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Resumo

Henrique de Oliveira Rocha. Representacdes de algebras de Lie de campos vetoriais
em variedades e supervariedades algébricas. Tese (Doutorado). Instituto de Matema-
tica e Estatistica, Universidade de Sdo Paulo [e] Faculty of Graduate and Postdoctoral

Affairs, Carleton University, Sdo Paulo, 2024.

Esta tese é dedicada a um estudo sobre a estrutura e a teoria de representagio de algumas algebras de

Lie e superalgebras de Lie de dimens&o infinita.

A primeira familia estudada é a algebra de Lie de campos vetoriais em uma variedade algébrica afim
suave. Ap6s uma exposicdo sobre a estrutura dessas algebras de Lie, consideramos representagdes que
admitem uma acio compativel do anel de coordenadas da variedade algébrica e sdo geradas finitamente
como modulos sobre essa algebra comutativa. Provamos que essas representacdes podem ser associadas a
um feixe coerente que admite uma acdo compativel do feixe tangente. Também provamos que a ac¢do do

feixe tangente é dada por um operador diferencial.

A segunda familia considerada é a versdo em supergeometria da anterior. Apdés uma investigagao
sobre a suavidade de supervariedades algébricas, provamos que as secdes globais do feixe tangente de
uma supervariedade afim integral suave é uma superalgebra de Lie simples. Em seguida, consideramos as
representacdes dessa superalgebra de Lie que admitem uma acio compativel das sec¢des globais do feixe
estrutural da supervariedade afim. De forma analoga ao caso ndo-super, mostramos que o feixe de médulos
associado admite uma acdo compativel do feixe tangente quando é coerente. Além disso, mostramos que

essa acdo é definida por um operador diferencial.

Por fim, estudamos médulos de peso com multiplicidades finitas sobre a superalgebra de aplicactes
associada a uma superalgebra de Lie basica. Provamos que essas representac¢des sdo cuspidais ou parabdlicas
induzidas de um médulo cuspidal limitado sobre uma subélgebra da superalgebra de aplicagdes. Mostramos

também que modulos cuspidal limitados sdo médulos de avaliacéo.

Palavras-chave: (Super)algebras de Lie de campos vetoriais. Representacdes de algebras de Lie. Feixes de

operadores diferenciais.






Abstract

Henrique de Oliveira Rocha. Representations of Lie algebras of vector fields on
algebraic varieties and supervarieties. Thesis (Doctorate). Institute of Mathematics
and Statistics, University of Sdo Paulo [and] Faculty of Graduate and Postdoctoral Affairs,
Carleton University, Sdo Paulo, 2024.

This thesis is devoted to a study of the structure and representation theory of some infinite-dimensional

Lie algebras and Lie superalgebras.

The first family studied is the Lie algebras of vector fields on smooth affine algebraic varieties. After an
exposition of the structure of such Lie algebras, we consider representations that admit a compatible action
of the coordinate ring of the algebraic variety and are finitely generated as modules over this commutative
algebra. We prove that these representations can be associated with a vector bundle that admits a compatible
action of the tangent sheaf. We also prove that the action of the tangent sheaf is given by a differential

operator. These results allow us to solve a conjecture made in the first papers of this theory.

The second family considered is a supergeometry version of the previous. After an investigation of the
smoothness of algebraic supervarieties, we prove that the global sections of the tangent sheaf of a smooth
integral affine supervariety form a simple Lie superalgebra. Subsequently, we consider representations of
this Lie superalgebra that admit a compatible action of global sections of the structure sheaf of the affine
supervariety. Analogously to the non-super case, we show that the associated sheaf of modules admits a
compatible action of the tangent sheaf when it is coherent. We also prove that this action is defined by a

differential operator.

Lastly, we study the weight modules with finite multiplicities over the map superalgebra associated with
a basic Lie superalgebra. We prove that these representations are either cuspidal or parabolically induced
from a cuspidal bounded module over a subalgebra of the map superalgebra. We also show that cuspidal

bounded modules are evaluation modules.

Keywords: Lie (super)algebras of vector fields. Representations of Lie algebras. Sheaves of differential

operators.
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Introduction

Throughout the whole thesis, k is an algebraically closed field of characteristic 0. Unless
otherwise stated, vector spaces, linear maps and algebras are assumed to be over k.

While aiming to establish a method for solving differential equations analogous to
the Galois theory of algebraic equations, Sophus Lie discovered that continuous groups
of transformations related to differential equations could be better understood by ana-
lyzing their infinitesimal counterpart. These continuous groups of transformations and
infinitesimal transformations are known today as Lie groups and Lie algebras, respectively.
Although Lie was the first, Killing also discovered Lie algebras independently around ten
years later and classified all simple finite-dimensional complex Lie algebras (see [Kil90]) in
a paper considered to be the greatest mathematical paper of all time [Col89]. In his thesis,
Elie Cartan reviewed Killing’s paper, gave a better exposition of this classification, fixed
some mistakes he found and moved the theory forward providing new and important
results. Cartan is also broadly regarded as the creator of the modern Lie theory, who better
formulated the necessary tools to study the structure, representations and applications of
the theory [Haw96].

Some examples of infinite-dimensional Lie algebras were considered by Lie, but this
subject was difficult to tackle not only because of the lack of a well-defined theory de-
scribing the structure of infinite-dimensional Lie algebras at the time but also because
there were too many of them. Cartan started a series of papers answering questions
about Lie algebras and groups, culminating with a description of families of simple Lie
algebras that he called primitive infinite groups with n variables [Car09]. These are divided
into four infinite classes denoted by W (general vectorial algebras), S (divergence-free
algebras), H (Hamiltonian algebras), and K (contact algebras). About sixty years later,
Guillemin, Singer and Sternberg constructed an algebraic framework for filtered and
graded Lie algebras [GS64; SS65]. An algebraic proof for Cartan’s classification was found
by Weisfeiler using this framework [GQS66; Wei68]. Later, Kac considered a larger class of
Lie algebras called graded Lie algebras of polynomial growth. He managed to classify them
under certain conditions adding the loop algebras to the four classes W, S, H and K [Kac68].
However, it was Mathieu who finalized the classification of infinite-dimensional graded Lie
algebras of polynomial growth in 1992 [Mat92b], adding the centerless Virasoro algebra
as the last Lie algebra of this family.

Kac [Kac68] and Moody [Moo68] discovered another class of infinite-dimensional
Lie algebras, which is called today Kac-Moody algebras. These algebras are defined by
generators and relations through a generalized Cartan matrix, and they can be seen as
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generalizations of semisimple Lie algebras. The importance of Kac-Moody algebras was
quickly recognized, as well as their applications to both mathematics and physics. The
most important class of Kac-Moody algebras is the affine Lie algebras. These can be realized
as the central extensions of loop algebras associated with simple finite-dimensional Lie
algebras together with a degree derivation.

Different generalizations of affine Lie algebras were considered by many authors. One of
them is the map algebras or current algebras. For a finitely generated commutative algebra
S and a Lie algebra g, there is a natural way to define the structure of a Lie algebra on the
tensor product G = g ® S. Map algebras can be seen as Lie algebras defined on the set of
regular maps from X = Spec (S) to g (seen as an affine space). If there is a group T that acts
on both g and S by automorphisms, then it is even possible to consider the equivariant map
algebra G', where only regular maps equivariant for the action of T are included. Building
on earlier works for some specific examples of equivariant map algebras, Neher, Savage
and Senesi showed that irreducible finite-dimensional representations of equivariant map
algebras are evaluation representations, see [NSS12] and references therein. If g is a simple
Lie algebra, a classification of weight modules with finite-dimensional weight spaces over
G was achieved by Britten, Lemire and Lau in [BLL15; Lau18].

Savage classified finite-dimensional modules over map superalgebras when g is a basic
classical Lie superalgebra. Additionally, in joint work with Calixto and Futorny, we gave a
classification for weight G-modules with finite-dimensional weight spaces assuming that
g is a basic classical Lie algebra, generalizing the results of [BLL15; Lau18] to the super
case. Chapter 4 of this thesis will be about this paper. After proving several results on
the representation theory of G-modules and introducing the needed machinery, we prove
the parabolic induction theorem and establish a classification of simple bounded weight
modules (weight modules with dimensions of weight spaces bounded by some number) in
terms of simple g-modules and maximal ideals of S. The main result of Chapter 4 can be
summarized in the following theorem.

Theorem. Let g be a basic classical Lie superalgebra, S a finitely generated commutative
algebra, and V a weight G = g ® S-module with finite-dimensional weight spaces.

1. V is either a cuspidal bounded G-module or a parabolically induced module from a
simple cuspidal bounded module over a subalgebra of G.

2. If V is a cuspidal bounded G-module, then V is isomorphic to an evaluation module.

However, the main focus of this thesis will be on a different class of infinite-dimensional
Lie algebras — Lie algebras of vector fields on smooth irreducible affine algebraic varieties.
One family of them already appeared in Cartan’s classification, the general vectorial algebra.
Another example that we already mentioned is the graded Lie algebras of polynomial
growth — the centerless Virasoro algebra. Although graded examples of these algebras
were already well-studied, there was no general theory of the Lie algebras of vector fields
on arbitrary smooth affine varieties. Thus, after classifying weight modules with finite-
dimensional weight spaces over the Lie algebra of vector fields on the torus [BF14], Billig
and Futorny started to study the structure of the Lie algebras of vector fields on any
algebraic variety [BF18]. Jordan [Jor86] and Siebert [Sie96] proved that, for an irreducible
affine algebraic variety X, the Lie algebra Vy = Der(Ax) of derivations of the coordinate
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ring Ax of X is simple if and only if X is smooth.

Billig and Futorny initiated the study of the representation theory of these algebras.
Traditional techniques of Lie algebra theory, such as root systems, Cartan subalgebras,
or weight decomposition, are not applicable in general for Lie algebras of vector fields.
Their structure can vary greatly depending on the underlying algebraic variety. Some of
them do have a Cartan subalgebra which decomposes it in root spaces, while others do
not even have semisimple nor nilpotent elements. It was necessary to consider a different
kind of representation that could work in the general setting of these Lie algebras. Billig
and Futorny focused on modules over both Ax and Vy that satisfy the Leibniz rule, called
AxVx-modules. These are equivalent to modules over the smash product Ax#U(Vy).
AxVx-modules can be seen as a generalization of the well-researched Dx-modules over X,
since every Dx-module is an Ay Vy-module. However, it is not required for the associated
representation of Vy to be Ax-linear. Hence, there are plenty of examples of Ax Vx-modules
that are not Dy-modules, e.g. V itself, as well as the space of differential k-forms Q’)}.

AxVx-modules appeared in the classification of weight modules over the Lie algebra
of vector fields on the n-dimensional torus and affine space. Therefore, their importance
is already recognized. Billig, Futorny and Nilsson constructed two families of simple
AxVx-modules in [BFN19]: gauge modules and Rudakov modules. Rudakov modules are
the generalizations of modules constructed by Rudakov for the affine space [Rud74]. On
the other hand, gauge modules were inspired by tensor modules, which were crucial in
the papers [BF14; GS22]. It was conjectured in [BFN19] that every Ay Vy-module that is
finitely generated as an Ax-module is a gauge module, hence results on the simplicity of
gauge modules were obtained in [BNZ21] by Billig, Nilson and Zaidan. The conjecture
was proven when X = A" is the affine space by Billig, Ingalls and Nasr in [BIN23], but we
will prove it for a general algebraic variety.

So far we talked about objects of a geometric nature, however we did not associate
them with an algebraic geometric object. The affine algebraic variety X relates naturally
to a scheme on Spec (Ax) and the structure sheaf Oy, while the Lie algebra Vx associates
with the tangent sheaf ©x on X. If M is an AxVx-module, then localization gives a quasi-
coherent sheaf M of @x-modules. Then the question is whether it is possible to make M into
a sheaf of representations of ®x in a way that for each affine open subset U C X we have
that the sections (U, M) is an Ay Vy-module. Guided by their earlier paper [BIN23], Billig
and Ingalls studied a quasi-coherent sheaf that would govern these representations [BI23].
Moreover, they expanded the notions studied so far to quasi-projective varieties. Motivated
by their work, in a joint paper with Bouaziz, we showed in [BR23] that the quasi-coherent
sheaf M admits a compatible action of O if M is a finitely generated module over A
(i.e. M is coherent). We also showed that the associated representation Vx — Endy(M)
is a differential operator, which means that the map ©x — End, (M) is also a differential
operator. These results will be presented in Chapter 2, with the main accomplishment
summarized in the following theorem.

Theorem. Let X be a smooth affine algebraic variety with a coordinate ring Ax and Lie
algebra of vector fields Vx = Der(Ax). Denote by Ox the structure sheaf of X and ©x the
tangent sheaf. If M is an AxVx-module finitely generated as an Ax-module, then

1. The coherent sheaf M of Ox-modules is a vector bundle and T(U, X) is a BDer(B)-
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module for each affine open subset U = Spec (B) C X.

2. Both the representation Vx — Endy(M) and ©x — Endspec(k)(l\;l) are differential
operators.

The supergeometric version of the theory of Lie algebras of vector fields will be
investigated in this thesis as well. The above theorem can be generalized in this context,
and we will prove it in Chapter 3. The existence of odd elements will be the main difficulty
to handle, however, proofs follow a similar path to the non-super case. We will also prove
that if an affine supervariety is smooth then the Lie superalgebra of vector fields on it
is simple. Finally, we will study the AV-module theory for the supervariety with only
non-zero finite odd dimensions. The interesting fact here is that the Lie superalgebra of
vector fields is finite-dimensional and it is one of the Cartan-type simple Lie superalgebras
that appears on the classification of simple finite-dimensional Lie superalgebras [Kac77].
For this case, we first prove an isomorphism of associative superalgebras similar to the
one that holds for the affine space [BIN23], and we will show that there is an equivalence
of categories between the category of AxVx-modules and the category of vector fields
that vanish at the single point of the supervariety.

This thesis is organized as follows. In Chapter 1, we will present the preliminary results,
fix our notations and review the basics of the structure of affine varieties and the Lie algebra
of vector fields associated with it. Then, we move to the representation theory and prove
our results about AxVx-modules in Chapter 2. In Chapter 3, we give the preliminaries
on supergeometry, prove the simplicity of the Lie superalgebra of vector fields and study
its AxVx-module theory. Finally, we present our results on weight modules with finite-
dimensional weight spaces over the map algebra associated with basic Lie superalgebras
in Chapter 4.



Chapter 1

Algebraic varieties and the Lie
algebra of vector fields

This chapter presents an overview of the background results needed for this the-
sis.

In Section 1.1 we define the basics of Lie algebra theory and their representations. Then
we present the affine algebraic varieties in Section 1.2 and talk about their dimensions and
tangent spaces in Section 1.3. The Lie algebra of vector fields is introduced in Section 1.4, we
give examples and a couple of results about their structure. In Section 1.5 we introduce the
module of Kahler differentials and relate it to the Lie algebra of vector fields. In Section 1.6,
the local theory of the Lie algebra of vector fields is investigated. We finish this chapter by
introducing power series for functions and derivations in Section 1.7.

1.1 Lie algebras and representations

Definition 1.1.1. A Lie algebra g (over k) is a vector space with a binary operation
[-,-] : gxg — g, called Lie bracket, that satisfies the following conditions:

1. [-,-] is bilinear,
2. [x,x] = 0 for every x € g,
3. [x, [y, z]] + [y, [z, x]] + [2,[x, y]] = 0 for every x, y, z € g (Jacobi identity).

If g1, g, are Lie algebras and ¢ : g; — @, is a linear map, then ¢ is a homomorphism of Lie
algebras if p([x, y]) = [¢(x), ¢(y)] for every x, y € g;.

A subspace [ of Lie algebra g is a (Lie) subalgebra if [x, y| € [ for every x, y € [. Similarly,
a subspace [ of g is an ideal if [x, y] € [ for every x € [and y € g. We say that Lie algebra g
is simple if [g, g] # 0 and the only ideals of g are 0 and itself.

For the details on the structure theory of simple finite-dimensional Lie algebras and
their representations, we refer to the book of Humphreys [Hum78].
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Example 1.1.2. The commutator defines a Lie algebra structure on every associative
algebra. Let A be an associative algebra, then the commutator

[x,y]=xy—yx, x,y€A
defines a Lie bracket on A.

Example 1.1.3. Let V be a vector space and consider the set Endy (V) of linear endomor-
phisms of V. The composition of maps makes Endx(V) an associative algebra. The Lie
algebra defined by its commutator will be denoted by gl (V') or simply gl(V).

Example 1.1.4. Let A be an algebra. Define the set of derivations as
Der(A) ={D € gl(A) | D(ab) = D(a)b + aD(b) for each a, b € A}.
Since

[D1, D;](ab)
=D;(Dy(a)b + aDy(b)) — Dy(D1(a)b + aD,(b))
=[Dy, D;](@)b + D(a)D1(b) + D1(a)Dy(b) + al Dy, Do](b) — D1(a@)Dy(b) — Dy(a)D1(b)
=[Dy, D;](a)b + +a[D,, D,](b)

for each a, b € A and D,, D, € Der(A), we have that Der(A) is a Lie subalgebra of gl(A).
The above example will be the most important one for us in this thesis.

The structure of finite-dimensional Lie algebras is very well understood. There is
a complete classification of simple finite-dimensional Lie algebras, which is covered in
almost every introduction book including the one we referenced above. On the other hand,
the structure of infinite-dimensional Lie algebras can vary greatly depending on which
type is being studied.

Regardless of which Lie algebra is in the spotlight, its representations theory is always
an essential subject to investigate. It often gives insights on the structure of the Lie algebra,
since this theory can be used to translate problems in the Lie algebra theory to problems in
linear algebra. Representation theory also studies how the Lie algebra could interact with
other spaces, thus it is a great source of applications. Therefore, representation theory
is both a tool and subject of study necessary for a better understating of Lie algebra
characteristics, applications and impact.

Definition 1.1.5. Let g be a Lie algebra and V be a vector space. A representation of g is a
map ¢ : g — gl(V) that is a homomorphism of Lie algebras. When V is equipped with a
representation ¢ : g — gl(V), we say that V is a module over g or a g-module.

If V is a g-module, then a subspace W C V is a g-submodule if xw € W for every
x € gand w € W. We say that V is irreducible or simple if it only has two submodules:
V and 0; the trivial ones. If V and W are two g-modules, a linear map ¢ : V — Wisa
homomorphism of g-modules if ¢(xv) = x/(v).

Example 1.1.6. The Lie bracket defines a representation of a Lie algebra g over itself,
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called the adjoint representation. Let ad : g — gl(g) be the map defined by

ad(x)(y) = [x, yl.
By the Jacobi identity, ad is a representation.

For each Lie algebra g, there is an unital associative algebra whose modules correspond
exactly to the representations of the Lie algebra g. This is the universal enveloping algebra.
An enveloping algebra of g is a pair (U, ¢) where U is an unital associative algebra and
¢ : g — U is a homomorphism of Lie algebras (the bracket on U is the commutator). The
universal enveloping algebra (U(g), 7r) is an enveloping algebra that satisfies the following
universal property: for every enveloping algebra (U, ¢), there exists a unique homomor-
phism of associative algebras ¢ : U(g) — U such that the following diagram

i
b R
.'v‘. ‘p

U(g)

commutes. Below we will present a construction of U(g). The universal property above
shows the universal enveloping algebra is unique up to an isomorphism.

The universal enveloping algebra of g can be realized using the tensor algebra of g.
Define

() =k,
T'(g) =0,
T"(g) =g Q-+ @ g (m times), m > 1.

The tensor algebra T (g) of g is the associative algebra
7(9) =P T'(g).
i=0

where the product is given by concatenation
1R ®v) (W ® QW) =1, RV, QW ® - ® W.
Let I be the two-sided ideal of 7 (g) generated by elements of the form
x®y—-y®x—[xylx,yeg.
Denote by U(g) the quotient 7'(g)/I.

Theorem 1.1.7 (Poincaré-Birkhoff-Witt theorem). Let g be a Lie algebra, then the universal
enveloping algebra (U(g), 7) exists and it is isomorphic to U(g). Furthermore, if{x; | i € J} is
a basis of g indexed by an ordered set ], then the image of the set

{1}u {x{fl X @ @x | r>1, i <ip <<y, Ny, Ny 2 1}
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forms a basis of U(g). In particular, g is a Lie subalgebra of U(g).
Proof. See [Hum78, Section 17.3]. O

A module V over the universal enveloping algebra U(g) defines a representation
p : g = Endg(V) of g by taking p(x)v = xv. Similarly, a representation p : g — Endy(V)
of g gives an enveloping algebra (Endy(V), p), thus there existsamap p : U(g) — Endy(V)
that defines an action of U(g) on V. Hence, the category of representations of g is equivalent
to the category of modules over U(g). This equivalence provides us with numerous
additional tools derived from associative algebra theory and allows us to use the structure
of U(g) to infer theorems of the representation theory of g.

1.2 Affine algebraic varieties

Recall that k is an algebraically closed field with characteristic 0. The affine space Af
of dimension n over k is the set k"”. When k is fixed, we will denote A simply by A". The
affine space comes with a topology, called Zariski topology, where its closed subsets are
given by the affine algebraic sets

Z(S) ={(ay,...,a,) €k"| f(ay,...,a,) =0Vf € S}

with S C k[x,, ..., x,] being a subset of the polynomial algebra k[x, ..., x,]. Note that if a
is the ideal of k[x, ..., x,]| generated by S, then Z(a) = Z(S). Thus, every algebraic affine
set is given by a finite set of equations, because ideals of k[x;, ..., x,] are finitely generated.
The basis of Zariski topology is given by the basic open sets

D(f) ={(ay,...,a,) € A" | f(ay,...,a,) # 0} for f € k[xy,..., x,].
The basic open set D(f) is the complement of the affine algebraic set Z ({f}).

Let X C A" be an affine algebraic set, then we define

I(X) ={f €eklxy,.... x,] | f(as,...,a,) =0V¥(ay,...,a,) € X}

to be the ideal of polynomial functions vanishing on X. The coordinate ring Ax = k[X] of
X is defined as the quotient

Ax = Kk[xq,..., x,]/I(X).

Let p = (ay, ..., a,) € X be any point of X, then we define

m, = I(p) ={f €klxi,....x] [ f(p) = f(ar,....an) = 0} = (x1 — ay,..., Xu — ).

The ideal m, is maximal and corresponds to a maximal ideal of Ay, which will be denoted by
m, as well. Denote by Specm Ay the set of all maximal ideals of Ay. Hilbert’s Nullstellensatz
states that the map X — Specm Ay defined by p — m,, is a bijection [Har77, Theorem
1.3A].
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The induced Zariski topology from A" makes an affine algebraic set X ¢ A" a topo-
logical space as well. An affine algebraic variety is an irreducible affine algebraic set, i.e.
an algebraic set X C A is an algebraic variety if it is not a union of two proper closed
subsets. An algebraic set X is an algebraic variety if and only if Ay is an integral domain,
which is true if and only if I(X) is a prime ideal of the polynomial algebra k[x, ..., x,]. In
particular, the affine space A" is an affine algebraic variety.

For more on affine algebraic varieties, we refer to [Har77, Chapter I] and [Sha94a].
Appendix A of this thesis gives the basics of scheme theory. Affine algebraic varieties can
be defined in the scheme theoretical setting as integral separated affine schemes of finite
type over k, see Example A.0.14. Later in this thesis, we will use this association.

1.3 Tangent space and dimension

In this section, we define the notion of dimension and smoothness of an algebraic
variety. For more details, we recommend [Sha94a, Chapter 2]. If f € k[xi,...,x,] and
p =(ay,...,a,) € X is a point, then f has a Taylor series expansion

f(x) = f(p)+ fOx) + -+ fP(x),

where ) are homogeneous polynomials of degree i in the variables x; — a;. The linear
form f® : k® — k" is called the differential of f at p, and is denoted by d, f. Explicitly,
we have

f

j—xi@)(xi 4.

n

dpf(x1,...,x,) = FO(xy, ., x,) = Z

j=1

By definition,

dp(f +g) =dpf +dpg, and dy(fg) = f(p)d,g + g(p)d, f

for all f, g € Ay. If the ideal I(X) is generated by fi,..., fi, we define the tangent space
T,X of p as the vector space

T,X ={(x1,....x,) €k" | d, fi(x1,...,x,) = 0, foreach i = 1,..., k}.

If F € Ay is such that F = f + Ix, then we set the differential of F at p as d,F := d, f|r,x-
It is possible to show that d,F is a well-defined linear form on T,X [Sha94a, Section
2.1.3].

We define the dimension of X as

dim X = maxdim T, X
peX
the maximal dimension of the tangent vector spaces of X. This is one of the many equivalent
ways of defining the dimension of an affine algebraic variety. A point p € X such that
dim T, X = dim X is called non-singular point. We say that X is smooth if every point is
non-singular.

Let m, be the maximal ideal of Ay corresponding to p € X. We have that d, : Ax —
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(T,X)" is a well-defined linear map, and it inherits the relations
d,(FG) = F(p)d,G + G(p)d,F, forF,Ge Ax

Since d,(a) = 0 for all @ € k and Ay = k @ m,, as a vector space, we only need to consider
its restriction d, : m, — (T,X)".

Proposition 1.3.1 ([Sha94a, Theorem 2.1, Section 2.1.3]). The map d, is an isomorphism
between m,/mj and (T,X)".

Therefore, if p is non-singular, we get that dimm,, /m} = dim X.

1.4 The Lie algebra of vector fields

In this section, we present one of the protagonists of this thesis: the Lie algebra of
vector fields on an algebraic variety. By Example 1.1.4, the set of all derivations

Yy = Der,(Ay) = {D € Endy(Ay) | D(ab) = D(a)b + aD(b) for all a, b € Ay}

is a Lie subalgebra of gl (Ax), because the commutator of two derivations is a deriva-
tion.

Example 1.4.1. Let X = A", then Aa» = k[xy, ..., x,,], and we will denote Va» :=V, =
Dery(k[xy, ..., x,]). Thus,
V, = K[x,...,x
@ [x axl

where -= € Vy is the partial derivative with respect to x;.

Example 1.4.2. Let
= HSl = {(xl,yl,...,xn,yn) € A™ | xl.2 + yi2 =1,i= 1,...,n} ,

then I = (x?+y?—1, i =1,...,n). The algebra homomorphism given by ¢, — y; —
ixj + It» and t‘j_1 > y; + ix; + It» defines an isomorphism between Ay» and the Laurent
polynomial algebra in n variables k[£f!, ..., t*']. For each i = 1,..., n, we define d; = ;-2 35
where 2 - € Vx is the partial derivative with respect to #. Then,

[t'd,, t°dy] = sot’™dy — rpt"™™d,, a,b=1,....,n, r,s€Z",

where we set t" = t;' - t'* for each r = (r,...,r,) € Z". Hence, the adjoint action of
di, ..., d, defines a Z"-grading on Vr», and

Vi = @k

The Lie algebra Vp is called generalized Witt algebra [BF18]. When n = 1, then Vs is the
Witt algebra whose universal central extension is the famous Virasoro algebra [Mat92a].
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Various properties of the Lie algebra Vx depend on the affine variety it is associated
with, including simplicity as the following theorem shows.

Theorem 1.4.3 ([Jor86; Sie96]). Let X be an affine algebraic variety with coordinate ring
Ay, then the Lie algebra Der(Ayx) is simple if and only if X is smooth.

Therefore, this thesis focuses on the representation theory of an infinite family of
simple Lie algebras. Their properties change a lot depending on which affine algebraic
variety they are associated with.

In [BF18], this theorem was reviewed and many examples of these Lie algebras were
investigated. Using the next proposition, we may create a relation between the Lie algebra
Vx and a quotient of V,, = Der (k[xy, ..., x,]).

Proposition 1.4.4 ([BF18, Proposition 3.1]). There exists an isomorphism between Vy =
Dery(Ay) and {y € V| 1 (10X) € ICO}/ {1 € Vi | plilxs, .., x,]) € IO}

Remark 1.4.5. As explained in [BF18], the isomorphism presented in Proposition 1.4.4 al-

d
lows us to represent derivations in Derg(Ax) as elements of the free Ax-module @ Axa—.
x.
i=1 !

9 ) T )
If Ax = Kk[xy, ..., x,]1/(fi, ..., f;), then an element p = gla—x1 + et g,,axn € @Axa_x,- isa

derivation of Ay if and only if

12 2]

d a

afs afs _
iy Tt &gy, =0

holds in Ay.

In general, the Lie algebras Vx can have different properties depending on the variety
X considered. For instance, the Lie algebra Vy is always a projective module over the
coordinate ring Ay (since X is smooth), however, it is not always a free module as the
next example shows.

Example 1.4.6. Let X = 8% = {(a;,a5,a3) € A’ | @’ + a% + a% = 1 }. We may use Re-

3
d
mark 1.4.5 to find elements of Vs inside EB A$za—. The derivations

i=1 !
d d

axj' axi

€ ng

Aij = x;

with i < j € {1, 2,3} generate Vs: as a module over Ag: but not freely since

X102 — %2013 + x3A12 = 0.

Both V- and V7 are not only free as modules over the respective coordinate ring, but

11
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they have a Cartan subalgebra that decomposes them in weight spaces. In general, this
will rarely occur. Some of the Lie algebras may not even have semisimple or nilpotent
elements as the next example shows.

Example 1.4.7. Let h € k[x] be a polynomial of odd degree equal to 2m + 1 > 3. The
hyperelliptic curve H = {(x, y) | y* = 2h(x)} C A? is smooth if and only if gcd(h, ") =
1 [BF18, Proposition 5.1]. As a vector space, its coordinate ring Ay is k[x] & yk[x] and it
has a filtration given by

deg(x*) =2k and deg(yx®) = 2k +2m + 1.

The Lie algebra V is a free module over Ay, and it is generated by 7 = y-2 + I/ (x)aiy. The
filtration on A;; induces a filtration on V3, by deg(gr) = deg(g) + 2m — 1 such that

deg([n, u]) = deg(n) + deg(u) > deg(n) > 1

if deg(n) # deg(y). Hence, n is the only eigenvector of ad, for every n € Yy, i.e. Vy has
no semisimple elements. Similarly, V; has no nilpotent elements as well.

1.5 The module of Kihler differentials and the tangent
sheaf

When it comes to the infinitesimal theory of algebraic varieties, the module of Kihler
differentials appears as a substitute for the notion of differential forms. In this section, we
introduce the notion of derivation of an algebra into a module and we define the module
of Kéhler differentials, then we show how they are related. We will use these notions to
introduce one of the main objects of study of this thesis.

Let R be a commutative ring and A be an R-algebra. For any A-module, a derivation of
A into M is an R-linear map D : A — M such that

D(ab)m = (D(a)b + aD(b)) m

for all a,b € A and m € M. We denote the space of all derivations of A into M by

Derg(A, M). Since the sum of two derivations is a derivation and aD is a derivation for
each a € A and D € Derg(A, M), we have that Derz(A, M) is an A-module.

The A-module of Kahler differentials Qg 4 relative to R is the A-module generated by
the symbols da for all a € A subject to the relations

d(ra+ b) =rda+db, d(ab)=adb+ bda, a,beA reRr.

Note that Qg/4 comes with alinearmapd : A — Qg/4 givenby a = da.If D € Derg(A, M),
then define ¢p : Qu/r = M as ¢(da) = D(a). Since D is a derivation of A into M, it follows
that ¢p is a homomorphism of A-modules. By construction, ¢p is the only A-module
homomorphism such that ¢pod = D. It follows that d is a universal homomorphism.

Proposition 1.5.1. Let R be a commutative ring, A an R-algebra and Qg,4 the A-module of
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Kahler differentials relative to R. Then the universal derivationd : A — Qg4 is a derivation
of A into Qg4 and satisfies the universal property: for any derivation D € Derg(A, M), there
exists a unique homomorphism of A-modules ¢ : Qu/r — M such that D = ¢ o d. Therefore,
the composition with d provides the isomorphism

HOIHA(QA/R, M) = DerR(A, M)

for every A-module M.

In the case that M = A, we will denote Derg(A, M) by simply Dergz(A). The last
proposition together with Proposition 1.4.4 implies the following corollary.

Corollary 1.5.2. Let X be an algebraic variety. Then the following are isomorphic to each
other:

1. VX = Del’k(Ax);

2. {p € Vi [ p(I(X)) c IXD} /{p € Vi | p(k[xy, ..., x0]) € I(XD}

3. HomAX(QAX,]k,AX).
Example 1.5.3. Let A = k[x;, ..., x,], then any element of Q4 x can be writtenas )", fidx;
with fi,..., f, € A. The image of A-homomorphism a; : Qs — A that sends dx; to §;;

under the isomorphism Hom(Q4/x, A) = Dery(A) is the derivation %. Furthermore, Q, /i
has a basis of dx;, ..., dx, as an A-module.

Let A be a k-algebra. If h € A, we denote by A, = S™' A where S is the multiplicative
set S = {h* | k > 0}. If p is a prime ideal of A, we denote by A, = S™'A where S is the
multiplicative set S = A\ p. We may localize A-modules as well, and we will use the
notations My = Ay 4 M and M, = A, ®4 M for the localization of an A-module M by
the multiplicative sets {h* | k > 0} and A \ p, respectively. For details on the localization
of algebras and modules, we refer to [AM69, Chapter 3].

Lemma 1.5.4. Let R be a commutative algebra and A an R-algebra, then
1 Qur = Qu /g ®r R, where R’ is another R-algebra and A’ = A®g R’.

2. §7'Qu/r = Qs-14/r for any multiplicative set S C A.
Proof. See [Har77, Proposition 16.4, Proposition 16.9]. ]

The Lemma 1.5.4 shows that the module of Kahler differentials interacts nicely with
localization. Combined with Proposition 1.5.1, we may use Lemma 1.5.4 to express the
tangent sheaf associated with an affine algebraic variety using the localization of its
coordinate ring. We refer to Appendix A for the basics of scheme theory and sheaf theory
that we will use in this thesis.

Lemma 1.5.4 implies that there is a sheaf Qy on X = Spec (A) such that
[(D(h),Qx) = Qu,k, h € A

This sheaf is called sheaf of differentials of X over Spec (k).

13
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Let X be a smooth affine algebraic variety, A = Ay be its coordinate ring and V = Vx =
Der(A) the Lie algebra of vector fields on X. We can now define a quasi-coherent sheaf
Oy = Yy on X (more precisely, on Spec (A)), called tangent sheaf. Since A is Noetherian,
S"Homs(M, N) = Homg-14(S™'M, ST'N) for every finitely generated A-module M, N by
[Eis95, Proposition 2.10]. Therefore, by Proposition 1.5.1 and Lemma 1.5.4,

ST'Der(A) = ST'Homa(Qay, A) = Homg-14(S'Qup, S A)
= Homs—lA(Qs—lA’k, S_lA) = Derk(S_lA).

This means that ©x ), = Dery(Ax ) for every h € A and O, = Dery (Amp) for every
p € X. Furthermore, the isomorphism on Proposition 1.5.1 implies an isomorphism of
sheaves

HOl’l’l@X (Qx, (9)() = ®X~

1.6 Local parameters and uniformizing parameters

Suppose that X is smooth, and dim X = r. Let p € X. We say that u, ..., u, € Ay are
local parameters at p € X if each u; € m,, and their images form a basis of the vector
space m/mf,. Using the isomorphism d,, : mp/mf, — T, X", we see that u, ..., u, are local
parameters if and only if the linear forms d,u,, ..., d, u, are linearly independent. This is
equivalent to saying that the system of equations

dptty = - =dpu, =0

has 0 as its only solution on T, X.

We know the images of x; — ay, ..., x, — a, generate m, / mf). We will show how to get
local parameters at p using these functions. Let Ix = (fi, ..., f), and define

Lp) -~ L)
1= %Un(p) %(p).
X1 Ixp

By definition of T,X, dim T,X = n — rank J(p). Thus, there exists a nonzero (n — r)-
minor of J(p), since p is nonsingular. Suppose the principal (n — r)-minor h(p) is nonzero,
then

b = Xp—r41 = Qnort1s s br = Xp — ay
may be chosen as local parameters at p = (ay, ..., a,). Similarly, if the (n — r)-minor
with row indices a = {iy, ..., i,_,} and columns indices f = {ji, ..., j,_,} is nonzero, then
ti = x; — a;, i ¢ B, can be chosen as local parameters at p = (ay, ..., a,) [BN19, Lemma

3].

For each h € Ay, define D(h) = {q € X | h(q) # 0}. Thus, if p € X and h(p) # 0, then
D(h) is an open neighborhood of p. Let | = (a—f’> and {h; | j € J} be the set of all nonzero

an ?
(n — r)-minors of J. Thus, {D(h;) | j € J} is an open cover of X [BN19, Lemma 2], and
hence it is an atlas for X, called standard atlas and its open sets D(h;) are called standard
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charts.

Definition 1.6.1. Let O be the structure sheaf of X and U C X an affine open subset, then
t1,..., t; € A are called uniformizing parameters on U if

1. t,..., t; are algebraically independent over k, thus k[#,, ..., t;] C Ax;

2. every f € Ay is algebraic over k[#,, ..., t;], that is, there exists a polynomial p(x) €
k[t ..., t;][x] such that p(f) = 0;

3. a%i extends uniquely to a derivation of the localized algebra Ay = I'(U, O).
If U has uniformizing parameters ty, ..., t;, then we say that U is an étale chart.

If t,,..., t; € Ax are uniformizing parameters in the chart D(h), then s = r = dim X,
d
a_tl-'
d

.
Furthermore, if 1 € V then there exist unique gi,..., g € Apw) such that n = Z gl-g,
i=1 i

each element of f € Apy, is algebraic over k[t,, ..., t;], and Dery(App)) = @AD(;,)
i=1

since V C Dery(Ap))-

If x;,,...,x; are the variables such that the i,-collumn is not part of the minor h €
{h; | j € J}, then x;,, ..., x;, are uniformizing parameters in D(h) [BN19, Lemma 3], called
standard uniformizing parameters. If t;, ..., t, are standard uniformizing parameters in the
standard chart D(h), then haiti € Vx foreachi = 1,...,r [BF18, Section 3].

.
d

The isomorphism Homy,, (QAD(h) /k,AD(h)) — Derg(Apm) = @AD(ME sends the
i=1 i

9
atj'

freely generate Homy,,, (QAD(h)/k,AD(h)). Since aj,..., a, are the dual of d#,...,dt, in

map a; : Qa,,k — Apw given by gdt; — §;; to Hence, the maps ay,..., @,

Homy,,, (QAD(h)/]k, AD(h)), we have that Qapgy/k 18 also a free Ap(y-module, and dt,, ..., dt,
forms a basis of it.

Proposition 1.6.2 ([BEN19, Lemma 3]). Let h € Ax and ty,...,t, € Ax uniformizing
parameters of D(h). Let p € D(h), and define t; = t; — t(p) for eachi = 1,...,r. Then,
t1,..., t, are local parameters at p.

Example 1.6.3. Let X = $* = {(x,y,2) € k® | x* + y* + z* = 1} and A = As.. Its Jacobian
matrix is
Jac = [2x 2y 22].

We may choose h = z and D(h) = X \ {(x, y,z) € X | z = 0} as standard chart. Note that

x, y are algebraically independent over k. Let p € k[x, y][u] givenby p(u) = v*+x*+y*—1,

then p(z) = 0 and z is algebraic over k[x, y]. Since x, y, z generates A as a ring, every

element of A is algebraic over k[x, y]. Note that 0 = Z(x* + y* + z* — 1) = 2x + 2z%,
9z

so ¢£ = —Z which determines % € Der(Ap). By symmetry 3—; = —Z. Therefore, x, y are

uniformizing parameters in D(z).

15
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Example 1.6.4. Let

:Tn = HSl = {(xlzyl’x2>y2;"':xn:yn) GAZ” | xi2+yi2 = 1Vl = 1""’”}

be the n-torus. Note that A = K[xy, yi,..., X, yal/I, where I = (xf + yj? =1|j=1,..,n).

Let h = Hyj + I, then D(h) = X \ {(x1, y1,..-,0, £1,..., X, ¥») € X} is X without two
j=1

(n-— 1)-tc])ri. We will prove that x; + I,..., x, + I are uniformizing parameters for D(h).

They are algebraically independent. If g;(u) = sz +ut—1+1ek|x +1,...,x, + I[u],

then g;(y; + I) = 0. Since A is generated by x;, y; as an algebra, each element of Ais

algebraic over k[x; +1,..., x, + I] Since 0 = a (xb + 7)) = 28xp + Zyb , we have that

% = —5ab— and it determmes o € Ap. Therefore Xy, ..., X, are umformlzmg parameters

for D(h). In ‘the other hand, Vis oo yn are uniformizing parameters for D(x; - x,).

If D(h) is a standard chart of X, we may see D(h) itself as a smooth affine algebraic
variety with coordinate ring

Ap =Kk[xp, . x50, t]/(fisoons frsth — 1)

where A = Kk[xy,..., x,]/(fi, ..., f,) is the coordinate ring of X. Without loss of generality,
assume that ¢; = xy,...,t, = x, are standard uniformizing parameters in D(h). We may
apply Remark 1.4.5 and solve that system to obtain a basis

Z qua i=1,...,r

Jnr+1

of I'(D(h), Ox) = Der (Ay,) as an T'(D(h), (9X) = Ah -module. We have that 7;,(x;) = J;;, and
T1,..., T, are exactly the derivatives that -Z 360 9n 9 extends to. For every p € D(h), 74, ..., T,
extend to derivations of Ox ), = An, and

G)Xp—Derk OXp @(9)(1,1'1

Example 1.6.5. Let X = $? = {(a, az, a3) € A} | @? + a + a% = 1} C A} be the sphere,
and A = K[xy,x, x3]/(x? + x5 + x5 — 1) its coordinate ring. Take the standard chart
D(2x3) = D(x3), then p = glaixl + gzaixz + g3a%3 € Dery(A,,) if and only if

X181 + X282 + X383 = 0.

Thus, g3 = -8 — & and

d x; 0 9 x 0
p=gl - |t )
8x1 X3 8x3 axZ X3 8x3
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We have that t; = x;, t, = x; are standard uniformizing parameters in the chart D(x;) and

0 i 0
(__£_>(xj):5ij fori,j=1,2

Hence the local sections 7; = aixl -3 a‘; and 7, =

< and P respectively. Moreover,

0 _x 9

5 are the partial derivatives
X X3 dX3

['(D(x3),0x) = Der(A,,) = Ay, 71 ® Ay, T

Note that 7, and 7, are not global, but x;7; and x;7, are. This process can be done similarly
with the other two standard charts D(x;) and D(x;).

1.7 Power series and filtrations

Let p € X be a nonsingular point of X with local parameters ti,..., ¢, € A. For any

f € Ay, is possible to find F; € k[Ti,..., T;] of degree i, i > 0, such that f — Z F(ty,...,t;) €

i=0

mg“ [Sha94a, Section I1.2.2]. Thus we can define the formal power series ¥ = Z F of f,
i=0
called Taylor series.

Theorem 1.7.1 ([Sha94a, Section I.2.2]). Every function f € Ay, has at least one Taylor
series. If p is nonsingular, then a function has a unique Taylor series.

Therefore, we have a uniquely determined map 7 : A — R that takes each functions to
its Taylor series, where R = k[[ Ty, ..., T;]| such that z(¢;) = T;. It is possible to show that
7 is a homomorphism of algebras. The kernel of  is equal to {f € Op | f € mﬁ“ vk > 0},

thus f € ker 7 if and only if f € ﬂ mk = (0). Thus 7 is injective, and every element of
k=0
m,,/m} is uniquely determined by its Taylor series.

Example 1.7.2. Let X = A' with coordinate ¢, and let p = 0. Then m, = (¢), and one

can associate a power series Z a,t™ with any rational function f(t) = P(¢)/Q(t) with
m=0

Q(0) # 0 such that

P(t) k+1
(t) Z a,t™ = mod ¢

For example,

tk+1

=0 mod t7.

o k
— = " because "=
2 )

m=0 m=0

Let m, be the ideal in R of power series without constant term. Consider descending
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chain in A and R:

2 3
ADm,>m,d>mpD ..

(1.1)

RomyDomiom) D ...

We define topologies on A and R by taking (1.1) to be bases of open neighborhoods of

0. Since ﬂ mf, = (0) and ﬂmz = (0), these topologias are separable. In this topology,
k=0 k=0

the closure of k[t,..., t,] is A, hence k[ti, ..., t,] is a dense subset of A. By construction,
m(my,) C my, hence the map 7 is continuous.

Remark 1.7.3. Suppose X C A". Denote by m/, the ideal of k[xy, ..., x,] corresponding to
p, then we have that

(T,X)" =m,/m) = m;,/(m;)2 = my/m’.

Fix a standard chart D(h) with p € D(h) and suppose that ¢, ..., t, € A are standard
uniformizing parameters. For [ > —1 define Vx(I) = {17 € Vx| n(A) c mé‘l } Ifl+k>1,
then [Vx(1), Vx(k)] € Vx(l + k), thus Vx(0) is an ideal of Vy. Furthermore, we have a
filtration

Vx = VX(—l) D) VX(O) ] Vx(l) D) VX(Z) D,
and Vx(I) = mé“vx for every [ > —1 [BEN19, Lemma 5]. Similarly, we construct a filtration
on £ = Dery(R) = @i, R57 given by

L=CL(-1)>L0)>L(1)>L(2)D ...,

with £(I) = m!L.

Proposition 1.7.4 ([BF18, Proposition 3.2]). With the notation we fixed above, there exists
a unique embedding

~

;T\ZVX—)ﬁ,

such that the following diagram is commutative

vXXA—>A

S

LxR —— R

where the horizontal arrows are the actions of a Lie algebra by derivations, i.e. (u, f) €
Vxx A u(f)e Aand(d,¥) € L xR — d(¥) € R.



Chapter 2

Sheafification of AV-modules

We move to the representation theory of the Lie algebras of vector fields on an affine
algebraic variety. Because of the lack of a common structure on these Lie algebras that
would allow us to use popular Lie theory techniques, we will consider representations
that admit a compatible action of the ring of functions associated with the variety. This
allows us to use techniques from commutative algebra and algebraic geometry to infer
interesting properties of these modules.

Suppose that Ay is the coordinate ring of the smooth affine algebraic variety X and
Vx = Der(Ay) is its Lie algebra of derivations. In this chapter, we study the modules called
AxVx-modules. These modules were instrumental in the classification of weight modules
with finite multiplicities over both V7« and Van, see [BF16] and [GS22].

There exist several examples of Ax Vx-modules that have a fundamental role in various
mathematical theories. For instance, both Ay and Vx are AxVx-modules as well as the
modules QF of k-differential forms on X. Furthermore, every module over the algebra of
differential operators on X is an AxVx-module, which evolves into a theory that finds
valuable applications across various mathematical domains.

The main objective of this chapter is to introduce a geometric object related to these
modules. In other words, for an Ay Vx-module M that is finitely generated as Ax-module,
we prove there is an action of the tangent sheaf ©y on the coherent sheaf M that is
compatible with its structure of module over the structure sheaf Oy of X. We called these
sheaves infinitesimally equivariant sheaves. Our approach to demonstrate this is fairly
algebraic and any reader familiar with the basics of commutative algebra theory should be
able to follow the proofs. We also prove that the associated representation Vx — Endy(M)
is a differential operator and finalize the chapter proving the main conjecture of [BFN19],
which states that every finite AV-module is a gauge module. These results can be found
in the paper published by Bouaziz and the author [BR23], and we summarize them in the
following theorem.

Theorem. Let X be smooth irreducible affine algebraic variety, A be its coordinate ring and
Y = Der(A). Then,

1. Every finite AV-module is a gauge module.
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2. There is an equivalence between the category of finite AV-modules and the category of
infinitesimally equivariant bundles on X.

3. If M is a finite AV-module with associated V-representation p : V — gl (M), then p
is a differential transformation with order less or equal to a number that depends solely
on the rank of M as an A-module.

For a more explicit claim of these results, we refer to the conclusion Section 2.8 of this
chapter.

In Section 2.1, we start the chapter with definitions and preliminary results. We give a
precise definition of an Ay Vx-module as well as a way to construct new AxVx-modules
using existing ones. After giving some examples, we prove the first fundamental result of
the section, Theorem 2.1.8, that states that any AxVx-module that is finitely generated as
Ax-module is a projective Ax-module. This implies that the corresponding coherent sheaf
is a vector bundle.

Afterward, we study an associative algebra that governs AxVx-modules in Section 2.2,
which has a similar role to the universal enveloping algebra of a Lie algebra. This associative
algebra is the smash product Ax#U(Vyx) of Ax and the universal enveloping algebra of
Vx, which is an associative algebra defined on the tensor product A ® U(V) using the
coproduct of U(V). We will prove several identities in this algebra, especially for its Lie
subalgebra A ® V. These identities will be used in the following sections to prove the main
results of this chapter.

Section 2.3 is dedicated to finding certain annihilators in Ax#U(Vx). We will use the
identities proven in the previous section for certain elements of Ax ® Vyx C Ax#U(Vx) to
construct elements in the annihilator. These elements measure a degree Ax-nonlinearity
of the representation of Vx associated with an AxVx-module.

We define the action of the tangent sheaf on the coherent sheaf associated with
an AxVx-module finitely generated as an Ax-module in Section 2.4. We will use the
annihilators we found in the previous section and a formula provided in [BI23] to define
the action of the local section of Vx associated with affine basic open sets. After proving
this is well-defined and is exactly the action we needed, we establish the main theorem of
this chapter Theorem 2.4.5, building on the work done in previous sections.

We define infinitesimally equivariant sheaves in Section 2.5. They are the sheaf-
theoretically version of AV-modules. This was a term coined by Emile Bouaziz when
we started working on this problem together with Yuly Billig and Collin Ingalls. In this
section, we introduce this notion and relate it to the Atiyah algebra of a sheaf of modules.
We finish the section explaining that for smooth irreducible algebraic varieties, the category
of infinitesimally equivariant bundles is equivalent to the category of AV-modules.

In Section 2.6, an analysis of the representation associated with an AV-module or the
Lie map associated with an infinitesimally equivariant sheaf is presented. We define the set
of differential operators between two sheaves of modules (or modules over a commutative
algebra). Additionally, we use the annihilators studied before to show the representation
Vx — gl (M) associated with an AxVx-module M is a differential operator. Since being
a differential operator is a local property, we infer that the Lie map of infinitesimally
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equivariant sheaves on schemes that are covered by smooth affine algebraic varieties is a
differential operator as well.

Before we give a summary of all results of this chapter in Section 2.8, we prove the main
conjecture of the paper [BFN19] in Section 2.7, which states that every finite AV-module
is a gauge module. We combine the results of this chapter with the structure theorems
of [BI23] to prove the conjecture.

2.1 Preliminaries

Let X be a smooth affine variety, A = Ay its coordinate ring and V = Vyx = Der(Ay).
We say that M is an AV-module if M is both a V-module and an A-module such that

n-(f-m)=n(f)-m+f-(n-m) (2.1)
foralln e V, f € A,and m € M. The formula (2.1) is called the Leibniz rule.

Since A is a commutative algebra, we may consider the tensor product M ® 4 N of the
AV-modules M and N, which is an A-module. This vector space is also a V-module, where
the action is given by

nm®n)=(m)@n+ma@(nn), foralme M, ne N, andne V.

Because

n(f(m®n)) = n((fm) ® n) = n(fm) ® n+ (fm) ® (nn)
= (n(fIm) ® n+ (f(gm)) @ n+ (fm) ® (nn)

forallme M,ne N, npe V,and f € A, we have that M ® 4 N is an AV-module.

Consider the pth tensor product M®4? of M over A. This is an AV-module as we just
discussed in the previous paragraph. The permutation group &, acts on M®4? by

o1 ®a = ®aVp) = V(1) ®a - ®a Ug(p)

for each tensor v; ®4 - ®4 v, € M®4?. We say that v € M®? is an alternating p-tensor if
o(v) = sgn(o)v. The set ALM of all alternating p-tensors is an AV-submodule of M®4?.
There is a correspondence between ALM and the p-exterior power of M, which is the
vector subspace of the exterior algebra

Ny(M) = Ta(M)/ (v ®4 v [ v € M)

generated by tensors v; A Av, = v; ®4 - a0, + (V@40 |V E M), vy,...,v, € M. Both
AL(M) and A’,(M) are AV-modules.

Another way to construct AV-modules using existing ones is considering the dual of a
module. For an AV-module M the full dual space

M* = Homy (M, k)

21
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is both an A-module and V-module with (f - ¢)(m) := ¢(f -m) and (- ¢)(m) = —p(n-m)
forall f € A, n € V, m € M. These actions are compatible because

((fe))(m) = (fo)(=nm) = o(=f(nm)) = e(n(fIm — n(fm)) = (n(fle + f(ne))(m).

We can also consider the dual of M as a module over the algebra A. The vector
space
M° = Hom,(M, A)

is naturally an A-module with (f - ¢)(m) = ¢(f - m). However, the action of V is given
by
(- 9)(m) = —p(n-m) + n- (p(m)).

Considering that

(n(fe))(m) = — (fe)(nm) + n((f)(m)) = o(—f(nm)) + n(e(fm))
=p(n(fIm — f(nm)) + n(e(fm)) = (n(fe)(m) — e(n(fm)) + n((e)(fm))
=(n(fe + f(ne))(m), feA neV, meM,

we see that M° is an AV-module.

Example 2.1.1. The algebra A is an AV-module naturally and it is a simple AV-module
when X is smooth [BF18, Theorem 4.1].

Example 2.1.2. The Lie algebra V is an AV-module as well. For all n, z € V and f € A,

[, ful = n(Op + fln, 1l

Thus, the adjoint representation and the natural action of A on V make V an AV-module.

Example 2.1.3. Another example is the A-module Q) of Killer differentials. The action
of V on Q) is given by
N(adb) = n(a)db + ad(yb),

which is compatible with the action of A. Since exterior powers of an AV-module is an
AV-module, we have that Qf = AK(QY) is an AV-module as well.

Example 2.1.4. The algebra D = Dy of differential operators is the associative subalgebra
of Endy(A) generated by the subspaces Aid and V, where id : A — A denotes the identity
morphism. Therefore, a D-module is both an A-module and V-module. Since

no fid=n(f)id+ (fid)on, forallfeA neP,

we have that any D-module is an AV-module. However, a D-module M also satisfies
(fp)m = f-(n-m).In fact, an AV-module M is a D-module if and only if (fn)m = f-(n-m)
forall f € A, n € V,and m € M [Gro67]. The formal definition of the sheaf of differential
operators on a scheme is different from the one presented here for a smooth affine variety.
If Y = (|Y], Oy) is a scheme, then Dy = Diffy, (Oy, Oy), where Diffo, (M, N') is defined
in Section 2.6 for two sheaves of ©@y-modules M and N'.

Definition 2.1.5. An AV-module M is called finite if M is finitely generated as an A-
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module.

For an A-module M and prime ideal p € Spec (A), we define
rank, (M) = dimy)(k(p) ®4 M),

where k(p) = A,/(p) is the residue field of the local algebra A,. Note that rank)(M) =
dimgy,e(4) Frac(A) ® 4 M. By Nakayama’s Lemma, rank( (M) < rank,(M) for each p €
Spec (A).

Lemma 2.1.6. Let M be an A-module with r = rank),(M) < co. Then M is a projective
A-module if and only if AS(M) = 0 for allk > r.

Proof. If B is a local algebra and N is a B-module, then one of the consequences of
Nakayama’s Lemma is that rank(N) = 0 implies N = 0. We have that rank,(A*(M)) =
(rank]’;(M)). Therefore, rank,A¥(M) = 0 if k > rank,(M), so the module (AZ(M))

Afi,p (M,) over the local algebra A, is zero if k > rank,(M).

by =

If M is projective, then rank,(M) = rank)(M) = r for every prime ideal p € Spec (A).
Hence, (AK(M)), = 0 for each p € Spec(A), and k > r. Since its support is Spec (A),
AE(M) = 0.

On the other hand, suppose A% (M) = 0 forall k > r.If k > r, then rank(AX(M)) = 0. So
rank, (AX(M)) = 0 for each p € Spec (A). Therefore, rank,(M) < rank)(M). We conclude
rank, (M) = rank)(M). Since A is a Notherian intregral domain, rank,(M) = rank),(M)
for every p € Spec (A) is equivalent to M being projective [Eis95, Exercise 20.13]. O

If M is an A-module, we define the A-annihilator of M to be
Anny(M) ={f € A|Vme M fm = 0}.

The A-annihilator is an ideal of A. When M is an AV-module, its A-annihilator is trivial
as the next lemma shows.

Lemma 2.1.7. Let M be an AV-module. Then
Anny,(M)={f e A|VvmeM fm=0}=0.

Proof. We will show the ideal Ann,(M) is an AV-submodule of A. For every f € Anny(M)
andn ey,
n(f)m=n(fm)— f(ypm) =0, for each m € M.

Therefore, n(f) € Ann,(M). Hence, Anny(M) is an AV-submodule of A. Since A is a
simple AV-module (see [BF18, Theorem 4.1]) and Ann,(M) is an ideal, Ann,(M) = 0. [J

For an A-module M, we denote by

Supp(M) = {p € Spec(A) | M, = O}

and it is called the support of M. It is known that Supp(M) = V(Annu(M)), where V(P) :=
{p € Spec (A) | I C p} is the set of all prime ideals that contains the subset P C A.
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Theorem 2.1.8. Let M be a finite AV-module, then M is a projective A-module.

Proof. Let r = rank(,)(M), hence A’,(M) is nonzero. Suppose AL(M) # 0 for some p > r.
We know that localization commutes with exterior power, thus Agrac( a(Frac(A) ®4 M) = 0.

Then there exists a prime ideal p of A such that (AZ(M))p = Aﬁp (M,) = 0. Therefore,
p € Supp(AL(M)) = V(Ann,(AG(M))).

Hence, Anny(AL(M)) # 0, which is a contradiction by Lemma 2.1.7 and the fact that
AL (M) is an AV-module. Thus, A4 M must be trivial for each p > r. We conclude that M
is a projective A-module using Lemma 2.1.6. O

The previous theorem implies the sheaf M on X associated with any finite AV-module
M is a vector bundle.

It was proved in [BIN23, Lemma 4.2] that the torsion of any finite AV-module is trivial,
ie.
Tora(M) ={me M |3f € A, f #0, such that fm=0}=0

for every finite AV-module M. The above theorem can be seen as a generalization of this
statement since every projective module over A is torsion-free.

2.2 The smash product A#U(V) and its Lie subalgebra
A#Y

Vector fields have a natural geometric origin, thus it is reasonable to ask whether
AV-modules have an algebraic geometric object related to it as well. This translates into
the question of the possibility to construct a ©y = V-module structure on the coherent
sheaf M of @x-modules that satisfies the Leibniz rule for each affine subset of X, where
M is the sheaf associated to a finite AV-module M. We give a positive answer to this
question in Theorem 2.4.5. The second main problem is related to the structure of the map
© — Endy(M) associated with the representation V — Endy(M). We wish to prove it is a
differential operator. To prove these results, we will investigate certain associative algebra
related to AV-modules and prove some identities in it.

The universal enveloping algebra U(V) of V is a Hopf Algebra with the coproduct
given by
Almp)=n®1+1®n, forallneV.

The coproduct A is extended to U(V) as an algebra homomorphism A : U(V) - U(V) ®
U(V). The usual notation for the coproduct of an arbitrary element u € U(V) is given
by A(u) = Z U@y ® u(z). The action of V on the algebra A allows us to define the smash

(u)
product A#U(V) which is an associative algebra. In fact, A#U(V) is a Hopf algebra, but we

will only use its algebra structure. As a vector space, A#U(V) coincides with A ® U(V),
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and the product is defined as

(f#u)(g#v) = Z flumg)#ueyp (2.2)
()

forall f,g € A, u,v € U(V). In particular,

(f#n)(g#w) = fn(g#u + fg#nu, (2.3)

for each f, g € A, n,u € V. Notice that (f#1)(g#u) = fg#p. For details on Hopf algebras
and smash products, we refer to [DNRO1].

Due to the fact that A = A¢k C A#U(V) and U(V) = k#U(V) C A#U(V), we see that
every module over A#U(V) is both an A-module and V-module. Taking f = 1andv =1
in the equation (2.2), we conclude that these actions satisfy (2.1). Therefore, every module
over A#U(V) is an AV-module. On the other hand, an AV-module M is an A#U(V)-module
if we define (f#u)-m := f-(u-m) for each f € A, p € V and m € M. Consequently, there
exists an equivalence of the categories of AV-modules and modules over A#U(V).

From now on, results in this section do not depend on X. Therefore, we may assume
that A is an integral domain and V = Der(A).

The smash product A#U(V) is an associative algebra, thus the commutator defines a

Lie algebra structure on it. By (2.3),

Lf#n. g#ul = fe#ln. ul + fn(g)#u — gu(f)#n
for all f,g € Aand 5, € V. It follows that A#V is a Lie subalgebra of A#U(V).

The vector space A#V = A®y V is an (A, A)-bimodule. Explicitly, (a, b)(f#n) = af#bn
forall a, b, f € Aand n € V. We may write these actions using the tensor product

(a® b)(f#n) = af#bn.

The vector space AQy A is an algebra with product given by (a®b)(c®d) = (ac)®(bd).
The multiplication mapm : A® A - A m(a ® b) = ab, is a homomorphism of
commutative algebras, and its kernel is the ideal of A ® A generated by

f®1-1®f, feA

Consider the linearmap § : A > A® Agivenby §(f) = f®1—1® f, then 5(f) € ker m,
and §(f,) - 8(fi) € (ker m)* for all f, fi,..., fy € A.
The algebra A ®y A is an (A, A)-bimodule. We will write f(a ® b) = (fa) ® b, and

(a®b)f = a® (bf) for each f,a,b € A. With this notation, we have that §(fg) =
fo(g)+d(f)gforall f, g € A, hence the following lemma may be proved inductively.

Lemma 2.2.1. Forall f,g€ Aandp > 1,

p

L (5(fe) =), (i)f"cﬁ(g)"é(f)”"‘g""‘;

k=0
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p
N (LGOS

k=0

The previous lemma shows how § interacts with the structure of A ®j A as both an
algebra and (A, A)-bimodule.

For each f € A,y € V and p > 1 consider the following element of A#V

p
Qp(f. 1) = ()P (1#m) = Y (-1 (i)f”"#f"n € A#U(P). (2.4)
k=0

We will prove identities for these elements inside the Lie algebra A#V. Their importance
will be seen in the next sections of this thesis.

The first interesting property of these elements is that they commute with A = A#1 C
A#U(V). Therefore, their action on an AV-module can be seen to be by operators in
El’ldA(M)

Lemma 2.2.2. Forall f,ge A,neV,andp > 1,

Q,(f, mM(g#1) = (g#1)Q,(f, n).

Proof. 1t follows from the Binomial Theorem that 0 = (1 — 1)? = Z( ¥ <p> Thus,
k=0

(. 1e#1) — (DR 1)
p

=20 () (e = e o)
k=0

p
=0 (§) (@t prtgnsin—gptegtn) <o
k=0

foreach f,g€ A,and n e V. ]

The following lemmas give identities that will be used in other sections. The goal now
is to investigate the bracket between the elements (2.4).

Lemma 2.2.3. Forevery f, g€ A, n,p€V,and p,q > 1,

P 4
2, 2ue] = X 20 (1) (1)t st gl

k=0 [=0

Proof. As we saw in the proof of the last lemma, Z(—l)k <I’;> = 0 for all r > 1. Hence,
k=0

[Q,(f, M. Qqg, ]

p q
=20 1)k”( ) (?) [fP~ 4 fn, g% 'g'p]

k=0 [=0
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M=

0 (B) () (rater e s st 15 g ')

(=D (i) (Cl])f”"‘gq‘l#[fk . 8 Hl-

The following lemma will be used frequently when we calculate other brackets inside
A#V.

1

0

M- I
MQ

T
[=]

1

Il
o

]

Lemma 2.2.4. Forevery f € A, n,u €V, and p,q > 1,

[Q,(f, 1. Q(f, 1] = Qpig(f- [0, 1D + PRy g1 (F, (M) = qQpiqr (f n(H1).

Proof. By the previous lemma,

[Qp(f. . Qq(f. )]
& P\ (4 +q—k—lyp gk ¢l
PIDNC l(k) (l)fp T o, )
P

k=0 [=0

b q
Z (_1)k+z(i> (31) prrakely (lfk+l—1’7(f)ﬂ R+ ,u])
~0 =0

k=0

Let us separate this into three sums. Set u = k-+1. Thus, the coefficient at f7*77*# f*[n, u]
is the same as at y* in

=(1-yp(1- y)q “a- y)w
ptq
Therefore,

p q
Y Y- 1>k+l( )(Cl])f“q‘k‘l#f’“”[w] = Opgf oD,

k=0 [=0

The coefficient at fP*97“4 f*"'p(f)u is the same as in y* in
»

S5 0) (o

k=0 [=0
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J(E ()
)6) (E())

=(1-y) <y—(1 - )0") = —qy(1 — y)rta!

ptg-1

tq9-
e

P 4q P q
> Y0t (B) ()t o

=—q Z( 1)”<p+z )f”“""‘l#f“n(f)u

= 3 (P
Hence,
k=0 [=0
p+q-1
= _qu+q—l(f’ n(f)m).
Similarly,

P g

_ Z Z( 1)k+l<
k=0 [=0

ptg-1

J(§) ke etep e

=p 2 (-1 (“Z >fp+q‘“‘1#f”u(f)n

—PQp+q—1(f k()

We conclude that

[Q(F, ), Q(f, 1D] = Qpig(f, [0, 1D + PR (F, k(M) = 4 qr(f n( 1)

Lemma 2.2.5. Forevery f,g.he€ A, n,peV, p,q>1,

1.

2.

4.

Proof. For part (1), we have that [, gu] —

[Q,(f, m, Qq(f, g1 —

[Q,(f, 1), Qq(f, )] = [Qp(f. g1), Qu(f, )] = Qpug(f n(p + ().
[Q,(f. gm), Qq(f, hm] = [Qp(f, 1), Qu(f, ghm)] = 2Qp14(f, hn(g)n)

3. [Q2p(f, m), Q(f, gm] = [Q(f, gm), Qu(f, M = 2Qp(f, n(m);
[Q,(f, gm., Qq(f, n(IM] = [Q,(f, M), Qa(f, gn(mIn)] = 2Q,44(f, n(g)n(h)n);

Lgn, 1] = n(g)u + p(g)n. Therefore,

[Q,(f, gm). Qq(f, )]
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=Quiq(f> [1 gD + P21 (f, gu(FIN) = 411 (f- n(f)g1)
= Qpig(f, [81 1D = pQpi g1 (s () EN) + Q11 (f, gn( 1)
=Q,q(f. [m gl = [gn, 1) = Qpag(f, n(p + p(n).

Part (2) follows from part (1) by substituting n by hn and p by 7. All other parts follow
from (1) and (2). ]

Lemma 2.2.6. Forall f€e A, np,u€V,andp > 1,

[Qp(f> m), 1] = Qp(f. [ 1) + pQpr(f, (1) = pp(Qp-1(f 1).

Proof. For every n,u €V,
[Qp(f> ), 1#4]

P p
= ()i tertn e
k=0
p
=X () (7 e = o= U )
k=0
p
= S0 () (7 sl = g7 £ = o= D 1)
k=0

p
=0 CF D)+ 82 ) = Y0 (1) p = 07 e,
k=0

The coefficient at f?~!7“#f"“p is the same as in y* in
P
S (4 ) -ny
k=0
P p
P\ .k d k(P k
=p (—1)"( )y —y—— D < )y
% k dy é k
d
=p(1-y)’ - yd—y(l =P =pA =y +py1 -y’
p-1 -1
=p(1-y) ' A-y+y)=p(l-y) ' =p Z(—D“( y )y“-

u=0

Thus,

P » -1 o
Z(—l)k <k> (p— k)fpfkfl#fk,7 =p Z(_l)k< L )fpkl#fk’]
k=0 =0

:PQp—l(f’ ’7)
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Therefore,

[Qp(f, m), 1l = Qp(f. [, uD) + pQpr(f, (1) = pp()Qp-1(f 1).

]
The last lemma of this section shows a way to define Q,(f, n) recursively.
Lemma 2.2.7. Foreach f € A,p >0, and n € Vy,
Qp(f’ f’7) = pr(fa ’7) - Qp+1(f, ’7)-
Proof. Using the well-known recurrence relation (*') — (?) = (/7,), we get
pr(fa ’7) - Qp+1(f’ ’7)
p
— Z(_l)k (Z)fp—kﬂ#fkn _ (_1)k (P Z 1)fp+1_k#fk17 _ (_1)P1#fp+1’7
k=0
p
2o (1) = (7)) g terta=comepry
ps k k
p+1 »
— _1)\k+1 p+1-ky rk
S (L)t
. P
= (D) e = 0y,
1=0
O

2.3 Annihilators of finite AV-modules

Recall that X is a smooth irreducible algebraic variety, A is its coordinate ring and
V = Der(A) is its Lie algebra of polynomial vector fields. For an AV-module M, we define
the annihilator Ann(M) by

Ann(M) = {x € A#U(V) | xm = 0 for all m € M}.

Example 2.3.1. If M is an AV-module, then Q,(f, ) € Ann(M) forevery f € Aandn eV
if and only if M is a D-module by example 2.1.4. If we take M = V, then Q,(f, ) € Ann(V)
for every f € A, and n € V, because

o pl = 2f1fn.pl + [f*n, 1]
=2, 1)+ 2fu(fn = 2f[n, pul = 2fu(HHn + f*[n, ul = o.

We wish to prove that for every finite AV-module M and for all f € A, there exists
N > 0 such that Q,(f, n) € Ann(M) for each p > N and n € V. We will use the identities
we provided earlier to show that.
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Lemma 2.3.2. Let M be a finite AV-module with r = rank,(M), f € Aandn € V. For
2

any p > r?, there exist ai, ..., a,. € A and b € A\{0} such that bQ,(f,n) + Z a;Qi(f,n) €
i=1

Ann(M).

Proof. Since M is finitely generated with rank r, we have that End,(M) is a finitely
generated A-module with rank at most r?. By Lemma 2.2.2, the action of Q;(f, ) commutes
with the action of A in M for each i € {1,2,...,r% p}, hence {Q(f,n) | k = 1,...,r*} U
{Q,(f, n)} defines a family of endomorphisms in End4(M). Therefore, it must be A-linearly
dependent. Thus, there exists a;,...,ay € Aand b € A, b # 0, such that bQ,(f,n) +

2 a;Q(f, n) € Ann(M). l

Lemma 2.3.3. Let M be a finite AV-module with rank r, f € A and n € V such that
n(f) # 0. Then exists N that depends on r such that Q,(f, n(£)"n) € Ann(M) forall p > N.

Proof. Let m > r?, then by Lemma 2.3.2 there exists aj,...,a,2 € A not all zero and
r’+1

a,2.1 € AN\ {0} such that Z aiQy (f,n) € Ann(M) where m; = i if i < r* and m; = p if
i=1

i = r* + 1. Thus, for every m € M,

0= Qm1(f> I’]) <Z aiQmi(f’ ’7)) m
- (Z a,Qn (f. n)> Qu, (f. M + (Z a; [Qn, (. 1). Q. ,,)]> m

= <Z ai(ml - mi)Qm1+mi—1(f’ ’7(]()’7)> m.

r’+1
Therefore, Z a;(my — m)Qp+m—1(f, n(f)n) € Ann(M). For all m € M

i=2

i=2

0 = Quyem—1 (f, 1(FN) (Z ai(my — m)Qup, 1m1(f, U(f)f?)) m

i=2

<Z ai(my —m;) [Qm1+m2—1(f’ n(n), Qonytmi—1 (5 U(f)’ﬁ]) m

<Z a;(my — m;)(m; — mi)QZm1+m2+m,-—2(fs U(f)2 ’7)) m.

i=3

We may do this process r? times to conclude that bQ,.n(f, ry(f)’Z n) € Ann(M) for some
0 # b € Aand N > 0 that depends on r. By Theorem 2.1.8, Tor,(M) = 0, hence
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Quin(f, ry(f)’2 n) € Ann(M). Since this holds for every p > r?, Qi 2.n(f, ry(f)’2 n) €
Ann(M) for every k > 1. O

Proposition 2.3.4. Let M be a finite AV-module and f € A. If there exists u € V such that
u(f) # 0, then there exist n € V with n(f) # 0 and N that depends on the rank of M such
that Q,(f,n) € Ann(M) for every p > N.

Lemma 2.3.5. Let M be a finite AV-module, f € A, andn € V. Suppose Q,(f, n) € Ann(M)
for each p > N for some N > 0. Then forall g,h € A

1. Qon+1+k(f, n(g)n) € Ann(M) for all k > 1;
2. Qs 1(n(RIN) € Ann(M) for all k > 1;
3. Qanok(f, gn(n(h))n) € Ann(M) for all k > 1.

Proof. The first and second claims follow from parts (3) and (4) of Lemma 2.2.5, respectively.
Since

Q,(f, gn(n(m)m) = Q,(f, n(gnh)m) = Qp(f, n(gIn(h)n),
we get that Q,(f, gn(n(h))n) for p > 3N + 2. O

The following proposition is key for this Section’s main result.

Proposition 2.3.6. Let M be a finite AV-module, and f € A. Let n € V with n(f) # 0 and
N > 0 such that Q,(f,n) € Ann(M) for every p > N. Let g,h € A and I, ¢, be the principal
ideal of A generated by n(g)n(n(h)). Then for every q € Igp ¢y, 7 € V and p > 3N + 4,
Q,(f, qr) € Ann(M).

Proof. The ideal I, ¢, is generated as a vector space by elements with the form g =
xn(g)n(n(h)) with x € A. By Lemma 2.3.5,

[Qansoek(f> xn(n(P)n), Qu(f, g7 = [Qansak(f, gxn(n(h))n), Q(f, 7)]
- Q3N+2+k+l(f, T(g)xq(n(h))r;)
=Qsns24k+1(f, T(@)xn(m(W)n + xn(n(n(W) 1) — Qanrarii(f, T(g)xn(n(h))n)
:Q3N+2+k+l(f, qT) € Ann(M)

for each k,I > 1, and 7 € V. Therefore, Qsni44x(f, q7) € Ann(M) for every k > 1,
qe Ig,h,f,ly» TEV. [

Definition 2.3.7. For an ideal I of A, define I = I and I® to be the ideal of A generated
by {g,u(g) | g € 1%V, peV}.

Lemma 2.3.8. Let M be an AV-module, and f € A. Suppose that I is an ideal of A such
that Q,(f,qr) € Ann(M) for every p > N for some N > 0. Then for each p > N + k,
Q,(f,gr) € Ann(M) forall g € I'® and t € V.

Proof. By Lemma 2.2.6,

0= [Qpui(f. g7), Lplo
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= Qpui(f.[gz. v + (p + DQ,(f, p(fgrIv — (p + Du(fHQ(f, gr)v
= —Qpu(f, p(g) v + Qi (f, gz, pv
= —=Q,(f, u(g)tv

forevery g € I, y,7 € ¥V, p > N and v € M. Thus, Q,;(f, u(g)r) € Ann(M) for every
g€landpeV.

Furthermore, for every g € I and h € A, we have that gh € [ and
Q,(f. hu()T) = Qp(f, u(gh)) — Q(f. gu(h)7) € Ann(M).

Hence, for every g € I?, we have that Q,(f, g7) € Ann(M) for every p > N + 1. Since
I® = (1*&)D we conclude by induction that Q,(f, gr) € Ann(M) for every p > N + k,
r€Vandgel®, O

Lemma 2.3.9. Forevery f € A with f ¢ k, and p € X, there exist y, ..., € V for some
I > 1 such that (p o pz o -+ o p)(f)(p) # 0.

Proof. The proofis similar to [BF18, Proposition 3.3]. Let p € X, t, ..., t; be local parameters
centered at p, 7y,..., 7, € V with 7,(¢;) = hd;; for some h € A with h(p) # 0. Write

>t €K, ]

the Taylor series at p of f. Choose = (i, ..., ;) such that fz # 0 and |f| is minimal in
flal| fo # 0} If |B| = 0, then f(p) = fz # 0.If |f| > 0, then

a ﬁl a ﬂs f
a1, or, ) P
is a nonzero multiple of 1. Therefore, the Taylor series at p of
ri' oo (),

has a nonzero constant term. Therefore, 77" o -+ o rfS( Hp) = 0. O
Corollary 2.3.10. Forall f € A, f ¢ k, there exists n € V with n(f) = 0.

Proof. By Lemma 2.3.9, there exist y, ..., y; € V for some [ > 1 such that (u; o gy o - o
p)(f)(p) # 0. In particular, y,(f) # 0. 0

The main result of this Section is the following theorem.
Theorem 2.3.11. Let M be a finite AV-module, and f € A. Then, there exists Ny, that
depends on f, such that Q,(f,n) € Ann(M) for each p > Ny, andn € V.

Proof. If f € k1, then Q,(f,n) = 0 for all p > 1. Suppose f ¢ k. By Corollary 2.3.10, there
exists y € V such that u(f) # 0. By Proposition 2.3.4, there exists n € V with n(f) = 0
and N > 0 such that Q,(f,n) € Ann(M) for every p > N. Since n(f) # 0, there exists
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g € {f, f*} such that n(f)n(n(g)) # 0. By Proposition 2.3.6, there exists a nonzero ideal
I of A such that Q,(f, q7) € Ann(M) for every g € I, 7 € V and p > 3N + 4. Since A is
Noetherian and

IcIWcI®c

is an ascending chain of ideals of A, we have that I® = I® for every | > k for some
k > 1. Let p € X. If there exists g € I such that g(p) # 0, then we are done. Otherwise,
by Lemma 2.3.9 there exists g € IV for some [ such that g(p) # 0. Since IV’ ¢ I®¥ or
IV = I® we have that g € I®). Therefore, for every p € X, there exists g € I® such that
g(p) # 0. By Hilbert’s Nullstellensatz, I® = A. By Lemma 2.3.8, for every g € I¥ = A and
p>3N+4+k Q(f,gr) € Ann(M) for every 7 € V. In particular, Q,(f, ) € Ann(M)
for each p > Ny where Ny = 3N +4 + k. [

2.4 Localizing AV-modules

Let M be a finite AV-module, and f € A, f # 0. Then
My =A@, M

is an As-module. Since the Lie algebra V is an A-module, we may consider the localization
V¢ = Der(A); = Der(Ay) as well. The open set D(f) = {p € X | f(p) # 0} C X isan
irreducible smooth affine variety, and

AD(f):Af:{fk’geA k>0}

Therefore, we may consider the question whether My is an A¢V;-module or not.

We wish to define an action of V; in such a way that My is a module over A #U(Vy).
If n € V C Vy, then its action on My must be defined as

(1#7) ( fk> - k”J(CQT + nm)

for each m € M.

Denote Qy(f, 1) = 1#n. By Theorem 2.3.11, there exists Ny such that Q,(f, n) € Ann(M)
for every p > Ny. Hence, the sum

(o8]

> f,,ﬂ Qu(f, mm

p=0
is finite for all 7 € V, and m € M. Inspired by [BI23], we will show that

Ny

< ) Z ﬂm Q,(f. m = Z]%qu, Dm (25)

=0 p=0

is well-defined for all € V, m € My. Assuming it is well-defined, we may use this formula
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to define the action of # I for every k > 0, and n € V recursively.

Lemma 2.4.1. The action of V; given by 2.5 is well-defined.

Proof. To show the action given by (2.5) is well-defined, we first must prove the action of

;'7 and coincides for each n € V. By Lemma 2.2.7,

T (f, >—Z" o o) - Z o)

p=0
=Y Lo - Z e Qanfm) = Z e (@ = 0 )
p=0
- . © oo
_ pz f;z Q(f. f) = PZ qz TEEL D)
= i i 1 i i(_l)kﬂ(p) < )fp+q k l#fk+l+1
p=0 =0 frav 3 k
= S 1 . p - fp_k N 1 : Ly pl+k+1
_pzz(:)fp+l é(—l)k<k)fp m;fqﬂ ;( < >fq #flk
oo P o q ok
B Z fjﬂ ;(_1)k <i)fp_k Z lz:(_l)l<(l]) f{—k+l+1 fl+k+1’7
p=0 =0 q=0 1=0
oo P —k
=pZ:0 f;ﬂ ;(—D"(i)fp‘k <%#fz"“f7
IR 3 DE( P poky fke SR
_p:O fep+D) Z::o( ) k froef Z f2(p+1) P(f fm

df'?

It remains to prove the action of 7 an 7 coincides for each n € V. By Lemma 2.2.7,

Ny
(1#ﬁ> m=> -2 0,f, frm

Ny
_ f;“ (fQu(f 1) = Qs (Fom)) m
p=0
N Nt
= (1#17 + Z FQp(f, n— Z JmeH(f’ ’7)) m
p=1 p=0
=(1#n)m

for each m € M;. Therefore, the action (2.5) is well-defined. O
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In order to define a module over A¢#U(Vy), we need to impose that
(g#1)((h#pm) = ((g#1)(h#p))m  and  (h#p)((g#1)m) = ((h#p)(g#1))m

for every p € Vy Uk, and g,h € A;. We will use this to prove (2.5) satisfies the Leibniz
rule.

Lemma 2.4.2. Forallne Vy, g€ Aj,me M,

Ny

) ( Frt1) Q) = P #1)2 ( 1) 24

Proof. Let n € V¢, g € Ay. By Proposition 2.2.2,
(g#DQ,(f, ) = Q,(f, m(g#1)

for all p > 0. Therefore,

N¢

S, e = (51 ) Qenpen) + Z (o) 2t

p=0

(f#1> (n(g)#1 + g#n) + (g#1) Z ( ;ﬂ#l) Qu(f.m)

p=1

- D14 #1)2( RN

By the last lemma and the comment above,
(1#p) ((g#1)m) = ((1#p)(g#1)) m = (u(g)#1) m + (g#1) ((1#p)m)

for every m € My, p € V¢, g € Ay. That is, the action (2.5) satisfies the Leibniz rule.

It remains to prove that (2.5) defines a representation of V¢. To prove it, we will need
the following lemma.

Lemma 2.4.3. Foreveryn € V¢, andm € My,

(1#%) Z (p +§—1>fj+kgp(f, nm.

p=0

Proof. We will prove the statement by induction on k > 1. For k = 1, it follows by
Lemma 2.4.1. Suppose by induction that

p+k—2 1
(f“)m ;< p )fp+k-19”(f’”)m
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for every m € M and k > 1. Hence, if k > 1, then

<1#]?k> m

Ny 1 .
:PZ:;)pr P<f’ fa—1>m
Ny P a
B (vt
p=0 a=0
Ny » Ny k—
=, fjﬂ Y- )(i )fp—“ > (‘”q 2) o Z( 1)b( )fq-b#f“”’nm
p=0 a=0 q=0

— S q+ k-2 1 SR~ atb [ P q p+q—a—b 4 ra+b

_quz( >fp+q+k;§<—1> <a> <b>f 4 pm
Ny Ny Ny

=2 (q e 2) fp+1q+k Qig(fmIm =), (u . k) L}utzl Qu(f. mm.
p=0 g=0 u=0

Proposition 2.4.4. M; is a Vy-module with the action given by (2.5).

Proof. Fix m € M;. Since (2.5) is well-defined for all elements of V;, we only need to prove
that

|

T I OO B () B Y] < 1 < 1
?} m= fs f3 2 M= [Z fr Q(f, ”)’g WQP(]C’ p|m

=

p=0

By Lemma 2.2.4 and Lemma 2.4.3,

Ny
prﬂ P(f ’7) prﬂ P(f /1)
Ny Nf

- ; 12(; fk+l+2 k(f’ n), Ql(f’ wlm

= Z Z fk+,+2 (kQpsir (Fs (M) = 190111(Fo n(FH) + Qi (f, [, u])) m

k=0 I=0

2Ny
X ((M0F) Facuom= () et + gt b ) m

u=0

:
X ((M0F) FEauom= () e + gt b ) m
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:IJJ((J:) i — U}?ﬂm N [’7}5]’",

where u = k + [ — 1 in the above formula.

Since the number of generators of My as an Ay-module is less or equal to the number
of generators of M as an A-module, we have that M; is a finitely generated as an A¢-
module.

Theorem 2.4.5. If M is a finite AV-module and f € A, f # 0, then My = Ay @, M isa
finite A¢V¢-module, where the action of Ay is given by left side multiplication and

00 * k—
<fl) m= 3 U m= 3 (p ’ 1) e

p=0 p=0 p

foreachn € Vy.

Proof. We have that My is an As-module. By Lemma 2.4.1 and Proposition 2.4.4, the formula
above gives a well-defined representation of the Lie algebra V;. By Lemma 2.4.2, this action
satisfies the Leibniz rule. Therefore, My is an A;V,-module. O]

Corollary 2.4.6. Let M be a finite AV-module and g, h € A be nonzero elements. If n € V,
and yi € V, are such that n = i as elements of Vg, then nm = um for allm € Mgy,.

hlr]

a

Proof. Let u,n € V such that = hkT” in V,, where g,h € A, g.h # 0, k,I > 0, and
a = g*h!. This means that g—”k = 41 in Der (Frac(A)). Hence, a'(ah'n — agty) = 0 for some

i > 0. Since A is a domain and V is torsion-free, hlry = gk . Therefore,

(o) (o]

1 I 1 k
> (@bl =) —=0,(a g%)
p=0 p=0

as operators of M,,. [

Remark 2.4.7. Theorem 2.4.5 and Corollary 2.4.6 imply that the coherent sheaf M on
X associated to an AV-module M is both a sheaf of @x-modules and a sheaf of ©x = V-
modules that satisfies

n(fm) = n(f)m + f(ym) for each n € T(U,Oy), f € (U, Ox), and m € T(U, M)

for each affine open set U C X. Note that we needed the assumption that X is smooth and
irreducible to prove the results of this section.
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2.5 Infinitesimally equivariant sheaves

In this section, we will extend the theory of AV-modules to scheme theory. Appendix A
reviews the basics of sheaves, schemes and quasi-coherent sheaves.

Let Y be a separated scheme with structure sheaf 0. Consider the tangent sheaf © over
Y given by I'(U, ®) = Der(B) for each affine open set U = Spec(B) C Y.

Definition 2.5.1. A sheaf M over Y of O-modules is called infinitesimally equivariant, or
infeq for short, if for each affine open set U = Spec (U) C Y, I'(U, M) is a I'(U, ©®)-module
that satisfies the Leibniz rule:

n-(f-m)=n(f)- m+ f-(n-m)foreach n e I'(U,0), f € B, m e T(U, M). (2.6)
If M is a vector bundle, we call M an infeq bundle.

Example 2.5.2. Both O and © are infeq sheaves, as well as each D-module over Y.
However, infeq sheaves need not be D-modules.

Let M be a vector bundle on Y and U C Y an affine open set. If n € I'(U, ©), then a
linear map « : T'(U, M) — T'(U, M) is called a n-derivation of T(U, M) if « satisfies the
following “Leibniz rule”: a(fm) = fa(m) + n(f)m for each f € T(U,©) and m € T(U, M).
A linear map a : T'(U, M) — T(U, M) is called derivation of T(U, M) if there exists
n € I'(U, ®) such that « is an n-derivation.

If a; is an n;-derivation and «, is an n,-derivation, then a; + Aa; is a (n; + Any)-
derivation for every A € k. Thus, the set of all derivations of I'(U, M) is a vector subspace
of T(U, Endy, (M)).

Definition 2.5.3. The Atiyah algebra At(M) of a vector bundle M on Y is the sheaf
defined by

['(U,At(M)) = {a € T (U,Endi(M)) | « is a derivation of T(U, M)}

for each affine open subset U C Y.

For a detailed discussion of the Atiyah algebra definition and its related constructions,
we refer the reader to [BS88].

Remark. In this section, we will abuse the language commonly used in algebraic geometry.
For a sheaf S on an algebraic scheme Y, we say that a statement is true for each a € S if it
is true for each a € T(U, S) in every affine open set U C Y. For instance, Definition 2.5.1
would be written as follows: an infeq bundle is a vector bundle M that is a ®-module with
n-(f-m)=n(f)-m+ f-(n-m)foreachne®, f e O,and m € M.

Lemma 2.5.4. The Atiyah algebra is both an ©O-submodule and a Lie subalgebra of g, (M).

Proof. Let a, f € At(M) be n, p-derivations, respectively. For f € @ and m € M, we

define (fa)(m) = fa(m). Then (fa)(m) = fa(gm) = fga(m) + fn(g)(m) for each g € O.
Therefore, fa is a (fn)-derivation, and At(M) is a @-module.
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We define the bracket [«, ] by the commutator, then

[a, BI(fm) =a(B(fm)) — Bla(fm))
=a(fp(m) + p(fIm) — B(fa(m) + n(f)m)
=fa(B(m)) + n(HP(m) + u(fHa(m) + n(u(f))m
— fB(a(m)) — p(fla(m) — n()P(m) — u(n(f)m
=fla, f1(m) + [, u1(f)m.

Hence, [, B] is a [n, u]-derivation. We conclude At(M) is a Lie subalgebra of gl,(M). [

We are assuming that M is a vector bundle, hence it is torsion-free. If @ € At(M)
is both an p-derivation and a p-derivation, then n(f)m = a(fm) — fa(m) = u(f)m for
every f € O, m € M. Therefore, n = y since M is torsion free. In other words, the map
o : At(M) — O that assigns an n-derivation a € At(M) to n is well-defined. This map is
often called symbol.

Definition 2.5.5. We call a Lie algebra homomorphism L : ® — At(M) a Lie map if it is
a k-linear splitting of the symbol o, i.e., 6(L(7n)) = n for every n € ©.

Proposition 2.5.6. A vector bundle M is an infeq bundle if and only if there exists a Lie
map L : © - At(M).

Proof. Suppose M is an infeq bundle, then define L(y)m = n - m for each n € ©, and
m € M. By definition of infeq sheaf, L(n)(fm) = n(f)m + fL(n)(m). Therefore, the image
of L lies in At(M), and L is a k-linear splitting of o. Furthermore, L is the representation
of © in M, so it is a Lie algebra homomorphism.

On the other hand, if M is a vector bundle equipped with a Lie map L : ® — At(M),
then L : ® — gl (M) is a representation of © that satisfies the Leibniz rule (2.6). Therefore,
M is an infeq bundle. O]

Remark 2.5.7. In other words, Definition 2.5.1 could be rephrased as follows: a vector
bundle M is said to be an infeq bundle if it is equipped with a linear splitting L : © —
At(M) of the symbol o : At(M) — ©.

Theorem 2.5.8. Let X be an affine algebraic variety and M be a finite AxVx-module. Then
M is an infeq bundle on X = Spec (A).

Proof. Let O the structure sheaf of A on Spec (A). Consider the quasi-coherent sheaf M
given by I'(D(f), M) = My for each f € A. By Theorem 2.1.8, M is a projective module.
This is equivalent to saying that M is a locally free @-module. Therefore, M is a vector

bundle.

By Theorem 2.4.5 and Corollary 2.4.6, T(D(f), M) is a [(D(f), @)#U[T(D(f), V))-
module for each f € A, actions agree on intersections and restrictions behaves nicely with
respect to the @-module structure. Therefore, M is an infeq bundle. O
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On the other hand, if M is an infeq bundle on X, then I'(X, M) is an AV-module by
definition. This, together with the previous theorem, shows that we have an equivalence
of categories.

Corollary 2.5.9. The category of infeq bundles on a smooth irreducible affine algebraic
variety X = Spec (A) is equivalent to the category of finite Ax Vx-modules.

2.6 The Lie map as a differential operator

Let M and N be two vector bundles on a scheme Y with structure sheaf y. Fol-
lowing Grothendieck [Gro67, Section 16.8], we define the sheaf of differential operators
Diff(M, N) as a subsheaf of Homy (M, N') constructed inductively as follows. Let

Diffg, (M, N) = Homp, (M, N)
be the set of homomorphisms of @-modules. For n > 0, define
Diffy (M, N') = { D € Homy(M, N) | [D, f] € Diffy, (M, N)VfeOy}.

Then the sheaf of differential operators from M to N is

Diffo, (M, N) = || Diffly, (M, N).

n=0

A sheaf F € Diffg, (M, N) is called a differential operator of order less or equal than n.
All these notions can be defined similarly for two modules M and N over a commutative
algebra B.

We record the following proposition which will be used in the main theorem of this
section.

Proposition 2.6.1 ([Gro67, Proposition 16.8.8]). Let M, N be sheaves on Y of Oy-modules,
and D € Homy (M, N'). Then, D is a differential operator of order less or equal than n if and
only if for each ay, ..., a1 € Oy and t € M,

>, 7 <H ai> D (<H m) t) =0
Hd{1,...,n+1} i€eH igH

where |H| is the cardinality of H.

For a differential operator D € Diffgy(./\/l, N) of order less or equal to 1, we de-
fine

e(D)(f) = [D, f] € Homp, (M, N) Vf € Oy.

Using the natural isomorphism ® ® Hom, (M, N') = Dery, ((9y, Homg, (M, N )) given
by n® T — (f — n(f)T), we have a map

¢ : Diffy, (M, N') > © ® Homp, (M, N),
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which is also called symbol. In the case where M = N, the pre-image ¢ (@ ®id) is exactly
the set of maps D : M — M such that ¢(D)(f) = [D, f] = n(f)id for some 1 € ©. That
is, At(M) = £ 1(© ® id). In other words,

At(M) = {D € Diffy, (M) | e(D) e @ ®id },

and the symbol ¢ : At(M) — © we defined earlier is exactly the restriction: ¢[aym) =
o.

We wish to show that the Lie map associated with an infeq bundle is a differential
operator. We will prove this in the affine setting first. Let X be a smooth irreducible variety,
A its coordinate ring and V the Lie algebra of vector fields as before.

Theorem 2.6.2. If M is a finite AV-module with rank r, then Q,(f, 7) € Ann(M) for every
feA teV,andp>3r:+4.

Proof. Let f € A If f € k, then Q,(f,n) = 0 for every n € V. Assume f ¢ k, then there

exists y € V such that u(f) # 0. Set n = ﬁ € Vy(s), then n(f) = 1. By Lemma 2.2.4,

[Q(f, m), Qp(f, m] = (1 = p)Q,(f. ).

Consider F = Frac(A) the field of fractions of A, and M = F ®4 M, then we may see
each Q,(f, n) as an element of the vector space Endr(M) of F-linear endomorphisms of
M. We have that Q,(f, ) acts on Endz(M) by commutation Q,(f,n) - T = [Q(f, ), T]
for each T € Endp(M). The elements of the set {Qp(f, mnlp=1,..,rank(M)* + 1} C
Endr(M) are eigenvectors of Q;(f, n) with distinct eigenvalues. Therefore, there exists
p €{1,...,rank(M)? + 1} such that Q,(f,n) = 0. However, by Lemma 2.2.4

[Qa(f: ’7)» Qb(f’ ’7)] = (a - b)Qa+b—1(f» l’])

thus Q,(f, n) = 0 implies Q,(f, n) = 0 for every g > p. In particular, for all g > rank(M)?
we have Q,(f, n) € Ann(M). By Proposition 2.3.6, n(f)n(n(f?)) = 2 implies that Q,(f, 7) €
Ann(M) for every 7 € Dery(F), g > 3 rank(M)? +4. Since V injects itself in Dery (F) and M
is a torsion-free A-module, we have that Q,(f, r) € Ann(M) for every p > 3rank(M)® + 4,
and 7 € V. [

In the beginning of Section 2.2, we use the linear map § : A > A® A given §(f) =
f®1-1® f todefine Q,(f,n). For each fi,..., f, € Aand n € V, define

Q(frs s fp)s m) = 8(fi) - 6(f,)(1#n).

These elements are a generalization of the Q, defined previously. If fi = f; for each

i =1,...,p, then Q((fi,.... fp).n) = Q,(fi, ). Similar to Q,(f, n), QU(fi, ..., f,), n) also

commutes with A#1.

Lemma 2.6.3. Forevery fi,..., f, g € Aandn €V,

Q(frs -, fo)- M(g#1) = (g#DQU(frs -, fp). )-
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Proof. Let P = {1,..., p}. For each H C P, let |H| be the cardinality of H. Hence,

p
U(foes f) 1) = 8CH) = 8(f)1em) = [ [ (@1 - 1@ f)aen)
== 2O [+ ] ] fm

Hcp ieH i¢H

Thus,

= Q((f1, s fp) M(g#1) + (g#DQ(fis -5 fp)s 1)

= <Z(—1)'H' I1r Hfm) (g#1) — (g#1) <Z(—1)H' 1111 fm)

Hcp ieH i¢H Hcp i€eH i¢H
= 2O ] g+ 3 ((—1)'H [1fe#]] - (—1)H'gHﬁ#Hﬁr7)

P
=n(e) [1¢f - e =0,

We want to prove Q((fi, ..., fp), 1) € Ann(M) for large p, but first we need to prove
the following lemma.

Lemma 2.6.4. Let V be a vector space and let F(zy, ..., z,) € k[z,...,2z,]® V, F = Z z%,.

anf_

IfF(ay,...,a,) =0 forall ai,...,a, €k, thenv, = 0 forall o € zr.

Proof. Fix k > 1. For a = (ay,...,ap), f = (by,..., b)) € 7!, denote |a| 1= a; + - + a, and

b .
af = afl ---a,’. Consider the set

S={aecZl|la| <k} cZ:.

%j

Enumerate S = {a, ..., a;}, then the determinant Ly, of the matrix (ocl )inj:1 is nonzero.

k , p
The value L, is equal to (H i p)> # 0.

i=1

If k is the maximum degree of « such that v, # 0, then F(o;) = 0,i = 1,..., [, implies

that the associated homogeneous linear system in V has variables v,,i = 1,..., [, and its
A\ n

associated matrix (O(L-a’)l,],:1 has determinant L, # 0. Hence, this system has a unique

solution. Consequently, v,, = 0 for every i =1,..., [ O]

Lemma 2.6.5. For each p > 3rank(M)? + 4, we have that Q((fi, ..., f,), 1) € Ann(M).
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Proof. Since each Q,(f;, 7) € Ann(M), we have that

p P
Qp<2aiﬁ,n>= 2, (,p ,,p>ail---aiflfIfS(ﬁ)’f(l#n)eAnn(M) 27)

i=1 Li++lp=p

for all ay, ..., a, € k. We may see (2.7) as the evaluation F(ay, ..., a,) of

P
— p I I L
F= 2, (ll, " 1p>zl 2y ® 1:11 S(f)(1#n) € klz, ..., z,] ® Endi(M)

Li++lpy=p

By Lemma 2.6.4, Q((fi,, ..., fi,), 1) € Ann(M) for every 1 < iy, ..., i, < p.

The previous lemma and Proposition 2.6.1 imply the main result of this section.

Theorem 2.6.6. Let M be an infeq bundle on a separated scheme Y that admits a finite open
cover of smooth irreducible affine algebraic varieties. Denote by Oy the structure sheaf of Y
and Oy its tangent sheaf. Then, the associated Lie map L : ©y — At(M) is a differential
operator of order less or equal to 3 rank(M)?* + 4.

Proof. Since being a differential operator is a local property, we may assume that Y is affine
without loss of generality. Suppose that Y is a smooth irreducible affine algebraic variety
with coordinate ring A and Lie algebra of derivations V. Set p = 3rank,(I'(X, M))* + 4.
By Lemma 2.6.5,

Qfiss fpdmm= Y, (=" <Hf> L ((Hf) '7> m=0
}

Hc{1,...p i€eH i€eH

foreachme M, neV, fi,..., f, € A. By Proposition 2.6.1, L is a differential operator of
order less than p. O

2.7 Gauge modules

In this section, we wish to give a more explicit description of the local structure of
an AV-module utilizing the results we proved in this thesis and the structure theorems
proved in [BI23]. We will prove the conjecture from [BFEN19] that states that every finite
AV-module is a gauge module.

For k = (ky, ..., k,) € Z, we denote

k
xk — xll vee xr]:n’

where x4, ..., x, are variables.

Recall that X is a smooth affine variety with dimension dim X = r, O is its structure
sheaf with T'(X,©) = A, and O is its tangent sheaf with V = I'(X,0) = Der(A). Let
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U C X be an étale chart with uniformizing parameters ¢, ..., t, € A. Hence, the sections
ti,..., ts € B=T(U, O) define partial derivatives such that
~ . 0
w :=T(U,0) = B—.
ot,

i=1

We denote by L, . the Lie subalgebra of vector fields on the affine space A" that
vanishes at the origin. Explicitly,

r 9 r P
Er,+ = @(Tb ooy Tr)ﬁ - @k[Tb e Tr]ﬁ
i=1 o=l '

Let V be a finite-dimensional vector space and @ : L, — gl(B ® V) be a representation
of L, such that a(x)(b ® v) = ba(x)(1 @ v) for every b € B, x € L, , andv € V. Then,
B-linear functions B; : B V - B® V,i=1,...,r, are called gauge fields if

By (£,)] = 0

and the operators

0 0
_®1+Bi,—®1+Bj =0
ol ot

J

foralli,j=1,...,r.If{By, ..., B,}is a set of gauge fields, then the space B® V is a W-module
with the following action

9 og 1okf (.0
(fat,-> (g®v) = fat,- Qv+ fgBi(1®v) +gk€;{0} T o <t 8t,-> (1®v)
where f,g € B,v € Vandi = 1,...,r. In this case, B® V is a B4U(W)-module, and it is
called a local gauge module on U. We say that a finite AV-module M is a gauge module
if there exists an affine open cover {U; | i € Y} of X such that [(U;, M) is a local gauge
module on U for each i € Y. The definition given here is a slight variation of the one given

in [BFN19] to accommodate the now-known fact that AV-modules sheafify.

Let M be a finite AV-module with associated representation p : V — gl(M) of V. By
Theorem 2.4.5, M is a projective A-module, thus the coherent sheaf M is locally free. Let
us assume that both M’ = T'(U, M) and W =T'(U, ©) are free B = T'(U, ©)-modules.

For each k € Z’, denote by Q; € gl,(M’) the endomorphism of M’ that gives the
action of

K 9 . ki ks i
o(t) a_t,- := 8(t) o(ts) (1#at,~>'

By Theorem 2.6.6, p is a differential transformation with finite order. If N is the order of
differential transformation p, then Qy; = 0 for every k € Z3 with |k| > N. Note that the
family {Qk,i | keZ; \{0}, i=1,.., s} C glz(M”) because the action of B commutes with
these endomorphisms by Lemma 2.6.3.

Denote by A? = (ker m)? the p-th power of the kernel of the multiplication map m :
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B ® B — B. We have that A ® W C B#W is generated by Q((fi, ..., fp), n), fi,.... f, € B,
new. Let ] denotes the limit

T= lim(B#W)/ (A" ®5 W).

and EH denote the Lie algebra

L..=P,...T) T C @k[ T, ..., T aT

i=1
of derivations of the power series in r variables that vanishes at the origin. The vector
space B® L, is a Lie algebra with Lie bracket givenby [f ® n,g® ] = fg ® [ f, g] for

every f,g € Band n,p € EH. Define the semi-direct product W X (B ® L, ) using the
bracket

[.f®ul=n(f)®um neW, feB, pel,,.

The main theorem of [BI23] states there is an isomorphism between j\and WX (B® EH).
This isomorphism is given by twomaps ¢ : ] —» WX(BRL,.)and ¢y : WX(B®L,.) - ]

defined by
d o 1 of
#f— ) =gf—+ Tk~
¢ (g faq) gfati Z K8 atk ® aTi

keZ\{0}

0 0
¢/<gat> 88 o

v (g ®T ﬁ) = (D) (1S - 81 (1#3%) |

This theorem allows us to give an explicit formula for the action of B#W in M’ in
terms of Qi ;. If L : B#W — gl ,(M’) is the representation of B#W associated to M’, then

we define a representation T : W X (B ® EH) — gl (M) by T = Lo ¢. Explicitly,

r (g g Tk%) m = (g#1) (5@)"1 81 (1#%)) m = (g#1)0sm,

i i

(1) ()

for every f,g € B,i €{1,...,r}, m € M’. This is well-defined because Q;; = 0 for |k| > N.
Hence, calculating T - ¢, we get that

d d 1 oFf
g#f—)m: (gf#—)er Z —g—ka,im
( at; at; kezro} k!'® ot

foreveryme M’, f,ge Bandi=1,...,r
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The isomorphisms above hint that the Lie subalgebra generated by

{Q((t,-l,...,t ) 8at ) | p >0, i... ,ip,ac{l,...,r}}

in B#V is isomorphic to the Lie algebra L, .. The following lemma confirms that.

Lemma 2.7.1. Foreach k,l € Z' \{0} and a,b € {1, ..., 1},

k 9 1 9 k+l-eq _“ k+l-ep 4
[5(1‘) ,0(1) ] =1,6(t) 3%, -k, 6(t) p

Proof. We have that

ka k—c kc ca
5(1) —Z(l) <> s

0<c<k

where (]Z) denotes the multinomial coefficient and (—1)¢ = (=1)“*%"** for each ¢ € Z'.
Thus,

P d
[5(1‘)"— S(t)latb}

a

k 4 1 4 1 J k J
(5(1‘) 5(t) —5(t) ta(S(t) 8tb>

_Z Z( 1)k+lcd( )(l)(kc#t )(tl—d#tdi>
0<c<k 0<d<I d oty
Y Y 1)k+lcd<k><l>(zd#t )(tk_c#tki)
0<c<k 0<d<lI ¢ d dty
l d d Jd
1 k+l—c— d( ) ) ( td_ _ tl_ tk—c #tc_>
0<Zc;k0;d<l( ) d aty aty ( ) at,

+Z Z( 1)k+lcd(> 2) k+lcd#[ aat tda;atb

0<c<k 0<d<l
) 3 d
:( Y (_1)’< (t #1) OZI( 1)1 ? > (1) #tda_tb

0<c<k
I-d ! k—c 4 k—c ca
-(O;K;_n ()a#n) () 2 el
+l—c— +l—c— 4 9 c 4
* B T e () (o) (e @ 5w

0<c<k 0<d<l!
d
k+l c— d#tc+d €0~

=Y > (), ( )(l o

0<ce<k 0<d<lI

0
_ 1 k+l—c— d k+l—c— d# c+d—e, 7
[

0<ce<k 0<d<lI

W



48

2 | SHEAFIFICATION OF AV-MODULES

a d
_latk+l €~ _katk+l €~
(1) a1, (1) oL,

k
The fifth equality follows from the fact that Z (-1 < c) x = 0 and the last equality
0<c<k

follows from [BIN23, Lemma 3.2 (c)], which states that

Z Z( 1)k+l m— ]( )(Z>J[J k+l m— ]ym+j—ep

0<m<k 0<j<I J
Z (_1)k+l—ep xk+l—j—ep yj
0<Skl—€p
where x, y denote multi-variables. O

Let s be the rank of M’ and vy,...,v; € M’ be a basis of M’ as a B-module, then
M’ = BV = BQy V is a module over L, , under the isomorphism given by the last lemma,
where V = span {v;,...,v;}. f @ = L, — gl(BV) is the associated representation, then
a(x)(bv) = ba(x)vforevery b € B,v € V and x € L, , because the action of Q; ; commutes
with the action of B. For each v € V, we have

) ) 1 ok
(g#fa_ti> (hv) = (g#fa—t) (hw)+g . 7l at{ka(hU)

kezZ\{0}

1 9k
(gf—(h)>v+gfh<—tv>+gh Z T at{ Qv

kezZr\{0}

For eachi =1,..., r, consider the map

VoM

— | 1#— | v.
ot

Let B; : B® V — M’ be the B-linear extension of this map. Then, By, ..., B, are gauge
fields, because they are B-linear maps that commute with the action of L, , given by the
Qi jand

d 0
ot; ot

:a% (aitj(h)> v+ hB(B,(1® ) - a% (—(’1)> v+ hBi(Bi(1®v))

9
=h(BjoB;—B;-B)(1®v)) =h |1#_—,1#—|v=0.
(8, (1)) [ at; atj]
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Therefore, the action of B#W can be rewritten as

k
(er27 ) = (er 0o+ epmBron +h 3, 5 odoum

kezZr\{0}
Thus, M’ is a local gauge module on U. This solves the conjecture in [BFN19].

Theorem 2.7.2. Every finite AV-module is a gauge module.

Proof. Let M be a finite AV-module and p € X, then p € D(h) is an element of a standard
chart and there exists an open neighborhood U C X of p such that both (U, M) is a free
I'(U, O)-module. Take U, = D(h)n U, hence I'(U,, M) is a local gauge module on U, by the
arguments given above. Doing this for each p € X, we have that {U, | p € X} is an open
cover of X such that T'(U,, M) is a local gauge module on U, for each p € X. Therefore, M
is a gauge module. ]

Remark 2.7.3. Since the localization maps A < B,V < W and M — M’ are injective, M
is a gauge AV-module in the sense of the definition given in [BFN19].

2.8 Summary of results

In this chapter, we developed further the theory of AV-modules and proved the main
conjecture of the paper [BFN19] that made the foundations of this theory, which states
that every finite AV-module is a gauge module.

This was only possible because we proved that the coherent sheaf associated with a
finite AV-module is a vector bundle such that local sections admit a compatible action of
the tangent sheaf.

Theorem (Theorem 2.4.5, Theorem 2.1.8). Let X be a smooth irreducible affine algebraic
variety, A be its coordinate ring and V = Der(A). Denote by O the structure sheaf of X
and by © its tangent sheaf. Let M be a finite AV-module. Then, the coherent sheaf M of
O-modules is an infinitesimally equivariant bundle. That is, for every affine open set U C X,
the T(U, ©)-module T(U, M) is a T(U, O)L'(U, ©)-module. In particular, if U = D(f) for

f € A, then
o P k
5 $500(137)() o
p=0 [=0

is a finite sum as an operator on My and express the action of% foreachne V.

This theorem allowed us to show that the representation p : V — gl (M) associated
with the AV-module is a differential operator.

Theorem (Theorem 2.6.6). Let X be a smooth irreducible affine algebraic variety, A be its
coordinate ring and V = Der(A). If M is an AV-module with V-representation p : V —
gl (M), then p is a differential operator with order less or equal to N = rank(M)? + 4. In
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particular, for every p > N,

DD fip (H ﬁ-) =0
Hcp i€eH igH

where fi,...,f, € A,n€Vand P =1{1,..., p}.

The theory of AV-modules that started algebraically has now a compatible geometric
counterpart, which we call Infinitesimally equivariant sheaves. The algebraic-geometric
version of these results can be summarized in the following theorem.

Theorem (Theorem 2.5.9, Theorem 2.6.6). 1. Let X be a smooth irreducible affine al-
gebraic variety, A its coordinate ring and V = Der(A). There is an equivalence of
categories between the category of finite AV-modules and the category of infinitesimally
equivariant bundles.

2. Let M be an infinitesimally equivariant bundle on a separated scheme Y that admits
a finite open cover of smooth irreducible affine algebraic varieties. Denote by Oy the
structure sheaf of Y and Oy its tangent sheaf. Then, the associated Lie map L : ©y —
At(M) is a differential operator of order less or equal to 3 rank(M)* + 4.

These results are detailed in the paper authored by Bouaziz and the present au-
thor [BR23].

When combined with the structure theorems proved in [BI23], our results give us a
proof for the conjecture in [BFN19] as we saw in Section 2.7. This also gives a picture of
the local structure of AV-modules.

Theorem (Theorem 2.7.2). Let X be a smooth irreducible affine algebraic variety with
dimension r = dim(X) and structure sheaf ©. If M is an infinitesimally equivariant sheaf
on X, then for every p € X there exists an étale chart U > p with uniformizing parameters
t,..., t- € T(U, ©), a finite-dimensional subvector space V. C T'(U, M) that admits repre-
sentation p : L,. — gl (V) that commutes with the action of T(U, ©) and gauge fields
Bi,...,B, : T(U,0) ®, V - I'(U, M) such that M =T'(U,O) ®, V and

k
(g#f%)(hv):<gf£(h))v+gthi(1®v)+gh Z %%p<]"ki)v

kezr\{0} J Tl

foreveryv eV, f,g,he(U,0), andi =1,...,r.



Chapter 3

Supervarieties, superalgebras and
Lie superalgebras

In this chapter, we extend concepts and results from previous chapters to the super-
symmetric case. This entails delving into super vector spaces, superalgebras, and superva-
rieties.

As we saw in Theorem 1.4.3, the Lie algebra of vector fields on a smooth irreducible
affine algebraic variety is simple. We will prove the same result but now for the Lie
superalgebra of vector fields on a smooth irreducible affine supervariety. We will also
investigate the theory of AV-modules, however, we will assume from the start we have an
infinitesimally equivariant sheaf and prove that the associated Lie map is a differential
operator. We will also study AV-modules associated with the supervariety with purely
odd n-dimensional superspace. In this case, the Lie superalgebra of vector fields is the
simple finite-dimensional Lie superalgebra of Cartan type W(n) and the coordinate ring
is the Grassmann algebra A(n) in n variables. After showing an isomorphism analogous
to the one proven in [BIN23], we prove there is an equivalence of categories between
the category of finite W(n)A(n)-modules and finite-dimensional modules over the Lie
superalgebra of vector fields that vanishes in the unique point of the associated variety. All
these results are explicitly displayed in Section 3.10 with the summary of our results.

We will start the chapter with the basics of superlinear algebra. In Section 3.1, we
define super vector spaces, superalgebras and Lie superalgebras. To summarize, these can
be seen as generalizations of the usual structures but with minor changes made to add a
Z,-grading. Every vector space, algebra and Lie algebra are included in this context if we
consider them as having a null odd part.

In the next section, we move to supergeometry. The main objective of Section 3.2 is
to define supervarieties. To do it, we go through several concepts from supergeometry,
introducing superschemes, morphisms of superschemes, functor of points and other related
notions. Our definition of supervarieties is a direct generalization of the definition of
algebraic varieties given in the scheme theoretical setting.

The infinitesimal theory of supervarierties is explored in Section 3.3. We will go through
several related concepts, e.g. the tangent sheaf, the tangent space, the sheaf of differentials
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and smoothness. These concepts will be tied together in Theorem 3.3.11, which is part of a
more general theorem proven in [She21, Theorem B.3].

Similar to what we have done in the first preliminary chapter of this thesis, we will
define the system of parameters at a point in Section 3.4. We will give a more precise
description of the tangent sheaf, especially of its local behavior. In Example 3.4.6, we show
explicitly how to algebraically construct a local basis of the tangent sheaf seen as a sheaf
of modules of the structure sheaf of a supervariety.

Before moving to our result on the simplicity of the Lie algebra of vector fields, we will
need one more notion which will be introduced in Section 3.5. We will talk about topological
algebras, completions and power series. These will give us a powerful tool to study the
local structure of the tangent sheaf and the structure sheaf of a supervariety.

Section 3.6 contains one of our main theorems of this chapter. We will prove that if X
is a smooth integral affine supervariety of dimension greater or equal to 1|0, then global
sections of the tangent sheaf form a simple Lie superalgebra. Our proof is algebraic and it
mimics the one given in the non-super case by Billig and Futorny [BF18].

Infinitesimally equivariant sheaves on supervarieties are introduced in Section 3.7 as
well as their module version. We show that every infeq finite module over S sheafifies
into an infinitesimally equivariant sheaf if X = Spec(S) is an integral smooth affine
supervariety. In Section 3.8, we will prove that the Lie map associated with infinitesimally
equivariant sheaves on a smooth integral supervariety is a differential operator.

In Section 3.9, we will study infinitesimally equivariant sheaves on the affine superva-
riety with only odd variables, i.e. the structure scheme of the Grassmann algebra. We will
prove that the smash product A(n)#U(W(n)) of the Grassmann superalgebra A(n) and the
universal enveloping algebra of its Lie algebra W(n) = Der(A(n)) of derivations is isomor-
phic to the the tensor product of End, (A(n)) and the universal enveloping algebra of the
Lie subalgebra W(n), of W(n) formed by the vector fields that vanish at the unique point of
the associated supervariety. We finish Section 3.9 by proving the equivalence of categories
between finite-dimensional modules over A(n)#U(W(n)) and finite-dimensional modules
over W(n),. Thus, such modules may be simultaneously viewed as Rudakov modules or
tensor modules.

3.1 Super vector spaces and superalgebras

Definition 3.1.1. A super vector space V is a Z,-graded k-vector space V = V5@ V7, where
elements of Vj are called even and elements of V7 are called odd. An element v € V is called
homogeneous if it is an element of either V5 or V5. For a homogeneous element v € V we
define its parity as

ol =

0 ifl)EV@
1 ifvoeVy

A subspace W of a super vector space is a vector super space W = Wy @ W; C V with
W; C Vifori € Z,.If dim Vj = m and dim V5 = n, the superdimension of V is the pair
(m, n), which will be denoted by dim V' = m|n.
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Remark 3.1.2. When we write |v| for an element of a super vector space, we will implicitly
assume that v is a homogeneous element.

Example 3.1.3. For m, n > 0, we define the super vector space k™" as the vector space
k™" with the Z,-grading

("M = K" x {0}, (") = {0} x K"

Example 3.1.4. Let V, W be two super vector spaces. Denote by Hom(V, W) the set of
all linear maps from V to W. This vector space is a super vector space with the grading

Hom(V, W)y ={T : V> W | T(V;) C W, foralli € Z,};
Hom(V,W); ={T : V> W | T(V;) C W,,;foralli€ Z,}.

Definition 3.1.5. A morphism from a super vector space V to a super vector space W is
an element of Hom(V, W), which will be denoted by Hom(V, W)

Thus we defined the category of super vector spaces that we denote by SVect. The
category SVect admits tensor product. For super vector spaces V, W we give V ® W the
Z,-grading

(Ve W)=(V;e W) e (Vie W),
(Ve W)=(V;® W) e (Vi Wy).

This tensor product is associative, i.e. (U® V) ® W = U ® (V ® W). The object k'
is the unit element with respect to tensor multiplication. Furthermore, the linear map
ey, @ Vi® Vy, > V, ® V; given by cy, v,(v; ® v,) = (=1)"I2lp, ® v, is an isomorphism of
super vector spaces.

Definition 3.1.6. For a super vector space V define the parity shift of V to be ITV € SVect
defined as (ITV)y; = Vyand (IIV); = V5.

A superalgebra is an object S € SVect with a multiplication evenmap 7 : S® S — S,
usually denoted by 7(a ® b) = ab. It said to be commutative (or supercommutative) if
T = Tocgg, thatis, ab = (—1)*!pa. Similarly we say that S is associative if 7 o (1 ® id) =
To(id®7)onS® S ® S. In other words a(bc) = (ab)c. We say that S is unital if there
exists an even element 1 so that 7(1® a) = 7(a® 1)aforalla € S,ie,a-1=1-a = a.
The tensor product S; ® S, of two superalgebras S; and S, is a superalgebra as well, with
the multiplication map defined by

(a®b)c®d) =(-1D)"gc @ bd.

For a superalgebra S, the soul Js of S is the ideal of S generated by its odd part S;. The
body of the superalgebra S is the quotient S/Js.

Example 3.1.7. Let V be a super vector space and consider End(V) = Hom(V, V) the set

of linear endomorphisms of V. Example 3.1.4 shows that End(V) is a super vector space.

The composition of endomorphisms makes End(V) an associative superalgebra.
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Example 3.1.8. If V is a super vector space, then we may define the free associative
algebra generated by V. Define T°V = k and T*V = V®* for positive integer k. The tensor
superalgebra T(V) is the super vector space

V)= r*v

k>0
with multiplication map given by concatenation, that is,
1®®v) WM QW) =1, R QU, QW ® - ® W,.

Thus, T(V) is an unital associative superalgebra, but it is commutative if and only if V is
even and one-dimensional.

If {x1, ..., X} is a basis of Vg and {6, ..., 0,} is basis of Vi, we denote T(V) by

T(V) = k(xl, ooy Xr ’ 01, ceey 95>

Example 3.1.9. Let S(m|n) = k[xy,..., X | 01, ..., 0,] denote the superalgebra given as the
quotient of k(x, ..., x, | 01, ..., 0;) by the ideal generated by

XiXj — XjXi, 9k91 + 9k91, x,~9k — Qkxi

with i,j = 1,...,m, and k,l = 1,..., n. The superalgebra S(m|n) is commutative and its
Z,-graded structure is

S(m|n); = span,, {xlr1 e X G e O | T Ty 20, 0 <y <o < izk},

S(m|n); = span, {xlr1 Xm0y Oy | Ty T 20, 0y <y < - < i2k+1}.

Note that S(m|n) is isomorphic as a vector space to the tensor product of k[xi, ..., x,]
with the exterior algebra A(6,, ..., 8,). Furthermore, the soul Js,,) of S(m|n) is the ideal
generated by 6, ..., 0, and its body S(m|n)/ Jsmn is isomorphic to k[x, ..., x,].

A Lie superalgebra is an object g € SVect with linear even map g ® g — g, the Lie
(super)bracket, such that 7 = —7 o ¢; ; and

To(ld®7)=70(r®id)+7°(1d ® 7) o (czq ® id).

These two properties mean that if 7(x ® y) = [x, y] for each x,y € g, then [x,y] =
~(~1)*[y, x] and

[, [y, 211 = [[x, y], 2] + DMLy, [x, 2]]

for every x,y,z € g. Amap a : g; — g, between two Lie superalgebras is a morphism
of Lie superalgebras if a([x, y]) = [a(x), a(y)]. Common notions, such as subalgebras
and ideals, are defined in this setting accordingly. A Lie superalgebra g is called simple if
[g, 9] # 0 and it has exactly two ideals, 0 and g.
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Example 3.1.10. Let S be an associative superalgebra, then S is a Lie superalgebra with
the bracket given by the supercommutator

[a,b] = ab — (=1)*pq.

If V is a super vector space and S = End(V), we denote by gl(V) the associated Lie
superalgebra.

Example 3.1.11. Let S be a an associative superalgebra. A (super)derivation of S is an
element D € gl(S) such that D(ab) = D(a)b + (—1)PldaD(b) for each a, b € D. The set
Der(S) of all derivations of S is a Lie subalgebra of gl(S). If S is commutative, then Der(S)
is also an S-module, and these structures are compatible following the rule

[fn, gul = fr(gu — (=) UHIDUEED gy (£)p 4+ (—D)IEl £ g7, p] (3.1)

where f, g € S, and 7, u € Der(S).

3.2 Supervarieties

In this section, we assume that all superalgebras are associative, commutative and
unital. We denote their category by SAlg. For an introduction to supergeometry, we refer to
the book [CCF11]. For the basics of algebraic geometry, we refer to the Appendix A.

For S € SAlg, recall that Js = (S7) is the ideal generated by the odd elements. Write S”
for the quotient S/ Js. We say that S is reduced or super reduced if S” is commutative algebra
with no nilpotents elements. Note that S may still contain some (even) nilpotents.

A superspace X = (| X[, Ox) is a topological space |X| together with a sheaf of superal-
gebras Oy : |X| — SAlg such that the stalk Oy, is a local superalgebra for every point
x in |X|, i.e., Ox , has a unique maximal homogeneous ideal. We define the sheaves Oy
and Ox 1 by I'(U, Ox5) = T(U, Ox)s and T(U, Ox 1) = T'(U, Ox)1 for each open set U C |X],
respectively. Note that Oy : |X| — SAlg is a sheaf of commutative algebras. Furthermore,
both Ox and Oy 1 are sheaves of Oy g-modules.

A superscheme X is a superspace (|X|, Ox) such that Oy 1 is a quasi-coherent sheaf of
Oy o-modules. Oy is called structure sheaf of X. Given a superscheme X = (| X|, Oy), let
O denote the sheaf of algebras

O (U) = (Ox/Jx)(U)

where Jx is the ideal sheaf U — Jo, (). We will call X" the reduced space associated to the
superspace X = (|X|, Ox).

Example 3.2.1 (Affine Superscheme). Let S be a superalgebra, then consider the affine
scheme Spec (S5) with structure sheaf Os,. There exists a correspondence between prime
ideals of S and prime ideals of S” that contains Js. Since every element of Js is nilpotent,
Spec (S”) and Spec (Sy) are essentially the same and homeomorphic as topological spaces.

The stalk of O, at a prime p is given by localization O, = (Sa)p. The super vector
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space S is a module over Sj, thus there exists a quasi-coherent sheaf S on Spec () as-
sociated with it. Explicitly, the stalk of S at prime ideal p of Sj is the localization of the
(Sa)p—module atp

iz{?fes,geso\p}.

This is a sheaf of superalgebras and we will denote it by Spec (S). In particular,

I (D(f), Spec(S)) = {fﬁ lgeS n> o}.
if D(f) = {p € Spec(Sp) | f ¢ p}is a basic open set of Spec (Sp) with f € Sj.

A superscheme X that is isomorphic to Spec (S) for some commutative superalgebra S
is called affine superscheme.

Example 3.2.2 (Affine superspace A™"). Consider the polynomial superalgebra
S(m|n) =Kk[x;,..., x5 | 01,..., 0,]

over an algebraically closed field k, where x, ..., x,, are even variables and 0, ..., 6, are odd
variables. We define A™" = Spec (S(m|n)) to be the affine superspace of superdimension

m|n and denote it by A™".

The topological space underlying A™" is Spec (S(m|n)), which is essentially the same
as Spec (k[xi, ..., x,]). It consists of the even maximal ideals

(5—a;, 0;0c|i=1,....m, j,k=1,...,n)
and the even prime ideals
(p1seeesprs 056k | jk=1,...,n)
where (py, ..., p,) is a prime ideal in k[x, ..., x,].

Example 3.2.3 (Superscheme on the sphere S?). Consider the polynomial superalgebra
k[x1, x5, x5 | 01, 03, 03, &1, &, & generated over an algebraically closed field k and the ideal

I= (x12 + x22 + x32 — 5191 — lfzez — §303 - l,x191 + x292 + X393> .

Let k[ X] = k[x1, x,, x3, 61, 0, 65] /T and X = Speck[X]. Then X is a supervariety whose
reduced variety X" is the sphere S2.

Example 3.2.4. Let X, be a scheme and N a coherent sheaf on X,. Then A°N is a
superscheme. Explicitly, if U = Spec (B) C X is an affine open subset, then the exterior
algebra of the B-module N = T'(U, N')

2 3

(U ANN)=AN=BoN& /\Ne \N@& -
B B
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is a commutative superalgebra. The product of x € A\X N with y € AL NisxAy e \S'N.

Definition 3.2.5. A superscheme X is called graded if there exists a coherent sheaf M on
X" such that X = (|X|, A" M). This isomorphism is called grading. If there exists a cover of
X consisting of graded open subschemes, then we say that X is locally graded.

Remark 3.2.6. It was proved in [Kos94] that any connection on a supermanifold defines
a grading on it, thus a graded superscheme may have many different gradings.

A superalgebra S is a superdomain if S \ Js does not have zero divisors. We say that
a superscheme X is integral if the topological space |X| is connected and X = UX; with
X; = Spec (S;) such that all S; are superdomains. A generic point is a point x € |X| such
that the closure of {x} is X. If X is irreducible, then it admits an unique generic point. If X
admits an unique generic point x, we denote by k(X) = Ox , the stalk of Oy at x. For any
open affine subscheme Spec (S) C X, there exists a map I'(U, Ox) — k(X). If X = Spec(S)
is an integral superscheme, then the soul Js of S is the generic point of X. -

A morphism of superschemes f : X — Y between the superschemes X and Y is a pair
of maps f = (f], f*) such that |f| : |X| — |Y] is a continuous map, f* : Oy - f.Oy
is a sheaf morphism and the map f; : Oy)f(p) = Ox,p is a morphism of superalgebras
such that the image of the maximal ideal of Oy s, is contained in the maximal ideal of
Ox p. The sheaf f.Oy is the sheaf on |Y| defined by (f.Ox) (U) = Oy (|f|_1(U)) Thus, the

category SSch of superschemes is defined.

Definition 3.2.7. Let X be a superscheme and S is a commutative superalgebra. The set
hx(S) := hx(Spec(S)) = Homgsc,(Spec (S), X) = Homgay (I'(X, Ox), S)
is called the set of S-points of X.

There is a relation between points of the topological space |X| and k-points of X. Take
a point x € |X| such that Ox ,/mx , = k where my, is the maximal ideal of Ox ,. Then, we
define a morphism f : Spec (k) - X with f* : Ox, > Ox,/mx .k given by the canonical
projection and |f| : Spec (k) — |X]| that sends the unique point of Spec (k) to x. Hence,
f =(fl, f*) € hx(k). On the other hand, if f = (|f], f*) € hx(k), then f* : Ox s — k
defines an isomorphism Oy ¢0)/mMx fi0) = k where my £ is the maximal ideal of the local
algebra Oxf|o). Therefore, there is a correspondence between k-points of X and points
x € |X| with Ox /mx . = k. This correspondence will be used freely in this text.

Definition 3.2.8. A k-point x is closed if the corresponding prime ideal in Spec (Sy) is
maximal for each affine open neighbourhood Spec (S) C X of x.

Conversely, a k-point x € hy(k) is closed if the corresponding point x € |X| is closed.
If x is closed and Spec (S) is an affine open neighborhood of x, then the quotient of S by
the corresponding maximal ideal of x has finite dimension. Thus, it is a finite algebraic
extension of k, hence isomorphic to k. In particular, Ox,/mx, = k. Therefore, every
closed point corresponds to a k-point.

Let X,Y,Z be superschemes. If f : X — Zand g : Y — Z are morphism of
superschemes, then the fibre product is a superscheme X x; Y together with morphisms
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p1: XxzY = Xand p; : X xzY — Y such that the diagram

Xx, Y sy

lpl lg
x —1 7z

commutes and it is universal with that property. If X = Spec(A), Y = Spec(B) and
Z = Spec (S) are affine superschemes, then

X xz Y = Spec (A ®s B).

Consider the superscheme X x; X. The diagonal map A : X — X x; X will play a role
in a few definitions. This is a morphism of superschemes such that Ao p; = Ao p, = 1y,
where p; and p, are the projections maps that come with X x; X.

There exists a unique map X — Spec (k). If Spec (S) C X is an affine open subscheme,
then this map comes from the unique morphism of (unital) commutative superalgebras
k — S. We denote X Xgpec ) X by simply X x X. The superscheme X is called separated if
A : X - X x X is a closed embedding, that is, |A] : |X| — |X x X| is a homeomorphism
onto its image, the pullback morphism Ox,x — A.Ox is surjective and its kernel is locally
generated by its sections as a module over Ox,x. Similar to what happens in the usual
algebraic geometry, any affine superscheme is separated. Furthermore, if U,V C X are
affine subschemes of a separated superscheme X, then U n V is affine as well, see [Sha94b,
Section V.4.3, Proposition 3]. This is the superscheme theoretical analog of a Hausdorff
space in topology. For more on separated morphisms and schemes, see [Har77, Section
I1.4] or [Sha94b, Section V.4.3]. Schemes were originally required to be separated by
Grothendick [Gro60] and the special class of superschemes studied by us will be separated
as well.

We wish to consider a type of scheme that mimics the properties of algebraic vari-
eties.

Definition 3.2.9. A supervariety X is an irreducible separated superscheme such that

1. X admits a finite open cover of affine superschemes of the form Spec (S), where S is
a finitely generated superalgebra,

2. I'(U, Ox) — k(X) is injective for any open subscheme U C X,
3. k(X) is an integral super domain.

If there exists a superalgebra S such that X = Spec (S), then we say that X is an affine
supervariety.

Remark 3.2.10. 1. An integral irreducible separated scheme of finite type over
Spec (k) is an algebraic variety, thus a supervariety X with structure sheaf Oy
is an algebraic variety if Oy is trivial.

2. Suppose that X is a quasi-projective variety and M is a coherent sheaf of Oy, -
modules, then X = A° M is a supervariety.
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3. Our definition of a supervariety is the definition given in [She21]. By [She21, Re-
mark 2.2], there exist supervarieties that are not integral. Furthermore, if X is a
supervariety, then X" is not necessarily a variety. However, if X = Spec (S) is an
affine supervariety, then zero divisors of S;j are nilpotent elements.

4. If each S that appears in the open cover of the supervariety X is a super domain,
then X is integral.

3.3 Infinitesimal theory

In this section, we study the infinitesimal theory of supervarieties. The main goal
of this section is to introduce smooth supervarieties and give basic local properties of
them.

Definition 3.3.1. Let X be a supervariety with dimension r|s and p € X a closed point.
We say that X is smooth at p if there exists an affine open neighbourhood p € U = Spec (S5)

such that X" is smooth at p and S = ALS” where S = S/J5. We say that X is smooth if it is
smooth at every closed point.

Remark 3.3.2. Every smooth supervariety is locally graded. By [She21, Remark 2.8],
locally graded affine supervarieties are graded. Thus, if X is a smooth supervariety, there
exists an open cover {U; | i = 1,..., k} of X such that U; = Spec(S;) with S; = AGM;, where
M; is a free module over the body algebra S; and Spec (S;) is a smooth variety. Furthermore,
if X = Spec(S) is a smooth affine supervariety, then S = Ay(M) for some projective
module over the body S.

If X = Spec (S) is affine, then the S-module V = Der(S) defines a quasi-coherent sheaf
Yon X.If S is finitely generated, this sheaf is coherent and

T(D(f), P) = Der(Sy) for each f € S\ Js.

This extends naturally to any supervariety.

Definition 3.3.3. Let X be a supervariety. The tangent sheaf ©y is the sheaf whose
sections on an affine super subspace U C X satisfies I'(U, ©x) = Der(T'(U, Ox)).

The sheaf © is a coherent sheaf on X as we noted before. Moreover, Oy acts on Ox by
left multiplication and @ acts on Ox by derivations. If X is smooth, we know more about
Oy. For instance, we will see that Oy is a locally free Ox-module, and we will show how
to construct an Oy ,-basis for Oy ,, and prove that I'(X, ©y) is a simple Lie superalgebra if
X is affine. These are super analogues of the results in [BF18].

Example 3.3.4. Let X = A™" then X = Spec(S(m|n)) where S(m|n) = Kk[x,..., Xy |
01,...,0,]. The Lie algebra W(m|n) = Der(S(m|n)) is a free S(m|n)-module generated by
the partial derivations

ox, 00,
8xl~ S axi
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ox, 00,

= O, —_— = 53-
30, a0, 7
forr=1,...,mand s = 1,..., n. Thus, ®x = W(m|n) is a vector bundle over X.

Let p € X be a closed point of the supervariety X. The projection 7 : Ox, —
Ox,/mx, = k is a map on k. We define the value f(p) of f at x to be f(p) = n(p) € k.
Because 7(f — f(p)) = 0, we have that f — f(p) € my, C Ox,.

Definition 3.3.5. Let p be a k-point of a supervariety X, then the tangent space of X at p

is the super vector space
T,X = Der(Ox, k),

that is, T, X is the set of point derivations § : Ox, — k such that 6(fg) = 5(f)g(p) +
F(p)(g).

Lemma 3.3.6. Let X be a supervariety and p € X a closed point, then

T,X = (m,/m})".

Proof. Define the map L : T,X — (mp/mf,)* by L(8)(f) = 6(f). If f,g € m,, then
L) fg) = 6(f)g(p) + f(p)d(g) = 0. Thus, L is well-defined. Since p is a closed point,
the exact sequence

0—->m, > 0Ox, >k—>0

splits, and Oy, = k ® m,,. Take a € (mp/mz)*, then we may see itasamap a : m, = k
with a(m7) = 0. Using that Ox, = k ® m,, we may extend & to Oy, by setting a(k) = 0
for each k € k. This defines the inverse map of L. O]

Remark 3.3.7. If X = Spec(S) C A™" is an affine algebraic supervariety with

S=Kk[x;, oo, Xm | 01y 001/ (frsovs frs Prsees Ps)

with fi,..., f, even and ¢4, ..., ¢, odd. Let p € X be a closed point and consider the matrix

';’fl(p) ;’,{;(p) jﬁl(p) afl(p)

Sy o iy Yep) . Ze(p)
Jaclp) = ?E}(f)) jff,: (2) Z‘Zf(f)) "’%(f))'

¢ o¢ E) ¢
_axf(p) '”(p) aef(p) ﬂ(p)
By [CCF11, Remark 10.6.16],

T,X = {v e k™" | Jac(p) = 0} .

That is, T, X is isomorphic to the kernel of Jac(p) as a super vector space.

If D : Ox, — Ox, is a derivation of Oy ,, then we may define an element of the
tangent space D, : Ox, — k given by D,(f) = D(f)(p). This gives a linear map
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©x, — T,X by D = D,. This map is not always surjective.

Example 3.3.8. Let X C A% be defined by the ideal I = (x,6; + x,0,) C k[x;, x3/601, 0,].
Assume p = (0,0), then the maps 9; : Ox, — k defined by 9,(j) = &;;, i, j € {x1, x2, 01, 05},
are well-defined elements of Der(Ox p, k), therefore dim T,X = 2[2. If D € Der(Ox )7 is
an odd derivation such that D(6,) = 1 + f with f(p) = 0, then

0 = D(x10; + x,0,) = x,D(x;) = —x; — x1 f + D(x1)0; + D(x3)0;.

Since D is odd, x,D(0,) = —x; — fx; + g0,0, for some g € Ox ,. However, there is no even
element D(0,) € Oy, which makes this equality true. Therefore, there is no derivation
D € Der(Ox,p) such that D, = 9y,.

Consider the diagonal map A : X — X x X with A* : Oxxx = A.Ox. We have that
A(X) is isomorphic to X which is a closed subscheme of X x X because X is separated. Let
T be the sheaf of ideals of A(X). We define the sheaf of differentials of X (over Spec (k)) as
the sheaf

Qx = A (I/1%) = A (I/1%) @n-1044 Ox-

Because I /T is an Op(x)-module and A : X — A(X) is an isomorphism, Qy is a sheaf of
Ox-module.

Remark 3.3.9. In the literature, one usually defines the sheaf of relative differentials of X
over Y for a morphism f : X — Y. For an explanation of sheaves of relatives differentials
for the usual case, we refer to [Har77, Chapter II, Section 8].

Example 3.3.10. Suppose that X = Spec(S) is an affine supervariety, then X x X is
isomorphic to Spec (S ®x S), and A(X) C X x X is the closed subscheme defined by the
kernel I of the multiplication map

S®S— S
f®g— fg

Thus, the super vector space Qs = I /I* is an S-module by left multiplication. If d : S — Qg
is the map defined by dg=1® g — g® 1 € I, then

d(fg) =10 fg—fg®1=1® fg—-fg®1-(1f-fRN1®g—g®1)
=1® fg-fg®1-10 fg+ (- Elga f+ fog-fgo1
=fleg-g@D+(-D"Egle f-fo1)=fdg+(-1)/gdf.

Elements df, f € S, generate Qs, and they satisfy d(f + g) = df + dg, d(fg) = fdg +
(~1)Velgd f, dcf = cdf for each f,g € S and ¢ € k. We have that Qy = Qg, thus the
definition of the sheaf of differentials of X could have been done by covering X with
affine open subvarieties Spec (S;) and gluing the corresponding 5; In this case, the maps
d: S — Qg definesamap d : Ox — Qx of sheaves on X.

For any S-module M, Hom¢(Qs, M) = Dery (S, M) where

Der(S, M) = {D : A — M| Dis linear and D(fg) = D(f)g + (—D)/P fD(g) Vf, g € S}.
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Similarly, if M is a sheaf of @x-modules, then there is an isomorphism
m&x (QX’ M) = DerSpec (k) (OX, M) 5

where Dergpec k) (Ox, M) is defined naturally.

Theorem 3.3.11. Let X be a supervariety with dim X = m|n and p € X a closed point. The
following are equivalent

1. There exists an affine open neighbourhood U = Spec(S) C X of p such that X" is
smooth at x € Spec(S) and S = A S" where S = S/J;.

2. ©x, = T,X is surjective.

3. Qx,p is a free Ox ,-module.
Proof. See [She21, Theorem B.3] for a more general version of this result. ]

This theorem implies that a k-point p of X is smooth if one item (hence all) of Theo-
rem 3.3.11 is satisfied.

3.4 System of local parameters at a smooth point

Let X be a smooth integral supervariety. We start our chapter investigating further
the local structure of X, analyzing the sheaves @ = Ox and © = Oy. For a closed point
p € X, we denote by m,, the unique maximal ideal of the local algebra O,

Definition 3.4.1. Let U C X be an open affine subset and p € U be a smooth closed
point. We say that t, ..., t,, &, ..., & € T'(U, O) form a system of local parameters at p if the
sections ty, ..., t,, &, ..., & € O, form a basis ofmp/mf,.

Lemma 3.4.2. Let p be a smooth closed point of X and dimT,X = r|s. Then,
tyeees by &1y, & € T(X, O) form a system of parameters at p if and only if t, ..., t,, &, ..., &
generatem,,.

Proof. If ty,..., t,, &, ..., & generate m,, then the classes ti,...,t,, &, ..., & € mp/mf, gener-
ate the super vector space m,/m} that has dimension r[s. Therefore, they form a basis for
it. On the other hand, m, = mf, +MifM=(t,...t,&,.... &) C Op. Hence, M = m,, by
Nakayama’s lemma (see [CCF11, Lemma B.3.3]). O

Since X is a smooth integral supervariety, there exists a projective @,-module M
such that O, = AZ-M by definition of smoothness. By Nakayama’s lemma, M is free
P

and has dimension s as an (9_p—m0dule, and, consequently, O, = AED—(D_;BS. Hence, there
P

exists an injective homomorphism of superalgebras ¢ : O, — 0O, such that y(f) = f
and odd elements & ,& € my, such that O, = Y(O,)[&, ..., &l If ty,..., t, is a system
of parameters for O,, then their images y/(t,),..., ¥(t,) € O, are elements of m, and
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Y(t), ..., ¥(t.), 01, ..., 0 isa system of parameters at p. From now on, we denote ¢/(fy) € O,
by fy for each f; € O,. Any element f € O, may be written as

f=f+ Z fzé’ (3.2)

Ic{1,...

where f), fi € O, and & = § &, - & with I = {iy, ..., i)} and i <iy < - < ix.

Since X" is smooth at p, there exists derivations 9,,,...,9; : O, — (9_p such that

ati(tj) = 5ij and
Der @(9 9,

is a free O,-module generated by d,,. Using the expansion given on 3.2, we extend

< Z ﬁ >=5n(fo)+ Y, e

Ic{1,... Ic{1,...,s}

r

Similarly, we define the odd derivation 9;, : O, — O, by 9(;) = &y and 95, (f) = 0 for
each f € O,. Explicitly,

ag,( Z ﬁ ) Z ﬁat,

Ic{a,... Ic{1,...

Note that

a{f/ (51) — (_1)|Il|§:flé‘:fz
if L ={iy,....i} c{1,...,1—1}, I, = {iy,...,i} C{l+1,...,s}and I = I UL, U {l}, and
o, (£) =o0ifl el

Lemma 3.4.3. If p € X is a smooth closed point, then

©, = Der(0,) = (P 0,9, & P 0,9,
i=1 j=1

Proof. It follows from O, = O,[£,, ..., &] and Der @ 0,0, ]

Remark 3.4.4. By Theorem 3.3.11, the map Oy, — T,X is surjective if p is a smooth
closed point of X. If t,,..., t,, &, ..., & is a system of parameters at p, then its dual basis on
T,X = (mp/mf,)* is the image of the derivations oty ..., 9, , 9¢,, ..., 9¢,.

s

Corollary 3.4.5. There exists an affine open neighbourhood U = Spec (B) of p and a system
of parameters ti, ..., t., &, ..., & € T(U,0) at p such that 9,,,..., 0, , 0, ..., 9, € T(U,Ox)
are well-defined and form a basis of the T(U, ©)-module T'(U, Ox).

Example 3.4.6. When X C A™", it is possible to explicitly construct a basis of ©, and

also find an open neighborhood U of p such that T'(U, ©) is free as a module over T'(U, O).
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Suppose that X = Spec S is an affine integral smooth variety with

S =K[xX1s s X 011y 041/ (For oo for bs s )

Thus, T'(X, ©) is a projective module over S and can be seen as the submodule of the free
S-module

N . O N . 0

S— & S—

8xi — 89]
Jj=1

i=1

0

where n = Z 85 Z % 30, € I'(X, ®©) if and only if

l

igi(;—f Z l/hafk 0 and Zgz ¢l -+ Z ¢,a¢l = (3.3)

foreach k = 1,...,a, 1 = 1,..., f. We may see this as a system of linear equations with
coefficients on S. The associated matrix to this system is

[ofi ... 8A 3fi .. 9A]

3x1 axm 301 69,,

a ... e Uu ..

_ | ox oxn 96 20
Jac=1o4 o b . 4|
3x1 axm 891 aen

ot ... 2% 9% . s

L 9x1 Ixm 96, a0, |

Take a closed point p € X, then the following matrix (with coefficients ink = O, /m,)

'3,{1(19) afl(p) jﬁj(p) afl(p)

~ j—f;(p) af“(p) j—éfj(p) "f“(p)
M@*Z%m~- @)%@>mawm

i) - ) L) - L(p)

has rank m|n — r|s by [Fio08, Lemma 3.5], where dim X = r|s = dim(mp/mi) = dim T, X.
Assume that its principal submatrix has rank (m — r|n — s).

]1 JZ
S L)

9 i m—r 9 i m—r,n—s P i n—s,m—r P i n—s
I = (_f> = (_f> = <_¢) = <_¢>
8xj i,j=1 80j i=1,j=1 axj i=1,j=1 89j i,j=1
Since that J;(p) and Ju(p) are invertible, then det(J;(p)), det(Ju(p)) are nonzero in O, /m,,
which implies det(J;), det(J,) are invertible in ©O,. Therefore, J; and J, are invertible, and

S
S

Consider where

it follows from [CCF11, Proposition 1.5.1] that ] € GLy—y)n—s(O,). Furthermore, its
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inverse is

5 a ~J U = BRI B Us = JJT )7
by [CCF11, Proposition 1.5.1, Proposition 1.5.9].

[1 JZ]”:[ U = RJi ) —J11]ZU4—13]1112>1]

We can use this to solve the system (3.3) in @,, and we may write its solution space
over @, by choosing the first m — r|n — s variables as leading and the last r|s as free:

m-—r n—s r m-—r n—s / s
) by 0 ) a, o bl o )
E Gik 74 g U E Gk 7 g
h axl ~ h 90, OXm—rik - h 8x, ~ h 90; 90,k .

Jj=1 J=1

where a;;, by, a] > bl’J € Sand h € O, is invertible. In particular, h ¢ m, and hence h ¢ J;.
Therefore,

p € D(h) = {p € Spec(S;) | h ¢ p} C X
is an open neighborhood of p. The global sections
L = Xm—rs1 — xm—r+1(p)s vy b =Xy — xm(p)’ ‘fl = 9n—s+1s cees gs = 93

form a system of parameters at p, and the derivatives
m—r

ar & by 9 d
= ——+ ,k=1,...,r,
Z h axl jz::‘ h 00;  Oxpu—rik

m—r a/k a n—s b/k a a
op = ), — — + + =15,
@ Z h ax, ; h a6,

9n—s+k

are a basis of I'(D(h), ©) as a I'(D(h), ©)-module. Note that these are also a basis of ®, as
an O,-module.

Let us apply the technique of Example 3.4.6 in the following example.
Example 3.4.7. Consider X = Spec(S) = (Spec (k [S!]),O) with
S = k[xl,xZ, 01, 02]/(3(2 + y2 —-1- 0102, x191 + xZez).

Set f=x>+y"—1—0,0,, ¥ = x,0, + x;0, and p = (x; — 1, x,) C S = k[S!]. In this case,
we have that

_ le 2x2 91 —92 _ 1 0 0 0
Jac‘[el 0, —x —xz] andjac(p)_[o 0 -1 0]‘

1 6

oL 2x 0. . . .. . |2 2x2
The submatrix is [ 0 is invertible over O,, and its inverse is | 5 7
1 A1

ﬁ X1
0 x 0,06 0 0 x,0 0
;= 9 _(*x U 22 2 (% 221 K
0xy X1 2x7 ) ox; X x; 00,

. Hence,

the derivations
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d 92 X291 ) 9192 Xy 0
o= —+ =+ — + -2 —
802 le lez axl 2x12 X1 801
0 0 0

P
f basis of Der (S,,) inside of the f dule S, —— & Sy — ® Sy —— & Sy, —.
orm a basis o er ( 1) msiae o € Iree module ax1 axz 891 892

Although o and 7 are not global sections of ©, x?7, x?c € Der(S) are. If we set

t=x,—x(p)=x and & =0,

then ¢, £ form a system of parameters at p on D(x;). Moreover, 7 and ¢ corresponds to
9, and 9, respectively. Consequently, ©, = O,7 ® O,0 and I'(D(x;),0) = Der(S,,) =
ST ® Sy0.

3.5 Completions and power series

A topological superalgebra is a ring that is a topological space such that the multiplica-
tion and addition maps are continuous. If I is an ideal of a commutative superalgebra S,
then the filtration

SO>I>IP>P>..

defines a topology on S. In this case, the filtration gives a basis of open neighborhoods
of 0 € S. Similarly, open neighborhoods of f € S are given by cosets f + I, k > 0. This
topology is often called I-adic topology on S. The inverse limit

S =1limS/I"

is a superalgebra and it is the completion of S with respect to this topology. There is a

canonical map S — S, and its kernel is the intersection of m I*. This topology is Hausdorff
k>0

if ﬂ I* = 0. For more on topological rings and completions of rings, we refer to [AM69,
k>0

Chapter 10].

Assume that X = Spec(S) is an integral affine supervariety with dim X = r|s. Let
p € X be a smooth closed point of X. We consider the m,-adic topology on O, by its
maximal ideal m,, which defines the completion (/9\1,. We fix ty, ..., t,, &, ..., & a system of
parameters at p. Since X is affine, we may assume that this system is formed by global
sections by Example 3.4.6.
Proposition 3.5.1 ([Fio08, Proposition 3.16]). (/9; =K[[T,..., T,|Z41, ..., 2,]], where t; — T,
and & — =;.

Since S = I'(X, ) is an integral superdomain, the localization map S — O, is an
embedding. Thus, there is an embedding

T:So k[[Tl, cees Tr|Elw~'Es]]
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such that 7(t;) = T;and 7(&) = Z;. Let W\(r, s)=Der(K[[ T, ..., T;|Z4, ..., Z]]), then

0 o 9 d
90," 77 90,” 95, 7 9=,

form a basis of /147(1’ s) as amodule over §(r ) =K[[T,..., T,|E4, ..., E]]. The superalgebra
S(r s) is local, and its maximal ideal m, is the one generated by Ty, ..., T,, By, ..., Es, which
is exactly the image of m, by the 1somorph1sm (9 on Proposmon 35.1.IfD € W(r s) is
any derivation, then D(m¥) ¢ m¥~'. Hence, any element of W(r, s) is a continuous map
under the my-adic topology. Slmﬂarly, if m is the maximal ideal of S associated with p,
any derivation of S is continuous on the m-adic topology. Finally, both topologies are

Hausdorff because ﬂ mf = 0 and ﬂ mF = 0. These imply that if two continuous maps
k>0 k>0

between S and §(r, s) agree on a dense subset of S, they are identically equal.

Proposition 3.5.2. Let X = Spec (S) be an integral affine supervariety with structure sheaf
O and tangent sheaf ©. There exists an unique embedding of Lie algebras 7 : T(X,0) —
W(r, s) such that 7(n)n(f) = #(n(f)) forall f € S and n € T(X, ©).

Proof. There is an unique way to define 7, which is

2(n) = Z ﬂ(n(t)) T Z 7(1(E)) -

~ IE,

for each n € Der(S). We have that k[, ..., t,|01, ..., 0] C S is a dense subset of the Haus-
dorff space S. Since the continuous maps 7(5) o 7 and 7 o i agree on k[t ..., t,, 04, ..., O],
they must be equal. Therefore, 7(n)(z(f)) = n(n(f)) for each n € Der(S) and f € S. This
identity implies that 7 is a Lie algebra homomorphism, because

(2, 2] () = 7 (n(u(F) = O u(n(£)) = #(Tn, 11 () = 7 kD).

Lastly, each derivation y in the kernel of 7 yields p (k[t, ..., t,|&1, ..., &]) = 0, therefore
is the trivial map because it is continuous in the m-adic topology. O]

3.6 Simplicity of the Lie superalgebra of vector
fields

In this section, we assume that X = Spec(S) is an integral affine supervariety. Let
p € X be a smooth closed point of X with a system of parameters ¢, ..., t,, &, ...,
&;. To prove Lemma 3.4.3, we constructed partial derivatives d,,,...,9;,, 9, ..., 9¢, that
form a basis of ®,. These may not be global, but there exists a basic open neighborhood
D(h) containing p such that 9, ..., 9,0, ..., 9¢, € I'(D(h),®). If this is the case, then
hkatl, s hkat,, hkagl, s hkags € Der(S) for some k > 0. Take k’ as the smallest integer
such that this happens, set h’ = ¥ and define

T = h'&tl., o= h/agj
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fori=1,...,r, j=1,...,s. With this notation, we have that

R(m) = 2(H) e, R(0)) = ()

The Lie superalgebra W (r, s) has a descending filtration
W(r, s) = W(r, $)_1 D W(r, $) D /W(r, $)H D /W(r, $)y D
induced by the one in §(r, s) and it is defined by /W(r, Sy = mk I//V\(r, s). Explicitly,

d —~
a derivation f 37 € W(r, s)i if the lowest degree of a monomial that occurs in f €

§(r, s) is greater or equal to k, where Y € {T\,..., T,, 2, ..., Z;}. This filtration satisfies
W(r, ks W(r, s)l] C /M?(r, $)k41 if k + 1 > —1. Moreover, there is an associated graded
Lie algebra

Gr W\(r, s) = W\(r, s)_l/W\(r, $) @ W\(r, s)o/ﬁ/\(r, $); & I//V\(r, s)l/w\(r, )y, ®

which is isomorphic to W(r s). Define w : W(r s) — Gr W(r s) by w(u)

W(r $)j+1 € W(r s)]/W(r $)j+1 for p € W(r s)J/W(r s);+1 for each p € W(r s)]
W(r, s)j+1. The map w is not linear, however [w(7), o(1)] = w([n, p]) if [w(n), w(p)] # 0.
Note that w (7?(1'1)) is a non-zero multiple of a% and w (ﬁ(a ])> is non-zero multiple of

3

Proposition 3.6.1. Supposer|s > 1|0. Let p be a smooth closed point of the affine supervariety
X withdim X = rls, and t,..., t,, &, ..., & be a system of parameters as before. If J is a
nonzero Z,-graded ideal of Der(S), then

1. Thereexists y € {t1,..., t,, &, ..., &} and p € Jjy) such that p(y)(p) # 0.

2. Forally €{t,.... t,, &, ..., &}, there exists pi € [}y such that p(y)(p) # 0. In particular,
Js = 0.

3. There exists g € Ay and pu € Jy such that p(u(g))(p) # 0.

Proof. Let n € J be a homogeneous element. Then, there exists ui,...,u, ;s €
k[T,,..., T,|Z,, ..., Z;] homogeneous polynomials with the same degree such that

77:(’7) ZuzaT +Zu’+1 J%, 0,

by the definition of w. Note that u,, ..., u, have all the same parity, which is different from
the parity of 4,41, ..., t,+,. Choose a nonzero polynomial u;, € {uy, ..., u,.}, andset Y = T
if jy<rorY=2g;_ if j, > r. Take lel -+ TFE, - &; a monomial that occurs in u;, so

ki ks
d 0 d 0
_ ees R o . u]o € k\{o}
0Ty oT; o=, 8_.,1
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Consider

u= ad(rl)k1 ad(r,)k’ad(ail) ~-ad(o;)neJ.

Then, p is homogeneous and it has the same parity of Y. Since w preserves brackets, we
see that

o(F(1) = ad(w(F(1:1)))" - ad(w(7(7,)))*ad(w(7(04))) -+ ad(w (7 (a;))) e (1)

is an element of W(r, $)-1 \ W(r, s)o and it contains % because h’(p) # 0. Hence,

o(m(p))Y # 0, which implies that u(y)(p) # 0 where y € {t,...,t, &,..., &} is the
parameter such that 7(y) =Y.

Ifi € {1,..,r}, then o(@([yt;, u])) = l[w(@(y1)), w(7(1))] contains -2. Hence,

aT;"

o(Z([yri, p]))T; # 0, thus [y7;, u](£)(p) # 0. By the same argument [yo;, u](&;)(p) # 0.

Take p/ = [yt p] € J5. If @/ (W' (£:))(p) # 0, it is done. If 1//(1/(£;))(p) = 0, then £ = 0
and

1 (W' ED)(p) = 20" (b (0))(p) = 24 () (p)p’ () (p) + 284 (' (1)) = 2(i’ (1)(p))? # 0.
0

Corollary 3.6.2. If J is a nonzero ideal of Der(S) and p is a smooth closed point, then the
map J — T,X given by D — (f = D(f)(p)) is surjective.

Proof. The image of the vector fields [yz;, u], [yo;,pl € J,i=1,...,r,j=1,...,s span
T,X. 0

Corollary 3.6.3. Suppose that X is smooth and integral. If f € S5\ (k + Js), there exists
u € Der(S)g such that u(f) ¢ Js.

Proof. There exists a closed point p € X such that f(p) # 0. Since f is even and it is not
in Js, then f is not a zero divisor. Hence, there exists a neighborhood U of p such that

f=g+ ), f##erU,o0),

@#pcA{1...,s}

where the Taylor series expansion of g does not have odd variables and g ¢ k. Therefore,
there exists i € {1,..., r} such that 7,(g) ¢ Jr o). In particular,

wH=u@+ Y,

@#pc{l....s}

thus 7;(f) ¢ Js. O

Lemma 3.6.4. Let J be an nonzero ideal of Der(S), then
1 Ifue Jy5 then u(flp e J forall f €S.
2. Ifge Syand € Jy, then u(f)pu(g)u € J forall f € S.
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3. IfgeSyand p € Jy, then fu(u(g))u € J forall f €S.

Proof. Let € Jyand f € S, then [p, fu] = p()u + (O fp, p] = p(fHu € J and
item (1) follows. For each g € Ay, [p, fu(g)pl — [fp. p(@p] = 2p(g)u(f) € T, hence (1)
is proved. By (1), p(fu(g)p € J. By (2), p(f)p(glp € J. Since fu(u(g)) = p(fu(g)) —
p(g)p(f), we have that fu(u(g)p € J.

]

Lemma 3.6.5. Let f,g € S5, u € J;. Let I, be the principal ideal of S generated by
p(f)p(p(g)). Then for every a € Iy 4, and every T € Der(S), ar € J.

Proof- If a = bu(f)p(u(g)), then bu(u(g)p. fop(u(g)p, p(fHbp(u(g)lpn € J by
Lemma 3.6.4. Therefore, if h = bu(u(g))

[bu(u(@)p, fr1 = [Fbu(u(e)p, t] — (D) e (Hbp(u(g)p
=hu(f)r — (D1 fr(h)p + hfp, o]+ (D e(fR)u = fhip, o] = (=D e (Hhp
=hu(f)r = (D e + (1) Ple(Hhp + (D) fr(hyp — ()Pl e (F)hp
=hp(f)r = bp(Hp(ug)r =areJ

With all technical results proved, we may prove the main theorem of this section.

Theorem 3.6.6. If X = Spec (S) is a smooth integral affine supervariety and dim X = r|s >
1|0, then Der(S) = T'(X, ©x) is a simple Lie superalgebra.

Proof. Let J be a Z,-graded ideal of Der(S) and J = {a € S | aDer(S) C J}. For each closed
point p € X there exists y € J; and f, g € S; such that u(f)(p) # 0 and p(u(g))(p) = 0
by Proposition 3.6.1. Thus, p(f)u(p(g)) # 0 and the principal ideal If, , of S generated by
p(f)u(u(g)) is nonzero. By Lemma 3.6.5, I ., C J. Thus, J is a nonzero Der(S)-ideal of
S. Furthermore, for each maximal ideal m of S, there exists an h € J such that h(p) = 0
where p € X is the corresponding closed point. Hence, A + m # 0, and J is not contained
in m. Since every proper ideal of S is contained in a maximal ideal, we conclude that | = S.

Thus, Der(S) = SDer(S) = JDer(S) ¢ J C Der(S), which implies that J = Der(S). O

Corollary 3.6.7. Let X = Spec(S) be a smooth integral affine supervariety and dim X =
r|s > 110 and I # 0 be a nonzero ideal of S. If I is a Der(S)-submodule of S, then I = S.

Proof. If f € I and n, u € Der(S), then

[n, fu] = n(HHu+ (=) fn, u] € IDex(S).

Hence, IDer(S) is a nonzero ideal of Der(S). By Theorem 3.6.6, IDer(S) = Der(S). However,
this is only possible if I = S. ]
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3.7 Infinitesimally equivariant sheaves on
supervarieties

From now on, X = Spec(S) is a smooth integral affine supervariety with structure
sheaf O and tangent sheaf ©. An Infinitesimally Equivariant sheaf, or infeq sheaf for short,
M over X is a sheaf on X of O-modules and ©-modules that satisfies the Leibniz rule

n-(fm)=n(f)m+ (—1)"7“f‘f(17 -m) for each n e I'(U,0), f € B, me (U, M)

for each affine open set U = Spec(B) C X. Any infeq sheaf M comes with a map
L : © — Endg(M) given by the action of © and it will be called the Lie map.

Suppose that X is affine. Let S denote the finitely generated integral commutative
superalgebra such that X = Spec(S). An infinitesimally equivariant S-module, or infeq
S-module for short, M is a S-module M which is also a module over the Lie superalgebra
Der(S) and satisfies the Leibniz rule. An S-infeq module is finite if it is a finitely generated
S-module. We say that V C M is an infeq S-submodule of M if V is a both a S-submodule
of M and Der(S)-submodule of M.

The main objective of this section is to prove that if M is a finite infinitesimally
equivariant S-module, then the coherent sheaf M on X = Spec(S) is an infinitesimally
equivariant sheaf.

We want to extend the main results of Chapter 2 to the super setting and we will use
the calculations done there to achieve this.

Example 3.7.1. The module of Kahler differentials Qg is an infeq S-module as well as
Der(S) and S. By Corollary 3.6.7, S is a simple infeq S-module, in the sense that if I is an
ideal of S such that I is a Der(S)-module, then I = Sor I = 0.

Example 3.7.2. If M is an infeq S-module, then the nth tensor product ®;M of M, the
tensor algebra

TAM) = Ao (P eiM,

n=1

M" = Homy(M, k) and M° = Homg(M, S) are infeq S-modules. The exterior n-power AcM

and the exterior algebra
AM) =Se P \M
n=1 §

are infeq S-modules as well. The exterior n-power AjM is the tensor n-power ® M quotient
by the S-submodule generated by

V1 ® - QUy —Uo1(1) ®  QUg1(p), Ug,...,Up €M and o € G,
where G, denotes the permutation group of {1, ..., n}.

Similarly to the non-super case, infeq S-modules are equivalent to modules over the
smash product S#U(Der(S)).
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Remark 3.7.3. The associative superalgebra S#U(Der(S)) is a superalgebra defined on the
super space SQ U(Der(S)) by the coproduct of U(Der(S)). Explicitly, if A(u) = Z U ®u(y),

(w)
then

(fewgev) =Y (-1l fu,(g) ® upp.
(u)

The commutator makes S#U(Der(S)) a Lie superalgebra, and the subspace S#Der(S) is a
Lie subalgebra of S#U(Der(S)) with the Lie bracket given by

[f#n, g#ul = fr(g)p — (=)D gn( £y + (—1)"8 f gy, pl.

Lemma 3.7.4. Let M be a finite infeq S-module. If f € S\ Js and m € M, then fm = 0
implies f = 0.

Proof. The argument is similar to [BIN23, Lemma 4.2]. Denote by p : Der(S) — gl (M) the
Der(S)-representation associated to M. We will use the same notation for the associated
map U(Der(S)) — Endy(M). Let V = {m €| 3f € S\ Js such that fm = 0}. Take m € M
and f ¢ Js such that fm = 0. We have that f* ¢ Jg and

F2p(m(m) = —n(f*)m + p(m)(f?m) = =2n(f)fm =0
for every n € Der(S). Thus, p(n)(m) € V for every n € M.

Since M is finitely generated, V is finitely generated. Suppose V is generated by
U1,...,vpand fi,..., fi € S\ Js satisfy fiy; = 0 for eachi = 1,...,1. Take f = f; - f;, then
fV = 0. As we saw in Example 3.7.1, S is a simple infeq S-module, thus there exists

k k
Z gi#u; € S#U(Der(S)) such that (Z gi#u,-) f = 1. Therefore, for every v € V,

i=1 i=1

k k k
0= 2 gip(u)(fo) = 3 (gu(f)v+(=1)"Vg fp(u)v) = (_Z gu,(f)) v="v
O

Note that S ® S is a superalgebra as well. Let § : S = S ® S be the map defined
5(f)=1® f — f ®1foreach f € S. For each f € S, we define

Qu(f. 1) = 8(f)"n € S#U (Dex(s))

In particular, if f € S\ J, then

p
Q,(f, m) = Z(—1)l(z> Fr*4 fRn € S#Der(S) c S#U (Der(S)).
k=0

We want to show that there exists N such that Q,(f, n) = 0 for every p > N as an endo-
morphism of a finite infeq S-module. For each infeq S-module, we denote the annihilator
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of M as the set
Ann(M) = {u € S#U(Der(S)) | uM = 0}.

Lemma 3.7.5. Let f € S5, n, 1 € Dex(S), then

[2,(f, 1), Q4(f> 0] = Qo (f [, 1) + (D) pQp g3 (F, () = qQprq1(f, n(FI1)-

Additionally, Q,(f, n)(g#1) = (-1)M(g#1)Q,(f, n) for every g € S. Furthermore, if n is
even and g, h € S then

1 [Q(f. 1. Qu(f g)] = [(f. gm. Q(fo 1] = Qg (f. 1+ (D u(e)n);
2. [Q(f. ). Qq(f. ghm)] = [Q(f. 1. Q(f. hn)] = Qpug(f. n(hn):;

Proof. The proof follows the same steps as in Lemma 2.2.2, Lemma 2.2.4 and Lemma 2.2.5,

O]

Proposition 3.7.6. Let M be a finite infeq S-module and f € S\ (k + J5), then there exists
n € Der(S); with n(f) # 0 and N > 0 such that Q,(f,n) € Ann(M) for all p > N.

Proof. Let r be the rank of M. By Lemma 3.6.3, there exists u € Der(S); such that u(f)* = 0
for all kK > 0. By Lemma 3.7.5, we may see each Q(n, 1) as an element of gl,(M). Since M

is finitely generated as an A-module, there exists ay, ..., a,2, a,24; € S with a,2,; # 0 such
that

ri+1

Z aiQpi(fa )u) € Ann(M)s

i=1

where p; =iif i < r? and p; = p > r? + 1. Since both y and f are even, we may apply the
proof of Lemma 2.3.3 to get that a,, Q,(f, ,u(f)’zu) € Ann(M) for every p > N, where

N depends solely on the rank of M. Since ,u(f)rz(f) # 0, we have that Q,(f, ,u(f)’z,u) €
Ann(M) by Lemma 3.7 4. O

Proposition 3.7.7. Let M be a finite infeq S-module, f € S\ (k + Js). Let n € Der(S)y
with n(f) # 0 and N > 0 such that Q,(f,n) € Ann(M) for allp > N.If g,h € S, then
Qi(f, qr) € Ann(M) for every T € V, k > 3N + 4 and q € (n(g)n(n(h))).

Proof. Note that 7 is even. By Lemma 3.7.5,

[N (fs ), Qe (F, gm] = [ (fs g1, Qi (f M1 = Qoniir1(f, n(g)n) € Ann(M)

for all k > 1 and g € S. Therefore, by Lemma 3.7.5 again,

[QN+1(f, 77), QzN+k+1(f’ g’?(h)’?)] - [QN+1(fs g’?)’ Q2N+k+1(f, U(h)ﬂ)]
=Qsn1ri2(f, n(g)n(h)n) € Ann(M)

for all k > 1 and g, h € S. We conclude that

Qsnsi2(f> n(gn(h)n) — Qsnsisa(f, n(gn(h)In) = Qansir2(f, n(gn(h))n) € Ann(M)
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for all k > 1.

Let p € S and set g = pn(g)n(n(h)), then

[Qsn 2k (f5 pr(n(h)n), Q(f, 8] = [Qans2k(f> gn(m(R) ), Qu(f, )]
— (=D Qs sk (f, () p(n(h)n)

=Qsnszknt(fs pr(n(W)n(Hr + (D& (@) pn(e)n(n(h)) 1)
— (=D Qs 5k (. () p(n(h))n)

=Qsn2+k+1(f, q7) € Ann(M).

We conclude that Qsn3:4(f, g7) € Ann(M) for every g in the principal ideal generated by
n(g)n(n(h)) and k > 1. 2

Lemma 3.7.8. Let M be a finite infeq S-module and f € S. If f € k + Js, then there exists N
that depends on S such that Q,(f,n) € Anng(M) for each p > N.

Proof. If f € Js, then f is nilpotent and its degree of nilpotency depends solely on the odd
dimension of X, which is fixed. Thus, Q,(f,7) = 0 for every 7 € © and g greater than
some number that depends on S.

On the other hand, assume f € k + J;. Without loss of generality, we may assume that
f =14+ gwith g € Jsn Sg. Since g is nilpotent and

k

s = a0+ = 3 () atocr

=0

thus Q,(f, 7) = 0if g is greater than some number that depends on S for every 7 € V. [

Similar to what we have done for the non-super case, for an ideal I of S, we define
1® =T and I® as the ideal of S generated by {g, u(g) | g € I*V, u e V}.

Lemma 3.7.9. Let M be a infeq S-module, and f € Sy\ (k + Js). Suppose that I is an ideal of
A such that Q,(f, qr) € Ann(M) for every p > N for some N > 0. Then for each p > N + k,
Q,(f,gr) € Ann(M) forall g € I'® and t € V.

Proof. By an argument close to Lemma 2.2.6, we have that

[Q,(f, n), 18] = Q,(f, [0, p]) + p(—D"MQ,_ (f, p(H)n) — (=D £)Qp-i(f, 1)

for every n, u € Der(S). Therefore, as endomorphisms of M,

0 = [Qpui(f, g7), 1#4]
= Qi (f, Lgr. p]) + DB+ 1DQ,(f, u(fgr) = (D)H(p + ()R, (f, g7)
= (=D, (f, p(@)7T) + Qpia(f, glz, )
— _(_1)(Igl+lf\)\ylgp+l(f, ,u(g)f)
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forevery g € I, p, 7 € V, and p > N. Thus, Q,,,(f, u(g)7) € Ann(M) for every g € I and
HEV.

Furthermore, for every g € I and h € A, we have that gh € I and

Qu(f. hu(@)7) = Qp(f. 1ugh)r) — (=1, (£, gu(h)r) € Ann(M).

Hence, for every g € IV, we have that Q,(f, gr) € Ann(M) for every p > N + 1. Since
1® = (J*&)D), we conclude by induction that Q,(f, g7) € Ann(M) for every p > N + k,
r€Vandgel®, ]

Theorem 3.7.10. Let M be a finite infeq S-module, and f € S. Then there exists Ny, that
depends on f, such that Q,(f,n) € Ann(M) for each p > Ny, andn € V.

Proof. If f € k1 + Js, then Q,(f,n) = 0 for all p greater than a number that depends on
the odd dimension of S by Lemma 3.7.8. Suppose f ¢ k + Js. By Proposition 3.7.6, there
exists n € Der(S); with n(f) # 0 and N > 0 such that Q,(f, ) € Ann(M) for all p > N.
Since n(f) # 0, there exists g € {f, f*} such that n(f)n(n(g)) # 0. By Proposition 3.7.7,
Q,(f, qr) € Ann(M) for every g € I = (n(f)n(n(g))) # 0, 7 € YV and p > 3N + 4. Since S
is Noetherian and

IciWcI®c..

is an ascending chain of ideals of A, we have that I ®) = 1D for every | > k for some
k > 1. Hence, I is an infeq S-submodule of S. But S is a simple infeq S-module, thus
I® = S by Corollary 3.6.7. By Lemma 3.7.9, for every g € I® and p > 3N + 4 + k,
Q,(f, gr) € Ann(M) for every 7 € V. In particular, Q,(f, ) € Ann(M) for each p > Ny
where Ny = 3N +4 + k. O

For each 5 € Der(S), set Qy(f, n) = 1#n.
Corollary 3.7.11. Let M be a finite infeq S-module, and f € S\ Js. Then,

[se]

> ﬁ%(ﬁ n) (3.4)

i=0

is a well-defined endomorphism of My for every n € Dex(S) and k > 1.

Proof. As an endomorphism of My,

Ny

(o]

1 1
D Jme(f, n=y, Jme(f, n)
i=0 i=0
converges to a well-defined map of M, where Qo(f, ) = 1#1, n € Der(S), f € S5\ Js and
Ny is given by Theorem 3.7.10. ]

Proposition 3.7.12. Let M be a finite infeq S-module with associated Der(S)-representation
p : Der(S) — gl (M), and f € S\ Js. Then, there exists a representation ps : Der(S); —
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gl (M) such that p¢|pexs) = p and

o0

1 0 P
Ps <flk> = ; fk(pH)Qp(f’ ’7) = pZ:: ;0 ( )kakp(fkln)

for each n € Der(S) and k > 1

Proof. We want to use the representation p : Der(S) — gl (M) and Corollary 3.7.11 to
define a representation ps : Der(S); — gl (M) of Der(S); = Der(Ss). If n € Der(S) C
Der(S)y, then we set

pﬂm(ﬁ) k@?l < (ot

for each m € M. Because f € S; \ Js is even, Lemma 2.4.2 is true in this context. Therefore
the map py given by

Pr (J%) = ; ﬁg}p(ﬂ = Z Z( ) < >fkl+kp(fkl'7)

p=0 [=0

is a well-defined map from Der(S);.

It remains to show that [pf (m, py (,u)] = p¢ ([n, ul) for every n, € Der(S)y. This
holds for elements of Der(S) C Der(S), hence if we show that

b (332

for every n, u € Der(S)y, then the result follows by recursion. Since f is even, Lemma 2.4.3
holds in this context as written. Thus, by this lemma and Lemma 3.7.5,

b (7) (7))

fkil+2 [Qk(f’ ), Q(f, ﬂ)]

Z fp+1 P(f ’7) Z fp+1 P(fuu)

p=0

I
Me T T
Me

M

=0

fk11+z (DM Qi1 (f (D) = 1t (f s n(H) + Qs (. [, 1))

I=

(=]

(- 1)mum(” +1)(u +2)/2 (u+1)(u+2)/2

QS 1(In) = Qf,

2, e (f. 1CHn) = (fmﬂm>
+ZfMQUMJ

-3 (o R a - ST a0
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LYl
f2
—(— 1)\,7\\,4/1({) ’7(];) + [’Yaf] _ [Q’E
f f f ff
as endomorphisms of M. Therefore, p; is indeed a representation of Vy. O

Theorem 3.7.13. If X = Spec (S) is an affine smooth integral supervariety and M be a finite

infeq S-module, then M is an infinitesimally equivariant sheaf on X. In particular, for every
basic open set D(f) C X, f € S\ Js,

n ) N
1#—— Z ———Q,(f,n)
< fk ~ fk(p+1)
for everyv € My and n € Der(S);.

Proof. Let f € S\ Js. By Proposition 3.7.12, there is a presentation p; : Der(S) — gl (M)
such that p¢|pers) = Der(S) and

[se]

w P
s (%) -3 fk(pﬂ) o,(fm=Y Y1 ( ) )

p=0 =0

It remains to show that p; () (gv) = n(g)v + (—1)"7Hg|gpf () (v) for every n € Der(S)y,
v € My and g € S. For every n € Der(S)s and g € S,

ps (%)(gv) D f,,ﬂ Q,(f, M(g#1o

p=0
((f#n) (g#1) + Z fp+1 P(f’ U)(g#1)> v
(’7(;;)#1+( 1)lEl(g#1) <f#77> + (- 1)|f7HgIZ

U(Jig)v—F( 1)Inl|g\gp (%) (v),

hence p; turns My an infeq S-module.

fpﬂ (g#1)Qy(f, n)) v

Let f,g € S\ Js and n, u € Der(S) such that — = ﬂ. Take h = fkg! € S\ Js, then
g

fk
ghn _ fp
S and h*(hf*u — hg'n) = 0 for some ¢ > 0. Since h°*! € Sy \ Js, we have that

g'n = f*u by Lemma 3.7.4. Therefore, as an endomorphism of M,

o »
Pg (ﬁ) ( ) Z h;+1 Z(_l)a (g)hp_a#hafkﬂ
p=0 a=0
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- 1 - af P p—ayya .l
:th+1z(_1) a h#h g

We conclude that p : Der(S) — gl, (M) sheafifiesto p : Ox — gl (M) with pocpy = pr. U

3.8 Infinitesimally equivariant sheaves are differential
operators
We wish to prove that the Lie map L : ® — Endy (M) of an infinitesimally equivariant

sheaf M is a differential operator. Let S be a commutative superalgebra. Recall that a map
M — N between two S-modules is a differential operator if it is an element of

Diff(M, N) = (_ Diff2(M, N),

n>0
where Diff’(M, N) = Homg(M, N) and
Diff"" (M, N) = {D € Hom,(M, N) | [D, f] € Diff"(M, N) Vf € S}.

If D € Diff"(M, N), we say that D is a differential operator of order less or equal to n. In
this case,

D(fm) — (=D)'IP f(D(m))

is a differential operator of order less or equal to n — 1 for each f € S. Note that each
element of Der(S) is a differential operator S — S of order less or equal to 1 because

D(f)=Do f—(=D)'PlfoD foreach f €S, D € Der(S).

A map M — N between the vector bundles M and N on X is a differential operator
of order less or equal to n if and only if sections I'(U, M) — T(U, N') are differential
operators for each affine open set U C X.

Since being a differential operator is a local property, we may assume that X = Spec (S)
is affine.

For a linear map T € Hom, (Der(S), End(M)), we define

5(f) -+ 8(fidT(mm = 5(f1) - 6(f)(1#mm

for each m € M, n € Der(S), fi,..., fr € S, where 6(f) = 1® f — f ® 1. Note that
S(HT() = T(fm) = (DM FT ().

Lemma 3.8.1. L : Der(S) — End(M) is a differential operator of order less or equal to k if
and only if 5(f) -+ 6(frx1)L(n) = 0 for each fi, ... fir1 € S and n € Der(S).

Proof. We will prove this lemma by induction on the order of the differential operator. L
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will be a differential operator of order less or equal to 0 if and only if

0= L(fm — fL(mm = (1#fn — femm = 5(F)(1#n)m

for each f € S, n € Der(S), and m € M. Assume that L is a differential operator of order
k, then L¢(n) = 6(f)(n) = L(fn) — fL(n) defines a differential operator of order less or
equal to k — 1. By induction, Ly is a differential operator of order less or equal to k — 1 if
and only if there exist fi,..., fx € S such that

0 =6(f) - 8(f)ly(n) = 8(f1) -+ 6(fi)d(fIL(n)

for each n € Der(S). Thus, the lemma follows. O

Example 3.8.2. Similar to Example 2.3.1, the adjoint representation ad : Der(S) —
End(Der(S)) is a differential operator of degree less or equal to 1 since

5(g)6(fad(m)(p)

= (ad(gfn) — gad(fn) — fad(gn) + (-1 g fad(n)) (1)

=[gfn. pul—glfn ul - flgn ul + ()" g fln, u]

= — (D) (g g + g fIn, 1] + (~DYHPH gu(F)n — g fln, p]
+ (=)D (g — fgln, pl + (D)1 g £y, ]

=(—1) DI (i (F ) + p(Hgn + (—DE¥ fu(g)n) =0

for every f, g € S and n, € Der(S) by (3.1).

Lemma 3.8.3. Let M be an infeq S-module and f € S\ Js. Assume that there exist n € Der(S)
with n(f) = 1. If there exists N such that Qi(f,n) € Ann(M) for every k > N, then
Qi(f, ) € Ann(M) for every k > 3N + 4 and t € Der(S).

Proof. The argument is analogous to the one given on Proposition 2.3.6. Note that we may

assume n homogeneous. In this case, 7 must be an even element, since n(f) = 1 and f € S;.

Using Lemma 3.7.5 and the assumption that n(f) = 1, we get that Q(f, n) € Ann(M) for
every k > N.

We apply Lemma 3.7.5 again to get that Q,(f, n(r)n) € Ann(M) for p > 2N + 1 and
for every r € S. Similarly, Q,(f, n(r)n(s)n) € Ann(M) for p > 3N + 2 by taking g = r,
h = n(s) on Lemma 3.7.5. Since

Q,(f, gn(n(h)n) = Q,(f, n(gn(h)n) — Q,(f, n(g)n(h)n),

we have that Q,(f, rn(n(s))n) € Ann(M) for every p > 3N+2and r € S. Hence, Qi(f, 7) €
Ann(M) for every k > 3N + 4 because

[Q,(f, n((FNM, (fs FO1 = [2,(F, Fr(n(F D), Qu(f, )]
— (1), o (f, (Hn(FH)m)
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=Qpig(f 1(ON(f)T) = 2Qp.4(f, 7)

by Lemma 3.7.5 for p > 3N + 2 and g > 1. O

Lemma 3.8.4. Let M be a finite infeq S-module and f € S\ Js. If there exist € Der(S)
such that n(f) = 1, then there exists N that depends on the rank of M such that Q,(f, 1) €
Anng(M) for each p > N and t € Der(S).

Proof. Let f € S5\ Js with f + Js ¢ k + Js. Suppose ranks(A) = a|b and take n € Der(S)
with n(f) = 1. Then,

[, m. Qp(f, Ml = (1= p)Q(f. 1)

by Lemma 3.7.5. The element Q;(f, n) acts on Ends(M) by the superbracket of endomor-
phisms. With this action, {Q,(f,n) | p = 1,...,a* + b* + 1} is a set of even eigenvectors
on Ends(M) for Q,(f, n) with distinct eigenvalues. Since the number of eigenvalues of an
operator cannot exceed the dimension of the space, there exists p € {1,...,a* + b? + 1}
such that Q,(f, n) € Ann(M), thus Q,(f, n) € Ann(M) for each g > p since

[Q(f. ), (f, m] = (= )Quiri-1(f, ).

By Lemma 3.8.3, Q,(f, 7) for every g > 3(a® + b*) + 4 and 7 € Der(S). O

Lemma 3.8.5. Let N > 0 be such that Q,(f, 7) € Anng(M) for each p > N, f € S and
7 € Der(S). Then,

QU(fi, .-, f»), T) € Ann(M)
forevery fi,..., f, € S and for each p > N + s, where s is the odd dimension of S.

Proof. Suppose dim S = r|s. Then the product of s + 1 homogeneous elements of Js is zero,

thus 6(f;) - 8(fsx1)n = O foreach fi, ..., fi11 € Js. Suppose p > N and take fi,..., f, € S\ Js
then

4
Q, (Z ai f, f) = > (ll,f | zp>5( £l 8(£,)(1#7) € Ann(M)

i=1 hit+lp=p

for every ay, ..., a, € k. Similarly to Corollary 2.6.5, we may apply Lemma 2.6.4 to get
that Q((f;, ...,f,-p), 7) for every 1 < iy,...,i, < p. Combining both cases, we get that
Q((g1, ..., 8), 1) € Ann(M) for every p > N + sand gi,..., g, € S. ]

The main theorem of this section shows that, similarly to what was proved in the
non-super case, infeq coherent sheaves are given by differential operators.

Theorem 3.8.6. If M is an infeq coherent sheaf on a smooth supervariety X with Lie map
p : © > Endy(M), then p is a differential operator.

Proof. Being a differential operator is a local property, so it is sufficient to prove the
restriction p|y : T(U, M) — T'(U, N) is a differential operator for each small enough
affine open set U = Spec(S) of X. By Lemma 3.8.1, we only need to prove there exists
N such that Q((fl,...Tp),T) € Ann(M) for every fi,...,f, € S, p > N, and 7 € I'(U, ©).
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Take a closed point x € U and f € I'(U, Q) with f(x) # 0 and f + Js ¢ k + Js. Since X
is smooth, there exist p € Der(S); such that p(f)(x) # 0. We may assume U is a small

enough neighborhood of x to u(f) to be invertible. Take n = -~ € Der(S) so n(f) = 1.

u(f)
Thus, the claim of the theorem follows by Lemma 3.8.4 and Lemma 3.8.5. [

3.9 Grassmann algebras and their infinitesimally
equivariant modules

In the previous section, we studied infeq modules associated with affine supervarieties
with dimensions greater than 1/0. In this section, we investigate the case where the
dimension is 0|n. Take a finitely generated superalgebra S that is an integral superdomain
with dimension 0|n. The algebra S/Js is both a finitely generated algebra and a field, thus
S/Js is an algebraic extension of the algebraically closed field k. It follows from the weak
Nullstellensatz theorem that S/Js = k, thus X = Spec (S) is a point. Assuming that X is a
smooth affine supervariety, there is a vector space V such that S = A, V by definition, i.e., S
is a Grassmann algebra. Consequently, we may study solely the infinitesimally equivariant
modules over a Grassmann algebra. The main objective of this section is to demonstrate
that there is an equivalence of categories between infeq modules and modules over the
Lie algebra of vector fields vanishing at the single point of X. To accomplish this, we will
use an algebraic approach following the ideas presented in [BIN23].

Let A(n) the Grassmann algebra in variables 0, ..., 8,. Explicitly, if k(0, ..., 0,,) is the
free associative algebra in the variables 0, ..., 8,, then

A(n) = k(@l, ceey 0n>/(919] + 919,|l,_] =1,..., n).

The algebra A(n) is a finite-dimensional associative algebra generated by the monomials
of the form Qfl Gﬁ", ki, ..., k, € {0, 1}. It inherits a compatible Z-grading from the free
associative algebra given by the degree of the monomials, i.e.

A(n)i = spany { 0;, -~ 0, | i1 < ...ix }

for each k € Z,. We will denote deg (Qfl Qﬁ") = k; + -+ + k,. With this grading,
A(n)iA(n); € A(n)iy for each k,I € Z, and A(n), = 0 for all r > n. Furthermore,
dimy A(n); = (Z) for each k = 0, 1,..., n, which implies that dimy A(n) = 2". Its Z-grading
and its relations demonstrate that A(n) = A(n)y ® A(n)s is a commutative superalgebra
where

A(n)y = span, {Qfl O Kk €{0,1}, Ky +hy+ -+ ky € ZZ} = @ A(n)y,

k is even
A(n); = span, {Qf‘ O ki €{0,1), Ky + ke + o+ k, €1+ ZZ} = @ A(n)y.
k is odd

We denote by J(n) the soul of A(n), which is the ideal generated by its odd part A(n);.
We note that its body A(n)/J(n) is isomorphic to k. Thus, J(n) is the only prime ideal on
A(n). Moreover, if x € J(n), then x is nilpotent, and 1 — x is invertible. Therefore, every
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element of A(n) \ J(n) is invertible.

It is well-known that the Lie superalgebra of superderivations

W(n) = Der(A(n)) = {D € End(A(n)) | D(ab) = D(a)b + (=1)PlaD(b)}

d
is simple if n > 2 (see [Kac77]). Denote by 30, A(n) — A(n) the odd derivation of A(n)

1

given by
0
8_9i(gj) = 5ij~

Then, W(n) can be realized as a free A(n)-module,
T 9
W(n) = P Am)_ -
i=1 i

Therefore, dim(W(n)) = n2", and dim(W(n);) = dim(W(n)7). The Z-grading of A(n)
induces a Z-grading on W(n) by

W(n), = {Zﬁ% | fin fu € A(”)kﬂ}-

This Z-grading satisfies
n—1
W(n) = P Wm.  [Wn)e, Wil ¢ W(n)r
k=—1

The subspace W(n), is a subalgebra of W(n) and it is isomorphic to gl (n), with the

isomorphism given by 91‘£ + E;;. Another important subalgebra of W(n) is

J

W(n), = D W(n).
k=0

Alternatively, this subalgebra may be defined as W(n), = J(n)W(n).

From now on, n is fixed, and we will denote A(n), W(n), W(n),, J(n) by A, W, W,,
and J, respectively. We denote by 7 the set {1, ..., n}.

3.9.1 Isomorphism of superalgebras

Consider the smash product A#U(W) of A with U(W). It is an associative superalgebra,
and its product comes from the coproduct of U(W) and its action on A. As a vector space,
A#U(W) is isomorphic to A ®, U(W), and the following relation holds

(fam)(ghp) = fr(@#u + (—D)"E f ganp (3.5)
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for each f, g € A, and n, p € W. In this section, we will use the ideas introduced on [BIN23]
to construct an isomorphism between A#U(W) and the tensor product of two other
associative superalgebras.

The first associative superalgebra that will appear in the isomorphism is the algebra of
differential operators. Consider D = D(n), the associative subalgebra of Endy (A(n)) gen-
7]
erated by A(n) and W(n). The assignment 6; — & and 50 > 9, defines an isomorphism
J
of superalgebras

D(n) = k<§15 ceey gna ala~"aan>/ (éjlg] + é:jgla alaj + ajaia ajgl + glaj - (SU) .
Thus, the set
d d
01‘ 91 —_——— |y < <y, <<
is a basis of D(n), and its dimension is 22" = dimEnd(A). Therefore, D = Endy(A) as

associative algebras, but we will keep its realization with the differential operators to
define the isomorphism.

The second associative superalgebra will be the universal enveloping algebra of a Lie
superalgebra isomorphic to W(n),. Let L = L(n) be the Lie superalgebra of superderivations
of the Grassmann algebra in the variables 0y, ...,0,, and L, = L(n), the subalgebra of
derivations with non-negative degree. It is naturally isomorphic to W, but we will show
that there is another Lie subalgebra of A#W that is isomorphic to L.

To define the isomorphism, we will fix some notation. For a subset P C {ii, ..., iy} =
IcnysetP={i,,.. i twithr <. <r, P =I\P ={i,..,iy_} with s < < sp_,.
Moreover, we denote

a(a+1)

S(P,1) = (~1)7 s

(a—1a

e

5

oF = 0;, - 0;,., oFf = ®;, 0 .

The definition above depends on the order of iy, ..., i¢. It may be useful to consider orders

different from the natural order inherited from 7. However, unless otherwise stated, we
will take the inherited order n. With this notation,

A(n) = span,, {0P | P C ﬁ}

W(n) = span, 9pi|q€ﬁ, Pcn
a0,

a P P
L(n), =span, { 0' — |qen, @+ PCh
a0,
If we assume that P C I’ for some I’ C I, we define P¢ = I’ \ P.
Theorem 3.9.1. The map

¢ AHMU(W)->D® U(L,)
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is an isomorphism of associative algebras, where o(f#n) = (f ® 1)p(n) for every f € A,

n €W, and
140" 0 @1+ PO’ ® o2
< ae) 26, © %s( ) 20,
foreveryI C {1,...,n}.
Explicitly, the definition of ¢ is given by
Jd 0
0, -0, =0, -0, —
(p( 1 k 0 ) 1 kaej
i D (—1) e SR g, ® O, -6 9
o rn Ta s1 Sk—a (’)9,
<a<k J

{r1oTas81, o Sk—af =11, k}
r<--<rp, $1<--<Sg_|

This formula implies that

InJ 1]_ 190 oc_~
(9989> =600 ®1+ ). s5(Q.N0'°®0 e

20, & .
+ > (~D)P ISP, 1)s(Q, )0 6% @ oo
PCI aG)q

ocJ
for every I,J C {1,...,n}.
We will split the proof of Theorem 3.9.1 into several lemmas.

Lemma 3.9.2. LetI,] C{1,...,n}, then

9 ¢ 0
J — ot 1 [ o 0
g0(9 90 ) q’(e 90 )] o ep’e 90 ]® +QZCJS(Q])[9 a0, -6 ]®@ 00,
9
DUHDAHD P, I 9] | @ er
-(-1 PZC;S( ) 30, 50,

C c a (4 a
P.I -1 (P |+1)\Q\9P9Q el — @Q
+ 2 sPDSQIN-) ® 10" 60 5

Q<J

Proof. Using the definition of the supercommutator and the product of D ® U(L,), we
have

2 ‘ 9
+ Y 50, (( >9Q (=)W g I % ) e
Q% 20, 20 00,
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0
S o2 D (e grer 2y (2 g2\ @ P 2
% s (0 D )0 )ee %

PO o ((_ 1\l [ @p @ o 9
+PZQS(P,I)S(Q,])9 69 ® ((-1) (@ a@p) (@ a@q)

gJ

_ (cpyPlaennsrie (goc 9 ) (@rr 9y
90, 90,

1_]
=1% 36, 989]

+ZS(Q,])(< 50 )QQ (- )(|1|+1)Q|9Q0189) @Qcag

0
P, I 1 J+D(Pe+1) 9P9J _ 1 [P|(|J]+1) 0] 9P @PC_
+;s< )(=1) 7, (-1) %, °0" s,

+ Z s(P, I)S(Q’J)(_l)(\PCIH)\QIQPQQ ® (<@Pci> (@Q“i)

® 1

pcl 00, 00,
ocJ
_ (=)t (e 9\ (g 9 )
00, 20,
i ®1+Zs(Q]) 0 09| @ 0% 2
20, o a0, 20,

pe a

DUHDAHD P, J_ P 0
- (-1 Mos,D [0/, 07| ® 76,

PCI 0

c c a c a
+ Y s(P,Ds(Q, (-1 IIRIgFQ @ [@P ,0° —]
PCI
s

Lemma 3.9.3. ¢ is a homomorphism of associative superalgebras.

Proof. We want to prove that the formulas provided can be used to extend ¢|w to U(W).
Thus, it is sufficient to prove that (D ® U(L,), ¢) is an enveloping algebra for W, i.e.
olw : W — D ® U(L,) is a homomorphism of Lie algebras. We have that ¢|w is a
homomorphism of Lie algebras if and only if

(o) b))

for every p,q €{1,...,n}, I,] C{1,...,n}

Let p,gef{l,....,n}, L] C{l,...,n}.If g ¢ [, and p ¢ ], then the bracket in the right-
hand side of (3.6) is zero. The left-hand side is zero since all brackets on Lemma 3.9.2 are
zero in this case.

85
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Suppose q ¢ I and p € J. Without loss of generality, we may assume that p is the first
element of J. Thus, &/ = GPGJ/, and

0. = | QN PhI) ifpeQ,
’ D9\ {p}LJ) ifpeQ
where J” = J \ {p}. First, we have that QITP 9]80 ] = 910]/6%1. Secondly,
¢ 0
I_ Q o~
;JS(Q]) [9 %, 0l ®0 %,
d
=) (- l)Qs(Q])[ ]@@ 00 2 . s(Q])[ —999]@@@@‘
Q;]' P a@)q Q%’ p 3@q
=) s(Q.J)0'09 ® 09— 9
ocJ ®q
Moreover,

. 90
s(P 1)) [01— GP} ® 0" — =0,

because g ¢ P. Finally,

Z s(P, I)S(Q’])(_l)(IPCIH)\Q\ 07 0° ® [@Pci, Q”i]

PCI ‘9@}7 a®q
QcJ
= s(P,D)s(Q, J)(~1)FIDielgrge @ [@PC— ® ®Q°—]
PCI
ocy’
c c a c a
+ 3 s(P,Ds(Q, J)(—1)FTIIe gy 60 @ [@P ,0¢ —]
PCI
g’
c c c a
= Z s(P,Ds(Q,J)(-1)F19F 99 @ 67 0% —
PCI a®q
QcJ’
c c c a
=Y s(P.D)s(Q.J)(-1)"196P 02 @ @7 0% ——
PcCI 86‘1
ocJy’
cll 77 4 C c a
+ > s(P, D) V1070 @ 07 0% —
~ 00,

Therefore, the right hand side of equation 3.6 by Lemma 3.9.2 is

#(73) +(*a0)

)
00" L g1+ > 50,7009 @ @9 ——
% ocr’ 99,
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Qc a

00,

+ > s(P,Ds(Q,J)(-1)"9"6¢ 6”0
PCI
o

On the other hand, the left-hand side of equation 3.6

7}

;0 , d ¢
I, _plp) 1 100 & @99
(p(GQ 8q> 0" 6 80q® + E s(0,])0'0° ® © 70,

ocr
PC a

DEFVs(p, DOPY @ ©
+ 20V De"e @ 07 o

pcI

c c c a
+ > (~1)P ISP, 1)s(Q, J)6" 6% ® ©" 0% —.
PCI a®q
gy’

We conclude (3.6) is satisfied if g ¢ I and p € J. Analogously, equation (3.6) is true when
gelandp ¢ ].

It remains to prove that equation (3.6) is true when q € I, and p € J. Suppose that g is

the first element of I and p is the first element of J. Denote I’ = I \ {g}, and ] = J \ {p}.

Hence, 0" = 0,0”, ¢/ = 0,6’', and
P\{gLI') ifqeP
(P.1) = s(PN{grI') ifgeP,
(~DFs(P,I") ifq ¢ P;

s(Q\{p}t.J) ifpeQ,

(= {(—1)Q'S(Q,J’) ifp ¢ Q.

Furthermore,

;0 ;0
/1) — plp/ — (=) IHDWHD g] oI
[eaeeae] 79 59,V %9 36,

With this notation, we use the calculations we did in the last case to infer that

C a c a
> s(Q.)) [91 eQ] ®0%—— = > 5(0.J)00?®e% ——
0sJ 90 8@ ocJ’ ®q
C a [ a
s(P, 1) [91 — ep] 0" — =) s, 1)~y @ @F —
; 6, 00, 1; FEN

The last sum given by Lemma 3.9.2 is

C C c a
S(P, 1)s(Q, J)(=1)P10lg7 60 g [@P 60 _]
ng 20, 20,

ogJ

— Z s(P, I)S(Q’]/)(_1)(IPCI+1)\Q\+\Q\QPQQ ® [ P“i @ @Q“ 0 ]
PcI 90

ocJ’
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. ) . 9
+ Z s(P,1)s(Q, J) (=) DgPg 99 & [@P ,09 —]

PCI

ogJ’
C c a
= P,I')s(Q, J')(~1)FIIIeHCFIgr g0 @ | @ @™ 2 @, 09
2, s.IS(Q.T)-1) ® TRy
Pcr
QcJ’
c c a L‘ a
4 N —1)P+DIQIHQI PoQ @ |©F
+ Zs(P,I)s(Q,])( 1) 0,0"0 [@ 70, ,0,0° 5 ]
PCI
ocJ’
— Z s(P,I")s(Q J/)(_1)IPC\(IQI+1)+IPI+IP”\(IQCI+1)9P9 0° ® |0 9 .0, or_ 2 d
. 3 b p a@ a@
PcI
ogy’
c C c a c c c c a
— Z s(P, I,)S(Q,]/)(—l)lp IH+IPIgP 9Q & @q@P 1Y _ (_1)|P llo |®P®Q or
) 00, 00,
Pcr
QcJ’
c c c a
+ Z s(P, I')S(Q,]’)(—l)lp HQlequ@Q QO eY —
per 00,
ocJ’
c c c a
_ Z s(P,1)s(Q, J/)(—1)FIWh1+P QPQPQQ ®0%er 2
pcr’ 29,
ocy’
c c c a
= Z s(P, 1)s(Q, J)(—1)F129F 90 @ @7 @2 2
PCI 00,
QocJy’
= 3 ()PP, 17)5(Q, )6 00 @ ©2° 0™ o
: ’ ’ 00,
PcI
o<

With all in place, we have that

9 9 1 IR r_9
o (055) o (737, | =o (0035, ) -corene (00 55 )

. 0
— (=) +DWHD "ol oP P
(-1) Zs(P,I)@Q ®0 56,
PCr
c C (4 a
+ > s(P,Ds(Q,J)(-1)" 9" 99 @ @7 0% ——
PCI 8®q
ocJ’
= 3 ()P WP 17)5(Q, )67 00 @ 0% 0™ 9
pcr’ 20,
gy

/0
LgJ — (—1)U+DWHD J ol
<9989> (-1 (9989)

(g
(|75 aa))

thus equation (3.6) is satisfied when q € I, and p € J. [
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Lemma 3.9.4. ¢ is an isomorphism.

Proof. We start by proving that ¢ is surjective. Since ¢ is an algebra homomorphism,
we only need to show that generators of D and U(L,) are elements of its image. Let

Jcf{l,...,n}and p, py,..., px €{1,..., n}, then

d d 0 0
o/ # . =0 [ — .. 1
(o ()~ (i) o (G )~ (a6, ) @
Furthermore,

o(Zevramorw)

IcJ

= > (DU, N6 ¢ (1#9’%)

IcJ

0

= Y0 e o2 .

IcJ

— Z( 1)|I\ 9]

Icj

+ Z <Z(_1)]|—Q|+PS(Q N P,])S(P,P U QC)S(P, Q)) HQ ® @QC -

Q<] \PcQ

®1+ Y Y (~D/FIs(re, ))s(P, 160" 0 @ " ——

Icj PcI

a0,

0
©p

1\ 2
=(-1) ®®]a®

Therefore, ¢ is surjective.

Let ¥ : D® U(L;) - A#U(W) be the map defined by

¥ <9Ji... 4 ® 1) = Qf#i... 4 ,
891’1 aepk 89171 aePk

¢(1®@fa®> D (=, 70" s0' -2 56,

IcJ

foreach I,J c n, I # @, and p, p1, ..., pr € n. Note that we have shown that ¢ - ¢ is the
identity of D ® U(L,). On the other hand,

1_ P pe_9 9
¢<9 %, ®1+ Y s(P,.10" ® © 7,

pcI

1 P pe d
¢(0—®1> Zs(P,I)z,b(é) ® 0 a_(ap>

PcI

s+ > s(P,D) Y (-1)9s(Q", 136)91’9@#9(?7

0 917 Pl QcP p
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0

=Y > (=D9s(P,1)s(Q", P)s(P, P U QC)QP“QC#QQ%

Pcl Qcp¢
= Z s(0%, 1) ( Z (-D9s(P\Q, I\ Q)) 024902
ocl QcPpcl ‘99

_1#91
80

because s(P,1)s(Q,P) = s(Q,I)if Q c P C I. Thus, o ¢ is the identity of A#U(W).
Therefore, ¢ is an isomorphism, and its inverse is 1. [

Therefore, ¢ is an isomorphism of associative superalgebras by Lemma 3.9.3, and
Theorem 3.9.1 follows.

Corollary 3.9.5. The map ¢ : D ® U(L,) — A#U(W) defined on the previous lemma is a
homomorphism of associative superalgebras and it is the inverse of ¢.

Remark 3.9.6. By PBW Theorem, there is a canonical linear isomorphism

0 0

A#U(W)z(A(Gl,.. 9)#/\(891 0

)) (HUW,)).

The first term is isomorphic to D and the second to U(L,). However,

%}
0 =142 (02
*20, a0, ] 20, ( ’)ae

is non-zero if p # I. Therefore, the isomorphism given by the PBW Theorem is not an
isomorphism of associative superalgebras, since the subalgebras D and U(L,) do not
commute in this case.

3.9.2 Rudakov modules

Let U be a W, -module. We can make U a A-module by evaluation:

o {o, if@=+Pcil,. n
u:

u ifP=¢9

The action of k C A is the same of U as a vector space. Therefore, JU = 0, and

d
6% —9P 0D+ 026" —v)=09(6"
00 =0 3,00+ (0350 ) =00 (0735
for each P,Q c {1,...,n}, P # @, q € {1,..., n}. Therefore, U is a A#U(W,)-module.
The Rudakov module associated to U is the infeq A-module
R(U) = A#U (W) @nevqw,y U.

If U is a finite-dimensional vector space, then R(U) is a finite-dimensional vector space,
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thus it is finitely generated as an A-module. This is a major difference between Rudakov
modules over A#U(W) and other settings.

Let M be an infeq A-module, and define the body module M = M/JM.If @ = P,Q C
{1,..., n}, then
gpi (990) - gPi(gQ)v + (_1)(|PI+1)\Q|9Q gPiv e M
20, 20, a0,
for each p € {1,..., n}, and v € M. Therefore, M is a module over W,.

Define M" = Homy (M, k) the dual space of M.IfM = M; ® M; is Z,-graded, then M
is Z,-graded by
M = {aed |a(¥) =0},

Moreover, it is a A#U(W_,)-module with the standard actions of A and W,
(fo)(m) = (=D a(fm),
(na)(m) = —(=1)" o (ym)

forallne W, feA «a eM ,and m € M.

Let 7 : M — M be the A#U(W,)-homomorphism given by the canonical projection,
then the pullback of 7 defines a homomorphism 7* : M — M* between the dual modules

by
m(@)=acn, ae€M.

Proposition 3.9.7. The canonical homomorphism = : M — M extends uniquely to a

A#U(W)-homomorphism T* : R (M*) — M*.

Proof. The induction functor R(_) : A#U(W,) — Mod — A#U(W) is left adjoint to the
restriction functor Res, : A#U(W) — Mod — A#U(W.) — Mod induced by the inclusion
map ¢ : A#U(W,) < A#U(W). Hence,

HomA#U(WQ (M*, M*) EHomA#U(\M) (M*, Res, (M*))
=Homsyw) (R(M ), M*) .

Therefore, the canonical homomorphism 7 € Hompsyw,) (MiM*) corresponds to a
unique A#U(W)-homomorphism 7* € Homps:yw) (R(M*), M*). Explicitly,

7 (f#u ® a)(m) = a(x(f(um)))

for each f#u ® a € A#U(W) Qprsu(w,) M. O

The dual module M* = Homy (M, k) is a super vector space if M is, and it is an infeq
A-module with the standard actions of A and W

(fa)(m) = (D) a(fm),  (na)(m) = ~(=1)"“a(ym)

91
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foralln € W, f € A, « € M*, and m € M. It is not always true that M and M* are
isomorphic as A-infeq modules, but this is the case when M = A.

Example 3.9.8. The superalgebra A is naturally an infeq A-module, thus its dual A" is
also an infeq A-module. For P C 71, we denote 07(0) = 0 if P = @, and 6°(0) = 1. A point
derivation D : A — k is a map such that D(ab) = D(a)b(0) + (—1)PI*/a(0)D(b). For each
p € 1, the map 9,(6,) = 1 defines a point derivation 9, : A — k. We define the product
9,94 + A > kby

@06 = 2, (55"
q

Note that 9,0, = —9,9,, and we define 8" for each P C 1 accordingly (note that 9%(1) = 1
and it is zero otherwise). The set {9” | P C n} has 2" linearly independent elements, hence
it is a basis of A*. The action of A on d* is by derivation, i.e.

0,(9,09) =39, pen Qcn\ipk

On the other hand, the action of W_, is given by a product

d
— 0 = —(-1)"9%9, = —9,0".
a0, =1 P P

We have that 1 and 9" are a basis of A(n) and A* as A-modules, respectively. Therefore,
we may consider the unique A-module homomorphism T : A — A* such that T(1) = 9".
Because it satisfies

4 9 ~ 0 - 9 - 9
T(-2(6") = 2 (6")9" = -2 (670" — (—1)"6" i\ = 9 7cgP

T is an isomorphism of A#U(W)-modules.

The dual M™ of M* is an infeq module as well. For each m € M, we define m* € M** by
m*(a) = (—1)"l*la(m) for each & € M*. Since M is finite-dimensional, the map ¢ : M —
M** defined by ¢(m) = m* gives an isomorphism between M and M**. Furthermore,

(fm @) = (fm)'(a), (mm*)a) = (qmm)*(a), fe€A neW, andme M.
Therefore, ¢ is an isomorphism of A#U(W)-modules.

Let U = M*/JM* the body module of M*. As we know, U is a module over A#U(W ).
By Proposition 3.9.7, the canonical homomorphism 7 : M* — U extends uniquely to
a A#U(W)-homomorphism 7* : R(U*) —» M*. Thus, ¢ o 7 : R(U*) —» M is an
isomorphism. Therefore, we have proved the following proposition.

Proposition 3.9.9. Every finite infeq A-module is a Rudakov module. Explictly, if M is a
finite infeq A-module, then M = R ((M*)").

Therefore, the functor R defined on the category W, -mod of finite-dimensional W, -
modules to the category InfEq(A) of finite infeq A-modules is an essentially surjective
functor, i.e. each object of InfEq(A) is isomorphic to an object of the form R(U) for some
object U of W,-mod. We want to prove that R is an equivalence of categories, thus it
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remains to prove that R is a fully faithful functor. A fully faithful functor ¥ : C — (’
between the two categories C and C’ is a functor such that the map

Hom¢(x, y) - Hom¢ (Fx, FY)

induced by F is bijective for each x, y € C.
Lemma 3.9.10. If V is a W, -module andv € R(V), then Jv = 0 if and only ifv € V.

Proof. By the PBW Theorem

Jd d 0 d
RWV)=|AQA| —, ..., UA#UW,)) ® VAl —,..,— |V
(V= (884 (55 ) ) VGO Buss V=4 (5005 )
as a vector space, where A <£ s ﬁ) denotes the exterior product in variables
1 n
d
307 20, Using the notation introduced in the Example 3.9.8, there is an isomorphism
1 n
of modules over A#U(W) between this exterior product and A*, which is defined by
2 ~
—— > 9,. 1f P C i, then
a0,

0,0"v = (=1)"10"0,v + cp 0" Py = ¢p 0" Py,

where cp, = 0if p ¢ P and ¢p, € {1, —1} otherwise. Thus, 8,0"v = 0 for every p € nif and
onlyifv ek ® V. O]

Proposition 3.9.11. The functor R : W, -mod — InfEq(A) is a fully faithful functor.

Proof. By definition, R is a fully faithful functor if the map
Homy, (U, V) — Hompsuow)(R(U), R(V))

induced by the functor R is bijective for every object U,V of W,-mod. Because the
induction functor R is left adjoint to the restriction functor Res,, we have that

Homyyyw)(R(U), R(V)) = Hompsyw,) (U, Res, (R(V))).

Additionally, the action of A in both U and V is given by evaluation on J, thus if
a € Hompsyew,) (U, R(V)) then 0 = a(fu) = fa(u) for each f € Jand u € U. By
Lemma 3.9.10, the image of « is a subset of V =k ® V . R(V), therefore @ : U —» Visa
W, -homomorphism. In other words,

HOI’I’IW+ (U, V) = HomA#U(WQ (U, R(V)) .

We conclude that Homy, (U, V) = Hompa:yw)(R(U), R(V)), thus R is a fully faithful
functor. ]

Theorem 3.9.12. The functor R : W -mod — InfEq(A) is an equivalence of categories.
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Proof. By Proposition 3.9.9 and Proposition 3.9.11, the functor R is essentially surjective,
full and faithful. Thus, it is an equivalence of categories. O]

We can use this theorem and the previous discussions to describe simple finite infeq
A-modules. Because the functor R is an equivalence of categories, a finite-dimensional W/, -
module U is simple if and only if the finite infeq A-module R(U) is simple. Let us describe
simple finite infeq A-modules in terms of irreducible representations of W,. We start
analyzing finite-dimensional simple W, -modules by applying the following lemma.

Lemma 3.9.13 ([CK98, Lemma 1]). Let g be a finite-dimensional Lie superalgebra and
let n be a solvable ideal of g. Let a be an even subalgebra of g such that n is a completely
reducible ad a-module with no trivial summand. Then n acts trivially in any irreducible
finite-dimensional g-module.

Lemma 3.9.14. Let V be a simple finite-dimensional W . -module, then W_;V = 0 for each
i > 1. In particular, V is a simple module over W, /JW . = gl,.

n
0
Proof. Assume g = W,,n=JW, anda =W, = ®k9i£~ We have that a = gl (k)
i,j=1 J
and the adjoint representation makes n is a module over a. With this action, n is a weight
module over a with non trivial weights because

9 g 9 | _ g 9
aa@’aeaek'_eaek

where i, k € nwithi # kand @ # I C n'withi ¢ I. Hence, g, n and a satisfy the hypothesis

of Lemma 3.9.13. Therefore, JW, acts trivially in any irreducible finite-dimensional W, -
module. O

Let p : W, — gl (U) be a representation of W, on the finite-dimensional super vector
space U. As we saw in proof of Lemma 3.9.10,

7amzA<a a)@U

20,""" 30,
t If@ =+ {i ir} =1 C nwithi; <i, < - < i}, denot o o 0
as a vector space. I, ..., i} = nwith i; <i, < - <, denote — = —— - ——.
P btk P ¢ 201 ~ 36, 6,
The action of A in 5% ® U is given by
0 0 if O\NI =+,
QQ _I®U = P 1 Q
00 S(Q’I)BQTQ lfQ C I,
. . ) N d 0
for each v € U. Passing the isomorphism A = A* = A EY R £> as A-modules
1 n

constructed in Example 3.9.8, we have that R(U) = A ® U as A-modules.

02 (0' ® v) = (GQHI) ®v=s(0,N%" ®v
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for eachv € U.

Assume that U is a simple W, -module, then JW, U = 0 by Lemma 3.9.14. Therefore,
U is simply a gl,-module. Let p : gl, — gl(U) be the associated representation, then the
action of W on R(U) = A ® U in the above isomorphism is given by

Ii P _ Pﬁ . . Qa_el '
(0 aeq> (0"®v) =20 26, + ;s({z},l)e 20 ® p (Eig) v (3.7)

for each I,P C n, g € nand v € U, where {E,-q |i,j € ﬁ} C gl, is the canonical basis of
gl

A tensor module over A is an infeq A-module defined in the tensor product T(U) =
A ® U, where U is a gl,-module. The action of A is given by left-side multiplication and
the action of W is defined by (3.7). In the above discussion, we proved the following
theorem.

Theorem 3.9.15. Every simple finite infeq A-module is a tensor module. That is, if M is a
simple finite infeq A-module, then there exists an irreducible representation p : gl, — gl(U)
of gl,, such that M = A® U as a vector space. The action of A is defined by left multiplication
and the action of W is given by

p) 00° - . 26"
(919_9(1) (60" ®v) = o 21: s((i D65 @ p (Ex) v (3.8)

foreachI,P Cn,q€enandve U.

Remark 3.9.16. A peculiarity about simple finite infeq modules over A is that Rudakov
modules and tensor modules are isomorphic. This does not happen when the even dimen-
sion is positive, since Rudakov modules are not finitely generated as modules over the
algebra of functions, see [BFN19].

3.10 Summary of results

In this chapter, we extended results about the Lie algebra of vector fields and its
representations to supergeometry, including results given in Chapter 2.

After establishing the preliminary results, we proved that the Lie superalgebra of vector
fields on a smooth affine supervariety is simple.

Theorem (Theorem 3.6.6). Let X = Spec (S) be a smooth integral affine supervariety with
dim X = r|s # 0|0. Then, the Lie superalgebra Der(S) = T'(X, Oy) is simple.

This result gives us an infinite family of infinite-dimensional simple Lie superalgebras.
We studied representations of Lie superalgebras in this family that admit a compatible
action of the superalgebra of functions of the affine supervariety. When this representation
is finitely generated as a module over the ring of functions, we proved that the coherent
sheaf associated with it is an infinitesimally equivariant sheaf.
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Theorem (Theorem 3.7.13). Let X = Spec(S) be a smooth integral affine supervariety
and M a finite infinitesimally equivariant S-module with associated Der(S)-representation
p : Der(S) — gl(M). Then, the coherent sheaf M is an infinitesimally equivariant sheaf on
X. In particular, its Lie map L : ©x — gl (M) is given by

LDm( ) DA ( ) kakp(f’“’n)—ZZp:( 1y (’”") (") e (')

p=0 [=0 p=0 [=0

forevery f € S\ Js and n € Der(S).

With this result, we proved that the associated Lie map of an infinitesimally equivariant
sheaf on a smooth supervariety is a differential operator.

Theorem (Theorem 3.8.6). Let X be a smooth integral supervariety and M an infinitesimally
equivariant coherent sheaf with Lie map L : Der(S) — gl(M). Then L is a differential operator
of order bounded by a constant that depends on the rank of M.

A special family of Lie superalgebras of vector fields is the family W(n) of vector fields
on the exterior algebra A(n) in n variables. We studied the associative algebra that governs
infeq A(n)-modules and established the following isomorphism theorem.

Theorem (Theorem 3.9.1). The associative superalgebra A(n)#U(W(n)) is isomorphic to
the tensor product of associative superalgebras Endy(A(n)) ® U(W(n),), where W(n),. is the
subalgebra of W(n) of vector fields vanishing at the point of Spec (A(n)).

Using this isomorphism, we studied finite infinitesimally equivariant A(n)-modules
and constructed an equivalence of categories between the category InfEq(A(n)) of fi-
nite infinitesimally equivariant A(n)-modules and the category W(n), — mod of W(n),-
modules.

Theorem (Theorem 3.9.12). The induction functor R : W(n); — mod — InfEq(A(n)) is
an equivalence of categories, where

R(U) = A(m)#U(W(n)) @ampuwny,) U

for every W(n),-module U.

We wrapped up this chapter by illustrating a unique aspect within this context: the
isomorphism between the tensor modules and Rudakov modules.

Theorem (Theorem 3.9.15). Every simple finite infeq A(n)-module is a tensor module. That
is, if M is a simple finite infeq A(n)-module, then there exists an irreducible representation
p : gl, = gl(U) of gl, such that M = A(n) ® U as a vector space. The action of A(n) is
defined by left multiplication and the action of W(n) is given by

09 < 00"
(efa ) ) (6 ©0) = 0%+ 3. st DT 0. (B4 (39)

i=1

foreach,P Cn,q€enandve U.



Chapter 4

Finite weight modules

In this chapter, we will shift away from the theory of Lie algebras of vector fields on
algebraic varieties and delve into the realm of the representation theory of another (impor-
tant) infinite-dimensional Lie superalgebra: the map superalgebra. The map superalgebra
is a Lie superalgebra defined on the tensor product G = g ® S of a Lie superalgebra g and
an unital commutative (super)algebra S. Most of the time, the representation theory of G
depends heavily on the structure and representation theory of both g and S. For instance,
when g is a simple Lie algebra and S is a finitely generated algebra, the classification of
bounded weight modules over G was done in terms of evaluation modules in [BLL15],
which are modules over G constructed using maximal ideals of S and simple modules over

g.

We will assume that g is a basic classical Lie superalgebra and use its structure to define
and study weight modules with finite multiplicities over G. Throughout the chapter, we will
also need to put restrictions over S, since its characteristics influence the representation
theory of G as well. This chapter is the fruit of a collaboration with Vyacheslav Futorny
and Lucas Calixto [CFR23]. All results are stated explicitly in the last Section 4.10 of this
chapter.

We will start the chapter with the basics of Lie superalgebras and introduce the basic
Lie superalgebras that we will use throughout the chapter. This will be done in Section 4.1
and our main reference for it is the paper by Kac that gives the classification of all simple
finite-dimensional Lie superalgebras [Kac77].

In Section 4.2, we will prove some basic results on the representation theory of Lie
superalgebras, like Schur’s lemma and the density theorem. However, the main result of
this section is Proposition 4.2.5 which shows how the irreducible representations of the
direct sum of two superalgebras will behave. This is also the section where we will define
the irreducible tensor product of two irreducible representations.

We will also prove a few propositions on Lie superalgebras that admit a weight decom-
position through the adjoint action of an abelian subalgebra. We will define in Section 4.3
weight representations for this kind of Lie superalgebras and show that a simple weight
module with finite multiplicities over the direct sum of two of such Lie superalgebras is
given by an irreducible tensor product of two irreducible representations of the involved
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Lie superalgebras.

We will then focus on the representations of map superalgebra G = g ® S associated
with a basic classical Lie superalgebra g and a commutative finitely generated superalgebra
S.In Section 4.4, we study the S-annihilator of a weight representation, which is the largest
ideal I of S such that g ® I annihilates a module. As it happens in the Lie algebra case, we
will show this ideal of S has a finite codimension.

Afterward, we study the shadow of a module in Section 4.5. To summarize, this exposes
the actions of G on the finite weight module associated with it, showing which parts of
G act locally nilpotently or injectively on the representation. It also allows us to define
a partition of the root system of g that will be used in Section 4.6 on one of the main
theorems of this chapter.

Section 4.6 dives into the relation of the structure of the weight representation and
its shadow. For instance, we will show that if the set of injective roots is empty, then the
representation is finite-dimensional. On the other hand, if the whole root system acts
injectively, then the module is cuspidal and bounded (i.e. the dimension of its weight
spaces is bounded by a fixed number). We will use the concepts analyzed so far to show
that each simple weight G-module with weight spaces with finite dimension is either a
cuspidal bounded G-module or parabolically induced from a simple cuspidal bounded
module over a certain subalgebra of G.

After talking briefly about evaluation modules in Section 4.7, we will classify in Sec-
tion 4.8 cuspidial bounded modules over map superalgebras associated with a basic classical
Lie superalgebra g with even part gy semisimple and a commutative algebra. We will show
that in this case, cuspidal bounded modules are evaluation modules.

We will finish this chapter applying our results to affine Lie algebras, which is the
central extension of the map algebra g ® k[¢, t'].

4.1 Basic Lie superalgebras

This chapter begins with a concise overview of the theory surrounding finite-
dimensional simple Lie superalgebras. However, our primary emphasis will be on delving
into the theory of classical basic Lie superalgebras right from the outset. All results in this
section are well-known and most of them may be found in the work of Kac [Kac77].

We recall that a Lie superalgebra is a super vector space g = gy ® g7 with a bilinear
map [,-] : gx g — g, called bracket, that satisfies

1. [x,y] + (=D)I¥[y, x] = 0 for each x, y € g;
2. (Super Jacobi Identity) (=1)¥[x, [y, z]] + (=)™ y, [z, x]] + (=12, [x, y]] = 0.

Subalgebras and ideals of Lie superalgebras are defined as in other algebra structures with
the added part that they need to be Z,-graded. Homomorphisms of two superalgebras
need to preserve the Z,-gradation.

Lemma 4.1.1. Let gy be a Lie algebra with bracket |-,-], and V' a gg-module with associated
representation p. Suppose we have a gy-homomorphism o : S*(V) — gg. Consider the
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super vector space § = gy ® V with even part gz and odd part V. Define a bilinear map
[.]:gxg—>gby

[x’ J’] = [x9 Y]o, [X, U] = _[Us X] =X-0, [03 u] = O'(U ® U)
foreachx,y € gg,v,u € V. Then, g = gy ® V is a Lie superalgebra if

c(uv)w+ow® w)u+ o(w® up =0 for u,v,we V.

Conversely, if g = gy @ g7 is a Lie superalgebra, then

1. gg is a Lie algebra,

2. g7 is a gy induces by the adjoint action,

3. u®uv > [u,v] defined a gg-homomorphism S*(g7) — gs,
4. the bracket satisfies the super Jacobi identity.

From now on, suppose that g is a finite-dimensional Lie superalgebra. We say that g
is simple if g is not abelian and it has exactly two ideals, 0 and itself. A Lie superalgebra
g is called classical if it is simple and the adjoint action makes g7y a completely reducible
module over the Lie algebra gg. A classical Lie superalgebra g is called basic if it is classical
and it admits a non-degenerate bilinear form similar to a Killing form of Lie algebras, that
is, a non-degenerate bilinear form (-,-) : g x g — g such that (x, [y, z]) = ([x, y], z) for
all x, y, z € g. A bilinear form that satisfies this last condition is called invariant. If g is a
simple Lie superalgebra, then any invariant bilinear form on g is supersymmetric, that is,

(x,y) = (D(y,x) for x,y € g.

The classification of all simple finite-dimensional Lie superalgebras was done by
Kac [Kac77]. It was shown that a simple Lie superalgebra need not be classical. The non-
classical simple Lie superalgebras are called Cartan type Lie superalgebras. Not all classical
Lie superalgebras are basic. In his classification, Kac showed there are two series of Lie
superalgebras that do not admit a non-degenerate invariant bilinear form. They are divided
into two infinite families called strange series. We will construct most of the basic classical
Lie superalgebras, and we will give realizations of their root systems.

For a super vector space V, we denote by gl(V) the super vector space of endomor-
phisms of V. If V = k™" then gl(V) may be identified with the super vector space of
m|n x m|n super matrices gl(m|n). As a vector space, gl(m|n) is the set M, ,(k) of square
(m + n) x (m + n) matrices. For X € gl(m|n), write X in blocs of matrices

A B
x=[e o)
where A € M,,(k), D € M, (k), B € Mxn(k) e C € M,(k). Then the even part of gl(m|n)

consists of matrices X with B = 0 and C = 0, and the odd part of gl(m|n) consists of
matrices with A = 0 and D = 0. Therefore, dim gl(m|n) = m* + n?|2mn, and

o= { [ B4 €M, Dm0
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g[(m|n)T = { [g §:| | B € men(k)a Ce Mnxn(k)}

The usual product of matrices makes gl(m|n) an associative superalgebra, and it is a Lie
superalgebra with the bracket

[X,Y]=XY - (DXMyXx, XY e gl(im|n).

For a supermatrix X = (x;;) € gl(m|n), we define the supertrace str : gl(m|n) — k

by
Str(X) = Z Xii — Z X_U
i=1 j=1

Its kernel
sl(m|n) = {X € gl(m|n) | str(X) = 0}

is a subalgebra of gl(m|n) called special linear Lie superalgebra. When m = n, the iden-
titiy matrix I, € sl(m|m) and it generates an ideal of s[(m|m). In this case, the quotient
psl(m|m) = sl(m|m)/KkL,, is called projective special linear Lie superalgebra. Their even
parts are

sl(m|m)g = sl,, @ sl,, ® k and psl(m|m)gy = sl,, ® sl,,.

For m,n > 1, we define

sim+1n+1), ifm#n
pslim+1m+1). ifm=n

A(m,n) = {

For the analogs of orthogonal and sympletic Lie algebras, consider the bilinear form ¢
in k™" given by the matrices

(0 I, 0 0 0
L, 00 0 0
=10 0 1 0 0 ifm=2k+1, n=2k,
000 0 I
0 0 0 - 0
(0 I, 0 0 0
L, 00 0 0 .
¢ = 000 0 I ifm=2k, n=2k.
0 0 0 - 0

The orthosymplectic Lie superalgebra is defined by
osp(mln) = { X € gl(mln) | X¢ + $X** =0},

t t
where X* is the supertranspose of X = [é g given by X*' = _f}st lc)t . Similarly to

what happens in the Lie algebra case, there are differences in the structure of the orthosym-
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plectic Lie superalgebras depending on the dimension of the defining representation. For
this reason, we define

B(m, n) = osp(2m + 1|2n), m>0,n>1,
C(n) = osp(2]2n — 2), n>2,
D(m, n) = osp(2m|2n), m>2,n>1.

In this case, their even part is

B(m,n); = B,, ® C,,
C(n)6 E k @ Cn—la
D(m, n)6 =Dn ® C,,

where B,,, C,, D,, are the usual simple Lie algebras of type B, C, D.

There are a few exceptional Lie superalgebras. The first is the one parameter family
D(2,1, ). For each i = 1, 2,3, let g; be the Lie algebra sl,, and denote by V; the standard sl,-
module associated to g;. A g;-module homomorphism S?(V;) — g; will be an isomorphism,
it is given by a non-zero scalar a; € k by Schur’s Lemma. By Lemma 4.1.1, the super vector
space g(a;,a2,a3) = gg® gy, with gg = g: @ 9: D gsand gy = V; ® V, ® V3, will be a
Lie superalgebra if a; + a; + a; = 0. For any nonzero scalar ¢ € k, g(cay, cay, cas) and
g(ay, a,, as) are isomorphic. Furthermore, if we change the order of g; and V;, we will have
isomorphic superalgebras. Therefore, g(ay, a,a3) = g (1, ail -1 1). Thus, we have a

a;
one-parameter family of Lie superalgebras given by nonzero scalar a € k

o

1 1
D(2,1,a) =g (1,—,—— - 1)
(04

The Lie superalgebra D(2, 1, «) is simple if « # 0,—1. Note that its even part is the
semisimple Lie algebra sl, @ sl, & sl,.

There are other two exceptional Lie superalgebras, F(4) and G(3). The even part of
F(4) is the semisimple Lie algebra sl, @ so0;. On the other hand, the Lie superalgebra G(3)
has an even part isomorphic to sl, ® G,.

If g is a classical basic simple Lie superalgebra, then g is either a simple Lie algebra or
isomorphic to one of the following algebras

A(m,n) withm > n >0, A(n, n) with n > 0,
B(m,n) withm >0, n >0, C(n) with n > 2,
D(m,n)withm >2, n>1, D(2,1, ) with « = 0, —1,
F(3), G(4).
Some of these Lie superalgebras are isomorphic to each other. For instance, D(2, 1) =

D(2,1,1) and A(2,1) = C(2). Furthermore, D(2,1, @) = D(2, 1, i) =D(2,1,—-1 — @). Using
the last number of each 3-uple in these isomorphisms, we may define an action of the
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permutation group S; in C\ {0, 1}. This action gives the isomorphism classes of the various
D(2,1, a). There are no further isomorphisms between the above superalgebras.

From now on, we suppose that g is a classical basic simple Lie superalgebra. It is
known the representation of g on gy is either irreducible or a direct sum of two irreducible
representations. We say g is of type II if gy is a simple gg-module. Otherwise, we say that
g is of type I There exists a distinguished Z-grading g = @gn such that g5 = @gn,

nez ne2z.

g1 = @ g, and it satisfies:

n¢27Z
1. gg=goand gy = g_; ® g, if g is of type I, and
2. g5=920 g0 ® g, and gy = g1 @ g, if g is of type IL.

We summarize in Table 4.1 the list of all basic classical Lie superalgebras, their type,
their even part and dimensions.

’ g o Type Dimension
A(m,n),m>n>0 A,®A,®k I m? + n® — 1|2mn
A(n,n),n>1 A, ® A, I 2n? — 2|2n*
Cln+1),n>1 C.ok I 2n® +n+1l4n
B(m,n),m>0,n>1 B,, ® C, I 2m? + m + 2n* + nldmn + 2n
D(m,n),m>2,n>1 D,, ® C, I 2m? —m + 2n* + nl4mn
F(4) A, @ By il 24[16
G(3) A ® G, 10 1714
D2 La)a+0-1 A®AGA I 98

Table 4.1: Basic classical Lie superalgebras that are not Lie algebras, their even part and their type

A Cartan subalgebra of a basic Lie superalgebra g is a Cartan subalgebra of the reductive
Lie algebra gg. If h is a Cartan subalgebra of g, then g is a weight module over h with
go = h. Denote by A the set of nonzero weights of g as a h-module. The set A is called the
root system of g. Denote by Aj the weights of g5 and A7 the weights of gr.

We finish this section with a theorem that shows how similar basic classical Lie
superalgebras are to semisimple Lie algebras.

Theorem 4.1.2. Let g be a basic Lie superalgebra with a Cartan subalgebra .

1. We have a root space decomposition of g with respect to b

s=ho@ ad 5=

a€eN

2. dimg* =1 fora € A.
3. [9a> 98] C gusp for each a, p € A such that o + f € A.

4. There exists a non-degenerate even invariant supersymmetric bilinear form (-,-) on g.
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5. {a, 9p) = 0 unlessa = —f € A.
6. The restriction of the bilinear form (-,-) on hj x by is non-degenerate.
7. A= —A, Aa = —Aﬁ, and AT = _AT-

8. Leta € A. Then ka € A for k # +1 if and only if @ € A7 and (a, &) # 0; in this case
k = +2.

9. There exists x,, € g% such that [x,, x_q| = (x4, X_o)h, wWhere h,, is the cooroot deter-
mined by (h,, h) = a(h) for h € b.

From now on, if g is a basic Lie superalgebra, we define x, € g%, h, € b, elements such
that [x,, x_,| = h, for each @ € A. An odd root « € A is called isotropic if (a, a) = 0.

4.2 Tensor product theorem

In this section, we will show a few general results about the representation theory of
Lie superalgebras. Unless otherwise stated, we will not make any assumptions about g
other than being over k.

For a vector space V, we denote iy as the identity map of V.

Lemma 4.2.1 (Schur’s Lemma). Let g be a Lie superalgebra and V be an irreducible g-
module. Then either Endg(V) = Endy(V); = kiy or Vi = V7 and Endy(V) = kiy @ ko,
where o = 1y is a parity reversing map that permutes Vi and V;.

Proof. First, note that every element of Endy(V) is an isomorphism, because V is simple,
and kernels and images of g-endomorphisms of V are submodules of it. Since composition
of g-modules isomorphisms is an isomorphism and 1y € Endy(V);, the vector space
Endy(V)g is a division ring. Hence, Endy(V)5 = kty by the argument of the Schur’s lemma
(due to Diximier) for Lie algebras. If Endy(V); = 0, then Endy(V) = Endy(V); = kuy.
Suppose Endy(V); # 0. Take a non-zero element o € Endy(V)y, then ¢® € Endy(V);is a
non-zero even element. So o = ciy for some non-zero ¢ € k. We may assume that ¢ = 1.
The restriction oy, is a gg-isomorphism between V; and V5 with inverse oly., thus o is
a parity reversing map. If 7 € Endy(V); is any other non-zero element, then 7° = auy
for some non-zero scalar a € k, and 7 = bo for some b € k with b?> = a. Therefore,
Endy(V); = ko. O

Remark 4.2.2. Note that o : V;j — V5 is an isomorphism of gg-modules. We used that
k is an uncountable algebraically closed field of characteristic zero. If we assume that g
is finite-dimensional, we may drop the assumption that k is uncountable using Quillen’s
argument, see [Qui69].

Lemma 4.2.3 (Density Theorem). Let g be a Lie superalgebra, and V be a simple g-module

1. Assume Endy(V); = 0. If vy, ...,v, € V are linearly independent and wy, ..., w, € V,
then there exists u € U(g) such that uv; = w; for eachi =1, ..., n.
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2. AssumeEndy(V); # 0. Ifv, ..., v, € V; are linearly independent homogeneous elements
and wy, ..., w, € V; withi € {0,1}, then there exists an even element u € U(g)g such
that wv; = w; foreach j=1,...,n.

Proof. Using that Endy(V); = kuy, both statements follow from the Jacobson Density
Theorem (see [[sa09, Theorem 14.15]) and Schur’s Lemma (Lemma 4.2.1). ]

Lemma 4.2.4. Let g, and g, be Lie superalgebras, and V,, V, be simple modules over g, and
g2, respectively. IfEnd, (V1) = k, then V, ® V; is a simple g, ® g-module.

Proof. We only need to show that each non-zero homogeneous element of V; ® V, generates
the whole g; ® g;-module. Let v € V; ® V;, be an arbitrary non-zero homogeneous element,

n
and write v = Z v; ® v5. We may assume that {v], ..., v} is a linearly independent set of
j=1
homogeneous elements, and v? # 0. By Lemma 4.2.3 (1), there exists u € U(g) such that
uv}- = §;,0;. Therefore,

u = Z(uv})@vf =0, ®v #0.

j=1

Take w; € V; and w, € V,. Since both V; and V, are simple, there exist u; € U(g,) and
u, € U(g,) such that u;v! = w; and u,v? = w,. Hence,

up(y(up)) = (=1)"“"1w; @ w,.

We conclude that any simple tensor is an element of U(g; & g,)v. Therefore, U(g; ® g2)v =
Vi®V,. [

Proposition 4.2.5. Let g, and g, be Lie superalgebras, and V;, V, be simple modules over g,
and g,, respectively. Then V, ® V, is either a simple g, ® g,-module, or it is isomorphic to
V @V, where V is a simple g; ® g,-module.

Proof. If End, (V) = k or Endy,(V;) = k, then V; ® V; is a simple g; & g,-module by
Lemma 4.2.4. By Lemma 4.2.1, we assume that Endg, (V;) = kIy, ® ko, and End,,(V;) =
kIy, ® ko,, where 0% = Iy, and o3 = —Iy,.

The endomorphism o : V; ® V, — V; ® V, given by o(v; ® v,) = (—1)"lo;(0,) ® 05(v2)
is a g; @ g,-module isomophism. Therefore, 0% = idy,gyv,.

Foreachx e V; ® V,
x + o(x) Lx- o(x)

2 2

Thus, V1 ® Vz =V V’ with
V={xeV;®V,|o(x)=x} and V' ={xeV;®V,|o(x)=—x}

Since o is a g; ® g,-module homomorphism, both V and V” are g; ® g,-submodules of
Vi®V,.
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The map o, gives an isomorphism between the even and the odd part of V,, so if
{w; € V, | i € I} is a basis of the even part of V,, then {w;, o,(w;) | i € I}is a basis of V,.
V1 ® V, is generated, as a vector space, by the set {v ® w; £ c(v® w;) | v € V3, j € I}. Since
vew+owe®w)|veV, jel}cVand{v@w;,—c(®w;)|veV, jel}cC V/, they
generate V and V’ as vector spaces, respectively. For each j € I and v € V, we have

o (v ® w; + (—1)'”'01(0) ® az(wj)) = (—1)""01(0) ® ox(w;) — i) ® ag(wj)
=—0®w,+ (—1)'”'01(0) ® aa(w)).

Similarly, o (v ® w; — (-D'o(0) ® az(wj)) =0 ® w; + (-1)"o,(v) ® o(w;). Therefore,
o sends V to V” and V' to V. Thus, V and V’ are isomorphic.

It remains to prove that V is a simple g; ® g,-module. Let v € V be a non-zero
homogeneous element of V. Then there exists homogeneous elements vy, ..., v, such that

n
v= Zvj ® w;, + o(v; ® w;,)
j=1

where i; # i;if j # [, and v; # 0. By Lemma 4.2.3, there exists u € U(g,) such that
uw;, = 8;;w;,. Hence, uv = v; ® w;, + o(v; ® w;,). Take a non-zero homogeneous element
vy € V; and k € I, then there exists a € U(g;) such that av; = vy and bw;, = w; because V,
and V, are simple. Thus,

a(b(uv)) = vy ® wr + o(vy ® wy).

We conclude that the generating set {v ® w; + c(v ® w;) |v € V;, j € I} of V is a subset
of U(g; @ g,)v for every non-zero homogeneous element v € V. Therefore, V is a simple
g1 @ g;-module. [

Definition 4.2.6. Using the notation of Proposition 4.2.5, we define the irreducible tensor
product of V; and V, as

R ViV, ifV;® V,issimple,
VgV, = 1T T o
V, it V; ® V, is not simple,

where V is a simple submodule of V; ® V,, obtained in the proof of Proposition 4.2.5, for
which we have an isomorphism of (g; ® g,)-modules V; ® V, = V& V.

4.3 Weight modules

Let G be a Lie superalgebra and h C G be an abelian subalgebra. An -module V is said
to be a weight module if
v-@v.

Aep*

where V* = {v € V | hv = A(h)v}. The set Supp(V) = {1 € h* | V* = 0} is called the support
of V, and an element A € Supp(V) is called a weight of V. We say that V* is a weight space
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and its nonzero elements are called weight vectors. It is known that every submodule of a
weight module is a weight module.

If the adjoint representation makes G a weight module over ) and b is finite-dimensional,
we say that (G, b) is a splitting pair. If (G, b) is a splitting pair, a module over G is weight
G-module if it is a weight module as a module over h. A weight G-module is called finite if
the dimension of its weight spaces is finite. A weight G-module is called bounded if the set
of the dimensions of all its weight spaces is bounded by some positive number.

Example 4.3.1. If (g, h) is splitting pair and A is commutative superalgebra, then G = g® A
is a Lie superalgebra with bracket given by

[x® fy®gl=(-DM[x,yl® fg, xyeq f.ges.

Therefore, the adjoint representation makes G a weight module over h = h ® k C G. Hence,
(G, h ® k) is a splitting pair.

Example 4.3.2. If (G;, h;) and (G,, h,) are splitting pairs, then (G, ®G,, h; ®b,) is a splitting
pair.

Lemma 4.3.3. Let (g, h) be a splitting pair and V be a finite weight g-module. If there is
A € b such that{w € W | hw = A(h)w for all h € b} is nonzero for all submodule W C V,
then V contains a simple g-module.

Proof. 1t follows from the same argument given in the Lie algebra case, see [BLL15,
Lemma 3.3].

]

Proposition 4.3.4. Let (G, b,) and (G, b,) be splitting pairs and V a simple finite weight
module over G, ® G,. Then, there exist finite weight modules V, and V, over G, and G,,
respectively, such that V = V,®V,.

Proof. This proof is heavily based on the argument given for Lie algebras, see [BLL15,
Proposition 3.4]. Let v € V*# be a non-zero vector of weight (A, i) € % x b;. For each u €
U(G,) and h; € b%, hyuv = A(h,)uv. Therefore, (U(G,)v)" € VAP, and W = U(G,)v C V is
a finite weight module over G,.

Let N be any non-zero G,-submodule of W. Consider the subspace HY of Homy(N, V)
of all generated by all homogeneous elements ¢ € Homy(N, V) such that yp(w) =
(=1)lI¥lp(yw) for all y € G,, w € N. Then HY is a G;-module with action given by
(x@)(w) = x¢(w) for each x € G;, ¢ € HY, and w € W. For a G,-submodule M C H", the
map

\PM,N T MQ®N -V
¢ ®w > p(w)
is a G; ® G,-module homomorphism. Suppose M is non-zero, then ¥y y is surjective

because V is simple. Therefore, the image of (M ® N)**) = M* ® N* under ¥, y is exactly
V@1 Thus, both M* and N* are non-zero.



4.4 | THE S-ANNIHILATOR OF A REPRESENTATION

For every non-zero submodule N C W, we have that N* # 0. By Lemma 4.3.3, W
contains a simple G,-module Q. By the simplicity of Q and the finiteness of the weight
spaces of V, it is possible to show that H? is a finite weight module over G;. Since for
every weight module M ¢ H? we have that M* # 0, there exists a simple G;-submodule P
of HC.

By Proposition 4.2.5, P ® Q is either simple or there exists a simple G; ® G,-module L
suchthat P® Q = L® L. If P ® Q is simple, then ¥p o is an isomorphism. On the other
hand, if P ® Q = L @ L, then every non-trivial proper submodule and quotient of P ® Q is
isomorphic to L. Therefore, ¥p o induces a isomorphism between L and V. We conclude
that V = P®Q. O

4.4 The S-annihilator of a representation

From now on, let g be a basic classical Lie superalgebra, S an unital finitely generated
commutative superalgebra and G = g ® S. Let h be a Cartan subalgebra of g. Then, (g, h)
is a splitting pair. By example 4.3.1, (G, h ® k) is a splitting pair as well. We aim to give a
classification of finite weight G-modules in terms of maximal ideals of S and finite weight
g-modules. To do it, we need to define and study S-annihilator of a G-representation.

Definition 4.4.1. If V is a G-module, then we define the S-annihilator Anng(V) of V as
the largest ideal I of S with the property (g ® I)V = 0.

Lemma 4.4.2. If V is a finite G-module, then
Anng(V) ={feS|(g® f)V =0}

Proof. ThesetI ={f € S| (g® f)V = 0} is the largest set with the property (g ® I)V = 0.
We have that (g ® fg)V =[g® f,g® g]V for every f € I and g € S because [g, g] = g.
Thus, I is an ideal. [

Proposition 4.4.3. Let g be a basic classical Lie superalgebra, and S a commutative super-
algebra. If p : G — End(V) is a representation of G, then ker(p) = g ® Anng(V).

Proof. Set T = ker(p). Fix a homogeneous element v € 7, then there exists a, € S, a € A,
w € h ® S such that
V= Z Xe ® a, + w.
a€el

Since 7 is a submodule of the weight G-module G, we have that 7 is a weight module, and
its weight spaces are (g* ® S) n 1. Therefore, we have that x, ® a, € T for each a € A
because dim g* = 1. If x ® a € T, we may consider the g-module generated by x ® a inside
of I. We have that U(g)(x ® a) = (U(g)x) ® a = g ® a, because g is simple. Therefore,
g®a, €1,s0 a, € Anng(V).

Now, consider w € T n(h ® S). Since g is a basic classical Lie superalgebra, there exists
an even nondegenerated g-invariant bilinear form (-, -) on g such that [x,, x,] = (x4, x_s)h,
where h, is such that (h,, h) = a(h). This form is still nondegenerate when restricted to §.
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Consider a simple root system «y, ..., @, of A, and write
r
w = Z hy ® a;.
i=1
Hence,

Xo; ® 1, Zr:hai ® a;

i=1

= Xg ® (—(—1)"“1' Zr: aj(hal.)ai) el

r

for each j = 1,..., r. By a similar argument we gave before, we have that Z aj(hg)a; €
i=1
Anng(V). Since (-, -) is non-degenrated, the matrix ((a;, @;)); ;=; = (@i(hqg,)); =, is invertible.

.
Hence, the linear system Z aj(hy)a;, i = 1,...,r, has a solution, and this implies that
i=1

a; € Anng(V).

Proposition 4.4.4. IfV is a simple finite weight G-module, then dim S/Anng(V) < oo.

Proof. To prove that S/Anng(V) is a finite-dimensional algebra, we will use the same
argument given in [BLL15]. We will leave it here for completion. Since Anng(V) is an
ideal, we only need to prove the vector space S/Anns(V) has finite dimension. For each
A € Supp(V), define

](/1):{a€S|(x®a)VA:0Vx€g},

and J(A,A) = ﬂ J(1). Let B, be a basis of g* and B* is a basis for V* for each a € Au{0},
peA+Au{o}

p € Supp(V).
Claim 1: dim S/J(A, A) < oo,

For each @ € AU {0}, x € g, and v € V¥ where y € A + A, the map n,, : S > V¢
given by n(a) = (x ® a)v induces an injection from S/ ker 5, , to the finite-dimensional
vector space V#*%, Therefore, the vector space S/ ker n,, has finite dimension, and

JA,A) = m ﬂ ﬂ ﬂ ker,,

peA+AU{0} vEBH aed x€B,

is the intersection of finitely many vector spaces with finite codimension. Hence, the map

S/JAD)— @ S/kerns,

a,feAu{0}
X€B,, veBMP

a+JA,A)— (a+kern,,)

is a monomorphism on a finite-dimensional vector space. Thus, S/J(A, A) has finite di-
mension.
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Claim 2: J(4,A)S C J(A).
Leta€ J(L,A)S,beS,ve VA Ifa,f € AU{0}, x€B,and y € Bg, then
(-1 Mx, y] @ bay =[x ® b,y ® alv
=(x ® b)(y ® a)v — (—1) DDy @ a)(x ® b)v
=(x®b)(y®aw e (x® r)V* ={o}.
Since g is simple, ([g, g] ® ba)v = (g ® ba)v for all v € V. Thus, J(A,A)S C J(A).
Claim 3: S/Anng(V) has finite dimension.

Let v € V* be a nonzero weight vector. Since V is simple, every element of V is equal
to a linear combination of elements of the form (x; ® a;) - (xx ® ax)v, where xi, ..., x; €,
and ay, ..., a; € S. We will use induction on k > 0 to prove that

(x®ra)(x;®ay) - (xx ®a)v=0

forevery x € g, r € J(A,A), a € S. If k = 0, then (x ® ra)v = 0 by Claim 2. Assume k > 0.
Thus,

(x @ ra)(x; ® a;) -+ (xx ® ap)v =(=1)HabxHrab(x & g )(x @ ra) - (xx ® ar)v
+ (=Dl ([x, %] ® raay) -+ (e ® ap)v

By induction hypotheses, both summands on the right-hand side of the previous equa-
tion are zero. If we take a = 1, we conclude that J(1,A) C Anng(V). By Claim 1,
dim(S/Anng(V)) < dim(S/J(4,A)) < oo. ]

4.5 The shadow of a module

Recall that h is a Cartan subalgebra of the basic classical Lie superalgebra g. The
following proposition is a simple generalization of a well-known result on weight modules
over Lie algebras.

Proposition 4.5.1. Let V be a simple finite weight G-module. If  is an even root and a € Sy,
then x, ® a acts either injectively or nilpotently on V. Furthermore, the following conditions
are equivalent:

1. For each A € Supp(V), the weight space V**"* is zero for all but finitely many n > 0.

2. There exists A € Supp(V) such that the weight space V**"* is zero for all but finitely
many n > 0.

3. The element x, ® s acts locally nilpotently on 'V for all s € S;.
4. The element x, ® 1 acts locally nilpotently on V.

Proof. It follows from the same arguments given for Lie algebras, see [Laul8, Lemma 2.1,
Proposition 2.2]. O
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Definition 4.5.2. The set inj(V) C Ag is defined as the set of all « € Ay such that x, ® 1
acts injectively on V.

Lemma 4.5.3. If V is a simple finite weight G-module, then inj(V') is closed, i.e., if a, f €
inj(V) with a + p € A, then a + f € inj(V).

Proof. Let a, B € Ag such that @ + € A. By Proposition 4.5.1, V*¥tratnf = yatnlatf) jg
non-zero for infinite many n > 0 and A € Supp(V). By the same proposition, x,,s ® 1 acts
injectively on V, so a + f € inj(V). O

Let V be a simple finite weight G-module. We want to extend the definition of inj(V)
for odd roots as well. However, elements like x, ® 1 will always act nilpotently on V if «
is an isotropic root because 2(x, ® 1)* = [x, ® 1, x, ® 1] = 0. Therefore, we will use the
ideas presented in [DMP00] to extend our definition.

A cone C is a finitely generated submonoid of Q. The saturation C of a cone C is the
set
C ={a € Q| ma € C for some integer m > 0}.

For a weight module V, define Cj, as the cone generated by inj(V) and C} as the cone
generated by all @ € Q such that & + Supp(V) C Supp(V).

Definition 4.5.4. A simple finite weight G-module is called compatible if there exists a
finite set ©® C Supp(V) such that Supp(V) = © + Cy..

Proposition 4.5.5. Let V be a simple finite weight G-module. If S; = 0, then V' is compatible.
In particular, C}, = C%.

Proof. Since S; = 0,

UG) = U(g™ ® $) - U(g@)U(h ® S) /\(gr ® S)

as a vector space, where Ay = {ay, ..., &;}. Let A € Supp(V), and define

W) = (UG ®S) \@gres)) vV,
Wi(A) = U(g” ® S) - U(g™ ® S) Wo(A).

foreachi = 1,..., t. Each W;(1) is a weight module over fj. Define S;(1) as the set of weights
of W;(A).

Because both V* and S/Anng(V) are finite-dimensional super vector spaces and the
exterior algebra of a finite-dimensional vector space is finite-dimensional, we have that
(/\ gt ® S/Anng(V)) V* is finite-dimensional. Thus, the subspace

Wo() = (U(h ® S/Anng(V)) /\ (g1 ® (S/Anns(V)))) V*
has finite dimension as well, since it has the same weights as (/\ gr ® S/Anng(V)) V2.

Therefore, Sy(1) is a finite set. Assume that Ay \ inj(V) = {ay,...,a,} and inj(V) =
{®441, ..., a;}. By Proposition 4.5.1, the set SuppV n{y + nay | n > 0} is finite for each
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y € SuppV. Therefore, for each 0 < k < a,

Sk(A) = U SuppV n{y + nay | n > 0}
Y€Sk-1(1)

is a finite union of finite sets. We conclude that S,(A) is a finite set. Set ® = S,(A). Since
each root a,,; is injective, y + na,; € Supp(V) for every y € ©. Therefore, S,(1) = © + C}..
Since V is simple, S,(1) = Supp(V). We conclude that Supp(V) = © + Cy,. O

Remark 4.5.6. We note that the same proof works for the case where g is a simple Lie
algebra and S is a commutative superalgebra.

For a simple compatible finite weight G-module V, we denote by Cy the saturation of
the cone C}, and C%.

Proposition 4.5.7. Let V a simple compatible finite weight G-module, and a € Ay. Then
Ve is non-zero for infinitely many n > 0 and any A € Supp(V) if and only if o € Cy.

Proof. Suppose V**"* is non-zero for infinitely many n > 0 and any A € Supp(V). Let
© C Supp(V) be a finite set given by Proposition 4.5.5 such that Supp(V) = Cj + ©.
There exists a sequence n; < n, < ns < - of positive integers and y € © such that
Y + nxa € Supp(M) \ © for every k > 0. Since the set {n; | k > 0} is infinite and every
Yy + nia is in the same coset of © + Cy, there exists 1 € © and 0 < p < q such that

y+na=A+p and y+na=A1+p

for some f;, 5, € C}. Note that we can assume n, is big enough in such a way that
p2 — P1 € Cy. Therefore, we have that (n, — n,)a € Cy, and we conclude a € Cj, = Cy.

On the other hand, assume that @ € Cy. Thus there exists oy, ..., @, € inj(V) and

positive integers ay, ..., a,, m such that ma = Z a;a;. If A € Supp(M), we see that yA+mna
i=1
is non-zero infinitely many n > 0 by Proposition 4.5.1. ]

Suppose V is compatible. Elements of Cy n A are called injective roots, and a € A is
said to be locally finite if « is not injective. Decompose A in the four disjoint sets A/, A{,,
AV, Ay, given by

N, ={a € A|+a € Cy},
A ={aeA|+aeCyl,
Ay ={aeA|—-a€Cy, a¢Cy}
Ay ={aeA|aeCy, —a¢Cy}

Call the decomposition A = A, U A{, L Ay 1 Ay as the V-decomposition of A.

For a root @ € A and A € Supp(V), define the a-string through A as the set {x € Q |
A+ xa € Supp(V)}. It may be bounded, unbounded from bellow or above, or unbounded
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in both directions as a subset of Q. The following is a corollary of Proposition 4.5.1 and
Proposition 4.5.7.

Corollary 4.5.8. Let V be a simple compatible finite weight G-module, « € A, and A €
Supp(V). Then,

1. « € Ay, if and only if the a-string through any A € Supp(V) is unbounded in both
directions.

2. ae A{, if and only if the a-string through any A € Supp(V) is bounded.

3. a € A} if and only if the a-string through any A € Supp(V) is bounded from above
only.

4. a € Ay if and only if the a-string through any A € Supp(V) is bounded from bellow
only.

Therefore, it is clear that Aiv, A{, , Ay, A} are closed subsets of A. Thus, the sub-

spaces
o=Pe. d=bePg. a=P"

a€cA} acll, aely

of g are subalgebras. The triple (g7, g, gy) will be called g-shadow of V. The G-shadow of V
is defined as the triple ( 5, G, Q{,),Where Gy =gv®S,G, = g,®S,and Gy, = gy RS.

Lemma 4.5.9. Let V be a simple compatible finite weight G-module. Then, the monoid Q},
generated by all even roots in A, is a group, and for every odd root a € A, there ism > 0
such that ma € QY.

Proof. By Lemma 4.5.3, inj(V) C Ay is closed, thus the group generated by inj(V) n A, =
inj(V)n—inj(V)is Q% = C;, n(—=C}). If @ € A, is odd, then a € Q), by Corollary 4.5.8. []

Remark 4.5.10. The previous lemma was proved for weight modules over a simple Lie
superalgebra in [DMP00, Theorem 3.6].

4.6 Parabolic induction theorem

We start this section by providing two results about some extreme cases. The first is
A{, = A, and the second case is A}, = A. Then we define what is a triangular decomposition
in our setting, which leads to a construction similar to Verma modules. We prove that
every finite G-module is either cuspidal or parabolically induced module from a cuspidal
module over a certain subalgebra of G. For some of these statements, we will assume that
V is compatible.

Proposition 4.6.1. Let V be a simple finite weight G-module. Then A{, = Aifand only if V
has finite dimension.

Proof. If V has finite dimension, then every even root is locally finite by Proposition 4.5.1.
Therefore, Cy = {0}, and AL = A.
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Assume that A{, = A. We use ideas presented in the proof of Proposition 4.5.5 to show
that V has finite dimension. By PBW theorem,

= (@ U(g“ ® 51)) (@ U(g“ ® 50)> Uh® ) /\(go® Sp) /\ (g7 ® S)V*

as a vector space for every A € Supp(V). With this in mind, fix A € Supp(V), and define

Wo(d) = U ® 5) [\(gs ® 51) /\ (81 ® S5)V*
Furthermore, enumerate Ay = {ay, ..., @,} and A7 = {@41, ..., @1p }. Finally, define
Wi(A) = U(g" ® Sp) - U(g" ® Sp) Wy(4)
fori=1,...,a,and
Wi(A) = U(g" ® Sy) -+ U(g*™" ® Sp)W,(A).
fori=a+1,...,a+b.

Note that W;(1) is a weight h ® k-module. Thus, we can consider S;(1) the set of its
weights. Since V is simple, W,,,(1) = V and S,,,(1) = Supp(V) by the PBW Theorem.
We will prove by induction on k that Si(A) is finite. The weights of

Wo(A) = U(h ® S/Anns(V)) /\ (g5 ® Si/Anns(V)) /\ (a7 ® (S/Anng(V))) V*

contains the weights of /\(gz ® S;/Anns(V)) /\ (g7 ® (S/Anng(V))) V%, which is finite-
dimensional because both V* and S/Anng(V) are finite-dimensional. Thus, we have that
W;y(A) is finite-dimensional and the exterior algebra of a finite-dimensional vector space is
finite-dimensional. Therefore, S,(1) is a finite set. Suppose k > 0, then

St(A) C U SuppV n{y + nay | n>0}.
YE€Sk-1(A)

By Corollary 4.5.8 and the assumption that A/ = A, the set SuppV n{y + nay | n > 0}
is finite for every element of the finite set S;_;(1). Hence, Si(1) is finite because it is
a finite union of finite sets. We conclude that S,,,(1) = Supp(V) is finite, thus V is a
finite-dimensional vector space because it has finite support and its weight spaces have
finite dimension.

]

Proposition 4.6.2. Let V be a simple compatible finite weight G-module. If A}, = A (equiv-
alently, inj(V) = Ag), then V is bounded. Furthermore, there exists a finite set © C Supp(V)
such that ® + Q5 = Supp(V), and dim V* = dim V¥ if A, y € y + Qg for some y € ©.

Proof. Since V is compatible, there exists a finite set © C Supp(V) such that Supp(V) =
© + Cy. Since every root is injective, Cy, = Q. Therefore, Supp(V) = © + Q.
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Let « € Ay and y € ©. Then, @,—a € injV and V™" = 0 for every n € Z by
Corollary 4.5.8. Since x, ® 1 acts injectively, the linear map

V/1 N VA+a
v (x, ® 1
is injective. Thus, dim V4 < dim VA2, Likewise, the map v — (x_, ® 1)v is injective, hence

dim V* > dim V***. We conclude that dim V* = dim V"¢ for every n € Z, therefore
dim V* = dim V**/ for every f € Q. O

Definition 4.6.3 (Triangular decomposition). A triangular decomposition T of g is a
decomposition g = g+ & g} @ g7 and a linear map [ : Q — Z for which

gr=Pe ot=EP e and gz =P "

1(a)>0 I(a)=0 I(@)<0

Similarly, a triangular decomposition T of G is a decomposition of the form G = GG ® G,
where G = g ® S and T is a triangular decomposition of g. A triangular decomposition
is proper if g% # g. Finally, we set AT = {a € A | I(a) > 0}, A; = {a € A | I[(«) < 0} and
A} ={a €| l(a) =0}

Lemma 4.6.4. There is a triangular decomposition T of G such that A}, = A%, A}, C A%, and
Ay, C AT

Proof. The statement follows from Corollary 4.5.8, since it will be possible to construct a
G-shadow consisting of Lie subalgebras of G. OJ

For a triangular decomposition T of G and a weight ¢%-module W, we define the
induced module

Mr(W) = U(G) By(cracs) W

where the action of G on W is trivial. This can be seen as a generalization of a Verma
module. In fact, if G} = h ® S, then M7(C,) is the Verma module with highest weight A for
some A € (h ® S)*.

Proposition 4.6.5. Let W be a weight G = g% ® S-module whose support is included in a
single Q" -coset, where Q" is the root lattice of g.

1. Mr(W) has a unique submodule N7(W) which is maximal among all submodules of
M7(W) with trivial intersection with W.

2. Np(W) is maximal if and only if W is simple. In particular, Lt(W) = M7(W)/Np(W)
is a simple G-module if and only if W is a simple G}-module.

3. If W is simple, the space
Lr(W)%r = {v eLr(W)|xv=0forallx e Q;}

of Gy-invariants is equal to W.
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Proof. This proof is standard and follows the same idea as Verma modules. See [DMP00,
Lemma 2.3, Corollary 2.4] for the proof of this proposition on the finite-dimensional simple
Lie superalgebra case. [

Theorem 4.6.6. Let V be a simple compatible finite weight G-module, then there is a
triangular decomposition T such that A}, = A%, A} C A%, Ay C A7, the vector space of
Gr-invariants V9 isa simple bounded G',-module, and V = Ly(V9r).

Proof. Let v € V* be a nonzero weight vector with weight A € Supp(V). By Lemma 4.5.9,
we may fix a triangular decomposition T of G such that A}, = A}, A}, € A%, and A}, C A7.
Then, U(GH)v is a finite-dimensional G%-module by a similar argument to the given on
Proposition 4.6.1. Therefore, U(G7)v N V9 # 0, and VYT is a non-zero vector space.

Let w € V9 be a non-zero weight vector, and W = U(G! )w. The vector space G, & G+
is a Lie subalgebra of G, and U(G}, ® Gi)w = U(G,)U(GH)w = U(G,)w = W by PBW
theorem. Hence, W is a G, & Gh-module. The linear map

Q- M (W) >V

U ug,agt) V > Uv

is a well-defined G-module homomorphism. Its image contains W, so ¢ is a non-zero
G-module homomorphism on the simple G-module V. Therefore, it is surjective, V =
Mr(W)/ ker(¢), and ker(¢) is a maximal G-module of M7(W). As a vector space, Mp(W)
is isomorphic to U(G7)G7® W @k ® W thus ¢(1® v) = v for every v € W. The restriction
of ptok ® W = W is a G,-module monomorphism, thus W n ker(¢) = 0. Being ker(¢p)
a maximal submodule with trivial intersection with W, we apply Proposition 4.6.5 to
conclude that ker(¢) = No(W), V = Ly(W), and W = V9 is a simple G',-module.

It remains to show that W is a bounded G,-module. We use Lemma 4.5.9 to conclude
that g, is a good Levi subalgebra. For a complete list of all such subalgebras of g, we
refer to [DMP00; DMP04]. The important fact for our proof is that g}, = 3 @ [, where

k

3 is the center of g}, and a subalgebra of Cartan subalgebra b, and [ = @ [" is a direct
r=1
sum of certain simple finite-dimensional basic Lie superalgebras where at most one I' has

nontrivial odd part. W is a simple module over G|, = ¢i, ® S if and only if it is a simple
module over [ ® S. Since all but one [" are simple Lie algebras, Proposition 4.3.4 says that

k
W = ® W,
r=1

as a module over [" ® S, where W, is a simple finite weight module over [ ® S for each
r € {1,...,r}. We wish to use Proposition 4.6.2 to conclude that W, is a bounded module
over [" ® S. First, we note that inj(W,) C A}, as a module over [ ® S is exactly the set of
even roots of [". Secondly, since V is compatible, each W is compatible as well a [" ® S-
module, because Supp(W) C Supp(V) = Cy, and the root lattice of [" is equal to C}, C Cy,.
Therefore, each W, is a bounded [" ® S-module by Proposition 4.6.2. We conclude that W
is bounded as a module over g{, ® S because ["’s are orthogonal among each other. [
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We use Theorem 4.6.6 to define what is a cuspidal module in our context.

Definition 4.6.7. Let V be a simple compatible finite weight G-module. If there exists a
proper triangular decomposition T of G and a simple G%-module W such that V = Ly(W),
we say that V is a parabolically induced module. We call V a cuspidal module if it is not
parabolically induced.

Theorem 4.6.6 states that every simple compatible finite weight G-module is either
cuspidal or parabolically induced. We emphasize that there exist parabolically induced
modules that are not finite weight G-modules as the next example demonstrates.

Example 4.6.8. Suppose g is an arbitrary basic classical Lie superalgebra and S = k|[¢]
the polynomial algebra on the variable t. A choice of simple roots defines a triangular
decomposition T of A = A" UA™. In this case, G} = h ®k[¢t]. Take h € h a non-zero element
of the Cartan subalgebra of g, and a linear functional A : h®k[¢] such that A(h®t¥) = ﬁ
for every k > 0. The 1-dimensional G%-module kv, defined by xvy = A(x)v, is a simple
bounded finite weight G%-module, but the simple module Lr(kv,) has infinite-dimensional

weight spaces by [Sav14, Theorem 4.16].

4.7 Evaluation modules and finite-dimensional
G-modules
Let A be a commutative finitely generated algebra. Assume that my,...,m, are dis-

tinct maximal ideals of A and ny, ..., n, are non-negative integers, define the generalized
evaluation map

eVt g CGR®ADSGRA/ M D - BgR®A/m”

by evyn om(x®a) = (x®a+m",...,x®a+m)for each x € g and a € A. When
ny =--=n, =1, wecall ev, . evaluation map. In this case, we note that eV,
g® A — g%, because A/m; = k since k is algebraically closed.

nr .
my

Let V; be simple finite weight g; ® A/m;"-module for eachi = 1,...,r,then V; ® - ® V,
r
isa @ g; ® A/m/"-module with the action given by
i=1
.
(X1, X0 @ @V, = D 0, @ @ XU @ BV,
i=1

foreachv; € Vi,i=1,...,r,and x; € g ® A/m". In other words, if p; : g® A/m" — gl(V;)
is the representation associated to V;, then

PDaoa/m 2 gi(vi@ -0 V,)
i=1

is a representation for @ g ®A/m.

i=1
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With this notation, we define the generalized evaluation module evm;zlwmgr(Vl, s V),
which is the G-module V; ® ... V, given by the composition

o o w2 ()
i=1

When n; = - = n, = 1, we call evy, . m (V1,..., V) evaluation representation and we may

denote it by ® V™.

i=1
Theorem 4.7.1. [Sav14]IfV is a finite-dimensional weight G-module, then V is a generalized
evaluation module. In particular, if g; is a semisimple Lie algebra, then V is an evaluation
module.

4.8 Cuspidal G-modules

In this section, we prove that every bounded cuspidal G-module is an evaluation module.
However, we will need the assumption that S; = 0, that is, S is a commutative algebra
instead of a commutative superalgebra. To make a distinction, we will use the symbol A
for S instead.

Let V be a simple finite weight G-module. Suppose that A}, is not empty. By Theo-
rem 4.6.6, the vector space of Gj-invariants V97 is a simple bounded G,-module. All roots
of G, acts injectively on V9, hence V" is a cuspidal G},-module. We may regard V9r as
a module over gi,. Since g}, and g have the same Cartan subalgebra, V" is a bounded
finite weight module over gi,. By [DMP00], it has finite length over gi,. Therefore, V9t
has a cuspidal g},-submodule. Thus, g}, admits cuspidal modules and is a cuspidal Levi
subalgebra of g.

All cuspidal Levi subalgebras were classified in [DMP00; DMP04]. It was shown that
a Levi subalgebra that admits cuspidal modules have components isomorphic to A(n, n),
osp(n|2m) with n = 2 and n < 6, D(2, 1, @), a proper Levi subalgebra of the simple Lie
algebra G, or a reductive Lie algebra with simple components of type A or C. We point
out that the notion of weight and cuspidal modules from [DMPO00] are different from
ours. Our definition is aligned with that of [EF09]. Therefore, the list of cuspidal Levi
superalgebras presented in [EF09] is precisely the one that might appear in our context,
which is 0sp(1]2), 0sp(1]2) & sl,, osp(n|2n) with 2 < n < 6, D(2, 1; a), or a reductive Lie
algebra with irreducible components of type A and C. Either way, simple components
will all be either a reductive Lie algebra or a basic classical Lie superalgebra with gz
isomorphic to a semisimple Lie algebra. Not only that, at most one simple component is a
Lie superalgebra. For an extended study of bounded cuspidal modules over g ® S where g is
simple Lie algebra and S is a commutative Lie algebra, we refer to [BLL15]. Therefore, with
these arguments and Proposition 4.3.4 in mind, we only need to classify cuspidal bounded
weight G-modules when g is a basic classical Lie superalgebra with gz semisimple.

Proposition 4.8.1. Suppose that g is a basic classical Lie superalgebra such that gy is
semisimple, and A is a commutative algebra. If V is a simple bounded weight g ® A-module,
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then the ideal Ann,(V) is radical.

Proof. The proof is quite similar to the Lie algebra case done on [BLL15]. We will explicitly
prove only the parts that differ from that setting.

Denote G = g® A, I = Anny(V), and p : G — End(V) the associated representation
of the G-module V. By Proposition 4.4.3 and Proposition 4.4.4, A/I is a finite-dimensional
algebra, and V is a faithful representation of G/ ker(p) = g ® A/I. The commutative
algebra A/I is Artinian since it is finite-dimensional. Thus, its Jacobson ideal J = I /I is
nilpotent. If /] = 0, then [ is radical and the proof is complete. Suppose J # 0. Let m be the
smallest integer such that J™ = 0 but J”' # 0, and m’ be the smallest integer greater or
equal to m/2. Denote N = J, thus N # 0, and N? = 0.

Claim 1: g* ® N acts nilpotently on V for every a € A.

Let o € Ag be an odd root, x € g% and a € N. Hence, x ® a is an odd element of G, and
for eachv e V
0=(x,x]®a*Ww=[x®ax®alv=2x®ayp

because a* € N? = 0. Therefore, g¢* ® N acts nilpotently on V for every odd root a. If
a € Aj is an even root, then the proof that g* ® Nj acts nilpotently follows from Step 1
and 2 of [BLL15, Proposition 4.4].

Claim 2: There exists a nonzero weight vector w € V such that (g ® N) w = 0.

Let A € Supp(V) be a weight of V. Then, (h ® N)V* C V*, because h ® N is an abelian
algebra that commutes with h ® 1. Since h ® N is an abelian Lie algebra (so solvable) and V*
has finite dimension, there exists a non-zero weight vector v, € V* that is an eigenvector
for all elements of (h ® N) by Lie’s Theorem.

Let A = A~ U A" be a choice of positive roots for A, and denote n* = @ g% ® N. Since
aEN*

N2=0,[g"® N,g® N| C g ® N? = 0. By Claim 1, U(n* ® N)u, is a finite-dimensional
n" ® N-module. Since n* ® N acts nilpotently on the finite-dimensional vector space
Um" ® N)vy, and n* @ N form a family of commutative operators on U(n* ® N)uv,, then
p(n* @ N) is family of simultaneously diagonalizable endomophisms of U(n" ® N)u,.
Hence, there exists a weight vector u € U(n* @ N)v, such that (n* ® N)u = 0. Similarly,
there exists a weight vector w € U(n™ ® N)u such that (n™ ® N)w = 0. Since n~ ® N and
n" ® N commutes, (n* ® N)w = 0 as well.

The weight vector w is a eigenvector for every element of h ® N, because h ® N
commutes withbothn* @ Nandn @ N, we Un" @ N®n* ® N)uvy, and (h ® N)v, C ku,.
By Step 5 of [BLL15, Proposition 4.4], (h, ® N)w = 0 for every a € Ag. The Cartan algebra
of g is the Cartan algebra of g;, which is semisimple by hypothesis. Therefore, the set
{h, | @ € A} generates b as a vector space. Thus, (h ® N)w = 0.

Claim 3: Anny(V) is a radical ideal.

We wish to conclude that N must be equal to 0. Set W = {w € V | (g ® N)w = 0}. By
Claim 2, W is a non-zero vector space. Foreachx® ae g A/I,and y® b €e g® N,

(y®b)(x®a)= (—D)YM(x ® a)(y®b)w+ ([x,y]® ba)w =0
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because ba € N. Therefore, W is a (g ® A/I)-submodule of V. But V is simple, thus
V = W. We conclude that 0 # N C Ann,/(V), which is a contradiction with the fact that
V is a faithful representation of g ® A/I. Hence, N = 0, thus | = JVI/I = 0 as well, which
allows us to conclude that I = Anny(V) is a radical ideal. O

Lemma 4.8.2. Letr > 2, and V1,..., V, be bounded weight g-modules such that A = U_,Ry,.
Then the g-module V. := Q);_, V; is bounded if and only if dim V; = oo for at most one
i=1,..,r.

Proof. Suppose dim V; = oo for at most one i € {1, ..., r}. Without loss of generality, we
assume that dim(V;) may be infinity. Let A € Supp(V), and A; € Supp(V;) such that
A=A+ + A,. Then,

vi= P vrree Vit
a1y, 0, €EQ
ay+-+a,=0
This sum is finite, and the maximum number of non-trivial summands is the sum N =
|Supp(V,)|+ -+« +[Supp(V,)| of numbers of weights of V5, ..., V,. Therefore, the dimension of
V*is bounded by N - L; - dim(V3,) - dim(V3) - dim(V,), where L, € Z satisfy dim(V,') < L,
for every y € Supp(Vy).

We wish to prove that if V = ® V; is bounded, then at most one V; has infinite
i=1
dimension. Assume that dim(V;) = dim(V;,) = oo. Since each Ry, is closed, the subspace

g = Prr.oP e

O(ERVi aERVi

is a subalgebra of g.

Consider the set R = Ry, + U Ry nA.If R = @, then g' commutes with the algebra
i=2

generated by g? + g> + -+ + g". Therefore, g' is an ideal of g, because g = g' + - + g"
and (g, g1] C g;. Similarly, if R C Ry,, then the commutator of an element of g' with an
element of the algebra generated by g* + g*> + - + ¢” is an element of g'. Thus, g' will
also be an ideal of g. Being g simple, we have that g = g' if R = @ or R C Ry,. Since
dim(V;) = oo, there exists a € inj(V,), and m > 0 such that @ = ma € Cj, n Cy,. Take
Ai € Supp(V;) for each i = 1,..., r. Then,

0 + V/11+l& ® V/12+(n—l)a2 ® VAg ® . ® VA.V C V/11+---+/1r+n51

for each n > 0, and [ = 0, ..., n. Therefore, the dimension of VAi++A+na grows as n gets
larger. We conclude that R # @ and R ¢ Ry,.

,
Hence, we may suppose that there exists € Ry, and € Ry, such that a + f € U Ry,.

i=2
If & + f € Ry, then there exists m € Z, such that @ = ma € Cy,, f = mp € Cy,, and
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a+f=mla+p)e Cy,- In this case, we have that

n
@ yhitla g V/12+1ﬁ”+(n—1)(&+ﬂ") QVH®-® V¥ C V/11+~~+A,+n(6r+ﬁ~)'
=0

Therefore, dim VAt +4+n@+h) ~ n and we would have that V is not bounded, a contra-
diction. Thus, it remains to consider the case on which « + f € Ry, for some i € {3, ..., r}.
Without loss of generality, we assume a + f§ € Ry,. Similarly to the previous case, there
exists m such that & = ma € Cy, L=mpe Cy,, and & +f=m(a+p)e Cy,- Therefore,

n o
@ yhitla o yhtlf g V3/13+(n—l)(a+ﬁ) Q Vf“ ® - ® VrA,.

1=0
Hence, dim YA n, which contradicts the assumption that V is bounded.

We conclude that at most one V; has infinite dimension. O

Theorem 4.8.3. Suppose that G has cuspidal modules. If V is a cuspidal bounded G-module,
then V is isomorphic to an evaluation module.

Proof. We have that g; is a semisimple Lie algebra because G is a Lie algebra. By Proposi-
tion 4.8.1, Anny(V) is a radical ideal of A, so there exists pairwise distinct maximal ideals
my, ..., m, of A such that Anny(V) = m; n--- N m,. By the Chinese Remainder Theorem
and the assumption that A is a finitely generated algebra over an algebraically closed field,

G/ (g@ﬂml) =g (A/ﬂm,) =g A/ m & ®A/m,) = @g@(A/mi) =g

i=1

Hence, V is a simple g"-module. By Proposition 4.3.4, there exist simple weight g-modules
Vi, ..., V, such that V is a simple g"-submodule of V = V; ® - ® V,. Furthermore, there

N
exists N such that V = @ V,ie. V is isomorphic to N copies of V. We wish to prove that
i=1

N=1.

The G-module V is bounded if and only if V is bounded as a g-module. Moreover,

A =AY, = Ry = CynA, because V is a cuspidal G-module. Note that Vvic vt = ® Vi/l".
M+ A=A

Thus, if @ € Ry, then there exists i € {1, ..., r} such that VI-’H""‘ # 0 for infinite many n > 0,

which implies that a € Ry,. On the other hand, take @ € Ry, N Ay and ay, ..., a, € A with

a; + m; = §;; + m;. Then, x, ® a; acts injectively. By Proposition 4.5.1, & € Ry. Since all

injective even roots of V; are elements of Ry, we conclude that Ry, C Ry by Proposition 4.5.5.

.
Hence, Ry = U Ry.. By Lemma 4.8.2, at most one V; has infinite dimension. We may assume

i=1
without loss of generality that V; is infinite-dimensional. In particular, for all i > 1, the
g-modules V; are highest weight modules, which implies that End, V; = k (see [Sav14,
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Lemma 4.7]). By Proposition 4.3.4,

V2V, ®®V,.

We conclude that the associated representation p : G — gl(V) of V factors through

Vmy,...mn g@r P1®-@pr

G — g ® (A/Ann(V))

gl(i® - V,),

where p; : g — gl(V;) is the associated g-representation of V;. Hence. V is isomorphic to

,
the evaluation module ® V™.

i=1

O

Proposition 4.8.4. Let Vi, ..., V, be simple finite weight g-modules and my, ..., m, pairwise
r

distinct maximal ideals of A. Then the evaluation G-module ® V™ is a cuspidal bounded
i=1
module only if dim V; = oo for precisely one V;, in which case V; is a cuspidal bounded

g-module. In particular, lf® V™ is a cuspidal bounded G-module, then it is simple.

i=1

Proof. SetV = ® V™ If Vi,..., V, are all bounded and no more than one of them is infinite-
i=1

dimensional, then the dimension of weight spaces of V is bounded by the argument given

on Lemma 4.8.2. On the other hand, if V is bounded and N > 0 is such that dim V* < N

for each A € SuppV, then the dimension of the weight spaces of each V; has to be less or

equal to N as well. Thus each V; is bounded, and, by Lemma 4.8.2, no more than one V;

can be infinite-dimensional. This proves the first statement.

The second statement follows from Lemma 4.2.4 along with the fact that Endy(V;) = k
for all, except at most onei = 1,..., 7. ]

4.9 Affine Lie superalgebras

The main example of map superalgebra is the Affine Lie superalgebra. Recall that g
is a basic classical Lie superalgebra. The associated loop superalgebra is the map algebra
L(g) = g®CJ¢t, t']. It has a universal central extension .A(g) called Affine Lie superalgebra
associated to g. It is possible to construct .A(g) explicitly. Let (-, -) be an even invariant
supersymmetric bilinear form on g. As a vector space, A(g) = L(g) ® Cc, where ¢ is an
even element. The bracket is given by

[c, A(@)] =0, [x®t",y®t"]=][x,y]® ™" + n(x, y)n_mc,

forany x,y € g, m,n € Z.

If b is a Cartan subalgebra of g, then 6 = b @ Cc is a Cartan subalgebra of A(g). Any
simple L(g)-module V is a simple .A(g)-module if we assume that c acts trivially. On the



122

4 | FINITE WEIGHT MODULES

other hand, if we take a .A(g)-module such that c acts trivially, then V is a module over

L(g) = A(g)/Cec.

Proposition 4.9.1. Let V be a finite weight A(g)-module, then c acts trivially on V. In other
words, there is a bijection between simple finite weight L(g)-modules and simple finite weight

A(g)-modules.

Proof. By Schur’s Lemma (Lemma 4.2.1), ¢ must act as scalar on V, i.e. cv = kv for every
v € V for some fixed k € C. Let A € Supp(V), and h € h with (h, h) # 0. The trace of the
operator

het,h®t ! |=het)(h®t)—(h®t ) (h®t)eEnd (V)

is zero. However,

[h®@t,h®t '] =(h h)c

implies that the trace of [h ® t,h ® t7!] is dim(V*)(h, h)c. Since both (h, h) and dim(V*)
are non-zero, we have that c acts trivially. O]

The argument given in the proof of the previous result should work on the universal
central extension of other map superalgebras if they exist. This result was proved for the
case of Lie algebras in [BLL15, Theorem 2.2].

4.10 Summary of results

The main goal of this chapter was to classify simple weight modules with finite-
dimensional weight spaces over the map superalgebra G = g® A, where g is a basic classical
Lie superalgebra and A is a finitely generated commutative algebra. In some results in this
chapter, A can be assumed to be a finitely generated commutative superalgebra.

To attain this goal, we established numerous theorems concerning the representation
of Lie superalgebras. These encompassed theorems addressing simple modules over the
direct sum of Lie superalgebras (Proposition 4.2.5 and Proposition 4.3.4).

We studied the action of the space g, ® S, where « is an element of the root system A of
g, and used the shadow of the weight module to prove a parabolic induction theorem.

Theorem (Theorem 4.6.6). Let V be a simple a finite weight G-module, then there is a
triangular decomposition T such that A}, = A%, A}, C A%, Ay C A7, the vector space of
Gh-invariants VY isa simple bounded G\,-module, and V = L(V9r).

We proceed to the classification of modules that are not parabolically induced, the
cuspidal modules. We gave a complete description of these modules in terms of simple
weight g-modules with finite-dimensional weight spaces and maximal ideals of A.

Theorem (Theorem 4.8.3, Preposition 4.8.4). Suppose that G has cuspidal modules. If V
is a cuspidal bounded G-module, then V is isomorphic to an evaluation module. On the
other hand, let Vi, ..., V, be simple finite weight g-modules and my, ..., m, pairwise distinct

maximal ideals of A. Then the evaluation G-module ® Vi

™ is a cuspidal bounded module
i=1
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only if dim V; = oo for precisely one V;, in which case V; is a cuspidal bounded g-module. In
particular, zf@ V™ is a cuspidal bounded G-module, then it is simple.
i=1

These findings will be presented in a paper co-authored with Vyacheslav Futorny and
Lucas Calixto [CFR23].






Appendix A

Sheaves, ringed spaces and
schemes

Let X be any topological space and 7(X) the set of all open sets of X. We construct
the category top(X) using this data. The objects of this category are the open sets of X,
i.e. the elements of 7(X).If U, V € 7(X), then the morphisms in this category are defined
by inclusions

. .V {U—->V} ifUCV,
om 0 > =
top() ) otherwise.
Definition A.0.1. Let X be a topological space and consider top(X) the category of
its open sets. A presheaf of commutative algebebras on X is a contravariant functor
F : top(M)°P — CAlg. Explicitly,

1. for each open set U of X, F(U) is a commutative algebra;

2. If U C V are two open sets of X, there exists a morphism ryy : F(V) — F, called
the restritiction morphism (often denoted by ry y(f) = fly), such that

(@) ryu =id,
(b) ryv = ruw o ryy if W is an open set of X suchthat Uc W C V.

A presheaf F is called a sheaf if given an open covering {U};; of U and a family { fi}es,
fi € F(Uy), such that fi|ynu, = filunu, for all i, j € I, there exists a unique f € F(U) with
flu = fi

If F, G are two presheaves on X, then a morphism of presheaves ¢ : F — G if for each
open set U C X there exists a morphism of algebras ¢y : F(U) — G(U) such that if
V C U are open sets then the diagram

F(U) —— G(U)

F G
lrU,V l’u,v

F(V) === F(V)
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commutes. A morphism of sheaves is a morphism of the presheaves associated with it.

We defined sheaves and presheaves of commutative algebras in the previous defini-
tion. The definition of sheaves of abelian groups, algebras, modules and other algebraic
structures can be easily generalized from it.

Notation A.0.2. If F is a sheaf of commutative algebras on X, we will often denote F(U)
by T'(U, F), where U C X is an open set. Elements of T'(U, F) are often called sections of
F over the open set U.

Definition A.0.3. Let 7 be a sheaf on the topological space X and let x € X. We define
the stalk F, of F at the point x as the direct limit

F. = inj lim F(U).
xeU

Explicitly, F, consists of the disjoint union of all pairs (U, s) with U open in X, x € U,
and s € F(U), module the equivalence relation: (U, s) = (V, s) if and only if there exists a
neighborhood W of x, W C U n V such that s|y = t|y.

Let f : X — Y be a continuous function between two topological spaces and F be a
presheaf of commutative algebras on X. We define f.F to be the presheaf on Y given by
(f)(U) = F(f1(U)) for each open subset U C Y. Its restriction morphisms are exactly
the ones from F. If F is a sheaf on X, then f.F is a sheaf on Y. The sheaf f.F is called direct
image and it defines a functor from the category of (pre)sheaves on Y to the categories of
(pre)sheaves on X called direct image functor.

Definition A.0.4. A ringed space is a pair X = (|X|, F) consisting of a topological space
|X| and a sheaf of commutative rings F on |X|. We say that a ringed space (| X|, F) is a
locally ringed space if the stalk F, is a local ring for all x € | X|. A morphism of locally ringed
spaces f : X — Y between the locally ringed spaces X = (X, F) and Y = (Y, G) is a pair
of maps f = (|f|, f*) such that |f| : |X| — |Y]is a continuous map, * : Oy — |f|.Ox is a
sheaf morphism and f;‘ : Oy,p — |f|.Ox,, is a homomorphism of local algebras.

Remark A.0.5. For a locally ringed space (X, Ox) and an open subset |U| C |X|, we will
often write U C X for the locally ringed space (|U|, Ox|jy)). When the distinction is not
necessary, we might refer to X as a topological space instead of | X|.

Example A.0.6 (Structure sheaf). Let A be a commutative algebra. Remember that for
eachhe A
D(h) ={p € Spec A | h ¢ p}

is an open set on Spec A, and {D(h) | h € A} is an open basis of the Zariski topology of
Spec A. Then for each h € A, define

OA(D(h)) = Ap,

then this assignment extends uniquely to a sheaf of commutative rings on Spec A
(see [Har77, Section II.2]), called structure sheaf and denoted by @,4. The stalk at a point
p € Spec A, Oy, is the localization A, of the ring A at the prime p. The pair (Spec A, O,)
is a locally ringed space.
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Definition A.0.7. A locally ringed space X is called affine scheme over k if X =
(Spec A, O,4) for some commutative k-algebra A. A locally ringed space (X, Ox) is a scheme
over k if there is an open cover {Uj};¢; of X and commutative algebras A;, i € I, such that

(U, Ox|y,) = (Spec A;,O4,) Viel.

In this case, we say {U; = Spec A;},; is an affine cover of X. A morphism of schemes X — Y
is simply a morphism of the locally ringed spaces X and Y.

The category of affine schemes Sch(k) over k is closely related to the category of
commutative k-algebras k — CAlg. The functor I' : Sch(k) — k — CAlg®? that associates
each affine scheme X = (|X|, Ox) = Spec (A) to the global sections I'(X) =T'(X,0x) = A
gives this equivalence. This follows from the definition and the following proposition.

Proposition A.0.8. Let X be any locally ringed space and Y a scheme, then the map
Homgep) (X, Y) — Homy_caig (Oy(Y), Ox(X))

that sends f = (If], f*) : X > Y to f&‘ : Oy(|Y]) = f.O0x(IX]) is a bijection.

Proof. See [Gro61, Errata (Liste I), Proposition 1.8.1]. O

Example A.0.9. Let X be an algebraic variety with coordinate ring A = Ay. For each basic
open set D(h) C X, we define O(D(h)) = A, the localization of A at h. This defines a sheaf
Ox on X of commutative algebras, and since Oy, = An, for every p € X, we have that
(X, Oy) is alocally ringed space. Thus, (X, Ox) is a locally ringed space. However, Oy is not
the structure sheaf @, of A, because Spec (A) and X are not homeomorphic, hence (X, Oy)
is not a scheme. The map f : X — Spec(A) defined by f(p) = m, defines a bijection
between X and the set of all maximal ideals of A, but it is not surjective. Nevertheless,
the map f : X — Spec(A) is still a continuous map between X and Spec (A), and the
assignment U +— f~'(U) defines a bijection between open sets of X and open sets of
Spec (A). Since Ox(U) = O4(f1(U)) = f.O.(U), the morphism of sheaves Ox — f.O,
is an isomorphism. Therefore, the assignment X — Spec (Ax) associates a scheme to the
affine algebraic variety X. This assignment defines a functor from the category of affine
varieties over k to the category of schemes over k and this functor is a natural fully faithful
functor [Har77, Chapter II, Proposition 2.6]. In this thesis, we will often intertwine both
structures X and Spec (Ay), using scheme theoretically concepts on X even though we
are in reality examining Spec (Ax).

Example A.0.10. It is possible to glue two schemes together creating a new scheme
provided the existence of gluing maps. Let X; = (|Xi],0;) and X; = (|X;],O,) be two
schemes, U; C |X;|and U, C |X,| be open subsets, and suppose there exists an isomorphism

¢ : (U,0Oy,) > (Uy, Oy|y,) of locally ringed spaces. Consider the relation ~ in the
disjoint union |X;| U |X;| defined by

X1~ X &= x1 €U, x;, € Uy, x5 = (xy).

We wish to define a scheme X = (| X[, Ox), where the topological space | X| = | X;|u|X,|/ ~
is the quotient of the disjoint union |X;|LI|X;,| by the equivalence relation ~ with projection
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maps ¢ : |X;| = |X]and 1, : |X;| — |X]. For an open subset U C |X]|, the section Ox(U) is
defined by

Ox(U) = {(31, $3) € Oy (ll_l(U)) X O, (lgl(U)) | Selvyniiy = @ (31|U1mgl(U)) } .

Then Oy is a sheaf of commutative algebras and X = (|X|, Ox) is a locally ringed space.
Since each X; and X, are schemes, the locally ringed space X is a scheme as well.

Example A.0.11. Let X; = Spec (k[x]) and X, = Spec (k[y]). We will use Example A.0.10
to glue X; and X, through the open subsets U; = D(x) and U, = D(y). Note that
[(U,,0x,) = k[x,x'] and T(U,,Ox,) = k[y,y']. Let ¢ : Uy — U, be the scheme
isomorphism defined by the isomorphism of algebras y — x~!. The scheme obtained by
gluing X; and X, through the gluing map ¢ is called projective line and it is denoted by
Py. Note that if (s;, 53) € Ox,(X1) x Ox,(Xz) = k[x] xk[y] satisfies ¢, (52|U2) = §|y,, then
s2(3) = 51 (%) as rational functions in k[x, x7!]. Since s, € k[y] = k[x™'] is polynomial,
we get that s,(x) = s;(x) € k C k[x,x™"]. Thus, Op: (IX]) = k. In particular, PP}, is not affine,
because Spec (k) has a single point while Op: (IP;) has infinite many.

Example A.0.12. Let X = Spec (A) and Y = Spec (B). Consider T = Spec (A ®x B), then
there exists projections morphisms p; : T — X and p, : T — Y that are defined by the
homomorphism of algebras A > A® Band B > A® Bgivenbyar a®1land b —» 1®b.
By Proposition A.0.8

Homgen)(Z, T) = Homy_calg (A ® B, 02(2))
= Homy_cag (A, Oz(Z)) x Homy_caig (B, O2(2))
= Homgen)(Z, X) x Homgeny (Z, Y).

Therefore, T satisfies the universal property that for every morphism of schemes f; : Z —
X and f; : Z — there exists a unique morphism f : Z — T such that the diagram

a p1

T — X
le l
Y

—— Spec (k)

commutes. The affine scheme T is usually denoted by X x Y or X xspec ) Y, and it is called
fibre product. For general schemes X and Y, the scheme X x Y is defined by the universal
property above and it comes with projection maps X x Y - X and X xY — Y.

Definition A.0.13. Let X = (|X|, Ox) be a scheme. We say that X is
1. irreducible if the topological space |X| is irreducible.
2. reduced if Oy, is a reduced algebra for every p € X.

3. integral if X is both reduced and irreducible.
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4. of finite type if for every affine open subset U = Spec (B) C X we have that Bis a
finitely generated k-algebra.

5. separated if there exists a closed subset F C Y such that |f| : |X| — F is a homeomor-
phismand f; : Oxxx fp) = Ox,p is surjective for every p € X, where f : X — XxX
is the diagonal morphism p; o f = pyo f = ix and p;, p, : X x X — X are the
projections.

Example A.0.14. If X is an affine algebraic variety with coordinate ring Ay, then Spec (Ax)
is an integral separated affine scheme of finite type over k. Reciprocally, if Y = Spec (B)
is an integral separated affine scheme of finite type over k, then B is a finitely generated
k-algebra because Y is of finite type. Thus, B = k[x, ..., x,,] /I for some n > 1 and ideal
I of k[xy, ..., x,]. Additionally, B is a reduced algebra because B, is reduced for every
prime ideal p € Spec (B) (see [AM69, Exercise 3.5]). Since Y is irreducible, the intersection
of two nonempty open subsets must be nonempty. For every f, g € B with f # 0 and
g#0,D(f)nD(g) = D(fg) # @, thus fg is not nilpotent. In particular, fg # 0 for every
f.g € Bwith f # 0 and g # 0. We conclude that B is an integral domain. Therefore,
the ideal I is a prime ideal of k[xi, ..., x,], thus Z(I) € A} is an affine algebraic variety,
B = k[Z(I)] = Azqy and Y = Spec (Az). In other words, in the scheme theoretically
setting, affine algebraic varieties can be defined as integral separated affine schemes of
finite type over k.

Definition A.0.15. Let X = (X,Ox) be a scheme and F be a sheaf on X of abelian
groups. We say that F is a sheaf of Ox-modules if, for each open set U C X, the abelian
group I'(U, F) is a I'(U, Ox)-module, and the restriction morphisms I'(V, F) — I'(V, F)
is compatible with the module structure via the algebra homomorphism I'(U, Ox) —
I'(V,Oyx) for each inclusion of open sets U C V.

Example A.0.16. Let A be a commutative ring and M an A-module. For each h € A,
consider the assignment D(h) — M, where M, is the A,-module given by the localization
of M at h. This assignment defines a sheaf on Spec A denoted by M. For all open set
U ¢ Spec(A), M(U) is an O4(U)-module, therefore M is a sheaf of Spec (A)-modules.
Furthermore, (]\;I),J = M, for all p € Spec A, and M(Spec A) = M.

Example A.0.17. Let A be a commutative ring and M an A-module. Denote T°(M) = A
and T"(M) = M ®4 M ® - ®4 M the tensor product of M with itself n-times, then the

concatenation of tensors makes T(M) = @ T"(M) an unital associative algebra, which is
n>0

called tensor algebra of M. Denote by S(M) = EB the symmetric algebra of M, which is
n>0

the quotient of T(M) by the ideal generated by x ® 4 y — y ®4 x, x, y € M.

Let X = (X, Ox) be a scheme and F be a sheaf on @x-modules. We can use the above
construction to define the tensor algebra T(F) and the symmetric algebra S(F) of F, which
I'(U,T(F)) = TA(U,T)) and T'(U,S(F)) = SI'(U,S)) for each open set U C X. Both
T(F) and S(F) are Ox-algebras and each degree component is an Ox-module.

Definition A.0.18. Let X = (X, Ox) be a scheme, and F a sheaf on X of Ox-modules, i.e.
F(U) is an Ox(U)-module for all U open in X and the restriction morphism behave nicely
with respect to the Ox-module structure. We say F is quasi-coherent, if there exists an
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open affine cover {U; = Spec A;},.; of X such that F|;, = M; (see Example A.0.16), where
M,; is the sheaf on Spec A; defined for a suitable A;-module M;. If X is a locally Noetherian
scheme, F is called coherent if the affine cover can be chosen so that the M,’s are finitely
generated A;-modules.

Example A.0.19. Let B be an associative algebra and A C B a commutative subalgebra.
Then, B is an A-module and B is a quasi-coherent sheaf over Spec (A). If B is finitely
generated as A-module, then B is coherent.

Definition A.0.20. Let X = (X, Ox) be a scheme and F be quasi-coherent sheaf on X. We
say that F is locally free sheaf of @Ox-modules if X can be covered by open sets {U; | i € I}
such that I'(U;, F) is free as an I'(U;, Ox)-module. If X is irreducible, then we define the
rank of F as the size of a basis of I'(U;, F) as an I'(U;, Ox)-module, where i € I.

Example A.0.21. Let A be a Noetherian integral domain and X = Spec (A), then M
is a locally free sheaf of Ox-modules if and only if M is a finitely generated projective
A-module [Eis95, Theorem A3.2].

Example A.0.22. Let X = (X, Ox) be a scheme and F be a locally free quasi-coherent
sheaf on X with rank n. Denote by Y = Spec (S(F)) be the spectrum of symmetric algebra
of F, then Y comes with a projection morphism p : Y — X. Take U C X such that
M =T(U, F)is free as A = T'(U, @)-module. Choose a basis of M. This choice induces an
isomorphism S(M) = A[x, ..., x,|, which induces an isomorphism p~'(U) — OF,. Thus,
for each x € X, there exists an open affine neighborhood x € U = Spec (A) of x such that
p~'(U) is isomorphic to

p7'(U) = Spec (O})) = Spec (Al xq, ..., x,]) = Spec (A ® k[x, ..., x,])
= Spec (A) x Spec (k[xy, ..., x,]) = U x A}.

Definition A.0.23. Let X = (X, Ox) be a scheme. A vector bundle Y of rank n over X is a
scheme Y together with a morphism p : Y — X such that for each p € X there exists an
open neighborhood U C X of p such that I'(Y, Oy) is isomorphic to U x AJ.

Example A.0.24. By Example A.0.22, every locally free sheaf of Ox-modules can be associ-
ated uniquely (up to isomorphism) to a vector bundle. This is a one-to-one correspondence
(up to isomorphism) between vector bundles and locally free sheaves of finite rank. [Har77,
Exercise 11.5.18].

Several other concepts arise in the scheme theory that we will not cover or explore
further, because we will only need basic definitions in this text since we will be working
with affine algebraic varieties. If the reader is looking for a reference on these concepts
and results related to them, we recommend the books [Har77] and [Mum99].
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