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Resumo

ENDO, E. O.Medidas de Gibbs para modelos em retas e árvores. 2018. 98 f. Tese (Doutorado)
- Instituto de Matemática e Estatística, Universidade de São Paulo, São Paulo, 2018.
Nesta tese estudamos diversas propriedades dos modelos de spins, em particular, os modelos de
Ising e Dyson. Estudamos a estabilidade da transição de fase no modelo de Ising ferromagnético
de primeiros vizinhos quando adicionamos uma perturbação no campo externo crítico pela qual se
torna mais fraca ao estar distante da raiz da árvore de Cayley. Estudamos a relação entre g-medidas
e medidas de Gibbs, mostrando que a medida de Gibbs do modelo de Dyson a temperaturas sufi-
cientemente baixas não é uma g-medida. Também estudamos contagem de contornos em árvores,
mostramos uma caracterização das árvores que possuem um número infinito de contornos de um
tamanho fixo envolvendo um vértice, e comparamos entre diversas definições de contornos. Estu-
damos também as medidas de grafos aleatórios spatial Gibbs, e suas convergências locais.
Palavras-chave: Modelo de Ising, modelo de Dyson, g-medidas, árvores de Cayley, medidas de
Gibbs
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Abstract

ENDO, E. O. Gibbs Measures for Models on Lines and Trees. 2018. 98 f. Thesis (Ph. D.) -
Institute os Mathematics and Statistics, University of São Paulo, São Paulo, 2018.
In this thesis we study various properties of the spins models, in particular, Ising and Dyson models.
We study the stability of the phase transition of the nearest-neighbor ferromagnetic Ising model
when we add a perturbation to the critical external field that becomes weaker far from the root of
the Cayley tree. We also study the relation between g-measures and Gibbs measures, showing that
the Dyson model at sufficiently low temperature is not a g-measure. Counting contours on trees
is also studied, showing the characterization of the trees that have infinite number of contours,
and comparisons between various definitions of contours. We also study the measures of the spatial
Gibbs random graphs, and their local convergence.
Keywords: Ising model, Dyson model, g-measures, Cayley trees, Gibbs measures
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Chapter 1

Introduction

The Ising model, invented by Lenz and studied by Ising, is one of the first models that was
studied in order to attempt to derive a phase transition by thermodynamical formalism. The model
consists of configurations of molecules on a lattice Zd, in which each vertex i is associated to a spin
σi which equals +1 or −1 (up or down). For each configuration σ = (σi)i∈Zd ∈ {−1, 1}Zd , if two
nearest-neighbor vertices on the lattice have the same spin values, then the interaction energy of
the molecules is equal to −J , and if they are different, the interaction energy is equal to J . In other
words, the interaction energy is equal to −Jσiσj for each nearest-neighbor pair i and j on Zd. In
addition, for each spin we add the external magnetic field −h if the spin is positive, and h if it is
negative. The formal Hamiltonian, which is the energy of a configuration, is given by

H(σ) = −J
∑
〈i,j〉

σiσj − h
∑
i∈Zd

σi, (1.1)

where 〈i, j〉 means that i and j are nearest neighbors. If the coupling constant J is positive, i.e.,
when the model is ferromagnetic, each spin tends to align with its neighbors and with the external
magnetic field.

The partition function is given by

Zβ =
∑

σ∈{−1,1}Zd
e−βH(σ), (1.2)

where β = 1/(kT ) is the inverse temperature, k > 0 is the Boltzmann constant and T > 0 is the
temperature. The partition function is essential in statistical mechanics, since all thermodynamic
functions come from it. In particular, the formal Gibbs measure is given by

µβ(σ) =
e−βH(σ)

Zβ
. (1.3)

Note that the minus sign multiplying the Hamiltonian gives a high probability for the spins
to have the same direction. In order to see the behavior of the spins, we measure the average of
the spins, called magnetisation, projected along the direction of the magnetic field. Assume that a
material is placed in a magnetic field. This means that each spin has a preference to point in the same
direction. What happens when the magnetic field tends to zero? We have two different behaviors
depending on the temperature. At high temperature, the material becomes paramagnetic, i.e., the
magnetisation is zero, meaning that the spins are disordered; at low temperature, the material
becomes ferromagnetic, meaning that the magnetisation remains positive (resp. negative) if the
magnetic field approaches zero from the positive (resp. negative) side. Thus, the spins are ordered.
This is called spontaneous magnetisation (this is especially when the field is zero, then there is
a first-order transition in the magnetic field, that is a jump in the spontaneous magnetisation).
Thus, there is a critical temperature, also known as the Curie temperature, separating the phases,
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2 Introduction 1.0

corresponding to a phase transition.

β < βc. β = βc. β > βc.

Figure 1.1: The spontaneous magnetisation, where βc is the inverse critical temperature.

However, Ising [100], in 1922, showed that in the one-dimensional model the material is in a
paramagnetic state at any temperature, since the ordered configuration is unstable, concluding that
there is no phase transition. He did not realize that the argument holds only in one-dimensional case,
and he also gave an idea of why the argument also should hold in two and three dimensions. Peierls
published a paper showing that, contrary to Ising’s prediciton, the model has a phase transition for
the two- and three-dimensional lattices. He showed that, if we restrict the model in a plus boundary
on a finite set, then, at low temperature, there are small regions of minus compared with the plus
regions. The main technique to show it is the control of the number of the contours, invented by
Peierls. Unfortunately, there was a incorrect step in the Peierls’ proof, discovered by Fisher and
Sherman. After being corrected, and proved for every dimension d ≥ 2, this argument to show a
phase transition is useful for many other models, and is now called the Peierls argument. For more
details of the history of the Ising model, see [37].

Since the spins tend to be ordered when the magnetic field is non-null, it is natural to conjecture
that the model has no phase transition when the absolute value of the magnetic field |h| is big
enough. Lee and Yang [125] showed more, they concluded that for every non-null h, the Ising model
has no phase transition at any temperature. Also known as the Lee-Yang circle theorem, the proof
uses complex analysis results, since they show that the pressure admits an analytic continuation to
one of the regions

H+ = {z ∈ C : Re(z) > 0},
H− = {z ∈ C : Re(z) < 0}.

The book of Ruelle [156] has an interesting chapter concerning this theorem.
Although the Ising model is recent, less than hundred years old, it has important contributions

in the mathematical community, such as the work of Smirnov, who received the Fields medal in
2010 from the work in [160]. It was conjectured in 1990 that the scaling-limit of the bidimensional
models in statistical mechanics is invariant under conformal mappings. Smirnov was the first to
prove this rigorously in two different cases, percolation on the triangular lattice and the planar
Ising model.

There is a variant of the Ising model called Dyson model, also known as Long-Range Ising
model. Different from nearest-neighbour or short-range Ising models, the Dyson model has long-
range interactions, this means that every two vertices i and j have a positive interaction of the form
Jij = |i− j|−α, where α ∈ (1, 2]. There are many results for this model [3, 4, 39, 41, 54, 55, 62, 77],
such as the existence of a phase transition at low temperature, the notion of contours for the model,
discontinuity at the critical temperature for α = 2 and continuity for α ∈ (1, 2), phase-separation
and the behavior of the interface point, and much more. In this thesis, we are going to present the
relation between Gibbs measures and g-measures, which are measures which are compatible with a
“one-sided specification” defined by Keane [112] in order to extend the theory of Markov chains of
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infinite order. The main result of [62] is that there exists a g-measure that is not a Gibbs measure.
We are interested in studying the converse, proving that a low-temperature Gibbs measure for the
Dyson model is not a g-measure.

Another work that we will present here, based on the paper [20], is the analysis of the speed of
decay of an external magnetic field which depends on the vertices of a Cayley tree, thus an example
of inhomogeneous external field, that converges to the critical external field hc > 0 identified by
Preston [138], in order to see either a phase transition at low temperatures or the absence of the
phase transition at any temperature in the nearest-neighbor Ising model. This problem is interesting
due to the following reason. On the lattice Zd with d ≥ 2, as we explained before, Lee and Yang
concluded the absence of a phase transition when there is a presence of an external magnetic field.
Thus, instead of constant external field, if we consider the perturbed Ising model when each vertex
i is associated to an external field hi > 0 such that hi converges to zero when i is going far from
the origin, meaning that the model with the external field, far away from the origin, looks like the
model without it, where there is a phase transition, how fast the external field should decay in order
for the perturbed model still to undergo a phase transition? This problem is (partially) solved in
[20, 45] when the external field is of the form hi = h∗ · ‖i‖−γ , with h∗ > 0 and γ > 0. We are going
to present the work from [24], when, instead of the lattice Zd, we consider the Cayley tree.

Counting contours is an important combinatorial problem in statistical mechanics to have the
possibility to show a phase transition in a model using a Peierls argument. Here we are going to
count contours, defined by Babson and Benjamini [11], on trees. These contours, for graphs in
general, are useful to estimate the critical probability for percolation on the graph. Although the
critical probability for the tree is already known, the tools to estimate the number of contours are
perhaps useful for find new ideas to control the number of contours of other graphs. We use the
same idea as Balister and Bollobás [12] to compute the exact value of the number of contours on the
regular trees and d-ary trees, and we compute an estimate for a family of trees where each vertex
has at least d children. We also characterize which trees have an infinite number of contours of a
fixed size. In fact, since a Peierls argument needs that the number of contours of a finite size should
be finite, we cannot apply the argument for those type of trees.

The presence of hierarchical structures in the connectivity network of neurons in the brain or of
the Internet’s routers [7, 113, 162] raises the question to define a model that captures it. Mourrat
and Valesin [132] defined Gibbs-type measures on the lattice Z capturing the fundamental interplay
between the geometry of the graph and of the underlying space. In a few words, the measure is
over the long edges on Z, where a typical graph on a finite interval avoids long edges and also large
diameter. Here, we are going to show the local convergence properties of this measure.

In this thesis we present the works [9, 23, 24, 56]. We organize the thesis in the following way.

1. Chapter 2: We present the Gibbsian specifications, FKG inequality, Ising model on the lattice
Zd and on the Cayley tree, and Dyson model. We discuss some classical and recent results.

2. Chapter 3: We present the work [23], showing that the Gibbs measures of the Dyson model
at sufficiently low temperature are not g-measures.

3. Chapter 4: We present the work [24]. We add a spatially dependent inhomogeneous external
field to the ferromagnetic Ising model on a Cayley tree, and we show the phase diagram
depending on the decay of the external field.

4. Chapter 5: We present the work [9]. We count and estimate the number of contours on a family
of trees, show a characterization of trees that has infinite number of contours of a fixed size,
and we compare with the other definitions of contours, such as Peierls contours and Rozikov
contours.

5. Chapter 6: We present the work [56]. We show the local limit behaviour of the spatial Gibbs
random graphs defined in [132].





Chapter 2

Spin Models

2.1 General setting

2.1.1 Specifications

Let S be a compact metric space called the state space, and let S be the σ-algebra of the state
space S. For instance, when S = {−1, 1}, we choose S = P(S) to be the power set of S. Let G
be an infinite, locally finite and connected graph, for instance, the lattice G = Zd or the Cayley
tree G = Γd, which is the d+ 1-regular tree. Consider also (Ω,F) to be a measurable space, where
Ω = SG with d ≥ 1 and let F be the σ-algebra generated by cylinder sets. Let us denote the set of
probability measures on (Ω,F) byM1(Ω,F). For a fixed set Λ ⊂ G, i ∈ Λ and F ∈ S, we define

CiF = {σ ∈ Ω : σi ∈ F}. (2.1)

Moreover, consider the set
CΛ = {CiF : i ∈ Λ, F ∈ S}. (2.2)

We define FΛ be the smallest sub-σ-algebra of F generated by CΛ.
For a finite set Λ ⊂ G, which we denote by Λ b G, the set C(Ω,FΛ) is the set of FΛ-measurable

continuous functions f : Ω→ R. We also denote by L be the set of all finite subsets of G.
A potential is a family Φ = {ΦA}A∈L of functions indexed by L , where ΦA ∈ C(Ω,FA) for all

A ∈ L .
We denote by ‖ΦA‖∞ the supremum norm of ΦA, i.e.,

‖ΦA‖∞ = sup
σ∈Ω
|ΦA(σ)|. (2.3)

We say that the potential is absolutely summable if∑
A3i
A∈L

‖ΦA‖∞ <∞ for every i ∈ G. (2.4)

We define the Hamiltonian for every finite set Λ b G by

HΛ(σ) =
∑
AbG
A∩Λ 6=∅

ΦA(σ). (2.5)

Let us give an example of an absolutely summable potential. Let us consider Ω = {−1, 1}G and the

5
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following potential Φ = {ΦA}A∈L ,

ΦA(σ) =


−Jijσiσj , if A = {i, j},
−hiσi, if A = {i},
0, otherwise,

(2.6)

where Jij and hi are real-valued numbers. The family (Jij)i,j∈G is called set of coupling constants
and (hi)i∈G is called external field. The model associated to the potential Φ given in (2.6) is called
an Ising model with pair interactions (Jij)i,j∈G and external field (hi)i∈G. We say that the Ising
model is ferromagnetic if Jij ≥ 0 for every i, j ∈ G.

For each i, j ∈ G, define the distance d(i, j) to be the smallest length of the paths (self-avoiding
walks) from i to j. Since G is a connected graph, the distance is well-defined. We say that the Ising
model is:

1. Nearest-neighbor if Jij = 0 for every d(i, j) > 1.

2. Short-range if there exists R > 0 such that Jij = 0 for every d(i, j) > R.

3. Long-range if the model is not short-range.

It is easy to show that this potential is absolutely summable if, and only if,

|hi|+
∑
j∈G
j 6=i

|Jij | <∞ (2.7)

for every i ∈ G.
For two configurations σ, ω ∈ Ω and a finite set Λ b G, let us define the configuration σΛ ∈ SΛ

by σΛ = (σi)i∈Λ, and the concatenation σΛωΛc by

(σΛωΛc)i =

{
σi, if i ∈ Λ,

ωi, if i ∈ Λc,
(2.8)

where Λc = G \ Λ is the complement of Λ.

Definition 1. Let (Ω,F) be a measurable space and Λ b G. A probability kernel is a map γΛ :
F × Ω→ [0, 1] with the following properties:

1. For every ω ∈ Ω, γΛ(·|ω) is a probability measure on (Ω,F).

2. For every F ∈ F , γΛ(F |·) is FΛc-measurable.

If, moreover,
γΛ(F |ω) = 1F (ω) for every FΛc-measurable set F, (2.9)

for all ω ∈ Ω, then γΛ is called proper.

Consider a finite set Λ b G and ω ∈ Ω. Consider the set

Ωω
Λ = {σ ∈ Ω : σi = ωi for every i /∈ Λ}. (2.10)

Note that
γΓ(Ωω

Λ|ω) = 1ΩωΛ
(ω) = 1. (2.11)

We will call ω the boundary condition of γΛ(·|ω).

Definition 2. A specification is a family {γΛ}Λ∈L of proper probability kernels that is consistent,
i.e., for every Λ ⊆ Γ b G, and f : Ω→ R be a F-measurable bounded function, and η ∈ Ω, we have∫

Ω

∫
Ω
f(σΛωΓ\ΛηΓc)γΛ(dσ|ωΓηΓc)γΓ(dω|η) =

∫
Ω
f(ωΓηΓc)γΓ(dω|η). (2.12)
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The equation (2.12) is called a condition of compatibility, and we will also refer to this equation
by the following notation,

γΛγΓ = γΓ, (2.13)

for every Λ ⊆ Γ b G. See e.g. [61, 65, 84, 86, 139, 161] for more details about specifications.

2.1.2 Gibbsian specifications

The main example of a specification is the Gibbsian specification shown below. We first take a
probability measure ν on (S,S) called a priori measure.

Theorem 1. Let (S,S, ν) be a probability space and Φ be an absolutely summable potential defined
on (Ω,F). For a fixed inverse temperature β > 0, a finite set Λ b G, and F ∈ F , the expressions

µωΛ,β(F ) =
1

ZωΛ,β

∫
SΛ

1F (σΛωΛc) · e−βHΛ(σΛωΛc )
∏
i∈Λ

d ν(σi), (2.14)

where
ZωΛ,β =

∫
SΛ

e−βHΛ(σΛωΛc )
∏
i∈Λ

d ν(σi), (2.15)

define a local specification, called Gibbsian specification for potential Φ with inverse temperature β.

The reader can find the proof of Theorem 1 in [28, 75, 84]. Let us also define the free boundary
condition. For a fixed Λ b G, define the Hamiltonian of the free boundary condition by

H free
Λ (σΛ) =

∑
A⊂Λ

ΦA(σΛ). (2.16)

Let (ΩΛ,FΛ) be a measurable space, where

ΩΛ = {σΛ = (σi)i∈Λ : σi ∈ {−1, 1}}. (2.17)

If F is FΛ-measurable, the measure

µfree
Λ,β(F ) =

1

Z free
Λ,β

∫
SΛ

1F (σΛ) · e−βHfree
Λ (σΛ)

∏
i∈Λ

d ν(σi), (2.18)

where
Z free

Λ,β =

∫
SΛ

e−βH
free
Λ (σΛ)

∏
i∈Λ

d ν(σi), (2.19)

also defines a local specification. We call the measure µωΛ,β the finite-volume Gibbs measure with
boundary condition ω, volume Λ and inverse temperature β.

When S = {−1, 1} and S = P(S) is the power set of S, the a priori measure is the product
measure of the single-site measure ν = 1

2δ+ + 1
2δ−, where, for every i ∈ G, the function δ+ (resp.

δ−) is the indicator function

δ±(σi) =

{
1, if σi = ±1,

0, otherwise,
(2.20)

and Φ the potentials defined in (2.6), the probability measure µωΛ,β is the finite-volume Gibbs
measure of the Ising model.

The expectation value of a function f : Ωω
Λ → R under µωΛ,β is denoted by

µωΛ,β(f) =
∑
σ∈ΩωΛ

f(σ)µωΛ,β(σ). (2.21)

We will sometimes denote the expectation value as 〈f〉ωΛ,β .
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A function f : Ω→ R is continuous at σ ∈ Ω if, for every ε > 0, there exists Λ b G such that

sup
ω∈Ω
|f(σΛωΛc)− f(σ)| < ε. (2.22)

Moreover, f is continuous if f is continuous at every σ ∈ Ω.
A function f : Ω → R is local if there exists a finite set ∆ ⊂ G such that, for every σ, σ′ ∈ Ω

with σi = σ′i for i ∈ ∆, we have f(σ) = f(σ′). The smallest such set ∆ is called the support of f
and it is denoted by supp(f).

A function f : Ω→ R is quasilocal if there exists a sequence of local functions (fn)n≥1 such that
‖fn−f‖∞ → 0 as n→∞. When the state space S is compact and discrete, quasilocal functions and
continuous functions are equivalent, see [75] (More generally, for compact state space S, continuous
functions are quasilocal, and for discrete state space S, quasilocal functions are continuous). A
specification {γΛ}Λ∈L is called quasilocal if each probability kernel γΛ is continuous with respect to
its boundary condition. In other words, for all F ∈ F , the map ω 7→ γΛ(F |ω) is continuous. If Φ is
an absolutely summable potential, then the Gibbsian specification {µ(·)

Λ,β}Λ∈L for potential Φ with
inverse temperature β on (Ω,F) is quasilocal. See e.g. [58, 84, 118, 166]. In fact, in the context of
possibly non-Gibbsian renormalized Gibbs measures [58, 59], the major characterisation used of the
latter was precisely the lack of this quasilocality property (as well as the main drawback, preventing
many standard results).

Let us now define the Gibbs measure given a potential Φ by using a Gibbsian specification. For
this, for a fixed probability measure µ on a probability space (Ω,F) and B be a sub-σ-algebra of F ,
we will write µ(·|B) := Eµ(·|B) for the conditional probability.

Definition 3. Let (S,S, ν) be a probability space and Φ be an absolutely summable potential defined
on (Ω,F). For a fixed inverse temperature β > 0, a probability measure µβ is called Gibbs measure
associated to the potential Φ if, for every Λ b G and F ∈ F , we have

µβ(F |FΛc)(ω) = µωΛ,β(F ) µβ − a.e. (2.23)

The set of all Gibbs measures satisfying the above conditions is denoted by GDLR
β (Φ). Note that

GDLR
β (Φ) is closed and convex (See [28, 84, 75]). Every Gibbs measure associated to some absolutely

summable potential Φ satisfies the so called DLR-equation (namely for all volumes and almost all
boundary conditions).

Theorem 2. Let {µ(·)
Λ,β}Λ∈L be a Gibbsian specification for potential Φ with inverse temperature β

on (Ω,F). A probability measure µβ ∈ M1(Ω,F) is a Gibbs measure associated to the regular
potential Φ if, and only if,

µβµ
(·)
Λ,β = µβ (2.24)

for every finite set Λ b G, i.e., for every local function f ,∫
Ω

∫
Ω
f(σ) dµωΛ,β(dσ)µβ(dω) =

∫
Ω
f(σ)µβ(dσ). (2.25)

The equations (2.24) are called DLR equations, in tribute to Dobrushin, Lanford and Ruelle.
The so-called DLR approach is described also for example in [58, 75, 84, 101, 139]. The next theorem
guarantees that every thermodynamical limit of a finite-volume Gibbs measures is a Gibbs measure.
Given a sequence of finite sets (Λn)n≥1, we write Λn ↑ G if for every i ∈ Zd there exists n0 ≥ 1
such that, for every n ≥ n0, we have i ∈ Λn. For given a sequence Λn ↑ G and (ωn)n≥1, we say
that a sequence of measures µωnΛn,β

converges weakly to a probability measure µ if for every local
function f , we have

lim
n→∞

µωnΛn,β
(f) = µ(f). (2.26)

We will write limn→∞ µ
ωn
Λn,β

= µ for the weak limit.
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Theorem 3. Let Φ be a potential and β be the inverse temperature. Let (Λn)n≥1 be a sequence
of finite sets on G such that Λn ↑ G. If, for some sequence ωn ∈ Ω, the sequence of finite-volume
Gibbs measures µωnΛn,β

converges weakly to some probability measure µ, then µ is a Gibbs measure
associated to the absolutely summable potential Φ.

Define Gβ(Φ) to be the closed convex hull of the set{
µ ∈M1(Ω,F) : there exists Λn ↑ G and (ωn)n≥1 such that lim

n→∞
µωnΛn,β

= µ
}
. (2.27)

Due to the compactness of the state space, the set Gβ(Φ) is non-empty since there always exist
convergent subsequences. Clearly Gβ(Φ) ⊆ GDLR

β (Φ). Moreover, the sets are equal.

Theorem 4. Let {µ(·)
Λ,β}Λ∈L be a Gibbsian specification for potential Φ with inverse temperature β

on (Ω,F). Then
Gβ(Φ) = GDLR

β (Φ). (2.28)

We added the convex-hull in the definition of Gβ(Φ), but it is a natural question if the set
Gβ(Φ) is already a convex set. Coquille [47] showed that, in the ferromagnetic nearest-neighbor
Ising model on the lattice Z3, there exists a Gibbs measure which is not a thermodynamical limit
of any sequence of Gibbs measures with boundary conditions.

The model has non-uniqueness at β, or undergoes a phase transition at β if |Gβ(Φ)| > 1, and
the model has uniqueness at β, or absence of phase transition at β, if |Gβ(Φ)| = 1.

Since the potential Φ is absolutely summable, by Dobrushin’s Uniqueness Theorem [50], there
exists βc > 0 such that the model has uniqueness for every β < βc. The phenomenon of the phase
transition depends on the model that we consider. In the next section we will present the Ising
model and Dyson model, which undergoes a phase transition at low temperatures. However, not
every model has a phase transition, for instance, the one-dimensional ferromagnetic nearest-neighbor
Ising model is an example of the absence of phase transition at any temperature.

A Gibbs measure µ ∈ Gβ(Φ) is extremal if µ is not a nontrivial convex combination of any other
Gibbs measures, i.e., for every µ1, µ2 ∈ Gβ(Φ) such that µ = αµ1+(1−α)µ2 for some α ∈ [0, 1], then
α ∈ {0, 1}. Let ex(Gβ(Φ)) be the set of all extremal Gibbs measures. By Krein-Millman Theorem
[119], we have

Gβ(Φ) = conv(ex(Gβ(Φ))), (2.29)

i.e., the set of all Gibbs measures is the closed convex hull of the set of all extremal Gibbs measures.
We use the term Gibbs measure in the Statistical Mechanics sense, as defined by Dobrushin,

Lanford and Ruelle [50, 122]. In the Dynamical Systems community, often a somewhat different
notion of Gibbs measure is defined following Sinai, Ruelle and Bowen [30, 155, 159], by providing
uniformly bounded approximations of the measure on cylinders as exponential Boltzmann-Gibbs
weights defined via (a slightly different notion of) potentials.

In symbolic dynamics, yet another notion is introduced either via Perron-Frobenius operators or
via variational principles and a corresponding notion of equilibrium states. Compare e.g. [18] with
sometimes different (non-)lattices, and again different notions of potentials compared to the ones
used in Mathematical Statistical Mechanics. This yields different, typically more restrictive, classes
of measures, in which phase transitions are usually excluded due to the corresponding potential
being too short-range (in statistical mechanics terms). For example, a potential with summable
variations defined on {−1,+1}N admits a unique equilibrium measure, see [30, 153].

2.1.3 FKG inequality

Correlation inequalities are a fundamental tool to analyse various statistical mechanics models.
There are several correlations inequalities in the literature, but one of them, called FKG inequality,
after Fortuin, Kasteleyn and Ginibre [72], plays a particularly important role to show essential
results in the area. We will present the version by Preston [140], who included the case of continuous
spins.
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Let Λ be a finite set, and for each i ∈ Λ, let (Xi,Fi, νi) be a measure space with νi a nonnegative
σ-finite measure. Suppose that Xi is equipped with a total order ≥ that is Fi-measurable, i.e.,

{(xi, yi) ∈ Xi ×Xi : xi ≥ yi} ∈ Fi ×Fi. (2.30)

Let us denote X =
∏
i∈ΛXi and the corresponding σ-algebra F =

∏
i∈ΛFi, and let ν =

∏
i∈Λ νi.

Suppose f1, f2 : X → R are F-measurable with the properties

(1) f1, f2 ≥ 0,

(2)
∫
X f1 d ν =

∫
X f2 d ν = 1.

For t = 1, 2 let µt denote the probability measure ft d ν on (X,F). If x = (xi)i∈Λ and y = (yi)i∈Λ,
we define

x ∧ y = (min(xi, yi))i∈Λ,

x ∨ y = (max(xi, yi))i∈Λ.

We write x ≤ y if xi ≤ yi for every i ∈ Λ. We say that a function f : X → R is nondecreasing if,
for every x ≤ y, we have f(x) ≤ f(y).

Theorem 5. Suppose f1, f2 satisfy

f1(x ∧ y)f2(x ∨ y) ≥ f1(x)f2(y) for all x, y ∈ X. (2.31)

If h : X → R is bounded, F-measurable and nondecreasing, then∫
X
h dµ1 ≥

∫
X
h dµ2. (2.32)

The Gibbs measures of the ferromagnetic Ising model (defined in (2.6)) satisfy the FKG in-
equality. Now, we will write the finite-volume Gibbs measures of the ferromagnetic Ising model as
µ

(·)
Λ,β,h̄

.

Theorem 6. Let Λ b Zd be a finite set, β > 0, (hi)i∈Zd , (Jij)i,j∈G with Jij ≥ 0 for every i, j ∈ G
and ω ∈ Ω be any boundary condition. Then, for every pair of nondecreasing functions f and g,

µωΛ,β,h̄(fg) ≥ µωΛ,β,h̄(f)µωΛ,β,h̄(g). (2.33)

We call plus boundary condition when ωi = +1 for every i ∈ G and minus boundary condition
when ωi = −1 for every i ∈ G, and we will denote the Gibbs measures, respectively, by µ+

Λ,β,h̄

and µ−
Λ,β,h̄

.
By Theorem 6, there exist thermodynamical limits for plus, minus and free boundary conditions,

µ+
β,h̄

:= lim
n→∞

µ+
Λn,β,h̄

, µ−
β,h̄

:= lim
n→∞

µ−
Λn,β,h̄

and µfree
β,h̄ := lim

n→∞
µfree

Λn,β,h̄
, (2.34)

for every sequence Λn ↑ G. Moreover, by Theorem 6, we can show that µ−
Λ,β,h̄

is stochastically
dominated by µω

Λ,β,h̄
, and µω

Λ,β,h̄
is stochastically dominated by µ+

Λ,β,h̄
, for every ω ∈ {−1, 1}G. See

[75] for the proof.

Corollary 1. Let f be an arbitrary nondecreasing function. Then, for any β > 0,

µ−
Λ,β,h̄

(f) ≤ µωΛ,β,h̄(f) ≤ µ+
Λ,β,h̄

(f), (2.35)

for any boundary condition ω (including the free boundary condition) and any Λ b G.

Let us emphasize the external field in the set of Gibbs measures Gβ(Φ) = Gβ,h̄. Using Corollary 1,
we have the following equivalence.
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Theorem 7. Let β > 0 and h̄ = (hi)i∈G. The following statements are equivalent:

1. There is absence of phase transition at (β, h̄).

2. µ+
β,h̄

= µ−
β,h̄

.

There are several generalizations or adaptations of the FKG inequality in the literature, see [1,
68, 95, 116, 143, 144, 157, 170]. The other correlation inequality that is similar to the FKG inequality
is the Griffiths inequality, also known as GKS inequality, after Griffiths, Kelly and Sherman [89,
90, 114].

2.2 Ising model

We are going to present some classical results of the Ising model, defined by the potential (2.6),
on the lattice Zd and on the Cayley tree Γd. The Hamiltonian of the ferromagnetic Ising model in
a finite set Λ b G with boundary condition ω is a function on Ωω

Λ given by

Hω
Λ,h̄(σ) = −

∑
i,j∈Λ

Jijσiσj −
∑

i∈Λ,j /∈Λ

Jijσiωj −
∑
i∈Λ

hiσi, (2.36)

where Jij ≥ 0 for every i, j ∈ G, and hi ∈ R for every i ∈ G. When h̄ ≡ 0, i.e., hi = 0 for
every i ∈ G, we denote the Hamiltonian by Hω

Λ := Hω
Λ,0. Here, when we consider the ferromagnetic

nearest-neighbor Ising model, we will assume Jij = J for some J > 0 if d(i, j) = 1.
Since we will consider the product measure by

∏
i∈Λ ν(σi) =

∏
i∈Λ

(
1
2δ+ + 1

2δ−
)
for every i ∈ G,

given the inverse temperature β > 0, the Gibbs measure of the Ising model in Λ with boundary
condition ω is the probability measure on Ωω

Λ given by

µωΛ,β,h̄(σ) =
1

Zω
Λ,β,h̄

e
−βHω

Λ,h̄
(σ)
, (2.37)

where Zω
Λ,β,h̄

is the partition function given by

ZωΛ,β,h̄ =
∑
σ∈ΩωΛ

e
−βHω

Λ,h̄
(σ)
. (2.38)

When h̄ ≡ 0, then we denote µωΛ,β := µωΛ,β,0.

2.2.1 On the lattice Zd

For d ≥ 1, define the set of configurations of spins in Zd by Ω = {−1, 1}Zd , and the distance of
two vertices i and j in Zd by d(i, j) := ‖i− j‖1, where

‖i‖i =

d∑
k=1

|ik|, with i = (i1, . . . , id) ∈ Zd. (2.39)

The problem to show a phase transition for the ferromagnetic nearest-neighbor Ising model was
raised by Lenz, who defined this model. Ising, when he was a Ph. D. student of Lenz, showed the
absence of phase transitions at any temperature when considering the one-dimensional model. Af-
terwards, Peierls [135] showed that the model, with zero external fields undergoes a phase transition
at low temperatures for d ≥ 2, showing that µ+

β 6= µ−β for sufficiently large β. Peierls invented a
famous argument to show a phase transition, now called Peierls argument. This argument shows a
bijection between the space of the spin configurations and the space of contour configurations when
the boundary condition is prescribed to be plus or minus. For more explanation, see Section 5.5.1.
For non-zero constant external fields hi = h with h 6= 0 for every i ∈ Zd, Lee and Yang [125] showed
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that, for any d ≥ 1, the model has uniqueness at any temperature, and the proof uses results from
complex analysis.

A translation by j ∈ Zd, denoted by θj : Zd → Zd, is defined by

θji = i+ j. (2.40)

A probability measure µ ∈M1(Ω,F) is translation invariant if θjµ = µ for all j ∈ Zd.
For h̄ ≡ 0, Aizenman and Higuchi [2, 93] independently showed that every translation invariant

Gibbs measure of the two-dimensional lattice ferromagnetic nearest-neighbor Ising model at inverse
temperature β is a convex combination of µ+

β and µ−β , i.e., writing

[µ−β , µ
+
β ] = {µ : There exists α ∈ [0, 1] such that µ = αµ+

β + (1− α)µ−β }, (2.41)

we have
Gβ,0 = [µ−β , µ

+
β ]. (2.42)

The first proof of the existence of non-translation-invariant Gibbs measures on Zd with d ≥ 3 at
sufficiantly low temperatures is due to Dobrushin [52]. Bodineau [26] showed that, for d ≥ 3, every
translation-invariant Gibbs measure of the d-dimensional lattice ferromagnetic short-range Ising
model at inverse temperature β is a convex combination of µ+

β and µ−β . Raoufi [141] showed that
for any inverse temperature β and on any transitive amenable graph, the automorphism-invariant
Gibbs states of the ferromagnetic Ising model are convex combinations of µ+

β and µ−β . There is also
a finite-volume version of the Aizenman and Higuchi Theorem for the two-dimensional Ising model
by Coquille and Velenik [48].

There are several results for inhomogeneous external field, i.e., the external field h̄ = (hi)i∈Zd is
not constant. Bissacot and Cioletti [21] showed the following result.

Theorem 8. Let d ≥ 2. If the external field h̄ = (hi)i∈Zd satisfies∑
i∈Zd
|hi| <∞, (2.43)

then the ferromagnetic Ising model undergoes a phase transition at low temperatures.

Theorem 8 claims that, if the external field h̄ is weak enough in the sense that h̄ is summable,
then, different to Lee and Yang Theorem, the Ising model undergoes a phase transition at low
temperatures. The proof is done by a Peierls argument. In [84], Chapter 7.4, we have a general
result for general specifications and graphs.

Moreover, in [21] we also have a condition so that the model has uniqueness at any temperature.

Theorem 9. Let d ≥ 1. If the external field h̄ = (hi)i∈Zd with hi > 0 for every i ∈ Zd satisfies
lim infi∈Zd hi > 0, then the ferromagnetic Ising model has uniqueness at any temperature.

Although, for the physical point of view, Theorem 9 naturally holds since we already know from
the Lee and Yang Theorem that the Ising model with homogeneous external field h = lim infi∈Zd hi
has uniqueness at any temperature, the main point of Theorems 8 and 9 is the fact that the model
is non-translation-invariant. Thus, many properties depending on translation-invariance are lost.
The authors controlled the Radon-Nikodym derivative to deal with the non-invariant case.

For the case when h̄ is non-summable, Bissacot, Cassandro, Cioletti and Presutti [20] showed
the following result.

Theorem 10. Let d ≥ 2 and h̄ = (hi)i∈Zd be the external field given by

hi =

{
h∗

‖i‖γ , if i 6= 0,

h∗, if i = 0.
(2.44)
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where h∗ > 0 and γ > 0. Let us consider the ferromagnetic nearest-neighbor Ising model with
external field h̄. Then,

(1) If γ > 1, then the model undergoes a phase transition at low temperatures.

(2) If 0 < γ < 1, then the model has uniqueness at sufficiently low temperatures.

(3) If γ = 1, then the model undergoes a phase transition at low temperatures if h∗ is small
enough.

The proof of item (1) is by a Peierls argument, combined with an isoperimetric inequality. For
item (2), they based themselves on an iterative scheme introduced in [29], showing that if there exists
a thermodynamical limit of a sequence of finite-volume Gibbs measures, then this limit is equal to
µ+
β . Since the model is absolutely summable, we know by Dobrushin’s Uniqueness Theorem that the

model has uniqueness at high temperatures. Thus, there is a gap in the temperature interval when
0 < γ < 1. Afterwards, Cioletti and Vila [45], using Random Cluster representation (see [73, 91]
for informations about this representation), closed the gap.

Theorem 11. Let d ≥ 2 and h̄ = (hi)i∈Zd be the external field given by (2.44). Then, for 0 <
γ < 1, the ferromagnetic nearest-neighbor Ising model with external field h̄ has uniqueness at any
temperature.

There are several results for other types of external field. For instance, see [5, 6, 32, 33, 44, 99]
for the random-field Ising model, [88, 133] for the alternating sign external field.

2.2.2 On the Cayley Tree

Let Γd = (V,L) be the Cayley tree of order d, i.e., a d + 1-regular infinite tree. Katsura and
Takizawa developed the statistical mechanics of Cayley trees by using Bethe approximation. Af-
terwards, Preston showed the following result, when we consider the homogeneous external fields
hi = h for every i ∈ Γd.

Theorem 12. Consider the ferromagnetic nearest-neighbor Ising model with parameter J > 0 and
h ∈ R on the Cayley tree Γd of order d ≥ 2. Let

β(d) := arccoth d =
1

2
log

d+ 1

d− 1
(2.45)

and

h(β, d) :=

0, if β ≤ β(d),

d arctanh
(
dw−1
dw̄−1

)1/2
− arctanh

(
d−w̄
d−w

)1/2
, if β > β(d),

(2.46)

where w̄ = cothβ = w−1.

(a) If β ≤ β(d) or |h| > h(β, d), then the model has uniqueness at (β, h).

(b) In the opposite case, the model undergoes a phase transition at (β, h).

Theorem 12 shows that the thorn-shaped region

{(β, h) ∈ R2 : β > β(d), |h| ≤ h(β, d)} (2.47)

is the phase transition region of the ferromagnetic Ising model on the Cayley tree. Note that on
Cayley trees, even in the presence of an external field of small absolute value, the model undergoes
a phase transition, which differs from the lattice Zd. Preston showed that there is a large class of
Gibbs measures that can be written as Markov chains. See Chapter 4 for more details.

Ganikhodjaev [83] showed that, if we consider an inhomogeneous external field, then the Ising
model on Cayley tree of order d ≥ 2 undergoes a phase transition at low temperatures when

−J < inf
i∈Γd

hi < sup
i∈Γd

hi < J. (2.48)
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2.2.3 Pressure and amenable graphs

The pressure at finite volume Λ b G is defined by

PωΛ (β, h̄) =
1

|Λ|
logZωΛ,β,h̄. (2.49)

The pressure is defined by
P (β, h̄) = lim

Λn⇑G
PωΛn(β, h̄), (2.50)

where the sequence Λn ⇑ G converges o G in the sense of van Hove, i.e., Λn ↑ G and

lim
n→∞

|∂intΛn|
|Λn|

= 0, (2.51)

where ∂intΛ := {i ∈ Λ : there exists j /∈ Λ such that 〈j, i〉}. For example, on Zd, a sequence that
satisfies this convergence is the hypercube B(n) = {−n, . . . , n}d.

By using Hölder inequality, we can show that the pressure at finite volume is convex. Moreover,
the limit (2.51) exists, does not depend on the boundary condition, and P is convex. The proof is
the same as in [75], Lemma 3.5 and Theorem 3.6.

When hi = h for every i ∈ G, we write P (β, h̄) = P (β, h). We have the following result that we
can use to investigate uniqueness using the pressure on Zd.

Theorem 13. The following identities hold for every values β > 0 and h ∈ R.

∂P

∂h+
(β, h) = µ+

β,h(σ0) and
∂P

∂h−
(β, h) = µ−β,h(σ0). (2.52)

In particular, h 7→ P (β, h) is differentiable at h if and only if there is uniqueness at (β, h).

The Cheeger constant for the graph G is defined by

κ(G) = inf
ΛbG

|∂intΛ|
|Λ|

. (2.53)

If κ(G) = 0, G is said to be amenable and in case κ(G) > 0, G is said to be nonamenable.
An infinite graph G is quasi-transitive if there exists a finite number of vertices v1, . . . , vk in G

such that for every v ∈ G, there is an automorphism of G taking v to some vi. If k = 1, the graph
is transitive.

Jonasson and Steif [108] showed the presence or absence of a phase transition assuming some
amenability properties of the graph for the ferromagnetic nearest-neighbor Ising model.

Theorem 14. Let G be a graph with maximum degree d <∞.

(a) If G is nonamenable, h > 0 and β > (2κ(G))−1(2h + 1 + log(3(d + 1))), then the model
undergoes a phase transition at (β, h).

(b) If G is amenable and quasi-transitive, then the Ising model on G has uniqueness at any (β, h)
with h > 0 and β > 0.

Given a positive external field h̄ = (hi)i∈G, i.e., hi > 0 for every i ∈ G, we say that h̄ decays to
zero at infinity if, for every ε > 0, there exists a finite set Λε b G such that

hi < ε, for every i /∈ Λε. (2.54)

From [20], we know that any system where the external field decays to zero at infinity has the same
pressure function as the system without external field. Let us show this result.
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Proposition 1. Consider the ferromagnetic nearest-neighbor Ising model. If G is amenable and h̄
decays to zero at infinity, then

P (β, h̄) = P (β, 0). (2.55)

Proof. For a fixed finite volume Λ and boundary condition ω,

|PωΛ (β, h̄)− PωΛ (β, 0)| ≤ β

|Λ|
‖Hω

Λ,h̄ −H
ω
Λ‖∞. (2.56)

Since we have

‖Hω
Λ,h̄ −H

ω
Λ‖∞ = sup

σ∈Ω
|Hω

Λ,h̄(σ)−Hω
Λ(σ)|

≤ 2J |∂intΛ|+ sup
σ∈Ω

∣∣∣∣∣∑
i∈Λ

hiσi

∣∣∣∣∣ ,
and h̄ decays to zero at infinity, given ε > 0, there exists Λε b G such that hi < ε/3 for every
i /∈ Λε. Choose a finite set Λ0 ⊃ Λε large enough such that

1

|Λ0|
∑
i∈Λ0

hi =
1

|Λ0|
∑
i∈Λε

hi +
1

|Λ0|
∑

i∈Λ0\Λε

hi

≤ 1

|Λ0|
∑
i∈Λε

hi +
ε

3

<
ε

2
.

Since G is amenable, we choose Λ0 large enough such that

|∂intΛ0|
|Λ0|

<
ε

4J
, (2.57)

as desired.

2.3 Dyson model

Let us consider the one-dimensional lattice Z, and let Ω = {−1, 1}Z be the set of configurations
σ = (σi)i∈Z on Z. The Hamiltonian of the Dyson model in a finite volume Λ with boundary
condition ω is defined by

Hω
Λ,h̄(σ) = −

∑
i,j∈Λ
i 6=j

Jijσiσj −
∑
i∈Λ
j /∈Λ

Jijσiωj −
∑
i∈Λ

hiσi, (2.58)

where hi ∈ R for every i ∈ Z, and the coupling constants Jij are defined by

Jij =

{
J if |i− j| = 1,

|i− j|−α if |i− j| > 1,
(2.59)

where J(1) = J > 0 and 1 < α ≤ 2.
For an inverse temperature β > 0, the Gibbs measure of the Dyson model in Λ ⊂ Z with

boundary condition ω is given by the same expression (2.37), replacing the Hamiltonian by Hω
Λ .

Since the FKG inequality holds for the Dyson model, there exists the infinite-volume Gibbs measure
µ+

Λ,β (resp. µ−Λ,β) with plus (resp. minus) boundary condition. Moreover, Corollary 1 and Theorem 7
hold for the Dyson model.



16 Spin Models 2.3

It is well known that for α > 2 there is no phase transition at any temperature [50, 51, 53, 78,
152]. Dyson showed in [54] via comparison with a hierarchical model, that, for α ∈ (1, 2), the model
undergoes a phase transition at low temperatures. Afterwards, Fröhlich and Spencer [77] showed
the existence of a phase transition for α = 2. The proof of these authors was done by a contour
argument; they invented a notion of one-dimensional contours on Z in order to prove the phase
transition. Their strategy more or less followed the classical Peierls contour argument used for the
standard nearest-neighbor Ising model, but with a substantially more sophisticated definition of
contours. Phase transitions for smaller α ∈ (1, 2) can then be deduced by Griffiths inequalities for
low enough temperature.

Afterwards different proofs were invented to show the transition. One of them used Reflection
Positivity [76]. The method of infrared bounds offers an alternative to obtain bounds on contour
probabilities. In fact, the authors of [76] remark that they can cover a general class of long-range
one-dimensional pair interactions including the ones treated in [54].

Another way to derive it was a comparison with independent percolation via Fortuin inequalities
and Griffiths inequalities for the α = 2 case, as discussed in [3].

Cassandro et al. in [39] rigorously formalized the contour argument of [77] in the parameter
regime α+ < α ≤ 2, where α+ := 3 − log 3/ log 2 ≈ 1.4150. The construction allows a more
precise description of various properties of the model. It has been used in various follow-up papers
[23, 40, 41, 42, 43, 126, 127]. We should emphasize that, although the use of contour arguments
may look somewhat unwieldy in comparison with other approaches, it is much more robust. Indeed
it has been used to analyse Dyson models in random [42, 43] and periodic fields [115], for interface
behaviour and phase separation [40, 41], for entropic repulsion [23], and [22] for the model in
decaying magnetic fields, all problems where alternative methods appear to break down.

Let us briefly present the results in [22]. Cassandro et al. in [39] showed the phase transition at
low temperatures in the parameter regime α+ < α ≤ 2 and supposing that J(1) � 1. We showed
that, reducing the regime of the parameter α to α∗ < α ≤ 2, where α∗ ≈ 1.729 is defined by

∞∑
n=1

1

nα∗
= 2, (2.60)

the model undergoes a phase transition at low temperatures, but assuming J(1) = 1. Using [127],
we can extend to any α ∈ (1, 2] by using the quasi-additive property of the Hamiltonian.

Adding the external fields h̄ = (hi)i∈Z given by

hi =
h∗

(1 + |i|)γ
, (2.61)

where h∗ > 0 and γ > 0, we have the following result.

Theorem 15. Let α∗ defined in (2.60). Consider the Dyson model on Z such that h = (hi)i∈Z are
defined in (2.61). We assume either

• α ∈ (1, 2], J(1) = 1 and γ > max{α− 1, α∗ − 1}, or

• α ∈ (α∗, 2], J(1) = 1, γ = α− 1 and h∗ small enough.

Then there exists βc > 0 such that for all β > βc the model undergoes a phase transition.

The proof uses a Peierls argument where the contours are the same as in [39]. The heuristic
argument is the following. The total energy between inside and outside of a finite interval Λ is
obtained by summing the coupling constants over pairs of vertices such that one vertex is inside
and one outside the interval. ∑

i∈Λ
j /∈Λ

1

|i− j|α
= O(|Λ|2−α). (2.62)
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On the other hand, the energy of the external field on Λ is∑
i∈Λ

1

|i|γ
= O(|Λ|1−γ). (2.63)

Thus, if 2− α > 1− γ, the model should undergo a phase transition. In the case 2− α = 1− γ, we
should compare the constants of the energy, and to have the phase transition, the constant of the
energy (2.63) should be smaller than the constant of the energy (2.62). This is the reason why h∗

should be small enough. When 2− α < 1− γ, we conjecture that the model has uniqueness at any
temperature. We also conjecture that the model undergoes a phase transition at low temperatures
for every α ∈ (1, 2] and γ > α− 1.





Chapter 3

Entropic repulsion and lack of the
g-measure property for Dyson models

3.1 Introduction

Dyson models, long-range Ising models with ferromagnetic, polynomially decaying, pair inter-
actions, have been studied for a considerable time. After Dyson [54, 55] proved the existence of
a phase transition, confirming a conjecture due to Kac and Thompson [109], various alternative
proofs and further properties have been derived. One recent low-temperature result which we will
find particularly useful is the existence of phase separation, properly defined, with an “interface
point”, which is to some extent stable under infinite-volume limits with appropriate mixed bound-
ary conditions similar to Dobrushin boundary conditions introduced in higher dimensions. Indeed,
in [41] it was shown that a Dyson model in a finite interval of length L, with −-boundary conditions
on the left and +-boundary conditions on the right, has an interface of “mesoscopic size” for decay
parameter values1 α+ < α < 2, once the temperature is low enough (but non-zero). This means
that with overwhelming probability its location is in the middle of the interval, up to a Gaussian
correction which grows sublinearly with L.

In this chapter we notice that this interface result implies in a fairly straightforward manner that
a form of entropic repulsion occurs, in the sense that a large interval of minuses inserted in the +-
phase has two moderately large intervals around it2 in which the system will be in the −-phase. We
use this observation to show that the low-temperature Gibbs measures of the Dyson model are not
g-measures: their conditional probabilities w.r.t. the past are not necessarily continuous functions
of this past. It was shown before that there exist g-measures which are not Gibbs measures [62];
our result answers a question raised in [63] and shows that neither class of measures contains the
other one. Although the question had been posed before, it seems to be the case that there were
no precise conjectures whether these Dyson Gibbs measures actually were g-measures or not. We
thus elucidate a somewhat unclear situation, about the connection between two similar-looking
notions, originating in two different fields of research (namely Mathematical Statistical Mechanics
and Dynamical Systems).

Warning: The case α = 2 is somewhat different; as the fluctuations in the location of the
interface are macroscopic, rather than mesoscopic [41], our arguments do not fully work in that case.
We also note that the proof(s) and even the properties of the phase transition for this borderline case
had already required a special treatment before. The model gives rise to a more complex situation
in which an intermediate phase arises [98], and also a discontinuity of the critical magnetisation
occurs [3].

1Our results will be valid only for α satisfying the lower bound α > α+ – already present in [39, 41, 42]. In contrast
to the upper bound α < 2, we believe this lower bound is technical only, as we shall see.

2They are the “wet” regions, while the frozen interval is a hard wall in a “complete wetting” situation.

19
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3.2 Definitions and Notations

3.2.1 g-measures

Let S be a finite, countable or compact set. Here, we consider S be a finite set, e.g. S = {0, 1}.
Let m and n be integer numbers with m ≤ n, and the set

Snm = {(xk)m≤k≤n : xk ∈ S}. (3.1)

We denote by xnm be the finite sequence (xm, . . . , xn). We also consider n = ∞, where x∞m is the
infinite sequence (xm, xm+1, . . .), and m = −∞, where xn−∞ is the sequence (. . . , xn−1, xn). The set
S0
−∞ is metrizable with the following metric: for two sequences x, y ∈ S0

−∞,

d(x, y) = 2− sup{n≥0: xk=yk, −n≤k≤0}. (3.2)

Let T : S0
−∞ → S0

−∞ be the shift defined by (Tx)n = xn−1. We denote by P = PS0
−∞

the class
of continuous positive functions g : S0

−∞ → [0, 1] such that∑
y∈T−1x

g(y) = 1, for all x ∈ S0
−∞. (3.3)

These functions are called g-functions.
For a fixed set Ω, a function f : Ω→ R is called strongly non-null if

inf
x∈Ω

f(x) > 0. (3.4)

Note that, in our case, since S is finite and g-functions are continuous, every g-function is strongly
non-null.

Fernández, Gallo and Maillard called regular g-function a continuous probability kernel P :
S × S−1

−∞ satisfying ∑
x0∈S

P (x0|x−1
−∞) = 1, for all x−1

−∞ ∈ S−1
−∞. (3.5)

Note that the conditions (3.3) and (3.5) are equivalent.
Let F be the σ-algebra generated by cylinder sets

[c0
−n] = {x0

−∞ ∈ S0
−∞ : xk = ck,−n ≤ k ≤ 0}, (3.6)

for every c0
−n ∈ S0

−n. For a fixed g-function g, a probability measure µ on S0
−∞, with σ-algebra F

is called a g-measure if, for any continuous function f : S0
−∞ → R,

∫
S0
−∞

f(x)µ(dx) =

∫
S0
−∞

 ∑
y∈T−1x

f(y)g(y)

µ(dx). (3.7)

Note that µ is shift-invariant.
As discussed in [63, 64], which discuss a lot of the history, the terminology “g-measures” was

introduced by Keane [112], but the notion is older. In those papers also the observation is made and
exploited that the g-measure property is a kind of one-sided Gibbs property. However, this analogy
appears to work properly mostly in various uniqueness regimes, as we illustrate here.

There are definitions less restrictive, for instance, assuming mensurability instead of continuity,
removing the translation invariance (in that case the g-measure is called G-measure). See [35, 36,
80, 106, 112]. The complete formalism – providing all conditional probabilities w.r.t. to the past –
can be restored under extra conditions via the notion of a “Left Interval Specification” (LIS) [63, 64].

Note that g-measures are extensions of (one-sided) Markov properties, which have been studied
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under different names in various areas of mathematics for a long time, such as Chains with infinite
connections [16], Chains of infinite order [92], Variable Length Markov Chains [145], uniform mar-
tingales [110] etc. For a number of papers addressing g-measures and related properties, see e.g.
[17, 18, 31, 35, 36, 49, 74, 79, 80, 81, 96, 97, 105, 106, 167]. When the interactions are finite-range,
g-measures are Markov chains.

Note that, by shift-invariance, the g-measure µ can be extended in a unique way to (SZ,F),
where SZ is the set of sequences of S indexed by Z,

SZ = {(xn)n∈Z : xn ∈ S}. (3.8)

In fact, note that the µn = µ is also a g-measure over (Sn−∞,F), since Sn−∞ ∼= S0
−∞.

For each g-function g, define the Ruelle operator by

(Lgh)(x) =
∑

y∈T−1x

g(y)h(y), (3.9)

for all continuous functions h on S0
−∞. The dual of Lg, denoted by L∗g, is defined on the set of

probability measures by
L∗gµ(h) = µ(Lgh), (3.10)

for all probability measures on S0
−∞ and all continuous functions h on S0

−∞. The following result,
due to Ledrappier [124], shows some equivalences for g-measures.

Theorem 16. Let g ∈ P be a g-function, and µ be a probability measure on S0
−∞. The following

statements are equivalent:

1. µ is a g-measure.

2. For every a ∈ S,

Eµ
[
1[a]|T−1F

]
(x) = g(x−1

−∞a) µ- a.e. x ∈ S0
−∞, (3.11)

where [a] is the cylinder [a] = {x0
−∞ ∈ S0

−∞ : x0 = a}.

3. L∗gµ = µ.

Palmer, Parry and Walters [134] showed the following equivalence for g-measures.

Theorem 17. A fully supported measure µ on S0
−∞ is a g-measure if and only if the sequence

µ(x0|x−1
−n) :=

µ([x0
−n])

µ([x−1
−n])

(3.12)

converges uniformly as n→∞.

We define the n-th variation of g ∈ P by

varn(g) := sup
x,y∈S0

−∞
xk=yk, −n≤k≤−1

|g(x)− g(y)|. (3.13)

Note that, since a g-function g ∈ P is continuous in S0
−∞ and hence g is uniformly continuous (since

S is finite), the n-th variation of g converges to zero as n→∞. We said that g ∈ P has summable
variation if

∞∑
n=1

varn(g) <∞. (3.14)

Walters [168] showed that every summable variation g-function admit an unique g-measure.
There are a lot of results concerning the problem to find conditions for g-functions in order to admit
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an unique g-measure. See [16, 92, 104, 121, 165] when the alphabet is finite, and [46, 112, 129, 168]
when the alphabet is countable or compact.

Theorem 18. Suppose g ∈ P has summable variation, then g admits an unique g-measure.

On the other hand, the problem to find an example of a g-function that admits more than
one g-measure was first solved by Bramson and Kalikow [31]. We will present this g-function here.
Consider S = {−1, 1} and let (mj)j≥1 be an increasing sequence of odd positive integers. Let (pj)j≥1

be an decreasing sequence of positive real numbers satisfying

∞∑
j=1

pj = 1 and pk ≤
1

2

∑
j>k

pj for every k. (3.15)

Let µ be the probability measure supported by (mj)j≥1 defined by µ(mj) = pj . For x ∈ S0
−∞ and

ε ∈ (0, 1
2), define

W (x,mj) =

{
1− ε, if x0 ·

∑mj
i=1 x−i > 0,

ε, if x0 ·
∑mj

i=1 x−i < 0.
(3.16)

Define the g-function by the following prescription,

g(x) =
∞∑
j=1

W (x,mj)pj . (3.17)

Theorem 19. The g-function g defined in (3.17) is continuous and g admits two extremal g-
measures.

3.2.2 One-dimensional Gibbsian specification

For a fixed configuration σ ∈ SZ and m,n integers with m ≤ n, we keep the notation σnm ∈ Snm
for the finite sequence (σm, . . . , σn).

For fixed m,n ∈ Z with m ≤ n and σk ∈ S for m ≤ k ≤ n, we will denote the cylinder by

[σnm] := Cσm,...,σnm,...,n = {ω ∈ SZ : ωk = σk, m ≤ k ≤ n}. (3.18)

Here, the specification is a family of continuous probability kernels γΛL with L ∈ N, where ΛL =
[−L,L] is the set {−L, . . . , L}, which prescribes its conditional probabilities jointly w.r.t. the past
and future via

γΛL([σL−L]|ωΛcL
) := Eµ

(
[σL−L]|FΛcL

)
(ω) µ− a.e. ω, (3.19)

where µ is a Gibbs measure. Thanks to their quasilocality properties, Gibbs measures are the
non-null measures for which the γΛL are continuous functions of ω. In this case, it is possible to
reconstruct all the conditional probabilities (3.19) from the single-site conditional probabilities at
time i ∈ Z, given for µ a.e. ω by

γi(ω) := Eµ
(
[σi]|F{i}c

)
(ω) (3.20)

or, more shortly
γi(ω) := µ

(
[σi]|F{i}c

)
(ω), (3.21)

where [σi] = Cσii . Since the model is shift-invariant, it is enough to consider

γ0(ω) := µ
(
[σ0]|F{0}c

)
(ω), (3.22)

We shall encounter later the past and future σ-algebras F<0 and F>0 generated by the projections
indexed by negative and positive integers. The function γ0 is a F{0}c-measurable function and when
the measure is a Gibbs measure, this function is continuous, jointly in past and future.
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Definition 4. A specification γ is regular if, for every i ∈ Z,

1. the function γi([σi]|·) is continuous for every σi ∈ S, i.e., for every ε > 0, there exists n,m ≥ 0
such that ∣∣γi ([σi]|ω{i}c)− γi ([σi]|η{i}c)∣∣ < ε, (3.23)

for every ω, η ∈ SZ with ωk = ηk, for −m ≤ k ≤ n.

2. the function γi([σi]|·) is strongly non-null for every σi ∈ S, i.e.,

inf
ω∈SZ

γi
(
[σi]|ω{i}c

)
> 0. (3.24)

The following result is the Gibbs measure’s version of Theorem 17. See [18] for the proof.

Theorem 20. A shift-invariant probability measure µ on (SZ,F) is a Gibbs measure if and only if
µ is non-null and the sequence

µ([σ0]|σ−1
−n, σ

m
1 ) :=

µ([σm−n])

µ([σ1
−n] ∪ [σm1 ])

(3.25)

converges uniformly as n,m→∞.

Kozlov [118] shows a characterization when a specification is Gibbsian.

Theorem 21. A specification is Gibbsian if, and only if, it is strongly non-null and quasilocal.

Remember that, when the state space S is compact and discrete, quasilocal functions and
continuous functions are equivalent.

In our one-dimensional setting, a basis of neighborhoods for a configuration ω in the configura-
tion space Ω := {−1,+1}Z can be chosen of the form

NL(ω) := {σ ∈ Ω : σΛL = ωΛL} , L ∈ N, (3.26)

where ωΛL is the restriction of ω to the sites in ΛL. For any integers N > L, we shall also consider
particular open subsets of neighborhoods N+

N,L(ω) (resp. N−N,L(ω)) on which the configuration is +
(resp. −) on the annulus ΛN \ ΛL for N > L:

N+
N,L(ω) :=

{
σ ∈ NL(ω) : σΛN\ΛL = +ΛN\ΛL

} (
resp. N−N,L(ω)

)
, (3.27)

where for Λ ⊂ Z, +Λ is the configuration in Λ in which all the spins are plus. Similarly we define
the one-sided equivalent objects, such as N+,left

N,L (ω) (resp. N−,leftN,L (ω)) when the N spins to the left
of the interval ΛL are constrained to be plus (resp. minus).

N left
L (ω) := {σ ∈ Ω : σk = ωk, −L ≤ k < 0} , L ∈ N.

N+,left
N,L (ω) :=

{
σ ∈ N left

L (ω) : σk = +1,−N ≤ k < −L
}
.

Considering the lattice Z as a bi-infinite sequence of “times”, it is tempting to consider measures
on Ω as stochastic processes (and to transfer the Gibbs property to some Markovian-like or almost-
Markovian property). This equivalence holds in particular under conditions of weak coupling, such
as when a Dobrushin uniqueness condition holds, for example for long-range Dyson models at high
temperature, as well as for short-range models in which the coupling between two infinite half-lines
is uniformly bounded. In the latter case the equivalence holds at all temperatures. However, it is
far from obvious if such a description is always easily possible (see e.g. [62, 63, 64]). In fact, the
non-equivalence between one-sided and two-sided conditionings, which we will demonstrate in detail
later, serves as a warning to a too easy identification.
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3.2.3 Not every g-measure is a Gibbs measure

When the interactions are short-range, i.e., there exists k ≥ 1 such that P (x0|x−1
−∞) = P (x0|x−1

−k)

for every x0 ∈ S and x−1
−∞ ∈ S−1

∞ , g-measures are Markov chains. These coincide with Gibbs
measures, which then are Markov fields, expressible in two-sided conditional probabilities, see e.g.
[84], Chapter 3. In fact, this equivalence applies for a large class of interactions which satisfy a strong
uniqueness condition [63, 64]. In the case when the range of the interactions of the g-measure are
infinite, we need some regularity of the potentials, i.e., potentials that have a sufficiently fast decay,
such as summable variation, to imply that the g-measures are Gibbs. See [63] for more informations.
Berghout, Fernández and Verbitskiy [18] showed a characterization of the Gibbs measures assuming
that the measure is a g-measure. They also discussed when Gibbs measures are g-measures.

Theorem 22. Let µ be a g-measure. Then µ is Gibbs if and only if the sequences of functions
{fσ0,η0
n }n≥1, given by

fσ0,η0
n (ω) =

−1∏
i=−n

g(ω−1
i σ0ω

∞
1 )

g(ω−1
i η0ω∞1 )

(3.28)

converges, for all σ0, η0 ∈ {−1, 1}, uniformly in ω ∈ {−1, 1}Z, as n→∞.

See also [19] for the proof that the Schonmann projection is almost surely a regular g-measure.
Fernández, Gallo and Maillard [62] showed that there exists g-measures that are not Gibbs

measures. This mean that we need more information than continuity of the g-function to conclude
that the class of g-measures is contained in the class of Gibbs measures.

Definition 5. Let g be a measurable function and µ a probability measure on (Ω,F). Let ω ∈ Ω.
We say that g is µ-essentially discontinuous at ω if every function continuous at ω differs from g
in a set of non-zero µ-measure.

Consider a converging sequence {pi}i≥0 with pi ∈ (0, 1) satisfying:

inf
i≥0

pi = ε > 0 and p∞ = lim
i→∞

pi. (3.29)

For ω ∈ {−1, 1}Z, consider

`(ω−1
−∞) = min{j ≥ 0 : ω−j−1 = 1}. (3.30)

Define
g(ω−1
−∞1) = p`(ω−1

−∞). (3.31)

Theorem 23. There exists choices of the sequences {pi}i≥0 satisfying (3.29) for which

µ(ω0 = −1|·) is essentially discontinuous at −1+∞
−∞, (3.32)

where µ is the (unique and non-null) g-measure compatible with the g-function defined in (3.31).

Theorem 21 implies that this g-measure is not a Gibbs measure.

3.2.4 Gibbs vs g-measures for Dyson models in the Phase Transition region

In general, where the interactions of the g-measure are necessarily long-range, there is not that
much known in the phase transition region. Phase transitions in the Gibbs measure context have
been known to occur since Dyson, and in the g-measure context they are also known to be possible
[17, 31, 49, 74, 97]. Nevertheless, there seems little known about the equivalence of the Gibbs
measure property and the g-measure property in any such general context.
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Let G be an infinite, locally finite and connected graph. A probability measure µ on SG has the
local Markov property such that, for each finite set Λ b G,

µ(F |FZd\Λ) = µ(F |F∂Λ), (3.33)

for every Λ-measurable F . A probability measure µ has the global Markov property (see e.g. [70])
if (3.33) holds for arbitrary (not necessary finite) subset Λ of G. In higher dimension, one could
interpret the local Markov property as a Gibbs property, and the global Markov property to some
extent as the equivalent of the g-measure property. It is known that there are measures having the
local, but not the global Markov property [87, 102, 169]. Here we will show the somewhat analogous
result that the Gibbs measures of the Dyson model are not g-measures.

We consider configurations lying in the probability space (Ω,F , ρ) = (S,S, ρ0)Z where S =
{−1,+1} is equipped with the a priori product measure

ρ0 =
1

2
δ−1 +

1

2
δ+1. (3.34)

For a configuration ω ∈ Ω and any Λ ⊂ Z, we consider the restriction ωΛ and the correspond-
ing configuration spaces at volume Λ as the product probability spaces (ΩΛ,FΛ, ρΛ) defined in a
standard way. The Hamiltonian of the Dyson model is given by

Hω
Λ(σ) = −

∑
i,j∈Λ
i 6=j

Jijσiσj −
∑
i∈Λ
j /∈Λ

Jijσiωj , (3.35)

where the coupling constants Jij are defined by

Jij =

{
J(1) if |i− j| = 1,

|i− j|−α if |i− j| > 1,
(3.36)

where J(1) > 0 and 1 < α ≤ 2.
To specify the two-sided conditional probabilities of our Dyson measures, we consider the set L

of finite subsets of Z and introduce the following Gibbsian specification.

Definition 6. Let β > 0 be the inverse temperature. We call a Dyson specification the collection of
probability kernels γD = (γDΛ )Λ∈L from FΛc to ΩΛ defined by

γDΛ (σ|ω) =
1

ZωΛ
e−βH

ω
Λ (σ), (3.37)

where the normalization ZωΛ is the usual partition function.

The specification γD is monotonicity-preserving (or FKG): for all Λ ∈ L and any f bounded
increasing, so is γDΛ f . The extremal (maximal and minimal) elements of this partial order “≤”
already allow us to define the extremal elements of G(γD). Moreover, the weak limits

µ−(·) := lim
Λ
γDΛ (·|−) and µ+(·) := lim

Λ
γDΛ (·|+) (3.38)

are well-defined, translation-invariant and extremal elements of G(γD).
For 1 < α ≤ 2, the Dyson model undergoes a phase transition at low temperature. There exists

βDc > 0 such that, for all β > βDc , we have µ− 6= µ+ and moreover, for every β > βDc ,

G(γD) = [µ−, µ+]. (3.39)

See [54, 66, 77, 96] for the details.
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The Dobrushin boundary condition is the configuration ω ∈ Ω defined by

ωi =

{
+1, if i ≥ 0,

−1, if i < 0.
(3.40)

We denote the Gibbs measure with Dobrushin boundary condition by µ−+.
To get a candidate to represent the g-functions, i.e. the conditional probabilities w.r.t. the past,

one needs to extend (3.37) to possibly infinite sets Π, because the complement of the past – our
future – is infinite. Although we are far from the uniqueness regime, this has nevertheless been
shown to be possible in our context following a general construction of [66], made for attractive and
right-continuous3 specifications.

Definition 7. A Global Specification Γ on Z is a family of probability kernels Γ = (ΓΠ)Π⊂Z on
(Ω,F) with ΓΠ : FΠc × ΩΠ → R such that, for any subset Π of Z,

1. ΓΠ(B|ω) = 1B(ω) for all ω ∈ Ω when B ∈ FΠc .

2. For all Π1 ⊂ Π2 ⊂ Z, we have ΓΠ2ΓΠ1 = ΓΠ2 .

We write µ ∈ G(Γ) if for all A ∈ F and any Π ⊂ Z,

µ[A|FΠc ](ω) = ΓΠ(A|ω), µ−a.e. ω. (3.41)

Following the construction of Fernández and Pfister’s result [66] in the general monotonicity-
preserving case, van Enter and Le Ny [59] showed the following result.

Theorem 24. Consider the Dyson model on Z at inverse temperature β > 0, i.e. the specification
γD given by (3.37) and its extremal Gibbs measure µ+ defined by (3.38). A global specification Γ+

such that µ+ ∈ G(Γ+) can be given as follows:

• For Π = Λ finite, for all ω ∈ Ω, set Γ+
Λ(dσ|ω) := γDΛ (dσ|ω).

• For Π infinite, for all ω ∈ Ω, set Γ+
Π(dσ|ω) := µω,+Π ⊗ δωΠc

(dσ) where µω,+Π is the constrained
measure on (ΩΠ,FΠ) defined as the (well-defined) weak limit

µω,+Π (dσΠ) := lim
∆↑Π

γD∆(dσ | ωΠc+Π). (3.42)

A similar construction yields a global specification Γ− so that µ− ∈ G(Γ−).

These constructions allow us to consider, for given pasts, the expression of the g-functions as
the magnetisations of Dyson models under various conditionings, see equation (3.44) below, and
studying continuity will reduce to studying possible phase transition under constraints combined
with the study of the stability of interfaces.

Starting from µ+, we introduce g+ to be the candidate to be the g-function representing (a
version of) the single-site conditional probabilities (Theorem 16, item 2), as a function of the past.
Just as in [59, 66], we introduce thus for any “past” configuration ω ∈ Ω:

g+(ω) := µ+ ([ω0]|F<0) (ω). (3.43)

Using the expression of Theorem 24 in terms of global specifications and constrained measures with
Π = Z+ = {0, 1, 2, 3, . . .}, one gets, for µ+-a.s. ω,

g+(ω−1
−∞σ0) = Γ+

Z+
([σ0]|ω) = µω,+Z+

⊗ δωZc+
([σ0]), for every σ0 ∈ {−1, 1}, (3.44)

3Right- or left-continuity corresponds to “continuity in the direction + or −”, see e.g. [130].
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where µω,+Z+
is the constrained measure on (ΩZ+ ,FZ+) as the (well-defined) weak limit

µω,+Z+
(dσZ+) = lim

∆↑Z+

γD∆(dσ | ωZc++Z+). (3.45)

Previous works and specific properties4 insure µ+ is then indeed “specified” by g+, in the sense
that it is invariant by its left action: µ+g+ = µ+.

An essentially non-continuous (= non-regular) g-function gives rise to a measure which is NOT
a g-measure. To be a “proper” g-function of the past, we would need that in addition to consistency,
the function g+ is essentially continuous.

Discontinuity of any candidate g+ to represent a g-function for µ+ – i.e. discontinuity of any
possible version of a suitable chosen conditional probability – will be a consequence of the next
lemma, proved using an entropic repulsion phenomenon, which we obtain as a fairly direct corollary
of the interface localisation result of [41]. To use these results of Cassandro et al., we will require
the same technical lower bound α ∈ (α+, 2), where α+ ∈ (1, 2) is given by

α+ := 3− log 3

log 2
. (3.46)

In the following lemma, µω,+Z+
(f) denotes expectation of f under the constrained measure µω,+Z+

.

Lemma 1. Consider the alternating configuration ωalt =
(
(ωalt)i

)
i∈Z defined by (ωalt)i = (−1)i,

and take a Dyson model with polynomial decay α+ < α < 2 at sufficiently low temperature. Then,
there exist L0 ≥ 1 and δ > 0 such that for any L > L0 there is an N > L, with LN1−α = o(1),
such that for every two configurations ω+ ∈ N+,left

N,L (ωalt) and ω− ∈ N−,leftN,L (ωalt),∣∣∣µω+,+
Z+

(σ0)− µω
−,+

Z+
(σ0)

∣∣∣ > δ. (3.47)

As a corollary, we obtain our main result.

Theorem 25. For µ being either the plus or the minus phase of a Dyson model with exponent
α+ < α < 2 at sufficiently low temperature, the one-sided conditional probability µ([ω0]|F<0)(·) is
essentially discontinuous at ωalt. Therefore, none of the Gibbs measures µ for the Dyson model in
this phase transition region5 is a g-measure.

Similarly to e.g. [59], which exhibited (two-sided) discontinuity points by considering an alter-
nating configuration ωalt, we will prove that for L large and N large compared to L, the putative
g-function g+ can take significantly different values on sub-neighborhoods N±,leftN,L (ωalt) ⊂ NL(ωalt).
To prove the essential discontinuity and in some sense “some” wetting beyond the origin through
the alternating region, we first use the interface result of [41] (see also [40]) to state and prove in
Section 3.3 a wetting result that we relate to entropic repulsion (see e.g. [137], or [85] for similar
terminology in the setting of random polymers).

3.2.5 Interfaces in Dyson models

We will thus derive our entropic repulsion argument from the interface result of [41]. We start
by describing and summarizing the latter and in particular briefly recall the contour construction
based on triangles, that was first described in [39] to formalize the contour argument of [77]. Then
we describe the Peierls estimate they obtain in this one-dimensional long-range context. In addition,
this triangle construction also allows an unambiguous notion of interface in the phase transition
region, as we describe now.

Let L ≥ 1, and consider Λ = ΛL = [−L,L]. Define the dual lattice Λ∗ = Λ + 1
2 as the set Λ

shifted by 1/2. Given a configuration ω ∈ {−1,+1}Λ, let us define configurations of triangles. A
4Attractivity and right-continuity, see previous footnote and also [59, 66].
5Note that we again impose the technical restriction α+ < α < 2 on the decay parameter.
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spin-flip point is a site i in Λ∗ such that ωi− 1
2
6= ωi+ 1

2
. For each spin-flip point i, let us consider

the interval
[
i− 1

100 , i+ 1
100

]
⊂ R and choose a real number ri in this interval such that, for every

four distinct points ri1 , ri2 , ri3 , ri4 , we have |ri1 − ri2 | 6= |ri3 − ri4 |. The ri ’s will be the bases of the
triangles, and the last condition is asked to avoid ambiguity in the construction of the triangle.

For each spin-flip point i, we start growing a “∨-line” at ri where this ∨-line is embedded in R2

with angles π/4 and 3π/4. If at some time two ∨-lines starting from different spin-flip points touch,
the other two lines starting from those two spin-flip points stop growing, and are removed without
forming a triangle. Then we repeat this procedure. This process can also be seen in the following
way: for each ri, draw a straight vertical line passing through it. Take the smallest distance between
these lines, call the correponding ri and rj the spin-flip points of these lines, and draw a isosceles
triangle with base angle π/4. Then, remove the lines associated to ri and rj . Re-start.

Note that, for homogeneous boundary conditions, since the number of spin-flip points is even,
every ri is a vertex of some triangle. On the other hand, if we consider the Dobrushin boundary
condition, then the number of spin-flip points is odd, and so there exists a unique spin-flip point
which is not the vertex of any triangle. This point is called the “interface point”.

The first notion of interface point in this long-range one-dimensional context appeared in [107]
in the terms of a “thick interface”, and afterwards [41] defined the interface point according to the
construction above.

Let
TL :=

{
k

2L
: k ∈ [−2L− 1, 2L+ 1]

}
=

{
−1− 1

2L
,−1 +

1

2L
, . . . ,− 1

2L
,

1

2L
, . . . , 1 +

1

2L

}
,

(3.48)

and consider the Dobrushin boundary condition with all spins to the left of Λ fixed to be minus
and all spins to the right of Λ fixed to be plus. Given a configuration ω in Λ, let I∗ ≡ I∗(ω) ∈ Λ∗

be the interface point of the configuration ω, and given θ ∈ TL, denote by

ΩΛ,θ := {ω ∈ Ω−+
Λ : I∗ = θL} (3.49)

the set of spin configurations in Λ for which the interface point is situated in θL. Note that this
forms a partition of Ω (if θ 6= θ′, then ΩΛ,θ ∩ΩΛ,θ′ = ∅). We also consider the definitions (3.48) and
(3.49) for translated intervals ∆ = [a− L, a+ L] where a ∈ Z. In that case,

T∆ := a+ TL = {a+ θ : θ ∈ TL}.
Ω∆,θ := {ω ∈ Ω−+

∆ : I∗ = θL}, with θ ∈ T∆.

We use it to define for each θ ∈ TL the probability to have an interface in θL by

µ−+
Λ (I∗ = θL) :=

Z−+
θ,Λ

Z−+
Λ

, (3.50)

where the partition functions

Z−+
θ,Λ =

∑
ω∈ΩΛ,θ

e−βH
−+
Λ (ω) and Z−+

Λ =
∑
θ∈TL

Z−+
θ,Λ (3.51)

are defined via the Hamiltonian H−+
Λ in volume Λ with Dobrushin boundary conditions.

For i ∈ Λ, the conditional expectation of ωi, given I∗ = θL, is

µ−+
θ,Λ(ωi) := µ−+

Λ (ωi|I∗ = θL) =
1

Z−+
θ,Λ

∑
ω∈ΩΛ,θ

ωie
−βH−+

Λ (ω). (3.52)
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Moreover, the expectation of ωi in terms of in terms of µ−+
θ,Λ [ωi] is

µ−+
ΛL

(ωi) =
∑
θ∈TL

µ−+
θ,ΛL

(ωi)µ
−+
ΛL

(I∗ = θL). (3.53)

These constructions of triangles and associated contours are used in [41] to get cluster expansions
of partition functions that yield first the following proposition, which will be an essential tool for
us. Let Z−Λ be the partition function on Λ with minus boundary condition, and let

ζ(α) =

∞∑
k=1

1

kα
(3.54)

be the Riemann zeta function. For two real-valued numbers x and y with y ≥ 0, we write x = ±y
if |x| ≤ y.

Proposition 2. For all α ∈ (α+, 2), there exists β0 ≡ β0(α)> 0 such that for all β > β0 and
θ ∈ TL, the following occurs:

logZ−+
θ,Λ − logZ−Λ

= −βcL(α)L2−α + e−2β(ζ(α)+J) L2−α

(2− α)(α− 1)
fα(θ)(1± e−c1(α)β) (1 + o (1)) ,

(3.55)

where fα(θ) = (1 + θ)2−α + (1− θ)2−α, cL and c1 are two positive constants depending on α, once
we require that the nearest-neighbor interaction J = J(1) � 1, and o(1) converges to zero when
L→∞.

The restriction of α > α+ appears since in [39] the proof of the phase transition of the Dyson
model by a contour argument needs it6, while the contours introduced are based on the triangles
defined above.

From Proposition 2 and the observation that, at finite volume Λ, for any i ∈ Λ,

µ−+
θ,Λ(ωi) =

d
d g

(logZg,iθ,Λ)
∣∣∣
g=0

(3.56)

where for any g ∈ R,
Zg,iθ,Λ =

∑
σΛ∈ΩΛ,θ

e−βH
−+
Λ (σΛ)+gσi , (3.57)

Cassandro et al. also obtained in [41] the following estimate for important conditional magnetisa-
tions, which will provide our first step towards wetting and entropic repulsion in the next section.

Proposition 3. For all α ∈ (α+, 2], there exists β0 ≡ β0(α) such that for all β > β0, the spins
left and right of the interface point are minus, respectively plus; for other sites we can compute the
expected local magnetisation. In other words,

µ−+
θ,Λ(ωi) =

{
1, if i = θL+ 1

2 ,

−1, if i = θL− 1
2 ,

(3.58)

and
µ−+
θ,Λ(ωi) =

[
1− 2e−2β(ζ(α)+J)e

2β
α−1

1
|i−θL|α−1

(
1 +O(e−c1(α)β)

)
(1 + o (1))

]
×
[
1i>θL+ 1

2
− 1i<θL− 1

2

]
.

(3.59)

6Although for the existence of a transition the validity can be extended to the whole range of phase-transition
decays by FKG arguments. This does not work for inhomogeneous situations such as disordered systems [42] or
interface fluctuations [41].
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Moreover, Cassandro et al. [41] also showed the following estimate for the magnetisation with
plus boundary condition.

Theorem 26. For all α ∈ (α+, 2), there exists a β0 ≡ β0(α) and a strictly positive constant c1

such that for all β ≥ β0, uniformly with respect to Λ ⊂ Z, for all i ∈ Λ we have

〈ωi〉+Λ = 1−
[
2e−2β(ζ(α)+J)

(
1± e−c1(α)β

)
(1 + o (1))

]
. (3.60)

Thus, after the thermodynamical limit, the magnetisation satisfies the following inequality at
low temperature,

1−
[
2e−2β(ζ(α)+J)

(
1 + e−c1(α)β

)]
≤ 〈ωi〉+ ≤ 1−

[
2e−2β(ζ(α)+J)

(
1− e−c1(α)β

)]
. (3.61)

From Proposition 2 and Proposition 3, the main theorem of Cassandro et al. [41] claims that the
interface point is located in the middle of the interval of Λ, up to a Gaussian correction which grows
sublinearly in L. This means that the correction describes mesoscopic fluctuations. In particular,
this implies that macroscopic fluctuations are extremely improbable.

Theorem 27. For all α ∈ (α+, 2), there exists β0 ≡ β0(α) such that for all β > β0, if we denote
I∗

Lα/2
= I∗α then for all s ∈ R,

lim
L→∞

µ−+
Λ (I∗α ≤ s) =

∫ s

−∞
γσ(β,α)(z) d z, (3.62)

where γσ(t) is the Gaussian density with mean zero and variance σ2 = σ2(β, α),

γσ(t) =
1

σ
√

2π
e−

1
2
· t

2

σ2 , (3.63)

and, for β ≥ β0, the variance σ2(β, α) can be expressed as

σ2(β, α) =
1

2
e2β(J+ζ(α))(1± e−c1(α)β)−1 (3.64)

for some constant c1(α). Moreover for all s ∈ R,

m(s, β) = lim
L→∞

µ−+
Λ

(
σ[sLα/2]

)
(3.65)

=
[
1− 2e−2β(ζ(α)+J)

(
1± e−c1(α)β

)](∫ s

−∞
γσ(β,α)(z) d z −

∫ ∞
s

γσ(β,α)(z) d z
)
, (3.66)

where [sLα/2] is the integer part of sLα/2.

By Theorem 27 we can compute the following limit,

lim
L→∞

µ−+
Λ (|I∗α| ≤ s) = lim

L→∞
µ−+

Λ (−s ≤ I∗α ≤ s)

= lim
L→∞

µ−+
Λ (I∗α ≤ s)− µ−+

Λ (I∗α ≤ −s)

=

∫ s

−s
γσ(β,α)(z) d z.

3.3 Entropic repulsion – Wetting transition

For a fixed N > 1, we will consider the plus phase µ+, conditioned on the event −−N,−1 of there
being an interval [−N,−1] of minus spins. We claim that there are two intervals of length of order

L, namely [−N − (1−sL
α
2 −1)

2 L,−N −1], and [0, (1−sL
α
2 −1)

2 L], left and right of the fixed interval, such
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that for N � L both large enough, satisfying LN1−α = o(1), the magnetisation of the spins in Ξ
conditioned on the event −−N,−1 is negative, whenever Ξ is in one of those intervals. These intervals
play the role of a “completely wet region” in a wetting transition7 (See Figure 3.2). In other words,

Proposition 4. Let α ∈ (α+, 2) and β0 ≡ β0(α) from Theorem 27. Then, there exists β1 > β0 such
that, for any β > β1, there exist s = s(β, α), λ = λ(β, α, s) > 0 and L0 ≡ L0(α, β) ≥ 1 such that,
for any L > L0, there exists N0(L) > L such that, for any N ≥ N0(L),

µ+(ωi|−−N,−1) ≤ −λm, (3.67)

for every i ∈ [−N − (1−sL
α
2 −1)

2 L,−N − 1] ∪ [0, (1−sL
α
2 −1)

2 L], where m = 〈ω0〉+ > 0.

Proof. Fix α ∈ (α+, 2) and β0 ≡ β0(α) from Proposition 2. We will first prove the statement for

i ∈ [0, (1−sL
α
2 −1)

2 L].
The main idea of our proof is to choose N large enough for the total influence of all spins

left of the interval to be bounded by a (small) constant, so that one can neglect boundary effects
beyond −N as in [34]. Then inside the interval of length L, the interface separating the plus and
minus phases is with large probability within the same window as with the Dobrushin boundary
conditions. If afterwards we move the plus-boundary to the right, the location of the interface can
also move only to the right, that is away from the frozen interface (by an FKG argument).

To make this precise we proceed as follows. Since µ+ is translational invariant, it is enough to
show

µ+(ωi|−−N,−L−1) < −λm, (3.68)

for every i ∈ ΞL := [−L, −L−sL
α
2

2 ] and N > L + 1 large enough. From Theorem 27, if we would
consider the interval Λ = [−L,L] with Dobrushin boundary condition, the interface point will with
overwhelming probability lie about halfway, with fluctuations which are “mesoscopic”, that is, there
exists β0 > 0 such that, for every β > β0 and s ≥ 0,

lim
L→∞

µ−+
Λ

(
|I∗| ≤ sLα/2

)
=

∫ s

−s
γσ(β,α)(z) d z. (3.69)

Thus, for a fixed ε > 0, there exists Lε ≥ 1 such that, for every L ≥ Lε,∣∣∣∣µ−+
Λ

(
|I∗| ≤ sLα/2

)
−
∫ s

−s
γσ(β,α)(z) d z

∣∣∣∣ < ε. (3.70)

Let us take i ∈ ΞL. Note that, for every θ ∈ TL with −sLα/2 ≤ θL ≤ sLα/2, we have

|i− θL|α−1 ≥

(
L− sLα/2

2

)α−1

. (3.71)

−L (−1−sL
α
2 −1)

2 L −sL
α
2 sL

α
20

Figure 3.1: Mesoscopic interval and the wet region.

By Proposition 3 and Inequality (3.61), for every β ≥ β0,

µ−+
θ,Λ(ωi) =− 1 + 2e−2β(ζ(α)+J)e

2β
α−1

1
|i−θL|α−1

[
1 +O(e−c1β)

]
[1 + o (1)]

7Note that this wetting is a positive-temperature effect. Indeed, at zero temperature the interface with Dobrushin
boundary conditions is homogeneously distributed, and a frozen interval of minuses, inserted in a plus configuration,
will have only pluses to the left and to the right.
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≤ −1 + 2e−2β(ζ(α)+J)e
2β
α−1

(
2

L−sLα/2

)α−1 [
1 +O(e−c1β)

]
[1 + o (1)]

≤ −1 + (1−m)e
2β
α−1

(
2

L−sLα/2

)α−1 [
1 +O(e−c1β)

1− e−c1β

]
[1 + o (1)] .

For each δ > 0, there exist βδ > β0 such that, for every β > βδ, there exists Lβ ≥ 1 such that, for
every L ≥ Lβ ,

e
2β
α−1

(
2

L−sLα/2

)α−1 [
1 +O(e−c1β)

1− e−c1β

]
[1 + o (1)] < 1 + δ. (3.72)

Since m(β)→ 1 as β →∞, there exists β1 > βδ such that, for every β ≥ β1,

µ−+
θ,Λ(ωi) ≤ −1 + (1−m)(1 + δ) < 0. (3.73)

Define
Θs,L = {θ ∈ TL : |θ| ≤ sLα/2−1}. (3.74)

By (3.53), (3.70) and (3.73), for every i ∈ ΞL, with β ≥ β1 and L ≥ max{Lε, Lβ},

µ−+
Λ (ωi) =

∑
θ∈Θs,L

µ−+
θ,Λ(ωi)µ

−+
Λ (I∗ = θL) +

∑
θ/∈Θs,L

µ−+
θ,Λ(ωi)︸ ︷︷ ︸
≤1

µ−+
Λ (I∗ = θL)

≤ (−1 + (1−m)(1 + δ))

(∫ s

−s
γσ(β,α)(z) d z − ε

)
+ ε+ 1−

∫ s

−s
γσ(β,α)(z) d z.

Choose s0 ≥ 0 such that, for s ≥ s0,

1−
∫ s

−s
γσ(β,α)(z) d z < ε. (3.75)

Writing
−1 + (1−m)(1 + δ) = −m+ δ(1−m), (3.76)

we have

µ−+
Λ (ωi) ≤ (−m+ δ(1−m))

(∫ s

−s
γσ(β,α)(z) d z − ε

)
+ 2ε

= −m
∫ s

−s
γσ(β,α)(z) d z + εm+ δ(1−m)

(∫ s

−s
γσ(β,α)(z) d z − ε

)
+ 2ε.

Choose ε > 0 and δ > 0 small enough (and so β, L, s large enough) such that

εm+ δ(1−m)

(∫ s

−s
γσ(β,α)(z) d z − ε

)
+ 2ε <

m

2

∫ s

−s
γσ(β,α)(z) d z. (3.77)

Thus,

µ−+
Λ (ωi) ≤ −

m

2

∫ s

−s
γσ(β,α)(z) d z < 0. (3.78)

For any N > L+ 1, if we lift the constraint that all spins are minus to the left of site −N , the total
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energy due to the boundary condition changing inside the interval ΞL is bounded by∣∣∣∣∣∣
∑
j<−N

L∑
i=−L

1

|i− j|α
ωiωj

∣∣∣∣∣∣ ≤ (2L+ 1)
∑
i>N

1

iα

≤ 3L

∫ +∞

N

1

xα
dx

≤ 3

α− 1
LN1−α.

Thus,

lim
N→∞

∑
j<−N

L∑
i=−L

1

|i− j|α
ωiωj = 0 (3.79)

for every configuration ω. Let us denote by ω+ be the plus configuration ω+
i = +1 for every i ∈ Z,

and by ω− be the minus configuration ω−i = −1 for every i ∈ Z. Consider Λ̃ = [−N,L]. For a
fixed ω such that ωi = −1 with i ∈ [−N,−L− 1],

H+
Λ̃

(ω) = −
∑
i,j∈Λ̃

Jijωiωj −
∑
i∈Λ̃
j<−N

Jijωiω
+
j −

∑
i∈Λ̃
j>L

Jijωiω
+
j

= H−+
Λ (ω)− 2

∑
i∈Λ
j<−N

Jijωiω
+
j + CL,N ,

where CL,N does not depend on ω. For i ∈ ΞL,

µ+
Λ̃

(ωi|−−N,−L−1) =

µ−+
Λ

ωi exp

2β
∑

k∈Λ, j<−N
Jkjωkω

+
j


µ−+

Λ

exp

2β
∑

k∈Λ, j<−N
Jkjωkω

+
j

 . (3.80)

Let us recall that µ−+
Λ (ωi) < 0. By (3.79), there existsN0(L) > L+1 such that, for everyN ≥ N0(L),

µ+
Λ̃

(ωi|−−N,−L−1) <
1

2
µ−+

Λ (ωi). (3.81)

Thus, by (3.78),

µ+
Λ̃

(ωi|−−N,−L−1) < −m
4

∫ s

−s
γσ(β,α)(z) d z = −λm, (3.82)

where
λ =

1

4

∫ s

−s
γσ(β,α)(z) d z. (3.83)

Due to the FKG property, for any ∆ containing Λ̃, we have

µ+
∆(ωi|−−N,−L−1) ≤ µ+

Λ̃
(ωi|−−N,−L−1), (3.84)

for all i ∈ ΞL. Therefore, for any site i ∈ ΞL, there exists L0 ≥ 1 such that, for L > L0 and
N ≥ N0(L),

µ+(ωi|−−N,−L−1) < −λm. (3.85)

For the wetting of sites i in the other interval [−N − (1−sL
α
2 −1)

2 L,−N − 1], we consider the Gibbs
measure with reverse Dobrushin boundary condition µ+−, i.e., ωi = 1 if i < 0, and ωi = −1 if i ≥ 0,
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and apply the same argument as above. Thus, for N large enough,

µ+(ωi|−1,N ) < −λm (3.86)

for every i ∈ [− (1−sL
α
2 −1)

2 L, 0], where −1,N is the event of there being an interval [1, N ] of minus
spins. Since the Dyson model is translational invariant, when we shift all sites by −N , we are
done.

−N − (1−sL
α
2 −1)

2 L
−N − 1 0 (1−sL

α
2 −1)

2 L

− phase
− − −− − −

− phase

Figure 3.2: Wetting transition at low temperature.

3.4 Lack of the g-measure property: proof

In this section, we provide the proof of Theorem 25.
The main idea is first to decouple the spins in a subinterval [1, L1] of the “wet” minus interval

of length o(L), such that L1 is large, but sufficiently small compared to L. As the energy difference
due to the decoupling is small compared to the free energy cost of moving the interface, the location
of the interface as analyzed in [41] does not change, when viewed on scale L. If then, in the next
step, the decoupled region is frozen in an alternating configuration and recoupled, this causes an
extra finite-energy term –as compared to being decoupled–, which again will hardly influence the
location of the interface (and thus the size of the wet region).

Let us first present a lemma.

Lemma 2. Let α ∈ (1, 2) and L1 > 1. Consider the observable B in Ω given by

B(ω) =
∑

i∈[−L1,−1]
j /∈[−L1,−1]

(−1)i

|i− j|α
ωj . (3.87)

Then, there exists c > 0 such that supω |B(ω)| = ‖B‖ ≤ c, where c does not depend on L1.

Proof. From (3.87),
‖B‖ ≤

∑
j /∈[−L1,−1]

|Rj |, (3.88)

with

Rj =
∑

i∈[−L1,−1]

(−1)i

|i− j|α
. (3.89)

As Rj is an alternating series with terms tending to zero monotonically in absolute value, its absolute
value is no longer than that of its first term

|Rj | ≤
1

| − 1− j|α
. (3.90)

Hence,

‖B‖ ≤
∑
k≥1

1

kα
:= c, (3.91)
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as we desired.

Bricmont, Lebowitz and Pfister [34] showed that, if two boundary conditions for general spin
system on Zd such that the difference in the energies of any spin configuration is uniformly
bounded, then any finite-volume Gibbs states obtained with these boundary conditions have the
same measure-zero sets. This implies that the decompositions of these Gibbs states into extremal
Gibbs states are equivalent, i.e., mutually absolutely continuous. We will present a similar result.

Two Hamiltonian (HΛ)Λ∈L and (H ′Λ)Λ∈L have a finite energy difference if

C = sup
Λ∈L

sup
σ∈ΩΛ

∣∣HΛ(σ)−H ′Λ(σ)
∣∣ <∞. (3.92)

A measure µ1 is absolutely continuous with respect to µ2 if µ2(A) = 0 implies µ1(A) = 0. We write
µ1 � µ2. Two measures µ1 and µ2 are equivalent if µ1 � µ2 and µ2 � µ1. The following statements
are known:

(1) For any ρ ∈ Gβ , there exists an unique probability measure µρ concentrated on the extremal
set of Gibbs measures exGβ , such that

ρ =

∫
ωµρ(dω). (3.93)

(2) Two Gibbs states are equivalent if and only if µρ and µρ′ are equivalent.

Proposition 5. Given two Hamiltonians (HΛ)Λ∈L and (H ′Λ)Λ∈L having a finite energy difference
and a sequence Λn ↑ Zd such that

lim
n→∞

µΛn,β = ρ and lim
n→∞

µ′Λn,β = ρ′. (3.94)

then ρ and ρ′ are equivalent and so are µρ and µρ′ .

Proof. Note that

e−βC ≤
ZΛ,β

Z ′Λ,β
=

∑
σ∈ΩΛ

e−βHΛ(σ)+βH′Λ(σ) · e−βH′Λ(σ)∑
σ∈ΩΛ

e−βH
′
Λ(σ)

≤ eβC . (3.95)

Then, for every local function FΛ-measurable f , we have

e−2βCµΛ,β(f) ≤ µ′Λ,β(f) ≤ e2βCµΛ,β(f). (3.96)

Letting Λ = Λn and n→∞, we have

e−2βCρ(f) ≤ ρ′(f) ≤ e2βCρ(f), (3.97)

concluding that ρ and ρ′ are equivalent.

Proof of Lemma 1. For L1 ≥ 1, consider

AL1 = {ω ∈ Ω : ωk = ωalt
k , −L1 ≤ k < 0}, (3.98)

Let I = [−n, n] with n large enough and N > L1. Define the set

Ψ = {{i, j} : Or {i, j} ⊂ [−L1,−1] either i ∈ [−L1,−1], j /∈ [−L1,−1]}. (3.99)

Let H̃ω
I,L1

be the Hamiltonian defined by

H̃ω
I,L1

(σ) = Hω
I (σ) +

∑
{i,j}∈Ψ
i,j∈I

Jijσiσj +
∑
{i,j}∈Ψ
i∈I,j /∈I

Jijσiωj , (3.100)
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i.e., we remove the interactions between [−L1,−1] and its complement. Let µ̃ωI,L1
be the probability

measure defined by

µ̃ωI,L1
(σ) =

1

Z̃ωI,L1

e
−βH̃ω

I,L1
(σ)
, (3.101)

where Z̃ωI,L1
is the partition function

Z̃ωI,L1
=
∑
σ∈ΩωI

e
−βH̃ω

I,L1
(σ)
. (3.102)

Note that there exists the thermodynamical limit of µ̃+
I,L1

,

lim
n→∞

µ̃+
I,L1

:= µ̃+
L1
. (3.103)

Computing the magnetisation given the set AL1 , we have

µ+
I (ω0|AL1) =

µ+
I (ω0 · 1AL1

)

µ+
I (AL1)

=
µ+
I (ω0 · exp (βB(ω)))

µ+
I (exp (βB(ω)))

, (3.104)

where B(ω) is defined in (3.87). By Lemma 2,

|B(ω)| =

∣∣∣∣∣∣∣∣
∑

i∈[−L1,−1]
j /∈[−L1,−1]

Jij(−1)iωj

∣∣∣∣∣∣∣∣ < c, (3.105)

for every configuration ω. Thus, by Proposition 5, the measures µ+(·|AL1) and µ̃+
L1

are equivalent.
Therefore, it is enough to show that the alternating configuration is an essentially discontinuous
point for µ̃+

L1
([ω0]|F<0)(·). In fact, we will show that every configuration is essentially discontinuous

point for µ̃+
L1

([ω0]|F<0)(·). Note that

|H−+
I (ω)− H̃−+

I,L1
(ω)| ≤

∑
{i,j}∈Ψ

Jij ≤ κL2−α
1 , (3.106)

for some constant κ > 0. Thus, for Λ = [−L,L],

| log Z̃−+
θ,Λ,L1

− logZ−+
θ,Λ | ≤ βκL

2−α
1 , (3.107)

where Z̃−+
θ,Λ,L1

is defined as in (3.51). Let us choose L1 = Lδ with δ < 1, set y = θL1−α
2 and

YL = TLL
1−α

2 . We have

µ−+
Λ,L1

(θ ≤ sL−1+α
2 ) =

∑
θ∈TL

1{θ≤sL−1+α
2 }

Z−+
θ,Λ,L1

Z−+
Λ,L1

≥
∑
θ∈TL

1{θ≤sL−1+α
2 }

Z−+
θ,Λ

Z−+
Λ

exp{−2βκL2−α
1 }.

(3.108)
By Proposition 2,

µ−+
Λ,L1

(θ ≤ sL−1+α
2 ) ≥

≥

∑
y∈YL 1{y≤s} exp

{
1
2σ
−2(β, α) L2−α

(2−α)(α−1)fα(yL−1+α
2 ) (1 + o (1))− 2βκL(2−α)δ

}
∑

z∈YL exp
{

1
2σ
−2(β, α) L2−α

(2−α)(α−1)fα(zL−1+α
2 ) (1 + o (1))

}
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=

∑
y∈YL 1{y≤s} exp

{
1
2σ
−2(β, α)L2−α

(
fα(yL−1+α

2 )(1+o(1))
(2−α)(α−1) − o (1)

)}
∑

z∈YL exp
{

1
2σ
−2(β, α) L2−α

(2−α)(α−1)fα(zL−1+α
2 ) (1 + o (1))

} .

Since, by [41],

lim
L→∞

∑
y∈YL 1{y≤s} exp

{
1
2σ
−2(β, α) L2−α

(2−α)(α−1)fα(yL−1+α
2 ) (1 + o (1))

}
∑

z∈YL exp
{

1
2σ
−2(β, α) L2−α

(2−α)(α−1)fα(zL−1+α
2 ) (1 + o (1))

} =

=

∫ s

−∞

e
− y2

2σ2(β,α)∫ +∞
−∞ e

− z2

2σ2(β,α) d z
d y

=

∫ s

−∞
γσ(β,α)(z) d z.

We showed that with large probability the interface still moves mesoscopically after we remove the
bonds in Ψ when L1 increases sufficiently slower then L. Thus, we can apply Proposition 4 for the
measure µ̃+

L1
. For β large enough, there exists λ = λ(β, α) > 0 and L0 ≡ L0(α, β) ≥ 1 such that,

for any L > L0, there exists N0(L) > L such that, for any N ≥ N0(L),

µ̃+
L1

(ωi|−−N,−L1) ≤ −λm, (3.109)

for every i ∈ [0, (1−sL
α
2 −1)

2 L]. In particular, µ̃+
L1

(ω0|−−N,−L1) ≤ −λm.
Note that, if we consider the frozen interval of plus on [−N,−L1], we have

µ̃+
L1

(ω0|+−N,−L1) ≥ λm (3.110)

for N sufficiently large. Thus,

µ̃+
L1

(ωi|+−N,−L1)− µ̃+
L1

(ωi|−−N,−L1) ≥ 2λm, (3.111)

concluding the proof.

−N − (1−sL
α
2 −1)

2 L
−N · · · −L1 0 −L1 + (1−sL

α
2 −1)

2 L

− phase −
+ + +− − −

− phase

−N − (1−sL
α
2 −1)

2 L
−N · · · −L1 0 −L1 + (1−sL

α
2 −1)

2 L

+ phase +
+ + +− − −

+ phase

Figure 3.3: From wetting to essential discontinuity. Here L1 = o(L) and LN1−α = o(1).
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3.5 Uncountable set of essentially discontinuous points

Note that, by the proof of Lemma 25, every configuration (σi)i∈Z satisfying

sup
ω

∣∣∣∣∣∣
∑
i<0

∑
j>0

1

|i− j|α
σiωj

∣∣∣∣∣∣ < c (3.112)

for some constant c > 0 that does not depend on σ is an essentially discontinuous point. It is natural
to ask how many essentially discontinuous points there are. We will show that, if we reduce the
interval of α to be (3

2 , 2), then we have an uncountable set of essentially discontinuous points.
Consider ν be the i.i.d. a priori measure on E = {−1, 1} defined by

ν(X = 1) = ν(X = −1) =
1

2
.

Let (Xi)i∈Z be a family of random variables on (E, ν). For ω = (ωj)j>0 be a fixed configuration on
{−1, 1}Z+ , define

Y = Y (ω) :=
∑
i<0

∑
j>0

1

|i− j|α
Xiωj

be the “random energy” of the past.

Proposition 6. If α > 3/2, then Var(Y ) <∞.

Proof. Since E(Xi) = 0 for every i ∈ Z, the variance of Y is given by Varν(Y ) = E(Y 2).

Y 2 =

∑
i<0

∑
j>0

1

|i− j|α
Xiωj

(∑
l<0

∑
k>0

1

|l − k|α
Xlωk

)

=
∑
i<0

∑
j>0

∑
l<0

∑
k>0

1

|i− j|α
· 1

|l − k|α
XiXlωjωk.

Thus, since for i 6= l we have Eν(XiXl) = Eν(Xi)Eν(Xl) = 0, and Eν(X2
i ) = 1 for every i ∈ Z,

Eν(Y 2) =
∑
i<0

∑
j>0

∑
l<0

∑
k>0

1

|i− j|α
· 1

|l − k|α
E(XiXl)ωjωk

=
∑
i<0

∑
j>0

∑
k>0

1

|i− j|α
· 1

|i− k|α
ωjωk.

Thus, the variance is bounded by

Varν(Y ) ≤
∑
i<0

∑
j>0

∑
k>0

1

|i− j|α
· 1

|i− k|α

=
∑
i>0

∑
j>0

1

(i+ j)α

∑
k>0

1

(i+ k)α
.

Since |i+ x|−α is a decreasing function on x, we have∑
k>0

1

(i+ k)α
≤
∫ ∞

0

1

(i+ x)α
dx =

1

α− 1
i1−α.

Then,

Varν(Y ) ≤ 1

(α− 1)2

∑
i>0

i2−2α <∞
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when 2− 2α < −1, i.e., α > 3/2.

3.6 Final remarks and open questions

We have as our main result shown that between the class of Gibbs measures and the class of g-
measures, neither of them contains the other one. Thus one-sided continuity and two-sided continuity
of conditional probabilities are really different properties and there exists a clear distinction between
these two notions.

The result on entropic repulsion which we used in the proof presumably can be improved in
various respects. We mention a few open questions regarding these issues.

It is not clear to us whether entropic repulsion holds for the case α = 2. The interface in that
case has macroscopic, rather than mesoscopic fluctuations, which makes our proof break down.

Neither is it clear to us whether the methods of Littin and Picco [127] will allow to extend the
entropic repulsion results to other α values, although we expect them to hold also in the regime
α ∈ (1, 2].

In [22] it is possible to show the phase transition of the Dyson model by using contour argument
assuming J(1) = 1 rather than J(1) � 1, but reducing the interval of α. Since our result should
suppose J(1) large enough, we are also interested if it is possible to extend the entropic repulsion
result assuming J(1) = 1.

We give lower bounds for the entropic repulsion, that is the size of the “wet” region but have
neither checked if upper bounds are feasible, nor if the entropic repulsion holds all the way up to
the critical point.

We showed in Proposition 6 that, reducing the interval of α to (3
2 , 2], there are uncountable

number of configurations that the “random energy” of the past is uniformly finite. However, we
conjecture that this property should happen for every α ∈ (1, 2].





Chapter 4

Stability of the Phase Transition of
Critical-Field Ising Model on Cayley
Trees

4.1 Introduction

The ferromagnetic Ising model on a Cayley tree has been extensively studied. Some early treat-
ments which were mathematically rigorous can be found in papers by Katsura and Takizawa [111]
and by Preston [138]. As opposed to the situation on Zd, the phase transition on Cayley trees can
appear even when the model has a non-zero homogeneous external field, because these trees are
non-amenable, see [108].

Preston analysed the phase transition using Markov chains. More precisely, he proved that a
large class of Gibbs measures can be written as Markov chains, and the set of translational invariant
Gibbs measures contains one, two or three completely homogeneous Markov chains. For more details,
see [84] and [150].

The main approach to show the phase transition of the Ising model on a Cayley tree uses the fact
that we can restrict ourselves to this well-behaved class of Gibbs measures, to which (among others)
each extremal Gibbs measure belongs; this is the class of probability measures named “splitting
Gibbs measures” or “Markov chains” (see [84, 150] and [120]). The advantage to work with this
class of probability measures is the fact that, on Cayley trees, we have a notion of compatibility
(see the definition in the next section), which implies that such a probability measure is a Markov
chain. By this approach Preston showed that there exists a positive critical value for homogeneous
external fields depending on the temperature and the order of the Cayley tree Γd, indicated by
hc(β, d), and a critical temperature, indicated by βc(d), such that, if β ≤ βc(d) or |h| > hc(β, d),
there is no phase transition, and for β > βc(d) and |h| ≤ hc(β, d), the model undergoes a phase
transition. Moreover, when |h| = hc(β, d), there exist exactly two homogeneous splitting Gibbs
measures, while for |h| < hc(β, d) there exist exactly three homogeneous splitting Gibbs measures.

Technically, the advantage is that the study of Gibbs measures reduces to the study of a set
of recurrence equations on “boundary laws” (which we sometimes also call “boundary fields”). This
reduction actually does not need any translation invariance; for some earlier work where non-
translation-invariant versions play a role, see e.g. [146], and [57] and in particular the discussion in
its Appendix.

When we assume inhomogeneous external fields, we want to consider perturbations of this
critical field, with the perturbations decaying to zero when the distance to the root approaches
infinity.

We consider this regime, as it is the most sensitive, and presents the closest equivalent of the
question considered in [20, 21]. We want to look how fast the external fields can decay to the critical
value in order to still be able to see a phase transition.

Moreover, we remark that spin systems in decaying fields have been studied to model systems

41
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in traps, see e.g. [38].
On the lattice Zd, we know by the Peierls argument [135] that in zero field there is a transition

for d ≥ 2. On the other hand, Lee and Yang [125, 153] showed that the Ising model with non-zero
homogeneous external fields has uniqueness for any temperature. Thus, the critical value in this
case is hc = 0.

The purpose of this paper is to look at the ferromagnetic Ising model on the Cayley tree Γd

with spatially dependent external fields. As in [20], the external fields are decaying to the critical
value, which here is non-zero, hc = hc(β, d). We will show that, if the external fields are of the form
hn = −hc− εn, with εn positive, decreasing, decaying to zero and satisfying the following condition,

lim
n→∞

n∑
j=1

 n∑
i=j

εi

2

<∞, (4.1)

then the model undergoes a phase transition at low temperature. On the other hand, when the
condition is violated, and the sum diverges, we will obtain uniqueness of the Gibbs measure for the
perturbed model.

Note that the above condition is substantially weaker than the one from [21]. In fact, the
condition that we would get from the arguments of [21] is∑

n≥1

dnεn <∞. (4.2)

It is easy to see that every sequence (εn)n≥1 satisfying (4.2) also satisfies (4.1). We will say that
the phase transition persists if the maximal measure µ+ is different from the minimal measure µ−.
We will consider in particular the persistence of the plus state (that is the positively magnetised
state) in a negative critical field. We notice that this state is unstable (disappears) if we add a
homogeneous negative external field; we ask the question what happens once we add a negative
field decaying to zero. If the decay is fast the transition persists, if the decay is slow enough it may
disappear. The condition mentioned above indicates the threshold between those two behaviours.

Some other aspects of the Ising model in a critical field have been studied by Bleher et al
[25]. The stability for decaying interactions of the Ising model in non-critical fields, and also for
summable inhomogeneous fields as in [21], has been considered by Ganikhodjaev [83].

4.1.1 Splitting Gibbs Measures

Let Γd = (V,L) be the Cayley tree of order d, i.e., a d + 1-regular infinite tree. For a fixed
x0 ∈ V , called the root, define generation n by Wn = {x ∈ V : d(x, x0) = n} and Vn = ∪nk=0Wk.
For each x ∈ Wn, denote S(x) = {y ∈ Wn+1 : d(x, y) = 1} for the set of children of x. Define also
Ln to be the edges of the subtree of Γd restricted to the vertices Vn. For each x ∈ V , we denote the
distance of x from the root x0 by ‖x‖ = d(x, x0).

Let σ ∈ Ω and J > 0. We will recall the definition of the Hamiltonian of the ferromagnetic Ising
model on the volume Vn,

H0
n(σ) = −J

∑
〈x,y〉∈Ln

σxσy. (4.3)

Let hn ∈ R for n ≥ 0 and bx ∈ R for each x ∈ V . The bx will be the boundary fields, and often
we will write bn, in the situation where the boundary fields only depend on the generation n. We
define the probability measure µn on the volume Vn as

µn(σ) =
1

Zn
exp

−βH0
n(σ) +

n−1∑
k=0

∑
x∈Wk

hkσx +
∑
x∈Wn

bxσx

 , (4.4)
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where β is the inverse temperature, and Zn is the partition function given by

Zn =
∑

σVn∈ΩVn

exp

−βH0
n(σ) +

n−1∑
k=0

∑
x∈Wk

hkσx +
∑
x∈Wn

bxσx.

 . (4.5)

We say that the probability measures µn are compatible if for all n ≥ 1 and σVn−1 ∈ ΩVn−1 :∑
ω∈ΩWn

µn(σVn−1ωWn) = µn−1(σVn−1). (4.6)

Here σVn−1ωWn is the concatenation of the configurations.
Under condition (4.6), by Kolmogorov’s Theorem, there exists a unique measure µ on Ω such

that, for all n and σn ∈ ΩVn ,
µ(σ|Vn = σn) = µn(σn). (4.7)

This measure is called a splitting Gibbs measure (For Kolmogorov’s Theorem, see [158]).
By [84], we know that the Gibbs measures with boundary condition plus and minus are extremal,

and all extremal Gibbs measures are splitting Gibbs measures. The free-boundary Gibbs measure
µ] at sufficiently low temperatures is not extremal, but still a splitting Gibbs measure. Taking an
arbitrary convex mixture of those three states in general will give a non-splitting measure, however1.

4.2 Compatibility

From now on, we will assume that bx for all x ∈ V is such that bx = b(‖x‖), i.e., bx depends only
on the distance of x from the root. Writing bn = bx when ‖x‖ = n, we will usually also assume that
bn is decreasing. The following result is adapted from Rozikov ([150] Theorem 2.1), who treated
general inhomogeneous fields.

Theorem 28. The probability measures (µn)n≥1 are compatible if and only if for every n ≥ 2 the
following equation holds,

bn−1 = hn−1 + dF (bn, θ), (4.8)

where θ = tanh(βJ) and F (x, θ) = arctanh(θ tanhx).

Proof. Suppose that (4.6) holds. Substituting in the probability measure (4.4), we obtain, by mul-
tiplying both left-hand side and right-hand side of (4.4) by Zn−1,

Zn−1

Zn

∑
ω∈ΩWn

exp

−βH0
n−1(σ) + βJ

∑
x∈Wn−1

∑
y∈S(x)

σxωy +
n−1∑
k=0

∑
x∈Wk

hkσx + bn
∑
x∈Wn

ωx


= exp

−βH0
n−1(σ) +

n−2∑
k=0

∑
x∈Wk

hkσx + bn−1

∑
x∈Wn−1

σx

 .

This implies the following equation,

Zn−1

Zn

∑
ω∈ΩWn

exp

 ∑
x∈Wn−1

∑
y∈S(x)

(βJσxωy + bnωy)

 = exp

(bn−1 − hn−1)
∑

x∈Wn−1

σx

 .

1There is an active interest under which conditions the free-boundary measure, and its analogues in external
fields, for Potts models etc, are extremal. This is also known as the “reconstruction problem”. See e.g. [60, 71, 131].
However, for the present work this question plays no role.
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Thus,

Zn−1

Zn

∑
ω∈ΩWn

∏
x∈Wn−1

∏
y∈S(x)

exp{βJσxωy + bnωy} =
∏

x∈Wn−1

exp{(bn−1 − hn−1)σx},

and therefore,

Zn−1

Zn

∏
x∈Wn−1

 ∑
u∈{−1,1}

exp{βJσxu+ bnu}

d

=
∏

x∈Wn−1

exp{(bn−1 − hn−1)σx}.

Substituting in the last equality σx = 1 and σx = −1 for all x ∈ V , and dividing the first
expression by the second one, we obtain( ∑

u∈{−1,1} exp{βJu+ bnu}∑
u∈{−1,1} exp{−βJu+ bnu}

)d
= exp{2(bn−1 − hn−1)}.

Taking logarithms, we get the desired formula. Note that

F (x, θ) = arctanh(θ tanhx) =
1

2
log

(1 + θ)e2x + (1− θ)
(1− θ)e2x + (1 + θ)

.

For the converse, note that∑
ω∈ΩWn

µn(σVn−1ωWn)

=
1

Zn
exp

−βH0
n−1(σ) +

n−1∑
k=0

∑
x∈Wk

hkσx

 ∏
x∈Wn−1

 ∑
u∈{−1,1}

exp {βJσxu+ bnu}

d

.

For any t ∈ {−1, 1}, we have the following identity, ∑
u∈{−1,1}

exp {βJtu+ bnu}

d

= an exp{t(bn−1 − hn−1)},

for some an > 0. Consider the function An = asn where s = |Wn−1|. We have∑
ω∈ΩWn

µn(σVn−1ωWn)

=
An
Zn

exp

−βH0
n−1(σ) +

n−1∑
k=0

∑
x∈Wk

hkσx

 ∏
x∈Wn−1

exp{σx(bn−1 − hn−1)}.

Using the fact that
∑

σ∈ΩVn−1

∑
ω∈ΩWn

µn(σVn−1ωWn) = 1, we have An = Zn/Zn−1.

By Theorem 28, there is a bijection between sets b = {bn, n ≥ 1} satisfying equation (4.8) and
splitting Gibbs measures µ. Thus, in particular, the extremal Gibbs measures µ±

β,h̄
are associated

to the boundary fields b̃± = {b̃±n , n ≥ 1}.
The homogeneous splitting Gibbs measures for the Ising model in homogeneous fields, i.e.,

hn = h for all n ≥ 0, are very well known, see e.g. [84] and [150]. The translation-invariant solutions
(bn)n≥1 to the recurrence equation (4.8) when hn = h for all n ≥ 0 are constant, i.e., bn = b∗ for all
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n ≥ 1. Thus, we have the equation

b∗ = h+ dF (b∗, θ) := ψh(b∗), (4.9)

where ψh(x) = h+ dF (x, θ).
By [84], [150] we know that there exists βc(d) > 0 and hc(β, d) > 0 such that:

(1) If β ≤ βc(d) or |h| > hc(β, d), the function ψh has exactly one fixed point. We define the
solution as the sequence b] = {b]n}n≥1 such that b]n = b] is constant.

(2) If β > βc(d) and |h| < hc(β, d), the function ψh has exactly three fixed points. The solutions
are the sequences b], b+ = {b+n }n≥1 and b− = {b−n }n≥1 in which b+n = b+ and b−n = b− with
b− < b+ are constant for all n ≥ 1.

(3) If β > βc(d) and |h| = hc(β, d), the function ψh has exactly two fixed points. For h = hc the
sequences b] and b− coincide, and for h = −hc the sequences b] and b+ coincide.

We have the following properties of the function F (x, θ).

1. F (−x, θ) = −F (x, θ).

2. limx→∞ F (x, θ) = arctanh(θ).

3. d
dxF (x, θ)|x=0 = θ, and 0 ≤ d

dxF (x, θ) ≤ θ.

4. d2

dx2F (x, θ) < 0 for every x > 0.

Note that b+ is a saddle node of ψ := ψ−hc , i.e., ψ′(b+) = 1; this means that b+ is (marginally)
stable in a minus field. It attracts higher values, but repels lower ones. The “stable” b− is an
attractor of all initial b below b+. In fact it attracts exponentially fast, due to the map ψ(b) − b
near b− being contracting.

Also, we note that similarly, in a positive critical field, b− is the saddle node of ψh for h = hc,
and thus b− is marginally stable and b+ is the stable attractor in a plus field.

For every h ∈ R, let

ψh(∞) := lim
x→∞

ψh(x) = h+ dβJ,

ψh(−∞) := lim
x→−∞

ψh(x) = h− dβJ.

Proposition 7. Let J > 0 and hn = h for every n ≥ 1. If (bn)n≥1 is a solution to (4.8), then

b− ≤ bn ≤ b+ for every n ≥ 1. (4.10)

Proof. Note that, for every b ∈ R,

−hc + d lim
x→−∞

F (x, θ) ≤ −hc + dF (b, θ) ≤ −hc + d lim
x→∞

F (x, θ). (4.11)

Then,
ψh(−∞) ≤ ψh(b) ≤ ψh(∞). (4.12)

For every n ≥ 1 and k ≥ 1, we have

ψkh(−∞) ≤ ψkh(bn+k) ≤ ψkh(∞). (4.13)

This implies
ψkh(−∞) ≤ bn ≤ ψkh(∞). (4.14)

By (4.12) we have ψn+1
h (∞) ≤ ψnh(∞) for every n ≥ 1, i.e., the sequence ψnh(∞) is decreasing. Since

ψh(∞) ≥ b+ and b+ is a fixed point of ψh, we have ψnh(∞) ≥ b+ for every n ≥ 1. Thus, the sequence
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ψnh(∞) has limit equals to L, and L ≥ b+. Since L is a fixed point of ψh, and there is no fixed
point in (b+,∞), we conclude that L = b+. The proof that the limit of ψnh(−∞) is equal to b− is
analogous.

Let us also show the inhomogeneous version of Proposition 7.

Proposition 8. Let J > 0 and hn ∈ R for every n ≥ 1. If (bn)n≥1 is a solution to (4.8), then

b̃−n ≤ bn ≤ b̃+n for every n ≥ 1, (4.15)

where the boundary fields b̃± = {b̃±n , n ≥ 1} are associated to the extremal Gibbs measures µ±
β,h̄

.

Proof. Let us show that bn ≤ b̃+n for every n ≥ 1. The proof for the inequality b̃−n ≤ bn is analogous.
Fix n ≥ 1. Consider the function

f(σ) =

{
1, if σx = 1 for every x ∈ Vn,
0, otherwise.

(4.16)

By FKG inequality,

1

Zn

∑
σ∈ΩVn

f(σ) exp

−βH0
n(σ) +

n−1∑
k=0

∑
x∈Wk

hkσx +
∑
x∈Wn

bxσx


≤ 1

Z+
n

∑
σ∈ΩVn

f(σ) exp

−βH0
n(σ) +

n−1∑
k=0

∑
x∈Wk

hkσx +
∑
x∈Wn

b̃+n σx

 ,

where

Z+
n =

∑
σ∈ΩVn

exp

−βH0
n(σ) +

n−1∑
k=0

∑
x∈Wk

hkσx +
∑
x∈Wn

b̃+n σx

 . (4.17)

Thus,

exp{|Wn|(b̃+n − bn)} ≥ Z+
n

Zn
= µn

(
exp

{
(b̃+n − bn)

∑
x∈Wn

σx

})
, (4.18)

and the inequality (4.18) holds if, and only if, b̃+n ≥ bn, as we desired.

4.3 Results and proofs

Our analysis is based on the behavior of the sum
∑n

j=1

(∑n
i=j εi

)2
for the perturbation of the

field (εk)k≥1. Firstly, the following inequality in the next proposition is inspired by the rearrangement
inequality and somehow helps to see the behavior of the sum.

Proposition 9. For any decreasing sequence (εn)n≥1 of positive numbers,

n∑
i=1

(iεi)
2 ≤

n∑
j=1

 n∑
i=j

εi

2

≤
n∑
i=1

((n− i+ 1)εi)
2.

Proof. For the upper bound, using that εi ≤ εj for any i ≥ j, we have

n∑
j=1

 n∑
i=j

εi

2

≤
n∑
j=1

 n∑
i=j

εj

2

=

n∑
i=1

((n− i+ 1)εi)
2. (4.19)
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y = x

ψ = −hc + dF (·, θ)

b+

b+

b−

b−

ψ(∞)

ψ2(∞)
...

Figure 4.1: The graph of ψ for h = −hc and the fixed points b+ and b−, and the sequence ψn(∞) converging
to b+.

For the lower bound, we use the following expression,

n∑
j=1

 n∑
i=j

εi

2

=
n∑
i=1

iε2i + 2
n∑
i=2

εi

 i−1∑
j=1

jεj

 . (4.20)

Thus,
n∑
j=1

 n∑
i=j

εi

2

≥
n∑
i=1

iε2i + 2
n∑
i=2

ε2i

 i−1∑
j=1

j

 =
n∑
i=1

(iεi)
2, (4.21)

as we wanted.

The results will be based on an estimate of the influence from infinity on boundary fields near
the origin. If the influence due to the inhomogeneous fields is small enough, the non-uniqueness of
Gibbs measures will not change, if the influence of the inhomogeneous terms gets too big, then we
will have a unique Gibbs measure.

The external fields that we are working with are of the form hn = −hc − εn. Consider the
function ψ̃n(x) := hn + dF (x, θ) = ψ(x) − εn, where ψ(x) = −hc + dF (x, θ). For each n ≥ 1 and
k ≤ n, define

ψ̃k,n(x) =

{
ψ̃n(x), if k = n,

ψ̃k(ψ̃k+1,n(x)), if k < n,
(4.22)

i.e., ψ̃k,n(x) = ψ̃k ◦ . . . ◦ ψ̃n(x). Define

ψ̃n(∞) := lim
x→∞

ψ̃n(x) = hn + dβJ,

ψ̃n(−∞) := lim
x→−∞

ψ̃n(x) = hn − dβJ.

We have the following identity for the boundary fields b̃±.
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Proposition 10. For every k ≥ 1,

lim
n→∞

ψ̃k,n(∞) = b̃+k and lim
n→∞

ψ̃k,n(−∞) = b̃−k . (4.23)

Proof. Let Lk = limn→∞ ψ̃k,n(∞). We have that (Lk)k≥1 is a solution of (4.8). In fact,

ψ̃k−1(Lk) = ψ̃k−1

(
lim
n→∞

ψ̃k,n(∞)
)

= lim
n→∞

ψ̃k−1,n(∞)

= Lk−1.

Then, by Proposition 8, Lk ≤ b̃+k for every k ≥ 1. Let us show that ψ̃k,n(∞) ≥ b̃+k for every n ≥ k.
First, we have

ψ̃k(∞) = hk + d lim
x→∞

F (x, θ) ≥ hk + dF (b̃+k+1, θ) = b̃+k (4.24)

for every k ≥ 1. For n > k, since F is an increasing function, we have

ψ̃k,n(∞) = ψ̃k,n−1(ψ̃n(∞)) ≥ ψ̃k,n−1(b̃+n ) = b̃+k . (4.25)

This concludes that Lk ≥ b̃+k for every k ≥ 1. The proof for limn→∞ ψ̃k,n(−∞) = b̃−k is analogous.

Note that, for any k ≥ 1,

b̃+k = lim
n→∞

ψ̃k,n(∞) ≥ lim
n→∞

ψ̃k,n(b+), (4.26)

b̃−k = lim
n→∞

ψ̃k,n(−∞) ≤ lim
n→∞

ψ̃k,n(b−). (4.27)

Theorem 29. Consider the ferromagnetic Ising model on a Cayley tree Γd with external fields
(−hc − εn)n≥1, where the sequence (εn)n≥1 of positive numbers decreases to zero. Suppose that
(εn)n≥1 satisfies the following condition,

lim
n→∞

n∑
j=1

 n∑
i=j

εi

2

<∞. (4.28)

Then the perturbed model undergoes a phase transition.

Proof. Suppose that β > βc(d), which implies that we have phase transition for the Ising model
with external field −hc, and let b− < b+ be the solutions of the equation (4.9). Remind that b+ is
a saddle node, i.e., ψ′(b+) = 1.

By Taylor expansion on ψ, we have

ψ(b+ − εn) = ψ(b+)− ψ′(b+)εn +
1

2
ψ′′(b+)ε2n +O(εn)3. (4.29)

Using the fact that ψ is a concave function around b+, we get

ψ(b+ − εn) = b+ − εn −
1

2
|ψ′′(b+)|ε2n +O(εn)3.

Now, if we apply ψ on ψ(b+ − εn)− εn−1, we have

ψ(ψ(b+ − εn)− εn−1) = ψ(b+ − εn − εn−1 −
1

2
|ψ′′(b+)|ε2n +O(εn)3)



4.3 Results and proofs 49

= b+ − (εn + εn−1)− 1

2
|ψ′′(b+)|ε2n −

1

2
|ψ′′(b+)|(εn + εn−1 +

1

2
|ψ′′(b+)|ε2n)2 +O(εn−1)3

= b+ − (εn + εn−1)− 1

2
|ψ′′(b+)|

(
ε2n + (εn + εn−1)2

)
+O(εn−1)3.

Thus, by induction, we obtain our main formula:

ψ̃k,n(b+) = b+ −
n∑
i=k

εi −
1

2
|ψ′′(b+)|

n∑
i=k+1

 n∑
j=i

εj

2

+O(εk+1)3. (4.30)

Since the sequence (εn)n≥1 satisfies (4.28), for any ε > 0, there exists k1 ≥ 1 such that, for all
k ≥ k1,

n∑
j=k+1

 n∑
i=j

εi

2

<
ε

|ψ′′(b+)|
, (4.31)

for every n ≥ k. Moreover, (εn)n≥1 is summable. Thus, there exists k2 ≥ 1 such that, for all k ≥ k2,

n∑
i=k

εi <
ε

2
, (4.32)

for every n ≥ k. Thus, for all k ≥ max{k1, k2},

ψ̃k,n(b+) > b+ − ε+O(εk+1)3. (4.33)

for every n ≥ k. Let us take ε > 0 sufficiently small such that b+−ε > b−. From (4.30), there exists
k0 ≥ max{k1, k2} and δ = δ(k) > 0 such that, for all k ≥ k0,

ψ̃k,n(b+) > b+ − δ, (4.34)

for every n > k. Thus, by (4.26), b̃+k > b+ − δ > b− for all k ≥ k0. Note also that b− ≥ b̃−k , as b
−

is even stable for perturbation under homogeneous fields, so much the more it is for b̃−. Therefore
b̃+k > b̃−k for all k ≥ k0. Since b̃+ and b̃− are associated to extremal Gibbs measures, namely the
Gibbs measures with plus and minus-boundary condition, these measures are distinct.

It is easy to see that the above result also works when we will consider the stability of the
minus state in a plus field, under addition of a positive spatially dependent perturbation (εn)n≥1.
In that case, we consider the ferromagnetic Ising model on a Cayley tree Γd with external fields
(hc + εn)n≥1.

Our second result says that if the inhomogeneous field is negative and such that it does not
satisfy the above condition, it is strong enough to remove the phase transition, and indeed there
will be one single Gibbs measure.

Theorem 30. Consider the ferromagnetic Ising model on a Cayley tree Γd with external fields
(−hc − εn)n≥1, where the sequence (εn)n≥1 of positive numbers decreases to zero. Suppose that
(εn)n≥1 satisfies the following condition,

lim
n→∞

n∑
j=1

 n∑
i=j

εi

2

=∞. (4.35)

Then the perturbed model has uniqueness for any temperature.
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Proof. For 1 ≤ k < n < N , let us consider the auxiliary boundary fields (b+,k,n,Nm )1≤m≤N in which

b+,k,n,Nm−1 =


+∞, if m = N + 1,

ψ(b+,k,n,Nm ), if n < m ≤ N,
ψ̃m−1(b+,k,n,Nm ), if k < m ≤ n,

(4.36)

and b+,k,n,Nm satisfies the compatibility equation (4.8) for m ≤ k. This sequence means that we are
taking plus boundary condition at distance N from the origin, between n and N the sequence is in
the homogeneous case, and between k and n the sequence is in the inhomogeneous case. Note that
this provides us with an upper bound for b̃+.

·O
k n N

+∞hom.non-hom.compat.

−hc − εi

−hc

Figure 4.2: The Cayley tree with root O, and the auxiliary boundary fields. The circle means the depth of
the tree.

It is easy to see that b+,k,n,Nn = ψN−n(∞). In order for all Taylor expansions in (4.30) to hold,
for a fixed ε > 0, there exist N ≥ 1 sufficiently large and n ≤ N such that b+ < b+,k,n,Nn < b+ + ε,
since ψp(∞) converges to b+ as p→∞. Note that, for a larger N , we can increase n as well. Thus,
taking the limit in N , we have limN→∞ b

+,k,n,N
n = b+. So, we can consider the sequence (b+,k,nm )m≥1

defined on the whole Cayley tree by

b+,k,nm−1 =

{
b+, if m ≥ n+ 1,

ψ̃m−1(b+,k,nm ), if 1 < m ≤ n.
(4.37)

For a fixed δ > 0, there exists k ≤ n such that

n∑
j=k+1

 n∑
i=j

εi

2

>
2δ

|ψ′′(b+)|
. (4.38)

By (4.30), we thus have ψ̃k,n(b+) < b+ − δ +O(εk+1)3 +O(ε). Consider b̄ < 0 such that ψ′(b̄) = 1.
Note that, for every x < b̄, we have 0 < ψ′(x) < 1. Let us choose δ > b+ − b̄ and k very large (and
thus also n is large) such that εk > 0 is small enough, and ε > 0 small enough, in which case there
exists δ′ > b+ − b̄ satisfying

b+,k,nk < b+ − δ′ < b̄. (4.39)

Note that δ′ does not depend on k in the sense that δ′ does not change when k increases, once n
is large enough, satisfying (4.38). The bound (4.39) means that the perturbation of the external
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fields (εk)k≥1 is strong enough in the sense of condition (4.35) for the boundary field b+,k,nm to be
strictly below b̄ for every m ≤ k. Choose k1 such that, for every k ≥ k1, we have the inequality
(4.39). Thus, by the fact that ψ′(x) is an increasing function for x < b̄, we have

0 < ψ′(b+,k,nk ) < ψ′(b+,k1,n
k1

) = 1− δ′′, (4.40)

where δ′′ := 1− ψ′(b+,k1,n
k1

) > 0. So, for any m ≤ k, we have

0 < ψ′(b+,k,nm ) < 1− δ′′. (4.41)

Note that δ′′ does not change when k increases. Thus, for every k0 ≥ 1, there exist k > max{k0, k1}
and nk > k such that (4.39) and (4.40) hold. Note that

b̃+k0
= lim

k→∞
b+,k,nkk0

. (4.42)

Now, define the boundary fields (b−,n,Nm )1≤m≤N in which

b−,n,Nm−1 =


−∞, if m = N + 1,

ψm−1(b−,n,Nm ), if n < m ≤ N,
ψ̃m−1(b−,n,Nm ), if 1 < m ≤ n.

(4.43)

For a fixed n < N , taking N to infinity, we have limN→∞ b
−,N
n = b−. Thus, we can consider the

sequence (b−,nm )m≥1 defined in the whole Cayley tree so that

b−,nm−1 =

{
b−, if m ≥ n+ 1,

ψ̃m−1(b−,nm ), if 1 < m ≤ n.
(4.44)

Note that
b̃−k0

= lim
n→∞

b−,nk0
= lim

n→∞
ψ̃k0,n−1(b−) (4.45)

for all k0 ≥ 1. The Taylor expansion below shows that these boundary fields decay exponentially
by contraction, since 0 < ψ′(b−) < 1. In fact,

ψ̃k,n−1(b−) = b− −
n−1∑
i=k

ψ′(b−)i−kεi +O(εk+1)2. (4.46)

Since the map ψ, and similarly ψ̃m, act as contractions on the interval (−∞, b+ − δ′), with a
uniform contraction bound 1− δ′′, we have that in the limit k to infinity the difference in influence
on the boundary field at sites k0 between negative boundary fields and positive boundary fields less
than b+ − δ′ at sites at distance k0 disappears. In fact, we know that the sequence b−,nk converges
to b− as k is going to infinity (and so n goes to infinity), since b−,nkk ≤ b+,k,nkk ≤ b+ − δ′, we have
that |b+,k,nkk − b−,nkk | < C for some C > 0. Note that C does not depend on k. Thus, by the Mean
Value Theorem,

b̃+k0
− b̃−k0

= lim
k→∞

b+,k,nkk0
− lim
n→∞

b−,nk0

= lim
k→∞

ψ̃k0,k−1(b+,k,nkk )− lim
k→∞

ψ̃k0,k−1(b−,nkk )

= lim
k→∞

(
ψ̃k0,k−1(b+,k,nkk )− ψ̃k0,k−1(b−,nkk )

)
≤ lim

k→∞

 sup
c∈[b

−,nk
k ,b

+,k,nk
k ]

ψ̃′k0,k−1(c)|b+,k,nkk − b−,nkk |
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≤ C lim
k→∞

(1− δ′′)k−k0

= 0.

Thus, the sequences b̃+ and b̃− are equal. Therefore the extremal Gibbs measures associated to
these sequences, µ+

β,h̄
and µ−

β,h̄
respectively, are equal for any β > 0.

Example. As in [20, 45], let us consider the sequence εk = 1/kγ , where γ > 0. Note that

n∑
j=1

 n∑
i=j

i−γ

2

=

n∑
j=1

O(j2−2γ). (4.47)

Thus, the sum (4.47) converges when 2−2γ < −1 and diverges when 2−2γ ≥ −1, and we conclude
that the critical power is γc = 3/2. Note also that the model has uniqueness at the critical power,
since the sum diverges.

4.4 Final remarks and open questions

Our results hold for Cayley trees. One might of course ask similar questions for more general
trees, such as, for example, the class considered in [128]. However, even in the situation of constant
field, it is so far not clear to us which conditions on the tree would be needed to conclude whether
there is a unique or a non-unique Gibbs measure in a critical field. Whether a related kind of
perturbation analysis might help to elucidate this, remains to be seen.



Chapter 5

Counting Contours on Trees

5.1 Introduction

After the seminal paper of Rudolf Peierls [135], the standard technique to prove the existence
of phase transitions in spin systems (Ising model type, for instance) goes by a contour argument.
Roughly speaking, we need to define objects usually called contours, notions of size (length or
surface) and interior for these objects. Furthermore, for a fixed vertex x of a graph G and, for each
n ∈ N, we need to estimate the number of contours of size n in G with x in their interiors.

A standard calculation in this approach is to control expressions as below:

∑
C�x

w(|C|) =
∞∑
n=1

∑
C�x
|C|=n

w(|C|) =

∞∑
n=1

w(n)
∑
C�x
|C|=n

1, (5.1)

where |C| denotes the size of the contour C and C � x denotes the fact that x belongs to the
interior of C. Usually the function w : {contours} → R+ depends only on the size of the contour
and not on its position in the graph G. For the standard Ising model on Z2, the function is given
by w(C) = w(|C|) = exp(−2β|C|) where β is the inverse of the temperature. Then, to control (5.1)
we need to estimate

∑
C�x
|C|=n

1 and for this purpose generating functions are very powerful tools. We

can find similar expressions to (5.1) in almost all papers using the Peierls argument. The readers
interested in the proof of the existence of phase transitions using the Peierls contours can check
standard books in the field [28, 84, 142, 154]. The original Peierls argument [135] was done for the
Ising model on Z2, but we can define contours for any Zd with d ≥ 3 and the argument works as
well. The estimates of the number of contours help us to give bounds for the critical temperature
of the models, see [12, 123]. These facts show that the mathematical problem of counting contours
on graphs has important consequences in statistical physics and naturally emerges.

Moreover, the problem of counting finite objects on graphs (subgraphs, paths with a fixed
length, etc) is important for mathematicians and it is a classical problem in discrete mathematics.
The history about the question of counting contours of the same size containing a fixed unit cube
on Zd (d ≥ 2) is the following: David Ruelle proved that there exist at most 3n contours of size
n containing a fixed unit cube; Lebowitz and Mazel [123] proved that there are between (C1d)n/2d

and (C2d)64n/d; and finally, differently from the previous approaches and using generating functions,
Balister and Bollobás [12] improved these bounds showing that there are between (C3d)n/d and
(C4d)2n/d contours of size n (C1, C2, C3 and C4 are constants).

In the last years, some attention was given to the Ising model on trees instead of Zd, and there
is more than one definition of contour for trees and general graphs [10, 11, 123, 147, 149, 150, 151].
In our chapter we consider a definition proposed by Babson and Benjamini [11], where the contours
are edge cuts which cut out exactly one finite component and they are minimal with this property.
We will see that this definition on trees implies that the number of contours of size n coincides with
the number of external boundaries with n vertices, a standard notion used by the combinatorics

53



54 Counting Contours on Trees 5.2

community. In the original paper they used the term cut sets as is usual for combinatorialists, the
context was percolation theory, see also [14]. This definition was later considered in [10] in the study
of bounds for the critical percolation probability pc in general graphs.

Our contribution is to clarify the connection between contours on trees and natural objects in
graph theory. Inspired by Balister and Bollobás [12], we show that in the case of regular trees (and
d-ary trees) we can calculate the exact number of contours of size n containing a fixed vertex x. We
also obtain a characterization for locally finite rooted trees with infinitely many contours of some
fixed size n involving the root. In particular, we prove that we have infinitely many contours of the
same size if and only if the tree has an infinite independent path. Nonamenable trees are the trees in
which the length of the independent paths is uniformly bounded. In particular, trees which contain
an infinite independent path are amenable trees. On the other hand, for nonamenable graphs with
bounded degree, (in particular, d-ary trees) one possibility for the proof of the phase transition in
Ising models and for the study of ground states is to count the number of connected components
of a fixed size containing a vertex, instead of counting the number of contours, see [82, 108].

This chapter is organized as follows: in Section 5.2 we give some basic definitions of graph theory,
introduce the precise definition of a contour, and show the connection of these objects with external
boundaries in graphs. In Section 5.3 we give explicit expressions for the number of contours of size n
in regular and d-ary trees. In addition, we show that the binary trees are extremal objects with
respect to the number of contours of a fixed size. More precisely, if we fix n, the number of contours
of size n containing a fixed vertex is maximum in binary trees when we consider locally finite trees
in which each vertex has at least two children. In Section 5.4 we give a geometric characterization
of trees with infinitely many contours of the same size containing a fixed vertex. It turnes out that
this is equivalent to the existence of what is called an infinite independent path in the tree.

5.2 Definitions and Notations

The graphs G = (V,E) considered are always simple, undirected, connected, with countably
infinite number of vertices. All the graphs are locally finite, in other words, with finite degree for
each vertex of V . The degree of a vertex x is the number of edges which are incident to x, denoted by
d(x). A path γ is an alternating sequence of vertices and edges γ = (v0, e1, v1, e2, ..., ek, vk) where
ei = vi−1vi =: {vi−1, vi} and all vertices are distinct, with the possible exception of v0, vk. The
vertices v1, v2, ..., vk−1 are called inner vertices of γ. An independent path γ in a graph G is a path
where all inner vertices of γ have degree two in G. When v0 = vk we say that the path γ is a cycle.
We say that a graph G is a tree if it is connected and has no cycles.

Given a vertex x and a subset of vertices A ⊂ V , let dG(x,A) denote the number

dG(x,A) = min{|γ|; γ is a path in G connecting x to a vertex of A}, (5.2)

where for each path γ in G, |γ| denotes the number of edges of γ. Thus dG(x,A) is the usual distance
in the graph G between x and A. The set

∂ext
v A = {x ∈ V \A : dG(x,A) = 1} (5.3)

is the external boundary of A.
A rooted graph is a pair (G, x), where G is a graph and x is a vertex of G. The vertex x is called a

root, and, for abuse of nomenclature, we say that G is a rooted graph if there exists a root in G. For a
rooted tree (T, x), the generation n is the set of vertices y of T with d(y, x) = n. If z is a vertex in T ,
a child of z is a vertex w incident to z and w belongs to the generation one after the generation where
z belongs to. In other words, the set of children of z is {w ∈ ∂ext

v ({z}) : dT (x,w) = dT (x, z) + 1}.
A leaf on a tree is a vertex with no child, i.e., with degree one.

Let G = (V,E) be a graph, we say that a graph G̃ is a minor of G, denoting by G̃ � G, when
G̃ is obtained from G after a sequence of the following operations: contracting some edges, deleting
some edges and/or isolated vertices. We contract an edge e = xy and obtain a graph that we denote
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by G/e when we delete the edge e from E, add to E the collection of edges {az;xz ∈ E or yz ∈ E}
where a is a new vertex replacing the vertices x and y, and remove all resulting parallel edges. Thus
V (G/e) = V (G)\({x, y})∪{a}. We delete an edge e = xy when we remove the edge from the graph
but keep the vertices on it, after the process we obtain a new graph G \ e = (V,E \ {e}), for a
finite collection of edges C the procedure is the same, keeping the vertices and deleting the edges:
G \ C = (V,E \ C).

Definition 8. Given a graph G = (V,E), a finite set C ⊂ E is called a contour if G \ C has
exactly one finite connected component, and it is minimal with respect to this property. That is, for
all edges e ∈ C the graph (V,E \ (C \ e)) does not have a finite connected component.

If C is a contour in G then we denote by GC = (IC , EC) the unique finite connected component
of G \ C.

This notion was originally defined by Babson and Benjamini in [11] where the authors used
minimal cut set instead of contour. The definition was later used in [10] in the study of percolation
problems on graphs.

Let FG be the set of all contours of G. We denote by FnG the set of all contours of G of size n;
by FG(x) (FnG(x)) the set of all contours C ∈ FG (C ∈ FnG) such that x ∈ IC .

Let Td be a rooted tree such that all vertices have d children, i.e., the root has degree d and
the other vertices have degree d+ 1. The tree Td is called d-ary tree. A 2-tree is called binary tree.
When all the vertices of a tree have the same degree d we say that the tree is a d-regular tree.

x

Figure 5.1: Example of a contour of size four in a binary tree T2.

We conclude this section showing that in the case of trees there is a one-to-one correspondence
between contours of size n in which the finite component contains the root and external boundaries
of size n of sets containing the root.

Proposition 11. Let T = (V,E) be a rooted, locally finite and infinite tree. Let x be the root and
suppose that T does not have any leaves. Let

BnT (x) = {B ⊂ V : B is finite, connected, x ∈ B and |∂ext
v (B)| = n} (5.4)

be the set of finite subtrees (induced by the vertices) of T containing x with external boundary of
size n. Then there is a bijection between BnT (x) and FnT (x).

Proof. We define the function f : FnT (x) → BnT (x) in the following way: let C be a contour in
FnT (x). Remove all edges of C from the tree T . By definition of contour, we get a finite connected
component B := IC containing x. Define f(C) = B. To show that f is well defined, we shall prove
that |∂ext

v (B)| = n.
By definition of contour, each edge in C has one endpoint in B and the other in V \ B. Let

V ext(C) be the set of endpoints in C ∩ (V \ B). As |C| = n and the graph is a tree, i.e., there is
no cycle, we have |V ext(C)| = n. Clearly V ext(C) ⊆ ∂ext

v (B). In fact, if u ∈ V ext(C), then there is
a vertex v ∈ B with uv ∈ C. Thus d(u,B) = 1.

Suppose that some element u of ∂ext
v (B) does not belong to V ext(C), i.e., there is a vertex v ∈ B

incident to u with uv /∈ C. Since C is a contour, then both vertices u and v should be in the same
connected component. Since v ∈ B, then u ∈ B, a contradiction. Thus f is well defined.
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To see that f is surjective, note that for every B ∈ BnT (x) we can define CB be the set of edges
where one of the endpoints belongs to ∂ext

v (B). Thus |CB| = n. Let us show that C = CB is a
contour. Note that the connected component containing the root x after removing all the edges of
C on T is the set B. Moreover, note also that B is the unique finite connected component since
the tree T has no leaves. Suppose that there exists another finite connected component B′ different
of B, and consider V (B′) be the set of vertices of B′. Since C is finite and T is a tree, one of the
vertices in V (B′) is a leaf on T , contradicting the assumption that T has no leaves. Thus, C is a
contour of size n.

The function f is injective, since if IC1 = IC2 are connected components containing x, then
C1 = C2.

5.3 Contours on d-ary and regular trees

The main technique in this section is the use of generating functions in the investigation of
counting problems on trees; this approach produces very clean proofs. Classical references to the
technique are the two books of Richard P. Stanley [163, 164].

The well known Catalan numbers Cn−1 = 1
n

(
2n−2
n−1

)
, with n ∈ N, have a lot of interpretations in

Combinatorics. In particular, see, e.g., [163, 164], these numbers count the number of contours in
binary trees by Proposition 11. In fact, let T2 be the binary tree with root x. For all n ≥ 2, we have

|FnT2
(x)| = 1

n

(
2n− 2

n− 1

)
. (5.5)

Here we present a proof where we calculate the exact number of contours in d-ary trees using
generating functions, an alternative derivation can be found in [164]. Moreover, Proposition 12
allows us to conclude that for binary trees the number of contours of size n containing the root is
the n-th Catalan number. Let R((z)) be the ring of formal series defined by

R((z)) =

∑
k≥0

akz
k : ak ∈ R

 . (5.6)

We define the operator [zn] which extracts the coefficient of zn in the series, that is,

[zn]

∑
k≥0

akz
k

 = an. (5.7)

We define zR((z)) by

zR((z)) =

∑
k≥1

akz
k : ak ∈ R

 . (5.8)

The Lagrange Inversion Theorem states that we can compute exactly the coefficients of a series
under certain conditions. The reader can find a proof of this theorem in [69, 164].

Theorem 31. Let φ ∈ R((z)) with φ(0) 6= 0 and f(z) ∈ zR((z)) defined by f(z) = zφ(f(z)), then

[zn]f(z) = [zn−1]
1

n
φ(z)n. (5.9)

Proposition 12. Let d ≥ 2, n ≥ 1, Td be a d-ary tree with root x. Then |F1
Td

(x)| = 0 and, for
n ≥ 2,

|FnTd(x)| =

 1
n

( d
d−1

(n−1)
1
d−1

(n−1)

)
, if n ≡ 1 (mod d− 1),

0, otherwise.
(5.10)
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Proof. For each edge with endvertex x, we can either include this edge in the contour or not. If we
do not include it, we carry the root x to the other endvertex of this edge and apply again the same
procedure.

Consider f(X) =
∑

n≥1 anX
n be the generating function in which the coefficients are an =

|FnTd(x)| for all n ≥ 1. We have
f(X) = (X + f(X))d. (5.11)

Consider h(X) = X + f(X), we have h(X) = X + h(X)d, so

h(X) = X(1− h(X)d−1)−1. (5.12)

Applying Lagrange Inversion Theorem with φ(X) = (1−Xd−1)−1 we obtain

[Xn]h(X) =
1

n
[Xn−1]φ(X)n. (5.13)

Now,

φ(X)n = (1−Xd−1)−n =
∑
k≥0

(
n+ k − 1

k

)
X(d−1)k. (5.14)

Thus, if n− 1 = (d− 1)k for some k, we have

[Xn]h(X) =
1

n

(
n+ k − 1

k

)
=

1

n

( d
d−1(n− 1)

1
d−1(n− 1)

)
, (5.15)

as we desired.

Remark: There is a geometric interpretation for the equation h(X) = X + h(X)d. Consider Td
be a d-ary tree with root x. Add an edge e for which x will be a leaf, and it will be an endpoint of
e. Now we can either include the edge e in the contour or not. If we do not include it, we carry the
root x to the other endvertex of this edge and apply the same procedure again.

Corollary 2. Let d ≥ 2, Td be a d-ary tree with root x, and let n ≥ 1 be such that n ≡ 1 (mod d−1),
and k = (n− 1)/(d− 1). We have

1

n
dk ≤ |FnTd(x)| ≤ 1

n
(ed)k. (5.16)

Proof. This is a consequence of the following inequality. For all integers 0 ≤ k ≤ n,(n
k

)k
≤
(
n

k

)
≤
(en
k

)k
. (5.17)

Thus,
1

n
dk ≤ 1

n

( d
d−1(n− 1)

1
d−1(n− 1)

)
≤ 1

n
(ed)k, (5.18)

as we desired applying Proposition 12.

Proposition 13. Let d ≥ 2, n ≥ 1, T be a (d+ 1)-regular tree, and x be a vertex of T . Then

|FnT (x)| = an−1 +

n−1∑
k=1

akan−k, (5.19)

where an = |FnTd(x)|.
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Proof. Let
g(X) =

∑
n≥1

bnX
n (5.20)

be the generating function with coefficients bn = |FnT (x)|, and

f(X) =
∑
n≥1

anX
n (5.21)

be the generating function with coefficients an = |FnTd(x)|. Note that, since f(X) = (X + f(X))d,

g(X) = (X + f(X))d+1

= Xf(X) + f(X)2

= X
∑
n≥1

anX
n +

∑
n≥1

anX
n

2

=
∑
n≥1

anX
n+1 +

∑
n≥2

(
n−1∑
k=1

akan−k

)
Xn

=
∑
n≥2

(
an−1 +

n−1∑
k=1

akan−k

)
Xn.

Thus,

bn = an−1 +
n−1∑
k=1

akan−k, (5.22)

as we desired.

A natural question is to compare the number of contours between different infinite trees. We
next show that the binary tree is extremal in the class of all locally finite trees in which every vertex
has at least two children.

Theorem 32. Let T be a locally finite and infinite rooted tree. Let x be the root of T and suppose
that all vertices in T have at least two children. Then, for all n ≥ 1, we have |FnT (x)| ≤ |FnT2

(x)|.

Proof. We will construct a binary labeled tree T ′ such that T is a minor of T ′ as follows. We process
the vertices of T according to a Breadth-First-Search order, that is, we start from the root x, then
process its neighbors, followed by their neighbors and so on. When we process a vertex y of T that
has s > 2 children, say z1, z2, . . . , zs, we replace y by s− 1 vertices y1, y2, . . . , ys−1. For each i with
1 ≤ i ≤ s− 2, the children of yi are yi+1 and zi, and the children of ys−1 are zs−1 and zs. When a
vertex y of T has 2 children, we keep the vertex y (See an example in Figures 5.2 and 5.3 for the
first and the second iteration). We call the edges yiyi+1 by green edges (see Figures 5.2 and 5.3).
Clearly T ′ is a binary tree. We call x′ the root of T ′. We will show that there exists an injective
map f which takes each contour C in FnT (x) and produces a contour f(C) in FnT ′(x′). In fact, for
each edge of the form yzi in C, we associate the edge yizi in T ′ (for yzs take ys−1zs), and for y with
s = 2 children we keep the edge yzi. The collection of edges produced by this procedure is defined
as f(C).

We should prove that f : FnT (x) → FnT ′(x′), in other words, that f(C) belongs to FnT ′(x).
By definition of the function f , there are no green edges in f(C). Suppose by contradiction that
T ′\f(C) has no finite connected component containing the root x′. Thus there exists an infinite
path γ′ in T ′ starting at the root x′ of T ′ without any green edges. When we contract all the green
edges in T ′, in particular in γ′, we obtain the original tree T and a path γ in T starting in the root
x. Since there are no green edges in the path γ′, we have now an infinite path γ in T starting at
the root x with E(γ) ∩ C = ∅, a contradiction. To see that f(C) has the minimality property, let
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us show that for every edge e′ ∈ f(C), the subgraph induced by the edges E(T ′)\(f(C)\{e′}) has
an infinite component containing the root x′. When we contract all the green edges and add the
corresponding edge e ∈ C (the edge associated to e′ by f), since C is a contour, there exists an
infinite path α starting at the root x in T such that e ∈ E(α). We will construct, using the path
α, an infinite path α′ in T ′ starting at x′ such that e′ ∈ E(α′). Indeed, consider the process to
construct the tree T ′ in the vertices of α. Starting at the root x, for each edge zy ∈ E(α), where
y is a child of z, after processing z there exists 1 ≤ j ≤ s − 1 such that zjy is an edge of T ′. Add
zjy to E(α′). If j = 1 we add the edge z1y to α, if j > 1 we add the finite path starting in z1 and
ending in zj , (which consists of green edges: z1z2, z2z3, ..., zj−1zj) and the edge zjy to α′. Since the
path α is infinite and e ∈ E(α) we construct an infinite path α′, starting in x′ such that e′ belongs
to α′. This shows that f(C) is indeed a contour.

It is also easy to check that f is injective and that |C| = n implies |f(C)| = n.

x

y z w

x1

y x2

z w

Figure 5.2: Example first iteration.

x

y

u1u2u3

z w

x1

y1

u1 y2

u2 u3

x2

z w

Figure 5.3: Part of the second iteration.

By Theorem 32 we have an estimate for trees in which each vertex has at least r children,
where r ≥ 2. However, we have a better estimate for these trees. To prove this estimate we use the
inequality below, which is a classical theorem in extremal combinatorics proved in [27], see also [8]
and its references for several variants and extensions.

Theorem (Bollobás, 1965). Let {(Ai, Bi) : i ∈ I} be a finite collection of pairs of finite sets such
that Ai ∩Bj = ∅ if and only if i = j. Then

∑
i∈I

(
|Ai|+ |Bi|
|Ai|

)−1

≤ 1. (5.23)

In particular, if for all i ∈ I we have |Ai| ≤ a and |Bi| ≤ b, then

|I| ≤
(
a+ b

a

)
. (5.24)
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Theorem 33. Let T be a rooted, locally finite and infinite tree with root x. Suppose that all vertices
of T have at least r children, with r ≥ 2. Then, for all n ≥ 1,

|FnT (x)| ≤
(
n+ bn−rr−1 c
bn−rr−1 c

)
. (5.25)

where bxc = max{n ∈ Z : n ≤ x}.

Proof. Let C ∈ FnT (x) and let IC be the finite connected component when we remove C from T .
We will find an upper bound for the number of edges |E(IC)| in IC . Let B be the induced subgraph
of T on the union of IC and C. Note that B = (V,E) is a rooted finite subtree of T with n leaves,
and each vertex of B that is not a leaf has at least r children. Let t be the number of vertices of
B and consider the number k = t− n. Note that k is the number of vertices in IC . Using the fact
that all vertices of T have at least r children, we have

2(t− 1) =
∑
v∈V

d(v) ≥ (k − 1)(r + 1) + r + n. (5.26)

Thus, k ≤ (n− 1)/(r − 1).
Since IC is a tree, the number of edges in IC is |E(IC)| = k − 1 ≤ (n− r)/(r − 1).
To finish the proof we need the following:
Fact: If C1 and C2 are two distinct contours of a vertex x in T , each of size n, and if IC1 is the

finite connected component when we remove C1 from T , then E(IC1) ∩ C2 6= ∅.
Proof of the fact: Suppose, by contradiction, that there exist two contours C1 and C2 as above

in T , each of size n, such that E(IC1)∩C2 = ∅. Let IC2 be the finite connected component when we
remove C2 from T . Then IC1 is a subgraph of IC2 and IC1 6= IC2 . Since IC1 and IC2 are subtrees of T ,
and as all vertices in T have at least r children, we have |∂e(IC1)| < |∂e(IC2)| = n, a contradiction.
This proves the fact.

Finally, let us prove the desired result. Let (C,E(IC)) be a pair of a contour C of size n,
where IC is the finite connected component when we remove C from T . We have |C| = n and
|E(IC)| ≤ b(n− r)/(r− 1)c. The set {(C,E(IC)) : C ∈ FnT (x)} is finite, and C1 ∩E(IC2) = ∅ if and
only if C1 = C2. By the theorem above,

|FnT (x)| ≤
(
n+ bn−rr−1 c
bn−rr−1 c

)
, (5.27)

concluding the result.

It is sometimes desirable to consider contours whose edges cover a fixed vertex, see [147]. We
obtain some bounds for this case as well.

Definition 9. Let T be an infinite tree with root x. A rooted contour is a contour C such that there
exists an edge l ∈ C incident with the root x.

We denote by Fnr,T (x) the set of rooted contours C on T of size n. Clearly |Fnr,T (x)| ≤ |FnT (x)|.
We can calculate exactly |Fnr,T (x)| for d-ary trees and regular trees.

Proposition 14. Let Td be a d-ary tree with root x. Then, for all n ≥ d:

|Fnr,Td(x)| = an −
∑

m1+...+md=n

am1 . . . amd , (5.28)

where an = |FnTd(x)|. (Note that |Fnr,Td(x)| = 0 if n < d).

Proof. Let fTd(X) =
∑

n≥1 anX
n and f(X) =

∑
n≥1 cnX

n be the generating functions with coef-
ficients an = |FnTd(x)| and cn = |Fnr,Td(x)| respectively. For each edge incident with x we can add
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it or not to the contour C. Repeating the same process as we did in Proposition 12, if we do not
add an edge we carry the root to the other endpoint of this edge. By the same proposition we know
fTd(X) = (X + fTd(X))d. Thus

f(X) = (X + fTd(X))d − (fTd(X))d

= fTd(X)− (fTd(X))d

=
∑
n≥1

anX
n −

∑
n≥1

anX
n

d

=
∑
n≥1

anX
n −

∑
n≥d

( ∑
m1+...+md=n

am1 . . . amd

)
Xn

=
∑
n≥d

(
an −

∑
m1+...+md=n

am1 . . . amd

)
Xn.

Thus, we have, for every n ≥ d,

cn = an −
∑

m1+...+md=n

am1 . . . amd , (5.29)

as we desired.

Proposition 15. Let T be a (d+ 1)-regular tree with root x. Then, for n ≥ d+ 1,

|Fnr,T (x)| = bn −
∑

m1+...+md+1=n

am1 . . . amd+1
, (5.30)

where an = |FnTd(x)| and bn = |FnT (x)|.

Proof. Using a similar argument to the one used in the previous proof, let f(X) =
∑

n≥1 dnX
n

be the generating function with coefficients dn = |Fnr,T (x)| and let g(X) =
∑

n≥1 bnX
n be the

generating function from Proposition 13. Then

f(X) = g(X)− (fTd(X))d+1

=
∑
n≥1

bnX
n −

∑
n≥1

anX
n

d

=
∑
n≥d

bn − ∑
m1+...+md+1=n

am1 . . . amd+1

Xn.

Thus, for every n ≥ d,
dn = bn −

∑
m1+...+md+1=n

am1 . . . amd+1
, (5.31)

as we desired.

5.4 Infinitely many contours of size n

Here we will characterize the rooted trees that have infinitely many contours for some size n
whose finite connected component contains the root.



62 Counting Contours on Trees 5.5

Notation 1. Let G = (V,E) be a (possibly, infinite) graph. For each finite independent path γ of G
linking two vertices x and y, remove all the edges (and inner vertices) of γ and add the edge xy.
Denote by G̃ this new graph.

Note that G̃ is a minor of G, possibly with fewer edges.
In the next lemma and proposition the notation G̃ is used for this special case of minor.

Lemma 3. Let T be a rooted, locally finite and infinite tree with root x. Suppose that T has no
leaves, and each independent path of T has finite length. Then

|FnT (x)| < +∞ if and only if |Fn
T̃

(x)| < +∞. (5.32)

Proof. Each contour C = {e1, . . . , en} of T̃ is associated to a (unique) family of independent
paths {γ1, . . . , γn} of T . Then, ∑

C∈Fn
T̃

(x)

n∏
i=1

|γi| = |FnT (x)|. (5.33)

Since the sum and the product are finite, we obtain |FnT (x)| < +∞. The converse is analogous.

Thus we obtain the following characterization.

Theorem 34. Let T be a rooted, locally finite and infinite tree with a root x, and suppose that T
has no leaves. Then there exists n ≥ 1 such that |FnT (x)| = +∞ if and only if T has an infinite
independent path.

Proof. Suppose that every independent path T has finite length. Consider the minor T̃ . We have
that all vertices of T̃ have at least two children. By Theorem 32, we have |Fn

T̃
(x)| < +∞. Therefore,

by Lemma 3, |FnT (x)| < +∞ for every n ≥ 1.
For the converse, take an infinite independent path γ. Let C be a contour of T that contains

an edge e of γ. For all edge e′ of γ \ {e}, we have that C ′ = (C \ {e}) ∪ {e′} is a contour of T
and |C| = |C ′|. Therefore, taking n = |C| we obtain |FnT (x)| = +∞.

Proposition 16. Let T be a rooted, locally finite and infinite tree with root x. Suppose that T has
no leaves and T has an infinite independent path. Then there exists a sequence (ni)i≥1 such that
|FniT (x)| = +∞ if and only if there is an infinite number of vertices in T with degree at least three.

Proof. Suppose that there exists a finite number of vertices in T with degree at least three. For
every finite independent path in T , we do the same procedure to contract the path as in Notation
1. If an independent path in T is infinite, we replace this independent path by a leaf. We denote
this new tree by T ′ . Since T has an infinite independent path, T ′ has at least one leaf. Moreover,
T
′ is a finite tree because T has only a finite number of vertices with degree at least three. Let B

be a subtree of T ′ such that x ∈ B and B does not contain any leaf. Let C be the set of external
boundary edges of B. For each C constructed in this way we obtain a family of contours of T of
the same size and any contour in T comes from some external boundary edges for some such B. As
we have a finite number of subtrees of T ′ that do not contain any leaves, there exists n0 ≥ 1 such
that for all n ≥ n0 we have |FnT (x)| = 0.

For the converse, suppose that there exists an infinite number of vertices in T with degree at
least three. Let Gk be the set of vertices in generation k, and Ek be the set of edges uv where u ∈ Gk
and v is a child of u. Note that Ek is a contour. Since the number of vertices in T with degree at
least three is infinite, the number of edges in each Ek in tending to infinity when we increase k.
Let (ki)i be an increasing sequence of natural numbers such that ni = |Eki | is also an increasing
sequence. Let γ be an infinite independent path. Note that there exists i0 such that Eki contains
an edge ei of the infinite independent path γ for all i ≥ i0. Then, since we can replace ei by any
other edge of γ and obtain a new contour of the same size ni, we have infinitely many contours of
size ni.
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5.5 Appendix: Other definitions of contours and the phase transi-
tion

Counting contours on graphs, such as the lattice Zd and the Cayley trees, is useful to show phase
transitions of statistical mechanical models by contour arguments. Let us present some notions of
contours and they bounds. We will present Peierls’ contours and bounds proved by Ruelle [154],
Lebowitz and Mazel [123], and Balister and Bollobás [12], and also Rozikov’s contours. Here, to
avoid confusion with other definition of contours, the contours defined in Definition 8 will be called
Babson-Benjamini contours.

5.5.1 Peierls contours

The first result on this way was by Peierls [135], who showed the phase transition of the fer-
romagnetic nearest-neighbor Ising model on the lattice Zd, with d ≥ 2. Let us briefly explain the
notion of Peierls’ contour.

To be easier for visualization, let us consider the lattice Z2, and a finite connected set Λ in
Z2. Fix a configuration ω ∈ {−1, 1}Z2 , and consider the set of configurations inside the set Λ with
boundary condition ω by

Ωω
Λ = {σ ∈ {−1, 1}Z2

: σi = ωi for every i /∈ Λ}. (5.34)

We write Ω+
Λ when the configuration of the boundary condition is ωi = +1 for every i ∈ Z2, and

Ω−Λ if ωi = −1 for every i ∈ Z2.
Now, to each vertex i ∈ Zd, consider the unit square centered at i by

Si = i+

[
−1

2
,
1

2

]2

, (5.35)

and, for two nearest-neighbors vertices i and j, consider the set

πij = Si ∩Sj . (5.36)

Note that πij is an edge where the endpoints belong to the dual lattice Z2
∗ defined by

Z2
∗ = Z2 +

(
1

2
,
1

2

)
=

{(
i1 +

1

2
, i2 +

1

2

)
: (i1, i2) ∈ Z2

}
. (5.37)

Thus, let us call πij by an dual-edge, and the edge {i, j} by primal edge. Note that every primal
edge intersects to an unique dual edge. Thus, for a given primal edge e will denote by e⊥ be the
dual edge intersecting e. For a set of primal edges C, we denote by C⊥ be the set of dual edges
intersecting the set C.

For a fixed configuration σ ∈ Ω+
Λ , we are interested in the edges πij where i and j are nearest-

neighbors with different spins. Consider the following set of dual-edges in Λ,

D(σ) =
⋃

i,j∈Z2

〈i,j〉
σi 6=σj

πij . (5.38)

Note that D(σ) is a subgraph on Z2
∗, and every vertex has even degree, 0, 2 or 4. For each connected

component B of D(σ), the interior of B, denoted by Int(B), is the set of vertices in Z2 of the
bounded region when we consider B as a curve in R2. We say B is primitive if every vertex of B
has degree two. Figure 5.4 (found in [12]) shows examples of connected components.

For each connected component of D(σ) which is not primitive, we will apply the following
deformation rule in Figure 5.5.
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Int(B) is connected
B is primitive

Int(B) is connected
B is not primitive

Int(B) is not connected
B is not primitive

Figure 5.4: Examples of connected component in D(σ).

−→

Figure 5.5: Deformation rule.

Thus, the set D(σ) is a set of disjoint simple cycles on the dual lattice,

D(σ) = γ1 ∪ . . . ∪ γk, (5.39)

these cycles γi are called Peierls contours.

Figure 5.6: Set of contours on a finite set Λ.

Denote by Γ(σ) = {γ1, . . . , γk} be the set of contours of σ. Denote by |γ| be the number of dual
edges in a contour γ, and by Int(γ) be the set of vertices in Z2 of the bounded region when we look
γ as a curve in R2.

We say that a Peierls contour γ is primitive if, before the deformation rule, γ is a primitive
connected component.

Lemma 4. Let C be a finite set of edges in Z2. The following are equivalent:
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1. C is a Babson-Benjamini contour.

2. There exists a primitive Peierls contour γ such that C⊥ = γ.

Proof. For a fixed Babson-Benjamini contour C on Z2, let us show that there exists a configuration
σ ∈ {−1, 1}Z2 such that Γ(σ) = {C⊥}. Consider GC = (IC , EC) be the unique finite connected
component of Z2 \ C, and the following configuration σ.

σi =

{
−1, if i ∈ IC ,
+1, otherwise.

(5.40)

Note that uv ∈ C if, and only if, σu 6= σv. Thus,

D(σ) =
⋃
uv∈C

πuv. (5.41)

Suppose that there exists a connected component B in D(σ) that is not primitive. If Int(B)
is connected, then there exists an edge e ∈ B such that Z2 \ (C \ e) contains a finite connected
component, a contradiction. Otherwise, if Int(B) is not connected, then Z2 \ C contains two finite
connected components, also a contradiction. Thus, every connected component in D(σ) is primitive.

Note that, if there are two disjoint primitive connected components B1 and B2 in D(σ), then
we have two cases: If Int(B1) ∪ Int(B2) = ∅, then Int(B1) and Int(B2) are two finite connected
components on Z2 \ C, contradicting the fact that C is a Babson-Benjamini contour. Otherwise,
if Int(B1) ⊂ Int(B2), then for every dual edge e⊥ ∈ B1, when we give back the primal edge e
intersecting e⊥ in Z2 \C, we have that Int(B2) is a finite connected component, contradicting again
the fact that C is a Babson-Benjamini contour. Therefore, D(σ) contains one connected component
γ which is primitive, and γ = C⊥.

Now, suppose that γ is a primitive Peierls contour, and consider the set of primal edges C such
that C⊥ = γ. Note that the induced graph of Int(γ) is connected and finite. Consider σ ∈ {−1, 1}Z2

be the configuration defined by

σi =

{
−1, if i ∈ Int(γ),

+1, otherwise.
(5.42)

Note that Γ(σ) = {γ}. Thus, C is the set of edges uv with u ∈ ∂ext
v (Int(γ)) and v ∈ Int(γ).

Moreover, the unique finite connected component of Z2 \ C is Int(γ). Take any e ∈ C. Since γ is
primitive, the graph Z2 \ (C \e) has no finite connected component. Thus, C is a Babson-Benjamini
contour.

Balister and Bollobás showed an estimate for |FkZd(o)|, where o is the origin.

Theorem 35. There exist C1 > 0 and C2 > 0 such that, for every d ≥ 2 and even k ≥ 4d2,

(C1d)k/2d ≤ |FkZd(o)| ≤ (C2d)2k/d. (5.43)

The following lemma is sufficient to conclude the phase transition of the ferromagnetic nearest-
neighbor Ising model at low temperature, see [84, 135] for the proof.

Lemma 5. Consider a finite set Λ on Z2. For every β > 0 and any contour γ,

µ+
Λ,β(Γ 3 γ) ≤ e−2β|γ|. (5.44)

However, we need an estimate of the number of contours with a fixed size containing the origin,
i.e., we need to find a good upper bound of the cardinality

ρ(k) = #{γ : Int(γ) 3 o, |γ| = k}, (5.45)
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where k ≥ 1. Here, good means an upper bound which is at most exponential order. Note that, by
Lemma 4, we have

|FkZd(o)| ≤ ρ(k). (5.46)

Let us now go back to the general lattice Zd with d ≥ 2. One easy upper bound is the following:
For the first dual-edge there are 2d options, and for the remaining k− 1 dual-edges there are 2d− 1
options for each one. Since every contour with size k containing the origin should contain some
vertex of the set {

(
i, i− 1

2

)
: 1 ≤ i ≤ k/2}, we have

ρ(k) ≤ k

2
· 2d · (2d− 1)k. (5.47)

Ruelle showed a better bound for (5.45). For k sufficiently large and any d ≥ 2,

ρ(k) ≤ kd · 3k. (5.48)

The following theorem is due to Lebowitz and Mazel [123], who showed a better bound comparing
with Ruelle.

Theorem 36. There exist C3 > 0 and C4 > 0 such that, for every d ≥ 2 and sufficiently large
even k,

(C3d)k/2d ≤ ρ(k) ≤ (C4d)64k/d. (5.49)

Theorem 36 implies the following upper bound for the critical inverse temperature of the Ising
model. The “Peierls temperature” in high dimension gets further away from the true critical temper-
ature, which approaches the mean-field temperature. Thus the log d is unavoidable, but indicates
that we make larger mistakes in high d (there also percolation of minuses in the plus phase easily
happens; below the Peierls temperature this is excluded.)

Theorem 37. The polymer expansion constructed for the Ising model in terms of Peierls contours
converges at inverse temperature β for all β ≥ 64

d log d. In particular, the critical inverse temperature
is bounded by

βc ≤
64

d
log d. (5.50)

So far, the best upper bound is due by Balister and Bollobás [12].

Theorem 38. There exist C5 > 0 and C6 > 0 such that, for every d ≥ 2 and sufficiently large even
k,

(C5d)k/d ≤ ρ(k) ≤ (C6d)2k/d. (5.51)

The proof is by using generating function and the geometry of the lattice Zd. Using Theorem 38,
and the result of Kotecký and Preiss [117] about the convergence of cluster expansion, it is possible
to find the following upper bound for the critical temperature of the Ising model.

Theorem 39. The polymer expansion constructed for the Ising model in terms of Peierls con-
tours converges at inverse temperature β for all β ≥ 2

d log(11d). In particular, the critical inverse
temperature is bounded by

βc ≤
2

d
log(11d). (5.52)

Indeed, there is a slightly better bound in [12],

βc ≤
1

d
log(8e21/8d2) ≤ 2

d
log(11d). (5.53)

However, Fernández and Procacci [67] obtained a new convergence criterion of cluster expansions
that, comparing with Kotecký and Preiss, for some family of models it makes possible to find better
estimates for the critical temperature, and this happens for Ising model. Let us present this result
adapted for our purpose.
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Theorem 40. The polymer expansion constructed for the Ising model with coupling constant J = 1,
in terms of Peierls contours is convergent at inverse temperature β if there exists a constant α > 0
such that, for any contour γ, ∑

γ′

e−(β−α)|γ′| ≤ eα|γ| − 1, (5.54)

where the sum is taken over all contours γ′ that intersects γ.

Corollary 3. The polymer expansion constructed for the Ising model in terms of Peierls contours
converges at inverse temperature β for all

β ≥ 1

d
log

[
8

(
1

2d
+ 1

)d
e17/8d2

]
. (5.55)

In particular, the critical inverse temperature is bounded by

βc ≤
1

d
log

[
8

(
1

2d
+ 1

)d
e17/8d2

]
. (5.56)

The proof of Corollary 3 has the same proof of Theorem 12 in [12] applying Theorem 40. Note
that this upper bound is asymptotically equal to 1

d(8e21/8d2) for d large enough. However, for small d
we have a better bound comparing with (5.52).

5.5.2 Rozikov contours

Rozikov also defined a notion of contours on trees in [147]. In this section, we are going to present
the definition of Rozikov contours, and we will compare them with the set of rooted contours.

Let T = (V,E) be an infinite, locally finite and rooted tree, and x0 ∈ V be the root. Define the set
S = {v1, v2, . . . , vq}, with q ≥ 2. A configuration σ on V is defined as a function x ∈ V 7→ σ(x) ∈ S.

Let Λ ⊂ V be a finite set, ΩΛ = SΛ and σΛ ∈ ΩΛ given configuration. For each i we extend the
configuration σΛ inside Λ to the entire tree by

σ
(i)
Λ (t) :=

{
σΛ(t), if t ∈ Λ,

vi, if i ∈ Λc.
(5.57)

Define Ω
(i)
Λ = {σ(i)

Λ : σΛ ∈ ΩΛ} and the sets

Vn := {x ∈ V : dT (x0, x) ≤ n} and En := {xy ∈ E : x, y ∈ Vn}. (5.58)

For a given configuration σ(i)
Λ ∈ Ω

(i)
Λ and j = 1, . . . , q, denote

V (j)
n = V (j)

n (σ
(i)
Λ ) := {t ∈ Vn : σ

(i)
Λ (t) = vj}. (5.59)

Let Tn,j = (V
(j)
n , E

(j)
n ) be the tree, where the set of edges is defined by

E(j)
n = {xy ∈ E : x, y ∈ V (j)

n }. (5.60)

It is clear that the tree Tn,j contains a finite number (= m) of maximal connected subtrees Tn,jr ,
where Tn,jr = (V

(j)
n,r , E

(j)
n,r) for every r = 1, . . . ,m, and V (j)

n,r is the set of vertices of Tn,jr and E(j)
n,r is

the set of edges of Tn,jr .
We define i(xy) = {x, y} for every edge xy ∈ E. Two different edges e1, e2 ∈ E are called nearest

neighboring edges if |i(e1) ∩ i(e2)| = 1, and we write 〈e1, e2〉1.
For any connected component K ⊂ T , denote by E(K) the set of edges of K, and

b(K) = {e ∈ E \ E(K) : there exists e1 ∈ E(K) such that 〈e, e1〉1}. (5.61)
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The set K = Int b(K) is called interior of b(K).

Definition 10. An edge xy ∈ En+1 is called a boundary edge of a configuration σ(i)
Vn

if σ(i)
Vn

(x) 6=
σ

(i)
Vn

(y). The set of boundary edges of σ(i)
Vn

is called boundary of σ(i)
Vn
, denoted by Γ = Γ(σ

(i)
Vn

).

A boundary Γ can be decomposed as

Γ =
⋃

ij∈Qq

Γij , (5.62)

where Qq = {ij : i < j and i, j ∈ {1, . . . , q}} and Γij is the set of edges xy with σ(x) = vi and
σ(y) = vj .

A subcontour of a boundary Γ is a set

γ = γ(n, j, r) := {(xy, v(x), v(y)) : xy ∈ b(Tn,jr )}, (5.63)

where j = 1, . . . , q and r = 1, . . . ,m.
The set of edges of a subcontour γ is denoted by supp γ. We call mark, denoted by v(γ) ∈ S,

the state of the spin of the configuration σ(j)
Vn

in the interior of γ.
The collection of subcontours τ = τ(σ

(i)
Vn

) := {γr : r = 1, . . . ,m} generated by the boundary Γ

of the configuration σ(i)
Vn

satisfies the following properties:

(a) Every support of the subcontour γ ∈ τ lies inside the set En+1.

(b) For every two subcontours γ1, γ2 ∈ τ , their supports supp γ1 and supp γ2 satisfy

| supp γ1 ∩ supp γ2| ∈ {0, 1}. (5.64)

The subcontours γ1, γ2 ∈ τ are called adjacent if | supp γ1 ∩ supp γ2| = 1.

(c) For any two adjacent subcontours γ1, γ2 ∈ τ we have v(γ1) 6= v(γ2).

A set of subcontours τ̃ ⊂ τ is connected if for any two subcontours γ1, γ2 ∈ τ̃ there exists
a sequence of subcontours γ1 = γ̃1, γ̃2, . . . , γ̃l = γ2 in τ̃ such that, for each i = 1, . . . , l − 1, the
subcontours γ̃i and γ̃i+1 are adjacent.

Definition 11. Any maximal connected (component) set of subcontours is called a Rozikov contour
of boundary Γ.

Let Υ =
⋃
r∈I γr be a contour of Γ. Denote:

(1) The interior of the Rozikov contour by IntΥ =
⋃
r∈I Int γr.

(2) The support of the Rozikov contour by suppΥ =
⋃
r∈I supp γr.

(3) The size of the Rozikov contour by |Υ| = | suppΥ|.

For n ≥ 1, we define RFnT (x0) be the set of edges Υ with size |Υ| = n and x0 ∈ IntΥ such that
there exists a configuration σ(i)

Λ for some i ∈ S and Λ b T such that Υ is a Rozikov contour of the
configuration σ(i)

Λ . We will show that there exists an injection from Fnr,T (x0) to RFnT (x0).

Proposition 17. Let S = {−1, 1} and T be a rooted, locally finite and infinite tree with root x0,
and n ≥ 1. Then

|Fnr,T (x0)| ≤ |RFnT (x0)|. (5.65)
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Proof. Let C be a contour in Fnr,T (x0). Let IC be the finite connected component after removing
the edges of C on T . Define a configuration σ ∈ {−1, 1}V by

σi =

{
−1, if i ∈ IC ,
1, if i /∈ IC .

(5.66)

Note that C is a Rozikov contours of the configuration σ(1)
IC

.

5.6 Final remarks and open questions

The Peierls strategy to look for contours involving a vertex fails if w in (5.1) depends only on
the size of the contours when we have infinitely many contours of the same size. However, in [148]
Rozikov studied an example of an Ising model type on Z where we have infinitely many contours
of size 2 involving the vertex 0. He adapted the Peierls argument to prove the phase transition for
the model. In this case w(C) must depend on the position of the contour C in the graph, this is
the usual situation when the Hamiltonian of the model is not translation invariant, see [21, 136].

Note that for nonamenable trees, every independent path is uniformly bounded by a constant,
and thus the number of contours of size n grows at maximum exponentially. For amenable trees,
this does not happen anymore, since a tree with infinite independent paths is amenable. However,
note that the trees containing an infinite number of finite independent paths, with length arbitrarily
long, are also amenable. A question that we can raise is to find a characterization of the amenable
trees that has the property that the number of contours of size n grows at maximum exponentially
for every n.





Chapter 6

Local Limits of Spatial Gibbs Random
Graphs

6.1 Introduction

In [132], the authors introduced and studied a class of random graphs which they called spatial
Gibbs random graphs. These are random graphs embedded in an ambient space, which in [132], was
a finite line segment. They are distributed according to a measure that penalizes the presence of
edges whose extremities are distant (in terms of the ambient space geometry), but also penalizes
graphs with large graph-theoretic diameter. Graphs sampled from this measure may thus be thought
of as answering to a compromise between the conflicting requirements of using few long edges and
having vertices close to each other in graph distance. The main result of [132] describes the typical
aspect of these graphs depending on the various parameters that define them. Here, we continue
the study of spatial Gibbs random graphs on line segments by considering their local convergence
properties.

Let us explain the definition of spatial Gibbs random graphs and briefly present the results of
[132]. Define the set of graphs on Z as

G = {g = (V,E) : V ⊂ Z and g is locally finite}. (6.1)

Given a graph g = (V,E) ∈ G and two vertices x, y ∈ V , the distance between x and y in g is the
smallest length over all paths in g with endpoints x and y. We denote this distance by dg(x, y). Let
p ∈ [1,∞]; in case g = (V,E) ∈ G is finite, we define

Hp(g) =



 1(
N
2

) ∑
x,y∈V :
x<y

(dg(x, y))p


1
p

if p ∈ [1,∞);

sup {dg(x, y) : x, y ∈ V } if p =∞,

(6.2)

that is, H∞(g) is the graph-theoretic diameter of g and, if p ∈ [1,∞), Hp(g) is a measure of typical
distances in g.

For each N ≥ 1 and γ > 0, let PN,γ be the probability measure on G supported on graphs
g = (V,E) with V = [N ] := {1, . . . , N} and E ⊃ {{x, y} : x, y ∈ V, |x − y| = 1}, and so that the
events

{{x, y} ∈ E}x,y∈V,|x−y|>1 (6.3)

are independent, each having probability

p{x,y} = exp{−|x− y|γ}. (6.4)

71
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We think of PN,γ as a “reference measure” which we multiply by a Gibbs-type weight, thus obtaining
a measure

Pb,pN,γ(g) =
1

Zb,pN,γ
· exp{−N b · Hp(g)} · PN,γ(g), g ∈ G, (6.5)

where b ∈ R, p ∈ [1,∞] and Zb,pN,γ is the normalization constant. In summary, this measure has four
parameters: N ∈ N is the number of vertices of graphs over which it is supported, γ > 0 controls
the probabilities of the presence of edges in the reference measure, p ∈ [1,∞] determines the notion
of typical distance that is used, and b ∈ R controls the sensitivity of the measure to the value of
the typical distance. We denote by GN a random graph sampled from PN,γ or Pb,pN,γ , depending on
the context.

Under the reference measure PN,γ , the geometry of the random graph GN is not too different
from that of the line segment on [N ]. Indeed, using a simple analysis of “cutpoints” carried out in
[132], it is not hard to show that, if ε > 0 is small enough,

lim
N→∞

PN,γ (Hp(GN ) < εN) = 0. (6.6)

This changes drastically by the introduction of the Gibbs weight (at least if the parameter b is
large enough). The main result of [132], reproduced as Theorem 41 below, is the convergence in
probability of the random variable N−1 logHp(GN ) under Pb,pN,γ , when γ, b, p are fixed and N is
taken to infinity. The limit is deterministic and given explicitly as a function of the parameters. Not
all triples (γ, b, p) ∈ (0,∞) × R × [1,∞] are covered by the theorem: the case γ = 1 is technically
challenging and the proof of convergence for certain values of (b, p) in that case is still missing. To
identify this set of values, define for each p ∈ [1,∞]:

Ep =


⋃∞
k=1

[
k−1
k , k−1

k +
(

0 ∨ 2p−(p−1)k
k(k+1)(k+2p)

)]
if p <∞;

[0, 1
4 ] ∪

⋃∞
k=2

{
k−1
k

}
if p =∞.

This set is plotted on Figure 6.1.
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Figure 6.1: For each p ∈ [1,∞], the dark region represents the set Ep, that is, the values of b for which
Theorem 41 does not cover the pair (b, p) if γ = 1. Note that, unless p = 1, Ep only includes finitely many
intervals and all numbers of the form k−1

k , k ∈ N.
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Theorem 41 ([132]). In case

either γ 6= 1, p ∈ [1,∞], b ∈ R or γ = 1, p ∈ [1,∞], b ∈ R\Ep,

for any ε > 0,
Pb,pN,γ

(
Nα∗−ε < Hp(GN ) < Nα∗+ε

)
N→∞−−−−→ 1, (6.7)

where

α∗ = α∗(γ, b) =



(
1−b
2−γ ∧ 1

)
∨ 0 if γ ∈ (0, 1);(

γ−b
γ ∧ 1

)
∨ 0 if γ > 1;

1(−∞,0)(b) +
∑∞

k=1
1

k+1 · 1[ k−1
k
, k
k+1)(b) if γ = 1.

Note that the theorem identifies a “transition window” for the parameter b, given by the intervals
(−1 + γ, 1), (0, γ) and (0, 1) respectively in the cases γ ∈ (0, 1), γ > 1 and γ = 1. See Figure 6.2.

Figure 6.2: Plot of the function b 7→ α∗(γ, b) of Theorem 41 for the three cases γ ∈ (0, 1), γ > 1 and γ = 1.

In order to motivate our results, it is useful to give a brief exposition of what is involved in the
proof of Theorem 41, carried out in [132]. Most of the work involves studying the reference measure;
specifically, estimating PN,γ(Hp(GN ) ≤ Nα) as N →∞ for all values of α ∈ (0, 1). Upper and lower
bounds whose orders roughly match are obtained for these probabilities. To obtain a lower bound,
the authors exhibit a graph g? = g?(N, γ, α) with Hp(g?) close to Nα and use the inequality

PN,γ(Hp(GN ) ≤ Nα) ≥ PN,γ(g? is a subgraph of GN ). (6.8)

The definition of g? is completely different for the three cases γ ∈ (0, 1), γ > 1 and γ = 1. In order
to explain it, let us define, for N ∈ N and ` ∈ [N ], the “layer” of edges

EN,` = {{1, 1 + `}, {1 + `, 1 + 2`}, . . . , {1 + (k − 1)`, 1 + k`}, {1 + k`,N}},

where k ≥ 0 is the integer satisfying 1 + k` < N , 1 + (k + 1)` ≥ N . Then, g? = ([N ], E) is defined
as follows:

• in case γ ∈ (0, 1), E = EN,1∪
⋃i
j=0 EN,N2−j , where i is the smallest integer with N2−i < N1−α;

• in case γ > 1, E =
⋃i
j=0 EN,2j , where i is the smallest integer with 2i > Nα;

• in case γ = 1, E = EN,1 ∪
⋃i−1
j=1 EN,Nj/i , where i ≥ 2 is the integer such that α ∈

(
1
i ,

1
i−1

)
.

In all three cases, the layers which constitute g? form hierarchical or fractal structures; they are
added “from the top”, “from the bottom” and “from the middle”, respectively, when γ < 1, γ > 1
and γ = 1. See Figures 6.3 and 6.4 for depictions of these graphs. The proof of the matching upper
bound does not quite establish that the mentioned fractal structures are likely to be present in
GN . However, it does show that, in agreement with the definition of g?, the large-deviation event
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{Hp(GN ) ≤ Nα} with α ∈ (0, 1) is most likely to occur due to a coordinated presence of long edges
in case γ ≤ 1 and a coordinated presence of short edges in case γ > 1.

Figure 6.3: Hierarchical constructions that provide lower bounds for Theorem 41: case γ < 1 (top) and
γ > 1 (bottom).

Figure 6.4: Hierarchical constructions that provide lower bounds for Theorem 41: case γ = 1.

As already mentioned, in this paper we consider the local picture of the spatial Gibbs random
graphs. The standard topology for local graph convergence is the one introduced by Benjamini and
Schramm in [15]. This topology involves comparing rooted graphs by asking whether there are graph
automorphisms between balls of different radii around the roots. Since here we consider graphs on
Z, the vertices of our graphs are labeled by natural numbers, so it makes sense to modify the
Benjamini-Schramm convergence so as to demand that the automorphisms between balls respect
the relative positions of the labels. This modification produces a finer topology (that is, if a sequence
of rooted graphs converges in the sense to be given below, then it converges in the sense of [15]). Let
us also mention that [13] also deals with an example of local convergence of rooted graphs endowed
with labels or marks.

We now explain the ideas of the previous paragraph precisely. The set of rooted graphs on Z is
defined by

G• = {(g, o) : g ∈ G, o is a vertex of g} .

For o, o′ ∈ Z, let ϕo,o′ : Z→ Z be the translation

ϕo,o′(x) = x− o+ o′.
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With abuse of notation, for a rooted graph (g, o) ∈ G• with g = (V,E), and o′ ∈ Z, we define
ϕo,o′(g, o) = ((Vϕ, Eϕ), o′) ∈ G• as the rooted graph with

Vϕ = ϕo,o′(V ), Eϕ = {{ϕo,o′(x), ϕo,o′(y)} : {x, y} ∈ E}.

For g = (V,E) ∈ G, o ∈ V , g′ = (V ′, E′) ∈ G and o′ ∈ V ′, we write (g, o) ' (g′, o′) if ϕo,o′(g, o) =
(g′, o′).

Given R > 0 and (g, o) ∈ G• with g = (V,E), a ball with center o and radius R in g is the
rooted graph B(g,o)(R) = ((VB, EB), o) ∈ G• of g with

VB = {x ∈ V : dg(o, x) ≤ R}, EB = {{x, y} ∈ E : dg(o, x) ≤ R and dg(o, y) ≤ R}.

A sequence (gn, on) ∈ G• is defined to converge to (g, o) ∈ G• in case

∀R ∃n0 : n ≥ n0 =⇒ B(gn,on)(R) ' B(g,o)(R). (6.9)

The associated notion of convergence in distribution is as follows. Given a sequence of random rooted
graphs (Gn,On) defined under the probability measure µn and a random rooted graph (G,O) defined
under the probability measure µ, the sequence (Gn,On) converges in distribution to (G,O) if for all
R > 0, and for any deterministic rooted graph (g, o) ∈ G•, we have

lim
n→∞

µn(B(Gn,On)(R) ' (g, o)) = µ(B(G,O)(R) ' (g, o)).

Let us give an example that will be useful for the statement of our main result. Let Pγ be the
measure on G supported on graphs g = (V,E) with V = Z and E ⊃ {{x, y} : x, y ∈ V, |x− y| = 1},
and so that the events as in (6.3) are independent, with probabilities as in (6.4). If GN is sampled
from PN,γ , G is sampled from Pγ and aN is a sequence with 1 � aN � N , then it is easy to see
that (GN , aN ) converges in distribution to (G, 0).

Note that this convergence is stronger than the well-known local convergence of graphs defined
by Benjamini and Schramm in [15]. In fact, the definition of the local convergence by Benjamini and
Schramm is the following: Let (G, o) and (Gj , oj)j≥1 be random connected rooted graphs. We say
that (G, o) is the Benjamini–Schramm limit of (Gj , oj) as j → ∞ if for every r > 0 and for every
finite rooted graph (H, o′), the probability that (H, o′) is isomorphic to (B{Gj ,oj}(r), oj) converges to
the probability that (H, o′) is isomorphic to (B{G,o}(r), o). Thus, while in the Benjamini–Schramm
convergence needs the existence of some isomorphisms, the isomorphism in our convergence should
be ϕo,o′ .

We now state our main result.

Theorem 42. Assume p ∈ [1,∞] and either of the following conditions hold:

[γ ∈ (0, 1), b ∈ (−∞, 1)], [γ = 1, b ∈ (−∞, 1)\Ep], or [γ > 1, b ∈ (−∞, 0)]. (6.10)

Let UN be the uniform measure on {1, . . . , N}. Then, (GN ,ON ) sampled from Pb,pN,γ ⊗UN converges
in distribution to (G,O) sampled from Pγ ⊗ δ{0}.

Intuitively, this result states that, if one of the three conditions holds, then graphs sampled from
PN,γ and Pb,pN,γ are indistinguishable from the point of view of local convergence; in other words,
the presence of the Gibbs weight exp{−N b · Hp(g)} has no impact on the local picture. Note that,
for the regimes γ ∈ (0, 1) and γ = 1, this is compatible with the heuristic explanation we have
provided above for the proof of Theorem 41: in both cases, graphs are most likely to achieve a small
diameter by deviating from the reference measure in their long-edge configuration. In the remaining
case [γ > 1, b < 0], the idea is that the Gibbs weight is not sufficiently large to cause the random
graph to deviate from its local aspect under the reference measure.

Taking this into account, it is not surprising that the study of local convergence is harder for
γ > 1, b ≥ 0: in that case, short edges do most of the job of reducing the diameter of the graph, so
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the local picture should be affected by the Gibbs weight. If there is a limiting distribution at all,
it would likely differ from Pγ . Our results in this direction are more modest: we show that for a
certain subset of the relevant parameters, there is no convergence in distribution.

Proposition 18. For L > 0, let LL be the set of graphs g = (V,E) ∈ G with the property that, if
x, y ∈ V with 0 < |x− y| ≤ L, then {x, y} ∈ E. For any L > 0, γ > 1, p <∞ and b > p+ 1, then

Pb,pN,γ(GN ∈ LL)
N→∞−−−−→ 1.

In particular (since G consist only of locally finite graphs), the sequence (GN ,ON ) sampled from
Pb,pN,γ ⊗ UN does not converge in distribution.

6.2 Proof of main result

6.2.1 Truncated balls and proof of Theorem 42

In order to prove Theorem 42, it is enough to prove the following statement.
The natural approach to prove (6.14) is to first show that, under the reference measure PN,γ ,

the graph GN has certain desirable properties with high probability, and then to use this to draw
the desired conclusion about the weighted measure Pb,pN,γ . This approach is indeed natural because
of the independence properties of the reference measure, which make it easier to study than the
weighted measure. However, note that for i, j ∈ [N ], events of the form {B(Gn,i)(k) ' (g, o)} and
{B(Gn,j)(k) ' (g, o)} are not independent even if |i− j| is large, as both events could be influenced
by the presence of long edges with extremities in the vicinities of i and j. To deal with this problem,
we will introduce truncated balls below.

Given an edge e = {i, j} of a graph on Z, we define the length of e as |e| := |i − j|. Given the
rooted graph (g, o) and k, L ∈ N, we define the truncated ball BL

(g,o)(k) as follows. Let g′ be the graph
obtained from g by removing all edges with length larger than L; then, we let BL

(g,o)(k) = B(g′,o)(k).
The essential ingredients in our proof of (6.14) are given in the following result.

Proposition 19. Fix γ, p, b as in (6.10).

1. For any k, L > 0, (g, o) ∈ G• and ε > 0,

Pb,pN,γ

(∣∣∣∣∣#{i ∈ [N ] : BL
(GN ,i)

(k) ' (g, o)}
N

− µLγ (k, (g, o))

∣∣∣∣∣ > ε

)
N→∞−−−−→ 0, (6.11)

where
µLγ (k, (g, o)) = Pγ

(
BL

(G,0)(k) ' (g, o)
)
. (6.12)

2. For any ε > 0 there exists L > 0 such that

Pb,pN,γ (GN has more than εN edges with length larger than L)
N→∞−−−−→ 0. (6.13)

Let us show how Proposition 19 gives the proof of Theorem 42; the proof of Proposition 19 will
be given afterwards.

Proof of Theorem 42. Fix γ, p, b as in (6.10). Also fix k ∈ N, (g, o) ∈ G• and ε > 0. First, let us
show that

Pb,pN,γ

(∣∣∣∣#{i ∈ [N ] : B(GN ,i)(k) ' (g, o)}
N

− µγ(k, (g, o))

∣∣∣∣ > ε

)
N→∞−−−−→ 0, (6.14)

where
µγ(k, (g, o)) := Pγ

(
B(G,0)(k) ' (g, o)

)
. (6.15)
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For each L > 0, let µLγ (k, (g, o)) be as in (6.12). Using the fact that Pγ is supported on locally
finite graphs, it is easy to verify that

lim
L→∞

µLγ (k, (g, o)) = µγ(k, (g, o)).

We can thus choose L large enough that

|µLγ (k, (g, o))− µγ(k, (g, o))| < ε/2.

Then, by the triangle inequality,

ε <

∣∣∣∣∣#{i : BL
(GN ,i)

(k) ' (g, o)}
N

− µγ(k, (g, o))

∣∣∣∣∣
≤

∣∣∣∣∣#{i : B(GN ,i)(k) ' (g, o)}
N

−
#{i : BL

(GN ,i)
(k) ' (g, o)}
N

∣∣∣∣∣
+

∣∣∣∣∣#{i : BL
(GN ,i)

(k) ' (g, o)}
N

− µLγ (k, (g, o))

∣∣∣∣∣
+ |µLγ (k, (g, o))− µγ(k, (g, o))|,

implying that ∣∣∣∣∣#{i : BL
(GN ,i)

(k) ' (g, o)}
N

− µLγ (k, (g, o))

∣∣∣∣∣ > ε

4
; or∣∣∣∣∣#{i : B(GN ,i)(k) ' (g, o)}

N
−

#{i : BL
(GN ,i)

(k) ' (g, o)}
N

∣∣∣∣∣ > ε

4
.

It is then sufficient to prove that

Pb,pN,γ

(∣∣∣∣∣#{i : BL
(GN ,i)

(k) ' (g, o)}
N

− µLγ (k, (g, o))

∣∣∣∣∣ > ε

4

)
N→∞−−−−→ 0 (6.16)

and

Pb,pN,γ

(∣∣∣∣∣#{i : B(GN ,i)(k) ' (g, o)}
N

−
#{i : BL

(GN ,i)
(k) ' (g, o)}
N

∣∣∣∣∣ > ε

4

)
N→∞−−−−→ 0. (6.17)

The convergence (6.16) is given directly by (6.11). For (6.17), first observe that, if L is large
(regardless of N),

{i ∈ [N ] : B(GN ,i)(k) ' (g, o)} ⊆ {i ∈ [N ] : BL
(GN ,i)

(k) ' (g, o)}.

Moreover, if i0 ∈ [N ] belongs to the set on the right-hand side but not to the set on the left-hand
side, then there exists a vertex x of g such that i0 + x − o is an extremity of some edge e of GN
with |e| > L. Using these observations, we obtain

|#{i ∈ [N ] : B(GN ,i)(k) ' (g, o)} −#{i ∈ [N ] : BL
(GN ,i)

(k) ' (g, o)}|

≤ 2 ·#{vertices of g} ·#{edges of GN with length larger than L}.

Hence, (6.17) follows from (6.13), concluding (6.14).
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Let us consider the event

A = A(γ, (g, o), ε, k,N) =

{∣∣∣∣#{i : B(GN ,i)(k) ' (g, o)}
N

− µγ(k, (g, o))

∣∣∣∣ > ε

}
. (6.18)

For a fixed δ > 0 and N sufficiently large such that

Pb,pN,γ(A(γ, (g, o), δ/3, k,N)) < δ/3, (6.19)

we have

Pb,pN,γ ⊗ UN ({B(GN ,ON )(k) ' (g, o)} ∩A) ≤ Eb,pN,γ

(
1A ·

#{i : B(GN ,i)(k) ' (g, o)}
N

)
≤ Pb,pN,γ(A)

<
δ

3
,

and

Pb,pN,γ ⊗ UN ({B(GN ,ON )(k) ' (g, o)} ∩Ac) = Eb,pN,γ

(
1Ac ·

#{i : B(GN ,i)(k) ' (g, o)}
N

)
=
∑
h∈Ac

#{i : B(h,i)(k) ' (g, o)}
N

· Pb,pN,γ(h).

Summing and subtracting µγ(k, (g, o)) · Pb,pN,γ(Ac), and since every h ∈ Ac,∣∣∣∣#{i : B(h,i)(k) ' (g, o)}
N

− µγ(k, (g, o))

∣∣∣∣ ≤ δ

3
,

we have∣∣∣∣∣∑
h∈Ac

#{i : B(h,i)(k) ' (g, o)}
N

· Pb,pN,γ(h)− µγ(k, (g, o))

∣∣∣∣∣ ≤
≤

∣∣∣∣∣∑
h∈Ac

#{i : B(h,i)(k) ' (g, o)}
N

· Pb,pN,γ(h)− µγ(k, (g, o)) · Pb,pN,γ(Ac)

∣∣∣∣∣+ µγ(k, (g, o)) · Pb,pN,γ(A)

≤ µγ(k, (g, o))︸ ︷︷ ︸
≤1

·Pb,pN,γ(A)︸ ︷︷ ︸
<δ/3

+
δ

3
· Pb,pN,γ(Ac)︸ ︷︷ ︸

≤1

≤ 2δ

3
.

Therefore, for N sufficiently large,∣∣∣Pb,pN,γ ⊗ UN ({B(GN ,ON )(k) ' (g, o)})− µγ(k, (g, o))
∣∣∣ ≤ 2δ

3
+
δ

3
= δ,

as we desired.

6.2.2 Estimates from [132]

We now import some estimates that we will need from [132] (Lemmas 6 and 7 below) and state
and prove a consequence of them (Corollary 4).

Lemma 6 ([132]). 1. Assume γ ∈ (0, 1). For each α ∈ (0, 1) and N large enough there exists a
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graph ĝα,N such that

Hp(ĝα,N ) ≤ Nα for all p ∈ [1,∞] and

PN,γ(ĝα,N is a subgraph of GN ) ≥ exp
{
−cN1−α(1−γ)

}
,

where c > 0 depends on γ, α but not on N .

2. Assume γ = 1. For each k ∈ N and N large enough there exists a graph ˆ̂gk,N such that

Hp(ˆ̂gk,N ) ≤ 3(k + 1)N
1
k+1 for all p ∈ [1,∞] and

PN,1
(
ˆ̂gk,N is a subgraph of GN

)
≥ exp {−kN} .

Lemma 7 ([132]). Assume p ∈ [1,∞], k ∈ N and α < 1
k . There exists δ > 0 and a function o1(N)

with o1(N)/N
N→∞−−−−→ 0 such that, for N large enough,

if g = ([N ], E) ∈ G with Hp(g) ≤ Nα, then
∑
e∈E:
|e|≥Nδ

|e| ≥ kN − o1(N).

For the following corollary we will use Chernoff’s inequality : Let X be a random variable under
a probability measure P and t ∈ R. For every θ > 0,

P(X ≥ t) ≤ e−θt · E(eθX).

Corollary 4. 1. Assume p ∈ [1,∞] and either of the following conditions hold:

[γ ∈ (0, 1), b ∈ (−∞, 1)] or [γ ≥ 1, b < 0].

If EN are events with PN,γ(EN ) < exp{−βN} for some β > 0 and N large, then

Pb,pN,γ(EN )
N→∞−−−−→ 0. (6.20)

2. Assume γ = 1, p ∈ [1,∞] and b ∈ [0, 1)\Ep. Then,

2a. there exists C > 0 such that, if EN are events with PN,γ(EN ) < exp{−CN} for all N ,
then

Pb,pN,1(EN )
N→∞−−−−→ 0; (6.21)

2b. if EN are events such that PN,γ(EN ) < exp{−cN} for some c > 0, and each EN only
depends on {e : |e| ≤ L} for a fixed L, then

Pb,pN,1(EN )
N→∞−−−−→ 0. (6.22)

Proof. We start assuming that
p ∈ [1,∞], γ > 0, b < 0.

In this case, using that Hp(g) ≤ N for every g ∈ G,

Zb,pN,γ =
∑
g∈G

V (g)={1,...,N}

exp{−N b · Hp(g)} · PN,γ(g) ≥ exp{−N b+1}. (6.23)

Thus, by the fact that b < 0,

Pb,pN,γ(EN ) ≤ (Zb,pN,γ)−1 · PN,γ(EN ) ≤ exp
{
−βN +N b+1

}
N→∞−−−−→ 0.
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This proves part of statement 1 of the corollary; to complete the proof of statement 1, we now
assume

p ∈ [1,∞], γ ∈ (0, 1), b ∈ (−1 + γ, 1).

Applying Lemma 6, for any α ∈ (0, 1) we obtain the following lower bound for the partition function,
for any α ∈ (0, 1):

Zb,pN,γ ≥
∑
g∈G

V (g)={1,...,N}
ĝα,N is a subgraph of g

exp{−N b · Hp(g)} · PN,γ(g)

Hp(ĝα,N ) ≤ Hp(g)→ ≥ exp{−N b · Hp(ĝα,N )} · PN,γ(ĝα,N is a subgraph of GN )

Lemma 6 → ≥ exp{−N b+α − cN1−α(1−γ)}.

Thus,

Pb,pN,γ(EN ) ≤ (Zb,pN,γ)−1 · PN,γ(EN ) ≤ exp
{
−βN +N b+α + cN1−α(1−γ)

}
.

Since b < 1, setting α = 1−b
2−γ gives

b+ α = b+
1− b
2− γ

=
b(1− γ) + 1

2− γ
< 1

and 1− α(1− γ) < 1, proving (6.20).
Now suppose γ = 1, p ∈ [1,∞] and b ∈ [0, 1)\Ep. Let k ∈ N be the unique integer such that

k − 1

k
< b <

k

k + 1
. (6.24)

From Lemma 6, we have

Zb,pN,1 ≥
∑
g∈G

V (g)={1,...,N}
ˆ̂gk,N is a subgraph of g

exp{−N b · Hp(g)} · PN,γ(g)

Hp(ˆ̂gk,N ) ≤ Hp(g)→ ≥ exp
{
−N b · Hp(ˆ̂gk,N )

}
· PN,γ(ˆ̂gk,N is a subgraph of GN )

Lemma 6 → ≥ exp
{
−3(k + 1)N b+ 1

k+1 − kN
}
.

Then
Zb,pN,1 ≥ exp{−kN + o(N)}, (6.25)

where o(N)/N → 0. The last equality holds by (6.24). Then, for C = C(b) > k, we have

Pb,pN,γ(EN ) ≤ (Zb,pN,γ)−1 · PN,γ(EN ) ≤ exp{−CN + kN − o(N)} N→∞−−−−→ 0,

proving (6.21). To prove (6.22), fix an arbitrary 1
k+1 < α < 1

k . Take δ > 0 and o1(N) as in Lemma 7.
Define

B = {Hp(GN ) ≤ Nα} and

C =

GN = ([N ], E) :
∑

e∈E:|e|≥Nδ

|e| ≥ kN − o1(N)

 .

Then,
Pb,pN,1(EN ) = Pb,pN,1(EN ∩B) + Pb,pN,1(EN ∩Bc).



6.2 Proof of main result 81

Choose ε > 0 such that
1

k + 1
+ ε < α.

From Theorem 41, since b satisfies (6.24),

Pb,pN,1
(
N

1
k+1
−ε < Hp(GN ) < N

1
k+1

+ε
)

N→∞−−−−→ 1.

Thus,
Pb,pN,1(EN ∩Bc) ≤ Pb,pN,1(Hp(GN ) > Nα)

N→∞−−−−→ 0.

Lemma 7 claims that B ⊆ C. Moreover, since the event EN depends only on edges with length
at most L, we can take N large enough so that the events EN and C are independent under the
reference measure PN,1. Thus,

Pb,pN,1(EN ∩B) ≤ Pb,pN,1(EN ∩ C)

≤ (Zb,pN,1)−1 · PN,1(EN ) · PN,1(C)

By (6.25)→ ≤ exp{kN − o(N)} · exp{−cN} · PN,1(C).

Now, by Chernoff’s inequality,

PN,1(C) = PN,1

 ∑
e∈E(GN ):|e|≥Nδ

|e| ≥ kN − o1(N)


Chernoff’s inequality→ ≤ exp{−θ(kN − o1(N))} · EN,1

exp

θ ∑
e∈E(GN ):|e|≥Nδ

|e|




Independence→ = exp{−θ(kN − o1(N))} ·
∏
e∈EN :
|e|≥Nδ

EN,1
(
exp

{
θ · |e| · 1{e∈E(GN )}

})
≤ exp{−θ(kN − o1(N))} ·

∏
e∈EN :
|e|≥Nδ

(1 + exp{(θ − 1)|e|})

Using x+ 1 ≤ ex → ≤ exp{−θ(kN − o1(N))} ·
∏
e∈EN :
|e|≥Nδ

exp{exp{(θ − 1)|e|}}

≤ exp{−θ(kN − o1(N))} ·
N∏

i=bNδc

∏
e∈EN :
|e|=i

exp{exp{(θ − 1)i}}

≤ exp

−θ(kN − o1(N)) +
N∑

i=bNδc

∑
e∈EN :
|e|=i

exp{(θ − 1)i}


#{e ∈ EN : |e| = i} ≤ N → ≤ exp

−θ(kN − o1(N)) +N

∞∑
i=bNδc

exp{(θ − 1)i}

 .

Taking any δ′ < δ, and θ = 1−N−δ′ , for N large enough,

N
∞∑

i=bNδc

exp{(θ − 1)i} = N
∞∑

i=bNδc

exp{−N−δ′i} ≤ 2.
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Thus,
PN,1(C) ≤ exp{−(1−N−δ′)(kN − o1(N)) + 2} = exp{−kN + o(N)}.

This completes the proof of (6.22).

6.2.3 Estimates for the reference measure and proof of Proposition 19

We will use the following concentration result [103] for sums of bounded random variables with
finite-range dependence. Let (Ω,F ,P) be a probability space, A be some index set and {Yα}α∈A be
a family of random variables.

• A subset A′ of A is independent if the corresponding random variables {Yα}α∈A′ , are inde-
pendent.

• A family {Aj}j of subsets of A is a cover of A if
⋃
j Aj = A.

• A family {(Aj , wj)}j of pairs (Aj , wj), where Aj is a subset of A and wj ∈ [0, 1] is a fractional
cover of A if

∑
j:α∈Aj wj ≥ 1 for each α ∈ A.

• A (fractional) cover is proper if each set Aj is independent.

• χ(A) is the size of the smallest proper cover of A, i.e. the smallest m such that A is the union
of m independent subsets (in combinatory, this number is the chromatic number of the set A).

• χ∗(A) is the minimum of
∑

j wj over all proper fractional covers {(Aj , wj)}j .

Note that, taking wj = 1 for every j, we have χ∗(A) ≤ χ(A). The following theorem is the main
result in [103].

Theorem 43. Let (Ω,F ,P) be a probability space, and X be the random variable X =
∑

α∈A Yα
of a family of random variables Yα, with α ranging over some index set A, and with aα ≤ Yα ≤ bα
for every α ∈ A and some real numbers aα and bα. Then, for t > 0,

P(X ≥ E(X) + t) ≤ exp

(
−2

t2

χ∗(A)
∑

α∈A(bα − aα)2

)
. (6.26)

As said in [103], Theorem 43 extends Theorem 2 of [94], which is the case of independent
variables (and so χ∗(A) = 1). We will use a particular case of Theorem 43.

Lemma 8. Let Y1, . . . , Yn be random variables such that, for some m,L > 0 and for each i,
0 ≤ Yi ≤ m and Yi is independent of {Yj : |j − i| > L}. Then, letting X =

∑n
i=1 Yi, we have

P (|X − E(X)| > t) ≤ 2 exp

{
− 2t2

(2L+ 1)nm2

}
. (6.27)

We now state and prove two lemmas which give upper bounds to the probabilities of the same
events that appear in the two parts of Proposition 19; however, in these lemmas, the probability
measure under consideration is the reference measure PN,γ rather than the weighted measure Pb,pN,γ .

Lemma 9. Let γ > 0, k, L > 0, (g, o) ∈ G• and ε > 0. For N large enough we have

PN,γ

(∣∣∣∣∣#{i ∈ [N ] : BL
(GN ,i)

(k) ' (g, o)}
N

− µLγ (k, (g, o))

∣∣∣∣∣ > ε

)
< 2 exp

{
− ε2N

8kL+ 2

}
, (6.28)

where µLγ (k, (g, o)) is as in (6.12).
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Proof. Fix γ, k, L, (g, o) and ε. Also let N > L. Define

YN,i = N−1 · 1{BL
(G,i)(k) ' (g, o)}, i ∈ [N ],

XN =
N∑
i=1

YN,i, νLN,γ(k, (g, o)) = EN,γ (XN ) .

If 1 + kL < i < N − kL, then

PN,γ
(
BL

(GN ,i)
(k) ' (g, o)

)
= µLγ (k, (g, o)),

so, we have

|νLN,γ(k, (g, o))− µLγ (k, (g, o))| =

∣∣∣∣∣
N∑
i=1

N−1PN,γ(BL
(GN ,i)

(k) ' (g, o))− µLγ (k, (g, o))

∣∣∣∣∣
≤

∣∣∣∣∣
N−kL∑
i=1+kL

N−1µLγ (k, (g, o))− µLγ (k, (g, o))

∣∣∣∣∣+
2kL

N

=
2kL

N
· µLγ (k, (g, o)) +

2kL

N
,

and then, for N large enough,

|νLN,γ(k, (g, o))− µLγ (k, (g, o))| < ε

2
. (6.29)

Moreover, for each i ∈ [N ] we have 0 ≤ YN,i ≤ N−1 and YN,i is independent of {YN,j : |j−i| > 2kL}
under PN,γ , so Lemma 8 yields

PN,γ
(
|XN − νLN,γ(k, (g, o))| > ε

2

)
≤ 2 exp

{
− 2ε2N2

4(4kL+ 1)N

}
= 2 exp

{
− ε2N

8kL+ 2

}
.

(6.30)

The result now follows from (6.29) and (6.30) and by the triangle inequality, since for N sufficiently
large, ∣∣XN − µLγ (k, (g, o))

∣∣ ≤ ∣∣XN − νLN,γ(k, (g, o))
∣∣+ |νLN,γ(k, (g, o))− µLγ (k, (g, o))|

≤
∣∣XN − νLN,γ(k, (g, o))

∣∣+
ε

2
,

and thus,
PN,γ

(∣∣XN − µLγ (k, (g, o))
∣∣ > ε

)
≤ PN,γ

(∣∣XN − νLN,γ(k, (g, o))
∣∣ > ε

2

)
≤ 2 exp

{
− ε2N

8kL+ 2

}
,

as we desired.

Lemma 10. For every γ > 0, N > 1 and ε > 0 we have, for L large enough,

PN,γ(GN has more than εN edges with length larger than L) ≤ exp
{
−Lγ/8N

}
.

Proof. Fix L ≥ 1 and g ∈ G with V (g) = {1, . . . , N}, and define

ΛN,L = {{i, j} : 1 ≤ i < i+ L < j ≤ N},
ΛN,L,g = ΛN,L ∩ E(g).
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By Chernoff’s inequality, for θ > 0,

PN,γ(GN has more than εN edges with length larger than L) ≤
Chernoff’s inequality→ ≤ exp{−θεN} · EN,γ(exp{θ ·#{{i, j} ∈ ΛN,L,GN }})

= exp{−θεN} · EN,γ

 ∏
{i,j}∈ΛN,L

exp{θ · 1{{i,j}∈E(GN )}}


Independence→ ≤ exp{−θεN}

∏
{i,j}∈ΛN,L

(
p{i,j} exp{θ}+ 1− p{i,j}

)
Using x+ 1 ≤ ex → ≤ exp{−θεN}

∏
{i,j}∈ΛN,L

exp{p{i,j}(exp{θ} − 1)};

we remind the reader that p{i,j} = exp{−|j − i|γ}. The right-hand side is less than

exp{−θεN}
∏

{i,j}∈ΛN,L

exp{p{i,j}(exp{θ} − 1)}

≤ exp

−θεN + (exp{θ} − 1)
∑

{i,j}∈ΛN,L

p{i,j}

 . (6.31)

We then bound

∑
{i,j}∈ΛN,L

p{i,j} =
N∑

k=L+1

(N − k + 1) exp{−kγ} ≤ N
∞∑

k=L+1

exp{−kγ}.

Then,
∞∑

k=L+1

exp{−kγ} ≤ exp{−Lγ}
∞∑

k=L+1

exp{−kγ + Lγ}

≤ exp{−Lγ}
∞∑
j=1

d(j+1)Le∑
k=bjLc

exp{−kγ + Lγ}

≤ exp{−Lγ}
∞∑
j=1

2L exp{−(jL)γ + Lγ}

≤ 2L exp{−Lγ}
∞∑
j=1

exp{−Lγ(jγ − 1)}

≤ 2 · L · exp{−Lγ} · Cγ ,

where Cγ =
∑∞

j=1 exp{−(jγ − 1)}. Thus, for L large enough,∑
{i,j}∈ΛN,L

p{i,j} < N exp{−Lγ/2}. (6.32)

Choosing θ = L
γ
4 , the expression in (6.31) is at most

exp
{
−L

γ
4 εN + exp{L

γ
4 } · exp{−L

γ
2 } ·N

}
< exp{−L

γ
8N}

if L is large enough.

Proof of Proposition 19. For 0 < γ < 1, b ∈ (−∞, 1) or γ ≥ 1, b < 0, by Lemma 9 and 10, and by
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Corollary 4, item 1, we conclude (6.11) and (6.13). For γ = 1, b ∈ (0, 1) \ Ep, since the event{∣∣∣∣∣#{i ∈ [N ] : BL
(GN ,i)

(k) ' (g, o)}
N

− µLγ (k, (g, o))

∣∣∣∣∣ > ε

}

depends only of edges with length at most L, we can apply Corollary 4, item 2b, to conclude (6.11).
Finally, choosing L ≥ 1 such that Lγ/8 > C, where C > 0 is the constant of Corollary 4, item 2a,
by Lemma 10 we conclude (6.13).

6.3 No local convergence for γ > 1, p <∞ and b > p+ 1

Proof of Proposition 18. Fix γ > 1, p ∈ [1,∞), b > p + 1 and L > 1. Also fix N ∈ N. For
g = ([N ], E) ∈ LL and k ∈ N, let ML,k(g) be the set of graphs obtained by removing k edges with
length at most L from g. For g′ ∈ ML,k(g), consider Ẽk = {{x1, y1}, . . . , {xk, yk}} be the removed
edges from g. Since dg′(x, y) ≥ dg(x, y) for every x, y ∈ V , and dg′(xl, yl) ≥ dg(xl, yl) + 1 for every
l = 1 . . . , k, we have

k∑
l=1

(dg′(xl, yl))p ≥
k∑
l=1

p∑
t=0

(
p

t

)
(dg(xl, yl))t. (6.33)

Then,

(Hp(g′))p =
1(
N
2

) ∑
x,y∈V
x<y

{x,y}/∈Ẽk

(dg′(x, y))p +
1(
N
2

) k∑
l=1

(dg′(xl, yl))p

≥ 1(
N
2

) ∑
x,y∈V
x<y

(dg′(x, y))p +
1(
N
2

) k∑
l=1

p−1∑
t=0

(
p

t

)
(dg(xl, yl))t

dg(xl, yl) ≥ 1→ =
1(
N
2

) ∑
x,y∈V
x<y

(dg(x, y))p +
k(
N
2

) · (2p − 1).

Thus,

(Hp(g′))p ≥ (Hp(g))p +
k(
N
2

) · (2p − 1). (6.34)

Since Hp(g) ∈ [1, N ], the mean value theorem gives

Hp(g′)−Hp(g) ≥ (Hp(g′))p − (Hp(g))p

p ·Np−1
≥ 2p − 1

p
· k

Np+1
. (6.35)

Thus, for g′ ∈ML,k(g),

PN,γ(g′)

PN,γ(g)
=

k∏
l=1

exp{|xl − yl|γ} ≤
k∏
l=1

exp{Lγ} = exp{Lγk},

and then,

Pb,pN,γ(GN = g′)

Pb,pN,γ(GN = g)
= exp{−N b(Hp(g′)−Hp(g))}

PN,γ(g′)

PN,γ(g′)

≤ exp

{
−kN b−p−1 · (2p − 1)

p

}
(exp{Lγ})k.
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Noting that the number of edges with length at most L in {1, . . . , N} is at most NL, and

#ML,k(g) ≤
(
NL

k

)
, (6.36)

we bound

NL∑
k=1

∑
g′∈ML,k(g)

Pb,pN,γ(GN = g′)

Pb,pN,γ(GN = g)
≤

NL∑
k=1

(
NL

k

)
exp

{
−kN b−p−1 · (2p − 1)

p

}
(exp{Lγ})k

≤
∞∑
k=1

(
exp{Lγ} ·N · L · exp

{
−N b−p−1 · (2p − 1)

p

})k
N→∞−−−−→ 0

since b > p+ 1. Moreover, note that the family {ML,k(g)}k≥1,g∈LL is pairwise disjoint, and⋃
g∈LL

⋃
k≥1

ML,k(g) = LcL. (6.37)

Thus,

Pb,pN,γ(GN /∈ LL) ≤
∑
g∈LL

Pb,pN,γ(GN = g)
NL∑
k=1

∑
g′∈ML,k(g)

Pb,pN,γ(GN = g′)

Pb,pN,γ(GN = g)

N→∞−−−−→ 0,

as desired.

For the case p = ∞, it is possible to prove a weak statement that evidences the possibility of
the sequence (GN ,ON ) sampled from Pb,∞N,γ ⊗ UN does not converge in distribution.

Given a graph g ∈ G and L > 1, we denote by ĝL ∈ LL to be the graph obtained by modifying g
so that all edges e with length |e| ≤ L are present. Define H∗L(g) := H∞(ĝL), and note that, for
every g, we have H∞(g) ≥ H∗L(g). We say that g is L-optimal if

H∞(g) = H∗L(g). (6.38)

Theorem 44. Let γ > 1 and b > 1. For every L > 1, we have

Pb,∞N,γ(GN is L-optimal) N→∞−−−−→ 1. (6.39)

Proof. Fix N ≥ 1, γ > 1, b > 1 and L > 1. Note that, if g is not L-optimal, then

H∞(g) ≥ H∗L(g) + 1. (6.40)

Let PL be the set of all L-optimal graphs, and consider GL+ (resp. GL−) be the set of graphs
g = ([N ], E) containing only edges e with length |e| > L (resp. |e| ≤ L) and all edges {x, y} with
|x− y| = 1. Note that the sets

GN = {g ∈ G : g = ([N ], E), E ⊃ {{x, y} : x, y ∈ [N ], |x− y| = 1}} and GL+ × GL−

are isomorphic. In fact, the function ψ : GN → GL+ × GL− defined by ψ(g) = (g+, g−), where
g+ is the graph obtained by g removing all edges with length 1 < |e| ≤ L, and g− is the graph
obtained by g removing all edges with length |e| > L, is a bijection. Define H∞(ψ(g)) := H∞(g)
and PN,γ(ψ(g)) := PN,γ(g). Consider kL ∈ LL be the graph on [N ] such that all edges with length
at most L are present, and all edges with length larger than L are absent. Thus,

Pb,∞N,γ(PcL) =
1

Zb,∞N,γ

∑
g∈PcL

exp{−N b · H∞(g)}PN,γ(g)
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=
1

Zb,∞N,γ

∑
(g+,g−)∈ψ(PcL)

exp{−N b · (H∗L(g+, g−) + 1)}PN,γ(g+, g−)

≤ 1

Zb,∞N,γ

∑
g+∈GL+

exp{−N b · (H∗L(g+, kL) + 1)}
∑

g−∈GL−
(g+,g−)∈ψ(PcL)

PN,γ(g+, g−).

Since #GL− ≤ 2NL, we have

∑
g−∈GL−

(g+,g−)∈ψ(PcL)

PN,γ(g+, g−) = PN,γ(g+, kL)
∑

g−∈GL−
(g+,g−)∈ψ(PcL)

 ∏
e/∈E(g−):|e|≤L

(exp{|e|γ} − 1)


≤ PN,γ(g+, kL) ·#GL− · (exp{Lγ+1})N

≤ cN · PN,γ(g+, kL),

where c = c(L, γ) = 2L · exp{Lγ+1}. Thus,

Pb,∞N,γ(PcL) ≤ 1

Zb,∞N,γ

∑
g+∈GL+

exp{−N b · (H∗L(g+, kL) + 1)} · cN · PN,γ(g+, kL)

≤ cN · exp{−N b} N→∞−−−−→ 0,

as desired.

6.4 Final remarks and open questions

As mentioned after the statement of Theorem 41, the “transition window” for b in case γ > 1 is
the interval (0, γ) (regardless of p). Hence, if p+ 1 < γ, Proposition 18 shows that there is no local
limit even for some values of b within the transition window.

For γ > 1, this leaves open the cases:

p =∞, b ≥ 0 and p ∈ [1,∞), b ∈ [0, p+ 1].

We have no guess on whether or not local convergence occurs for some of these parameter values.
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