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Resumo

Jéssica Correia Santos Alves. Impulsive release strategies in population dynamics:
species competition and mosquito population control. Tese (Doutorado). Instituto
de Matemática, Estatística e Ciências da Computação, Universidade de São Paulo, São
Paulo, 2026.

Esta tese propõe um arcabouço matemático baseado em equações diferenciais impulsivas para o estudo,
a análise e a otimização de estratégias periódicas de introdução populacional voltadas à substituição ou à
supressão de populações residentes. O trabalho investiga como intervenções impulsivas podem ser planejadas
de forma a garantir a persistência da população introduzida, minimizar os custos operacionais e preservar a
efetividade das estratégias mesmo diante de restrições ecológicas e de perturbações ambientais.

A principal contribuição teórica consiste na construção e análise de uma classe de modelos impulsivos de
competição nos quais apenas uma das populações é submetida a liberações periódicas. A partir da adaptação
de um modelo contínuo previamente estabelecido, são obtidos resultados analíticos relativos à positividade,
existência e unicidade de soluções, bem como condições suficientes para estabilidade global, persistência
da população introduzida e eliminação da população residente. Esses resultados estabelecem critérios
matemáticos capazes de orientar estratégias de substituição populacional baseadas em intervenções discretas.

Com base nesse arcabouço, são formulados problemas de controle ótimo impulsivo visando determinar
estratégias de liberação que minimizem o número total de indivíduos introduzidos sem comprometer o
sucesso da intervenção. O modelo é posteriormente estendido para incorporar capacidades de suporte
específicas das espécies, permitindo investigar de forma inédita como limitações ecológicas influenciam a
intensidade, a frequência e a distribuição temporal das liberações ótimas. Os resultados revelam a importância
da estrutura ambiental na definição de políticas eficientes de manejo populacional.

Como aplicação biológica, a tese propõe um novo modelo para a dinâmica de populações de Aedes
aegypti infectadas com Wolbachia submetidas simultaneamente a liberações periódicas e à perda de infecção
induzida pela temperatura. Diferentemente das abordagens existentes, ambos os processos são descritos por
mecanismos impulsivos, possibilitando representar de forma mais realista programas de liberação realizados
em ambientes sujeitos a eventos térmicos extremos. Nesse contexto, são obtidas condições limiares para
persistência da infecção, existência e estabilidade de soluções periódicas, além de uma análise comparativa
entre as cepas wMelPop, wMel e wAlbB. Os resultados evidenciam como diferenças de tolerância térmica e
custos de aptidão afetam a manutenção da infecção após o encerramento das liberações.

De forma geral, a tese integra análise qualitativa de sistemas impulsivos, teoria do controle ótimo e
modelagem biológica aplicada, produzindo novos resultados matemáticos e metodológicos para problemas de
substituição populacional. O arcabouço desenvolvido é suficientemente geral para ser adaptado a diferentes
sistemas ecológicos e epidemiológicos, fornecendo ferramentas quantitativas para o planejamento e a
avaliação de estratégias de controle vetorial e manejo populacional.

Palavras-chave: Equações diferenciais impulsivas; Controle ótimo; Dinâmica Populacional; Wolbachia;
Aedes aegypti.





Abstract

Jéssica Correia Santos Alves. Impulsive release strategies in population dynamics:
species competition and mosquito population control. Thesis (Doctorate). Institute
of Mathematics, Statistics and Computer Sciences, University of São Paulo, São Paulo,
2026.

This thesis proposes a mathematical framework based on impulsive differential equations for the
study, analysis, and optimization of periodic population introduction strategies aimed at the replacement or
suppression of resident populations. The work investigates how impulsive interventions can be designed
to ensure the persistence of the introduced population, minimize operational costs, and preserve the
effectiveness of the strategies under ecological constraints and environmental disturbances.

The main theoretical contribution consists of the construction and analysis of a class of impulsive
competition models in which only one of the populations is subject to periodic releases. By adapting a
previously established continuous model, analytical results are obtained concerning the positivity, existence,
and uniqueness of solutions, as well as sufficient conditions for global stability, persistence of the introduced
population, and elimination of the resident population. These results provide mathematical criteria capable
of guiding population replacement strategies based on discrete interventions.

Building upon this framework, impulsive optimal control problems are formulated to determine release
strategies that minimize the total number of introduced individuals without compromising the success of
the intervention. The model is subsequently extended to incorporate species-specific carrying capacities,
allowing for a novel investigation of how ecological limitations influence the intensity, frequency, and
temporal distribution of optimal releases. The results highlight the importance of environmental structure
in the design of efficient population management policies.

As a biological application, the thesis proposes a new model for the dynamics of Aedes aegypti popula-
tions infected with Wolbachia and subjected simultaneously to periodic releases and temperature-induced
infection loss. Unlike existing approaches, both processes are described through impulsive mechanisms,
enabling a more realistic representation of release programs conducted in environments exposed to extreme
thermal events. In this context, threshold conditions are derived for infection persistence, as well as con-
ditions for the existence and stability of periodic solutions. A comparative analysis is also performed for
the Wolbachia strains wMelPop, wMel, and wAlbB. The results demonstrate how differences in thermal
tolerance and fitness costs affect infection maintenance after the release program has ended.

Overall, the thesis integrates the qualitative analysis of impulsive systems, optimal control theory,
and applied biological modeling, yielding new mathematical and methodological results for population
replacement problems. The proposed framework is sufficiently general to be adapted to a wide range of
ecological and epidemiological systems, providing quantitative tools for the planning and evaluation of
vector control and population management strategies.

Keywords: Impulsive differential equations; Optimal control; Population dynamics; Wolbachia; Aedes
aegypti.
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Chapter 1

Introduction

Mathematical modeling has become a central framework for investigating complex
biological and ecological systems, particularly in the study of population dynamics and
species interactions. Over the past decades, increasing attention has been directed toward
strategies to suppress or replace harmful populations through the deliberate introduction of
competing or modified organisms (Sundaresan et al., 2025; Bimler et al., 2024; May, 2001).
Such approaches have been widely implemented in ecological management programs and
have gained growing relevance in the prevention and mitigation of vector-borne diseases
(Wilson et al., 2020; Flores and O’Neill, 2018).

In this context, population replacement and suppression strategies play a central role
as complementary options to conventional intervention practices (Leftwich et al., 2016;
Guariento et al., 2023). Conventional techniques, such as chemical control and envi-
ronmental management, often encounter limitations related to resistance, environmental
impacts, and long-term effectiveness (Zhou et al., 2025; Siddiqui et al., 2023). As a result,
alternative methodologies based on ecological competition and population substitution
have attracted considerable interest as potentially efficient and environmentally sustainable
solutions (Civolani et al., 2025; Leftwich et al., 2016).

The investigation of population interactions plays a fundamental role in understand-
ing ecological replacement and species suppression processes. Competitive mechanisms
are key drivers of population dynamics, influencing coexistence patterns, competitive
exclusion, and long-term stability in ecological systems (Yamamichi et al., 2022; Valiente-
Banuet et al., 2015). From an ecological perspective, models incorporating these inter-
actions provide valuable insights into the conditions that allow a population to invade
and establish itself in an environment already occupied by another population. From a
mathematical viewpoint, such models form a fundamental class of dynamical systems,
enabling the analysis of invasion thresholds, stability properties, and persistence conditions
(Holt and Kortessis, 2024; Hastings, 2013). Consequently, the mathematical study of
interacting populations establishes an essential theoretical foundation for the development
of intervention strategies based on ecological principles.

Another key ecological component affecting population interactions is the concept
of carrying capacity, which represents environmental constraints that limit population
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growth. Variations in carrying capacities among populations can strongly influence com-
petitive outcomes, invasion success, and long-term persistence. Ecologically, carrying
capacity reflects resource availability, habitat suitability, and environmental restrictions
that regulate population sizes (Chapman and Byron, 2018; Hartvigsen, 2013). From a
modeling perspective, incorporating species-specific carrying capacities allows a more
realistic representation of ecological systems and provides important insights into how
environmental limitations affect the efficiency of intervention and replacement strategies
(Alves, Oliva, et al., 2026; Cardona-Salgado et al., 2020; Ogunlade et al., 2020).

A relevant and contemporary application of population replacement arises in the
control of Aedes aegypti, a major vector of dengue, Zika, and chikungunya viruses and a
persistent global public health concern (Cheong et al., 2025). One promising approach
consists of releasing mosquitoes carrying the endosymbiotic bacterium Wolbachia (Achee
et al., 2019; Flores and O’Neill, 2018). This bacterium reduces the ability of Aedes aegypti
to transmit these viruses and spreads through populations via highly efficient maternal
transmission (Ross, 2021; Garcia et al., 2019). The effectiveness of this intervention relies
on complex ecological and epidemiological processes, demanding robust quantitative
models and field studies to assess feasibility and guide the design of efficient operational
strategies (Ogunlade et al., 2020; Luis Almeida, Duprez, et al., 2019; Gonzales et al., 2025).

In many population management programs, interventions are not implemented con-
tinuously over time but instead occur through discrete and periodically scheduled actions,
such as the planned release of individuals into the environment (Kittayapong et al.,
2019). These operational characteristics naturally motivate the use of impulsive differential
equations as an appropriate modeling framework.

Impulsive models allow the representation of abrupt changes in system states occurring
at specific time instants, providing a more realistic description of intervention programs
conducted in practice. Moreover, the integration of impulsive dynamical systems with
optimal control theory enables the identification of efficient intervention policies that
simultaneously ensure the effectiveness of the strategy and reduce operational costs.

Although substantial progress has been achieved in the study of continuous-time
control strategies, comparatively fewer works address population management problems
under impulsive release protocols (Huang, Song, et al., 2017; Huang, You, et al., 2021; Li
and Ai, 2020). This limitation highlights the need for the development of mathematical
methodologies capable of analyzing impulsive population systems (Lakshmikantham
et al., 1989) and determining optimal discrete intervention strategies (Alves, Oliva, et al.,
2026; Luís Almeida et al., 2019; Gonzales et al., 2025; Pei et al., 2018).

Numerous studies have examined species replacement and vector control using math-
ematical models of population dynamics, offering valuable insights into invasion mech-
anisms, persistence criteria, and intervention performance (Dorigatti et al., 2018; Yu
and Zheng, 2019; Luis Almeida, Duprez, et al., 2019). However, much of the literature
emphasizes continuous release schemes or overlooks key biological and environmental
factors that shape persistence and the evolution of the system over extended time horizons.

In particular, the combined effects of impulsive release strategies (Luis Almeida,
Duprez, et al., 2022; Huang, You, et al., 2021; Dianavinnarasi et al., 2021), species
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interactions (Blackwood et al., 2018; Alves, Oliva, et al., 2026), ecological constraints, and
environmental perturbations remain insufficiently explored in the literature. Furthermore,
realistic vector control programs must account for biological mechanisms such as imperfect
maternal transmission (Ross et al., 2019; Mancini et al., 2021), as well as environmental
stressors, including temperature fluctuations (Lopes et al., 2023; Ross et al., 2017; Ross
et al., 2020), which may directly affect infection stability and population replacement
success (Ulrich et al., 2016; Xue et al., 2018).

These limitations underscore the need to develop a comprehensive mathematical frame-
work capable of addressing population control problems under impulsive interventions
(Huang, You, et al., 2021; Cardona-Salgado et al., 2020) while accounting for relevant
ecological and epidemiological complexities (Gonzales et al., 2025; Ogunlade et al., 2020).
Such an approach provides a more realistic representation of operational programs and
contributes to the design of efficient and reliable intervention strategies.

One of the central novelties of this thesis is the incorporation of multiple impulsive
mechanisms within a unified population dynamics framework. In particular, the models
developed in this work simultaneously represent operational interventions, such as periodic
releases of individuals (Bliman et al., 2019; Luis Almeida et al., 2024; Liu et al., 2023),
and environmentally driven perturbations, such as temperature-induced infection loss
(Gunasekaran et al., 2022; Ulrich et al., 2016), through distinct impulsive processes acting
at different time instants (Pei et al., 2018; Lakshmikantham et al., 1989), as illustrated in
the schematic diagram of the proposed model in Chapter 4 (Figure 1.1). This formulation
allows a more realistic representation of biological and operational dynamics and provides
a flexible mathematical structure for analyzing population replacement strategies under
combined anthropogenic and environmental influences (Orozco-Gonzales et al., 2024;
Lopes et al., 2023; Alves, Oliva, et al., 2026).

In light of these challenges, this thesis is guided by the following central research
question:

How can impulsive intervention strategies be mathematically designed and analyzed
to modify stability regimes in competitive population systems and ensure the successful
establishment of introduced populations under ecological constraints and environmental
perturbations?

To address this question, this work combines impulsive dynamical systems, optimal
control theory, and biologically grounded modeling, aiming to develop a rigorous theoreti-
cal and computational framework for population replacement strategies with practical
relevance in ecological management and vector-borne disease control.

1.1 Objectives of the Thesis
The main objective of this thesis is to develop and analyze mathematical frameworks

based on impulsive differential equations for the design of population replacement strate-
gies under periodic interventions, with applications ranging from species competition
systems to Wolbachia-based vector control.

More specifically, this thesis pursues three interconnected objectives:
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Wild Population
𝑆1(𝑡)

Infected Population
𝑆2(𝑡)

Competition

Competition, CI (𝛾 )

Continuous dynamics

Temperature-induced infection loss
𝜑(𝑡)

+ transfer − reduction

Periodic release
𝑢𝑛

Figure 1.1: Schematic representation of the impulsive population model developed in Chapter 4 of
this thesis. The continuous dynamics describe competitive interactions between wild and infected
populations, including cytoplasmic incompatibility represented by parameter 𝛾 . Two distinct impulsive
mechanisms are incorporated: temperature-induced infection loss and periodic releases of infected
individuals.

• To develop impulsive population models and establish analytical conditions ensuring
persistence of introduced populations together with suppression or replacement of
resident populations;

• To formulate and analyze optimal impulsive control strategies, investigating how
ecological constraints, particularly species-specific carrying capacities, influence the
efficiency and cost of intervention policies;

• To apply the proposed framework to the control of Aedes aegypti through the release
of Wolbachia-infected mosquitoes, incorporating temperature-induced infection loss
and evaluating the robustness of different intervention scenarios.

Together, these objectives contribute to the development of a unified impulsive model-
ing framework capable of integrating theoretical analysis, optimal control, and biologically
motivated applications in population management.

1.2 Main Contributions
The main scientific contributions of this thesis are summarized as follows:

• The development of an impulsive mathematical framework for population replace-
ment, including analytical conditions that guarantee persistence of introduced popu-
lations and suppression or elimination of resident populations under periodic release
interventions;

• The formulation and analysis of optimal impulsive control strategies that minimize
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intervention costs while ensuring successful population replacement, together with
the characterization of the influence of species-specific carrying capacities on optimal
release policies;

• The proposal of a novel impulsive model for Wolbachia-based mosquito control that
incorporates both periodic releases and temperature-driven infection loss through
impulsive mechanisms, together with analytical and numerical results describing
conditions for long-term infection persistence;

• The integration of impulsive dynamical systems theory, optimal control, and vector
control applications into a coherent mathematical framework that can be extended
to a broad class of ecological and epidemiological systems.

Collectively, these contributions advance the theoretical understanding of impulsive
population management and provide quantitative tools for the design and evaluation of
biologically realistic intervention strategies.

1.3 Organization of the Thesis
This thesis is structured as a collection of scientific articles, including published papers

and manuscripts submitted to peer-reviewed journals. It reflects the progressive devel-
opment of the research questions addressed throughout the doctoral work. Each chapter
presents a self-contained study addressing different aspects of impulsive population dy-
namics and control strategies, while collectively contributing to the overarching research
objectives of this thesis. For this reason, each chapter contains its own set of results,
appendices, and bibliography. The chapters have been adapted and integrated to ensure
coherence and continuity throughout the document. They are connected by a common
methodological framework based on impulsive dynamical systems, optimal control theory,
and population replacement strategies in ecological and epidemiological contexts.

This thesis is organized as follows.

Chapter 2 is based on the article entitled “Optimizing Impulsive Releases: A Species
Competition Model”, published in the journal Applied Mathematical Modelling (vol. 151,
2026, Art. 116517). This chapter introduces a general model of species competition in-
corporating impulsive periodic releases applied to the introduced population. Analytical
conditions ensuring persistence and global stability of the system are established, and
an optimal control problem is formulated to determine efficient release strategies that
balance effectiveness and intervention costs.

Chapter 3 is based on the article entitled “Impact of Carrying Capacity on Species
Competition in Optimization Strategies for Impulsive Releases”, published in the Proceedings
Series of the Brazilian Society of Computational and Applied Mathematics (vol.12, nº.1, 2026).
This chapter extends the framework developed in Chapter 2 by incorporating species-
specific carrying capacities into the competitive population model and the optimal control
formulation. The results show that the efficiency and cost of the optimal intervention
strategy are strongly influenced by the relative difference between the carrying capacities
of the competing species, with smaller disparities leading to reduced release effort and
facilitating population replacement.
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Chapter 4 is based on Impulsive Release Strategies for Wolbachia-Infected Mosquitoes
under Temperature Induced Infection Loss ( Alves, Schaerer, et al., 2026), which has been
submitted for publication. This chapter applies the proposed impulsive modeling and
control methodologies to the biological control of Aedes aegypti by releasing Wolbachia-
infected mosquitoes. A novel model is developed that simultaneously incorporates periodic
release interventions and temperature-induced infection loss represented through envi-
ronmental impulsive perturbations. The chapter presents analytical results supported by
numerical simulations, including a comparative analysis of different Wolbachia strains
under environmental variability.

Chapter 5 presents the general conclusions of the thesis, highlighting the main the-
oretical and applied contributions of the developed models. This chapter also discusses
research perspectives and potential extensions of the proposed methodologies, as well as
the broader implications of impulsive population control strategies in ecological and epi-
demiological contexts. Additionally, it includes final reflections on the academic trajectory
of this research.



7

Chapter 2

Optimizing Impulsive Releases: A
Species Competition Model

This chapter corresponds to the article authored by Jéssica Correia Santos Alves, in
co-authorship with Professors Sergio Oliva and Christian Schaerer, entitled “Optimizing
Impulsive Releases: A Species Competition Model”, published in the journal Applied Math-
ematical Modelling (vol. 151, 2026, Art. 116517). The text has been adapted to the thesis
format, with minor adjustments in style and notation.

The study of models described by impulsive differential equations is highly relevant,
since several natural processes and intervention strategies do not occur continuously over
time, but rather through abrupt and periodic actions. In particular, population management
and control problems, such as the planned release of individuals into an environment, can
be naturally modeled through impulsive interventions. Furthermore, the incorporation of
optimal control techniques allows not only the description of the system dynamics but
also the optimization of intervention strategies, making this approach more realistic and
effective both from theoretical and applied perspectives.

In this context, to initiate our work with impulsive differential equation models, we
adapted the model proposed by Campo-Duarte et al., 2017 by transforming it into a system
of impulsive differential equations. From this formulation, we developed a methodology for
analyzing impulsive models of the considered type, establishing fundamental theoretical
results that serve as a basis for the studies presented in the subsequent chapters.

The investigated model describes a competition system between two species, in which
the goal is to control the resident population through the introduction of a competing
species. This introduced species presents lower adaptive abilities compared to the lo-
cal population, and the control action is performed through periodic impulsive releases
(see Figure 2.1). In addition, the persistence of the newly introduced population in the
environment is sought.
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Local Species
𝑆1(𝑡)

Introduced Species
𝑆2(𝑡)

Competition

Competition

Continuous dynamics

Periodic impulsive release
𝑢𝑘

Figure 2.1: Schematic representation of the impulsive competition model introduced in Chapter 2. The
continuous dynamics describe competitive interactions between resident and introduced populations,
while periodic impulsive releases of individuals are applied exclusively to the introduced population.

A sufficient condition for the impulsive release of individuals of the introduced species
is analytically derived, ensuring the elimination, or control, of the resident species, as well
as the global stability of the introduced population in the system. This result constitutes
the main contribution of this work, as it provides an explicit and rigorous threshold for the
success of the intervention strategy, allowing a precise characterization of the asymptotic
behavior of the system under periodic impulsive actions.

The study examines key qualitative aspects of the model, such as positivity and the
well-posedness of solutions, together with conditions leading to global stability. An optimal
control framework is then introduced to improve the release strategies derived from the
analytical results, aiming to reduce the number of individuals released at each intervention
while maintaining the establishment of the introduced population and suppressing the
local one. Numerical experiments are also carried out to support the theoretical findings
and to illustrate system behavior under different release schemes.
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ABSTRACT

This study focuses on optimizing species release S2 to control species population S1 through impulsive
release strategies. We investigate the conditions required to remove species S1, which is equivalent
to the establishment of S2. The research includes a theoretical analysis that examines the positivity,
existence, and uniqueness of solutions, the conditions ensuring global stability, and a sufficient
condition for controlling the S1-free solution. In addition, we formulate an optimal control problem
to maximize the effectiveness of S2 releases, manage the population of S1, and minimize the costs
associated with this intervention strategy. Numerical simulations are conducted to validate the
proposed theories and allow visualization of population dynamics under various release scenarios.

Keywords Impulsive system · Optimal release control · Species competition · Release amount

1 Introduction

Population control in ecological systems is a highly relevant issue, especially when two or more species (or phenotypes
of the same species) directly compete for limited resources. These interactions can lead to competitive exclusion, in
which only one species survives in the long term. In many cases, managing such interactions involves introducing a
new species into a region already occupied by another, aiming to control or suppress the original population [1].

Various population control methods are used, ranging from chemical [2, 3, 4, 5] and mechanical [6, 7] strategies to the
use of biological agents [2, 8, 9, 10]. The introduction of a competing species is a widely used approach, as it allows
natural ecological interactions, such as competition, to sustainably control the target population [11, 12, 13, 14].

Competitive interactions between species have been extensively studied in the literature through different models and
techniques to represent the dynamics of populations competing for limited resources. Some studies explore competition
models that incorporate the Allee effect, highlighting the importance of nonlinear mechanisms in population interactions
[15, 16]. Other works use impulsive models to describe dynamics with discontinuous events, such as periodic
interventions [17, 18, 19]. Significant contributions have also been made in the context of optimal control, where
intervention strategies are formulated under cost and efficacy constraints [15]. Additionally, feedback-based impulsive
control approaches have been proposed to reinforce the applicability of impulsive systems in population management
[20].

In parallel, optimal control techniques have emerged as powerful tools to determine intervention strategies that minimize
costs and maximize effectiveness, particularly in ecological and epidemiological contexts [21, 22, 23, 24, 25]. Moreover,
impulsive systems have gained prominence as a natural approach to modeling time-discrete interventions, such as
periodic releases of individuals or treatments applied at specific moments, by integrating these three elements: species
competition, optimal control, and impulsive systems. The present work aligns with current research trends and

1Corresponding author: alvesj@ime.usp.br.
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contributes to advancing the field by proposing an original formulation aimed optimize intervention strategies in
biological systems with discontinuous dynamics.

Many studies use mathematical models to represent interactions between competing or predatory species, often based
on continuous approaches [9, 26, 27, 28]. These formulations assume that control or introduction of new species occurs
continuously, which, although theoretically feasible, does not always reflect practical reality. In practice, interventions
such as the introduction of a competing species generally occur periodically or impulsively due to logistical, financial,
and operational constraints. To address these limitations, some studies propose alternative approaches, such as impulsive
releases. Examples include the release of mosquitoes with Wolbachia to control the wild Aedes aegypti population
[29, 30, 31, 32], periodic and impulsive release of sterile mosquitoes [33, 34, 35, 36], and similar strategies applied to
other insect populations [31, 23, 37].

In this work, we adapt the interaction model between wild and Wolbachia-infected female mosquitoes of the species
Aedes aegypti, originally proposed in [38], to represent the competition between two species, denoted by S1 and S2.
The adapted model incorporates impulsive releases of species S2 and is formulated as a system of impulsive differential
equations with jumps occurring at the initial condition of each intervention cycle. This modeling choice provides
a realistic representation of biological control practices, in which the introduction of individuals from a competing
population typically occurs at discrete time intervals rather than continuously. By placing the impulse at the initial
state of each period, the model captures the cumulative effect of releases in a mathematically concise and biologically
interpretable way.

One of the main contributions of this study lies in the analytical derivation of a sufficient condition that guarantees both
the elimination of species S1 and the global stability of species S2 under an impulsive release strategy. This result not
only characterizes the long-term behavior of the system but also provides a clear and actionable threshold for successful
intervention. In addition, we formulate and solve an optimal control problem that determines the most efficient release
strategy minimizing the number and magnitude of interventions while ensuring the fixation of S2.This combination of
impulsive modeling, theoretical contributions, and cost-effective optimization constitutes the novelty of the proposed
approach.

The structure of the paper is as follows. In Section 2, we present the formulation of the adapted model from [38],
including the impulsive differential equations that represent the periodic release of individuals from population S2. We
then describe the model components in detail, discussing the parameters involved and the specific conditions required
to ensure biologically consistent population dynamics. The section concludes with a theorem on the equilibrium points
and their stability, which was proposed in [38] and is being adapted to the context in this study.

Section 3 is dedicated to the analysis of the model dynamics. We begin by establishing fundamental results concerning
the existence, uniqueness, positivity, and boundedness of solutions to the impulsive system, ensuring temporal con-
sistency and well-posedness. Then, we investigate the existence of a solution in which species S1 is eliminated and
provide a detailed stability analysis of this solution. In particular, we derive a sufficient condition that guarantees the
global stability of the S1-free solution, along with a criterion for the amount of individuals of species S2 required to
eliminate species S1 through impulsive releases.

In Section 4, we formulate an optimal control problem aimed at minimizing the total number of individuals released
during the intervention interval [0, T ], where T denotes the final observation time. At the same time, the strategy must
ensure that the population of species S1 is reduced below its survival threshold associated with the Allee effect by time
T . We also prove the existence of at least one optimal solution to this control problem.

Section 5 presents numerical simulations based on the interaction between two subspecies: wild females and Wolbachia-
infected females of Aedes aegypti. First, we simulate the impulsive model to validate the theoretical findings from
Section 3, confirming the applicability of the sufficient condition for global stability of the S1-free solution. We then
simulate the optimal control problem, using predefined impulse times and varying the final intervention time T . These
simulations allow us to assess how different parameters affect the effectiveness of control and guide the optimization of
release strategies to reduce costs while ensuring the elimination of species S1.

Finally, Section 6 presents the main conclusions of the study. We discuss the relevance of impulsive release strategies in
the population dynamics of species S1 and S2, emphasizing the role of optimal control in enhancing the effectiveness
and efficiency of ecological interventions. We also propose directions for future research, highlighting opportunities to
extend and deepen the understanding of systems governed by discontinuous dynamics.
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2 Model Formulation

Based on a model introduced in [38], we define the impulsive model of competition between two generic species S1

and S2 as:





dS1

dt
= S1

(
ψ1 −

r1
K1

(S1 + S2)

)(
S1

K0
− 1

)
− δ1S1,

dS2

dt
= S2

(
ψ2 −

r2
K2

(S1 + S2)

)
− δ2S2,

if t ̸= kτ, k ≥ 0 (1a)

{
S1(t

+) = S1(t),

S2(t
+) = S2(t) + uk,

if t = kτ, k ≥ 0, (1b)

with non-negative initial conditions and positive parameters, where S1(t) and S2(t) represent the populations of two
species competing with each other over time t. The parameters ψi and δi represent, respectively, the birth and death
rates of species S1 and S2 for i = 1, 2, as defined in the original model, while ri := ψi − δi for i = 1, 2 indicates the
intrinsic growth rate of both populations. The parameter Ki for i = 1, 2 is associated with the carrying capacity of the
competing species populations. In this work, we disregard the density dependence of the parameters.

For this impulsive differential equation system, the release period is τ and uk ∈ U denotes the impulsive release of
species S2 at time t = kτ . In practice, uk is limited by the availability of species S2, so the set of possible releases is
given by U := {0 ≤ uk ≤ umax, | k ≥ 0}, where umax ≥ 0 represents the maximum number of individuals of species
S2 that can be released at a given time. The population of S1 immediately after the k-th release is given by t = kτ+,
with Si(t+) = limϵ→0+ Si(t+ ϵ), i = {1, 2}.

The system (1a) incorporates the frequency-dependent Allee effect in the first equation, which applies to species S1

[14, 38]. This effect is modeled by the critical compensation term
(
S1

K0
− 1
)

, which directly influences the recruitment
of individuals of species S1. The term is positive when S1(t) > K0 and negative when S1(t) < K0. The parameter
K0 > 0, along withK1 (where 0 < K0 < K1), are related to the “minimum viable population size" (MVPS) commonly
observed in models with the Allee effect [39, 40, 41, 42, 43, 44]. The MVPS threshold for species S1 is given by Kb,
while its carrying capacity is indicated by K∗. For more details, see [38].

For this model, we consider
ψ1 > δ1 and ψ2 > δ2, (2)

which guarantee a larger number of births than deaths. In addiction, we consider

ψ2 < ψ1, δ2 > δ1 and r2 < r1, (3)

implying that the population of species S1 exhibits greater survival ability than that of species S2.

The system in (1a), with nonnegative initial conditions, has four steady states, as described in [38]. In the following, we
present these steady states by adapting Theorem 1 from [38] to the context of this work.

Theorem 1 (adapted from Theorem 1 in [38]) Under the conditions (3), the dynamical system (1a) with nonnegative
initial conditions has four steady states in the region of biological interest R2

+ \ {(0, 0)}, namely:

• one nodal repeller (Kb, 0) where

Kb =
r1K0 + ψ1K1 −

√
(r1K0 + ψ1K1)2 − 4r1K0K1(ψ1 + δ1)

2r1
> 0,

indicates the MVPS threshold for species S1;

• one saddle point (S∗
1 , S

∗
2 ) of unstable coexistence of both species with coordinates given by

S∗
1 =

K0 [ψ1(K1 −K2) + δ1(K1 +K2)]

ψ1(K1 −K2) + δ1K2
> 0,

S∗
2 =K2 − S∗

1 > 0;

• two nodal attractors (0,K2) and (K∗, 0), where

K∗ =
r1K0 + ψ1K1 +

√
(r1K0 + ψ1K1)2 − 4r1K0K1(ψ1 + δ1)

2r1
> 0,

3
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defines the carrying capacity of the first species. Only one of these steady states can be reached when t→ ∞
according to the initial conditions S1(0) > 0, S2(0) > 0 assigned to the system (1a), namely:

- If S1(0) > Kb and S2(0) > 0 then (K∗, 0) is reachable when t→ ∞ and the species S1 should persist
while the species S2 become extinct.

- If S1(0) < Kb and S2(0) > 0 then (0,K2) is reachable when t→ ∞ and the species S2 should persist
while the species S1 become extinct.

In addition, for consistency with the results presented in [38] we consider

0 < K0 < Kb < K2 < K1 < K∗.

Since the system we are working with is a model of interaction between two variables with known terms, we have
chosen the model (1a) for this work. When the pulse conditions (1b) are added, it is necessary to study the combined
model (1a)–(1b) to ensure that, even with the discontinuity, the system remains well-posed.

In the next section, we will explore the dynamic behavior of the impulsive differential equations system, including an
analysis of the local and global stability of the free solution of species S1. We will also present numerical simulations
that illustrate these behaviors and the corresponding results, contributing to a deeper understanding of the dynamics
between the species.

3 Model Dynamics Analysis

In this section, we begin by presenting some essential mathematical definitions and tools for analyzing the impulsive
differential equations system. These tools are fundamental for establishing results related to positivity, existence,
uniqueness, and boundedness of solutions. We perform a detailed analysis of the system, focusing on the results
obtained and their implications for the behavior of solutions over time.

Additionally, when considering the release of individuals from species S2 to replace the population of S1. We prove
the existence and uniqueness of the solution (0, S2) and analyze the conditions for its stability. The behavior of this
solution is of great importance, as it allows us to understand how species S2 behaves in the absence of direct interactions
with other species. Through this investigation, we aim to better understand the conditions that ensure the maintenance
of the free solution, which may have significant implications for the system’s dynamics and species interactions.

3.1 Fundamental Concepts

In this subsection, we present some definitions and tools that will be used to analyze the existence and stability
of impulsive periodic solutions of system (1a)–(1b). Throughout the paper, we adopt the notations R+ = [0,∞),
R2

+ = {x = (x1, x2) ∈ R2 : x1 ≥ 0, x2 ≥ 0}, and denote by g = (g1, g2)
T the vector field on the right-hand side of

(1a).

Definition 1 (in [45]) Let V : R+ × R2
+ → R+. We say that V belongs to the class V0 if it is continuous on

(kτ, (k + 1)τ ]× R2
+ for all k ∈ N, and if the following limit exists and is finite for every x ∈ R2

+:

lim
(t,y)→(kτ+,x)

V (t, y) = V (kτ+, x).

Definition 2 (in [45]) Let V ∈ V0. For (t, x) ∈ (kτ, (k + 1)τ ]× R2
+, the upper right-hand derivative of V (t, x) with

respect to the impulsive system (1a)–(1b) is defined by

D+V (t, x) = lim
h→0

sup
1

h
[V (t+ h, x+ hg(t, x))− V (t, x)] .

Definition 3 (in [45]) Let ϱ(t) = ϱ(t, t0, x0) be a solution of system (1a)–(1b) defined on an interval [t0, t0 + ℓ). The
function ϱ(t) is called a maximal solution if, for any other solution x(t, t0, x0) defined on the same interval, we have

x(t) ≤ ϱ(t), for all t ∈ [t0, t0 + ℓ).

A minimal solution ρ(t) is defined analogously by reversing the inequality in Definition 3.

Using Definitions 1, 2, and 3, we can now state a comparison theorem for impulsive differential equations.

4

12

2 | OPTIMIZING IMPULSIVE RELEASES: A SPECIES COMPETITION MODEL



Theorem 2 (Comparison theorem in [45]): Let m ∈ V0, and suppose that

D+m(t) ≤ v(t,m(t)), t ̸= tk, k = 1, 2, . . .

m(t+k ) ≤ φk(m(tk)), t = tk, k = 1, 2, . . .

where each φk ∈ C(R,R) is non-decreasing.

Let ϱ(t) be the maximal solution of the scalar impulsive system

u̇(t) = v(t, u), t ̸= tk (4)

u(t+k ) = φk(u(tk)), t = tk, tk > t0 ≥ 0

u(t0) = u0,

which exists on [t0,∞). Then, if m(t+0 ) ≤ u0, it follows that m(t) ≤ ϱ(t) for all t ≥ t0.

A symmetric result holds if all inequalities are reversed and the maps φk are non-increasing.

Remark 1 Although Definition 1 introduces the class V0 for functions V (t, x) that depend on both time and state
variables, scalar functions of time, such as m(t) in Theorem 2, are also said to belong to V0 since they satisfy the
corresponding regularity properties at impulsive moments. More precisely, a scalar function m : R+ → R belongs to
class V0 if it satisfies:

• m(t) is continuous on each interval (tk, tk+1];

• The right-hand limit lim
t→t+k

m(t) exists and is finite for all k.

These conditions ensure that m behaves regularly at the discontinuities induced by the impulses, analogously to the
original definition of class V0.

Note that if the function v in Theorem 2 is smooth enough to ensure existence and uniqueness of solutions for the initial
value problem (4), then ϱ(t) is the unique solution.

3.2 Behavior of system solutions

As we are working with population dynamics, we must make sure that the solutions of system (1a)-(1b) are non-negative.

Proposition 1 Let (S1(0), S2(0)) be a non-negative initial condition, and let (S1(t), S2(t)) be a solution to the system
(1a)-(1b). Then, (S1(t), S2(t)) remains non-negative for all t ≥ 0.

Proof. Note that
dS1

dt
= 0 whenever S1(t) = 0. This implies that the solution cannot cross the S1-axis. Therefore, if

S1(0) ≥ 0, it follows that S1(t) ≥ 0 for all t ≥ 0. Similarly, if S2(0) ≥ 0, then S2(t) ≥ 0 for all t ≥ 0. □
In the following proposition, the smoothness of the right-hand side of the system (1a)–(1b), combined with Definition 1,
ensures the existence and uniqueness of solutions to the model.

Proposition 2 For each non-negative initial condition and each release amount uk ∈ U of individuals from species S2,
the system (1a)–(1b) has a unique solution defined on the interval [0,∞).

Proof. Suppose (S1(t), S2(t)) is a solution to the system (1a)–(1b). It is continuous on the intervals (kτ, (k + 1)τ ] for
k ≥ 0, indicating that it remains continuous between each pair of pulses. Furthermore, there exist limits defined as
follows:

S1(kτ
+) = lim

ϵ→0+
S1(kτ + ϵ), S2(kτ

+) = lim
ϵ→0+

S2(kτ + ϵ).

Consequently, the existence and uniqueness of these solutions are guaranteed by the smoothness of the functions:

g1(S1, S2) = S1

(
ψ1 −

r1
K1

(S1 + S2)

)(
S1

K0
− 1

)
− δ1S1,

g2(S1, S2) = S2

(
ψ2 −

r2
K2

(S1 + S2)

)
− δ2S2.

□
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Due to the biological context of system (1a)–(1b), it is essential to ensure that the solutions remain bounded over
time, as unbounded growth or negative population sizes would not be biologically meaningful. The model captures
key ecological mechanisms such as intra- and interspecific competition, mortality, and impulsive interventions (e.g.,
periodic releases). To better understand the dynamics and provide a foundation for proving boundedness, we first
consider an auxiliary system that describes the evolution of species S2 in the absence of individuals of species S1.





dZ2

dt
(t) = Z2

(
ψ2 −

r2
K2

Z2

)
− δ2Z2. t ̸= kτ, k ≥ 0

Z2(t
+) = Z2(t) + uk, t = kτ, uk ∈ U

Z2(0
+) = Z2(0).

(5)

This simplified system captures the autonomous dynamics of S2 under impulsive control, without interaction terms
involving S1. We will show that, for each initial condition Z2(0) such that Z2(0) = S2(0) and for each set of releases
U , there exists a unique τ -periodic solution that is globally asymptotically stable. This result is a key step toward
establishing uniform bounds on the full system’s solutions, and it ensures the existence and global stability of the
S1-free solution of system (1a)–(1b).

Theorem 3 Given the auxiliary system (5), for each Z2(0) ≥ 0 and each uk ∈ U , there exists a unique positive
τ -periodic solution Z2(t), expressed by:

Z2(t) =
K2Z

+
2 e

r2(t−kτ)

Z+
2

(
er2(t−kτ) − 1

)
+K2

, kτ < t ≤ (k + 1)τ, k ≥ 0, (6)

where

Z+
2 =

1

2

[
(uk +K2) +

√
(uk +K2)2 + 4

ukK2

er2τ − 1

]
, k ≥ 0. (7)

Furthermore, the solution Z2(t) is globally asymptotically stable.

The proof of Theorem 3 is given in the (A).

Corollary 1 Let Z2(t) be the τ -periodic solution of system (5). Then for every solution Z2(t) of problem (5),

Z2(t) → Z2(t), as t→ ∞,

where Z2(t) is given by (6).

Proof. For every solution Z2(t) of the system (5), we have Z2(t) → Z2(t) as t → ∞ follows directly from the
Theorem 3 that establishes the global asymptotic stability of Z2(t). □
Now, we are interested in proving the uniform boundedness of the solutions of system (1a)-(1b). To this end, we first
establish a lemma that provides an upper bound for S1(t), based on its relationship with the carrying capacity K∗, as
discussed in [38]. Then, we employ the auxiliary system (5), along with Theorem 3 and its Corollary 1, to derive an
upper bound for S2(t).

From a biological perspective, proving that the population sizes remain bounded ensures that the model describes
realistic population dynamics under impulsive interventions. From a mathematical point of view, uniform boundedness
plays a key role in establishing the global asymptotic stability of the S1-free solution and is also a crucial hypothesis for
proving the existence of an optimal control, which will be addressed in the next section.

Lemma 1 Let (S1(t), S2(t)) be a solution of system (1a)–(1b), with positive parameters, uk ∈ U , and non-negative
initial conditions. Then, there exists a positive constant M1 such that S1(t) ≤M1 for all t ≥ 0.

The proof of Lemma 1 is given in the (B).

Theorem 4 Let (S1(t), S2(t)) be a solution of system (1a)-(1b), with positive parameters, uk ∈ U and non-negative
initial conditions. Then (S1(t), S2(t)) is uniformly bounded.

The proof of Theorem 4 is given in the (C).

With the support of Theorem 3, we establish the existence of a unique τ -periodic solution of system (1a)–(1b)
corresponding to the absence of species S1.

6
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Theorem 5 Let (S1(0), S2(0)) be non-negative initial conditions. For some choice of uk ∈ U , the pair (0, S2(t)) is
the unique positive, τ -periodic, S1-free solution of system (1a)–(1b).

Proof. Note that when S1(t) = 0, the second equation of system (1a) reduces to
dS2

dt
=
dZ2

dt
, where

dZ2

dt
corresponds

to the first equation of the auxiliary system (5). The solution to this equation is given explicitly by (6).

Therefore, the dynamics of S2(t) under the condition S1(t) = 0 coincide exactly with those of Z2(t). By applying
Theorem 3, which guarantees the existence and uniqueness of a positive τ -periodic solution for system (5), we conclude
that there exists uk ∈ U such that (0, S2(t)) is the unique τ -periodic, S1-free solution of system (1a)–(1b), where
S2(t) = Z2(t) for all t ≥ 0. □

3.3 Stability of S1-free periodic solution

Due to the Allee effect present in the equation governing species S1, we observed in the previous section that when
S1(0) < Kb, the population of S1 tends to go extinct in the absence of external intervention. Therefore, it is crucial
to analyze the stability of the solution (0, S2(t)) when S1(0) > Kb. Understanding the behavior of this solution is
essential for evaluating the viability of species S2 in the environment. In this subsection, we investigate the global
asymptotic stability of the periodic solution with no individuals of species S1 in the system (1a)-(1b). To analyze this,
we use a comparison argument with auxiliary systems whose dynamics are known. Additionally, we rely on the fact
that all solutions of the system are uniformly bounded to ensure that the convergence is global.

Theorem 6 The S1-free periodic solution (0, S2(t)) of the system (1a)–(1b) is globally asymptotically stable if

S2(t) > K1 for all t ≥ 0. (8)

Proof. From the second equation of the model, we obtain the inequality:

dS2

dt
≤
(
ψ2 −

r2
K2

S2

)
S2 − δ2S2.

Therefore, we can apply the auxiliary system (5) for comparison. From Corollary 1, we know that

lim
t→∞

Z2(t) = Z2(t).

Thus, for any ϵ > 0 sufficiently small, there exists t1 > 0 such that

Z2(t) < Z2(t) + ϵ for all t > t1.

It follows from the Comparison Theorem 2 that S2(t) ≤ Z2(t). Then, since Z2(t) < Z2(t) + ϵ and S2(0) = Z2(0),
we conclude that

S2(t) ≤ Z2(t) + ϵ, for all t > t1. (9)

Now, suppose that S1(0) > Kb > K0. In this case,
(
S1

K0
− 1
)
> 0. Consider the inequality:

dS1

dt
≤ S1

[(
ψ1 −

r1
K1

S2

)(
S1

K0
− 1

)
− δ1

]
.

To ensure the stability of the equilibrium solution S1(t) = 0, we require that
(
ψ1 −

r1
K1

S2

)(
S1

K0
− 1

)
< δ1. (10)

Given (9), the inequality (10) is guaranteed if

ψ1 −
r1
K1

(Z2(t) + ϵ) <
δ1(

S1

K0
− 1

) .

Since S1(0) > Kb > K0, we have
(
S1

K0
− 1

)
> 1 for sufficiently large values of S1, which implies that

δ1(
S1

K0
− 1

) < δ1.
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Hence, the inequality

ψ1 −
r1
K1

(Z2(t) + ϵ) < δ1

is also satisfied. That is, we can rewrite the condition as

Z2(t) > K1 for all t ≥ 0,

since by the model hypothesis r1 = ψ1 − δ1.

Substituting (8) into the first equation of system (1a), we obtain

dS1

dt
≤ S1

[(
ψ1 −

r1
K1

(S1 +K1)

)(
S1

K0
− 1

)
− δ1

]
.

We now consider the following comparison system:




dZ1

dt
= Z1

[(
ψ1 −

r1
K1

(Z1 +K1)

)(
Z1

K0
− 1

)
− δ1

]
,

Z1(0) = S1(0),

for which we know that Z1(t) → 0 as t→ ∞, by construction. Therefore, by the Comparison Theorem, if condition (8)
holds, then for ϵ > 0 sufficiently small, there exists t2 > t1 such that

S1(t) ≤ Z1(t) ≤ ϵ, for all t > t2. (11)

Substituting (11) into the second equation of system (1a), we obtain:




dS2

dt
(t) ≥ S2

(
ψ2 −

r2
K2

(ϵ+ S2)

)
− δ2S2, t ̸= kτ, k ≥ 0,

S2(t
+) = S2(t) + uk, t = kτ, uk ∈ U,

S2(0
+) = S2(0).

Due to the continuity of the right-hand side, and by an argument analogous to that used in Theorem 3, we conclude that
for ϵ > 0 sufficiently small, there exists t3 > t2 such that

Z2(t)− ϵ ≤ S2(t), for all t > t3.

Finally, if condition (8) is satisfied, then for ϵ > 0 we have:

0 ≤ S1(t) ≤ ϵ and Z2(t)− ϵ ≤ S2(t) ≤ Z2(t) + ϵ, for all t > t3.

Letting ϵ→ 0, we conclude that

S1(t) → 0 and S2(t) → Z2(t) := S2(t) as t→ ∞.

This implies that (S1(t), S2(t)) → (0, S2(t)) as t → ∞ for any admissible initial condition satisfying S1(0) > K0,
provided that condition (8) holds. Furthermore, since the solutions remain uniformly bounded and converge regardless
of the initial condition (within the biologically relevant domain), the solution (0, S2(t)) is globally attractive and stable
in the sense of Lyapunov. Therefore, it is globally asymptotically stable. □

3.4 A method to select uk (a sufficient condition)

In this subsection, we make use of the global stability condition (8) to determine a sufficient value for the number of
individuals of species S2 to be released, denoted by uk, to stabilize the S2 population and drive the S1 population to
extinction.

Let

S2(t) =
K2Z

+
2 e

r2(t−kτ)

Z+
2

(
er2(t−kτ) − 1

)
+K2

, kτ < t ≤ (k + 1)τ, k ≥ 0,

where Z+
2 depends on uk and is given by (7). The maximum value of S2(t) over each interval (kτ, (k + 1)τ ] occurs at

t = (k + 1)τ , yielding

S
max

2 =
K2Z

+
2 e

r2τ

Z+
2 (er2τ − 1) +K2

,
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so that
S2(t) ≤ S

max

2 , for all t ≥ 0.

In order to solution (0, S2(t)) be globally asymptotically stable, it is sufficient that S2(t) > K1. Thus, requiring

S
max

2 > K1,

and performing algebraic manipulations, we obtain the following sufficient condition to guarantee the stabilization of
S2 and the extinction of S1:

uk > η(τ), ∀τ ≥ 0,

where

η(τ) =
(er2τ − 1)ϕ(τ)(ϕ(τ)−K2)

K2 + ϕ(τ)(er2τ − 1)
and ϕ(τ) =

K1K2

er2τK2 −K1(er2τ − 1)
. (12)

Observing η(τ) may assume negative values for certain values of τ > 0 and since the biological context requires
uk > 0, we restrict our attention to values of τ for which η(τ) is positive, and define a conservative lower bound:

uk > max
τ>0

η(τ) > 0, (13)

to ensure that the sufficient condition holds uniformly. We now demonstrate that this maximum exists.

Proposition 3 Let η(τ) and ϕ(τ) be defined for τ ≥ 0 as in (12). Then, the function η(τ) attains a global maximum
on [0,∞).

Proof. The function η(τ) is continuous and differentiable on the interval [0,∞). Moreover, we have:

lim
τ→0

ϕ(τ) = K1, lim
τ→0

η(τ) = 0, and lim
τ→∞

ϕ(τ) = 0, lim
τ→∞

η(τ) = 0.

Although the interval is unbounded above, an analysis of the function η(τ) shows that it reaches a local (and global)
maximum at some τ = τmax ∈ (0,∞), which completes the proof. □
The analysis carried out in this section revealed the conditions for the global stability of the S1-free solution, providing
a solid theoretical foundation for the dynamic behavior of the impulsive model. In the next section, we address the
optimal control problem, where the previously introduced model is used as the control system, and the results obtained
throughout this section are fundamental for ensuring the existence of an optimal solution. This problem is formulated to
determine strategies that maximize the effectiveness of population dynamics control. The numerical results of these
approaches, as well as their implications, will be presented in Section 5.

4 Impulsive Optimal Control Problem

In this section, we formulate an optimal control problem involving the impulsive release of individuals of species
S2. The control actions consist of fixed-frequency releases, and the objective is to determine the optimal number of
individuals to be introduced at each intervention time. A central question guides this formulation: What is the minimum
number of S2 individuals that must be released, at a fixed frequency, to guarantee their fixation in the target population
while minimizing the overall intervention cost?

This control strategy is applied over a finite time horizon, denoted by [0, T ], where T represents the final time of
intervention. Within this interval, up to N releases may occur, each corresponding to an element of the admissible
control set, defined as Ū := {uk ∈ R | 0 ≤ uk ≤ umax, k = 1, 2, ..., N}, where umax satisfies umax ≥ max

τ>0
η(τ) with

η(τ) specified in the Subsection 3.4. The release period τ is considered fixed, determined by operational constraints
such as logistical planning, environmental conditions, release policies, and economic factors, which limit the flexibility
to vary the timing between consecutive releases.

Given this framework, the optimal control problem can be stated as follows: Find an optimal control u∗ = (u∗k)
N
k=1,

with each uk ∈ Ū , that minimizes the cost functional

J(u) = C
N∑

k=1

uk, (14)
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subject to




dS1

dt
= S1

(
ψ1 − r1

K1
(S1 + S2)

)(
S1

K0
− 1

)
− δ1S1,

dS2

dt
= S2

(
ψ2 − r2

K2
(S1 + S2)

)
− δ2S2,

if t ̸= kτ, k = 1, 2, . . . , N, (15)

{
S1(t

+) = S1(t),

S2(t
+) = S2(t) + uk,

if t = kτ, k = 1, 2, . . . , N, (16)

{
S1(T ) < Kb (17)

with initial conditions:
S1(0) ≥ 0 and S2(0) ≥ 0.

The condition umax ≥ max
τ>0

η(τ) is established to ensure that the admissible control set Ū is non-empty, which in turn

guarantees the existence of at least one feasible value of uk satisfying the problem described in equations (14)–(17), as
will be shown in Proposition 4.

We consider the following aspects of the control problem under investigation:

i. The objective function J(u) accounts for the sum of all releases, with the constant C representing the cost of
intervention;

ii. J(u) is subject to the model dynamics defined by equations (15)–(16), which characterize the control system;
iii. The constraint (17) aims to reduce the S1 population at the final time T below the threshold Kb, associated

with the Allee effect (see [38, 39]), to ensure the fixation of the S2 species.

Next, we present a proposition that demonstrates that Ū is a non-empty and compact set that satisfies the final constraint
of the problem. This property is essential to ensure the existence of a viable solution within the established conditions.

Proposition 4 The set of admissible controls Ū is non-empty and compact.

Proof. In Section 3.2, we showed that the system (15)–(16) is well-posed for any uk ∈ U . Since Ū ⊂ U , the system is
also well-posed for any uk ∈ Ū , ensuring the existence of a unique solution.

By hypothesis, umax ≥ max
τ>0

η(τ) is given in equation (12). Choosing k∗ ∈ {1, . . . , N} such that uk∗ = max
τ>0

η(τ),

we obtain S2 > K1 for this release, as shown in Theorem 6. Under this condition, the dynamics of S1,

dS1

dt
= S1

(
ψ1 −

r1
K1

(S1 + S2)

)(
S1

K0
− 1

)
− δ1S1,

lead to a decline of S1 toward zero in finite time, satisfying the constraint S1(T ) < Kb.

Moreover, since uk ∈ [0, umax], the set Ū is closed and bounded in R, and therefore compact. We conclude that
Ū is non-empty and compact, containing at least one control uk∗ ∈ Ū that satisfies the system and the terminal
constraint (17). □
Based on Theorem 5.1 in Section III of [24], we state the following result, which guarantees the existence of an optimal
control for the problem under consideration.

Theorem 7 (Existence of optimal control) Consider the control problem defined by equations (14)-(17), with the
admissible control set Ū ⊂ R.

If the following conditions are satisfied:

1. The admissible control set Ū is nonempty and compact;

2. For each control u = (uk)
N
k=1 ∈ Ū , the impulsive system (15)-(16) has a unique, positive, and uniformly

bounded solution;

3. The cost functional J(u) = C
∑N
k=1 uk is continuous with respect to u,

then there exists an optimal control u∗ = (u∗k)
N
k=1 ∈ Ū that minimizes the cost functional J(u) subject to the system

dynamics and constraints.
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Proof. The first condition has already been verified in Proposition 4. In Subsection 3.2, we established the existence,
uniqueness, positivity, and uniform boundedness of the solutions to the system (15)–(16) for each u = (uk)

N
k=1 ∈ Ū ⊂

U , which satisfies the second condition.

Furthermore, the cost functional J(u) = C
∑N
k=1 uk is a linear function of the control variables uk, and since Ū is

compact, it follows that J is continuous on Ū , satisfying condition (iii).

Since J is continuous and Ū is nonempty and compact, we can apply the Weierstrass Theorem, which ensures that every
continuous function defined on a compact set attains its minimum on that set. Therefore, there exists u∗ = (u∗k)

N
k=1 ∈ Ū

such that
J(u∗) = min

u∈Ū
J(u),

concluding that u∗ is an optimal control for the problem defined by equations (14)-(17). □
Based on these results, for any initial configuration of the system, it is possible to find an optimal control policy that
satisfies the necessary conditions, thereby ensuring the viability of the proposed solution. The existence of an optimal
control is a central topic in control theory, relying on classical assumptions such as the compactness of the admissible
control set and the continuity of the system dynamics (see [24, 25, 46]). These assumptions are fulfilled in our setting,
as demonstrated by the formulation of the problem and the compactness of the admissible set Ū .

In the next section, we present numerical results that illustrate the efficiency of the proposed control strategy.

5 Numerical Results

This section presents the numerical results obtained to validate the theoretical findings and to investigate the behavior of
the optimal control problem through numerical simulations. First, we assess the consistency of the theoretical results
by comparing them with numerical approximations. Next, we explore the numerical solution of the optimal control
problem, illustrating how the proposed approach performs under different parameter configurations and highlighting
key observations. All simulations use the parameters detailed in Table 1 from [38].

Table 1: Parameters for the model (1a)-(1b)
Parameter Value Range Description

ψ1 0.32667 0.28 - 0.38 Birth rate of species S1

ψ2 0.21333 0.18 - 0.25 Birth rate of species S2

δ1 0.03333 1/8 - 1/42 Death rate of species S1

δ2 0.06666 2/8 - 2/42 Death rate of species S2

K1 374 - Related to the carrying capacity of S1

K2 300 - Carrying capacity of species S2

K0 30 - Threshold population for species interaction

For the simulations, we illustrate the species in question, with S1 representing wild female Aedes aegypti mosquitoes
and S2 representing female mosquitoes infected with Wolbachia bacteria [47, 48, 49]. The model without impulsive
control, proposed by [38], was applied in the context of Wolbachia-based Aedes aegypti control. Here, we extend this
model to address any two species or subspecies, provided that their populations satisfy conditions (2) and (3). As an
example, we return to the specific case involving Wolbachia.

5.1 Numerical consistency of theoretical results

To ensure a comprehensive assessment of the dynamics between species S1 and S2 (wild and Wolbachia-infected female
Aedes aegypti mosquitoes), we performed simulations using four different initial conditions. The specific objective of
this subsection is to demonstrate the global stability of the solution (0, S2(t)), based on the condition established in
Theorem 6.

The simulations were conducted over 180 days, using the parameters listed in Table 1, with Python and its libraries
ensuring precision and efficiency in solving the system of equations. We implemented the fourth-order Runge–Kutta
method with the NumPy library, including adaptations to incorporate the impulsive jumps, providing a robust numerical
solution.

The simulation results are presented in Figures 1 to 4. They illustrate the analysis of the global stability of the
wild-female-free solution for different release periods τ .
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Figure 1 (a) and (b) illustrate situations in which global stability is not achieved. This is consistent with the result
presented in Theorem 6, since in both cases the number of infected females S2 released in each period τ does not satisfy
the sufficient condition uk > η(τ) to ensure global stability. For example, in Figure 1 (a), with τ = 7 and a constant
release sequence uk = 100,∀k > 0, the release value does not meet the threshold derived in the previous subsection, as
η(7) ≈ 300. A similar situation occurs in Figure 1 (b), where for τ = 14 and uk = 200, ∀k > 0, the release does not
satisfy the sufficient condition for the global stability of (0, S2(t)) given in equation (13).
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Figure 1: Impulsive solutions of the model (1a)-(1b) for different initial conditions. In Figure (a), the release amount is
uk = 100 with τ = 7 (uk < η(7)), and in Figure (b), the release amount is uk = 200 with τ = 14 (uk < max

τ≥0
η(τ)).

In both cases, the S1-free solution does not achieve global stability. The dynamics of wild Aedes aegypti female
mosquitoes S1 are represented in blue, while those infected with Wolbachia S2 are represented in red.

Figure 2 (c) and (d) illustrate situations in which global stability is achieved. This occurs when the number of individuals
released in each period τ is increased to satisfy the sufficient condition given by uk > max

τ≥0
η(τ). Specifically, in

Figure 2 (c), for τ = 7, and Figure 2 (d), for τ = 14, the release is adjusted to constant sequences of uk = 300 and
uk = 43760, ∀k > 0, respectively, both of which satisfy the stability condition in (13).

Observe in the figures how a constant release period τ and the quantity released uk directly influence the population
dynamics of wild female Aedes aegypti mosquitoes S1 and those infected with Wolbachia S2. For example, in Figure 3
(e) and Figure 3 (f), we observe the effect of applying a constant release sequence uk = 80, ∀k > 0 with two different
release periods: τ = 3 in Figure 3 (e) and τ = 7 in Figure 3 (f). In Figure 3 (e), global stability of the solution (0, S2(t))
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Figure 2: Impulsive solutions of the model (1a)-(1b) for different initial conditions. In Figure (c), the release amount is
uk = 300 with τ = 7 (uk > η(7)), and in Figure (d), the release amount is uk = 43760 with τ = 14 (uk > max

τ≥0
η(τ)).

In both cases, the S1-free solution achieves global stability. The dynamics of wild Aedes aegypti female mosquitoes S1

are represented in blue, while those infected with Wolbachia S2 are represented in red.

is achieved, as uk = 80 > η(3) ≈ 60, ∀k > 0. By contrast, in Figure 3 (f), where uk = 80 < η(7) ≈ 300, ∀k > 0,
global stability of the solution is not attained.
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Figure 3: Impulsive solutions of the model (1a)-(1b) for different initial conditions. The release amount is uk = 80,
with τ = 3 (uk > η(3)) and τ = 7 (uk < η(7)), in Figures (e) and (f), respectively. In the first case, the S1-free
solution achieves global stability, while in the second case it does not. The dynamics of wild Aedes aegypti female
mosquitoes S1 are shown in blue, and those infected with Wolbachia S2 are shown in red.

Based on the simulations performed, the dependence between τ and uk underscores the importance of carefully
balancing the frequency and quantity of releases, as both parameters directly impact the success in achieving global
system stability. Notably, as the interval between releases increases, the required number of individuals to be released
also rises. Furthermore, considering the model conditions and the parameters presented in Table 1, we observe that
in all implemented scenarios, particularly for τ = 14 with η(14) < 0, as shown in Figure 2 (d), the release value
uk = 43760 is larger than max

τ≥0
η(τ) ≈ 43759.89, thereby satisfying the condition for global stability. However,

Figure 2 (d) suggests that this amount might exceed what is necessary to eliminate the S1 population.

These observations indicate that the sufficiency of condition (13) ensures the global stability of the S1-free solution;
however, it may be unnecessarily strict. For example, in Figure 4 (g) and (h), we observe that the global stability of the
wild-female-free solution S1 is attained with constant sequences of releases of uk = 200 and uk = 600, ∀k > 0, for
τ = 7 and τ = 14, respectively.
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Figure 4: Impulsive solutions of the model (1a)-(1b) for different initial conditions. In Figure (g), the release amount is
uk = 200 with τ = 7 (uk < η(7)), and in Figure (h), the release amount is uk = 600 with τ = 14 (uk < max

τ≥0
η(τ)).

In both cases, even without satisfying condition (13), the S1-free solution achieves global stability. The dynamics
of wild Aedes aegypti female mosquitoes S1 are represented in blue, while those infected with Wolbachia S2 are
represented in red.

These simulations provide a deeper understanding of the conditions that either ensure or compromise the system’s
stability. Furthermore, we observed that it is possible to release fewer infected females than established by the sufficient
condition and still achieve global stability. This is because the condition (13) is only sufficient to ensure the global
stability of the solution (0, S2(t)).
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Finally, comparing the simulation results with the theoretical analysis, they confirm the theoretical findings for the
impulsive model studied. Additionally, we emphasize the need for an optimization strategy for the release process that
minimizes intervention costs while ensuring the fixation of Wolbachia-infected females in the target area, a topic that
will be further explored in the next subsection.

5.2 Impulsive optimal control solutions

After ensuring the existence of a solution for the problem (14)-(17), we employed GEKKO, an optimization package in
Python [50]. Using the parameters listed in Table 1 and the constant C = 1/200, we simulated four scenarios by
varying the release interval τ . As in the simulations from the previous subsection, S1 represents wild Aedes aegypti
females, and S2 represents females infected with Wolbachia bacterium. The values of τ for each scenario are: τ = 7
(Case 1), τ = 14 (Case 2), τ = 21 (Case 3), and τ = 30 (Case 4).

For each case, the final intervention time T also varies, taking the values T = 300, T = 180, T = 100, and T = 70,
respectively. Additionally, for each T and τ , we present the corresponding release amounts uk over time.

We conducted simulations to analyze the system dynamics and identify optimal release strategies. Comparing different
combinations of release intervals τ and intervention durations T allowed us to balance cost minimization with ensuring
the dominance of the infected population S2. This approach offers practical guidance for efficiently achieving biological
control objectives.

Table 2: Numerical optimization results for Case 1 (τ =
7).

T
∑
uk min J(u)

300 2949.52 14.75
180 1243.07 6.22
100 1126.62 5.63
70 908.66 4.54

Table 3: Numerical optimization results for Case 2 (τ =
14).

T
∑
uk min J(u)

300 3604.23 18.02
180 1677.15 8.39
100 1109.34 5.55
70 1110.13 5.55

• Case 1: (τ = 7). In this case, the release interval is set to τ = 7. Table 2 summarizes the numerical results, including
the total sum of uk and the minimum value of the functional for each of the four final times T analyzed. Figure 5
depicts the trajectories of the wild female population S1 and the infected population S2, together with the respective
release values uk. For longer intervention horizons, the maximum number of infected females released at a single time
step tends to be smaller, as the system has more time to converge to the target state.
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Figure 5: Optimal trajectories and corresponding controls for Case 1 with initial condition (K1, 0). S1 in blue; S2 in
red. Final times T : 300, 180, 100, and 70 (left to right).

• Case 2: (τ = 14). Here, the release interval is increased to τ = 14. The corresponding results are presented in Table 3
and illustrated in Figure 6. In most scenarios, a longer interval between releases required a larger maximum number
of infected females per intervention to maintain the wild population below the survival threshold Kb. An exception
was observed when T = 100: despite a higher maximum release per period compared to Case 1, the total number of
released females is smaller.
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Figure 6: Optimal trajectories and corresponding controls for Case 2 with initial condition (K1, 0). S1 in blue; S2 in
red. Final times T : 300, 180, 100, and 70 (left to right).

• Case 3: (τ = 21). With τ = 21, the system behavior is shown in Figure 7, and the numerical outcomes are reported
in Table 4. A further increase in the maximum release per period is observed relative to previous cases. The variation in
the minimum value of the functional is not monotonic across τ : for T = 180 and T = 100, the values (11.42 and 6.47,
respectively) exceeded those in Cases 1 and 2, whereas for the remaining final times, the trend is reversed.

Table 4: Numerical optimization results for Case 3 (τ =
21).

T
∑
uk min J(u)

300 2918.42 14.59
180 2283.66 11.42
100 1294.69 6.47
70 1106.70 5.53

Table 5: Numerical optimization results for Case 4 (τ =
30).

T
∑
uk min J(u)

300 3788.17 18.94
180 2081.34 10.41
100 1256.42 6.28
70 873.47 4.37
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Figure 7: Optimal trajectories and corresponding controls for Case 3 with initial condition (K1, 0). S1 in blue; S2 in
red. Final times T : 300, 180, 100, and 70 (left to right).

• Case 4: (τ = 30). In this case, the release interval was set to τ = 30. The results are given in Table 5, and the
corresponding trajectories are depicted in Figure 8. For T = 300, this configuration requires the most significant overall
number of infected females, while Case 3 yields the smallest total release. Notably, for T = 70, a single release of
uk = 873.47 was sufficient to bring the wild female population to its survival threshold, ensuring the fixation of S2 in
the target area.
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Figure 8: Optimal trajectories and corresponding controls for Case 4 with initial condition (K1, 0). S1 in blue; S2 in
red. Final times T : 300, 180, 100, and 70 (left to right).

It is important to note that these results rely on the assumption that all model parameters remain constant over time.
Parameters such as birth and death rates vary due to environmental factors. For mosquitoes, for instance, these rates
depend on humidity, temperature, and other seasonal conditions. Thus, although the model predicts that a single release
(Case 4, T = 70) would suffice under the assumed conditions, it remains a simplified mathematical representation. This
reinforces the need for multiple simulations with different release strategies.

The simulations reveal a strong relationship between the impulse period τ , the release amount uk, and the chosen final
time T . Increasing τ raises the maximum release per intervention, but the total number of infected females released
does not follow a monotonic trend. The interaction between τ and T determines efficiency: for T = 100, τ = 14
required fewer total releases than τ = 7, despite a higher per-event peak; for T = 180, the highest total release occurred
at τ = 21, and the lowest at τ = 7. This indicates that neither parameter alone determines performance; rather, their
combination defines the optimal strategy.

These findings highlight the value of exploring multiple (τ, T ) configurations to identify strategies best suited to specific
constraints, such as available time or the number of infected females for release. Overall, the simulations confirm the
effectiveness of the optimal control approach for Wolbachia-infected female releases.

6 Final Remarks

This study presents a mathematical framework to investigate the dynamics of two competing species under impulsive
release strategies. By defining an impulsive differential equation model, we demonstrate the potential of periodic
interventions in ecological systems, particularly in reducing the population of one species S1 through strategic
competition with another species S2.

Theoretical analysis confirmed that the model is well-posed, ensuring the existence and uniqueness of an S1-free
solution under specific conditions. Moreover, we derived a sufficient condition for impulsive releases of S2 that
guarantees the global stability of the desired equilibrium, providing a solid foundation for ecological control strategies.

In this work, we adopt impulsive releases as an alternative to the continuous controls often considered in the literature,
better reflecting realistic intervention settings. The impulsive nature of the releases justifies the use of numerical
methods to determine optimal release magnitudes, ensuring that the resulting strategy is both effective and feasible.

This work highlights the relevance of mathematical modeling and control theory in tackling ecological challenges. Future
research would extend these methods to more complex environmental systems, considering time-varying parameters,
assessing how environmental factors influence control effectiveness, and analyzing how parameter variability affects
stability and optimality. Additional directions include evaluating the interplay between different control methods and
exploring model adaptations that better capture realistic ecological dynamics. Such developments could significantly
enhance the applicability and robustness of impulsive intervention strategies in ecological control. Moreover, extending
the problem to a framework involving fractional derivatives is an interesting avenue for future studies.
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Appendix

A Proof of Theorem 3

Proof. First, we will show that Z2(t) is the unique positive τ -periodic solution of system (5). Let

Z2(t) =
cK2e

r2t

cer2t − 1
,

be the solution of
dZ2

dt
= Z2

(
ψ2 −

r2
K2

Z2

)
− δ2Z2, t ̸= kτ, k ≥ 0,

which corresponds to the first equation of system (5), where c ∈ R is a constant to be determined and is associated with
the initial conditions of the problem.

For t = kτ , k ≥ 0, let Z2(kτ
+) denote the initial value at time kτ . Then,

c =
Z2(kτ

+)e−r2kτ

Z2(kτ+)−K2
,

and the solution becomes

Z2(t) =
K2Z2(kτ

+)er2(t−kτ)

Z2(kτ+)
(
er2(t−kτ) − 1

)
+K2

, kτ < t ≤ (k + 1)τ, k ≥ 0, (18)

which represents the solution of system (5) between the pulses.

At the impulsive moments, when t = (k + 1)τ , k ≥ 0, from the second equation of (5), with uk ∈ U , we obtain the
following difference equation:

Z2((k + 1)τ+) = Z2((k + 1)τ−) + uk

=
K2Z2(kτ

+)er2τ

Z2(kτ+) (er2τ − 1) +K2
+ uk, (19)

which defines a recursive relation between Z2((k + 1)τ+) and Z2(kτ
+). We can rewrite it as

Zk+1
2 =

K2Z
k
2 e
r2τ

Zk2 (er2τ − 1) +K2
+ uk, (20)

where Zk2 = Z2(kτ
+).

Define
h(Z2) =

K2Z2e
r2τ

Z2 (er2τ − 1) +K2
+ uk,

and observe that (20) has a single positive equilibrium point. Indeed, setting

h(Z2) = Z2,

gives the condition that determines the equilibrium point of the recursive equation (20), which is τ -periodic. Performing
algebraic manipulations, we obtain the quadratic equation

Z2
2 − (uk +K2)Z2 −

ukK2

er2τ − 1
= 0,

which has two real roots, but only one of them is positive. It is given by

Z+
2 =

1

2

[
(uk +K2) +

√
(uk +K2)2 + 4

ukK2

er2τ − 1

]
, k ≥ 0.

Then, substituting Z+
2 into (18), we obtain the corresponding τ -periodic solution:

Z2(t) =
K2Z

+
2 e

r2(t−kτ)

Z+
2

(
er2(t−kτ) − 1

)
+K2

, kτ < t ≤ (k + 1)τ, k ≥ 0,
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which is the unique positive τ -periodic solution of system (5).

Now we show that Z2(t) is globally asymptotically stable. Since h(Z2) is continuous and differentiable for Z2 > 0, we
compute its derivative:

h′(Z2) =
∂

∂Z2

(
K2Z2e

r2τ

Z2(er2τ − 1) +K2
+ uk

)
=

K2
2e
r2τ (er2τ − 1)

(Z2(er2τ − 1) +K2)
2 > 0,

for all Z2 > 0. Hence, h is strictly increasing.

We have already shown that Z+
2 is the unique positive fixed point of h, that is,

h(Z+
2 ) = Z+

2 ,

and there is no other solution to h(Z2) = Z2 with Z2 > 0.

Since h is strictly increasing and Z+
2 is its unique positive fixed point, it follows that:

• If 0 < Z2 < Z+
2 , then h(Z2) < h(Z+

2 ) = Z+
2 , so Z2 < h(Z2) < Z+

2 .

• If Z2 > Z+
2 , then h(Z2) > h(Z+

2 ) = Z+
2 , so Z2 > h(Z2) > Z+

2 .

These inequalities show that the sequence {Zk2 } defined by the recursive equation (19) is monotonic and converges
to Z+

2 for any initial condition Z0
2 > 0. Therefore, Z+

2 is a globally asymptotically stable fixed point of the discrete
dynamical system.

As a consequence, the corresponding τ -periodic solution Z2(t) of the impulsive system (5) is globally asymptotically
stable.

□

B Proof of Lemma 1

Proof. From the first equation of the system (1a)–(1b), we have

dS1

dt
(t) = S1(t)

(
ψ1 −

r1
K1

(S1(t) + S2(t))

)(
S1(t)

K0
− 1

)
− δ1S1(t),

which does not involve impulsive releases. The presence of the critical depensation term
(
S1(t)
K0

− 1
)

, associated with
the concept of minimum viable population size (MVPS) [38], requires splitting the analysis into two cases. Here, K0

plays the role of a critical threshold: if the population falls below this value, it tends to extinction; otherwise, it may
persist. Analyzing both cases allows us to conclude the boundedness of S1(t).

a. If S1(t) ≤ K0, then
(
S1(t)
K0

− 1
)
≤ 0. Thus, K0 is an upper bound for S1(t) for all t ≥ 0.

b. If S1(t) > K0, then
(
S1(t)
K0

− 1
)
> 0. We then have

dS1

dt
(t) = S1(t)

[(
ψ1 −

r1
K1

S1(t)

)(
S1(t)

K0
− 1

)
− r1
K1

S2(t)

(
S1(t)

K0
− 1

)
− δ1

]

≤ S1(t)

[(
ψ1 −

r1
K1

S1(t)

)(
S1(t)

K0
− 1

)
− δ1

]
,

and we can consider the comparison differential equation

dy

dt
(t) = y(t)

[(
ψ1 −

r1
K1

y(t)

)(
y(t)

K0
− 1

)
− δ1

]
,

y(0) = S1(0),
(21)

which has three equilibrium points: y = 0, and the two positive solutions of
(
ψ1 −

r1
K1

y

)(
y

K0
− 1

)
− δ1 = 0. (22)
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Expanding (22), we obtain the quadratic equation

− r1
K1K0

y2 +
ψ1K1 + r1K0

K1K0
y − (δ1 + ψ1) = 0.

Solving this, we find
∆ = (ψ1K1 + r1K0)

2 − 4r1K0K1(δ1 + ψ1),

and the roots

y1 =
ψ1K1 + r1K0 −

√
∆

2r1
, y2 =

ψ1K1 + r1K0 +
√
∆

2r1
.

Following the notation in [38], we define y1 = Kb and y2 = K∗, with 0 < Kb < K∗. We now analyze the
sign of the right-hand side of (21) in the intervals between the equilibria:





dy

dt
< 0, if 0 < y < Kb,

dy

dt
> 0, if Kb < y < K∗,

dy

dt
< 0, if y > K∗.

Therefore, for the initial condition y(0) = S1(0), we have:

i) If 0 ≤ S1(0) < Kb, then y(t) decreases to 0 in finite time as t increases;
ii) If Kb < S1(0) < K∗, then y(t) increases toward K∗ as t→ ∞;

iii) If S1(0) > K∗, then y(t) decreases toward K∗ as t→ ∞.

As a result, following [38], given an initial population of species S1 large enough to survive (i.e., S1(0) > Kb),
the threshold Kb separates extinction from persistence, and K∗ represents the stable steady-state population.
Since the comparison equation satisfies dS1

dt (t) ≤
dy
dt (t) and S1(0) = y(0), by the Comparison Theorem we

conclude that

S1(t) ≤ y(t) ≤ K∗, for all t ≥ 0.

Combining both cases (a) and (b), we conclude that S1(t) is bounded for all t ≥ 0. In particular,

S1(t) ≤M1 := max{K∗, S1(0)}, for all t ≥ 0.

□

C Proof of Theorem 4

Proof. By hypothesis, the initial conditions are non-negative. By Proposition 1, we have that S1(t) and S2(t) are lower
bounded by zero for all t ≥ 0, and by Lemma 1, M1 > 0 is an upper bound for S1(t). We will now show that S2(t) is
also upper-bounded. To do this, consider the second and fourth equations of system (1a)–(1b), from which we obtain:

dS2

dt
(t) ≤ dZ2

dt
(t), with S2(0) = Z2(0),

where Z2 satisfies (5). The function Z2(t) is bounded, since for t ̸= kτ , the solution of the continuous ODE is
bounded by max{K2, Z2(0)}, where K2 represents the environmental carrying capacity of S2. At the impulsive
instants t = kτ , a term uk ∈ U is added, which is upper bounded by umax. Thus, immediately after the impulse, we
have Z2(t

+) ≤ max{K2, S2(0)}+ umax. Therefore, Z2(t) remains bounded for all time. By Theorem 2, we obtain:

S2(t) ≤ Z2(t).

Let M2 := max{K2, S2(0)}+ umax. Then, S2(t) ≤M2 for all t ≥ 0.
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To show that the solutions are uniformly bounded, consider the function V (t) = S1(t) + S2(t). Then V (t) ∈ V0, and
for some λ > 0 and kτ ≤ t ≤ (k + 1)τ , we have:

D+V (t) + λV (t) = D+S1(t) +D+S2(t) + λ(S1(t) + S2(t))

= S1(t)

(
ψ1 −

r1
K1

(S1(t) + S2(t))

)(
S1(t)

K0
− 1

)
− δ1S1(t)

+ S2(t)

(
ψ2 −

r2
K2

(S1(t) + S2(t))

)
− δ2S2(t) + λ(S1(t) + S2(t))

≤ (r1 + λ)M1 + (r2 + λ)M2 :=M3.

At the impulsive times t = kτ , we have V (kτ+) = V (kτ) + uk, for uk ∈ U . Then, by Lemma 2.2 in [51], we obtain:

V (t) ≤ V (0)e−λt +
∫ t

0

M3e
−λ(t−s), ds+

∑

0≤kτ≤t
uke

−λ(t−kτ)

≤ V (0)e−λt +
M3

λ
(1− e−λt) +

∑

0≤kτ≤t
umaxe

−λ(t−kτ).

Thus, as t→ ∞, we obtain:

V (t) ≤ M3

λ
+ umax

eλτ

eλτ − 1
.

In this way, V (t) is uniformly bounded, and by its definition, each positive solution S1(t) and S2(t) of system (1a)–(1b)
is also uniformly bounded. □
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Chapter 3

Impact of Carrying Capacity on
Species Competition in Optimization
Strategies for Impulsive Releases

This chapter extends the framework developed in Chapter 2 by investigating the role
of species-specific carrying capacities in optimal impulsive control strategies. While the
previous chapter established analytical conditions for successful population replacement
and derived optimal release policies, here we examine how ecological constraints influence
both the efficiency and cost of these interventions.

Carrying capacities are explicitly incorporated into the competitive model, allowing
a more realistic representation of environmental limitations affecting each species. This
extension enables a systematic analysis of how differences in these parameters modify the
competitive balance and, consequently, the structure of optimal impulsive release strategies.

In particular, the results show that the relative difference between the carrying ca-
pacities plays a key role in determining the required release effort. Smaller disparities
between these capacities significantly reduce the intervention cost and facilitate population
replacement, whereas larger differences increase the control effort required to suppress
the resident population.

This chapter is based on the article "Impact of Carrying Capacity on Species Competition
in Optimization Strategies for Impulsive Releases", published in the Proceedings Series of the
Brazilian Society of Computational and Applied Mathematics (vol.12, nº.1, 2026). The problem
is formulated as an optimal control problem with impulsive actions corresponding to
periodic releases of individuals from species 𝑆2, aiming to ensure the control or eradication
of species 𝑆1 and the successful establishment of 𝑆2 while minimizing the total cost of
intervention.



Proceeding Series of the Brazilian Society of Computational and Applied Mathematics

Impact of Carrying Capacity on Species Competition in
Optimization Strategies for Impulsive Releases

Jéssica C. S. Alves1, Sergio M. Oliva2

USP/IME, São Paulo, SP
Christian E. Schaerer3
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Abstract. This work investigates the influence of the carrying capacity on the replacement of
species S1 by species S2, with a focus on minimizing intervention costs. The problem is formulated
as an optimal control problem, in which the control actions correspond to impulsive releases of
individuals from species S2. The objective is to determine optimal release strategies that ensure
the eradication of S1 and the successful establishment of S2. Numerical results are provided to
illustrate the control strategies and to analyze how the carrying capacity affects the optimal release
policy.

Keywords. Optimal Control, Carrying Capacity, Impulsive Releases, Population Dynamics, Species
Competition.

1 Introduction

The carrying capacity of an environment represents the maximum number of individuals that
a population can sustain over time, determined by factors such as resource availability, space, and
ecological interactions. In practice, however, each species experiences an effective carrying capac-
ity, which accounts not only for environmental limitations but also for interspecific interactions,
physiological traits, and adaptive mechanisms that influence how efficiently each population uti-
lizes available resources [6]. This concept plays a crucial role in population dynamics and species
competition, directly influencing which species can establish and thrive in a given habitat [7]. In
many ecological and environmental management scenarios, it becomes necessary to control popu-
lation equilibrium to promote the replacement of one species by another, whether for conservation
purposes, invasive species control, or ecosystem optimization [8].

In this work, we investigate the influence of the carrying capacity on the replacement of species
S1 by species S2, with a focus on minimizing intervention costs. The problem is formulated within
an optimal control framework, in which control actions consist of impulsive releases of individuals
from species S2. The objective is to determine optimal release strategies that ensure the eradication
of S1 and the successful establishment of S2 in an efficient manner. In this context, we consider
effective carrying capacities (K1 and K2), which reflect the actual ability of each species to exploit
available resources and maintain its population, rather than a uniform environmental limit. Thus,
we aim to understand how the carrying capacity affects species competition and to optimize the
resources required to achieve the desired replacement.

1alvesj@ime.usp.br
2soliva@usp.br
3cschaer@pol.una.py
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The paper is structured as follows. In Section 2, we introduce the optimal control problem,
present the cost functional to be minimized, and discuss the impulsive competition model proposed
in [1]. Section 3 presents the numerical results, which illustrate the control strategies and highlight
the influence of the carrying capacity on the optimal release policy. Finally, Section 4 provides
concluding remarks, summarizing the main findings and outlining directions for future research.

2 Impulsive Optimal Control Problem
Consider the following impulsive differential equation model, which describes the competitive

dynamics between two species, S1 and S2. This model was proposed in [1], captures the effects of
ecological interactions and discontinuous perturbations in the system.




dS1(t)

dt
= S1(t)

(
ψ1 −

r1
K1

(S1(t) + S2(t))

)(
S1(t)

K0
− 1

)
− δ1S1(t),

dS2(t)

dt
= S2(t)

(
ψ2 −

r2
K2

(S1(t) + S2(t))

)
− δ2S2(t),

if t ̸= nτ, n = 1, 2, ..., N. (1)

{
S1(t

+) = S1(t),

S2(t
+) = S2(t) + un,

if t = nτ, n = 1, 2, ..., N. (2)

The model is considered with nonnegative initial conditions and positive parameters. For i = 1, 2,
ψi and δi represent the birth and mortality rates of species Si, respectively, while ri = ψi − δi
denotes the intrinsic growth rate. In addition, Ki is a parameter associated with the effective
carrying capacity for species Si. In this study, we assume that all parameters are independent of
population density.

The system (1) incorporates a frequency-dependent Allee effect in the first equation, affecting
species S1 [4, 5]. This effect is captured by the critical compensation term

(
S1

K0
− 1
)
, which directly

influences the recruitment of individuals in species S1. The parameter K0 > 0 (with 0 < K0 < K1)
represents the minimum viable population size (MVPS), i.e., the smallest population size required
for the persistence of species S1, a concept widely studied in models incorporating the Allee effect
[9, 10].

Furthermore, we assume that the birth rate exceeds the mortality rate for both populations,

ψ1 > δ1 and ψ2 > δ2, (3)

and that population S1 exhibits a higher survival capacity than S2, i.e.,

ψ2 < ψ1, δ2 > δ1, and r2 < r1. (4)

The impulsive subsystem (2) describes the release of individuals from species S2, where τ
represents the release period and un ∈ U denotes the number of individuals introduced at time
t = nτ . The control variable un is constrained by the available quantity of S2, so that the set of
admissible releases is U = [0, umax], with umax ≥ 0 denoting the maximum number of S2 individuals
that can be released at a given time.

The population of S1 immediately after the n-th release, at t = nτ+, is given by S1(t
+) =

lima→0+ S1(t+ a).
The results concerning the existence, uniqueness, positivity, and uniform boundedness of the

model solutions are presented in [1].
We now formulate an optimal control problem in which the model (1)-(2) serves as the control

system. The goal is to minimize the number of released individuals of species S2 while driving the
population of S1 below its survival threshold K0 (associated with the Allee effect).
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Mathematically, we seek to determine the sequence of optimal controls u∗ = (u∗n)
N
n=1, u

∗
n ∈ U,

that minimizes the cost functional.

J(u) = C1(S1(T )− (K0 − ϵ)) + C2

N∑

n=1

un, (5)

subject to the model (1)-(2). We denote this optimal control problem as P.
The term S1(T ) − (K0 − ϵ) in the objective functional enforces that the final population of

S1 remains below K0, its survival threshold, allowing a small tolerance ϵ > 0. The constants C1

and C2 represent the costs associated with the control strategy, while
∑N
n=1 un denotes the total

release effort to be minimized. This problem is formulated over a finite time horizon [0, T ], where
T defines the final intervention time. During this period, up to N releases can be performed, each
belonging to the admissible set U .

To ensure the existence of solutions for this optimal control problem, we must show that there
exists at least one element in U that satisfies (5) subject to the dynamical system (1)-(2). Therefore,
we establish the following proposition.

Proposition 2.1. There exists at least one n∗ such that u∗n ∈ U satisfies J(u), subject to (1)-(2).

Proof. Since the set U is compact and the functional J(u) is continuous (being a sum of continuous
functions), the Weierstrass theorem ensures the existence of a control u∗n ∈ U that minimizes
J(u).

Furthermore, having established the existence of at least one element in U that satisfies the op-
timal control problem, and considering that system (1)-(2) admits positive, unique, and uniformly
bounded solutions (for each initial condition), and that the cost functional is continuous in u, we
can apply Theorem (5.1) from Section III of [3]. Consequently, the existence of an optimal control
u∗ = (u∗n)

N
n=1, with u∗n ∈ U , for problem P is guaranteed.

Having ensured the existence of an optimal solution, the next section presents numerical results
analyzing the influence of the parameters K1 and K2, which denote the effective carrying capacities
for species S1 and S2, respectively.

3 Numerical Results
In this section, we present the numerical simulations of problem (P), illustrating the dynamics of

species S1 and S2 and the evolution of the optimal control for different values of the parameters K1

and K2, as detailed in Table 2. These parameters represent the effective carrying capacities of each
species and directly influence their competitive interaction. The purpose of these simulations is to
investigate how different parameter configurations affect the optimal release strategy of individuals
from S2 to achieve the replacement of S1.

For these simulations, we consider a fixed release period of τ = 7 days, a final intervention
time of T = 360 days, and a control cost weighting factor of C1 = 1 and C2 = 1

2 . The parameter
values used are presented in Table 1 ([4]). The optimal control problem was solved using the Gekko
package, a Python library for dynamic optimization, optimal control, and nonlinear programming
[2].

With this approach, we analyze the sensitivity of the problem with respect to K1 and K2,
examining how variations in the effective carrying capacities influence the efficiency of the release
strategies and the feasibility of replacing S1 by S2.

The results of the numerical simulations presented in Table 2 show the relationship between the
parameters K1 and K2, the final intervention time T = 360 days, and the obtained values for the
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Table 1: Parameters for the model (1)-(2)

.

Parameter Value Range Units Description
ψ1 0.32667 0.28 - 0.38 day−1 Birth rate of species S1

ψ2 0.21333 0.18 - 0.25 day−1 Birth rate of species S2

δ1 0.03333 1/8 - 1/42 day−1 Death rate of species S1

δ2 0.06666 2/8 - 2/42 day−1 Death rate of species S2

K0 30, 60, 60 - - Threshold S1 population for species interaction

total release sum
∑
un and the minimum cost min J(u). When K1 increases from 374 to 674 (with

K2 = 400), the total number of released individuals (
∑
un = 4168.64) rises significantly, reflecting

the challenge of replacing a more abundant resident population. Conversely, when increasing K2

from 400 to 674 (with K1 = 674),
∑
un decreases to 1152.32, and the minimum cost drops to

576.16. This contrast demonstrates that a higher effective carrying capacity for S2 facilitates its
establishment, thereby reducing the required intervention effort. Hence, the parameters K1 and
K2 together with the initial dominance of S1 directly influence population dynamics and control
efficiency.

Table 2: Numerical results for the optimization of problem P.

K1, K2, K0
T = 360

∑
un min J(u)

374, 300, 30 1236.87 618.44
674, 400, 60 4168.64 2084.32
674, 674, 60 1152.32 576.16
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(a) (b)

Figure 1: (a) Trajectory of S1 and S2 under optimal control for K1 = 374 and K2 = 300, with initial
condition (K1, 0). (b) Optimal control u∗ associated with the simulation in (a). Source: Figures by the
authors.

Figures 1-3, associated with the results in Table 2, illustrate the optimal solutions for each
combination of K1 and K2 in the population dynamics of S1 and S2 over time, along with the
corresponding optimal impulsive controls u∗n. All simulations consider an initial condition in which
the system is entirely dominated by S1, with no individuals of S2 present. This initial configuration
is crucial, as the density of S1 determines the release intensity required for S2 to establish itself
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competitively. The optimal strategy prioritizes a rapid reduction of S1 while ensuring a stable
establishment of S2, with more intensive releases at the beginning of the intervention followed by
a progressive decrease over time, an approach that minimizes the total cost while achieving the
desired outcome.
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(c) (d)

Figure 2: (c) Trajectory of S1 and S2 under optimal control for K1 = 674 and K2 = 400, with initial
condition (K1, 0). (d) Optimal control u∗ associated with the simulation in (c). Source: Figures by the
authors.
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Figure 3: (e) Trajectory of S1 and S2 under optimal control for K1 = 674 and K2 = 674, with initial
condition (K1, 0). (f) Optimal control u∗ associated with the simulation in (e). Source: Figures by the
authors.

These findings demonstrate the sensitivity of the optimal strategy to the model parameters,
particularly K1 and K2, highlighting that the success and cost of population replacement depend
not only on the initial density of S1 but also on the effective carrying capacity available to S2.
The proposed approach enables a precise quantification of these effects and provides a valuable
framework for supporting decision-making in biological intervention programs.
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4 Final Considerations
Our results demonstrate that the effective carrying capacities (K1, K2) directly determine the

intervention effort required for population replacement. Higher K1 values demand significantly
larger releases of S2 to overcome the competitive advantage of S1, whereas increased K2 facilitates
the establishment of S2 with reduced effort.

The optimal strategy adapts to the system parameters by scheduling releases to maximize their
impact during the most critical phases of S1 suppression. These results provide valuable insights for
designing intervention plans that support the development of efficient biological control strategies.

Furthermore, the proposed method offers an effective approach to minimizing the total inter-
vention cost within an impulsive control framework. Unlike most studies that assume continuous
release strategies, the use of impulsive control provides a more realistic and operationally feasible
perspective for practical implementation.

Future studies could investigate the model’s sensitivity to other system parameters, such as
species mortality rates and their impact on control effectiveness. Additionally, incorporating a
parameter that accounts for non-natural mortality—such as deaths caused by external factors
like insecticide use or adverse environmental conditions—would enable a more comprehensive and
realistic assessment of the optimal control problem. Such extensions would contribute to the
development of more robust and effective strategies for replacing species S1 with S2.
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Chapter 4

Impulsive Release Strategies for
Wolbachia-Infected Mosquitoes under
Temperature Induced-Infection Loss

The endosymbiotic bacterium Wolbachia has emerged as a promising biological tool for
the control of mosquito-borne diseases. Its ability to spread through mosquito populations
is primarily driven by two biological mechanisms. The first is maternal transmission,
whereby infected females transmit the bacterium to their offspring. The second is cyto-
plasmic incompatibility, a reproductive phenomenon that reduces the viability of offspring
produced by matings between infected males and uninfected females. Together, these
mechanisms confer a reproductive advantage to infected individuals and may promote the
replacement of wild mosquito populations by Wolbachia-infected populations. Figure 4.1
illustrates these two fundamental processes.

(a) Maternal transmission (b) Cytoplasmic incompatibility

Figure 4.1: Main biological mechanisms responsible for the spread of Wolbachia in mosquito popula-
tions. Source: Generated by the author with the assistance of artificial intelligence tools.

While these mechanisms favor the establishment of Wolbachia within mosquito popula-
tions, environmental factors may compromise infection persistence. In particular, exposure
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to elevated temperatures can induce temporary infection loss, reducing the effectiveness of
release-based interventions. Motivated by this biological challenge, the following chapter
develops an impulsive modeling framework that explicitly incorporates both periodic
releases and temperature-induced infection loss.

The chapter is based on the article "Impulsive Release Strategies for Wolbachia-Infected
Mosquitoes under Temperature Induced Infection Loss", which has been submitted for publi-
cation. It extends the impulsive modeling framework developed in the previous chapters to
the biological control of Aedes aegypti populations through the introduction of mosquitoes
infected with the endosymbiotic bacterium Wolbachia. In contrast to the competition mod-
els previously considered, the present formulation is specifically tailored to the interaction
between wild and infected mosquito populations, explicitly accounting for temperature-
induced infection loss. A novel impulsive differential equation model incorporating two
distinct impulsive mechanisms acting at different time instants – periodic releases of
Wolbachia-infected mosquitoes and episodic infection loss driven by high-temperature
exposure – is proposed. This formulation provides a unified framework to represent both
operational interventions and environmentally induced perturbations affecting infection
persistence.

Within this framework, analytical threshold conditions are derived to characterize the
existence and stability of periodic solutions associated with the successful establishment
of Wolbachia in the mosquito population. The analysis follows the methodology intro-
duced in Chapter 2, including the formulation of the impulsive system and the study of
its qualitative properties. In addition, numerical simulations are performed to compare
different Wolbachia strains, highlighting the influence of strain-specific fitness costs and
thermal sensitivity on long-term persistence.
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ABSTRACT

The release of Wolbachia-infected mosquitoes is a promising strategy for controlling Aedes aegypti
populations, but exposure to high temperatures can induce temporary infection loss and compromise
long-term persistence. In this work, we propose a population-dynamics model based on impulsive
differential equations to describe the interaction between wild and infected mosquitoes, incorporating
cytoplasmic incompatibility, periodic release interventions, and temperature-driven infection loss.
Analytical threshold conditions are derived to characterize the existence and stability of periodic
solutions associated with successful Wolbachia establishment. Numerical simulations illustrate the
theoretical results and enable a comparative analysis of the wMelPop, wMel, and wAlbB strains,
highlighting how differences in thermal tolerance and fitness costs influence persistence after the
release phase. The results emphasize the importance of accounting for environmental stress and
impulsive interventions when designing effective and robust Wolbachia release strategies.

Keywords Impulsive system · Wolbachia · Release amount · Loss of infection · High temperature · Population
dynamics · Biological control

1 Introduction

Mosquito population control is a common strategy for reducing the transmission of vector-borne diseases. In
this work, we specifically consider the dynamics of Aedes aegypti, the vector of several arboviruses, including dengue,
Zika, chikungunya, and yellow fever [1, 2]. This species is now present in most tropical and subtropical regions and has
the potential to establish itself in more than 80% of countries across the globe [3, 4]. Current control methods include
the use of insecticides, mechanical elimination of breeding sites, and biological control approaches [5, 6, 7].

Biological control comprises several techniques, including the use of natural predators, parasitoids, and specific
pathogens that affect mosquito development and survival. Among the most common approaches is the introduction of
natural predators, such as certain fish species, including Gambusia affinis, which consume mosquito larvae in aquatic
environments [8]. Another strategy involves predatory mosquitoes and parasitoid insects: larvae of mosquitoes of the
genus Toxorhynchites prey on other mosquito larvae [9], while parasitoid wasps, such as Trichogramma, oviposit on
mosquito eggs, contributing to population suppression [10]. Additionally, insecticides remain an important component of

1Corresponding author: alvesj@ime.usp.br.
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mosquito control. However, large-scale application raises environmental concerns, including the evolution of insecticide
resistance, which has been reported in several countries and compromises the effectiveness of mosquito-borne disease
control efforts [11].

In addition to these biological and chemical approaches, genetic control techniques, such as the Sterile Insect
Technique (SIT), have been widely applied in the management of agricultural pests [12] and adapted to mosquito
sterilization [13, 14, 15, 16, 17]. Finally, an emerging biological control strategy involves the release of mosquitoes
carrying Wolbachia, a symbiotic bacterium that reduces mosquito vector competence and limits arbovirus transmission
without requiring genetic modification of the mosquito population [5, 18, 19, 20, 21].

The interaction between wild mosquitoes and those infected with Wolbachia or genetically modified mosquitoes
has been extensively investigated in the literature [13, 14, 22, 23, 24, 25, 26, 27]. Most of this literature relies
on mathematical modeling to analyze population dynamics, employing systems of ordinary differential equations
[13, 24, 28, 29], delay differential equations [26, 30, 31], and discrete-time formulations [32, 33, 34], among others. In
addition, optimal control frameworks have been widely adopted to design efficient intervention strategies [13, 22, 28,
35, 36]. These modeling approaches aim to reduce the wild mosquito population and, consequently, mitigate disease
transmission.

While much of the existing work focuses on continuous release strategies of Wolbachia-infected mosquitoes
[25, 26, 29, 37], alternative formulations based on impulsive releases have also been proposed [22, 38, 39, 40, 41].
Periodic and impulsive release strategies appear more frequently in the context of sterile insect techniques [16, 17] and
in applications to other insect populations and pest control problems [40, 42, 43, 44]. These approaches are designed to
optimize the timing and magnitude of releases, enhancing control efficiency and improving the feasibility of real-world
interventions.

This work specifically addresses the control of Aedes aegypti, with a particular focus on the use of the
endosymbiotic bacterium Wolbachia as a biological control strategy. Several experimental and field studies have shown
that the release of Wolbachia-infected mosquitoes can substantially reduce vector competence and, consequently, the
transmission of arboviruses [18, 20, 21]. These findings support the use of Wolbachia as an effective and potentially
sustainable tool for the long-term control of Aedes aegypti populations.

In this article, we model the interaction between wild Aedes aegypti mosquitoes and mosquitoes carrying the
Wolbachia bacterium, incorporating the mechanism of cytoplasmic incompatibility, which reduces the reproductive
success of uninfected females when mating with infected males [45]. The model also includes two impulsive events:
one representing the loss of Wolbachia infection due to high-temperature exposure, and the other corresponding to
the periodic release of Wolbachia-infected mosquitoes. Within this framework of impulsive differential equations, we
analyze the system dynamics to determine conditions that ensure the fixation of Wolbachia-carrying mosquitoes in the
population.

Field and laboratory evidence indicate that high temperatures can temporarily reduce Wolbachia density
and weaken cytoplasmic incompatibility in Aedes aegypti, particularly in environments subject to intense thermal
fluctuations [46, 47]. For the wMel strain, heatwaves have been associated with decreases in infection frequencies, with
values falling to 83% in larvae sampled directly from field habitats and to 88% in eggs collected from ovitraps, before
recovering toward baseline levels in subsequent months [48]. Experimental studies also report drastic reductions in
Wolbachia density when immature stages experience elevated temperatures, with levels dropping to below 0.1% of
controls after seven days of heat exposure beginning at the egg stage, followed by partial recovery once temperatures
return to milder ranges [47, 49]. These observations motivate the inclusion in our model of a redistributive impulsive
event representing episodic loss of infection due to high-temperature exposure, capturing sudden reductions in the
proportion of infected mosquitoes, adding this proportion to wild mosquitoes, and their gradual reestablishment over
time.

Temperature effects, however, are strain-dependent, with direct implications for the magnitude and frequency
of the impulsive loss term in the proposed model. The wMel strain, while capable of blocking dengue and Zika
transmission, shows sensitivity to elevated temperatures and exhibits reduced stability under heat stress [46, 49, 50].
The wMelPop strain is even more susceptible, displaying pronounced fitness costs and sharp declines in density when
exposed to high temperatures [51, 46], suggesting a larger and more frequent infection-loss impulse. In contrast,
the wAlbB strain demonstrates greater tolerance to thermal stress, maintaining comparatively higher densities under
fluctuating or elevated temperatures [47, 52], implying a weaker impulsive reduction in infection levels. Since both
pathogen-blocking capacity and thermal resilience influence persistence and replacement dynamics, we summarize
these characteristics in Table 1 to support the interpretation of the model parameters and their biological relevance.
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Table 1: Key biological traits of Wolbachia strains: virus blocking, heat tolerance, and fitness effects.

Strain Virus block Heat tolerance Impact on host fitness Ref.
wMelPop Very high Low Strong reduction in fecundity,

egg viability, and longevity
[51, 46, 53]

wMel Moderate Low Moderate reduction in fecun-
dity and egg viability; little
effect on longevity

[49, 52, 54]

wAlbB High Moderate/High Mild effects; fertility may
drop under heat stress

[47, 50, 55]

To address this problem, we formulate a population dynamics model governed by impulsive differential
equations that incorporates two distinct impulsive mechanisms: the periodic release of Wolbachia-infected mosquitoes
and the temperature-driven loss of infection. This modeling approach extends existing impulsive frameworks by
coupling operational interventions with environmentally induced perturbations. We establish analytical conditions for
the existence, characterization, and stability of periodic solutions, and derive explicit threshold conditions that link the
magnitude and timing of release events to the intensity and frequency of thermal infection loss. These results provide
theoretical criteria guaranteeing long-term persistence of Wolbachia infection in the mosquito population.

In addition to the theoretical analysis, we perform numerical simulations to validate the derived threshold
conditions and to explore how episodic high-temperature events influence infection dynamics. The simulations illustrate
the interplay between release schedules, environmental stress, and strain-specific biological traits, and identify scenarios
in which maintaining infection persistence may require adjustments in release intensity or frequency.

One of the main contributions of this work is the derivation of an explicit analytical threshold for the number
of Wolbachia-infected mosquitoes that must be released at each impulsive intervention time τ , based on the proposed
impulsive population model. This threshold guarantees the successful establishment of the infected mosquito population
and the elimination of the wild population in the absence of temperature-induced infection loss. Furthermore, when
episodic infection loss due to high temperatures is incorporated into the model, the obtained condition ensures that the
wild mosquito population can be maintained arbitrarily close to zero, provided that the release magnitude satisfies the
derived threshold. These results provide a rigorous theoretical basis for designing impulsive release strategies capable
of sustaining Wolbachia infection under environmentally driven perturbations.

The remainder of this paper is organized as follows. Section 2 presents the interaction model between wild
and Wolbachia-infected Aedes aegypti mosquitoes, establishing the fundamental properties of the solutions, including
existence, uniqueness, positivity, boundedness, and the local stability of equilibrium states. Section 3 introduces the
impulsive population-dynamic model and provides the theoretical analysis of the coupled impulsive system, where
both release interventions and temperature-induced infection loss are formally described. In this section, we derive
threshold conditions ensuring long-term infection persistence. Section 4 presents numerical simulations that support the
analytical findings and assess the impact of episodic high-temperature events on infection dynamics. Finally, Section 5
summarizes the main conclusions and discusses implications for the design of impulsive release programs.

2 Model Formulation

We propose the following mathematical model to characterize the population dynamics of Aedes aegypti
mosquitoes, distinguishing between the wild population and the one infected with Wolbachia:





dS1

dt
= S1ψ1

(
1− S1 + S2

K

)(
S1 + (1− γ)S2

S1 + S2

)
− δ1S1,

dS2

dt
= S2ψ2

(
1− S1 + S2

K

)
− δ2S2.

(1)

with non-negative initial conditions and positive parameters, S1(t) represents the population of wild Aedes aegypti
mosquitoes, while S2(t) represents the population of Wolbachia-infected mosquitoes over time t. The parameters ψi
and δi denote the birth and death rates of S1 and S2, respectively, for i = 1, 2, whereas γ ∈ [0, 1] is the cytoplasmic
incompatibility parameter. The parameter K corresponds to the shared environmental carrying capacity of wild and
infected populations.

The model in (1) was constructed to capture the main biological mechanisms governing the interaction between
wild and Wolbachia-infected Aedes aegypti populations. The logistic-type terms reflect the limitation imposed by
resource competition, assuming that both populations share the same environmental carrying capacity K. This shared
constraint expresses the ecological competition for breeding sites and food resources, which are finite within the habitat.

3
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The multiplicative structure of the growth terms ensures that population change is proportional to the current
population size, following standard formulations in population dynamics. The additional factor

(
S1 + (1− γ)S2

S1 + S2

)

in the equation for S1 represents the cytoplasmic incompatibility (CI) effect: when Wolbachia-infected males mate
with wild females, a fraction γ of the eggs fail to develop [45]. Thus, (1− γ) quantifies the viable offspring fraction
produced in mixed matings, reducing the reproductive success of the wild population.

The infected population, on the other hand, does not experience this reduction, as Wolbachia transmission
is assumed to be maternal and, in this case, fully efficient. Therefore, the growth of S2 is described by a simpler
logistic-like term, driven by ψ2 and limited by the same carrying capacity K. Maternal transmission of Wolbachia is
assumed to be perfect, and therefore, vertical transmission failure is not considered. Possible mechanisms leading to
infection loss are introduced and discussed in the following section.

For this model, we consider the following assumptions:

ψ1 > δ1 and ψ2 > δ2, (2)

which guarantees that birth rates exceed death rates, allowing population persistence in the absence of competition.
Additionally, we assume

ψ2 < ψ1, and δ2 > δ1, (3)

implying that wild mosquitoes have greater fitness than Wolbachia-infected mosquitoes. This assumption is biologically
realistic, as infection typically imposes a fitness cost on mosquitoes, reducing reproductive rates and increasing mortality.
However, depending on the Wolbachia strain, these effects may vary significantly: some strains cause substantial
reductions in mosquito fitness, while others exhibit milder impacts or even confer slight advantages under specific
environmental conditions.

The model formulation thus reflects a balance between ecological competition and cytoplasmic incompatibility.
The infection’s potential to replace the wild population depends on the interplay between the fitness cost and the
reproductive advantage conferred by CI. Under suitable conditions, the system in (1) can exhibit coexistence or
complete replacement of the wild population by the infected one, which will be explored in the subsequent analysis.

Theorem 1 (Existence, Uniqueness, Positivity, and Global Boundedness). Consider the system (1), with non-negative
initial conditions, and assume that all parameters ψi, δi,K, and γ are positive constants. Then, the following statements
hold:

I. There exists a unique local solution (S1(t), S2(t)) to system (1) for any given nonnegative initial condition
(S1(0), S2(0)).

II. The positive orthant R2
+ = {(S1, S2) |S1 ≥ 0, S2 ≥ 0} is invariant under the flow of (1). In particular, if

S1(0), S2(0) ≥ 0, then S1(t), S2(t) ≥ 0 for all t ≥ 0.

III. The solutions of (1) are uniformly bounded for all t ≥ 0.

IV. Consequently, for any nonnegative initial condition, there exists a unique, positive, and bounded solution
(S1(t), S2(t)) of system (1) defined for all t ≥ 0.

The proof of Theorem 1 is given in the Appendix A.

Having established the existence, uniqueness, and boundedness of nonnegative solutions for system (1), we
now proceed to investigate its equilibrium points and their stability properties. This analysis provides essential insights
into the long-term behavior of the interacting populations, allowing us to identify possible coexistence or extinction
scenarios for the wild and Wolbachia-infected mosquito populations under the given ecological assumptions. Moreover,
we will show that whenever the coexistence equilibrium exists, it corresponds to a saddle point and is therefore unstable.

Theorem 2 (Equilibrium Points and Stability). Consider system (1) with non-negative initial conditions. Under
assumptions (2) and (3), define

R1 =
ψ1

δ1
and R2 =

ψ2

δ2
.

The system may exhibit up to three equilibrium points in the region R2
+ \ {(0, 0)}, whose existence and local stability

properties are described below:

4
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• Wolbachia-free equilibrium E1:

E1 =

(
K

(
1− 1

R1

)
, 0

)
,

which exists if R1 > 1 and is locally asymptotically stable if

R1 > R2.

• Wild-free equilibrium E2:

E2 =

(
0, K

(
1− 1

R2

))
,

which exists if R2 > 1 and is locally asymptotically stable if

R2 > (1− γ)R1.

• Coexistence equilibrium E3:
E3 = (Ŝ1, Ŝ2),

where

Ŝ1 =

(
1− 1

R2

)
K

γ

(
R1

R2
− (1− γ)

)
,

Ŝ2 =

(
1− 1

R2

)
K − Ŝ1.

The equilibrium E3 exists if and only if

1− γ <
R1

R2
< 1,

and, whenever it exists, it is a saddle point (thus unstable).

The proof of Theorem 2 is given in the Appendix B.

The conditions derived above admit a clear biological interpretation. The threshold R1 > 1 indicates that a
wild mosquito must produce, on average, more than one wild mosquito per generation for the wild population to persist.
Similarly, the condition R2 > 1 establishes the minimum requirement for the persistence of the Wolbachia-infected
mosquito population. The inequality R1 > R2 reflects a higher fitness of the wild population compared to the infected
population in the absence of cytoplasmic incompatibility. Finally, the term (1− γ)R1 represents the reduction in the
effective fitness of the wild population induced by cytoplasmic incompatibility.

In Figure 1, we present the phase portraits of model (1) for different initial conditions, illustrating the
trajectories of S1 and S2 relative to the equilibrium points. The results show that the basin of attraction associated with
equilibrium E2, which corresponds to the elimination of wild mosquitoes and the persistence of Wolbachia-infected
individuals, varies according to the parameter set of each strain. In particular, the attraction region for the wMelPop
strain is significantly smaller than that observed for the other two strains. This behavior is consistent with the biological
characteristics of wMelPop, which is known to reduce key mosquito fitness traits, as reported in Table 1.

To conclude this section, we have established the main qualitative properties of the continuous model, including
the existence, uniqueness, positivity, and boundedness of solutions, as well as the existence and local stability of its
equilibrium points. In addition, the system behavior was illustrated through a parameter-space diagram and phase
portraits, which together provide complementary insights into the role of model parameters and initial conditions. These
results provide a solid theoretical foundation for extending the model to a more realistic framework that incorporates
impulsive effects, which will be addressed in the next section.

3 Impulsive Model

Given our objective of studying and formulating release strategies for Wolbachia-infected mosquitoes in a
specific region, we adopt the framework of impulsive differential equations due to its practical relevance in modeling
discontinuous interventions. In this model, we consider two types of periodic impulses: (i) the seasonal loss of infection
caused by temperature variations and (ii) the impulsive release of infected mosquitoes.

We consider a fixed period τ > 0, corresponding to the time between successive mosquito interventions.
First, we model the loss of infection caused by seasonal temperature variation through a redistributive impulse, since

5
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Figure 1: Phase portraits of system (1) for γ = 0.95, illustrating the qualitative behavior of trajectories for the three
Wolbachia strains. Different colors represent trajectories starting from distinct initial conditions. The equilibria E1

(blue), E2 (green), and E3 (purple) are indicated. Parameter values are reported in Tables 3–4.

Wolbachia-infected mosquitoes may lose the infection when exposed to high temperatures.At times t = (n+ l)τ , where
l ∈ [0, 1] determines the relative timing of infection loss within each release period τ , the seasonal loss event occurs
within the release cycle and may coincide with a release when l = 0 or l = 1. The index n ∈ Z+ denotes the release
cycle and organizes both types of impulses over time. At these moments, the population S2 loses a proportion φ ∈ [0, 1]
of individuals, which are transferred to the S1 population:

{
S1(t

+) = S1(t) + φ(t)S2(t),

S2(t
+) = (1− φ(t))S2(t),

t = (n+ l)τ.

The loss rate φ(t) is modeled as a smooth periodic function representing the seasonal variation in infection
loss driven by temperature fluctuations:

φ(t) = φmax

[
1 + cos

(
2π(t− tpeak)

365

)]2
, (4)

where φmax is related to the maximum seasonal loss rate, 365 denotes the period of the seasonal cycle (one year in this
case), and tpeak represents the time of the year at which the loss is most intense. This formulation yields a smooth and
periodic function satisfying φ(t) ∈ [0, 4φmax]. To ensure biological consistency, φmax is chosen such that φ(t) ∈ [0, 1]
for all t, which requires φmax ∈ (0, 14 ]. Under this choice, the maximum proportion of infected individuals lost due to
environmental effects never exceeds the total infected population.
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Figure 2: Seasonal function φ(t) defined in (4) plotted for three different values of φmax.
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At each time instant t = (n+ 1)τ , Wolbachia-infected mosquitoes are released into the system in a quantity
un. These impulsive releases are planned interventions aimed at increasing the proportion of infected individuals and
suppressing the wild population, thereby promoting the spread and eventual fixation of the Wolbachia infection. The
release acts directly on the infected population S2, while the wild population S1 remains unchanged at the moment of
intervention: {

S1(t
+) = S1(t),

S2(t
+) = S2(t) + un,

t = (n+ 1)τ.

The long-term dynamics of the system can be influenced by selecting un, τ , and φmax in a way that favors
the dominance of the infected population S2 and suppresses the wild population S1, which is particularly relevant for
vector-borne disease management. Motivated by this control perspective, the complete model describing the interaction
between Wolbachia-infected and wild mosquito populations, accounting for both infection loss due to temperature and
impulsive releases of infected individuals, is given by the following system of impulsive differential equations:





dS1

dt
= S1ψ1

(
1− S1 + S2

K

)(
S1 + (1− γ)S2

S1 + S2

)
− δ1S1,

dS2

dt
= S2ψ2

(
1− S1 + S2

K

)
− δ2S2,

if t ̸= (n+ l)τ, t ̸= (n+ 1)τ. (5a)

{
S1(t

+) = S1(t) + φ(t)S2(t),

S2(t
+) = (1− φ(t))S2(t),

if t = (n+ l)τ. (5b)

{
S1(t

+) = S1(t),

S2(t
+) = S2(t) + un,

if t = (n+ 1)τ. (5c)

Within the impulsive differential equations framework adopted in this study, τ denotes the fixed time interval between
successive releases of Wolbachia-infected mosquitoes. Seasonal infection-loss events occur at shifted impulsive times
of the form (n+ l)τ and, depending on the value of l, may coincide with the release instants. In real-world applications,
the release size un is naturally constrained by the limited availability of Wolbachia-infected mosquitoes. To reflect
this practical limitation, the set of admissible releases is defined as U := {0 ≤ un ≤ umax, | n ≥ 0}, where umax ≥ 0
denotes the maximum number of Wolbachia-carrying mosquitoes that can be introduced at any given intervention.

This formulation bridges theoretical modeling with real-world constraints, acknowledging that practical
implementation must balance idealized strategies with biological and logistical limitations. The impulsive framework
adopted here enables the integration of both environmental variability and active control strategies within a unified
model. Seasonal loss of infection, caused by temperature fluctuations, is captured through redistributive impulses that
reduce the number of infected individuals by transferring a proportion to the wild mosquito population. In contrast,
periodic releases introduce Wolbachia-infected mosquitoes into the environment and also act as interventions to sustain
or increase their presence over time. This modeling approach provides a realistic and analytically tractable setting for
exploring optimal release strategies and their interaction with adverse seasonal environmental stressors.

3.1 Model behavior

Proposition 1. Let (S1(0), S2(0)) be a non-negative initial condition, un ∈ U , and φ(t) ∈ [0, 1]. Let (S1(t), S2(t))
denote the solution of system (5a)–(5c). Then, (S1(t), S2(t)) remains non-negative for all t ≥ 0.

Proof. Between impulses, the solution (S1(t), S2(t)) remains non-negative for all t ≥ 0, as established in Theorem (1)-
(I).

At impulse instants of the type t = (n+ l)τ , redistribution between the variables occurs, given by

S1(t
+) = S1(t) + φ(t)S2(t), S2(t

+) = (1− φ(t))S2(t).

Since φ(t) ∈ [0, 1] and S2(t) ≥ 0, both S1(t
+) and S2(t

+) remain non-negative.

At impulse instants of the type t = (n+ 1)τ , we have

S1(t
+) = S1(t), S2(t

+) = S2(t) + un.

Since S1(t) ≥ 0, S2(t) ≥ 0, and un ≥ 0 by hypothesis, it follows that S1(t
+), S2(t

+) ≥ 0.

Therefore, by induction over all impulse events and continuous intervals, the non-negativity of S1(t) and S2(t)
is preserved for all t ≥ 0.

7
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Proposition 2. For each non-negative initial condition (S1(0), S2(0)), release amounts un ∈ U (un ≥ 0) at t =
(n+ 1)τ , and transfers φ(t) defined by (4) at t = (n+ l)τ , the system (5a)–(5c) admits a unique solution defined on
[0,∞).

Proof. From Theorem (1), the solution exists and is unique between impulses.

At discrete instants of the type t = (n + l)τ , the functions S1(t) and S2(t) admit well-defined right-hand
limits:

S1(kτ
+) = lim

ϵ→0+
S1(kτ + ϵ), S2(kτ

+) = lim
ϵ→0+

S2(kτ + ϵ).

At these moments, the impulsive transfers are given by
S1(t

+) = S1(t) + φ(t)S2(t), S2(t
+) = (1− φ(t))S2(t),

where φ(t) is defined by (4) and satisfies φ(t) ∈ [0, 1]. These relations are linear and well defined, ensuring piecewise
continuity of the solution and preservation of uniqueness after each impulse.

At instants of the type t = (n+ 1)τ , the impulsive releases occur according to

S1(t
+) = S1(t), S2(t

+) = S2(t) + un,

with un ∈ U and un ≥ 0. This update is deterministic and also preserves the uniqueness of the solution.

Hence, the solutions are piecewise continuous, with well-defined left and right limits at every impulse time. By
induction over the intervals [nτ, (n+ 1)τ ], the solution can be uniquely and consistently extended to the entire domain
[0,∞).

For the analysis of the model with impulsive interventions, we define the following auxiliary system. This
system is adjustable, since both the releases un ∈ U and the intervention period τ can be adjusted according to the
chosen intervention strategy. Our approach is to derive an analytical solution by assuming the simplification S1(t) ≈ 0.
Consequently, the system below is obtained from equations (5a)–(5c) under the condition S1(t) = 0:





dB

dt
(t) = Bψ2

(
1− B

K

)
− δ2B, t ̸= (n+ l)τ, t ̸= (n+ 1)τ,

B(t+) = (1− φ(t))B(t), t = (n+ l)τ,

B(t+) = B(t) + un, t = (n+ 1)τ.

(6)

In what follows, we show the existence of a unique positive τ -periodic solution for system (6), which
characterizes the long-term periodic dynamics of the system under impulsive interventions.
Theorem 3. Consider the auxiliary system (6), with φ(t) ∈ [0, 1] defined by (4) and un ∈ U . Then, there exists a
unique positive τ -periodic solution B̄(t) given by:

B̄(t) =





K̄B+er2(t−nτ)

B+
(
er2(t−nτ) − 1

)
+ K̄

, nτ < t ≤ (n+ l)τ,

K̄B∗er2(t−(n+l)τ)

B∗ (er2(t−(n+l)τ) − 1
)
+ K̄

, (n+ l)τ < t ≤ (n+ 1)τ,

(7)

where 



B+ =
K̄
(
(1− φ)er2τ − 1

)
+ unA+

√(
K̄
(
(1− φ)er2τ − 1

)
+ unA

)2
+ 4unK̄A

2A
,

B∗ =
(1− φ)K̄B+er2lτ

B+ (er2lτ − 1) + K̄
,

(8)

with A defined in (26).

Moreover, the solution B̄(t) is globally asymptotically stable.

The proof of Theorem 3 is given in the Appendix (C).

Establishing the uniform boundedness of the solutions is a crucial step in our analysis. Since we are dealing
with population dynamics, it is natural to require that the trajectories remain biologically meaningful, that is, confined
to a finite range for all time. Moreover, this property plays a central role in proving the global stability of the desired
solutions, as it prevents the system from exhibiting unrealistic or uncontrolled behavior. Thus, after constructing and
analyzing the auxiliary system, we now proceed to the proposition that ensures the uniform boundedness of the solutions
of the impulsive model.

8
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Proposition 3. Let (S1(t), S2(t)) be a solution of system (5a)-(5c), with positive parameters, φ(t) ∈ [0, 1], un ∈ U
and non-negative initial conditions. Then (S1(t), S2(t)) is uniformly bounded.

Proof. From Theorem 1-(III) we know that the solutions of the continuous part of the model are uniformly bounded.
In particular, there exists a constant Mc > 0 such that S(t−) = S1(t

−) + S2(t
−) ≤ Mc for every interval between

impulses and for every solution.

We now show that the impulsive effects do not destroy this boundedness. Consider first the impulses occurring
at times t = (n+ l)τ . At such instants,

S1(t
+) = S1(t

−) + φ(t)S2(t
−), S2(t

+) = (1− φ(t))S2(t
−),

with 0 ≤ φ(t) ≤ 1. Hence,

S(t+) = S1(t
+) + S2(t

+) = S1(t
−) + φS2(t

−) + (1− φ)S2(t
−) = S(t−).

Thus, impulses of this type preserve S and do not increase its value.

Next, consider the impulses at times t = (n+ 1)τ . In this case,

S1(t
+) = S1(t

−), S2(t
+) = S2(t

−) + un,

so that
S(t+) = S(t−) + un.

By assumption, the release magnitudes satisfy un ≤ umax for each n. Therefore,

S(t+) ≤Mc + umax.

Between two consecutive impulses, the solution evolves according to the continuous dynamics and thus
remains uniformly bounded. Consequently, defining

M :=Mc + umax,

we obtain S(t) ≤ M for all t ≥ 0 and for every solution of the full impulsive system. Hence both S1(t) and S2(t)
remain uniformly bounded.

Finally, since the vector field of the continuous dynamics is locally Lipschitz and the jump maps either preserve
S or map bounded sets into bounded sets, no finite-time blow-up can occur. Therefore, the solutions of the complete
system is uniformly bounded.

Having described the qualitative behavior of the model and the mechanisms governing the interaction between
the two species, we now move to the formal analysis of the relevant equilibria in the impulsive regime. In particular,
we examine the existence and stability of periodic solutions associated with the Wild-free state, in which the wild
population of infected mosquitoes is eliminated, as well as the behavior of solutions that remain close to this state
when small redistributive perturbations are introduced, namely, the impulses modeling the loss of infection due to high
temperatures. In the next section, we establish conditions ensuring the existence of a positive, periodic, Wild-free
solution and show that such a solution remains stable even in the presence of sufficiently small redistributive impulses.
These results provide the necessary foundation for understanding how the system responds to perturbations and support
the analysis of global stability around the dynamics we aim to achieve.

3.2 Global Stability of Solutions

In this section, we examine the existence and stability of the periodic solutions that constitute the main focus
of this work, particularly the Wild-free solution, which represents the desired state in which the species S1 is eliminated
while the population of mosquitoes infected with Wolbachia remains periodically stable. We first show that this
solution exists uniquely and identify the conditions under which it is globally asymptotically stable in the absence of
redistributive impulses, that is, when φ(t) ≡ 0. We then prove that, even in the presence of redistributive impulses
of small magnitude, the system still admits a positive periodic solution close to (0, S̄2), whose stability also remains
preserved. These results provide the mathematical foundation for understanding how small perturbations affect the
desired regime and ensure the robustness of the Wild-free solution in the impulsive setting.

From a biological perspective, establishing the existence and stability of these solutions is essential for
assessing the feasibility of population management strategies. The Wild-free solution corresponds to the scenario in
which the wild mosquito population is suppressed while the infected population persists sustainably over time, one

9
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of the central goals of this study. Demonstrating that this state not only exists but is also stable implies that moderate
environmental fluctuations, seasonal variations, or small redistributive events do not compromise control of the wild
population. Thus, the theoretical results indicate that the desired equilibrium is biologically attainable and remains
robust under some realistic intervention conditions.
Theorem 4. Let (S1(0), S2(0)) be non-negative initial conditions. Assume that, in the absence of redistributive
impulses (i.e., φ ≡ 0), system (5a)–(5c) admits a unique, positive, τ -periodic, wild-mosquito–free solution

(0, S̄2(t)).

Then, for φ sufficiently small, the impulsive system admits a unique, positive, τ -periodic solution

(Sφ1 (t), S̄
φ
2 (t)),

where Sφ1 (t) remains uniformly small and S̄φ2 (t) stays uniformly close to S̄2(t) for all t ≥ 0.

Proof. When φ(t) ≡ 0, setting S1(t) ≡ 0 in system (5a)–(5c) reduces the equation for S2 to the auxiliary subsystem
studied in (6). Since this subsystem admits a unique positive τ -periodic solution B̄(t) in Theorem 3, we obtain the
τ -periodic solution

(0, S̄2(t)), with S̄2(t) = B̄(t),

for the full system without redistributive impulses.

Now consider φ ∈ (0, 1]. At each impulsive time t = (n+ l)τ , the redistribution acts only by transferring a
fraction φ of S2 into S1. For φ sufficiently small, this perturbation produces a small, continuous-in-φ deviation from
the orbit (0, S̄2(t)). Between impulses the dynamics remain smooth and depend continuously on initial data, so the
solution

(Sφ1 (t), S̄
φ
2 (t))

exists for all t ≥ 0 and stays close to (0, S̄2(t)). In particular, Sφ1 (t) remains uniformly small and the S2–component
satisfies S̄φ2 (t) → S̄2(t) as φ→ 0. Hence, for φ sufficiently small, the impulsive system admits a positive τ -periodic
solution that is a perturbation of the unperturbed periodic orbit.

Theorem 5 (Global Stability). Suppose the hypotheses Theorem 4 hold and, moreover, that the τ -periodic wild mosquito
free solution (0, S2(t)) satisfies the condition

S2(t) > K
(
1− δ1

ψ1

)
for all t ∈ R. (9)

Then:

(i) The periodic orbit (0, S2(t)) of the unperturbed system (φ ≡ 0) is globally asymptotically stable in R2
+.

(ii) For φ sufficiently small, the unique τ -periodic solution (Sφ1 (t), S
φ

2 (t)) provided by Theorem 4 is asymptotically
stable. In particular, when φ is small, the component Sφ1 (t) remains uniformly small for all t ≥ 0 and returns
to a small neighborhood of zero after each redistributive impulse, while S

φ

2 (t) stays close to S2(t).

Proof. (i) Stability of the wild–mosquito–free solution for φ ≡ 0.

To prove this result, we employ an approach similar to that adopted in our previous work [42].

From the second equation of the model, we obtain the estimate

dS2

dt
≤ ψ2

(
1− S2

K

)
S2 − δ2S2.

Thus, we may apply the auxiliary system (6) for comparison. By Theorem 3,

B(t) −→ B̄(t) as t→ ∞.

Hence, for any ε > 0 sufficiently small there exists t1 > 0 such that

B(t) < B̄(t) + ε for all t > t1.

By the Comparison Theorem (see, e.g., [56], as well as our previous work [42]),

S2(t) ≤ B(t) < B̄(t) + ε, t > t1. (10)

10
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Next, using
S1 + (1− γ)S2

S1 + S2
≤ 1, γ ∈ [0, 1],

we obtain
dS1

dt
≤ S1ψ1

(
1− S2

K

)
− δ1S1.

The equilibrium S1 = 0 is stable whenever

ψ1

(
1− S2

K

)
< δ1. (11)

Using (10), condition (11) follows from

ψ1

(
1− B̄(t) + ε

K

)
< δ1, ∀t,

which is

B̄(t) > K

(
1− δ1

ψ1

)
=: K̂.

Substituting S2(t) ≥ K̂ into the first equation of the system yields

dS1

dt
≤ S1ψ1

(
1− S1 + K̂

K

)
− δ1S1.

Consider the associated comparison system Z1(t),




dZ1

dt
= Z1ψ1

(
1− Z1 + K̂

K

)
− δ1Z1, t ̸= (n+ l)τ, (n+ 1)τ.

Z1(t
+) = Z1(t) + φ(t)S2, t = (n+ l)τ.

Z1(t
+) = Z1(t), t = (n+ 1)τ.

For which we know Z1(t) → 0 as t→ ∞. By comparison, for ε > 0 sufficiently small there exists t2 > t1 such that

S1(t) ≤ Z1(t) < ε, t > t2. (12)

Substituting (12) into the second equation of the system (5a)-(5c) and arguing as in Theorem 3, we obtain the
lower bound

B̄(t)− ε ≤ S2(t), t > t3 > t2. (13)

Combining (10), (12), (13) and letting ε→ 0 yields

S1(t) → 0, S2(t) → B̄(t) =: S2(t), t→ ∞.

Thus (S1(t), S2(t)) → (0, S2(t)) for every admissible initial condition. Therefore the periodic orbit (0, S2(t)) is
globally asymptotically stable in R2

+.

(ii) Stability for φ small.

By Theorem 4, for φ sufficiently small the system admits a unique τ -periodic solution

(Sφ1 (t), S
φ

2 (t))

which depends continuously on φ and satisfies

(Sφ1 , S
φ

2 ) −→ (0, S2) as φ→ 0.

Part (i) shows that the orbit (0, S2(t)) attracts every solution of the unperturbed system and that the attraction
is uniform on bounded sets. Since the vector field and the impulsive maps depend continuously on φ, the comparison
arguments used in (i) remain valid for φ small: all inequalities can be preserved by choosing φ so that the perturbation
terms are bounded by an arbitrarily small ε > 0.
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Consequently,
Sφ1 (t) ≤ ε for all t ≥ 0

and Sφ1 (t) returns to a neighborhood of zero after each impulse. Similarly, the bounds for S2(t) obtained in (i) persist
under small perturbations, yielding

S2(t)− ε ≤ S
φ

2 (t) ≤ S2(t) + ε.

Thus the perturbed periodic orbit remains within an ε–tube of the unperturbed one and attracts all nearby
trajectories. Since ε > 0 is arbitrary, the periodic solution (Sφ1 , S

φ

2 ) is asymptotically stable for all sufficiently small φ.

Theorem 5 shows that, if the τ -periodic profile of the infected population S2(t) is sufficiently large (pointwise)
relative to the threshold K(1− δ1/ψ1), then the wild population S1 cannot invade and the wild-free regime is globally
asymptotically stable. Moreover, this desirable regime is robust: small redistributive losses of infection (modelled by φ)
do not destroy the control outcome, which indicates the biological feasibility and resilience of the proposed release
strategy under moderate perturbations.

3.3 A Method for Selecting un: A Sufficient Condition

Here, we use condition (9) to obtain a lower bound for un that ensures stability. In other words, we determine a
function η(τ) such that whenever the number of released infected mosquitoes satisfies un ≥ η(τ), the solution remains
stable around the wild-mosquito-free periodic orbit.

To achieve this, we need to guarantee that S̄2(t) > K̂ for all t ≥ 0. It is sufficient to require that the minimum
value attained by S̄2(t) within a single release cycle is greater than K̂. We denote this minimum value by

S̄min
2 = min S̄2(t), t ∈ (nτ, (n+ 1)τ ].

By examining the behavior of the solution over one period τ , which is defined piecewise as

S̄2(t) =





K̄B+er2(t−nτ)

B+
(
er2(t−nτ) − 1

)
+ K̄

, nτ < t ≤ (n+ l)τ,

K̄B∗er2(t−(n+l)τ)

B∗ (er2(t−(n+l)τ) − 1
)
+ K̄

, (n+ l)τ < t ≤ (n+ 1)τ,

where B+ and B∗ are given in (8), we find that the minimum value S̄min
2 is attained at time t = (n+ l)τ . Therefore,

S̄2((n+ l)τ) = S̄min
2 = Z∗.

Derivation of the Sufficient Condition

Since the minimum value of S2(t) over each period is given by Z∗, imposing the threshold condition

Z∗ > K̂

and performing algebraic manipulations (similar to [42]) leads to a sufficient requirement on the release magnitude:

un ≥ η(τ), τ > 0,

where the function η(τ) is

η(τ) = ϕ(τ)

(
ϕ(τ)A− K̄

(
er2τ (1− φ)− 1

)

K̄ +Aϕ(τ)

)
, ϕ(τ) =

K̄K̂

K̄(1− φ)er2lτ − K̂
(
er2lτ − 1

) . (14)

Establishing a Conservative Bound

The function η(τ) may take negative values for certain τ > 0. Since biologically the release quantity must
satisfy un > 0, we restrict attention to values of τ for which η(τ) is positive. To obtain a uniform sufficient condition
valid for all such τ , we introduce the conservative requirement

un > max
τ>0

η(τ) > 0. (15)

We now show that this maximum indeed exists.
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Proposition 4. Let η(τ) and ϕ(τ) be defined for τ ≥ 0 by (14), with A given by (26), 0 ≤ φ ≤ 1, and l ∈ [0, 1]. Let I
be the maximal interval in (0,∞) on which the denominator of ϕ(τ) is positive (so that ϕ > 0 on I). Then η(τ) attains
a global maximum on I .

Proof. The functions ϕ and η are smooth on I , hence η is continuous and differentiable on I . Moreover,

lim
τ→0+

ϕ(τ) =
K̂

1− φ
, η(0) is finite.

If I = [0,∞), i.e., if K̄(1− φ)− K̂ > 0, then

ϕ(τ) ∼ Ce−r2lτ (C > 0), A(τ) ∼ (1− φ)er2τ (τ → ∞),

so
η(τ) ∼ −C(1− φ)er2τ(1−l) → −∞ (τ → ∞),

because 1− l > 0.

If instead I = [0, τs), where the denominator of ϕ vanishes at some finite τs, then a local expansion near τs
shows that ϕ(τ) → +∞ as τ → τ−s , and again η(τ) → −∞ in this limit.

In both situations, η is continuous on I , finite at 0, and tends to −∞ at the boundary of I . Hence there
exists M ∈ I such that η(τ) < η(0) for all τ ≥ M , and therefore η attains its global maximum on the compact set
[0,M ] ∩ I .

With these results, we establish a uniform threshold for the release of Wolbachia-infected mosquitoes, valid
for any release period τ > 0. For values of τ for which η(τ) is positive, the function η(τ) itself provides a sufficient
release quantity. In cases where η(τ) becomes negative, we instead use the global maximum of η, whose existence is
guaranteed by Proposition 4. This maximum acts as a conservative bound that applies uniformly for all τ > 0.

In this way, for different parameter sets possibly varying according to the Wolbachia strain considered we can
determine a release quantity that maintains the infection over time while simultaneously driving the wild mosquito
population to levels close to zero.

In the next section, we present numerical simulations that illustrate and validate the results obtained here. We
also compare different Wolbachia strains and analyze the influence of high temperatures on the loss of infection.

4 Numerical Simulations

This section presents the numerical results obtained for the three Wolbachia strains considered in this study,
namely wMelPop, wMel, and wAlbB, with the aim of assessing the feasibility and robustness of Wolbachia-based
mosquito control strategies under temperature-dependent infection loss. The numerical simulations allow us to evaluate
how strain-specific biological traits influence invasion success, persistence, and long-term population outcomes in
environmentally stressful conditions.

For all simulations, a release period of 365 days is considered, followed by an analysis of the post-release
dynamics over a time horizon of 1095 days (three years), enabling the investigation of both short-term intervention
effects and long-term post-release dynamics. The complete set of parameters employed in the simulations is provided
in Tables 3 and 4, with strain-specific parameter values summarized in Table 4. These parameters ensure consistency
with empirical studies and facilitate reproducibility.

Table 2: Multiplicative factors applied to the baseline demographic parameters of the wild mosquito population. The
parameters for Wolbachia-infected mosquitoes are computed as ψ2 = αψψ1, and δ2 = αδδ1, where αψ and αδ are the
strain-specific multiplicative factors listed in this table.

Multiplicative factor
Wolbachia strain Birth rate αψ Mortality rate αδ References
wMelPop 0.50 1.50 Assumed
wMel 0.95 1.10 [57]
wAlbB 0.85 1.00 [57]
Wild 1.00 1.00 [57]

13

4 | IMPULSIVE RELEASE STRATEGIES FOR WOLBACHIA-INFECTED MOSQUITOES UNDER TEMPERATURE INDUCED-INFECTION LOSS

53



A PREPRINT - FEBRUARY 20, 2026

The analysis focuses on how strain-dependent differences in heat tolerance, virus-blocking efficiency, and
fitness effects on the host mosquito are incorporated into the model through multiplicative factors applied to the
demographic parameters of the wild mosquito population. These factors, reported in Table 2, are derived from the
biological characteristics listed in Table 1 and play a central role in determining the persistence of Wolbachia-infected
populations under temperature-induced infection loss.

The multiplicative factors associated with the wMel and wAlbB strains are taken directly from Table 3 of
[57]. In contrast, the values assumed for wMelPop reflect its well-documented severe fitness costs. Experimental
studies report strong life-shortening effects and high egg mortality associated with this strain, resulting in substantially
reduced survival and reproductive performance [53, 55]. These biological trade-offs are consistently discussed in both
experimental and modeling studies comparing Wolbachia strains and support the use of more extreme multiplicative
factors for wMelPop in the absence of unified quantitative estimates [18, 23].

Table 3: Common parameters used in the impulsive population-dynamic model.

Description Parameter Value Range
Relative timing of infection loss within the release period τ l 0.5 [0, 1]
Time of the year corresponding to the temperature peak tpeak 180 –
Carrying capacity for the mosquito population K 500 –

The numerical analysis is divided into two parts. The first part investigates the system dynamics during
the release period and is used to validate the theoretical results derived in the previous section. Through numerical
simulations, we show that releasing Wolbachia-infected mosquitoes above the corresponding stability threshold leads to
suppression of the wild mosquito population and the establishment of a stable infected population. To further support
the robustness of the model, these simulations are performed under four distinct initial conditions, indicating that the
observed dynamics and invasion outcomes are independent of the initial population configuration. In this phase, we
also analyze the interactions among the release interval τ , the maximum infection-loss intensity φmax, and the release
amplitudes un for each parameter set, highlighting how these factors jointly affect invasion success.

The second part focuses on post-intervention dynamics, examining system behavior after the releases are
halted and assessing how each Wolbachia strain responds to environmental stress in the absence of ongoing control
efforts. This analysis provides insights into the long-term sustainability of Wolbachia-based interventions and the
relative resilience of different strains under adverse temperature conditions.

Table 4: The values of model parameters for the wild mosquito population and for mosquitoes infected with different
Wolbachia strains.

Description Parameter Value Units Range
Wild mosquitoes S1

Birth rate ψ1 0.300 day−1 –
Death rate δ1 0.071 day−1 –
wMelPop-infected mosquitoes S2

Birth rate ψ2 0.150 day−1 –
Death rate δ2 0.106 day−1 –
CI probability γ 0.90 – [0.9, 1]
wMel-infected mosquitoes S2

Birth rate ψ2 0.285 day−1 –
Death rate δ2 0.0781 day−1 –
CI probability γ 0.98 – [0.98, 1]
wAlbB-infected mosquitoes S2

Birth rate ψ2 0.255 day−1 –
Death rate δ2 0.071 day−1 –
CI probability γ 0.90 – [0.9, 1]

In particular, Table 4 reports the strain-specific parameters obtained by applying the multiplicative factors
to the baseline demographic rates of the wild mosquito population [57]. The parameter associated with cytoplasmic
incompatibility is taken directly from [23], ensuring consistency with empirical observations and enabling a coherent
and biologically grounded comparison among the different Wolbachia strains.
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4.1 Dynamics during the release phase

Case 1: τ = 7

Figure 3 illustrates the population dynamics of wild and Wolbachia-infected mosquitoes under periodic releases
every τ = 7 days, using three parameter sets corresponding to the strains wMelPop (panel a), wMel (panel b), and
wAlbB (panel c). In all cases, the release amplitudes satisfy the sufficient condition un > η(7), ensuring that the
infected population grows sufficiently to suppress the wild mosquitoes during the release period.

The simulations incorporate strain-specific infection-loss intensities, with φmax = 0.0015 for wMelPop,
φmax = 0.001 for wMel, and φmax = 0.0005 for wAlbB, in agreement with empirical and modeling studies indicating
that wMelPop is the most sensitive to elevated temperatures. Although the temperature-dependent function φ(t) induces
temporary increases in the wild population, these fluctuations remain limited and reflect only mild infection loss during
temperature peaks.

Because wMelPop also imposes a strong fitness cost on the host mosquito, the corresponding threshold value
is substantially higher, with η(7) ≈ 213, compared to the smaller release amplitudes required for the other strains
(η(7) ≈ 38 for wMel and η(7) ≈ 33 for wAlbB). Despite these differences, no significant loss of infection is observed
for any of the three strains over the 365-day release period, highlighting the stabilizing effect of the intervention strategy.
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Figure 3: Wild and infected mosquito dynamics under periodic releases (τ = 7 days) for the strains wMelpop (a),
wMel (b), and wAlbB (c), simulated under four distinct initial conditions. All release amplitudes satisfy un > η(7),
ensuring dominance of the infected population. Infection-loss intensities are φmax = 0.0015, 0.001, and 0.0005 for the
respective strains.

Case 2: τ = 7 and increasing φmax

Figure 4 considers the same release regime as in Case 1, but with increased intensities of temperature-induced
infection loss, namely φmax = 0.015, 0.01, 0.005 for wMelPop, wMel, and wAlbB, respectively. Under these larger
values, the impact of temperature becomes more pronounced, resulting in a faster decay of the infected population
between releases.

These results highlight the critical role of the maximum loss rate in determining both the minimum release
effort required and the overall feasibility of achieving population replacement under adverse thermal conditions.
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Figure 4: Dynamics of the wild and Wolbachia-infected mosquito populations for the three Wolbachia strains (wMelpop,
wMel, and wAlbB), simulated under four distinct initial conditions and increased temperature-induced infection loss.
The simulations consider τ = 7 and higher loss rates, with φmax = 0.015, ; 0.01, ; 0.005 for wMelpop, wMel, and
wAlbB, respectively. Larger values of φmax make the thermal decay of infection more pronounced between releases,
revealing the effect of stronger temperature stress on Wolbachia persistence.

Case 3: τ = 14

Figure 5 presents the population dynamics obtained by increasing the release period to τ = 14, while keeping
the same infection-loss intensities used previously, namely φmax = 0.0015, 0.001, and 0.0005 for wMelPop, wMel,
and wAlbB, respectively. Under this longer release interval, the release amplitudes un must be increased to satisfy the
sufficient condition un > η(14). Compared with the results for τ = 7 shown in Figure 3, a more pronounced loss of
infection is observed across all strains.

This behavior arises from the combined effect of a longer time between interventions and the temperature-
dependent infection loss. As τ increases, the infected population remains exposed to thermal decay for a longer period
before the next release, allowing infection loss to accumulate. Moreover, since the transition from infected to wild
mosquitoes is proportional to the size of the infected population, higher infected densities lead to larger absolute losses
during temperature peaks. Consequently, even for fixed values of φmax, increasing the release period amplifies the
impact of thermal stress on the persistence of Wolbachia.
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Figure 5: Dynamics of wild and Wolbachia-infected mosquitoes, simulated under four distinct initial conditions, with
higher infection-loss intensities: φmax = 0.0015 (wMelPop), 0.001 (wMel), and 0.0005 (wAlbB), and release interval
τ = 14. Compared with Figure 3, temperature-induced infection loss becomes more apparent, although periodic
releases continue to sustain the infected population.

Having analyzed population dynamics during the release period, we now turn to the second part of our
numerical study, in which we investigate what happens once the release interventions end. This analysis allows us to
evaluate the long-term persistence of Wolbachia under temperature-dependent infection loss and to determine how each
strain responds when external introductions are no longer provided.
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4.2 Dynamics after the releases phase

What happens to the population dynamics once the releases of infected mosquitoes stop?

In Figures 6–8, we examine the system’s behavior over three years, assuming that Wolbachia-infected females
are released only during the first year. After this initial intervention phase, the system evolves without further release
impulses, and the only remaining impulses are those associated with temperature-induced infection loss. For this
analysis, we set τ = 14 and explore three scenarios by varying the parameter φmax, which controls the intensity of
thermal loss of infection.

Scenario 1: low infection loss

In this first scenario, we consider φmax = 0.0015, 0.001, and 0.0005 for wMelpop, wMel, and wAlbB,
respectively. As shown in Figure 6, these values represent relatively weak temperature-induced loss. Under these
conditions, once the releases end, the system maintains a stable configuration for all three Wolbachia strains: the wild
population remains suppressed, and the infected population stabilizes at a positive equilibrium. This indicates that, for
sufficiently low thermal loss rates, the equilibrium achieved during the release period persists even in the absence of
continued interventions, despite the seasonal temperature fluctuations encoded in φ(t).
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Figure 6: Population dynamics of wild and Wolbachia-infected mosquitoes under low temperature-induced infection
loss after releases stop. The simulations consider τ = 14 and φmax = 0.0015, 0.001, and 0.0005 for wMelPop,
wMel, and wAlbB, respectively. Releases occur only during the first year, and thereafter the system evolves under
temperature-driven impulses alone. All three strains maintain a stable infected population and suppress the wild
population throughout the three years.

Scenario 2: moderate infection loss

In this scenario, we increase the infection-loss intensities to φmax = 0.015, 0.01, and 0.005 for wMelPop,
wMel, and wAlbB, respectively. As shown in Figure 7, the stronger temperature-induced loss leads to a more noticeable
oscillatory pattern in the population trajectories, reflecting the increased periodicity driven by thermal stress. Despite
these larger fluctuations, the system still converges to a stable configuration over the three-year window: the wild
population remains controlled, and the infected population persists at positive levels for all three strains. This indicates
that, under moderate thermal loss, the impulsive releases carried out during the first year are sufficient to sustain
long-term Wolbachia establishment.

Scenario 3: high infection loss

In the third scenario, we further increase the temperature-induced loss to φmax = 0.15, 0.1, and 0.05 for
wMelPop, wMel, and wAlbB, respectively. Figure 8 reveals the most pronounced differences among the three strains.
For wMelPop and wMel, the high infection-loss rates prevent the infected population from remaining established after
the release period, leading to a rapid decline of Wolbachia prevalence and a subsequent recovery of the wild population.
In contrast, wAlbB remains substantially more resilient: although the infected population experiences stronger seasonal
fluctuations, it still maintains a stable positive level throughout the post-release years. This outcome underscores the
strong influence of thermal tolerance on long-term infection persistence once releases cease.
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Figure 7: Population dynamics under moderate temperature-induced infection loss with τ = 14 and φmax = 0.015,
0.01, and 0.005 for wMelPop, wMel, and wAlbB, respectively. After the end of releases (year 1), the system exhibits
stronger periodic fluctuations due to increased thermal decay of infection. Despite these oscillations, all three strains
remain stable and continue to suppress the wild population over the three-year horizon.

Across the three scenarios, the long-term persistence of Wolbachia after the end of the releases is strongly
shaped by the magnitude of temperature-induced infection loss. Under low and moderate thermal stress (Scenarios 1
and 2), all three strains maintain a stable infected population and keep the wild population suppressed throughout the
three-year period. However, when the loss rate becomes high (Scenario 3), the differences between strains become
pronounced: wMelPop and wMel are unable to withstand the strong thermal pressure and rapidly lose their infected
populations once releases stop, whereas wAlbB remains resilient and maintains infection persistence. These results
highlight the combined importance of thermal tolerance and post-release dynamics, emphasizing that strain choice
plays a decisive role in determining whether Wolbachia can remain established without continued intervention.
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Figure 8: Population dynamics under high temperature-induced infection loss with τ = 14 and φmax = 0.15, 0.1, and
0.05 for wMelPop, wMel, and wAlbB, respectively. In this scenario, wMelPop and wMel fail to maintain Wolbachia
infection after releases cease, leading to loss of the infected population and resurgence of the wild mosquitoes. In
contrast, wAlbB remains stable despite stronger seasonal fluctuations, demonstrating its superior thermal tolerance.

Our numerical findings are also consistent with field and laboratory observations reported in the literature,
which show that exposure to high temperatures can temporarily reduce Wolbachia density and weaken cytoplasmic
incompatibility, particularly for heat-sensitive strains such as wMel. Empirical studies document substantial drops
in infection frequencies during heatwaves and severe reductions in bacterial density when immature stages develop
under elevated temperatures, followed by gradual recovery once conditions normalize [51, 47, 46]. This behavior,
characterized by episodic loss of infection accompanied by post-stress reestablishment, motivated the redistributive
impulsive event incorporated into our model. Across Scenarios 1–3, our simulations reproduce this pattern: when
thermal stress is low or moderate, all strains recover after temperature-induced losses, whereas under intense stress, only
wAlbB can regain and maintain high infection levels. This agreement between empirical evidence and model outcomes
reinforces the relevance of including temperature-driven infection loss in predicting long-term Wolbachia persistence.
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5 Final Remarks

This work combined analytical results and numerical simulations to investigate impulsive release strategies of
Aedes aegypti mosquitoes infected with Wolbachia under temperature-dependent infection loss. The results showed that
long-term infection persistence depends on the interaction between strain-specific biological characteristics, thermal
stress intensity, and operational release parameters.

The simulations confirmed the theoretical threshold conditions for the establishment of the infected population.
Although all strains can suppress the wild population when release amplitudes exceed the critical threshold, biological
differences significantly influence the practical feasibility of release strategies. In particular, the wMelPop strain
presented higher fitness costs and required more intense releases, whereas wMel and, especially, wAlbB achieved
population replacement with lower release effort.

Furthermore, increasing the release interval and the infection-loss intensity was shown to increase the difficulty
of maintaining infection, highlighting the importance of jointly considering environmental and operational factors when
planning interventions. After the end of releases, only strains with greater thermal tolerance, such as wAlbB, were able
to maintain infection under conditions of higher thermal stress.

Overall, the results indicate that impulsive release strategies can successfully establish Wolbachia in Aedes
aegypti populations, provided that strain selection, release planning, and environmental conditions are properly
considered. It is important to emphasize, however, that the proposed mathematical model represents a simplified
description of reality, based on assumptions designed to capture the main biological and environmental mechanisms
involved in the process. Nevertheless, the obtained results provide relevant insights into the system dynamics and may
contribute to the planning and evaluation of intervention strategies.

Future work may include the incorporation of spatial heterogeneity, stochastic temperature variations, and the
development of optimal control approaches to further improve the design of release strategies.

Appendix

A Proof of Theorem 1

Proof. To prove the theorem, we proceed in some steps.

(I) Local Lipschitz continuity.

Define

f1(S1, S2) = S1ψ1

(
1− S1 + S2

K

)(
S1 + (1− γ)S2

S1 + S2

)
− δ1S1,

f2(S1, S2) = S2ψ2

(
1− S1 + S2

K

)
− δ2S2.

Let f = (f1, f2)
⊤ and consider the domain

D = {(S1, S2) ∈ R2
+ : S1 + S2 > 0}.

In D, both f1 and f2 are rational functions formed by sums, products, and quotients of polynomials. Hence, they are
C∞ on D.

The Jacobian matrix of f is given by

J(S1, S2) =



∂f1
∂S1

∂f1
∂S2

∂f2
∂S1

∂f2
∂S2


 , (16)

19

4 | IMPULSIVE RELEASE STRATEGIES FOR WOLBACHIA-INFECTED MOSQUITOES UNDER TEMPERATURE INDUCED-INFECTION LOSS

59



A PREPRINT - FEBRUARY 20, 2026

where
∂f1
∂S1

= ψ1

(
1− S1 + S2

K

)[(
S1 + (1− γ)S2

S1 + S2

)
+

γS1S2

(S1 + S2)2

]
− ψ1S1

K

(
S1 + (1− γ)S2

S1 + S2

)
− δ1, (17)

∂f1
∂S2

= S1ψ1

[
− 1

K

(
S1 + (1− γ)S2

S1 + S2

)
−
(
1− S1 + S2

K

)
γS1

(S1 + S2)2

]
,

∂f2
∂S1

= −ψ2S2

K
,

∂f2
∂S2

= ψ2

(
1− S1 + 2S2

K

)
− δ2.

All entries of J(S1, S2) are continuous inD, so f is locally Lipschitz on every compact subset ofD. Therefore,
by the Picard–Lindelöf theorem, for any initial condition (S1(0), S2(0)) ∈ D, there exists a time tmax > 0 and a unique
solution (S1(t), S2(t)) defined on [0, tmax).

(II) Positive invariance of R2
+.

If S1(0) = 0 and S2(0) ≥ 0, then f1(0, S2) = 0, which implies dS1

dt (0) = 0 and thus S1(t) ≥ 0 for t > 0.
Similarly, if S2(0) = 0 and S1(0) ≥ 0, then f2(S1, 0) = 0, implying dS2

dt (0) = 0. Hence, trajectories starting in R2
+

remain there, since the flow is tangent or directed inward along the coordinate axes. Therefore, the nonnegative orthant
R2

+ is positively invariant.

(III) Boundedness of solutions.

Let S(t) = S1(t) + S2(t). Then,

dS

dt
= f1 + f2

= S1ψ1

(
1− S

K

)(
S1 + (1− γ)S2

S1 + S2

)
+ S2ψ2

(
1− S

K

)
− δ1S1 − δ2S2.

Since 0 ≤ S1+(1−γ)S2

S1+S2
≤ 1, we obtain

dS

dt
≤ ψS

(
1− S

K

)
− δS,

where ψ = max{ψ1, ψ2} and δ = min{δ1, δ2}.

To analyze this inequality, consider the comparison system

dy

dt
= ψy

(
1− y

K

)
− δy,

y(0) = S(0).

This equation can be written as

dy

dt
= y(r − ay), where r = ψ − δ, a =

ψ

K
.

This is a logistic equation with an analytical solution

y(t) =
y(0)rert

ay(0)(ert − 1) + r
,

which satisfies 0 < y(t) < K
(
1− δ

ψ

)
=: y∗ for all t > 0 provided ψ > δ. By the Comparison Lemma, S(t) ≤ y(t)

for all t in the domain of existence. Hence, S(t) is uniformly bounded by max{S(0), y∗,K}. Finally, since S(t)
remains uniformly bounded for all t ≥ 0, the solution (S1(t), S2(t)) stays in a compact subset of R2

+. Because
the vector field is locally Lipschitz, no finite–time blow-up can occur, and the solution can be extended indefinitely.
Therefore, (S1(t), S2(t)) exists for all t ≥ 0.

(IV) Solution for all t ≥ 0.

From the above results, for any nonnegative initial condition, there exists a unique global solution
(S1(t), S2(t)) ∈ R2

+ for all t ≥ 0, and both components remain bounded.
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Remark 1. Behavior at the origin (0, 0).

The function

g(S1, S2) =
S1 + (1− γ)S2

S1 + S2

is undefined at (0, 0). However, its limits along the coordinate axes are
lim

S2→0+
g(S1, S2) = 1, lim

S1→0+
g(S1, S2) = 1− γ.

Thus, g admits a continuous extension to (0, 0) by defining, for example,
g(0, 0) = 1,

or any value in the interval [1 − γ, 1]. With this extension, f becomes continuous on R2
+, and the trivial solution

(S1, S2) ≡ (0, 0) is an equilibrium point. The uniqueness and positivity of nontrivial solutions are not affected by this
extension.

B Proof of Theorem 2

Proof. The equilibrium points of system (1) are obtained by setting
dS1

dt
=
dS2

dt
= 0,

which yields the following system of algebraic equations:

S1ψ1

(
1− 1

K
(S1 + S2)

)(
S1 + (1− γ)S2

S1 + S2

)
− δ1S1 = 0, (18)

S2ψ2

(
1− 1

K
(S1 + S2)

)
− δ2S2 = 0. (19)

From equation (19), it follows that either S2 = 0 or

ψ2

(
1− 1

K
(S1 + S2)

)
= δ2.

In the latter case, we obtain

S∗ = S1 + S2 = K

(
1− δ2

ψ2

)
, (20)

which allows us to express S2 as a function of S1:

S2 = K

(
1− δ2

ψ2

)
− S1.

By substituting this expression into equation (18) and solving for S1, while introducingR1 = ψ1

δ1
andR2 = ψ2

δ2
,

assumed to be greater than 1 under conditions (2)-(3), we obtain

Ŝ1 =

(
1− 1

R2

)
K

γ

(
R2

R1
− (1− γ)

)
,

from which we obtain

Ŝ2 = K

(
1− 1

R2

)
− Ŝ1,

or equivalently,

Ŝ2 =

(
1− 1

R2

)
K

[
1− 1

γ

(
R2

R1
− (1− γ)

)]
.

Therefore, the coexistence equilibrium point is given byE3 = (Ŝ1, Ŝ2). For this point to exist, both coordinates
must be positive. Hence, Ŝ1 > 0 if and only if R2

R1
> (1− γ), and Ŝ2 > 0 if and only if R2

R1
< 1. Consequently, the

coexistence equilibrium E3 exists if and only if

1− γ <
R2

R1
< 1.

Next, we analyze the cases in which one of the populations goes extinct:
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• If S2 = 0, equation (18) reduces to

S1ψ1

(
1− S1

K

)
− δ1S1 = 0,

which yields S∗
1 = 0 or S∗

1 = K

(
1− 1

R1

)
, provided that ψ1 > δ1.

• If S1 = 0, from equation (20) we obtain

S∗
2 = K

(
1− 1

R2

)
,

with ψ2 > δ2.

Therefore, the three equilibrium points of the system can be explicitly written in terms of the model parameters
as follows:

• E1 =

(
K

(
1− 1

R1

)
, 0

)
,

• E2 =

(
0,K

(
1− 1

R2

))
,

• E3 = (Ŝ1, Ŝ2), where

Ŝ1 =

(
1− 1

R2

)
K

γ

(
R2

R1
− (1− γ)

)
,

Ŝ2 =

(
1− 1

R2

)
K

[
1− 1

γ

(
R2

R1
− (1− γ)

)]
.

We now proceed to analyze the local stability of the three equilibrium points obtained. For this purpose, we
consider the Jacobian matrix of system (1), which is given by (16)-(17).

• For the Wolbachia-free equilibrium E1 =

(
K

(
1− 1

R1

)
, 0

)
, we have:

J(E1) =

[
δ1 − ψ1 δ1(2− γ)− ψ1

0
ψ2

R1
− δ2

]
.

The eigenvalues of the characteristic polynomial p(λ) = det(J(E1)− λI) are given by λ1 = δ1 − ψ1 and

λ2 =
ψ2

R1
−δ2. Note that λ1 < 0 due to the condition (2) imposed on the model. Therefore, for the equilibrium

E1 to be locally asymptotically stable, it is necessary that λ2 < 0, which leads to the condition

R1 > R2.

• For the wild-type-free equilibrium E2 =

(
0,K

(
1− 1

R2

))
, we obtain:

J(E2) =

[
ψ1(1− γ)

1

R2
− δ1 0

δ2 − ψ2 δ2 − ψ2

]
.

In this case, the eigenvalues of the characteristic polynomial p(λ) = det(J(E2) − λI) are λ1 = ψ1(1 −
γ)

1

R2
− δ1 and λ2 = δ2 − ψ2. As in the previous case, λ2 < 0 by condition (2). Hence, E2 will be locally

asymptotically stable if λ1 < 0, that is, if

R2 > (1− γ)R1.
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• To analyze the local stability of the coexistence equilibrium, we consider the trace and determinant of the
Jacobian matrix

J(E3) =




∂f1
∂S1

∣∣∣∣
E3

∂f1
∂S2

∣∣∣∣
E3

∂f2
∂S1

∣∣∣∣
E3

∂f2
∂S2

∣∣∣∣
E3


 .

Let the equilibrium point be E3 = (Ŝ1, Ŝ2), where

Ŝ1 =

(
1− 1

R2

)
K

γ

(
R2

R1
− (1− γ)

)
,

Ŝ2 =

(
1− 1

R2

)
K

[
1− 1

γ

(
R2

R1
− (1− γ)

)]
.

Then, the entries of the Jacobian matrix evaluated at E3 are given by

∂f1
∂S1

∣∣∣∣
E3

= ψ1

(
1 +

c+ γ − 1

γ

)
− ψ1

γ

(
1− 1

R2

)
(c+ γ − 1)(2− c)− δ1,

∂f1
∂S2

∣∣∣∣
E3

= − δ2
ψ2

(c+ γ − 1)2

γ
ψ1 −

(
1− 1

R2

)
(c+ γ − 1)ψ1

γ
,

∂f2
∂S1

∣∣∣∣
E3

= − (ψ2 − δ2)(1− c)

γ
,

∂f2
∂S2

∣∣∣∣
E3

= (ψ2 − δ2)−
K

γ
(ψ2 − δ2)(1 + γ − c),

where c =
R2

R1
.

Hence, the determinant of the Jacobian matrix at E3 is

det(J(E3)) =
(ψ2 − δ2)(δ1ψ2 − δ2ψ1)(δ1ψ2 + δ2γψ1 − δ2ψ1)

δ2γψ1ψ2
.

For the equilibrium E3 to be locally asymptotically stable, the following conditions must hold:

tr(J(E3)) < 0 and det(J(E3)) > 0.

However, the existence of E3 requires that

1− γ <
R2

R1
< 1.

Since ψ2 > δ2, we have

δ1ψ2 − δ2ψ1 = ψ1δ2(c− 1),

δ1ψ2 + δ2γψ1 − δ2ψ1 = ψ1δ2(c+ γ − 1).

We can rewrite,

det(J(E3)) =
(ψ2 − δ2)(c− 1)(c+ γ − 1)ψ1δ2

γψ2
< 0,

since c− 1 < 0 by the existence condition of the equilibrium point.

Consequently, if the coexistence equilibrium E3 exists, then det(J(E3)) < 0, and thus E3 is a saddle point
(unstable).
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C Proof of Theorem 3

Proof. Let,

B(t) =
cK̄er2t

cer2t − 1
,

be the solution of
dB

dt
(t) = Bψ2

(
1− B

K

)
− δ2B t ̸= (n+ l)τ, t ̸= (n+ 1)τ,

the first equation of (7), where r2 = ψ2 − δ2, K̄ = Kr2
ψ2

and c ∈ R is a constant determined by the initial conditions of
the problem. For t = nτ and t = (n+ l)τ , we denote the initial values at these times as B(nτ+) and B((n+ l)τ+),
respectively. The constant c is then given by:

c =





B(nτ+)e−r2nτ

B(nτ+)− K̄
, for t = nτ,

B((n+ l)τ+)e−r2(n+l)τ

B((n+ l)τ+)− K̄
, for t = (n+ l)τ.

then,

B(t) =





K̄B(nτ+)er2(t−nτ)

B(nτ+)
(
er2(t−nτ) − 1

)
+ K̄

, nτ < t ≤ (n+ l)τ,

K̄B((n+ l)τ+)er2(t−(n+l)τ)

B((n+ l)τ+)
(
er2(t−(n+l)τ) − 1

)
+ K̄

, (n+ l)τ < t ≤ (n+ 1)τ,

(21)

is the solution of system (6) between the pulses. At the pulse moments, when t = (n + l)τ with n ≥ 0, the second
equation of system (6) yields the following difference equation:

B((n+ l)τ+) = (1− φ)B((n+ l)τ−)

= (1− φ)
K̄B(nτ+)er2((n+l)τ−nτ)

B(nτ+)
(
er2((n+l)τ−nτ) − 1

)
+ K̄

(22)

= (1− φ)
K̄B(nτ+)er2lτ

B(nτ+) (er2lτ − 1) + K̄
.

Similarly, at the next pulse time t = (n+ 1)τ , n ≥ 0, the third equation of system (6) gives the difference equation:

B((n+ 1)τ+) = B((n+ 1)τ−) + un

=
K̄B((n+ l)τ+)er2((n+1)τ−(n+l)τ)

B((n+ l)τ+)
(
er2((n+1)τ−(n+l)τ) − 1

)
+ K̄

+ un (23)

=
K̄B((n+ l)τ+)er2(1−l)τ

B((n+ l)τ+)
(
er2(1−l)τ − 1

)
+ K̄

+ un.

Substituting equation (22) into (23), we obtain the recursive relation between consecutive pulse states:

B((n+ 1)τ+) =

K̄

(
(1− φ)

K̄B(nτ+)er2lτ

B(nτ+) (er2lτ − 1) + K̄

)
er2(1−l)τ

(
(1− φ)

K̄B(nτ+)er2lτ)

B(nτ+)
(
er2lτ) − 1

)
+ K̄

)
(
er2(1−l)τ − 1

)
+ K̄

+ un,

=
K̄er2τ (1− φ)B(nτ+)

B(nτ+) ((1− φ)er2τ + φer2lτ − 1) + K̄
+ un.

We can rewrite it as

Bn+1 = h(Bn) :=
K̄er2τ (1− φ)Bn

Bn ((1− φ)er2τ + φer2lτ − 1) + K̄
+ un, (24)

with Bn := B(nτ+), which is the stroboscopic map of (6). Set,

h(B) =
K̄er2τ (1− φ)B

B ((1− φ)er2τ + φer2lτ − 1) + K̄
+ un,
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Note that equation (24) has a single positive fixed point, since the equilibrium condition

h(B) = B,

which determines the τ -periodic fixed point of the recursive equation (24), yields a unique positive solution through
algebraic manipulation. Then,

AB2 −
(
K̄ ((1− φ)er2τ − 1) + unA

)
B − unK̄ = 0, (25)

where

A := (1− φ)er2τ + φer2lτ − 1, (26)

and the discriminant ∆ is

∆ :=
(
K̄
(
(1− φ)er2τ − 1

)
+ unA

)2
+ 4unK̄A.

Since A > 0 and ∆ > 0, the unique positive solution of (25) is

B+ =
K̄
(
(1− φ)er2τ − 1

)
+ unA+

√(
K̄
(
(1− φ)er2τ − 1

)
+ unA

)2
+ 4unK̄A

2A
. (27)

Now, substituting B+ into the first equation of (21), we obtain

B̄(t) =
K̄B+er2(t−nτ)

B+
(
er2(t−nτ) − 1

)
+ K̄

, nτ < t ≤ (n+ l)τ,

and for (n+ l)τ < t ≤ (n+ 1)τ , we have

B̄(t) =
K̄B∗er2(t−(n+l)τ)

B∗ (er2(t−(n+l)τ) − 1
)
+ K̄

,

where B∗ =
(1− φ)K̄B+er2lτ

B+ (er2lτ − 1) + K̄
. Thus, the function

B̄(t) =





K̄B+er2(t−nτ)

B+
(
er2(t−nτ) − 1

)
+ K̄

, nτ < t ≤ (n+ l)τ,

K̄B∗er2(t−(n+l)τ)

B∗ (er2(t−(n+l)τ) − 1
)
+ K̄

, (n+ l)τ < t ≤ (n+ 1)τ,

defines the unique positive τ -periodic solution of system (6).

Furthermore, the function h(B) is strictly increasing for B > 0, since it is composed of rational expressions
with positive coefficients. Moreover,

lim
B→0+

h(B) = un > 0 and lim
B→∞

h(B) =
K̄er2τ (1− φ)

(1− φ)er2τ + φer2lτ − 1
+ un.

Hence, h(B) intersects the identity line h(B) = B only once at B = B+, and we conclude that:

h(B) < B for all B > B+,

h(B) > B for all B < B+.

This implies that the sequence {Bn} defined recursively by (24) converges monotonically to B+ from any initial
condition B0 > 0. Thus, B+ is globally asymptotically stable.
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Figure 9: Illustration of the stroboscopic map h(B) and the identity line h(B) = B. The unique intersection point B+

is globally attractive.

Since B+ is the unique globally attractive fixed point of the stroboscopic map, and the solution B̄(t) is
constructed from it, we conclude that any solution of (6) with B(0+) > 0 converges to B̄(t) as t→ ∞.
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Chapter 5

Conclusions

This thesis contributes to the field of Applied Biomathematics through the development
and analysis of mathematical models designed to investigate population control strategies
based on the periodic release of individuals. Particular emphasis is given to the interaction
between wild Aedes aegypti mosquitoes and individuals infected with the Wolbachia bac-
terium, combining ecological, epidemiological, and mathematical perspectives to address
biologically motivated control problems.

From a theoretical standpoint, this work advances the study of impulsive differential
equations applied to population dynamics. The adoption of periodic impulsive releases is
a central feature of the proposed framework, providing a more realistic representation
of operational intervention programs compared with classical approaches that assume
continuous releases. Within this context, sufficient conditions ensuring the persistence
of the introduced population and the control of the resident population were established,
forming the analytical foundation that supports the entire thesis.

In Chapter 2, a general competition model involving two species was investigated,
where only the introduced species is subjected to periodic impulsive releases. The analysis
provided sufficient conditions guaranteeing the persistence of the introduced species while
controlling or eliminating the resident species. Additionally, formulating an optimal control
problem enabled the identification of release strategies that minimize the total number of
individuals released while maintaining the effectiveness of the intervention. These results
establish the mathematical basis for the extensions explored in the subsequent chapters.

In Chapter 3, the analysis was extended to include species-specific carrying capacities
within the optimization framework. The results showed that the relative difference be-
tween the carrying capacities of the competing species plays a key role in determining the
efficiency and cost of the optimal intervention strategy. In particular, smaller variations
between these capacities significantly reduce the required release effort, while larger differ-
ences substantially increase the control cost. These results provide a clearer understanding
of how ecological constraints shape the effectiveness of impulsive control strategies.

Chapter 4 addresses the main biological motivation of this thesis by applying the
previously developed theoretical framework to the dynamics between wild and Wolbachia-
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infected Aedes aegypti mosquitoes. A novel modeling approach was proposed by combining
impulsive periodic releases with temperature-induced infection loss, also described through
impulsive effects. For this model, sufficient conditions ensuring the persistence of infected
mosquitoes and the suppression of the wild population were obtained, providing theoretical
support for the implementation of vector control strategies based on Wolbachia.

The numerical simulations performed in Chapter 4 complement the theoretical analysis
by exploring distinct operational scenarios. The simulations confirmed the analytical per-
sistence conditions under periodic release interventions and demonstrated that long-term
infection maintenance may be compromised under high infection loss rates. Furthermore,
the results indicate that different Wolbachia strains may produce substantially different
dynamical outcomes, directly influencing the efficiency and robustness of control strategies,
suggesting that the model is able to adequately capture behaviors that have already been
observed in experimental laboratory studies.

Overall, this thesis strengthens the integration between mathematical theory, numer-
ical analysis, and biological applications, contributing to the advancement of Applied
Biomathematics in the context of vector-borne disease control. The methodologies devel-
oped herein provide a flexible framework that can be adapted to multiple ecological and
epidemiological systems, reinforcing the role of mathematical modeling as a fundamental
tool in the design and evaluation of population management strategies.

5.1 Future Perspectives

Several research directions naturally emerge as extensions of this work. A direct
continuation involves the formulation and analysis of optimal control problems applied to
the model describing the interaction between wild (uninfected) and Wolbachia-infected
Aedes aegypti mosquitoes. Such investigations may allow the determination of optimal
release protocols under different environmental and epidemiological scenarios.

Another relevant extension consists of incorporating imperfect maternal inheritance
of Wolbachia, which may provide a more detailed representation of infection transmission
and allow further investigation of the stability and persistence of the bacterium within
mosquito populations.

Future studies may also explore the application of the proposed impulsive control
framework to alternative population models, allowing the evaluation of the robustness
and versatility of the developed techniques across different ecological contexts.

The inclusion of spatial heterogeneity represents an important direction for future
research, enabling the modeling of mosquito dispersal and the evaluation of geographically
structured release programs. Additionally, incorporating more realistic climate variability
may improve the understanding of environmental impacts on infection dynamics.

Finally, integrating mathematical models with experimental and field data may con-
tribute to parameter calibration and model validation, increasing the applicability of the
proposed strategies in real vector control programs. The investigation of adaptive and
state-dependent release strategies, as well as the combination of multiple intervention
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mechanisms, also represents promising directions for strengthening the practical relevance
of the developed methodologies.
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