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ABSTRACT

This master thesis is the result of a collaborative work between EMBRAER and the
Escola Politécnica da USP for the study of structural health monitoring (SHM) techni-
ques using sensors applied to aircraft structures. The goal was to develop classification
techniques to discriminate between different events arising in the aircraft structure du-
ring tests; in the short term, improving the current SHM system used by EMBRAER,
based on acoustic emission and, in the long term, fostering the development of a fully
distributed system.

As a result of studying classification methods for immediate use, we developed two
techniques: the Spectral Similarity and a Support Vector Machines (SVM) classifier.
Both are unsupervised solutions, due to the unlabeled nature of the data provided. The
two solutions were delivered as a final product to EMBRAER for prompt use in the
existing SHM system.

By studying distributed solutions for future implementations, we developed a de-
tection algorithm based on adaptive techniques. The main result was a special initiali-
zation for a maximum likelihood (ML) detector that yields an exponential decay rate
in the error probability to a nonzero steady state, using adaptive diffusion estimation
in a distributed sensor network. The nodes that compose the network must decide,
locally, between two concurrent hypotheses concerning the environment state where
they are inserted, using local measurements and shared estimates coming from their
neighbors. The exponential performance does not depend on the adaptation step size
value, provided it is sufficiently small. The results concerning this distributed detector
were published in the journal IEEE Signal Processing Letters.

Keywords: Structural Health Monitoring, Acoustic Emission, EMBRAER, Sen-
sors, Classification, Detection, Discrimination, Adaptive Networks, Distributed Networks,
Maximum Likelihood.



RESUMO

Esta dissertação de mestrado é o resultado de um trabalho colaborativo entre a
EMBRAER e a Escola Politécnica da USP no estudo de técnicas de monitoramento do
estado de saúde de estruturas (Structural Health Monitoring - SHM) utilizando sen-
sores em estruturas aeronáuticas. O objetivo foi desenvolver técnicas de classificação
para discriminar entre diferentes eventos que surgem em estruturas aeronáuticas du-
rante testes; para o curto prazo, aperfeiçoando o atual sistema de SHM utilizado pela
EMBRAER, baseado em emissão acústica e, no longo prazo, fomentando o desenvol-
vimento de um sistema completamente distribuı́do.

Como resultado do estudo de métodos de classificação para uso imediato, desen-
volvemos duas técnicas: a Similaridade Espectral e um classificador que utiliza Sup-
port Vector Machines (SMV). Ambas as técnicas são soluções não-supervisionadas,
devido a natureza não rotulada dos dados fornecidos. As duas soluções foram entre-
gues como um produto final para a EMBRAER para pronta utilização em seu atual
sistema de SHM.

Ao estudar soluções completamente distribuı́das para futuras implementações, de-
senvolvemos um algoritmo de detecção baseado em técnicas adaptativas. O principal
resultado foi uma inicialização especial para um detector de máxima verossimilhança
(maximum likelihood - ML) que possui uma taxa de decaimento exponencial na pro-
babilidade de erro até um valor não nulo em regime estacionário, utilizando estimação
adaptativa em uma rede distribuı́da. Os nós que compõem a rede devem decidir, local-
mente, entre duas hipóteses concorrentes com relação ao estado do ambiente onde eles
estão inseridos, utilizando medidas locais e estimativas compartilhadas vindas de nós
vizinhos. O desempenho exponencial não depende do valor do passo de adaptação,
se este for suficientemente pequeno. Os resultas referentes a este detector distribuı́do
foram publicados na revista internacional IEEE Signal Processing Letters.

Palavras-Chave: Monitoramento de estruturas, Emissão Acústica, EMBRAER,
Sensores, Classificação, Detecção, Discriminação, Redes Adaptativas, Redes Dis-
tribuı́das, Máxima Verossimilhança.
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1 INTRODUCTION

This master thesis is part of a collaborative project between Escola Politécnica da

Universidade de São Paulo and EMBRAER, which aimed at developing methods for

classification and detection of events in aircraft structures.

EMBRAER employs a centralized structural health monitoring (SHM) [1] sys-

tem to determine the location of potential damages in aircraft structures, using signals

captured during fatigue tests by sensors spread throughout the structure under obser-

vation. These signals may carry some information about the structure health and can

be obtained, for instance, via acoustic emission1 (AE) [1], which is a well-known non-

destructive SHM technique employed in many industries, such as oil and gas extrac-

tion and pipeline transport, ship building and maintenance, civil engineering and, more

specifically, aeronautics, in which EMBRAER is pioneering this specific application.

Part of this work focused on proposing techniques that can enhance the efficiency of

EMBRAER’s current system, using the available data provided by structural fatigue

testing.

In addition to the early interest in developing and describing classifiers using its

current SHM system, EMBRAER has also been showing interest in fully distributed

sensor networks throughout airplane structures, using local computation only, envi-

sioning a feasible implementation in the long term. Consequently, studying alterna-

1Although the term seems to refer to a pure sound phenomenon, acoustic emission refers more
broadly to all elastic waves in a material produced through the release of stress energy by some source,
such as the arising of cracks.
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tives for such an approach constitutes a significantly part of this master thesis. The

distributed algorithm proposed here is still far from being applicable to the real SHM

problem, but it provides an initial step in that direction, allowing a deeper understand-

ing of distributed classification algorithms, in particular proving that the usual compro-

mise between convergence speed and steady state performance in on-line (adaptive)

estimation can be avoided at least in some classification problems. The results gen-

erated an article that was published in a high impact factor journal, namely the IEEE

Signal Processing Letters [2].

In light of the above, it is possible to divide the work of this master thesis in two

separated (but correlated) lines of research. One focused on developing classifiers us-

ing EMBRAER’s current SHM system, aiming at a short-term implementation, whilst

the other focused on the fully distributed solutions for the long term. We now turn to

describe ahead each of these lines.

1.1 SHM via Acoustic Emissions

Nowadays there is a large interest in developing SHM systems for aircraft struc-

tures, aiming at increasing their reliability and lifetime, and also at reducing their main-

tenance costs. In order to assess the life cycle of aircraft components, tests are made

in critical structural elements to detect the appearance of possible damages (cracks,

for example) during load cycles2. Inspections can be made visually, which may de-

mand the disassembling of structure parts in order to access the inspected element, or

using sensors attached to the structure. An SHM system encompasses the installation

of multiple sensors along the structure under test, receiving spatio-temporal signals

that contain relevant information about the mechanical stress to which the structure is

submitted (Figure 1). There are several techniques for SHM, such as acoustic emis-

2A load cycle is a type of structural test in which a specimen is periodically submitted to mechanical
strains, performed by actuators, in order to simulate the stress that the specimen would experience in a
real scenario.
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sion, Foucault currents, radiography, to name a few [1, 3]. These are non-destructive

techniques, since they do not cause damage to the material during monitoring.

Figure 1: (a) Mechanical strains in an aeronautical structure. (b) Collection of sensors along the struc-
ture. (c) Sensor Network.

Currently, EMBRAER employs, among others, an SHM system based on acous-

tic emission (AE) in its aircraft structures. The AE technique is based on mechanical

elastic waves that propagate in a structure when a fault arises or changes — for in-

stance, when a crack emerges or increases. Some advantages of using AE are its large

area coverage, the need for only passive piezoelectric sensors to ”hear” the structure

(therefore, requires no additional power consumption besides that used in possible

preamplifiers), its rich damage-related information provided in real time, and its high

sensitivity, since AE waves are also emitted in the early stages of a damage. The struc-

tural testing performed by EMBRAER is taken with the structure on the ground, and it

is subjected to load cycles employing mechanical actuators that emulate the structural

efforts that a plane experiences when airborne. A number of piezoelectric sensors is

placed along the structure under inspection (Figure 1) and these sensors collect AE

signals (called hits3) and send them to a processing center. This centralized system

groups signals into events4, based on delay differences in the arrival time among the

sensors, and estimates the most probable source location of the observed AE signals

(Figure 2). In such a test, the sensors receive not only signals from the source, but

3A hit is defined when an AE signal is captured by a sensor, which occurs when the signal excursion
exceeds a predetermined voltage threshold (see Figure 3).

4An AE event is defined by the SHM system used by EMBRAER when three or more AE signals
(hits) are collected by different sensors in the structure during a definite period of time.
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also ones coming from diverse sources, such as the mechanical actuators and rivets in

the structure. The signals received are therefore considerably noisy. Our goal is to

distinguish between different type of events, such as fatigue cracks and rivet breaks.

(a) (b)

Figure 2: Example of an AE event and sensors. (a) Location of AE source and three sensor which
receive the AE signal (hit) in different times. (b) Possible waveforms of the hits received at sensors. The
delay in arrival among hits allows the estimation of the most probable location of the source.

Several studies have been published concerning the use of AE for detecting dam-

ages and for classification [1, 3–11]. The straightforward method to do so is to use the

associated AE features extracted from the signal waveform, such as amplitude, rise-

time, duration and count of cycles. Figure 3 shows the definitions of the main features

related to a generic model of the AE waveform. In addition to the features illustrated

in the figure, another important one is the energy, which in the AE literature is defined

as the integral of the rectified voltage over the duration of the AE hit.

In Chapter 2, we describe the development of two original techniques of damage

classification using the AE data provided by EMBRAER. We also describe how each

technique can be used in the SHM system currently used by EMBRAER. The first

technique is called Spectral Similarity, an original development which uses mostly AE

waveform spectrum information. This technique consists of an unsupervised classifi-

cation that groups AE events in clusters by the similarity of their absolute spectra5. The

5Unsupervised classification means that the available data used to train the classifier is not labeled
in the classes in which one wants to discriminate [12, 13]. This can occur for different reasons; for
instance, due to lack of prior knowledge about an attribute that can discriminate (separates) the data.
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Figure 3: Model for a typical acoustic emission (AE) waveform and some of its main features. The
threshold is used by each sensor to detect a hit and to define some of its features.

second one is also an unsupervised classification technique using Support Vector Ma-

chines (SVM) [12,13] that decides if collected AE events are similar to a predetermined

training data set. Briefly speaking, in this case the similarity is decided by creating an

M -dimensional space formed by M AE features (see Figure 3) chosen to train the

classifier, and defining a boundary hypersurface for decision in the M -space [12, 13].

The development of the two aforementioned techniques was important to extend

the knowledge about the data collected by EMBRAER using its current SHM system,

and also allowed to initiate studies that have great potential for progress, for instance in

developing supervised methods of classification. The two techniques represent, there-

fore, an initial step towards this direction. Additionally, the study performed during

this line of research helped to increase the understanding about the physical nature of

the data provided by EMBRAER, which has also interest in such knowledge. For in-

stance, the Spectral Similarity Method highlighted the abundance of information con-

tained in the waveform spectrum, which is a very important finding since EMBRAER

did not store the waveforms in an ordinary SHM test routine. Therefore, this work has

potential to induce improvements in EMBRAER’s current system. We expect that the

adoption of our two proposed methodologies described in Chapter 2 will lead to novel



13

findings and the development of even more robust techniques.

1.2 Distributed Adaptive Detection

EMBRAER’s SHM system is centralized, i.e., the sensors along the structure send

all their information to a central processor. Besides centralized methods, there is a

large interest in developing smart distributed sensor networks for SHM; several works

have been published concerning sensor networks with some calculation capacity and

wireless communication, looking at reducing cabling requirements [14–17]. Sensor

networks fully distributed along the aircraft structure are envisioned, placed during

manufacturing and capable of continuously collecting information in real time about

the structure state throughout its lifetime, particularly during flight; hence, less cabling,

thus less weight, is fundamental. A class of techniques that emerges as a well-suited

solution is that of adaptive networks [18].

Detection using adaptive networks has received considerable attention due to its

energy saving capability, less communication resource requirements, robustness to

node and link failure, scalability and tracking performance [19–35], employing dif-

ferent detection strategies depending on the application. For instance, several works

focus on distributed Neyman-Pearson (NP) detectors [36], an approach appropriate,

for example, to detect the presence of a target in a radar, since this detector max-

imizes the probability of detection of an event given a maximum desirable proba-

bility of false alarm. Examples of adequate applications of distributed NP detectors

are cognitive radios [23] and netted radar systems [37]. Another available choice is

the use of a Bayesian approach, when prior probabilities are set for the possible out-

comes. When one can assume equal prior probabilities for the possible alternatives,

the Bayesian detector reduces to the maximum likelihood (ML) detector [36], which is

applied, for instance, in signal multiple-input multiple-output (MIMO) communication

systems [38–42]. An ML detector is also used in problems in which the prior proba-
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bilities for the hypotheses are uncertain — the ML detector, in this case, minimizes the

worst-case error probability [43, thm. 1.2.1], because the maximum error probability

in detection occurs when the prior probabilities are equally likely.

This thesis proposes an ML detector over a distributed network, which decides

between two concurrent hypotheses about the environment state — in EMBRAER’s

context, for instance, it could be imagined as a detector that decides if an AE source is

due to one or another damage in the structure; or even decides between actual damage

or noise. The decision algorithm is based on the estimation technique diffusion LMS

[19,44], which was applied in [23–31] to design distributed NP detectors. These works

use a diffusion learning process among the nodes [45, 46], but there are several others

relying on the consensus technique [32–35].

Several works have been published on distributed detection. Diffusion solutions

such as the one proposed in [23] take advantage of well-known connections between

estimation and detection [36, p. 140] to derive a distributed detection algorithm. A

distributed adaptive detection algorithm robust in the presence of impulsive noise is

developed in [25], whereas [26] describes an algorithm for a node-specific distributed

detector. The works [27–31] study the steady state of diffusion detectors in the slow

adaptation regime, whereas [32, 33] consider a consensus-based distributed detection

approach and show that its error probabilities decay asymptotically at an exponential

rate with time.

In contrast with the existing works that focused on steady state performance of dis-

tributed detectors [27–33], we studied, for an ML detector, the transient performance.

The proposed ML detector attains an exponential decay in the error probability dur-

ing the transient, due to a specific algorithm initialization. Furthermore, the transient

performance of this detector is almost indifferent to the value of the LMS step size,

provided it is sufficiently small. The complete description of this distributed detector

is covered in Chapter 3.
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The results obtained in studying the convergence of the distributed and adaptive

ML detector were published in the IEEE Signal Processing Letters [2], as aforemen-

tioned. It is also important to emphasize that, as this study represented a line of re-

search that aimed at the long term, this ML detector model is not bounded to the

requirement of a direct and immediate implementation in the SHM system currently

employed by EMBRAER, but instead allowed us to investigate novel and efficient so-

lutions that can stimulate new implementations and exploit new results.
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2 SOLUTIONS FOR EMBRAER’S CURRENT
SHM SYSTEM

Due to the unsupervised nature of the data provided by EMBRAER, the two tech-

niques proposed ahead hold the typical attributes of unsupervised machine learning,

which are:

a) It is not possible, at first, to determine if the discrimination performed by such

classifiers is the one sought, based on the classification results only;

b) the nature of the separation1 created by the classifier is, at first, unknown.

These limitations are overcome when it is possible to implement a supervised classi-

fier, whose data are labeled with high degree of confidence in every statistical class.

Given the adversity in labeling data in certain scenarios in real applications, which is

the case for AE data acquisition, such a procedure can be quite complex or even unfea-

sible. Hence, unsupervised learning techniques gain considerable importance, as they

can provide valuable clues about the nature of the events one wants to discriminate;

such clues must be investigated externally to the classification. Also, they can suggest

novel ways to label the data. Having these ideas in mind, we developed the following

unsupervised techniques which aim at expanding the knowledge about AE events and

improve the current system used by EMBRAER.

1Separation means that the data can be divided into different classes through decision boundaries
in a multidimensional space created by the classifier. The space dimension depends on the number of
characteristics (features) used to produce the classifier. See [12,13] for more about decision boundaries
in classification problems.
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2.1 Classification using spectral similarity

The spectral similarity technique represents a substantial result relative to the use

of real data provided by EMBRAER. Besides, this technique was originally developed

during this master degree project. It can be further used and studied to produce even

more promising unsupervised discrimination methods.

To explain this technique, Figure 4 illustrates a hypothetical situation with a test

specimen where three events, represented by the star symbols, are observed by “Sensor

1”. Suppose the events “A” and “C” have similar waveforms and happen very close

to each other, while event “B” happens in a different position and has not a similar

waveform related to “A” and “B”. Assume that the temporal order in which the events

occur is “A, B, C”. The goal is to use the similarity technique to group the events with

some degree of spectral likeness among them.

Figure 4: Representation of a hypothetical scenario with 3 events and a sensor. The captured AE hits
were named “A-ch1”, “B-ch1” e “C-ch1”.
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The sensors used during EMBRAER’s tests are piezoelectric [47], and due to vari-

ations in the frequency response among the sensors and to the various propagation

paths of the AE signals in the material, the similarity technique is more appropriate for

comparing hits received in the same sensor, as the example illustrated in Figure 4.

The similarity technique requires the waveforms of the EA hits, and consists of

calculating the norm of the difference, two by two, of the absolute normalized spectra

of these signals2. Since we use spectral information, such technique requires no syn-

chronization between the waveforms. Figure 5 illustrates the calculation procedure for

two generic signals wi e wj , which represent the waveform of the AE hits; the calcu-

lation of the spectrum is represented by the “FFT” blocks in the figure, and only their

absolute value is used. The power spectrum of each waveform is normalized before

subtracting one from another, and finally, the negative value of the Euclidean norm of

the difference is taken and named as spectral similarity coefficient. As a consequence

of the definition, the coefficient value lies between add−
√

2 and 0, representing, re-

spectively, the minimum and maximum spectral similarity between two hits3.

Figure 5: Block diagram illustrating the spectral similarity calculation of two waveforms wi e wj . The
vector Wi with dimension N represents the N -point discrete Fourier transform (DFT) of the waveform
wi, and |Wi| is the vector composed of the absolute values of each element ci,k ∈ C ofWi , 1 ≤ k ≤ N .

In Figure 6 are illustrated the similarity coefficients of each pair of hits from the

hypothetical example of Figure 4, in form of a symmetric matrix and using a value

2The spectra are normalized in order to compare them in such a fashion that eliminates possible
differences in energy magnitude among the waveform spectra.

3The minimum similarity value, −
√

2, is obtained when |wi| and |wj | are Euclideanly orthogonal.



19

discretization by colors to display the similarity intensity. Yellow represents the highest

values, occurring in the auto-similarity between hits (similarity of a hit to itself). The

similarity between hits A-ch1 e C-ch1 is displayed in orange, denoting a relatively

high similarity, which indicates the likeness of their waveforms (Figure 4). Thus, it is

possible to observe that event B is only slightly similar to the others.

Figure 6: Matrix showing the similarity coefficients (in color discretization) of the hypothetical scenario
of Figure 4.

Having calculated the spectral similarity coefficients, it is possible to group similar

events into clusters. However, such an action is dependent on a threshold, defined

between −2 e 0, in order to decide for similarity between two hits. This threshold is

chosen using an empirical procedure, in such a way that the classifier creates neither a

large nor a small number of different clusters.

The similarity technique was applied in a considerable number of data from fatigue

tests, provided by EMBRAER. Hereupon we present the obtained results concerning

one of those tests. This one was conducted in a metal plate, which is part of an airplane

structure, as depicted in Figure 7. The test consisted in submitting the plate to physical

strain in order to observe the appearance of cracks along its surface. In its central

region, lines of rivets are disposed, where the cracks were concentrated after the test.

We can also verify in the same figure the positions of the sensors.
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Figure 7: Metal plate used in the fatigue test with sensors. In its central region is located the rivet lines.

From the estimates of the AE sources and from the position of the sensors and the

cracks — acquired via visual inspection at the end of the fatigue test — we created the

map of events of Figure 8a. The blue dots in that map represent the position estimates

of the sources. The cracks were found concentrated in the rivet region, and we cata-

loged the damaged rivets either as “broken” or “with crack” (in this case, the rivet is

not yet broken). In Figure 8b we have the same map, however using a filter of events

developed in a previous stage of this cooperative work between EMBRAER and USP

to select the events estimated by the SHM system with higher confidence [48]. This

filter removes the less probable true positive events based on the relative position of

the sensor related to the estimated position of the source.

After grouping the events into clusters using the Spectrum Similarity technique,

we ordered them by the number of events. In Figure 9 we show the six largest clusters

following that order. In Figure 10, we provide, for the same clusters, a histogram

showing the distribution of the feature “energy” for each corresponding cluster. This

feature was chosen in order to investigate the presence of possible energy variations

among the clusters. It is important to note that to define an event and its position

estimate, as illustrated in Figure 2, only a subset of sensors is used (at least three),
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(a) (b)

Figure 8: (a) Map of the events, damaged rivets and sensors. (b) Effect of the filtering of events.

and each sensor has its own collection of features from their respective hits. Hence,

we choose the energy provided by the sensor which received the hit first, in order to

simplify the analysis, and because we assume that this sensor is the closest to the AE

source.

Figure 9: Map of largest event clusters by number of similar events.

Comparing the histograms of energy distribution of each cluster in Figure 10, it is

possible to identify significant variations among them. For instance, the first cluster

has an energy distributed between the values 0 e 35, while the fifth cluster has an

energy distribution until 300. Further differences can be found in each histogram by
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Figure 10: Map of the six largest event clusters of similarity by number of events, each one with an
energy histogram. The energy that is considered is provided by the first sensor to receive a hit in the
subset that defines the event. The numbers above the maps indicates the number of events in each cluster.

inspecting its values.

The presented result shows that the grouping of events using the spectral similarity

technique reveals some physical nature related to the energy contained in the events.

We must recall that this method of grouping normalizes the energies of every hit, al-

lowing us to compare the similarity between normalized spectra. Thus, the energetic

information is not taken into account during the similarity calculation. On the other

hand, Figure 10 suggests that the energy of the clusters can be also used to discriminate

them. Therefore, this is an important conclusion, because it reveals that this technique

can separates the clusters energetically, without considering the energy in the hits.

This conclusion suggests that there could exist a physical basis for the discrimi-

nation performed by the spectral similarity technique. To properly corroborate such

a hypothesis, it is necessary to investigate the causes of this separation, looking for

identifying:

a) If each cluster is related to a different damage in the structure;

b) if some clusters are related to the same damage, which would reveal different
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ways that a damage can stimulate, via acoustic emission, the structure;

c) if there is a temporal connection between the different clusters, i.e., if some

clusters arise only in certain time intervals, or if some of them are composed by

events spread all along the time of test.

From what we exposed, we proposed a methodological procedure to implement the

spectral similarity technique in EMBRAER’s current SHM system, in order to verify

the hypothesis we suggested above. Such a procedure, which was forwarded directly

to the EMBRAER’s team, consists of:

1. Using a test specimen, if possible, with a limited number of known cracks and

relatively distant to each other, in order to avoid superposition of events. It is

also desirable that the known cracks could be determined with a relative high

level of confidence;

2. Dividing the data acquisition (waveforms and AE features) into phases with de-

fined time interval, in order to verify, in each phase, the grouping into clusters

and the energy distribution among them, and to compare the results of each

phase, in order to investigate the temporal evolution of clusters.

3. Inspecting, if possible, the test specimen at the end of each phase, and recording

every possible modifications in the structure.

The spectral similarity technique, as already mentioned, is original and has a con-

siderable chance of being improved during its practical use and though novel findings

that can arise during its application in EMBRAER’s current SHM system.

2.2 Classification using features and SVM

Alternatively to the spectral similarity technique, we studied the possibility of us-

ing the AE features directly in a unsupervised classification method. This can be justi-

fied, firstly, due to the fact that the features summarize several characteristics of the AE
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events and, therefore, represent a quite efficient way of storing information. Secondly,

such features have traditionally been used in AE tests for classification. Furthermore,

machine learning solutions have already been used in a considerable number of SHM

techniques [1]. In this master project, we implemented a classifier that uses Support

Vector Machines (SVM) [12, 13], which was chosen due to its robustness, easy imple-

mentation and scalability. Briefly, the SVM can be understood as a decision boundary

classifier.

In the test chosen to validate an SVM implementation, it was known the damage

position (a broken rivet) in a metal plate under mechanical strains. With the features

collected from the events defined by EMBRAER’s SHM system, we pursued a dis-

crimination between events similar to those occurred close to the broken rivet and

those that may not be similar. In order to do that we chose an one-class SVM clas-

sifier [49], which consists of deciding if a test data set is similar (or included) to a

previously established training data set.

In the test context, it is important to note that even an event occurring close to a

rivet might be noise or another unknown source, and an event distant from the rivet

position might be caused by the rivet itself, due to a localization error. In the following

procedure we describe attempts to distinguish between those possibilities. To define a

train data set, we chose a number N of events whose location estimates were close to

the local where the broken rivet was positioned. For that, it was defined, empirically, a

radius of 40mm around the rivet location, which we named “rivet boundary”, and the

first N events (in relation to time) whose locations were estimated inside the region

defined by that boundary were labeled as belonging to the class “rivet”4. Figure 11

illustrates this labeling procedure performed in the position estimates for a given N .

To perform the classification training, we used the features rise time, count, energy,

4It is important to clarify that this class label is only a reference for the proximity of the events to
the damage, since there is no real labels, and also that the classifier is unsupervised even though we had
created an artificial label for the training data.
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(a) (b)

Figure 11: (a) Map of events of the test chosen to implement the classifier, with the separation in the
“rivet” class for the events close to the damage, and for the first N event related to time. (b) same as (a)
with zoom around the damage position.

duration, amp, rms, asl, pcnts, strength and absenergy5, collected by the sensor that

first received a hit from the subset that defined the event, supposing that this sensor

is the closest to the AE source (as we did before for the feature energy used to create

the histograms in Figure 10). The SVM classifier was implemented with the function

fitcsvm of MATLAB, using a Gaussian boundary. Figure 12 shows the results for five

different classifiers, changing the number of events N used to train the classifiers. The

events that were not used for training were separated to compose the test data set. For

example, Figure 12a shows the results for N = 100, in which the similar events are

displayed in blue; 254 events of a total of 7744 were classified as similar, and 244 of

these were inside the “rivet” boundary, which contained 982 events. The count of the

results for every classifier is summarized in Table 1.

As can be observed in Figure 12, the larger the number N of events used to train

the classifier, the larger the number of test events classified as similar6. Besides, they

tend to be concentrated in specific regions (shown in blue in the maps). Since this

SVM classifier is an unsupervised machine learning technique, additional examination

5See Appendix E for the definition of these features.
6This happens probably because a small number N of events is statistically insufficient to establish

a similarity between the training data and the data tested.
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(a) (b)

(c) (d)

(e)

Figure 12: Results for the one-class SVM classifier. (a) N = 100, (b) N = 300, (c) N = 500, (d)
N = 700 e (e) N = 900. For each map, the number of classified events is displayed (classified as
similar to the “rivet” class), related to the total of events (7744) and to the events inside the “rivet”
boundary (982).
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Table 1: Table that summarizes the results in Figure (12).

external to the classification is necessary, in order to verify the nature behind that

similarity. Is is possible to raise some hypotheses about such a nature:

a) These events could be related to other unknown damages located in the indicated

regions (in blue), and could be similar to the known damage;

b) They could be events of a distinct nature, although the classifier detected them

as similar;

c) These events could be nothing more than additional events related to the known

damage, but their location estimates were systematically calculated erroneously

by EMBRAER’s SHM system.

A way to verify these hypotheses would be to perform an inspection of the plate

after test, investigating the structural state of these regions where the similar events

were concentrated.

Due to the difficulty or even perhaps the impossibility of extracting fully labeled

data using the current system — i.e., knowing with high degree of confidence to which

class belongs each data point — unsupervised techniques as the one we described

above acquire great relevance, since they can provide important clues about the nature

of the events we want to discriminate. Also, such techniques can suggest means of

developing novel methods that lead to better labeling the data, which is fundamental

since we lack labeled data. From these considerations and from the presented re-

sults, we propose to EMBRAER the following methodological procedure to employ
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the SVM classifier proposed here:

1. From a test that is being taken, and in which the position of at least one damage

is known, one chooses arbitrarily a boundary, and a certain number N of events

located inside the boundary region are concentrated.

2. With these N events, one trains an SVM classifier using the features of the first

sensor that detected the hit of each event (closest to the source location).

3. The rest of the data are used as a test set and are classified by the trained SVM.

4. The results are analyzed and one looks for regions with larger concentration of

events classified as similar.

5. The test specimen is inspected in order to verify if the classification results have

some physical interpretation.

6. Back to step (1), the classifier is updated with possible resets of the boundary

and the number of events used to train the classifier.

The procedure described above would allow us to investigate if there is some phys-

ical interpretation concerning the similarities indicated by the classifier. If such con-

nections exist, and supposing that they can be apprehended by inspection of the test

specimen, novel characteristics of the AE events might become known, and therefore,

it would allow us to improve the classifier techniques.
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3 DISTRIBUTED MAXIMUM LIKELIHOOD
DETECTOR

In this chapter, we describe the development of our distributed ML detector. Our

formulation is general, i.e., SHM in aeronautical structures can be understood as one

of several envisioned applications of distributed networks. We present a data model for

distributed networks and formulate an ML detection problem, based on the adaptive

diffusion LMS algorithm, and compute a local statistic at each node of the network

that is mathematically tractable and asymptotically optimal in terms of error proba-

bility as time increases. In this formulation, the nodes that compose the network must

decide between two concurrent hypotheses concerning the environment where they are

inserted, using local measurements and shared estimates coming from their neighbors.

For the developed statistic, we show that a special initialization of the proposed al-

gorithm yields an exponential decay rate on error probabilities in transient. We show

analytically and by simulations that the exponentially decaying error rate performance

does not depend on the LMS step size value, provided it is sufficiently small.

Notation used throughout this chapter: We use lowercase boldface for vector quan-

tities and normal font for scalars. Uppercase is used for matrices. Time-dependent

quantities are denoted by indices i, j in parentheses. The operator E{·} denotes ex-

pectation, the operator T transposition. We use indices k, l in subscript to denote nodes.

A ⊗ B denotes the Kronecker product of matrices A and B. ID denotes the identity

matrix with dimension D. x ∼ N (x̄, C) represents a Gaussian random vector x with

mean x̄ = E{x} and covariance matrix C.
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3.1 The Decision Problem over Distributed Networks

In a generic distributed network with K nodes, as presented in Figure 13, each

node k at every time instant i has access to a scalar observation dk(i) of its environ-

ment and to a deterministic regressor vector1 uk(i) ∈ RM, and it must be capable of

making a decision about the state of its environment based on these observations. Each

node communicates only with its neighbors, and there is no fusion center to where the

data in the nodes can be sent and processed. By allowing every node to receive addi-

tional information from its neighbors, the quality of its local decision process can be

improved.

Figure 13: A simple network topology example. The lines represent connections between nodes. Nk

represents the neighborhood of node k. (Source: [19])

The following data model

dk(i) = uTk (i)ws + vk(i), k = 1, . . . , K , (3.1)

relates the observable variables dk(i) and uk(i) to an unknown parameter vectorws ∈

RM, where vk(i) ∼ N (0, σ2
v,k) is random noise. Nodes must decide between two

hypotheses, H1 and H2, about the unknown parameter:

ws =




w1 if H1 ,

w2 if H2 .
(3.2)

1The regressors uk(i) can be interpreted as one realization of a random process, observed until time
instant i, since at time i each node k has already observed uk(0), . . . , uk(i). Thus, a detector developed
to this problem seeks the best decision rule for these particular regressors.
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Let p(H1) and p(H2) be the respective prior probabilities, i.e., the probability of

occurrence of each hypothesis. We assume that the two possibilities are known a

priori, although it is not known which of the two is in place. Hence, our formulation

is different from [23–26], where w2 = 0 and an NP detector is derived.

We wish to minimize the error probability pe in detection, defined as

pe = p(decides H1| occurs H2)p(H2) + p(decides H2| occurs H1)p(H1) , (3.3)

and since in many problems the prior probabilities p(H1) and p(H2) are unknown or

difficult to estimate, we consider instead the worst-case error probability

min
decision boundary

max
0≤p(H1)≤1

pe ,

whose solution is the maximum likelihood (ML) detector, which considers p(H1) =

p(H2) = 1/2. The theorem and its proof used for this conclusion can be consulted

in [43, thm. 1.2.1], which we enunciate in the following:

Theorem (Minimax Theorem): The ML detector minimizes the maximum possible

average probability of error when the input distribution is unknown if the conditional

error probability pe,ML/Hi
is independent of i.

3.2 Distributed detection using diffusion LMS

We look for a fully distributed ML detector using communication among con-

nected nodes. In order to motivate a procedure to achieve this goal, we start by collect-

ing all data of all nodes up to time i as follows:

d0:i = col{d1(i), . . . , dK(i), . . . , d1(0), . . . , dK(0)}, ((i+ 1)K × 1)

U0:i = col{uT1 (i), . . . ,uTK(i), . . .uT1 (0), . . . ,uTK(0)}, ((i+ 1)K ×M)

v0:i = col{v1(i), . . . , vK(i), . . . v1(0), . . . , vK(0)}, ((i+ 1)K × 1)
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where the col operator stacks its arguments column-wise. Therefore, the data model in

(3.1) can be summarized as

d0:i = U0:iws + v0:i , (3.4)

which describes a global linear model for the network data under the Gaussian uncer-

tainty v0:i ∼ N (0,Σ0:i), where

Σ0:i = E{v0:ivT0:i} = Ii+1 ⊗ Σ , ((i+ 1)K × (i+ 1)K)

Σ = diag(σ2
v,1, . . . , σ

2
v,K) . (K ×K) (3.5)

For the ML detection problem, the decision criterion for (3.4) that minimizes the

error probability is given as [36, p. 78]

p(d0:i|H2)

p(d0:i|H1)

H2

≷
H1

p(H1)

p(H2)
= 1 ,

in which p(d0:i|H1) and p(d0:i|H2) are the probability density functions of the ob-

served data conditioned upon each hypothesis. A global sufficient statistic for this ML

detection problem is [36, p. 115]

tglobal(i) = dT0:iΣ
−1
0:iU0:i(w2 −w1)−

1

2
(E2 − E1)

H2

≷
H1

0 , (3.6)

with Es = wT
s (UT

0:iΣ
−1
0:iU0:i)ws, for s = 1, 2 .

Following [23], we define local statistics tk(i) for each node for a distributed de-

tection. In order to produce tk(i) that do not depend on global quantities, we use the

connection between estimation and detection [36] to define local statistics written in

terms of local estimates of the unknown parameter ws . This connection can be veri-

fied, for instance, producing a global statistic in terms of the Minimum Variance Unbi-

ased Estimate (MVUE) for the unknown parameterws, which is the unbiased estimate

with the least variance possible. The existence of the MVUE for ws is guaranteed
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since (3.4) is a general linear data model , which is given as [50]

wMVUE(i) = (UT
0:iΣ

−1
0:iU0:i)

−1UT
0:iΣ

−1
0:id0:i . (3.7)

We can rewrite equation (3.6) in terms of the MVUE in (3.7), and using the fact that

Σ−10:i = (Σ−10:i )
T by construction of matrix Σ0:i (see (3.5)), as

tglobal(i) = wT
MVUE(i)UT

0:iΣ
−1
0:iU0:i(w2 −w1)−

1

2
(E2 − E1)

H2

≷
H1

0 . (3.8)

The structure of (3.8) motivates, in our development, the definition of local statis-

tics tk(i) based on local estimates for ws. Consider that each node k is able to obtain

local linear estimateswk(i) of the unknown parameterws, at every time i, of the form

wk(i) = Lk(i)d0:i , (3.9)

where Lk(i) ∈ RM×(i+1)K is a matrix that defines the local linear estimator2. Multiply-

ing each side of (3.4) by Lk(i), we have

wk(i) = Lk(i)U0:iws + Lk(i)v0:i = Ũ0:iws + ṽ0:i , (3.10)

which also describes a linear model under Gaussian uncertainty

ṽ0:i = Lk(i)v0:i ∼ N (0, Lk(i)Σ0:iLk(i)
T ) = N (0, Σ̃0:i) .

Thus, we can define a local sufficient statistic for (3.10) in the same fashion as (3.6),

which is given as

tk,suf(i) = wT
k (i)Σ̃−10:i Ũ0:i(w2 −w1)−

1

2
(Ek,2 − Ek,1)

H2

≷
H1

0

= wT
k (i)Qk(i)(w2 −w1)−

1

2
(Ek,2 − Ek,1)

H2

≷
H1

0 , (3.11)

2For instance, if we define Lk(i) = (UT
0:iΣ

−1
0:iU0:i)

−1UT
0:iΣ

−1
0:i , the estimate wk(i) in (3.9) becomes

the MVUE. However, in that fashion wk(i) would depend on global quantities, which is not what we
pursue for the local estimates.
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in which we defined the local quantities

Qk(i) = Σ̃−10:i Ũ0:i =
(
Lk(i)Σ0:iL

T
k (i)

)−1
Lk(i)U0:i ,

Ek,s = wT
s (ŨT

0:iΣ̃
−1
0:i Ũ0:i)ws = wT

s

(
Lk(i)U0:i

)T
Qk(i)ws , s = 1 or 2. (3.12)

In order to obtain the local estimate wk in (3.9) in a distributed way, we follow

[23–26] and use the diffusion LMS algorithm, an estimation technique given by the

equations

ψk(i) = wk(i− 1) + µkuk(i)[dk(i)− uTk (i)wk(i− 1)] , (3.13)

wk(i) =
K∑

l=1

ak,lψl(i) ,
K∑

l=1

ak,l = 1, ak,l ≥ 0, ∀k, l , (3.14)

where ψk(i) are intermediate estimates, µk is a positive step size and the scalar ak,l

represents the weighted contribution of ψl(i) from node l to estimatewk(i) of node k.

Using the diffusion LMS update, the resulting expression for Lk(i), for each node k

and time i, is given as

Lk(i) =

[ K∑

l=1

ak,lµlWk(i)
K∑

l=1

ak,l[ IM − µl ul(i)uTl (i)]Ll(i− 1)

]
, (3.15)

whereWk(i) = [0 0 . . .uk(i) . . .0] ∈ RM×K. A complete derivation for (3.15) can be

consulted in Appendix A.

The computation of the quantities Qk(i) is quite demanding (see (3.12)), since it

would imply the exchanging of the matrices Lk(i) in the diffusion LMS update, whose

dimensions increase with every new measurement, as can be verified in (3.15). In

order to simplify the computations and make them amenable for distributed imple-

mentations, [23] proves, for diffusion LMS, that Qk(i) in (3.11) can be approximated

by the identity matrix, if the following assumptions are taken:

1. No diffusion update is used to computeQk(i), that is, ak,l = 1 for l = k and ak,l = 0

for k 6= l in (3.14). Work [23] shows that this approximation yields good results
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through simulations (see Figures 5, 6 and 7 in Section VI of [23]).

2. Sufficiently small step size. The proof is quite extensive, and can be verified in

Section III-D of [23]. We only repeat here the main result of that proof (which

depends on the assumption (1) above):

Lk(i)Σ0:iL
T
k (i) ≈ βkLk(i)U0:i , for sufficient small µk,

in which βk is a constant for the node k.

Considering these two assumptions, the local matrix Qk(i) reduces to:

Qk(i) =
(
Lk(i)Σ0:iL

T
k (i)

)−1
Lk(i)U0:i = (βkLk(i)U0:i)

−1Lk(i)U0:i =
1

βk
IM .

Since the performance of a detector is not affected by multiplication by a constant [36],

an approximation for Qk(i) is simply

Qk(i) = IM .

Taking this approximation in (3.11), we obtain the following approximated optimal

local statistic:

tk,approx(i) = wT
k (i)(w2 −w1)−

1

2
(Ek,approx,2 − Ek,approx,1) , (3.16)

with Ek,approx,s = wT
s

(
Lk(i)U0:i

)T
ws . The computation of Lk(i)U0:i is still quite de-

manding, because of its dependence on the matrix Lk(i) and on every node having

access to the regressor uk(i) at all the other nodes and for all time i. Therefore, we

must also find a reasonable substitute for that quantity. Looking at (3.10) and observ-

ing that Lk(i) represents the diffusion LMS update by choosing it as our estimation

technique, after convergence of the algorithm it is expected that Lk(i)U0:i ≈ I . In

fact, [23] argues that this is the case for the diffusion LMS in the limit i → ∞ (see
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Sections III-E and IV-B of [23]). Thus, in steady state, the statistic in (3.16) reduces to

tk,approx(i→∞) = wT
k (i→∞)(w2 −w1)−

1

2
(wT

2w2 −wT
1w1) .

Hence, approximating Ek,approx,s by wT
sws = ||ws||22 in (3.16), we propose a local

approximate statistic tk(i), for every k and i, given as

tk(i) = wT
k (i)(w2 −w1)−

1

2

(
||w2||22 − ||w1||22

) H2

≷
H1

0 , (3.17)

which is an asymptotically optimal local statistic (tk ≈ tk,suf as i→∞) assuming that

the estimation algorithm converges3 and the two assumptions taken previously (p. 34).

In Section 3.4, we illustrate, by simulations, how these approximations proposed in

the local statistics influence the detection performance, comparing them to the optimal

case when we use the optimal statistic in (3.11). As we stated above, the performance

in steady state is the same using either the optimal statistic in (3.11) or the approxi-

mated statistic in (3.17).

3.3 ML Detector Algorithm Analysis

3.3.1 Initial estimate and its effect on performance

Since we do not know what is the real value of ws when the local estimation

algorithms start (i = −1), a natural choice for the initial estimate is wk(−1) = 0,

as was done in [23–26]. From (3.17), this choice causes the statistics to become, for

every node k,

tk(−1) = −1

2
(||w2||22 − ||w1||22) .

However, we show in the sequel that this may not be the best initialization in terms

of the rate of convergence of the error probability, because the performance of the

detector is significantly affected by the initial value tk(−1).

3A full discussion about conditions for convergence of adaptive detectors using diffusion LMS and
deterministic regressors is available in [23] in sections IV-B and IV-C, concerning the mean and the
mean-square convergences respectively.
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In (3.17), the detector decides whether tk(i) is in the upper half-plane (decide

H2) or in the lower half-plane (decide H1), relatively to the threshold of decision at

zero. Let us use γ to refer to this threshold. Theoretically, when the statistics tk(i)

are initialized far from γ = 0, the ML detector only decides for one of the hypotheses

in the first iterations, which means that it decides correctly 50% of the time, since

the prior probabilities are equally likely. Therefore, it can take several iterations for

the error probability to decrease, which will only occur when tk(i) is close enough

to γ. On the other hand, if we start the statistic exactly on γ = 0, the filter updates

will make tk(i) move in the correct direction on average right from the start, and the

error probability will start reducing promptly. In order to accelerate this decay in this

fashion, we can choosewk(−1) so that tk(−1) = 0. An initial estimate for that can be

found by setting the left-hand side of (3.17) to zero, for instance,

wk(−1) =
w1 +w2

2
= w̄ . (3.18)

This initialization is possible to implement since we suppose both w1 and w2 to be

known.

In order to illustrate the intuitive idea exposed above, we performed preliminary

simulations to show the effect of choosing wk(−1) = 0 or wk(−1) = w̄ on E{tk(i)}

and on the error probability pe,k(i) using theoretical expressions to produce the results4.

The results can be seen in Figures 14a to 14d, choosing node k = 1 of the simulated

network for simplicity5. In Figure 14a we use an LMS step size value of µ = 10−2,

and we can see that E{t1(i)} with initialization w1(−1) = 0 starts far from γ = 0,

and only when E{t1(i)} for the two hypotheses gets close to the threshold, pe,1(i) in

Figure 14c begins to decrease. On the other hand, choosing wk(−1) = w̄ causes a

noticeably faster decrease in the initial iterations.

4The expressions used to perform the simulations are (3.19), (3.29), (3.34) and (3.35).
5The complete topological and statistical conditions used in this simulation is presented in Section

3.4.
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Figure 14: Simulation to illustrate the effect of E{tk(i)} on the error probabilities for node k = 1
and for the two initializations wk=1(−1) = 0 and wk=1(−1) = w̄ = w1+w2

2 . (a) E{t1(i)} for each
initialization and for each hypothesis with step size µ = 10−2. (b) Same as (a) with µ = 0.5 · 10−2. (c)
Resulting error probabilities related to (a). (d) Resulting error probabilities related to (b).

Figures 14b and 14d show the same for a step size value µ = 0.5 · 10−2. It is

noticeable that, even though the expected values converge more slowly in Figure 14b

compared to Figure 14a (due to the smaller step size value), when the filters are ini-

tialized with w̄ the convergence rate of the error probability in Figure 14d is the same

as that in Figure 14c (and in addition reaches a lower steady state error probability). It

is also important to notice that when the initialization wk(−1) = 0 is used, the time

pe,1(i) remains at 50% (-0.3010 in log scale) in Figure 14c is longer than in Figure 14d.

These features are simply a glance at the far-reaching consequences resulting of

choosing wk(−1) = w̄. As will be shown later, with this choice the error probability

converges exponentially fast to a value as small as desired during the transient.
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The algorithm is summarized in Table 2, and Table 3 presents the number of oper-

ations performed by the algorithm per node6. Since the number of neighbors of each

node in the network can vary, we use the average number of connection among nodes

(average node degree) K̄ = 1
K

∑K
l=1Kl, where Kl is the number of nodes connected

to node l, 1 ≤ l ≤ K.

Table 2: ML Detector using Diffusion LMS algorithm and special initialization

For every node k = 1, 2, ...,K of the network, set wk(−1) = w̄,
and for every time instant i ≥ 0, repeat:

Learning update: for every node k, obtain {dk(i),uk(i)} and repeat

ψk(i) = wk(i− 1) + µkuk(i)[dk(i)− uTk (i)wk(i− 1)],

Diffusion update: for every node k, repeat

wk(i) =
∑K

l=1 ak,lψl(i), (ak,l defined as in (3.14))

ML decision: for every node k, repeat

tk(i) = wT
k (i)(w2 −w1)− 1

2(||w2||22 − ||w1||22),

tk(i)
H2

≷
H1

0,

Table 3: Number of operations performed by the detection algorithm per node. K̄ represents the average
node degree.

Algorithm step × +

Learning update 2M + 1 2M

Diffusion update MK̄ MK̄ −M
ML decision M M

Totals 3M + 1 +MK̄ 2M +MK̄

6In the computation, the subtraction of the quantity 1
2 (||w2||22 − ||w1||22) in the ML decision (see

Table 2) is accounted as a single constant subtraction, since this quantity can be evaluated before the
start of the algorithm (the values ofw1 andw2 are known by hypothesis). Also, the comparison to zero
is not accounted since it could be performed as a single signal bit check.
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3.3.2 ML detector analysis: formulation

We now derive analytical expressions that describe the ML detector performance

in terms of the error probability over time. For each node k, we can calculate the error

probability at every time i using the following expression, which is derived from (3.19)

and using the Gaussian distribution assumption on noise:

pe,k(i) =
1

2
Q
(
E{tk(i)|H2}

σk(i)

)
+

1

2
Q
(−E{tk(i)|H1}

σk(i)

)
, (3.19)

where σk(i) is the standard deviation of tk(i) andQ(z0) = Prob(Z > z0) for a standard

Gaussian variable Z:

Q(z0) =
1√
2π

∫ ∞

z0

exp
(
− z2

2

)
dz .

Expression (3.19) provides a way of determining the algorithm performance as

a function of time. To completely understand how the initialization wk(−1) = w̄

influences this relation, we must develop expressions forE{tk(i)|Hs}, s = 1, 2 and for

σk(i). For that we need an expression for E{wk(i)} and for the covariance matrix of

wk, which can be obtained from equations (3.13) and (3.14). Rewriting those equations

in terms of the error quantities

w̃k(i) = wk(i)−ws , ψ̃k(i) = ψk(i)−ws , s = 1 or 2,

the LMS expressions (3.13) and (3.14) become

ψ̃k(i) = w̃k(i− 1) + µkuk(i)[vk(i)− uTk (i)w̃k(i− 1)] , (3.20)

w̃k(i) =
K∑

l=1

ak,lψ̃l(i) . (3.21)

Let us define the matrix A = (ak,l) ∈ RK×K, such that A1K = 1K in which 1K

denotes a vector with entries equal to one in RK (see the definition of ak,l in (3.14)),
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and also

A = A⊗ IM . (KM ×KM) (3.22)

Additionally, the following global expressions will be useful for our analysis:

w̃(i) = col{w̃1(i), w̃2(i), . . . , w̃K(i)}, (KM × 1)

ψ̃(i) = col{ψ̃1(i), ψ̃2(i), . . . , ψ̃K(i)}, (KM × 1)

D(i) = diag{u1(i)u
T
1 (i), . . . ,uK(i)uTK(i)}, (KM×KM)

U(i) = diag{uT1 (i), . . . ,uTK(i)}. (K×KM) (3.23)

Setting µk = µ for simplicity, we can rewrite (3.20) and (3.21) as a single global

expression

w̃(i) = A[IKM − µD(i)]w̃(i− 1) + µAUT(i)v(i) , (3.24)

with v(i) = col{v1(i), . . . , vK(i)} ∼ N (0,Σ). Afterward, collect the local statistics

tk(i) for all nodes into the global statistics vector

t(i) = col{t1(i), t2(i), . . . , tK(i)} ∈ RK ,

and define the auxiliary quantities

W = IK ⊗ (w2 −w1) , (KM ×K) (3.25)

δ = 1K ⊗
(w2 −w1)

2
. (KM × 1) (3.26)

With that, we can write the network statistics in (3.17) in the following compact ex-

pression:

t(i) =





W T (w̃(i)− δ) if H1 ,

W T (w̃(i) + δ) if H2 .
(3.27)

The expected value of t(i) can be calculated using the expected value of (3.24), which

is (recall that the regressors {uk(i)} are deterministic)

E{w̃(i)} = A[IKM − µD(i)]E{w̃(i− 1)} . (3.28)
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Calculating the recursion in (3.28) starting from i = 0, we obtain

E{t(i)} =




W T(F(i, 0)E{w̃(−1)|H1} − δ) if H1,

W T(F(i, 0)E{w̃(−1)|H2}+ δ) if H2,
(3.29)

in which we defined the following matrix7:

F(i, j) =





∏i
n=j A[IKM − µD(i+j−n)] if i ≥ j ,

IKM if i < j .
(3.30)

Choosing wk(−1) = w̄, we have E{w̃(−1)|H1} = δ and E{w̃(−1)|H2} = −δ,

resulting that (3.29) is now given as

E{t(i)} =





W T
(
F(i, 0)− IKM

)
δ if H1 ,

−W T
(
F(i, 0)− IKM

)
δ if H2 ,

(3.31)

so that E{tk(i)|H2} = −E{tk(i)|H1} for every node k and time i. Therefore, expres-

sion (3.19) can be simplified to

pe,k(i) = Q
(
E{tk(i)|H2}

σk(i)

)
= Q

(
ck(i)

)
, (3.32)

in which we defined ck(i) = E{tk(i)|H2}σ−1k (i).

We now need an expression for σk(i). The covariance matrices of t(i) and w̃(i)

are defined by:

Rt(i) = E
{(
t(i)−α

)(
t(i)−α

)T}
, (K ×K)

Rw̃(i) = E
{(
w̃(i)− β

)(
w̃(i)− β

)T}
, (KM ×KM)

where α = E{t(i)} and β = E{w̃(i)}. In the following, we assume arbitrarily that

7The definition ofF(i, j) as a two variable function is useful for derivations we present in Subsection
3.3.3.
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H2 occurs in order to derive an expression forRt(i) in terms ofRw̃(i):

Rt|H2(i) = E
{(
t(i)|H2

)(
t(i)|H2

)T}− E
{
t(i)|H2

}
E
{
t(i)|H2

}T

= E
{
W Tw̃(i)w̃T(i)W +W Tw̃(i)δTW +W Tδ w̃T(i)W +W TδδTW

}

− E
{
W Tw̃(i) +W Tδ

}
E
{
w̃T(i)W + δTW

}

= W TE
{
w̃(i)w̃T(i)

}
W −W TE

{
w̃(i)

}
E
{
w̃T(i)

}
W

= W TRw̃(i)W.

Conduction a similar derivation, it holds also thatRt|H1(i) = W TRw̃(i)W . Therefore,

we have

Rt(i) = W TRw̃(i)W. (3.33)

The statistic variance σ2
k(i) is obtained, by definition, from the kth diagonal entry

of the matrix Rt(i). Thus, it holds from (3.33), and recalling the definition of matrix

W in (3.25), that

σ2
k(i) = (w2 −w1)

TRw̃k
(i)(w2 −w1) , (3.34)

in which Rw̃k
(i) is the kth M×M diagonal block of matrixRw̃(i) and also the covari-

ance matrix of w̃k(i). We now obtain a non-recursive expression for Rw̃(i), in order

to compute approximations to ck(i) in (3.32) in the next subsection. For every i ≥ 0,

from (3.24) and (3.28) and settingRw̃(−1) = 0, we have8

Rw̃(i) = µ2

i∑

j=0

F(i, j+1)H(j)FT(i, j+1) , (3.35)

in which we definedH(j) = AUT(j)ΣU(j)AT (recall the definitions ofA and U(i) in

(3.22) and (3.23), respectively, and that Σ is the covariance matrix of the noise vk(i)).

As aforementioned, (3.35) is used to compute approximations of ck(i) in the next sub-

section, in order to describe how the initialization w̄ affects the transient performance

of the detection algorithm.

8A complete derivation of (3.35) can be consulted in Appendix B.
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3.3.3 ML detector analysis: approximations for small step size

In this subsection, we show that ck(i) in (3.32) is asymptotically independent of

the step size as µ→ 0. In other words, the rate of convergence of the error probability

pe,k(i) does not depend on the step size, provided it is small enough. This rate of con-

vergence analysis holds for the transient. For a fixed nonzero µ, the error probability

eventually reaches a steady state. It can be shown from (3.31)-(3.35) (see also [30]),

that the steady state performance of the detector improves as µ is reduced, so our result

means that the diffusion detector with initialization w̄ can have an error probability as

small as desired in steady state, with no degradation in the convergence rate.

For any given µ0 for which diffusion LMS converges, let i0<∞ be such that pe,k(i)

did not reach the steady state for all 0<µ<µ0, for all nodes k. We begin our analysis

by finding approximations for the numerator and denominator of ck(i) in (3.32), valid

for small µ, and for the initial convergence phase, 0 ≤ i ≤ i0 <∞. Expanding F(i, j)

in (3.30) as a polynomial on µ, we obtain

F(i, j) = B0(i, j) + µB1(i, j) + . . .+ µi−j+1Bi−j+1(i, j), (3.36)

in which the Bn(i, j) are functions of A and D(n), for j≤n≤ i. In particular, expand-

ing (3.30), the first two coefficients of (3.36) are

B0(i, j) = Ai−j+1, B1(i, j) = −
i∑

n=j

Ai−n+1D(n)An−j. (3.37)

Since i0 is finite, the Bn(i, j) are uniformly bounded for 0 ≤ i ≤ i0, and we can ap-

proximate (3.36) by a first-degree polynomial on µ. Substituting in (3.31), the resulting

expression, conditioned on H2, is

E{t(i)|H2} ≈ −W T
(
Ai−j+1 − µ

i∑

n=j

Ai−n+1D(n)An−j − IKM
)
δ

= µW T

i∑

n=0

Ai−n+1D(n)An−jδ −W TAi−j+1δ +W Tδ . (3.38)



45

Note that (recall the definitions of A in (3.22) and δ in (3.26))

Aiδ = Ai−1A δ = Ai−1
(
A⊗ IM

)(
1K ⊗

w2 −w1

2

)

= Ai−1
((

A1K

)
⊗
(
IM

w2 − w1

2

))
,

using the fact that (A⊗B)(C⊗D) = (AC)⊗(BD). SinceA1K = 1K by construction

of matrix A, we have

Aiδ = Ai−1
(
1K ⊗

w2 −w1

2

)
= Ai−1δ ,

and repeating this argument, it holds, therefore, thatAiδ = δ, ∀i ≥ 0. With this result

and using it in (3.38), we can simplify that expression to

E{t(i)|H2} ≈ µW T

i∑

n=0

Ai−n+1D(n)δ = µε(i) , (3.39)

in which we defined ε(i) = W T
∑i

n=0Ai−n+1D(n)δ ∈ RKwhich does not depend on

µ. Thus, we can find, for each node k, the expected value of tk(i) as follows:

E{tk(i)|H2} ≈ µεk(i), 0 ≤ i ≤ i0 , (3.40)

in which εk(i) represents the kth entry of vector ε(i).

Now we find a corresponding first-degree approximation (on µ) for σk(i). For that

we use the fact thatRw̃(i) in (3.35) can be expanded as a polynomial on µ, which can

be verified substituting (3.36) in (3.35), resulting

Rw̃(i) =
i+1∑

n=1

µ2nP2n(i) , (3.41)

where the matrices P2n(i) ∈ RKM×KM correspond to the polynomial coefficients and

do not depend on µ. From (3.34), (3.35) and (3.41), σ2
k(i) can also be calculated as

σ2
k(i) =

i+1∑

n=1

µ2n(w2 −w1)
TP2n,k(i)(w2 −w1) , (3.42)

in which we defined the matrix P2n,k(i) as the kth M ×M diagonal block of matrix
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P2n(i) .

Using a first order Taylor expansion for σk(i) =
√
σ2
k(i) around µ = 0, we obtain

the approximation for small step size9

σk(i) ≈ µ
√

(w2 −w1)TP2,k(i)(w2 −w1) , (3.43)

and, since P2,k is the term related to µ2 in (3.42), we can find by inspection that P2(i)=

∑i
j=0 B0(i, j+1)H(j)B0(i, j+1)T. Thus, ck(i) can be calculated, for sufficiently small

step size, using (3.40) and (3.43), as follows:

ck(i) ≈
εk(i)√

(w2 −w1)TP2,k(i)(w2 −w1)
, i ≤ i0 . (3.44)

Expression (3.44) does not depend on the step size µ. Therefore, the error proba-

bility in (3.32) is also approximately independent of µ during the transient (i ≤ i0).

3.4 Simulations

In this section we present the simulations used to verify the features of our pro-

posed ML detector. We consider a network formed by K = 10 nodes, with topology

depicted in Figure 15a. In order to obtain regressors uk(i) with full covariance matri-

ces, we generate 10 signals using first order Markov processes (which are used, among

other applications, to model certain communication channels)10, with power σ2
u,k and

correlation αk, from which we form vectors of dimension M = 10. The expression for

the first-order auto-regressive filter, at each node k, is given as

Hk(z) =

√
σ2
u,k(1− α2

k)

1− αkz−1
.

9A complete derivation of this result can be consulted in Appendix C.
10First-order auto-regressive models are usually employed to generate signals with known correlation

properties in simulations of adaptive filtering algorithms [51,52]. We used them in order to avoid overly
simple uncorrelated regressors.
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The noise present in the measurements has power σ2
v,k. The weights ak,l in (3.14) are

obtained using the Metropolis rule [53]




ak,l = 1
max(nk,nl)

, if nodes k and l (k 6= l) are linked,

ak,l = 0, if nodes k and l (k 6= l) are not linked,

ak,k = 1−∑K
m=1,m 6=k ak,m , if k = l ,

in which nk and nl are the number of connections of nodes k and l. This composition

results inA being a double stochastic matrix, such thatA = AT . Figure 15 summarizes

the network topology and statistics.11 We choose w1 and w2 close to each other in

order to test an unfavorable detection situation:

w1 = [1 1 1 1 1 1 1 1 1 1]T and w2 = [0.97 1 1 1 1 1 1 1 1 1]T , (3.45)

since in this situation the detection problem is more challenging: for larger differences,

the performance of our algorithm would only improve. We provide simulations in

which we show how the proximity between w1 and w2 alters the performance later in

this section.

1

2

34

5

6

7

8 9

10

(a)

2 4 6 8 10

0

0.2

0.4

0.6

0.8

1

PSfrag replacements S
ta

ti
st

ic
V

al
u
e

Node (k)

αk

σ2
u,k

σ2
v,k

(b)

Figure 15: Network topology (a) and statistics (b)

11αk ∈ {0.145; 0.42; 0.92; 0.89; 0.76; 0.11; 0.38; 0.14; 0.85; 0.05}
σ2
u,k ∈ {0.9; 0.64; 0.6; 0.54; 0.9; 0.4; 0.96; 0.74; 0.82; 0.92}
σ2
v,k ∈ {0.09; 0.06; 0.008; 0.07; 0.08; 0.05; 0.07; 0.08; 0.04; 0.05}
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3.4.1 Equalization of performance

We first show the phenomenon of equalization present in the error probabilities

in Figure (16). As can be seen, the probabilities values at nodes are very similar,

despite the diversity of network statistics. This effect is caused by the performance

equalization of the diffusion LMS algorithm, and such an effect is well described in

works [19,44]. In the following simulations, we depict the maximum node error prob-

ability pe,max(i) = max
k

pe,k(i), for every time instant i, and because of the equalization

effect, it is not likely that the maximum value be substantially different from the error

probabilities at each node.
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Figure 16: Logarithm of the error probability for the 10 nodes, with initialization at wk(−1) = 0,
showing the equalization effect of diffusion LMS on these probabilities.
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3.4.2 Performance of the three different statistics

First, we illustrate how the three statistics discussed in Section 3.2, namely tk,suf(i)

(3.11), tk,approx(i) (3.16) and tk(i) (3.17), are different in performance, using a step size

of µ = 10−2. Figures 17a and 17b show the simulation result for the maximum error

probability pe,max(i) in the network.
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Figure 17: Logarithm of maximum network error probability over time, with initializations (a)
wk(−1) = 0 and (b) wk(−1) = w̄ = w1+w2

2 for the three statistics tk,suf(i), tk,approx(i) and tk(i).
Qk(i) and Lk(i)U0:i (only) were computed as if there were no diffusion (A = I), as proposed in [23].
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Recalling from Subsection 3.2 that in order to compute Qk(i) and Lk(i)U0:i (see

(3.11)), we assume, and only for these computations, no diffusion update (A = I). In

Figure 17a, the initialization is wk(−1) = 0 for all statistics, and the detector with

tk(i) only achieves the performance of the detectors using tk,suf(i) and tk,approx(i) in

steady state, as expected from our analysis in Section 3.2. In Figure 17b, on the other

hand, we used the initialization wk(−1) = w̄ for all statistics, and the result is that

our detector with this initialization avoids the initial “dead time” in which the error

probability does not decrease. This happens only for tk(i) because the initialization

w̄ was proposed to accelerates the performance of the detector using particularly this

statistic (see Section 3.3.1). The three detectors converge to the same steady state

condition, as expected from our analysis.

3.4.3 Effects of the LMS step size value

The plots in Figure 18 show how the choice of initial estimate changes the detector

performance in terms of maximum error probability. The step size has a large influence

when the initialization is at wk(−1) = 0. However, when initialization is w̄, the plots

in Figure 18 show that smaller values of µ achieve a slightly faster decrease in the

maximum error probability in the first iterations.

The aforementioned non-intuitive behavior may be explored via the theoretical

curves obtained from (3.19) using (3.31) and (3.34). Figure 19 shows the logarithm of

theoretical error probabilities over time for 17 different values of the step size, from

10−2 to 10−2/28, top to bottom, for the same network setting as before (Figure 15). As

the curves show, smaller values of the step size attain lower error probabilities for a

given time i; in other words, they achieve better performance (the plots are not smooth

because the regressor was obtained from a single realization of an AR(1) model). The

value of the step size defines the steady state of pe(i), which is smaller as the step size

decreases, as predicted in [30].
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Figure 18: Maximum error probability in log scale over time, with initializationwk(−1) = 0 (top) and
wk(−1) = w̄ = (w1 +w2)/2 (bottom). The curves are arranged, from top to bottom (in steady state),
for µ ∈ {2.10−2, 1.10−2, 0.5.10−2}. The maximum value is taken among all nodes at every time i.

Another feature that can be noticed is that the curves in Figure 19 start by fol-

lowing the same exponential decrease rate for all values of µ. As time increases, the

curves detach from one another and converge to constant values; however, for smaller

step sizes, the error probability keeps decreasing for a longer time. In fact, this ex-

ponential asymptotic rate (as µ → 0) represents the curve that is obtained when pe(i)

is calculated with expression (3.32) using the result in (3.44), marked with ∆ in Fig-

ure 19. That curve represents an exponential decay rate in terms of error probability,

and our analysis shows that smaller values of step sizes better approximate this decay

rate. Therefore, for known regressors one can compute offline the number of iterations

to reach a desired maximum error probability, based solely in expressions (3.32) and

(3.44).
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Figure 19: Logarithm of theoretical error probability for node k = 1 for 17 different values of µ and
calculated from (3.44) for same node.

3.4.4 Changing w2 and the SNR

We show that the performance results are qualitatively the same for any pair of

values for w1 and w2. The difference is in the magnitude of the steady state error

probability, and on the rate of convergence, which both change with the SNR. To il-

lustrate that, we provide the following simulations in Figures 20a to 20d. Figure 20a

shows the maximum error probabilities pe,max(i), simulated with same network settings

(Figure 15), using initializations wk(−1) = w̄ and wk(−1) = 0. Due to a very low

pe,max(i) in steady state that results in some of the plots, which would require a very

large number of realizations to estimate with confidence, these plots were obtained us-

ing theoretical expressions (equations (3.32) and (3.44)). The values ofw1 andw2 for

Figure 20a are given by (3.45).

In Figure 20b, we maintained the same w1 and changed w2 to

w2 = [0.9 1 1 1 1 1 1 1 1 1]T , (3.46)

and in Figure 20c, we change it to the randomly chosen vector

w2 = [−1.350 3.035 0.725 −0.063 0.715 −0.205 −0.124 1.490 1.409 1.417 ]. (3.47)



53

0 500 1000 1500 2000 2500 3000

-2.5

-2

-1.5

-1

-0.5

0

PSfrag replacements

lo
g 1

0(
p e

,m
ax
(i
))

Time (i)

wk(−1) = 0
wk(−1) = w̄

(a)

0 500 1000 1500 2000 2500 3000

-18

-16

-14

-12

-10

-8

-6

-4

-2

0

PSfrag replacements

lo
g 1

0(
p e

,m
ax
(i
))

Time (i)

wk(−1) = 0
wk(−1) = w̄

(b)

0 500 1000 1500 2000 2500 3000

-50

-40

-30

-20

-10

0

PSfrag replacements

lo
g 1

0(
p e

,m
ax
(i
))

Time (i)

wk(−1) = 0
wk(−1) = w̄

(c)

0 500 1000 1500 2000 2500 3000

-100

-80

-60

-40

-20

0

PSfrag replacements

lo
g 1

0(
p e

,m
ax
(i
))

Time (i)

wk(−1) = 0
wk(−1) = w̄

(d)

Figure 20: Simulations showing the theoretical maximum error probabilities in the network to illustrate
the influence of the proximity between w1 and w2, using initializations wk(−1) = 0 and wk(−1) =
w̄ = w1+w2

2 , for w1 and w2 given by (a) equation (3.45), (b) equation (3.46) and (c) equation (3.47)
and lower SNR (σ2

k(k) multiplied by 500), with step size µ = 10−2. (d) Same as (c), with step size
reduced to µ = 10−3.

Therefore, we tested the effect of choosing very similar solutions against when they

are diverse. We use a step size of µ = 10−2 for both Figures 20a and 20b. We see

that pe,max(i) starts decaying quickly for wk(−1) = w̄ already in the first iterations,

while for wk(−1) = 0 pe,max(i) initially remains at its maximum value (50%), and

decays a number of iterations later. Hence, the effect of choosing wk(−1) = w̄ over

wk(−1) = 0 is observed in both scenarios. Also, the effect of changingw2 affects the

steady state error probability, as we can see in these figures.

Figure 20c shows a simulation with w2 given by (3.47), a step size µ = 10−2, but

the noise variances in all nodes were multiplied by 500, otherwise the steady state error

probability would be too small and poor to compare. In Figure 20d, the step size of
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Figure 20c was changed to µ = 10−3. In both figures, we still observe the same general

behavior. Also, the figures show that reducing the step size lowers the error probability

in steady state. If the initialization wk(−1) = 0 is used, reducing µ increases the time

that pe,max(i) stays at 50% (blue curves).

Our detection method is useful in any situation, but particularly so when the SNR

(measured by the norm of w1 −w2 divided by the noise standard deviation) is small,

that is, for the most challenging detection problems. This is because in this situation,

our algorithm allows the use of a small step size (and thus a low error probability)

without sacrificing convergence speed (Figures 20a and 20b). For large SNR, we avoid

the initial stalling in convergence, but particularly in this case the use of a small step

size is not necessary, since the steady state error probability would be small even for

large step sizes (Figures 20c and 20d).

We also provide in Figure 21 simulation results in which we varied the SNR and

the proximity betweenw1 andw2. The curves represent the log theoretical error proba-

bilities for node k = 1 calculated using the ck(i) approximation for µ→ 0 in equation

(3.44). In Figure 21a, we simulated the network with the same setting that we have

been using, varying only the variance of noise in nodes σ2
k.
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Figure 21: Logarithm of theoretical error probability for node k = 1 for (a) different SNR and (b)
different w2, changing its first coordinate. The curves were calculated using the approximation in
equation (3.44) for small step sizes and for the transient (i ≤ i0).
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When the SNR is higher (0.5 × σ2
k), the exponential decay rate is increased. The

opposite occurs when the SNR is lower (2× σ2
k). Figure 20 shows how the decay rate

is altered by changing the first coordinate ofw2, recalling that the w1 and w2 are given

by (3.45).

We must recall that the actual experimental curves of error probability will detach

from these curves in Figures 21a and 20 as i increases, because the approximation for

small step sizes is valid only for the transient. This is what we showed in Figure 19,

where the smaller the step size value, the better the approximation holds.

3.4.5 Changing the network order

We simulated our detection algorithm so far using a small network in order to allow

an easy visualization and to facilitate its statistical and topological description. How-

ever, the main results presented concerning the developed ML detector are qualitatively

the same regardless of the network size. To show that, we simulated a new network

with 100 nodes, comparing the two initializations wk(−1) = 0 and wk(−1) = w̄ for

two values of the step size, namely µ = 2 · 10−2 and µ = 1 · 10−2. The values of w1

andw2 are given by (3.45). The topology and the statistical properties are displayed in

Appendix D. Figures 22a and 22b show the simulation results, where the early decay

in the error probability for wk(−1) = w̄ can be also seen.

3.5 Tracking considerations

One of the most important benefits of using distributed adaptive networks is their

tracking capability. However, the step size must be large enough to allow fast track-

ing of changes in the environment12. The proposed algorithm has a performance that

12Strictly speaking, there is an optimal step size value to track these changes. If the step size is too
large, there is a large variance, and if it is too small, the bias becomes too large [51]. However, this
optimal choice will probably be larger than the step size value used in our detection algorithm, which
should be as small as possible to improve the performance.



56

0 500 1000 1500

-2.5

-2

-1.5

-1

-0.5

0

PSfrag replacements

lo
g 1

0
(p

e,
m

ax
(i
))

Time (i)

µ = 2 · 10−2

µ = 1 · 10−2

(a)

0 500 1000 1500

-2.5

-2

-1.5

-1

-0.5

0

PSfrag replacements

lo
g 1

0
(p

e,
m

ax
(i
))

Time (i)

µ = 2 · 10−2

µ = 1 · 10−2

(b)

Figure 22: Log of maximum error probability for a network composed of 100 nodes, for two values of
the step size: µ = 2 · 10−2 and µ = 1 · 10−2. Two initializations were used: (a) wk(−1) = 0 and (b)
wk(−1) = w̄.

improves as the step size is reduced, as shown by several simulation we presented.

However, if an abrupt change occurs in the parameter ws , the algorithm will take a

long time to recover. However, it is easy to determine if an abrupt change occurs (for

example, if the true hypothesis changes from H1 to H2). Since the algorithm is using

a small step size, if ws changes abruptly, the node estimation error in diffusion LMS,

defined as ek(i) = dk(i)− uTk,iwk,i−1 (see (3.13)), will have a sharp increase. Suppos-

ing it is detected, the nodes can switch their current estimates back to w̄, recovering the

advantages of our method. Other simple solutions would be to reset the estimates at w̄

periodically at the nodes or to verify if there are changes in the node statistics tk(i).

Yet another option, albeit with higher complexity, would be to use combinations

of filters, some with larger step sizes, others with lower step sizes. A final solution

would be to use the universal distributed algorithm of [54], and take advantage of the

multiple nodes in the network, using some nodes with small step size (to guarantee

small probability of error in steady state) and other nodes with larger step size (to

guarantee good tracking behavior).
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4 CONCLUSION

During this master degree project, we developed solutions for the short term us-

ing the available data provided by the SHM system currently used by EMBRAER,

pursuing its improvement and a better understanding of the data and its nature. Also,

we developed long term solutions, envisioning novel and efficient distributed detection

implementations, aiming at its inherent advantages such as less weight (considering

wireless implementations), network scalability, less communication resources require-

ments and robustness to node and link failure, which recommend them to be used in

different SHM systems, including those applied to aircraft structures.

The research on the current centralized SHM method used by EMBRAER re-

sulted in the development of the two unsupervised classification techniques described

in Chapter 2, that is, the Spectral Similarity and the SVM classifier. The first technique

consists in grouping events by the similarity of their normalized spectral information,

and requires the waveforms of the signals detected at the sensors, while the second

consists of using AE features to decide if events are similar to a predetermined training

data set. Both techniques are unsupervised classifiers, and looking for turning them in

even more useful tools with potential for advancing and developing future studies, we

proposed two methodological procedures describing how to apply them in controlled

tests, aiming at studying and investigating AE events from the point of view of their

physical interpretation. Both procedures focused on attaining a better understanding

about acoustic emission, aiming at (i) developing feasible methods for labeling the

acquired data, (ii) implementing supervised or semi-supervised classifiers, and (iii) ap-
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plying the respective techniques in real structural tests in order to improve them with

new findings. These techniques were delivered to EMBRAER at the end of the cor-

responding stage of this cooperative work, in form of MATLAB codes, to be used in

EMBRAER’s SHM system. EMBRAER acknowledged that the work planned for this

stage was fully achieved.

Concerning our long term research line, we developed a distributed and adaptive

ML detector that (i) accelerates the convergence of diffusion detection algorithms; (ii)

allows exponential convergence of the error probability in stationary environments;

(iii) allows the designer to predict, if enough a priori information is available, after

how many iterations a given performance will be attained. These results were pub-

lished in the IEEE Signal Processing Letters. Future steps of this work on distributed

detectors include (i) the study of similar solutions when the prior probabilities for

each hypotheses are different—which are known as Maximum A Posteriori Probabil-

ity (MAP) detectors [36, p. 80]; (ii) an extension to more than two hypotheses; (iii)

an extension to stochastic regressors; (iv) the study of NP detectors investigating the

possibility of similar solutions and performance.
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APPENDIX A

Lk(i) expression derivation for the diffusion LMS.

Equations (3.13) and (3.14) can be rewritten in a single expression as follows:

wk(i) =
K∑

l=1

ak,lψl(i)

=
K∑

l=1

ak,l

[
wl(i− 1) + µlul(i)[dl(i)− uTk (i)wl(i− 1)]

]

=
K∑

l=1

ak,l

[
µlul(i)dl(i) + [IM − µlul(i)uTl (i)]wl(i− 1)

]

=
K∑

l=1

ak,lµlul(i)dl(i) +
K∑

l=1

ak,l[IM − µlul(i)uTl (i)]wl(i− 1) . (A.1)

We can rewrite the first term in (A.1) as

K∑

l=1

ak,lµlul(i)dl(i) =
K∑

l=1

ak,lµlWk(i)d(i) , (A.2)

in which we define

Wk(i) = [0 0 . . .uk(i) . . .0] , (M ×K)

d(i) = col{d1(i), . . . , dK(i)} .

The second term in (A.1) can be rewritten as

K∑

l=1

ak,l[IM − µlul(i)uTl (i)]Ll(i− 1)d0:i−1 , (A.3)

since, by the definition in (3.9), wk(i − 1) = Ll(i − 1)d0:i−1. We can re Using (A.2)
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and (A.3), we can rewrite (A.1) as

wk(i) =
K∑

l=1

ak,lµlWk(i)d(i) +
K∑

l=1

ak,l[IM − µlul(i)uTl (i)]Ll(i− 1)d0:i−1

=
∑

l=1

ak,l

[
µlWk(i)d(i) + [IM − µlul(i)uTl (i)]Ll(i− 1)d0:i−1

]

=
∑

l=1

ak,l

[
µlWk(i) [IM − µlul(i)uTl (i)]Ll(i− 1)

]


d(i)

d0:i−1




=

[ ∑

l=1

ak,lµlWk(i)
∑

l=1

ak,l[IM − µlul(i)uTl (i)]Ll(i− 1)

]
di:0 , (A.4)

since d0:i = col{d(i),di:i−1}. Therefore, comparing (A.4) with (3.9), we must have

Lk(i) =

[ K∑

l=1

ak,lµlWk(i)
K∑

l=1

ak,l[ IM − µl ul(i)uTl (i)]Ll(i− 1)

]
, (A.5)

which is the expression given by (3.15).
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APPENDIX B

A non-recursive expression for Rw̃(i)

The covariance matrix of w̃(i) is defined as

Rw̃(i) = E{w̃(i)w̃T(i)} − E{w̃(i)}E{w̃(i)}T. (B.1)

To fully develop this expression, we need expressions (3.23) and (3.28):

w̃(i) = A[IKM − µD(i)]w̃(i−1) + µAUT(i)v(i),

E{w̃(i)} = A[IKM − µD(i)]E{w̃(i−1)}.

From (3.23), we obtain

E{w̃(i)w̃T(i)} = A[IKM − µD(i)]E
{
w̃(i− 1)w̃T(i− 1)

}
[IKM − µD(i)]TAT

+ µ2AUT(i)E
{
v(i)vT(i)

}
U(i)AT. (B.2)

As v(i) = col{v1(i), . . . , vK(i)} ∼ N (0,Σ), substituting (B.2) and (3.28) in

(B.1), we have

Rw̃(i) = A[IKM − µD(i)]
(
E
{
w̃(i− 1)w̃T(i− 1)

}

− E
{
w̃(i− 1)

}
E
{
w̃T(i− 1)

})
[IKM − µD(i)]TAT

+ µ2AUT(i)ΣU(i)AT

= A[IKM − µD(i)]Rw̃(i− 1)[IKM − µD(i)]TAT + µ2AUT(i)ΣU(i)AT, (B.3)

which is a recursive expression to calculate the covariance of w̃(i). Recalling the
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definition of F(i, j) in (3.30):

F(i, j) =





∏i
n=j A[IKM − µD(i+j−n)] if i ≥ j ,

IKM if i < j ,

we can calculate the recursion in (B.3), settingRw̃(−1) = 0, as follows:

Rw̃(0) = µ2AUT(0)ΣU(0)AT = µ2H(0) ,

Rw̃(1) = A[IKM − µD(1)]Rw̃(0)[IKM − µD(1)]TAT + µ2AUT(1)ΣU(1)AT

= µ2
(
F(1, 1)H(0)FT(1, 1) +H(1)

)
,

Rw̃(2) = A[IKM − µD(2)]Rw̃(1)[IKM − µD(2)]TAT + µ2AUT(2)ΣU(2)AT

= µ2
(
F(2, 1)H(0)FT(2, 1) + F(2, 2)H(1)FT(2, 2) +H(2)

)
,

Rw̃(3) = A[IKM − µD(3)]Rw̃(2)[IKM − µD(3)]TAT + µ2AUT(3)ΣU(3)AT

= µ2
(
F(3, 1)H(0)FT(3, 1) + F(3, 2)H(1)FT(3, 2)

+ F(3, 3)H(2)FT(3, 3) +H(3)
)
,

. . .

Rw̃(i) = µ2

( i−1∑

j=0

F(i, j + 1)H(j)FT(i, j + 1) +H(i)

)
.

From the definition of F(i, j), it holds that

F(i, j + 1) = IKM , if i = j .

Therefore, a non-recursive expression for the covariance matrix of w̃(i) can be given

as

Rw̃(i) = µ2

i∑

j=0

F(i, j+1)H(j)FT(i, j+1), (B.4)

withH(j) = AUT(j)ΣU(j)AT .
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APPENDIX C

First order Taylor expansion for σk(i)

First, we recall that the statistic variance can be given by (3.42), which is

σ2
k(i) =

i+1∑

n=1

µ2n(w2 −w1)
TP2n,k(i)(w2 −w1) ,

where we defined the matrix P2n,k(i) as the kth M × M diagonal block of matrix

P2n(i) , which appears in equation (3.41):

Rw̃(i) =
i+1∑

n=1

µ2nP2n(i) .

Let us name the scalar (w2 − w1)
TP2n,k(i)(w2 − w1) as φ2n,k(i), which does not

depend on µ. Then (3.42) becomes

σ2
k(i) =

i+1∑

n=1

µ2nφ2n,k(i) . (C.1)

Let us define

σk(i) =
√
σ2
k(i) . (C.2)

A first order approximation for (C.2) around µ = 0 is given by

σk(i) ≈ σk(i)

∣∣∣∣
µ=0

+ µ
d

dµ
σk(i)

∣∣∣∣
µ=0

= µ
d

dµ
σk(i)

∣∣∣∣
µ=0

. (C.3)



64

Differentiating (C.2), we have

d

dµ
σk(i) =

d

dµ

√
σ2
k(i) =

1

2
√
σ2
k(i)

d

dµ
σ2
k(i) =

∑i+1
n=1 2nµ2n−1φ2n,k(i)

2
√∑i+1

n=1 µ
2nφ2n,k(i)

=
µ
∑i+1

n=1 nµ
2n−2φ2n,k(i)

µ
√∑i+1

n=1 µ
2n−2φ2n,k(i)

,

and assuming µ 6= 0, we have

d

dµ
σk(i) =

∑i+1
n=1 nµ

2n−2φ2n,k(i)√∑i+1
n=1 µ

2n−2φ2n,k(i)
=
φ2,k(i) +

∑i+1
n=2 nµ

2n−2φ2n,k(i)√
φ2,k(i) +

∑i+1
n=2 µ

2n−2φ2n,k(i)
. (C.4)

Using the approximation in (C.3) around µ = 0 (but for µ 6= 0) and the result in (C.4),

we have

σk(i) ≈ µ
φ2,k(i)√
φ2,k(i)

= µ
√
φ2,k(i) , (C.5)

and, therefore, the resulting first order approximation is

σk(i) ≈ µ
√

(w2 −w1)TP2,k(i)(w2 −w1) , (C.6)

which is the result presented in (3.43).
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APPENDIX D

Network with 100 nodes

The network configuration we used to simulated our algorithm in Subsection 3.4.5

is presented here. Figure 23 shows the connections among the nodes (numbered from 1

to 100) in a matrix form, where rows and columns represent the nodes, and the colors in

the positions indicate if a nodes in the corresponding row and columns are connected.

Yellow represents connection, while blue indicates no connection. The purpose of this

matrix is to display the connectivity of the nodes in the network.

Figure 23: Matrix showing the connections among nodes. Rows and columns represent the nodes
(numerated from 1 to 100), and a position colored in yellow indicates a connection between the corre-
sponding nodes of the row and the column, while blue indicates no connection.

Tables 4, 5 and 6 display the values of αk, σ2
u,k and σ2

v,k. The rows of the tables

indicate the tens of the node number (1 to 100), while the columns indicate the ones.
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Table 4: Values of αk for each node k.

Table 5: Values of σ2
u,k for each node k.

Table 6: Values of σ2
v,k for each node k.



67

APPENDIX E

Definition of features used in the SHM system

rise time: time from the capture of an AE hit to its maximum value (amp).

counts: number of excursions of the AE signal over the AE threshold.

energy: integral of the rectified voltage signal over the duration of the AE hit.

asl: average signal level, measures the “averaged” amplitude of the AE signal.

duration: time from the first threshold crossing to the end of the last threshold crossing

of the AE signal.

amp: maximum value of the AE hit.

rms: root mean square of the AE hit.

pcnts: number of AE counts between the AE hit start and the pea amplitude.

strength: similar to the feature energy, but calculated over the entire AE signal dy-

namic range and is independent of preamp gain.

absenergy: integral of the squared voltage signal over the duration of the AE hit, di-

vided by a reference resistance.
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