h1,2 h1,1 h1,0 · · · 0 0

...
...

... . .
.

0 0

...
... . .

.
. .
. ...

...

h1,M2−1 h1,M2−2 h1,M2−3 · · · h1,0 0

h1,M2 h1,M2−1 h1,M2−2 · · · h1,1 h1,0





1

a1

a2
...

...

aM2−1

aM2



(4.34)

The system in Eq. 4.33 yields a single, exact solution as long as T3 is non-

singular; i.e., its rank must be M2. In case T3 is singular, the system is undeter-

mined and will lead to multiple solutions, indicating that H1(z) can actually be

7As T3 is Toeplitz, it becomes Hankel if its columns are �ipped from left-to-right. So, by
handling Eq. 4.33 conveniently, it can be shown that the parameters ak (gathered in an upside-
down version of a) lie in the null space of that Hankel matrix. As mentioned in Appendix B.1,
this is expected because virtually all system identi�cation algorithms boil down to �t a certain

parametric vector into the null space of a Hankel form built from the system to identify [12].
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reproduced by a lower order IIR �lter. Hence, assuming su�cient modelling sce-

narios, in the FIR→IIR weights transfers context T3 will not be singular provided

that AF1 reproduces the impulse response of Ho(z) with a su�cient accuracy and

M1 ≥ 2M2, such that the dimensions of T �t the system in Eq. 4.31.

It can be seen that the order of the systems involved in this procedure is

M2, not M1 as it is the case of BMR (refer to Section 4.2.2). As the mapping

F : H1(z) → H2(z) assumes that M2 < M1, the method of Prony is clearly

simpler. In fact, the solution for Toeplitz systems can be found in O
(
(M2 + 1)2

)
with the look ahead versions of the Levinson, Schur or Bareiss algorithms (e.g.,

see [112, 113]). Moreover, some divide-and-conquer strategies intended for large

Toeplitz or Hankel systems (known as superfast methods) can feature a complexity

as low as O
(
(M2 + 1) log(M2 + 1)

)
(see [114�116]).

4.2.4 FIR → IIR Mapping Assessment

As described in Sections 4.2.2 and 4.2.3, the BMR and PAM are functionally

equivalent and in principle can be used interchangeably to implement the mapping

F . Once certain environmental aspects that could explain the preference for a

method to the detriment of the other (such as the existence of sharp resonances or

the SNR of the system) are generally unavailable in advance, there is no further

information to support that choice but the intrinsic properties of each method.

In another context 8 , Gurgecin and Antoulas [97] point out three major criteria

that an order reduction algorithm should meet in order to yield a suitable model:

1 preserve fundamental properties of the system as the stability;

2 be computationally e�cient;

8In opposition to the context of the traditional order reduction applications, where the goal is
to create a compact model for a system whose description is usually available, here the mapping
F resorts to an outline of the unknown plant given by the impulse response of AF1.
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3 keep the approximation errors low in some sense, such that if H2(z) =

F
(
H1(z)

)
then ideally

(
H1(z)−H2(z)

)
u(i) ≈ 0.

Criterion 1 is debatable in the context of the T-OE because AF2 is adaptive

and continues to evolve after the weights transfers, improving its estimates with

respect to the input-output behaviour of the plant, not AF1. Considering that

AF1 undermodels Ho(z), the impulse response of the former is at best a �sketch�

of the later and hence to make AF2 reproduce H1(z) accurately may be pointless

because what really matters is to update the parameters vector w2(i) towards

wo, even if some properties of H1(z) are lost. This rule of thumb still holds when

the approximation is unstable, as long as AF2 keeps exponentially stable and the

error ||Ho(z)−H2(z)|| decreases somehow for some conveniently de�ned norm.

Considerations about computational e�ciency (Criterion 2) are quite relative

here because, typically, just a few transfers are performed in a stationary envi-

ronment as seen in Section 4.2.7. Regarding the complexity of BMR and PAM

themselves, speci�c measures related to the orders of AF1 and AF2 are supplied

in Sections 4.2.2 and 4.2.3, where it is seen that the latter is considerably simpler.

As of the approximation errors associated to the mapping methods (Criterion

3), evaluation is somewhat tricky. For example, BMR can be quite sensitive to the

order of AF1 and, as a general rule, the larger the order the better. However, this

principle opposes the idea of bounding the overall complexity and ignores that

the performance of the FIR AFs may worsen with overmodelling 9 [56], not to

mention that the Hankel singular values are decaying [117] and, therefore, a large

M1 may be meaningless. On the other hand, PAM requires only the �rst 2M2 +1

coe�cients of the FIR �lter and simply neglects the remaining. Notwithstanding,

9In principle, no realizable FIR �lter can overmodel the in�nite impulse response of an IIR
plant Ho(z). However, if that response is fast-decaying (e.g., if Ho(z) is critically damped), in
practice a truly large FIR �lter can overmodel the useful impulse response of Ho(z). See the
de�nition of useful impulse response in opposition to the actual impulse response in Section 4.1.
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unlike BMR, it may lead to an unstable realization and is more sensitive to noise.

Additionally, any SVD based methods such as BMR depends on the M2

largest Hankel singular values ofH1(z), which means that the sum of the neglected

singular values provides a bound for the approximation error (see Eq. 4.3) [30,

117]. In contrast, if the linear systems used to compute the Padè approximants

are not fed with at least the �rst 2M2+1 samples of the impulse response ofH1(z),

there will be no error bound at all and the only information available is that the

approximation is �awed. Nonetheless, as the exact impulse response of Ho(z) is

not known beforehand, such considerations are meaningless in the context of the

mapping F . Clearly, the choice between these methods is not trivial.

In order to get an insight of how the order reduction techniques behave within

the T-OE context, some simulations were performed in the su�cient modelling

case (i.e., considering identical orders for both H2(z) and Ho(z)). First, three

stable plants generated at random were identi�ed by several FIR LMS AFs of

di�erent orders, identical to the FIR components actually used in the T-OE

associations; i.e., H1(z). Each one of those AFs ran multiple rounds of simulations

that, thanks to the stochastic nature of the LMS, yielded slightly distinct values

for wi. These values were averaged and then transferred to an IIR N-LMSOE

AF (H2(z)) by using both BMR and PAM. Right after the transfers, the impulse

responses of the IIR AFs were compared with that of the plant being identi�ed.

In all cases, the learning step of AF1 was µ1 = 20× 10−3, M2 = 6, the input

signal u(i) was zero-mean Gaussian with power σ2
u = 1 and the additive noise

v(i) was also zero-mean Gaussian with power σ2
v = 1× 10−3. Once the accuracy

of the order reduction depends on the order of AF1, M1 ranged from 8 to 50, so

that the performance of the BMR could be fairly evaluated against the PAM.
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The �gure of merit created for the assessment was the frequency response

mismatch H̃(ω), de�ned as the RMS (Root Mean Square) error measure

H̃(ω) = 10 log
(
‖Ho(ω)−H2(ω)‖

)
, (4.35)

which is the logarithmic norm of the di�erence of the frequency responses of

the plant Ho(ω) and the adaptive �lter H2(ω) right after a transfer from H1(ω)

(supposed at the steady state) is made. The lower the mismatch, the best the

approximation quality. As a benchmark, the simulations included the frequency

response mismatch of the FIR AF (i.e., AF1) given by

H̃(ω) = 10 log
(
‖Ho(ω)−H1(ω)‖

)
(4.36)

The frequency response of the random plants and the results of the assessment

are shown in the charts of Figures 10-15, where FIR App, IIR App (BRM) and

IIR App (PAM) are, respectively, the frequency response mismatches of AF1,

AF2 fed via BMR and AF2 fed via PAM.

It is clear from the Figures 11, 13 and 15 that no technique is always superior

to the other and they perform quite di�erently in di�erent situations. However,

PAM transfers present a remarkable behaviour that stays the same: its perfor-

mance tends to improve consistently along the length of AF1 until M1 = 2M2

and remains unchanged from that point on, consonant to the de�nition of Padè

approximants in Equations 4.26, 4.33 and 4.34.

The performance of the BMR transfers, in contrast, is likely to improve be-

yond this threshold as seen in Figures 11 and 13, but this is not a consistent

pattern as Figure 15 shows. This is related to the way the Hankel singular val-

ues {σk}M1
k=0 decrease: the faster they decay, the more accurately AF2 can be

approximated by the �rst components of U and Λ [30] (see Equations 4.5�4.9).

Assuming su�cient modelling, in the limit the approximation error bound given
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Figure 10: Frequency Response of the Random Plant (Scenario 1)
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by Eq. 4.3 approaches 0 for any value ofM2, indicating that the smallest singular

values becomes negligible and, therefore, AF1 could be shorter. As a result, the

frequency response mismatch becomes nearly �at after a while as seen in Fig. 15.

It is interesting to note that the frequency response mismatch of the FIR

component does not improve consistently with its order M1, as seen in Figures

13 and 15. In these cases, the frequency response mismatch of AF1 increases

only slightly with M1 but experience shows that in some particular cases it may

deteriorate rapidly. AlthoughHo(z) is IIR and AF1 is FIR, such an issue seems to

be caused by overmodelling: if the impulse response of Ho(z) decays considerably

fast, a large AF1 could overmodel the useful impulse response of Ho(z) (see

Section 4.1). However, there is not a correspondingly drastic deterioration in the

BMR transfers once the Hankel singular values that rule the construction of the

balanced realizations are very often fast-decaying as noted by Antoulas et al [117].

Also, often the frequency response mismatches of AF2 are smaller than those

of AF1 either by using PAM or BMR, which sounds counter intuitive at a �rst

sight because the mapping makes AF2 model AF1, not the plant. However, in

spite of being FIR and therefore subject to a large mismatch when identifying

Ho(z), AF1 induces an in�nite impulse response in AF2 via the mapping F . As

such, AF2 can be expected to �t Ho(z) better than AF1 very often (particularly

when the impulse response of Ho(z) is long tailed) as Figures 11, 13 and 15 show.

Ultimately, distinct frequency response mismatches do not necessarily lead to

di�erent performances in the T-OE because, as aforementioned, AF2 is adaptive

and could compensate such gaps. PAM transfers tend to be more accurate when

M1 is small (i.e., M1 ≤ 2M2 + 1) while BMR transfers could bene�t from bigger

values for M1. Hence, if computational cost is an issue, PAM is the best option

not only because it requires shorter guide �lters but also because its complexity

can be much smaller than that of BMR as discussed in Sections 4.2.2 and 4.2.3.
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4.2.5 Cycle Length Estimate

Fig. 16 shows how the cycle length L impacts the convergence time of the

T-OE used to identify the notch whose frequency response is shown in Fig. 18(a)

(see Section 4.2.7).
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Figure 16: Convergence Time X Cycle Length for the Notch Scenario

In the plot of Fig. 16, the abscissae axis represents L and the ordinates

axis stands for the convergence time, de�ned as the time (in iterations) required

to make the T-OE reach 85% of the EMSE reached by an standalone IIR AF

con�gured exactly as AF2 and processing the same plant with similar datasets.

Extensive simulations with several distinct scenarios have corroborated the

pattern shown in Fig. 16, in which too small values for L delay the convergence.

Experimental evidences suggest this is a result of the representation errors com-

mitted by the order reduction procedure added to the high estimation errors suf-

fered by AF1 when its adaptation is just starting. On the other hand, excessively

large values postpone unnecessarily the transfers, also delaying the convergence.

Fig. 16 also shows that the convergence time is about the same for an appre-

ciably wide range of values for L (100 < L < 2000), suggesting that L has not an

optimal value but an optimal range. Although less evident, it is also possible to

infer that, in the stationary case, a single weights transfer will be su�cient if it

is made after AF1 converges.
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Given that AF1 is FIR LMS, an analytical framework can be derived to

describe its adaptation in terms of σ2
d, σ

2
u and σ

2
v (the powers of the signals d(i),

u(i) and v(i), respectively), which is accomplished via ECR (Energy Conservation

Relation) and VR (Variance Relation) arguments [5]. Herewith, simple linear

models are generated for the transient and steady state of AF1, so that L is

computed by comparing both as seen in Fig. 17.
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Figure 17: Linear Approximation for The FIR Guide Identifying The Notch

Let wo1 be the optimal value for the parameters of AF1 (given by the �rst

M1 + 1 samples of the impulse response of the plant) and the weight error vector

w̃1,i de�ned as w̃1,i = wo1−w1,i. By exploiting the weighted Variance Relation for

adaptive algorithms of the form w1,i = w1,i−1 +µ1ui
(
g(ui)

)−1
e1(i) with g(ui) = 1

in the case of a regular FIR LMS AF, it can be shown that [5, Theorem 22.4]

E ‖w̃i‖2W = E ‖w̃i−1‖2W ′ + µ1σ
2
v EuiWuTi (4.37)

W ′ = W − µ1W (EUi)− µ1(EUi)W + µ2
1(EUiWUi), (4.38)

where Ui = uTi ui, W is a positive semi-de�nite weighting matrix and ‖.‖2W is

the L2 norm of the argument weighted by W (e.g., ‖wi‖2W = wTi Wwi). As ui is

white, then EUi = EuTi ui = σ2
uI (I is the identity matrix). So, by makingW = I,

EuiWuTi = σ2
u(M1 + 1) and EUiWUi = σ2

uTr(σ
2
uI)I+ 2σ4

uI = σ4
u(M1 + 3)I [29]. If
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γ is de�ned as

γ , 1− 2µσ2
u + µ2

1σ
4
u(M1 + 3) (4.39)

then, by using mathematical induction on Eq. 4.37, it is possible to conclude

that

E ‖w̃1,i−1‖2 = γi E ‖wo1‖2 + µ1σ
2
vσ

2
u(M1 + 1)

i−1∑
k=0

γk, (4.40)

where w̃1,i = wo1−w1,i. In case the SNR is high and the step size µ1 is moderate,

the rightmost term of Eq. 4.40 can be truncated, leading to

E ‖w̃1,i−1‖2 ≈ γi E ‖wo1‖2 (4.41)

Given that the estimation error for AF1 is e1(i) = uiw̃1,i−1 + v(i) with ui =

[u(i) u(i−1) . . . u(i−M1)], then E e21(i) = σ2
u E ‖w̃i−1‖2 +σ2

v and, for a high SNR,

E e21(i) ≈ σ2
u E ‖w̃1,i−1‖2. Therefore, by considering that σ2

u‖wo1‖ = σ2
d − σ2

v [5],

E e21(i) ≈ γi(σ2
d − σ2

v) (4.42)

and then the transient of AF1 can be linearized in a logarithmic scale as

MSEdB(i) ∼= 10i log γ + 10 log(σ2
d − σ2

v) (4.43)

For a white Gausian u(i), a linear approximation for the steady state of AF1 is

SAF1 = 10 log

(
2σ2

v(1− µσ2
u)

2− µ(M1 + 3)σ2
u

)
≈ 10 log(σ2

v) (4.44)

Finally, the optimal value for L can be found by determining where the transient

and steady-state models of Equations 4.44 and 4.43 cross each other; i.e.,

L = i|MSEdB(i) = SAF1 (4.45)

It is worth noting that, unlike in the FIR scenarios exploited in [29], these

models may not be accurate for the T-OE weights transfers because here AF1
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undermodels the unknown plant. Hence, by keeping in mind that a mildly large

L is unlikely to do any harm as shown in Fig. 16, practical applications may

consider the theoretical L as a lower bound for the actual L as computed by Eq.

4.45, as we pointed out in [28].

4.2.6 Computational Complexity of the T-OE

In general, the resources considered in the studies on computational complex-

ity are the time (number of operations executed) and space (memory utilization)

consumed in a single iteration of a given algorithm. In the T-OE �lter combina-

tions though, this measure is not suitable since the most demanding task in the

algorithm - the weights transfers - are intermittent and should ideally occur once

if the cycle length L is chosen correctly.

However, for some types of embedded systems as mobile computing, energy

is also a very valuable computational resource and should be considered: the

more steps an algorithm performs, the higher its energy consumption. Under

this perspective, it makes sense to �distribute� the clock cycles spent with the

transfers among L iterations. Herewith, a pessimist estimate for the complexity

is determined by the number of operations executed within the cycle L (including

the transfers) and the theoretical worst case scenario is reached when L = 1.

Once the complexity of both FIR and IIR versions of LMS is linearly propor-

tional to the order of the �lters [3�5], every single iteration of the T-OE features

a complexity proportional to the sum of the orders of AF1 and AF2; so that we

can de�ne an �overall length� as

M , (M1 + 1) + (2M2 + 1), (4.46)

where we remark that, following the nomenclature usually found in the IIR �lter-

ing literature (e.g., [23]), in this work the order of a �lter is given by the highest
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power of the polynomials B(z) and A(z), not by its length.

As for the transfers, Sections 4.2.2 and 4.2.3 mention that the complexity is

upper bounded either by the inversion of a RM2+1×M2+1 matrix (Eq. 4.21) plus

the eigen-decomposition of a RM1+1×M1+1 matrix (Eq. 4.5) for BMR transfers or

by the solution of a RM2+1×M2+1 Toeplitz system (Eq. 4.31) for PAM.

In the case of the T-OE equipped with BMR transfers, the overall complexity

in a single cycle L is given by

Complexity =
(L− 1) O(M) +O

(
(M2 + 1)3 + (M1 + 1)2 log(M1 + 1)

)
L

≈ O(M) +
O
(
(M2 + 1)3 + (M1 + 1)2 log(M1 + 1)

)
L

, (4.47)

where L � 1 (L > 100 is typical) and the complexities related to the inversion

of the matrix in Eq. 4.20 and the eigen-decomposition referred in Eq. 4.5 are

respectively O
(
(M2 + 1)3

)
and O

(
(M1 + 1)2 log(M1 + 1)

)
(assuming that the

eigen-decomposition is made via the algorithm in [105]).

Similarly to the BMR transfers case, the overall complexity of the T-OE

equipped with PAM transfers in a single cycle L is given by

Complexity =
(L− 1) O(M) +O(M2 + 1)2

L

≈ O(M) +
O(M2 + 1)2

L
, (4.48)

where O(M2 + 1)2 is the PAM transfers complexity (Section 4.2.3).

In any event, the cycle L is likely to exceed M by a large amount, leading to

an overall complexity close to O(M). It is also important to take into account

that the weights transfers cease when AF1 converges, so that in stationary or

slowly varying environments the complexity will be de�ned as O(M) in the long

run.
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Figure 18: Frequency Responses of the Test Scenarios

4.2.7 Experimental Results on T-OE

Fig. 18 shows the frequency responses of the unknown plants of the simulated

identi�cation scenarios, both with order M = 6. In (a), the unknown plant has

wo = [0.2949 − 0.7709 0.2375 − 0.4934 0.1208 − 0.2621 1.0 − 0.3686 1.2045 −

0.4639 1.2045 − 0.3686 1.0], which is a notch �lter that attenuates the �rst three

harmonics of 50 Hz of a given input sampled at a rate of 420 Hz. Scenario (b) is a

Butterworth bandpass system where wo = [0− .5772 0− .4218 0− .0563 .0985 0−

.2956 0 .2956 0− .0985].

Fig. 19 shows the impulse responses of both scenarios, which decay fast in

both cases (in less than 40 samples, they vanish). However, such relatively short

responses do not lead to an easy identi�cation, as the simulations show.
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Figure 20: Poles-Zeros Diagram of the Test Scenarios
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Fig. 20 shows the poles-zeros diagrams of the scenarios, where the presence

of underdamped and clustered poles are known to make the identi�cation harder

for a standard standalone IIR AF, leading to long convergence times [10, 19].

From the designer perspective, these diagrams are far more valuable than the

corresponding frequency or impulse responses, as the poles-zeros con�guration of

the plant gives more insights about the �ltering process.

Given that nearby poles and zeros tend to undermine each other e�ects, their

relative proximity in the notch case intuitively suggests that the convergence

problems are attenuated. Notwithstanding, experiments show the opposite, with

the convergence taking longer as the poles magnitude increases; i.e., unless actual

zeros-poles cancellations occur, the singular value spread of the underlying Hankel

matrix increases with high magnitudes poles, slowing down the convergence rate

(refer to Appendix C).

Every simulation consists in an ensemble of 400 realizations. The input signal

u(i) is zero-mean, Gaussian white with power σ2
u = 1 and the additive noise

v(i) is zero-mean, Gaussian white with power σ2
v = 1 × 10−3. Since this work

addresses su�cient modelling cases only, in both scenarios the order of AF2 is

M2 = 6, matching the unknown plants order. In the notch case, the order of

AF1 is M1 = 15, its step size is µ1 = 100 × 10−3 and the step size of AF2 is

µ2 = 33.33×10−3. For the bandpass,M1 = 15, µ1 = 200×10−3 and µ2 = 5×10−3.

In all simulations AF2 is implemented in the direct form and no stability checks

are performed because µ2 is designed to be accurate; as such, it has to be relatively

small, which makes the �lter stable as seen in Section 2.2.

In order to give a clear picture of how the weights transfers a�ect the accurate

AF (AF2) in practice, L was set to values smaller than necessary. This was made

arbitrarily for illustrative purposes only; in real-world applications, the same

scenarios could use larger values. As a matter of fact, L can range substantially
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without perceptible e�ects on the overall performance as seen in Fig. 16. For the

notch, L was set to 100 (for BMR transfers) and 390 (for PAM transfers) whereas

with the bandpass it was set to 50 (BMR) and 270 (PAM). For comparison

purposes, the same simulations were also run without weights transfers.

When the weights transfers were enabled, the convex supervisor was con�g-

ured with µa = 500 andA+
max = 5.00 for the notch and µa = 1200 andA+

max = 4.00

for the bandpass (see Section 3.2). With the transfers disabled, the bandpass su-

pervisor changes with µa = 400 and A+
max = 5.00, whereas the con�guration for

the notch remains the same. In all cases, AF1 is considered better whenever

λ(i) ≥ 0.7 (i.e.; λ = 0.7). For reference, the T-OE algorithm is summarized in

Section 4.2 (Algorithm 1).

In the plots, the learning curves of the FIR guide are identi�ed by the label

�AF1�, the T-OE combinations by �T-OE BMR� and �T-OE PAM� (when BMR

or PAM weights transfers are enabled) or �T-OE�(weights transfers disabled).

AF2 is not shown (except when the �gures are zoomed) because the curves of

the combinations with weights transfers overlaps those of AF2 in the scale used

in the plots. As a benchmark, the learning curves of regular, standalone IIR

AFs (�N-LMSOE") con�gured exactly as AF2 were also plotted to allow an easy

performance comparison.

T-OE - Stationary Case

Figs. 21 and 22 show the MSE and the EMSE of the T-OE when identify-

ing the notch. Note that the convex combination with weights transfers adapts

smoothly and faster than the standalone IIR AF. A superior performance is also

achieved when the weights transfers are not activated but, as already mentioned,

in this case the combination stagnates for a long period until the accurate �lter

(AF2) reaches the error level of the FIR guide (AF1).
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Figure 21: MSE - Notch (Stationary Scenario)
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In the zoom provided in Fig. 23, the e�ect of the weights transfers on AF2 are

perceptible - every time a transfer occurs, its EMSE drops about 5 dB, forming

�steps�. As aforementioned, in these simulations L is clearly smaller than neces-

sary in order to highlight how the performance of AF2 changes with the transfers.

Also, although the stability checks are disabled, both AF2 and the standalone IIR

kept exponentially stable as evidenced by the uniform pattern of their learning

curves.

Figs. 24 and 25 show the MSE and the EMSE of the T-OE when identifying

the bandpass. This scenario is signi�cantly harder than the notch because the

poles cluster � under these conditions, the adaptation of a standalone IIR AF

becomes slower and the convergence could take too long. While this also a�ects

the performance of the T-OE, it does adapt faster than the standalone �lter, even

when no weights transfers are made. Notwithstanding, like in the notch case, the

weights transfers improve considerably the convergence rate (for clarity, only the

�rst 30000 iterations are shown in the plot).

Fig. 26 shows a zoom of the very �rst iterations of the EMSE of the compo-

nents of the T-OE and the standalone IIR AF. As in the prior case, the e�ect of

the weights transfers are emphasized, with every transfer leading to an expressive
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drop (between 5 and 10 dB) in the AF2 error levels.

T-OE - Non-Stationary Case

As the bene�ts of the weights transfers became evident in the stationary case

scenarios (Figures 21, 22, 24 and 25), here we omitted the combinations without

weights transfers to improve the clarity of the plots. Figs. 27 and 28 show the

same scenario than Figs. 21 and 22, but considering an abrupt non-stationarity

caused when the notch frequency of the plant changes suddenly from 50 Hz to

55 Hz. All the AFs (the standalone IIR included) manage to recover from the

non-stationarity, but the T-OE resumes much faster.

In the same fashion, Figs. 29 and 30 show how the AFs behave when the non-

stationarity is more abrupt and the notch frequency changes from 50 Hz to 60

Hz. In this case, the T-OE was able to track the change whereas the standalone

IIR AF was not and stagnated too far from its steady state. Incidentally, a major

�aw that plagues OE adaptive �lters is highlighted here: frequently, a standalone

IIR AF is not capable of delivering an acceptable performance in reasonable time

frames when the plant being identi�ed is endowed with sharp resonances as it is

the case of the notch.
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Figure 27: MSE - Notch (Non-Stationary Scenario)
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Figure 29: MSE - Notch (Non-Stationary Scenario)
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4.3 IIR-IIR Adaptive Convex Combinations

Despite the superior performance of the T-OE over single standalone IIR AFs,

the FIR → IIR weights transfers require some extra computations. Albeit the

number of times that the mapping F is executed can be dramatically reduced

with a proper choice for the cycle transfer L and the overall convergence rate is

quite immune to large variations in its range (see Section 4.2.5 and Fig. 16), state-

space based algorithms as BMR deal with matrices and vectors whose dimensions

are proportional to the FIR �lter order. PAM-based weights transfers are simpler

as they are related to the order of the IIR �lter; nonetheless, they need a linear

system to be solved. So, the transfers can be an issue in terms of computational

cost.

Additionally, any SVD-based order reduction as the BMR is a kind of di-

mension truncation that can lead to a variable loss of accuracy (refer to Section

4.2.2) [30,94,118]. In turn, the PAM-based order reduction assumes that the im-

pulse response of the plant is approximated accurately by AF1 under the penalty

of yielding unstable transfers (Section 4.2.3).

Clearly, such issues could be avoided by eliminating the order reduction pro-
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Figure 31: Hybrid Combination of IIR Adaptive Filters

cedure, which requires a guide �lter that is compatible with the accurate IIR AF

not only in the transfer function space as the FIR guide is, but in the parameter

space as well ; i.e., by using IIR guides of the same order as AF2. In di�erent con-

texts, some works already exploited an analogous concept through the composite

IIR AFs (e.g., [18, 31�36]). Although no actual AFs combination have been used

in those works, they do merge the properties of di�erent IIR �ltering formulations

to improve the overall convergence rate as brie�y mentioned in Appendix A.

4.3.1 Components for the IIR-IIR Adaptive Combinations

Fig. 31 shows the architecture of a generic, purely IIR convex association

we introduce in this work, in which both components share compatibility in the

parameters space besides pursuing the same transfer function Ho(z) in a system

identi�cation setup. Hence, unlike the T-OE referred into Section 4.2, here the

supervisor is able to cyclically feedback the global weights wi de�ned as

wi−1 = λ(i)w1,i−1 +
(
1− λ(i)

)
w2,i−1 (4.49)

to the accurate component (i.e., AF2) without resorting to any kind of mapping.

Di�erently from the purely FIR convex associations (refer to [29]), in principle

the global weights should not feedback both components as AF2 is subject to

unstable updates in case of non-stationarities like burst noise, which could be

inadvertently propagated to the supervisor and then destabilize AF1 as well.
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In the same vein as in the T-OE, the accurate component (AF2) is imple-

mented as a N-LMSOE adaptive �lter endowed with an arbitrarily small learning

step µ, so that exponential stability is enforced even if stability checks are not

performed (Section 2.7). Hence, the guide �lter (AF1) must be fast to lead AF2

rapidly towards the neighborhood of the global minimum and be stable as well

because the cyclic feedbacks could compromise the combination otherwise.

The LMSOE or N-LMOSE are not an option for AF1 because their step

sizes µ(i) are constrained to a small range of values in order to bound the non-

stationarity caused by the recursivity and keep the stochastic gradient approxima-

tions accurate (see Chapter 1). Clearly, a superior performance can be achieved

by IIR algorithms that either avoid the recursivity during the adaptation or ap-

proximate the stochastic gradient di�erently. The former strategy is implemented

through the Equation Error methods (Section 4.3.2) and the latter comes in the

form of the Pseudo Linear Regression (Section 4.3.3) or hyperstable methods [12].

Both approaches are robust with respect to the stability and can be much

faster than the N-LMSOE; however, such a performance is achieved to the detri-

ment of accuracy: biased convergence for the Equation Error or stagnation into

an arbitrary point onto the surface error for the PLR (even with white inputs

and correctly modeled AFs ). Such drawbacks are expected to be compensated

to some extent by the combination of Fig. 31.

4.3.2 E-OE: Equation Error�OE Combinations

Within the context of systems identi�cation, the Output Error was de�ned

with the mixed notation in Section 2.4.1 as

e(i) = d(i)− y(i)

= Ho(z)u(i) + v(i)−H(z, i− 1)u(i)
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=

(
Bo(z)

1− Ao(z)
− B(z, i− 1)

1− A(z, i− 1)

)
u(i) + v(i), (4.50)

where the dependency on A(z) is clearly non linear. By changing the de�nition of

the estimation error and de�ning the �Equation Error� output ye(i) as a function

of the prior plant's outputs d(i) in lieu of the own AF's outputs y(i), the Equation

Error was de�ned in Section 2.4.2 as

e(i) = d(i)− ye(i)

= d(i)−
(
B(z, i− 1)u(i) + A(z, i− 1)d(i)

)
=
(
1− A(z, i− 1)

)
d(i)−B(z, i− 1)u(i) +

(
1− A(z, i− 1)

)
v(i), (4.51)

and the dependency on A(z) now becomes plain linear. This means that the

stochastic gradient can be properly approximated without enforcing the param-

eters to change slowly as is the case of the LMSOE derived in Section 2.8.2.

Structurally, the Equation Error realization is a dual-channel �lter in which

the coe�cients B(z) and A(z) are adapted through separated FIR AFs (that is

why EE approaches are not IIR �ltering strictly speaking). As Eq. 4.51 shows,

in this setup v(i) is �ltered by A(z), which makes the algorithm cope with two

con�icting goals, namely, minimize the MSEE and identify the poles of the plant.

This becomes clear by analyzing the Mean Square Equation Error given by

E e2(i) = E e2u(i) + σ2
v E

M∑
k=0

a2k(i− 1), (4.52)

where eu(i) is the unbiased Equation Error and, basically speaking, σ2
v E
∑M

k=0 a
2
k

acts as an undesirable regularization term. Hence, convergence to the minimum

error is not achieved but in the unlikely scenarios where v(i) = 0 ∀ i. On the

other hand, without any further constraints on the parameters evolution, the

convergence rates may be far higher than those observed in LMSOE AFs, making

them suitable as the fast component of Fig. 31.
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The update rule of the LMS version for the Equation Error formulation (LM-

SEE) is given by [1, 4, 20]

wi = wi−1 + µxT
EE,ie(i), (4.53)

where xEE,i is the EE regressor de�ned as

xEE,i = [d(i− 1) d(i− 1) · · · d(i−M) u(i) u(i− 1) · · · u(i−M)] (4.54)

Eq. 4.54 unveils that the input regressor xEE,i is not disturbed by the time-

varying A(z, i) like in a truly recursive AF; i.e., no matter how A(z, i) changes,

xEE,i will remain statistically the same because d(i) is yielded by the plant. Con-

sidering that the non-stationarity injected by the feedback loop (i.e., A(z, i)) into

the input regressor is a major performance bottleneck for the OE AFs [12], the

EE AFs tend to feature better convergence rates even if d(i) is highly correlated.

Similarly to what happens with the LMSOE, often it is advantageous to

normalize the EE regressor, yielding the Normalized EE LMS (N-LMSEE) by

modifying Eq. 4.53 as

wi = wi−1 + µ1

xT
EE,i

ε+ ‖xEE,i‖2
e(i), (4.55)

where ε is a small regularization factor.

Putting all together, the algorithm originally developed for the T-OE (Section

4.2) modi�es to accommodate the Equation Error�Output Error combination (E-

OE) as shown in Algorithm 2, with the mixing factor λ(i) de�ned as in Section

3.2 (Equations 3.2, 3.5 and 3.10).
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Algorithm 2 Equation Error�Output Error Filters Combination (E-OE)

for i = 0, i++ do

y1,i = xEE,iw1,i−1

e1,i = d(i)− y1(i)
w1,i = w1,i−1 + µ1x

T
EE,ie1(i)

w2,i−1 = δwi−1 + (1− δ)(w2,i−1)

y2,i = xiw2,i−1

φi =
xi

1− A(z, i− 1)

e2,i = d(i)− y2(i)

w2,i = w2,i−1 +
µ2

‖φi‖2 + ε
φTi e2(i)

y(i) = λ(i)y1(i) +
(
1− λ(i)

)
y2(i)

wi = λ(i)w1,i +
(
1− λ(i)

)
w2,i

end for

4.3.3 P-OE: Pseudo Linear Regression�OE Combinations

As previously discussed, the dependency between the current output and the

prior ones in the LMSOE estimates, given by

y(i) = H(z)u(i) = xiwi−1, (4.56)

results from the de�nition of the OE regressor

xi = [y(i− 1) y(i− 1) · · · y(i−M) u(i) u(i− 1) · · · u(i−M)], (4.57)

which renders the corresponding update rule non-linear. However, by neglecting

this dependency and taking y(i) as it was linear during the adaptation, the update

rule simpli�es. In fact, this was originally done by Feintuch [119] 10 and, regard-

less of the criticisms of great names of the systems identi�cation community as

Johnson [120] and Widrow [121], its fundamentals were shown to be consistent

under certain constraints by Rupp and Sayed [122], Landau [24] and others.

10Due to the pioneer work in [119], this strategy is also known as the Feintuch's algorithm.
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Let the update rule of Eq. 2.61 (Section 2.8) with Bi = I and ηi = xi; i.e.,

the gradient ∇wJ(wi−1) is (roughly) approximated by xTi e(i), producing

wi = wi−1 + µ1(i)x
T
i e(i), (4.58)

From Section 2.8.2, the approximation in Eq. 4.58 is readily recognized as an

abrupt truncation of the true gradient formulas (Eqs. 2.74 and 2.75) such that

∂Ee2(i)

∂bm(i)
= −2 E e(i)

(
u(i−m) +

M∑
k=1

ak(i)
∂y(i− k)

∂bm(i− k)

)
∼= −2 E e(i)u(i−m) (4.59)

∂Ee2(i)

∂am(i)
= −2 E e(i)

(
y(i−m) +

M∑
k=1

ak(i)
∂y(i− k)

∂am(i− k)

)
∼= −2 E e(i)y(i−m) (4.60)

∴
∂Ee2(i)

∂wi−1
∼= −2 ExTi e(i) (4.61)

Because it casts a model that is not really linear, this strategy is called Pseudo

Linear Regression (PLR) [20, 45, 52, 53] or, given its similarity to the FIR LMS

algorithm, Recursive LMS (RLMS) [2, Section 2.9.4]. In the same vein as the

EE approaches, PLR can also be thought as a dual FIR setup [119, 121] except

that the regressor and error signal of the Equation Error formulation are replaced

by their Output Error correlates (i.e., unlike EE, PLR is genuinely recursive and

does have poles while adapting).

Once it does not follow the true gradient, PLR can not be expected to always

achieve the global minimum but it can be shown to be upper-bounded (i.e.,

stable) in the su�cient modelling case [45, 121]. In other words, if the order of

the adaptive �lter is su�cient, its MSE will decrease along time although it is

uncertain to what it may converge; otherwise, stability can not be assured.

If, on one hand, the gradient truncation leads to an optimization crite-
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rion other than the MSE, on the other hand it also makes PLR self-stabilizing

[20, 45, 121] [2, Section 2.9.4], such that unstable poles tend to migrate into the

unit circle along the adaptation. At an intuitive level, Widrow and McCool [121]

described this property by stating that the feedback of the adaptive process in-

teracts favorably with the feedback of the �lter itself to produce a �superstability�

that will pull the poles back from beyond the brink of instability 11 . In fact, it

has been suggested that the PLR adaptation rule should be applied to ordinary

LMSOE AFs whenever their updates are unstable, which may lead to a better

performance than simply skipping them, as practitioners usually do [20].

However, this self-stabilizing feature is not completely understood, and so

it is hard to tell categorically if it holds for any kind of input signals such as

rational inputs. Anyway, as Elliott [2], Eriksson and Greiner [41] and others

noted, PLR shows its strong stability virtues in many real applications like active

sound attenuation in factories or inside ducts and, for this reason, it is widely

used in the industry.

Given its stability features, PLR copes with larger learning step sizes than

LMSOE or N-LMSOE and therefore can achieve higher convergence rates. Such

an improvement is welcome but, as aforementioned, the update rule of Eq. 4.58

optimizes wi regarding to a �gure of merit other than J(wi), possibly making

the AF converge far from the actual global minimum. However, this side e�ect

vanishes if the plant meets a strictly positive real (SPR) condition [123] given by

<
(
C(z)

Ao(z)

)
−K > 0 ∀|z| = 1, (4.62)

where <(.) returns the real part of the argument, 1
Ao(z)

with z = 1 is the frequency

response of 1
Ao(z)

, C(z) (the so-called compensator) is usually set to 1 [45] but it

11These occasional drifts that cause a temporary instability in the AF is called bursting, which
is quite common in adaptive echo cancellation applications and in adaptive control systems [76].
A formal analysis on the stability and convergence of PLR is led by Rupp and Sayed in [122].
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may assume other values as is the case of the hyperstable approaches [12,58] and

K is a slack variable normally set to 1/2 as Landau did in the pioneer work where

the hyperstability ideas were �rst applied to the identi�cation problems [24], [60,

Chapter 7] (although K = 0 is also possible in other approaches).

Note that Eq. 4.62 is a su�cient, not necessary, condition for convergence

[20, 45]. In fact, in spite of the SPR condition, the PLR may converge correctly

depending on the initialization and on the input sequence u(i) 12 .

By using the update rule of Eq. 4.58, the P-OE is summarized in Algorithm

3, with λ(i) de�ned as in Section 3.2 and the AF1 and AF2 regressors given by

xn,i = [yn(i− 1) yn(i− 1) · · · yn(i−M2) u(i) u(i− 1) · · · u(i−M2)] (n = 1, 2).

Algorithm 3 PLR�Output Error Filters Combination (P-OE)

for i = 0, i++ do

y1,i = x1,iw1,i−1

e1,i = d(i)− y1(i)
w1,i = w1,i−1 + µ1x

T
1,ie1(i)

w2,i−1 = δwi−1 + (1− δ)(w2,i−1)

y2,i = x2,iw2,i−1

φi =
x2,i

1− A(z, i− 1)

e2,i = d(i)− y2(i)

w2,i = w2,i−1 +
µ2

‖φi‖2 + ε
φTi e2(i)

y(i) = λ(i)y1(i) +
(
1− λ(i)

)
y2(i)

wi = λ(i)w1,i +
(
1− λ(i)

)
w2,i

end for

12A persistently high σ2
x (regressor power) essentially compensates for the SPRless of the

plant, which would require some a priori knowledge about the original plant though [25,58].



106

4.3.4 Experimental Results on IIR-IIR Combinations

The same scenarios of Section 4.2.7 were used here to examine the perfor-

mance of the E-OE and P-OE combinations of Fig. 31 against the T-OE. All

algorithms were designed to match each other learning rates as much as possi-

ble, so that a comparison makes sense. Also, since the superiority induced by

the weights transfers became clear when studying the T-OE, the comparison will

consider only combinations with the transfers enabled.

In order to improve the readability, only the EMSE plots are shown here as

they tend to highlight the existing di�erences among the algorithms. They exhibit

the learning curves of the IIR combinations and the T-OE labeled, respectively,

as �T-OE BMR� and �T-OE PAM� as well the guide �lter (�AF1�) of both. All

AFs and combinations are identi�ed by arrows with labels which refer to the

accompanying legend.

In all cases, every simulation consists in an ensemble of 400 realizations, in

which the input signal u(i) was a zero-mean white process with power σ2
u = 1, the

additive noise v(i) is Gaussian white and the power σ2
v is indicated speci�cally

along each individual simulation.

Simulations with the E-OE Combinations

The simulations considered the butterworth case with wo = [0 − .5772 0 −

.4218 0− .0563 .0985 0− .2956 0 .2956 0− .0985], fed with a zero-mean, Gaussian

white signal u(i) with power σ2
u = 1. The background noise v(i) is Gaussian

and zero-mean and two cases are explored, with power σ2
v = 10−3 and σ2

v =

10−4. When i = 80 × 103, the plant changes abruptly to wo = [0 .5772 0 −

.4218 0 .0563 .2569 0 − .7707 0 .7707 0 − .2569]. The transfers cycle is L = 500,

which combats the stagnation e�ect and enables the combinations to react upon
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Figure 32: EMSE - Butterworth SNR = 30 dB (Non-Stationary Scenario)

the abrupt non-stationarity at i = 80× 103.

In the simulation depicted in Fig. 32 σ2
v = 1×10−3. The accurate component

of all combinations (i.e., AF2) is an N-LMSOE with order M2 = 6 and µ2 =

5× 10−3. The fast component of the E-OE (AF1 EE) is an EE-LMS with order

M1 = 6 and µ1 = 50 × 10−3 and we note that the corresponding combination

outperforms AF1 without the stagnation e�ect, even after the abrupt change in

wo. The fast component of the T-OE combinations (AF1 FIR) has orderM1 = 15

and µ1 = 166.7× 10−3 and the corresponding combinations (T-OE BMR and T-

OE PAM) expressively outperform the E-OE, with the T-OE PAM performing

slightly better than the T-OE BMR.

In the second example, depicted in Fig. 33, the SNR increases by 10 dB,

i.e., σ2
v = 10−4. Since the EE-LMS is biased by v(i) (see Eq. 4.52 in Section

4.3.2), thus improving over a better SNR, the E-OE also improves considerably

and reaches an error level almost 20 dB lower than the prior case. Note that the

E-OE starts at a lower convergence rate, but reaches and outperforms both T-OE

combinations later on. In other simulated cenarios, with SNR at 50 dB and 60

dB, the improvement for EE-OE is more expressive, re�ecting the gain in SNR;

however, still slower than the T-OE.
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Figure 33: EMSE - Butterworth SNR = 40 dB (Non-Stationary Scenario)

In both examples, a major drawback of IIR AFs becomes evident: the N-

LMSOE and both T-OE combinations seem to have reached the steady-state

in the plots of Figures 32 and 33, while actually they keep evolving for nearly

hundreds of thousands of iterations (not shown in the pictures for clarity). In

any event, the combinations are clearly e�ective at learning acceleration.

Simulations with the P-OE Combinations

The �rst plant considered here is the non-stationary notch examined in Sec-

tion 4.2.7, fed with a zero-mean, Gaussian white signal u(i) with power σ2
u = 1.

The background noise v(i) is Gaussian and zero-mean with power σ2
v = 10−3.

The accurate component of all combinations (AF2) is an N-LMSOE with

order M2 = 6 and µ2 = 33.3× 10−3. The fast component of the E-OE (AF1 EE)

is an EE-LMS with order M1 = 6 and µ1 = 30× 10−3 and the fast component of

the P-OE combinations (AF1 PLR) has also order M1 = 6 and µ1 = 30 × 10−3.

At the beginning, the parameters of the notch are wo = [0.2949 −0.7709 0.2375 −

0.4934 0.1208 −0.2621 1.0 −0.3686 1.2045 −0.4639 1.2045 −0.3686 1.0], which

makes it attenuate the �rst three harmonics of 50 Hz in u(i) (sampled at a rate

of 420 Hz). For i > 40 × 103, it modi�es its poles-zeros con�guration such that
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Figure 34: EMSE - Notch SNR = 30 dB (Non-Stationary Scenario)

wo = [−0.8 −0.64 −0.512 −0.4096 −0.3277 −0.2621 1.0 1.0 1.0 1.0 1.0 1.0 1.0],

starting to attenuate the harmonics of 60 Hz.

The plot of Fig. 34 shows how the P-OE behaves compared to the E-OE

in this scenario, where it is seen that the performance of both combinations is

quite similar. Considering that the algorithms were tuned to match each other

transient as much as possible as remarked in Section 4.3.4, it is worth noting that

although the PLR guide is nearly 10 dB better than the EE guide at steady state,

the P-OE exhibits only a modest gain over the E-OE in the transient.

Fig. 35 includes the EMSE of the T-OE combinations in the same plot for

comparison, but omits all guide �lters (AF1) to improve readability. It can be

seen that P-OE features the faster learning, reaching nearly 10 dB below the

T-OE equipped with BMR transfers at i = 5× 103. In this same interval, E-OE

virtually matches the T-OE with PAM transfers, although it is a bit superior to

T-OE with BMR. For all mentioned combinations (P-OE, E-OE and T-OE), the

transfers cycle is L = 430 and, for the T-OE combinations, AF1 has M1 = 15

and µ1 = 100×10−3. Both E-OE and T-OE have the accurate component (AF2)

con�gured as in the P-OE.

Next, the performance of the P-OE was measured when identifying the but-
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Figure 35: EMSE - Notch SNR = 30 dB (Non-Stationary Scenario)

terworth plant used to test the E-OE combinations (Section 4.3.4), fed by a zero-

mean, Gaussian white input u(i) with power σ2
u = 1. The background noise v(i)

is Gaussian and zero-mean and two cases are explored, with power σ2
v = 10−3 and

σ2
v = 10−6. Like in Section 4.3.4, the plant changes abruptly when i = 80× 103.

The transfers cycle used in the combinations is L = 500.

Fig. 36 depicts the EMSE of the P-OE compared with that of E-OE when

the SNR=30dB. The accurate component of both combinations (AF2) is an N-

LMSOE with order M2 = 6 and µ2 = 5 × 10−3. The fast component of the

E-OE (AF1 EE) is an EE-LMS with order M1 = 6 and µ1 = 50 × 10−3 and the

fast component of the P-OE combinations (AF1 PLR) has also order M1 = 6

and µ1 = 50 × 10−3. Both guides (PLR and EE) are equalized at the transient,

but the PLR guide outperforms the EE guide by nearly 5 dB at steady state

(indicating that the former is closer to the global minimum since the error surface

is monomodal). However, the di�erence between the combinations is bigger when

i = 80× 103 (12 dB) and, considering that the E-OE is almost stagnated at this

point, it would increase if the non-stationarity didn't take place. This tendency

keeps after the non-stationarity as well.

Fig. 37 depicts the same setup, comparing the P-OE and E-OE against to the
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Figure 36: EMSE - Butterworth SNR = 30 dB (Non-Stationary Scenario)
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Figure 37: EMSE - Butterworth SNR = 30 dB (Non-Stationary Scenario)

T-OE combinations equipped with BMR and PAM weights transfers. Both T-OE

combinations perform alike (mainly after the non-stationarity) and converge ini-

tially faster than P-OE or E-OE, but stagnate with an error level of approximately

−43dB. For the T-OE combinations, AF1 has M1 = 15 and µ1 = 166.67 × 10−3

and AF2 is con�gured as in the P-OE and E-OE in the setup of Fig. 36.

Fig. 38 shows how a higher SNR (60dB) change the behaviour of P-OE and

E-OE, and we note that the performance of both improve considerably (25dB for

the P-OE and 35dB for the E-OE). In particular, the E-OE bene�ts the most from

the new SNR, indicating that its noise-induced bias decreased. Indeed, unlike in

the prior case where the lower SNR harmed the E-OE far more than the P-OE,
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Figure 38: EMSE - Butterworth SNR = 60 dB (Non-Stationary Scenario)

now both are virtually indistinguishable. However, such a high SNR is not often

found in real-world applications.

The same experiments are seen in Fig. 39, but with the inclusion of the T-

OE combinations to allow an easy performance comparison among all algorithms.

Although the higher SNR also contributed to improve the performance of the T-

OE combinations (see Figures 32 and 33), their gain was much smaller than with

the P-OE or E-OE.

Compared to Fig. 32 (that depicted the T-OE performance in the butterworth

scenario with SNR=30dB), the T-OE equipped with the PAM transfers gained

5dB while the T-OE with BMR did not change appreciably. Compared to Fig. 33

(SNR=40dB), the performance of the T-OE combinations look virtually the same

as in Fig. 39 (SNR=60dB). Once the SNR increased two orders of magnitude

without any noteworthy impact on the combinations, clearly the additive noise

is no longer a major cause for the estimation errors committed by the T-OE.

Considering that AF2 is the same for all combinations, this indicates that as

the SNR increases other performance limiters such as mismodelling become more

evident for the FIR guides.
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Figure 39: EMSE - Butterworth SNR = 60 dB (Non-Stationary Scenario)

4.3.5 Limitations of the IIR-IIR Combinations

In comparison with the T-OE, the purely IIR combinations (E-OE and P-OE)

show a considerable gain in terms of computational complexity as they implement

the weights transfers with no mapping at all. However, there is an issue we did

not face in the scenarios explored in Section 4.3.4: in case the impulse response of

the plant being identi�ed is slowly-decaying (i.e., it is �long tailed�), the weights

transfers may not work.

In order to illustrate how the EE or PLR weights transfer may fail, let us

consider a simple second-order plant given by

Ho(z) =
1

1− 1.7z + 0.7225z2
, (4.63)

which is an all-poles, non-SPR system whose poles are coincident at 0.85 [60,

Section 7.4, Eq. 7.47]. The corresponding impulse response is plotted in Fig. 40,

where we note its tail is thicker and takes longer to fade than those seen in the

scenarios used in Sections 4.2.7 and 4.3.4 (refer to Fig. 19).

When identifying a system like that, the accurate component of the E-OE

and P-OE combinations do not bene�t from the weights transfers (at least, not

as much as it did in the simulations scenarios used in Section 4.3.4). This can be
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seen in Fig. 41, which depicts how the EMSE of these associations behave when

the plant being identi�ed is described by Eq. 4.63. In these simulations, the input

is white Gaussian with unitary power (i.e., σ2
u = 1), σ2

v = 1×10−2 with v also white

Gaussian, and L = 10, 000 within a set of 100,000 iterations. Unlike the scenarios

of Section 4.3.4, where the EMSE of both components equalized instantaneously

whenever a transfer occurred, here the transfers are quite ine�ective or even

harmful to the performance.

In the E-OE case, only the �rst two transfers yielded some gain; in the 3rd,

there was no gain at all and the remainder transfers worsened AF2. For the P-

OE, some gain was observed in the �rst transfer only: the 2nd and 3rd transfers

yielded no gain and the remainder ones also worsened AF2. As a result, both

combinations are forced to always track the fastest component (i.e., AF1).

At a �rst sight, this looks odd because (unlike the FIR guide) both the EE

and PLR guides are compatible with the accurate OE component AF2 in the

parameters space and, therefore, one could expect that the transfers lead AF2

to the exactly same point onto the performance surface as the guides. However,

in the E-OE combination this reasoning is plainly wrong: the components are

indeed compatible in the parameters space, but their performance surfaces are
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Figure 41: E-OE and P-OE Combinations Identifying a Long-Tailed Plant

not the same.

As a matter of fact, not only the noise-induced bias moves the minima of

the EE guide away from that of AF2 but the shape of the respective performance

surfaces is di�erent, so the same set of parameters makes the components yield

di�erent costs. With clustered or underdamped poles (that yield long-tailed im-

pulse responses), the performance surface of AF2 may distort in a way that the

minimum will be enclosed into a narrow valley surrounded by nearly-�at plateaus

on which the squared error is almost constant. In turn, the EE guide exhibits

steeper surfaces on which the error changes more intensely. As a result, when the

parameters of the EE guide are transferred to AF2, it might be moved around

onto the aforementioned plateaus with little gains in terms of error level - if any.

Even worse than moving around the parameters of AF2 onto a nearly �at

surface without any practical e�ect, the transfers from an EE guide may actually

increase its error level. This happens when AF2 is closer to the minimum than

AF1 but the latter is outperforming the former (which is possible because the

surfaces are di�erent), signaling the convex supervisor to enable the transfers

and inadvertently preventing AF2 from converging. In the simulations of Section

4.3.4, this was not seen because the convex supervisor commuted to AF2 right
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after the �rst transfers took place.

Although the di�erences between the error surfaces explain why the transfers

are ine�cient in the E-OE combinations, there is also another performance lim-

iter. Indeed, given that the PLR guide is an OE AF, its error surface is identical

to that of AF2; therefore, the latter should be instantaneously moved to the same

point than the former every time a transfer occurs in the P-OE. However, this

is not seen in the simulation of Fig. 41: the learning curves of the PLR guide

and AF2 do not equalize and may actually divert even more with the transfers.

While the exact reasons for this phenomenon are not known, they seem related

to one of the more fascinating properties of the IIR systems: their memory.

As AF2 is IIR and therefore recursive, it can reach the stateW2,i+1 depending

upon its current state W2,i, the parameters set {A2,i, b2,i} and the input signal

u(i) according to (see Section 2.5)

W2,i+1 = A2,iW2,i + b2,iu(i) (4.64)

It is clear that unless the parameters set of AF2 matches that of AF1 for every i,

a given state reachable by AF1 (say, W1,i+1) can not be reached simultaneously

by AF2. This holds even if both parameters sets coincide once in a while (i.e.,

right after the transfers) because their current states W1,i and W2,i are likely

to be distinct. Moreover, this means that the outputs y1(i) and y2(i) may be

quite di�erent right after the transfers if AF2 still �remembers� in which state it

was before the transfers. By considering that, it seems reasonable to hypothe-

size that AF2 has not a strong memory in the scenarios of Section 4.3.4 (which

is corroborated by the short IR of the plants), making the transfers e�ective.

This conjecture is supported by experimental evidences and it is currently under

investigation 13 .

13This issue is not evident because, more or less implicitly, the designer assumes that the
signals generated by the IIR AF will be close enough to those of a �xed �lter � and this is one
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Figure 42: T-OE Endowed with a Long Guide and BMR-Based Transfers Identi-
fying a Long-Tailed Plant

Thus, whenever the impulse response of Ho(z) is endowed with a long tail, the

stagnation e�ect that the transfers are intended to tackle worsens. So, we have to

give up on the E-OE and P-OE combinations and switch back to the T-OE, which

has an additional parameter to be set: the order M1 of the FIR guide. If, on one

hand, it is true that the PAM transfers need only the �rst 2M2 +1 samples of the

impulse response of the FIR guide to work properly (Section 4.2.3), on the other

hand the BMR transfers can bene�t if more samples are available as discussed

in Section 4.2.4 14 , outperforming the transfers made by an EE or PLR guides

if M1 is large enough. Intuitively, this suggests that longer FIR guides get closer

to the minimum of AF2 than EE or PLR guides whenever the original impulse

response is long-tailed.

In contrast with Fig. 41, Fig. 42 shows how a T-OE with a long FIR guide

of the reasons the step size µ must be kept �small enough�. Rigorously speaking, every time the
AF parameters change, its current state must be computed by reprocessing the whole sequence
of inputs {u(1) u(2) u(3) . . . u(i)} and only then the error e(i) can be determined together
with the other signals that will be used in the next update round. Given that such a procedure
is unfeasible, the adaptive algorithm computes all signals from the AF states and outputs like
if they were yielded by a �xed �lter with coe�cients equal to those of the AF at the instant i.

14PAM may be modi�ed to exploit more than 2M2 + 1 coe�cients, but this will no longer
lead to exact solutions as Parks and Burrus remark in [111, Section 7.5, Eq. 7.141]. It is unclear
whether such an approach is e�ective when identifying plants endowed with long-tailed impulse
responses but, in our simulations with this kind of plants, BMR-based transfers always worked
for a su�ciently large M1 whereas the PAM transfers as de�ned in Section 4.2.3 did not.
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(M1 = 40) behaves under the same circumstances, using L = 600. It can be seen

that the transfers are now e�ective, allowing AF2 to reach EMSE levels far below

AF1 (about 10 dB) � and this di�erence can be still greater with longer FIR

guides. As a drawback, the number of taps of AF1 (41 coe�cients) is large when

compared to that of AF2 (3 coe�cients) and this extra cost could be prohibitive

in some situations. On the other hand, if AF1 is too short, the weights transfers

may be ine�ective.

As such, we believe that practical, general purpose solutions could take advan-

tage of a strategy to vary the length of the FIR guides like suggested in [124�126].

Probably, the best trade-o� between performance and complexity can be reached

by reducing the length of AF1 as the supervisor switches to AF2 and increasing it

otherwise although it is currently unclear how such a control could be e�ciently

implemented.
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5 PERFORMANCE ANALYSIS

The guide �lters (AF1) of the combinations seen in Sections 4.2 and 4.3 (T-

OE, P-OE and E-OE) are designed to adapt fast and therefore are expected

to reach a steady-state error higher than the accurate component (AF2). As

the performances of both AFs are tracked by the mixing factor λ(i), clearly the

transient of the combination is dominated by AF1 until it stops adapting. From

that point on, the combined performance is ruled by AF2 until its convergence.

Hence, the steady state mean-square analysis of the overall combination reduces

to that of AF2, which we describe in terms of the Energy Conservation Relation

(ECR).

The ECR is a theory that describes the FIR adaptive �lters via an energy

balance that is carried out over the adaptation [5,127,128]. This balance is de�ned

in terms of the a priori and a posteriori weights error vectors w̃i−1 and w̃i given

by

w̃i−1 = wo − wi−1 (5.1)

w̃i = wo − wi, (5.2)

the a priori and a posteriori estimation errors

ea(i) = uiw̃i−1 (5.3)

ep(i) = uiw̃i, (5.4)
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and the output estimation error e(i) = d(i)− y(i).

From the ECR, it is possible to arrive at a Variance Relation (VR) that allows

to compute the desired EMSE and MSE in steady-state. In this work, we show

that the same theory holds for LMS-based IIR adaptive �lters too and may be

used to describe their steady state performance . Transient performance is beyond

the scope here as it is strongly in�uenced by the poles/zeros allocation, making the

errors surfaces distorted even with white inputs and correct modelling. However,

as aforementioned, in the T-OE context the overall transient is dominated by the

FIR component, which was modeled already in Section 4.2.5.

Unlike in the FIR case, the LMSOE mean square analysis is somewhat tricky

due the recursivity and an exact solution can not be determined in a closed-

form. However, under reasonable assumptions, an approximated relation can be

achieved, leading to quite accurate results even with underdamped systems.

We start from the generic IIR update recursion

wi = wi−1 + µφTi g
(
e(i)
)
, (5.5)

where g
(
e(i)
)
cover di�erent adaptive algorithms and, similarly to the FIR case,

de�ne the weights error vector

w̃i = wo − wi (5.6)

Now, let the a priori and a posteriori errors ep(i) and ea(i) de�ned as

ea(i) = xoiw
o − xiwi−1 (5.7)

ep(i) = xoiw
o − xiwi, (5.8)

which, di�erently from their correlates in the FIR adaptive �ltering (Equations

5.3 and 5.4), are not de�ned in terms of w̃i because the regressor vectors xoi and

xi are di�erent. As a result, the derivation of an ECR can be di�cult and lead
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to algebraic pitfalls, which we shall address soon.

By subtracting the update rule of Eq. 5.5 from wo and then left multiplying

by φi yields

wo − wi = wo − wi−1 − µφTi g
(
e(i)
)

(5.9)

w̃i = w̃i−1 − µφTi g
(
e(i)
)

(5.10)

φiw̃i = φiw̃i−1 − µφiφTi g
(
e(i)
)

(5.11)

ēp(i) = ēa(i)− µ‖φi‖2g
(
e(i)
)
, (5.12)

where the �ltered a posteriori error ēp(i), de�ned as

ēp(i) , φiw̃i (5.13)

and the �ltered a priori error ēa(i) de�ned as

ēa(i) , φiw̃i−1 (5.14)

are actually placeholders for the a posteriori and a priori errors ep(i) and ea(i)

(see Eqs. 5.8 and 5.7) at steady-state, as we show later on.

Next, g
(
e(i)
)
can be isolated in Eq. 5.12 as

g
(
e(i)
)

=
ēa(i)− ēp(i)
µ‖φi‖2

(5.15)

and then be replaced into Eq. 5.10, leading to

w̃i = w̃i−1 − µφTi g
(
e(i)
)

= w̃i−1 − φTi
ēa(i)− ēp(i)
‖φi‖2

(5.16)

and

w̃i +
φTi
‖φi‖2

ēa(i) = w̃i−1 +
φTi
‖φi‖2

ēp(i) (5.17)

By squaring both sides of Eq. 5.17 and applying the de�nition of the �ltered
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errors ēp(i) and ēa(i) (Eqs. 5.13 and 5.14), an exact Energy Conservation Relation

can be derived straightforwardly as

‖w̃i‖2 +
1

‖φi‖2
ē2a(i) = ‖w̃i−1‖2 +

1

‖φi‖2
ē2p(i), (5.18)

and then a Variance Relation can be pursued as shown in the sequel.

Variance Relation (VR)

Assumption 1 (Steady State Expectancies). At the steady state, the following

identities hold

E w̃i = s i→∞ (5.19)

E w̃iw̃
T
i = C i→∞, (5.20)

and usually s→ 0.

Assumption 1 states that both wi and w̃iw̃Ti do not change in the mean sense

as i→∞ 1 . Hence, assuming that the AF is at steady state, Eq. 5.18 becomes

E
1

‖φi‖2
ē2a(i) = E

1

‖φi‖2
ē2p(i) as i→∞ (5.21)

By taking ēp(i) from Eq. 5.12 and replacing it in Eq. 5.21,

E
1

‖φi‖2
ē2a(i) = E

1

‖φi‖2
(
ēa(i)− µ‖φi‖2g

(
e(i)
))2

= E
1

‖φi‖2
(
ē2a(i) + µ2‖φi‖4g2

(
e(i)
)
− 2µēa(i)‖φi‖2g

(
e(i)
))

= E
ē2a(i)

‖φi‖2
+ µ2‖φi‖2g2

(
e(i)
)
− 2µēa(i)g

(
e(i)
)
, (5.22)

1Given that the OE-based algorithms are unbiased, the expected value E w̃i is 0 (i.e., strictly
speaking s = 0 in Assumption 1). However, in practice, the adaptation can be so hard that the
steady state might be declared before the AF reaches the global minimum simply because the
convergence rate is too low and the adaptation looks stagnated. Herewith, s could be incorrectly
perceived as non-zero although such a fact does not invalidate the Variance Relation in Eq. 5.23.
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and, by making the appropriate manipulations,

2 E ēa(i)g
(
e(i)
)

= µE ‖φi‖2g2
(
e(i)
)
, (5.23)

which is the Variation Relation of an IIR AF. For the N-LMSOE, the error is

normalized by the power of φi (Section 2.8.2, Eq. 2.87) such that

g
(
e(i)
)

=
e(i)

ε+ ‖φi‖2
, (5.24)

where ε is a regularization factor and a new assumption is required.

Assumption 2. The regularization factor ε is small compared to ‖φi‖2.

If the regularization factor ε is small enough when compared to ‖φi‖2 (which

is usually the case) then, under persistent excitation, the N-LMSOE may be

retrieved by neglecting ε. Therefore, g
(
e(i)
)

= e(i)/‖φi‖2 and Eq. 5.23 becomes

2 E ēa(i)g
(
e(i)
)

= µE ‖φi‖2g2
(
e(i)
)

=⇒ 2 E ēa(i)
e(i)

‖φi‖2
= µE

e2(i)

‖φi‖2
(5.25)

Once the data model establishes that d(i) = xiw
o + v(i) and by considering the

de�nition of ea(i) in Eq. 5.7, it is straightforward to show that

e(i) = ea(i) + v(i) (5.26)

which, replaced in Eq. 5.25, yields

2 E ēa(i)
ea(i) + v(i)

‖φi‖2
= µE

(
ea(i) + v(i)

)2
‖φi‖2

(5.27)

2 E
ēa(i)ea(i)

‖φi‖2
= µE

e2a(i) + v2(i)

‖φi‖2

2 E
ēa(i)ea(i)

‖φi‖2
= µE

e2a(i)

‖φi‖2
+ µσ2

v E
1

‖φi‖2
, (5.28)

where we remember that, by de�nition, the additive noise v(i) is zero-mean (i.e.,

E v(i) = 0) and independent from ēa(i); therefore, E ēa(i)v(i) = 0.

Proceeding, we note that ‖φi‖2 is statistically dependent on both e2a(i) and
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ēa(i)ea(i), which means that the terms of Eq. 5.28 can not be further developed

and a new assumption is required to move on.

Assumption 3 (Separation Principle). ‖φi‖2 is independent of either e2a(i) or

ēa(i)ea(i) as i→∞.

This assumption is an extension of the commonly adopted independence prin-

ciple in the FIR case [5, Section 16.3] [127], which states that the regressor power

E ‖ui‖2 and the a priori error e2a(i) becomes statistically independent as i→∞.

As such, it can be justi�ed through the same arguments here: the parameters

updates decrease in magnitude at steady state because the gradient fades when

wi approaches the global minimum; hence, in the limit, the behavior of w̃i is less

sensitive to the input data and the statistical dependency upon xi and φi becomes

weaker. Hence, at steady state, ea(i) and ēa(i) become less sensitive to xi and φi

as well.

For the sake of this argument, consider the stand-alone N-LMSOE AF (H2(z))

used in the notch scenario of Sections 4.2.7 and 4.3.4. Fig. 43 shows the sequences

E ‖φi‖2e2a(i) and E ‖φi‖2 E e2a(i) yielded by H2(z) in this scenario and, in accor-

dance to the Separation Principle, both curves overlap soon after the AF starts

to adapt and become indistinguishable as the adaptation evolves (and the same

e�ect occurs if e2a(i) is replaced by ēa(i)ea(i)). To allow a better visualization,

Fig. 44 provides a zoom of the same curves in the beginning of the adaptation,

where its clearer that the curves tend to each other.

Once the Separation Principle was shown to be reasonable, it can be applied

to Eq. 5.28, yielding

2 E
ēa(i)ea(i)

‖φi‖2
= µE

e2a(i)

‖φi‖2
+ µσ2

v E
1

‖φi‖2

2 E ēa(i)ea(i) E
1

‖φi‖2
= µE e2a(i) E

1

‖φi‖2
+ µσ2

v E
1

‖φi‖2
, (5.29)
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The next step is to relate ēa(i)ea(i) with e2a(i) in order to make Eq. 5.29

tractable. This can be made by restating ea(i) from Eq. 5.7 as

ea(i) = yo(i)− y(i) = xoiw
o − xiwi−1

= Bo(z)u(i) + Ao(z)yo(i)−B(z)u(i)− A(z)y(i)

=
(
Bo(z)−B(z)

)
u(i)(

Ao(z)− A(z)
)
yo(i) + A(z)

(
yo(i)− y(i)

)
= xoi w̃i−1 + A(z)ea(i) (5.30)

∴ ea(i)
(
1− A(z)

)
= xoi w̃i−1

ea(i) =
1

1− A(z)
xoi w̃i−1 (5.31)

where to improve clarity, B(z, i − 1) and A(z, i − 1) are replaced by B(z) and

A(z). This manipulation makes ea(i) a function of the regressor xoi with no

explicit mention to Ao(z), which is convenient for analysis purposes.

Furthermore, ēa(i) (Eq.5.14) can be expanded by using the de�nition of φi

given in Eq. 2.78, so that

ēa(i) = φiw̃i−1 =

(
xi +

M2∑
k=1

ak(i− 1)φi−k

)
w̃i−1 (5.32)

Now, due to their recursivity, IIR adaptive �lters are endowed with relatively

small step sizes (refer to Chapter 1). In particular, the LMSOE and the N-

LMSOE algorithms are derived by implicitly assuming that wi−1−k = wi−1 for

1 ≤ k ≤M2 as discussed in Section 2.8.2 (Equations 2.72�2.80). Therefore, with

no loss of generality wi−1 may be replaced by wi−1−k so that w̃i−1 = w̃i−1−k for

1 ≤ k ≤M2. As a result, ēa(i) from Eq. 5.32 may be restated as

ēa(i) = φiw̃i−1 =

(
xi +

M2∑
k=1

ak(i− 1)φi−k

)
w̃i−1

= xiw̃i−1 +

M2∑
k=1

ak(i− 1)φi−kw̃i−1−k
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= xiw̃i−1 + A(z)ēa(i)

=
1

1− A(z)
xiw̃i−1, (5.33)

where the similarity between ēa(i) and ea(i) (Eq. 5.31) now becomes apparent.

Assumption 4 (Equivalence of the cross product). Under the small step-size

assumption, the cross product E ea(i)ēa(i) equals E e2a(i).

By using the de�nitions of ea(i) and ēa(i) in Eqs. 5.31 and 5.33,

ea(i)− ēa(i) =
1

1− A(z)
xoi w̃i−1 −

1

1− A(z)
xiw̃i−1

=
1

1− A(z)

(
xoi − xi

)
w̃i−1, (5.34)

where
(
xoi − xi

)
and w̃i−1 are readily recognized as, respectively, the vectors

[ea(i− 1) ea(i− 2) . . . ea(i−M2 + 1) 0 0 . . . 0 0] and [ao1 − a1 ao2 − a2 . . . aoM2
−

aM2 b
o
1 − b1 bo2 − b2 . . . boM2

− bM2 ]. Hence, by de�ning Ã(z) as

Ã(z) = Ao(z)− A(z) =

M2∑
k=1

(
ao − ak(i− 1)

)
zk, (5.35)

then
(
xoi − xi

)
w̃i−1 = Ã(z)ea(i) and Eq. 5.34 can be restated as

ea(i)− ēa(i) =
Ã(z)

1− A(z)
ea(i)

=

(
1− A(z)

)
−
(
1− Ao(z)

)
1− A(z)

ea(i)

= ea(i)−
1− Ao(z)

1− A(z)
ea(i), (5.36)

By multiplying by ea(i) and taking expectations,

E ea(i)ēa(i) = E ea(i)

(
1− Ao(z)

1− A(z)
ea(i)

)
(5.37)

Under white inputs and su�cient modeling, OE-NLMS is unbiased, i.e., EA(z) =

Ao(i) and E Ã(z) = 0. Herewith, if µ is small enough as it is usually the case with

IIR AFs as we discussed in Chapter 1, Ã(z) becomes a residual sequence whose
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power tends to 0 at steady state 2 . So,

E ea(i)

(
1− Ao(z)

1− A(z)
ea(i)

)
→ E e2a(i), (5.38)

and the following approximation becomes plausible for Eq. 5.37

E ea(i)ēa(i) = E ea(i)

(
1− Ao(z)

1− A(z)
ea(i)

)
= E e2a(i) (5.39)

By using this result, Eq. 5.29 becomes

2 E e2a(i) E
1

‖φi‖2
= µE e2a(i) E

1

‖φi‖2
+ µσ2

v E
1

‖φi‖2
, (5.40)

and the �nal expression for the EMSE results

ζ , E e2a(i) =
µσ2

v

2− µ
as i→∞ (5.41)

It is interesting to note that Eq. 5.41 holds also for a FIR N-LMS AF, with

no references to the 1st and 2nd moments of the regressors xi and φi. This

corroborates the notion that the normalized LMS steady state is independent of

the statistics of the input signal, suggesting it is more robust to correlations or

changes in the power of the input.

The result is quite accurate as there is a good agreement between Eq. 5.41

and the actual measured results for a wide range of µ, as shown in Figs. 45 and

46. These charts exhibit the measured EMSE for the butterworth and notch cases

against the theory given by Eq. 5.41. Also, the Figures show the cross-products

E |ēa(i)·ea(i)| for both cases, and we note that they are virtually indistinguishable

from E e2a(i) within the scale of the plots, corroborating the conclusion seen in

Eq. 5.40. Fig. 47 shows more accurately the mismatch between ēa(i) and ea(i) as

measured by E
(
ēa(i)−ea(i)

)2
, and it is seen that the �t improves as µ decreases.

2Once Ao(z) = A(z) + Ã(z), 1− Ao(z)/1− A(z) → 1 in case Ã(z) → 0 or diverts from 1
otherwise. However, as IIR AFs have to have small values for µ by construction, usually
Ã(z)→ 0.
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The match between the theoretical EMSE and the actual values are not per-

fect as there is always a narrow margin between the curves seen in Figs. 45 and

46, with the theory providing a lower bound for the actual steady state level.

However, this error margin is acceptable in most of the cases since it is smaller

than 3dB in a scale that ranges from -90dB to -40dB, increasing only in extreme

cases where the plant is endowed with very high-magnitude poles and/or the AF

is equipped with large step sizes.
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6 CONCLUSIONS AND COMMENTS

When compared with other approaches in which di�erent �ltering structures

are used to improve the performance of IIR AFs (e.g., [33,34,129], among others),

the T-OE we �rst introduced in [28] o�ers some advantages: adaptive switching

between the components, universality 1 , enhanced tracking capabilities and im-

proved transient thanks to the weights transfers. In addition, the current work

exploited the simpler PAM-based weights transfers and purely IIR adaptive �lters

combinations (the E-OE and P-OE).

In theory, the BMR-based transfers look more appealing as they always lead

to stable realizations. However, in practice this is often innocuous provided that

H2(z) is endowed with a su�ciently small step size (such that it operates far

bellow the exponential stability bounds) and the cycle transfer L is not too small.

In turn, PAM provides an exact mapping provided that 2M2 ≤M1.

Anyway, the accuracy requirements for H2(z) makes its step size arbitrarily

small and a lower-bound for L is provided in Section 4.2. On top of that, the

transfers are unidirectional and periodical, which means that the accurate compo-

nent can be always recovered since the fast component H1(z) is robust by design.

These facts indicate that the PAM transfers should be chosen as the preferred

method to implement the mapping unless the operational conditions explicitly

1Here, universality denotes that a given combination performs at least as well as its best
component. In the context of FIR combinations, Arenas-García et al. [78] managed to show that
a correctly con�gured convex supervisor can lead to universal performance or even outperform

its components in case they meet certain conditions.
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encourages the use of BMR (for instance, if long FIR guides are used).

The purely IIR-IIR combinations E-OE and P-OE are simpler alternatives to

T-OE that implement an e�cient weights transfers mechanism without resorting

to any kind of mapping as seen in Section 4.3. In a sense, these combinations

look like the composite �lters mentioned in Appendix A as they merge di�erent

IIR �ltering formulations into a single structure. Notwithstanding, unlike the

composite �lters, both E-OE and P-OE are truly adaptive and therefore have a

�ner control over the switching between the �ltering formulations, which results

in better steady state error levels and advanced tracking capabilities. In compar-

ison with the T-OE though, either the E-OE or P-OE (and, by extension, also

the composite �lters) can not identify properly plants endowed with long-tailed

impulse responses as seen in Section 4.3.5.

The Mean Square Steady State Analysis seen in Chapter 5 applied the theory

of the Energy Conservation introduced by Sayed [5, 127, 128] to the IIR case.

Although the results are not exact, they are quite accurate as Figures 45, 46 and

47 show. Considering that the recursivity of the IIR AFs results into a non-linear

dynamics, this is a very useful result. Indeed, to the best of our knowledge,

there were not comprehensive analytical methods to determine the steady state

performance of IIR AFs so far. As such, the only tool available to study the

behaviour of arbitrary LMSOE-based �lters were analyses made via computer

simulations.

A major virtue of the analysis developed in Chapter 5 is that it is compre-

hensive in the sense it does not rely on any strong assumption other than correct

modelling and the usual statistical independences as stated by the Separation

Principle (Fig. 44). In fact, although it resorted to the commonly used assump-

tion that the coe�cients of the AF are changing slowly, the analysis matched

closely the measured EMSE levels for a wide range of µ as unveiled by Figures
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45, 46 and 47. Also, there are no further constraints on the transfer function

of the plant being identi�ed except those related to numerical di�culties caused

by pole-zero cancellations or underdamped poles. This is remarkable once the

analytical results found in the literature normally assume constrained poles and

zeros (typical in the design of adaptive IIR notch �lters) or reduced orders (1st

and 2nd orders).
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A COMPOSITE FILTERS

A.1 The Composite Regressor Algorithm (CRA)

The Composite Regressor Algorithm (CRA), introduced by Kenney and Rohrs

[33], seeks to merge the OE (Output Error) and EE (Equation Error) formulations

into a single framework. The �lter output is yielded by means of a composite

regressor whose feedback related elements are a convex combination of the AF

and plant outputs according to the scheme described by Eqs. A.1�A.3.

x̄i = [ȳ(i− 1) ȳ(i− 2) · · · ȳ(i−M) u(i) u(i− 1) · · · u(i−M)] (A.1)

y(i) = x̄iwi−1 (A.2)

ȳ(i) = (1− λ(i))y(i) + λ(i)d(i) (A.3)

In the CRA, λ(i) is a weighting parameter that makes the AF to feature

properties from both the EE and OE realizations, ȳ(i) is the composite output,

y(i) is the �lter output, d(i) is the measurable plant output (see Fig. 1 in Chapter

1) and x̄i is the composite regressor for which the algorithm is named after. λ(i)

is either �xed or, in a posteriori output error fashion, time-varying according to

λ(i) =
µx̄′ix̄

′ T
i

1 + µx̄′ix̄
′ T
i

, (A.4)

where x̄′i = [ȳ′(i) ȳ(i− 1) ȳ(i− 2) · · · ȳ(i−M) u(i) u(i− 1) · · · u(i−M)] with

ȳ′(i) = x̄iwi.
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As the outputs collected by the vector x̄i (i.e., {ȳ(i−k)}Mk=1) are a combination

of the plant outputs like in the EE approach and the �lter outputs like in the

OE approach, the resulting AF can behave as either of them according to the

current value of λ(i). This way, the AF is expected to initially adapt in a stable,

predictable fashion (like a LMSEE AF) to �nally converge to the global minimum

with no bias (like a LMSOE AF).

However, it is not clear if the convergence is actually unbiased in the general

case since the update rule of the algorithm, given by

e(i) = d(i)− y(i) (A.5)

wi = wi−1 +
µ x̄Ti e(i)

1 + µx̄ix̄Ti
, (A.6)

does not truly avoid bias or follow the gradient descent for all values of λ(i).

In fact, by making λ(i) = 1, ȳ(i) = d(i) and then the CRA becomes an EE

realization, hence, subjected to bias whenever the additive noise v(i) is not zero

as discussed in Section 2.4.2.

On the other hand, if λ(i) = 0, then ȳ(i) = y(i), which surely leads to an OE

realization. However, that would not be the bias-proof LMSOE once the regressor

is not �ltered by the polynomial that de�nes the poles of the AF (Eqs. 2.78 and

2.80), but a degenerate form of it known as Pseudo Linear Regression or PLR

(Section 4.3.3). Now, although PLR is stable [130], it may not converge unless

the unknown plant meets the so-called Strictly Positive Real (SPR) condition

[20,25,58](Eq. 4.62).

In a nutshell, if v(i) is not zero and λ(i) is �xed, unbiased convergence can

not be assured even when the plant is SPR because the composite algorithm will

never commute entirely to OE mode (except if λ(i) = 0, of course, but in this

case the fast EE mode will not be used). If λ(i) is time-decaying and becomes 0,

CRA could fail converging whenever the plant is not SPR.
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A.2 The Combined Square Error Algorithm (CSE)

The Combined Square Error (CSE) algorithm introduced by Netto and Agath-

oklis [34] is also a composite solution that merges the good characteristics of the

EE and OE into a single structure. Instead of combining regressors though, the

CSE combines directly squared errors as shown in Eqs. A.7-A.11, where xEE,i

and eEE(i) are the EE regressor and estimation error, xOE,i and eOE(i) are the

OE regressor and estimation error and e2CSE(i) is the combined square error.

xEE,i = [d(i− 1) d(i− 2) · · · d(i−M) u(i) u(i− 1) · · · u(i−M)] (A.7)

eEE(i) = d(i)− xEE,iwi−1 (A.8)

xOE,i = [y(i− 1) y(i− 2) · · · y(i−M) u(i) u(i− 1) · · · u(i−M)] (A.9)

eOE(i) = d(i)− xOE,iwi−1 (A.10)

e2CSE(i) = λ(i)e2EE(i) +
(
1− λ(i)

)
e2OE(i) (A.11)

Unlike in CRA, λ(i) is continuously adapted by the gradient-based strategy

shown in Eq. A.12, where µλ is a constant learning step. This way, the algorithm

itself �nds the optimal composition for e2CSE(i) and λ(i) automatically ranges

within the interval [0 1] (in fact, it has to be constrained to such an interval).

λ(i) = λ(i− 1)− µλ|e2EE(i)− e2OE(i)| (A.12)

A remarkable advantage of the CSE update rule over that of CRA is that

the former, shown in Eq. A.13, commutes to LMSOE if λ(i) = 0 while the latest

does to PLR as Eq. A.6 omits the �ltered regressor φ(i). Hence, in this case Eq.

A.13 boils down to the ordinary LMSOE update rule (Eq. 2.80) and no bias will

be noticed even if the additive noise v(i) is not zero.

wi = wi−1 + µ
(
λ(i)xTi eEE(i) +

(
1− λ(i)

)
φTi eOE(i)

)
(A.13)
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All that being said, note that the modulus in Eq. A.12 makes λ(i) a decreasing

sequence, which forces the commutation to the OE mode in the long run despite

the relative values of eEE(i) and eOE(i). Considering that the EE formulation

could outperform the OE in some situations (e.g., when tracking a time varying

plant), this is inconvenient.

Interesting enough, the original gradient-based update rule for λ(i) was ex-

plicitly modi�ed to include the modulus of the di�erence |e2EE(i)− e2OE(i)| in the

lieu of the di�erence. It is not clear why the possibility of switching back to the

EE mode was abandoned, but it could be related to the lack of an elaborated

saturation procedure similar to that used for convex combinations of AFs.

Indeed, the normalized supervisor [88] employs a sigmoidal function along

with a power normalization to adapt λ(i) and deal with the random nature of

the instantaneous estimation errors, preventing the combination from behaving

erratically (see Eq. 3.9 in Section 3.3). Now, while the problem was formulated

di�erently in the CSE, the same erratic behaviour tends to show up as well.

In order to tackle that, the modulus in Eq. A.12 smooths the switching from

the fast mode (EE) to the slow one (OE) but, at the same time, it prevents the

composition from switching back as it ignores the actual direction of the gradient.

Hence, CSE has no tracking capabilities other than those of the slow mode.

Also, depending on how µ is chosen, Eq. A.13 is subject to unstable updates

as λ(i) → 0 because so is LMSOE. This means that eOE(i) could grow with no

control and destabilize the composite structure unless speci�c measures are taken

to control the poles of the AF.



139

A.3 Some Remarks on Composite Structures

Besides the CRA and CSE, the rationale of merging the complementary prop-

erties of di�erent IIR �ltering formulations into a single adaptive structure has

been exploited by other works as well, like the Master-Slave [31], Composite

Error (CE) [18, 32], the Switched Regressor [35] and the EEOE/MEEOE [36]

algorithms, among some others.

Whereas the aforementioned algorithms are distinct and present di�erent con-

vergence behaviors, they actually exhibit common design principles. In all cases,

the overall adaptive structure will rely on a stable formulation able to reach the

vicinity of the global minimum rapidly but not necessarily the minimum itself,

a slower formulation capable of reaching the global minimum and a weighting

factor that trades o� the convergence speed and accuracy of both.

The LMSOE is prevalent as the accurate formulation albeit some works use

PLR and, for this reason, could stagnate instead of converging if the plant is

not SPR (e.g., the CRA discussed in Section A.1). For the rapid formulation,

the EE is often chosen because it is fast, stable and consistently monomodal

even in undermodelled scenarios, but it is not an universal choice. For example,

the Switched Regressor proposed by Burt [35] uses the Steiglitz-Mcbride method

(SMM ) instead. As the SMM itself can be considered a way of combining the

characteristics of the EE and OE approaches [1, 12], the arrangement could be

debatable in cases of correct modelling and a white additive noise v(i), but it

features a superior performance whenever the additive noise is coloured and the

AF undermodels the unknown plant.

As for λ(i), the comparison between the CRA and CSE algorithms unveils

that a time varying strategy tends to perform better, at least in steady state.

Indeed, any arbitrary decaying sequence should outperform a �xed mixing factor,
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although an adaptive criterion that takes into account the instantaneous errors is

expected to perform better. In this sense, the time-varying weighting that equips

the CSE su�ers from one major weakness: in spite of being adaptive, it invariably

decays along time regardless the relative values of the errors.
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B CONSIDERATIONS ON MISMODELLING

In a system identi�cation scenario, consider an unknown plant and a given

AF whose transfer functions are given respectively by

Ho(z) =
Bo(z)

1 + Ao(z)
with Bo(z) =

Mo∑
k=0

bokz
k and Ao(z) =

Mo∑
k=1

aokz
k (B.1)

H(z) =
B(z)

1 + A(z)
with B(z) =

M∑
k=0

bkz
k and A(z) =

M∑
k=1

akz
k (B.2)

If the unknown plant Ho(z) and the AF H(z) match each other orders (M =

M o, exact modelling), then identi�cation is achieved when the learning algorithm

successfully adjusts the parameters of H(z) towards those of Ho(z). Nevertheless,

if the orders are not the same (mismodelling), coe�cient matching looses any

physical relevance and additional issues arise.

If the transfer function Ho(z) has �nite zeros, it can be properly approximated

by a model without any zeros or, conversely, if Ho(z) has �nite poles it can be

closely approximated by a model without any poles [56, 131]. Often, there is no

objective criteria available and the order has to be chosen based on considerations

of goodness of �t and mathematical tractability [132].

As a rule, exact modelling yields the sharpest results as the AF complies

exactly with the structure of the unknown plant in Fig. 1, but this is not always

possible or desirable [54]. In the cases where the unknown system order is �nite

1 , intuition dictates that making M > M o (the so called over-parametrization

1The order of some physical systems can not be estimated accurately, but experience suggests
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or overmodelling) sounds like an option because the adaptation could produce

pole-zero cancellations or nullify the higher order coe�cients [53]. This insight

leads naturally to the de�nition of su�cient modelling, in which an ideal H(z)

has to have at least as many zeros and poles as Ho(z); i.e., M ≥M o [26] [134].

Besides trying to provide identi�cation, overmodelling seeks to avoid mul-

timodal error surfaces, on which gradient-based algorithms may slow down or

get stuck into sub-optimal local minima. However, in practice it could deterio-

rate the performance due to the �nite precision e�ects and the intrinsic varia-

tion of the AF internal signals. Even worse, it has been shown that arbitrary

over-parametrization could in reality cause multimodality instead of avoiding it

(e.g., [50, Eqs. 11 and 12] and [51]). Clearly, to rely on overmodelling and assume

that the learning algorithm will take care of the �extra� parameters is misleading.

The intuitive idea that su�cient modelling enforces unimodal error surfaces

was formally proposed by Stearns [26] and it is often referred to as the Stearns's

conjecture. Indeed, the conjecture holds for broadband input signals and short

�lters (1st and 2nd orders) but it may fail for higher order �lters as shown by

Soderstrom and Stoica [50] soon afterwards. Furthermore, later Fan and Nayeri

[51] proved that a high order �lter (3rd order and above) raises unimodality

whenever it is excited by a white process and the degree of B(z) plus 1 equals

or exceeds that of Ao(z), establishing a theoretical constraint under which the

su�cient modelling is expected to work as originally hypothesized by Stearns.

In order to illustrate the risks of the arbitrary overmodelling as a way to

pursue unimodality, Fan and Nayeri cite a practical example in which the error

surface of a 2nd-order AF is unimodal whereas that of a 3rd order AF turns

out to be multimodal [51, Section III.C Overparametrization]. Of course, this

case alone su�ces to establish that the AF �tting does not improve by simply

that they can rarely be modelled exactly by �nite order rational functions [12]. Note that order
estimation is a fruitful �eld of study by itself (e.g., [133] or [132]).
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Figure 48: Multimodal Error Surface

increasing M in the general case. However, experience shows that overmodelling

could indeed lead to unimodality in a large class of real-world applications, which

was incidentally noted by Stearns and motivated his aforementioned conjecture.

Conversely, albeit it could not be a major limiting factor for FIR AFs 2,

undermodelling may seriously compromise IIR AFs. If the input signal does not

happen to be an ARMA process of a certain order or white in the su�cient

modelling case, then there is no way of assuring that all stationary points of

the surface error are global minima [4, 50]. This means that local minima and

saddle points become a serious possibility and the error surface is potentially

multimodal, like those shown in Figures 48 and 49 in which a hypothetical 2nd

order IIR AF tries to identify a system whose order is presumably higher.

B.1 Algebraic Perspective on Undermodelling

The stationary points of the error surfaces can be characterized algebraically

in order to describe the form of the error function with the interpolation con-

ditions provided by the Beurling-Lax Theorem as described by Regalia [12]. In

2In the FIR AFs case, normally the AF steady state improves as the order increases until
some point from which the �t starts to worsen slowly. In a nutshell, the performance su�ers
slightly as the order changes its optimal value in either direction [56].
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Figure 49: Countour Plot of a Multimodal Error Surface

FIR adaptive �ltering, a similar goal is pursued through the energy conservation

and variance relation arguments developed by Sayed [5], but his studies refers to

another context and do not comprise the peculiarities of rational systems.

Although not so straightforward as the energy conservation and variance re-

lation arguments, classical approaches are far more comprehensive, encompassing

naturally IIR adaptive �ltering and undermodelling aspects. By establishing con-

nections among these seemingly distinct methods, Regalia [12] managed to show

that essentially all of them can be described as attempts to �t a vector into the

null space of the Hankel form of Ho(z). Here, this perspective is exploited to

illustrate why undermodelling issues arise in the Output Error context (see Sec-

tion 2.4), but the same rationale can be extended mutatis mutandis to the Padè

Approximants, Equation Error, Steiglitz-Mcbride and hyperstable methods.

Let the estimation error and the squared error, respectively, be de�ned in the

transfer function space as

H̃(z) = Ho(z)−H(z) (B.3)

‖H̃(z)‖22 = 〈H̃(z), H̃(z)〉 (B.4)
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So, the stationary points of the error surface of Eq. B.4 will satisfy the condition

∂

∂wk
〈H̃(z), H̃(z)〉 = 0 k = 0, 1, · · · 2M + 1, (B.5)

where w = [a1 a2 · · · aM b0 b1 · · · bM ] collects the terms of the polynomials A(z)

and B(z). In the case of the feedback parameters {ak}Mk=1, Eq. B.5 becomes

∂

∂ak
〈H̃(z), H̃(z)〉 = 0 k = 1, · · · M (B.6)

However, H̃(z) is not a linear function of A(z) 3 and, therefore, stationary

points in Eq. B.6 are not necessarily global minima, but may be local minima,

saddles or maxima as well. Although this matter is discussed in Section 2.8.2

with greater details, it considers correctly modeled scenarios and no clue is given

about the AF behaviour outside this context. Here, it is provided a glimpse of

why undermodelling may be awkward within a strictly algebraic perspective.

Assume that the set {hok}∞k=0 are the components of the impulse response of

Ho(z) such that

Ho(z) =
∞∑
k=0

hokz
k (B.7)

and de�ne the doubly in�nite Hankel matrix ΓHo as

ΓHo =



ho1 ho2 ho3 ho4 ...

ho2 ho3 ho4 ho5 ...

ho3 ho4 ho5 ho6 ...

...
...

...
...

. . .


, (B.8)

which deliberately excludes the term ho0. If the rank of ΓHo is �nite, then it can

be shown that its null space N (ΓHo) allows to determine the poles of Ho(z) [12,

3A(z) is the polynomial that de�nes the feedback loop whose e�ect is to relate the current
output y(i) to the prior outputs y(i−k) ∀k = 1, 2, . . . ,M . Therefore, although y(i) = H(z)U(z)
is a structurally linear operation (because it is described by a di�erence equation; i.e., linear
operations), the recursivity caused by the feedback loop makes H(z) a non-linear operator.
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Theorem 3.5] as follows.

Let V (z) be the all-pass complement of the polynomial A(z) de�ned as

V (z) =
∞∑
k=0

vkz
k =

zM
(
1 + A(z−1)

)
1 + A(z)

(B.9)

Then, the optimal values for A(z) meet the condition

min
{ak}
‖ΓHov‖ k = 1, 2, · · · ,M , (B.10)

where v is the in�nite vector that stores the elements of V (z) as

v = [v0 v2 v3 v4 v5 · · · ]T → ‖v‖ = 1 (B.11)

In case of exact modelling, coe�cient matching is attainable and A(z) can

be adjusted towards the ideal Ao(z) so that v ∈ N (ΓHo). In the undermodelled

case though, the best solution is to �t v into an approximate nullspace of ΓHo by

making ‖ΓHov‖ as small as possible and then some further concerns have to be

dealt with: such an approximation often makes the problem numerically ill-posed

and distorts the search space (i.e., makes the error surface multimodal), with no

way of classifying the stationary points into local/global minima and saddles.

Once A(z) is determined from Eq. B.10, the Beurling-Lax Theorem states

that B(z) can be �nd through the interpolation condition (see Appendix D)

H̃(z) = V (z)g(z), g(z) ∈ H2 (B.12)

which, by its turn, is equivalent to solve the di�erential equation

∂

∂bk
〈H̃(z), H̃(z)〉 = 0 k = 0, 1, · · · M , (B.13)

where H2 denotes the Hardy Space and {bk}Mk=0 are the components of B(z) =
M∑
k=0

bkz
k. This is a conceptually easier problem once the estimation error of Eq.

B.3 is a linear function of B(z), which makes the squared error of Eq. B.4 a
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quadratic function. Consequently, this function will admit a single minimum

even in the case of undermodelling.

From the above, it is clear that Eq. B.10 may be restated as

min
degH(z)=M

‖H̃(z)‖2, (B.14)

and consequently there will be a bijection among the local minima of Eq. B.14

and those of Eq. B.10, on which the following condition holds [12, Theorem 3.14]

H̃(z) = zV 2(z)Q(z), Q(z) ∈ H2, (B.15)

which is known as the Walsh's Theorem. Whenever deg
(
Ho(z)

)
= deg

(
H(z)

)
,

H(z) = Ho(z) is the only solution but if deg
(
Ho(z)

)
> deg

(
H(z)

)
, multiple

solutions are admissible. Unfortunately, whatever the case, the theorem will hold

for any stationary point, including local minima and saddles.
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C ERROR SURFACE TOPOLOGY AND

PERFORMANCE ISSUES

As aforementioned, multimodality is a severe performance limiter as a global

minimum is known to yield a good solution whilst local minima could give poor

approximations [4, 18, 26, 122], and there are no practical means to distinguish

them in real time [12].

Local maxima and saddles may also adversely a�ect the performance of the

�lter parameters adaptation because gradient based algorithms search for station-

ary points on the error surfaces. Whereas the former are intrinsically unstable

and naturally circumvented by the stochastic noise, the latest render gradient

search techniques less e�cient and slow down the adaptation [17,23], as it is the

case of the surfaces shown in Figures 48 and 49.

At this point, it is important to remark that a monomodal error surface is not

a synonym of fast convergence. In the Output Error approaches, the estimation

error of the �lter is not a linear function of its feedback coe�cients, which may

distort the quadratic error surface in a way that, beyond the vicinity of the

minimum, the gradient fades and the convergence rate drops signi�cantly [35]. As

it was not enough, the performance relies heavily on the pole-zeros con�guration

of the plant as well as the parameters initialization, tending to deteriorate in the

presence of underdamped or clustered poles [10,11].

In particular, underdamped poles make the performance surface highly non-

quadratic with the minimum enclosed in narrow valleys preceded by nearly �at
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plateaus [26], establishing a paradox: smaller step sizes would lead to huge con-

vergence times due the almost-null gradients while bigger steps could result in

unacceptable steady state errors due to such a peculiar topology. As Burt et.

al [82] remark, if the AF overall convergence is slow enough, the adaptation of

B(z) behaves locally as driven by a pre�ltered input such that

y(i) = B(z)u′(i), (C.1)

where u′(i) is straightforwardly seen as being

u′(i) ≈ 1

1− A(z)
u(i), (C.2)

which is associated to a correlation matrix

Ru′ = E
[
u′(i) u′(i− 1) · · · u′(i−M)

]T [
u′(i) u′(i− 1) · · · u′(i−M)

]
, (C.3)

so that with a white u(i) and poles fairly distant from the unit border, Ru′

becomes well-conditioned with a low eigenvalue spread, making the zeros converge

rapidly. Otherwise, the eigen-spread grows and B(z) adapts slower 1 [11, 13].

An algebraic perspective of this phenomenon arises by realizing that, un-

der the assumption that A(z) is either �xed or slow-changing, the AF transfer

function H(z) could be approximated through the decomposition

H ′(z) =
M∑
k=0

bk
zk

1− A(z)
, (C.4)

where clearly H ′(z) is spanned from the basis
{

zk

1−A(z)

}M
k=0

2 . If, by chance,

these basis functions happen not to be orthogonal, the estimation could become

1Such a conditioning is related to the polynomial Ao(z) once the AF pursues the plant
parameters. So, if the Hankel matrix of the plant (given by its impulse response) has a large
singular value spread, the AF convergence will necessarily slow down in spite of its design or
modelling issues (unless a di�erent �ltering structure is used to realize Ho(z)). Note, however,
that the convergence rate is also related to factors like parameters initialization or local minima.

2In the literature, this is known as the Fixed Denominator Model [16] and can be related to
the concept of reduced error surface. See Appendix D for further considerations on this matter.
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numerically ill-conditioned and decrease the convergence rate signi�cantly [16].

None of the foregoing issues a�ect the FIR AFs: their performance surfaces are

quadratic and they are known to always converge to the global minimum. Also,

as FIR AFs are not recursive and have no poles to deal with, they exhibit more

relaxed stability bounds and tend to be much faster than IIR AFs. Algebraically,

this means that 1 − A(z) = 1 so that the decomposition in Eq. C.4 will be

orthogonal and no further numerical di�culties arise but those intrinsic to u(i).
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D RATIONAL APPROXIMATION IN THE

HARDY SPACE H2

The de�nition of controllability vector, denoted by C(z), is pervasive through-

out classical system identi�cation and rational approximation. Along with the

Beurling-Lax Theorem, C(z) plays a role in the de�nition of a basis for the Hardy

space H2 that conveniently spans the mean squared error

E ||Ho(z)−H(z)||22 = E
∣∣∣∣∣∣H̃(z)

∣∣∣∣∣∣2
2
, (D.1)

where H(z) is a given AF that is trying to identify the unknown system Ho(z).

Additionally, the Beurling-Lax Theorem shows that the condition

〈C(z), f(z)〉 = 0, (D.2)

with C(z), f(z) ∈ H2, de�nes a right shift invariant subspace in H2, which is

useful to unveil the stationary points of the mean squared error 1

E e2(i) = E
((

Ho(z)−H(z)
)
U(z)

)2
= E

(
H̃(z)U(z)

)2
, (D.3)

where U(z) is the Z Transform of u(i). Eq. D.3 leads to the Walsh's Theorem

as brie�y mentioned in Appendix B.1. Some highlights from this theoretical

framework are adapted from [12,135] as follows.

1While Eq.D.1 measures the mismatch between Ho(z) and H(z) directly in the transfer
function space, Eq. D.3 provides the mean squared estimation error. As shown in Section
2.4.1, both relate to each other as the latter equals the former weighted by the spectral density
Su(z) of the input u(i). In case of an unitary white process u(i), Su(z) = 1 and Equations D.1
and D.3 become identical.
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Let a M -th order adaptive �lter H(z) whose state space representation cor-

responds to the Eq. 2.44. Then,

Wi+1 = AWi + bu(i) (D.4)

Wi+1 = AWi + bU(z) (D.5)

= zAWi+1 + bU(z) (D.6)

Wi+1(I− zA) = bU(z) (D.7)

Wi+1 = (I− zA)−1bU(z) (D.8)

By understanding that state controllability is the ability of a given system

to change from a given state to another according to the input u(i), de�ne the

controllability vector C(z) as

C(z) = (I− zA)−1b (D.9)

So, clearly u(i) drives the system among di�erent states through C(z); i.e.,

Wi+1 = C(z)U(z), (D.10)

where can be noted that C(z) is a vector-valued quantity such as

C(z) = [C1(z) C2(z) C3(z) · · · CM−1(z) CM(z)], (D.11)

whose components have the form

Ck+1(z) =
Pk

1 + A(z)
k = 0, 1, 2, · · · , M − 1, (D.12)

with deg(Pk) < M . If H(z) is implemented in the direct form, A will be as in Eq.
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2.46 and

Ck+1(z) =
Pk

1 + A(z)
=

zk

1 + A(z)
→ C(z) =



1
1+A(z)

z
1+A(z)

z2

1+A(z)

...

zM−1

1+A(z)


(D.13)

By noting that both H(z) and the components of C(z) have the same poles,

then H(z) can be opportunely decomposed as

H(z) =
M∑
k=0

νk
Pk

1 + A(z)
(D.14)

νk = 〈H(z),
Pk

1 + A(z)
〉, (D.15)

which works to our advantage when characterizing the stationary points of the

mean squared error function of Eq. D.1 as show in the sequel.

Let V (z) be the all-pass complement of A(z) de�ned as

V (z) =
zM
(
1 + A(z−1)

)
1 + A(z)

(D.16)

According to the Beurling-Lax Theorem, in the Hardy space H2 the subspace S⊥

lying orthogonal to the subspace S spanned by C(z) is causally divided by V (z).

So, S⊥ is right shift-invariant and the following identities hold

〈C(z), f(z)〉 = 0←→ f(z) = V (z)g(z), g(z) ∈ H2 (D.17)

〈C(z), f(z)〉 = 0←→ 〈C(z), zf(z)〉 = 0 (D.18)

These remarkable results lead naturally to the conclusion that H2 itself can

be spanned as

H2 = R
({

zkV (z)
}∞
k=0

)
(D.19)
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H2 = R

({
Pk(z)

1 + A(z)

}M
k=0

∪
{
zkV (z)

}∞
k=1

)
(D.20)

By inspection, the similarity of the term
{

Pk(z)
1+A(z)

}M
k=0

in Eq. D.20 with the

controllability vector C(z) of Eq. D.13 is readily veri�ed, suggesting that an

�augmented� controllability vector Ca(z) could be de�ned as

Ca(z) ,



1
1+A(z)

z
1+A(z)

z2

1+A(z)

...

zM−1

1+A(z)

zM

1+A(z)


, (D.21)

and we note from Eq. D.14 that Ca(z) spans the subspace on which H(z) and,

hence, V (z) lie onto. In case the poles of H(z) match those of Ho(z), it can be

shown that V (z) ∈ N
(
ΓHo

)
[12, Theorem 3.5], where ΓHo is the Hankel form of

Ho(z) (refer to Section B.1), so that Ca(z) is expected to span N (ΓHo) as well.

With the basis referred in Eq. D.20, Ho(z) (whose poles allegedly do not

match those of H(z)), may be appropriately decomposed as

Ho(z) =
M∑
k=0

νok
Pk

1 + A(z)
+
∞∑
k=1

ρkz
kV (z) (D.22)

νok = 〈Ho(z),
Pk

1 + A(z)
〉 (D.23)

ρk = 〈Ho(z), zkV (z)〉, (D.24)

which allow us to express the mean squared error of Eq. D.1 as

E ‖H̃(z)‖22 = E
M∑
k=0

(νok − νk)2 +
∞∑
k=1

ρ2k (D.25)

Clearly, in case Ho(z) lies on the space spanned by Ca(z), then identi�cation is

feasible. Now, once only [νk]
M
k=1 depend upon B(z) and A(z) while both [νok]

M
k=1
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and [ρk]
M
k=1 depend upon A(z) only, it is straightforward to check that Eq. D.25

boils down to

E ‖H̃(z)‖22 = E
∞∑
k=1

ρ2k (D.26)

whenever the zeros of H(z) are optimized with respect to a �xed, non-optimized

poles set. Herewith, H̃(z) will be said to be on the reduced error surface, which

means that H(z) will �t the projection of Ho(z) onto the space spanned by Ca(z).

So, Eq. D.26 becomes a particular interpretation of the orthogonality principle

since the (optimal) error H̃(z) is perpendicular to the estimator H(z). Indeed,

by applying the Beurling-Lax Theorem (Equations D.17 and D.18) to Eq. D.26,

the following condition arises

〈Ca(z), H̃(z)〉 = 0 (D.27)

which, not by accident, also arises when setting the derivative of the squared

error ‖H̃(z)‖22 in relation to B(z) to 0; i.e.,

∂

∂bk
〈H̃(z), H̃(z)〉 = 〈Ca(z), H̃(z)〉 = 0 k = 0, 1, · · · M (D.28)

As a result of the condition of Eq. D.28, the Beurling-Lax Theorem leads to

〈Ca(z), H̃(z)〉 = 0→ H̃(z) = V (z)g(z), g(z) ∈ H2, (D.29)

where g(z) can be determined as

H̃(z) =
∞∑
k=1

ρkz
kV (z) = V (z)

∞∑
k=1

ρkz
k

∴ g(z) =
∞∑
k=1

ρkz
k (D.30)

Alternatively, a straightforward algebraic manipulation on Eq. D.29 gives

H̃(z) = V (z)g(z)→ g(z) = [Ho(z)V (z−1)]+ − [H(z)−1V (z−1)]+ (D.31)
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g(z) = [Ho(z)V (z−1)]+, (D.32)

where [.]+ is the causal projection operator and the term [H(z)−1V (z−1)]+ can be

shown to be anti-causal (thus, vanishes in H2).

In a nutshell, whenever the error is on the reduced error surface, the interpo-

lation condition H̃(z) = V (z)g(z) (Eq. D.29) will hold. It can be shown that the

minima of the reduced error surface and the �complete� error surface ‖H̃(z)‖22 (in

which A(z) is allowed to vary w.r.t. the optimized B(z)) are the same whereas

the saddles and maxima of the reduced surface correspond to saddles onto the

complete surface [12, Property 5.5]. As mentioned in Appendix B.1, there is no

way of classifying a priori those stationary points into saddles and minima once

the Walsh's Theorem will hold at all of them indistinguishably, making H̃(z)

become

H̃(z) = zV 2(z)Q(z), Q(z) ∈ H2 (D.33)
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