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RESUMO
VANEGAS, L.H.Modelos de regressão log-simétri
os na presença de observações 
ome sem 
ensura: uma abordagem semiparamétri
a. 2015. Tese (Doutorado) - Instituto deMatemáti
a e Estatísti
a, Universidade de São Paulo, São Paulo, 2015.O prin
ipal objetivo deste trabalho é propor
ionar ferramentas estatísti
as no 
ontexto daregressão semiparamétri
a para analisar dados estritamente positivos e assimétri
os na presençade observações 
ensuradas (a esquerda ou direita mas não informativa) e não 
ensuradas. Sãodis
utidos pro
essos iterativos de estimação de parâmetros 
om base nos algoritmos de esper-ança/maximização, a esperança/maximização restrita e ba
k�tting. Propriedades assintóti
asdos estimadores de máxima verossimilhança penalizada são estudados analiti
amente e usandoexperimentos de simulação. Dis
ussões sobre estimação de graus de liberdade e intervalos de
on�ança simultâneos são dadas e alguns pro
edimentos de diagnósti
o, tais 
omo resíduos detipo desvio e medidas de in�uên
ia lo
al, são derivadas. O pa
ote ssym do R é desenvolvido.Este pa
ote implementa as metodologias estatísti
as abordados neste trabalho.Palavras-
have: respostas assimétri
as, estimativas de máxima verossimilhança penalizada,modelos semi-paramétri
os, estimativas robustas, splines 
úbi
os naturais, B-splines, observações
ensuradas.
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ABSTRACT
VANEGAS, L.H. Log-symmetri
 regressions models under the presen
e of un
en-sored, left- or right-
ensored observations: a semi-parametri
 approa
h. 2015. Tese(Doutorado) - Instituto de Matemáti
a e Estatísti
a, Universidade de São Paulo, São Paulo,2015.The main obje
tive of this work is to provide statisti
al tools in the 
ontext of semiparametri
regression to analyze stri
tly positive and asymmetri
 data under the presen
e of un
ensored andnon-informative left- or right-
ensored observations. Iterative pro
esses of parameter estimationbased on the expe
tation/maximization, expe
tation/
onstrained-maximization and ba
k�ttingalgorithms are dis
ussed. Asymptoti
 properties of the maximum penalized likelihood estimatorsare studied analyti
ally and by using simulation experiments. Dis
ussions on e�e
tive degrees offreedom estimation and simultaneous 
on�den
e intervals are given and some diagnosti
 pro
e-dures, su
h as devian
e-type residuals and lo
al in�uen
e measures, are derived. The R pa
kagessym is developed. This pa
kage implements the statisti
al methodologies addressed in this work.Keywords: skewness, asymmetri
 responses, maximum penalized likelihood estimates, semi-parametri
 models, robust estimates, natural 
ubi
 splines, B-splines, 
ensored observations.
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CHAPTER 1 INTRODUCTION
Linear normal models are of 
entral interest in statisti
al modeling and various extensionshave been proposed in the sense of relaxing the error assumptions and the systemati
 
omponentform. In parti
ular, the assumption of symmetri
 errors has been largely investigated, espe
iallyin the last de
ade. The main attra
tive of this approa
h is the possibility of allowing both light-and heavy-tailed error distributions. Other possible forms of extensions are 
on
erned with theassumption of nonlinear fun
tions (parametri
 or nonparametri
) in the systemati
 
omponentas well as for modeling the dispersion. In addition, linear normal models may be applied forestimating the parameters of nonlinear multipli
ative models with log-normal errors. The log-normal is a well known asymmetri
 distribution for positive values, where its two parameters maybe interpreted as the median and the skewness (or the relative dispersion) of the distribution.Then, by applying a logarithm transformation to the response of the multipli
ative model onemay obtain a linear normal model from whi
h the original parameters may be estimated. Thisapproa
h is the main motivation for studying the log-symmetri
 
lass and to developing thiswork.So that, applying the exponential transformation to the symmetri
 variables, a 
lass of asym-metri
 distributions for positive values is generated with the log-normal distribution being aparti
ular 
ase. The former family of distributions, so-
alled log-symmetri
 
lass, in
ludes bi-modal distributions and 
overs light- and heavy-tailed error distributions su
h as log-Student-t,log-power-exponential, log-hyperboli
, log-slash, log-
ontaminated-normal, and the extensions ofthe harmoni
 law, Birnbaum Saunders and Birnbaum Saunders-t distributions, among others.For all of these distributions the s
ale and power parameters may be interpreted as the medianand the skewness (or the relative dispersion), respe
tively. Shape parameters appear in some log-symmetri
 distributions as, for instan
e, the degrees of freedom parameter in the log-Student-tdistribution. Similarly to the log-normal 
ase, multipli
ative nonlinear models are proposed inwhi
h the errors follow a log-symmetri
 distribution. However, the estimation, inferen
e andmodel 
he
king are performed under the symmetri
 error model obtained after a logarithmtransformation to the response variable of the multipli
ative model with log-symmetri
 errors.This do
ument is organized as follows. In Chapter 1, the log-symmetri
 
lass is derived andsome of its statisti
al properties as well as some of its members, are presented. Quantile-basedmeasures for the lo
ation, dispersion, relative dispersion, skewness and kurtosis are derived forthe log-symmetri
 
lass. Parameter estimation and inferen
e under the 
lassi
 and the Bayesianapproa
hes are dis
ussed. Two appli
ations to real datasets are provided. A multipli
ative non-linear model with log-symmetri
 errors is de�ned in Chapter 2, where the s
ale and powerparameters, whi
h are interpreted as the median and the skewness (or the relative dispersion)of the response variable distribution, may be modeled in a semi-parametri
 manner, so that, thedistribution of the response variable and a set of 
ovariates are related by a sum of unspe
i�edfun
tions whose fun
tional forms are estimated from the data. Two possible modeling forms areproposed with the respe
tive joint iterative pro
esses being based on the Fisher s
oring and1



2 CHAPTER 1. INTRODUCTION 1.0ba
k�tting algorithms. Asymptoti
 properties of the maximum penalized likelihood estimatorsare studied analyti
ally and by using simulation experiments. Dis
ussions on e�e
tive degreesof freedom estimation and simultaneous 
on�den
e intervals are given and some diagnosti
 pro-
edures, su
h as devian
e-type residuals and lo
al in�uen
e measures, are developed.In Chapter 3, a very �exible a

elerated failure time model is proposed, whi
h is an extensionto handle non-informative left- and right-
ensored observations of the methods dis
ussed inChapter 2. This model provides high versatility in its random and systemati
 
omponents, butit retains the well known appealing features of a

elerated failure time models or log-lo
ation-s
ale models. Similarly to the un
ensored 
ase, the median and the skewness (or the relativedispersion) of the failure time distribution are expli
itly modeled by semi-parametri
 fun
tions.The parameters are estimated by using nonlinear optimization algorithms su
h as Gauss-Seidel,ECM and ba
k�tting. Asymptoti
 properties of the maximum penalized likelihood estimatorsare studied analyti
ally and by using simulation experiments. Devian
e-type residuals and lo
alin�uen
e measures are also derived.Chapter 4 des
ribes the 
apabilities and features of the new pa
kage ssym, whi
h is an imple-mentation of the log-symmetri
 models that is available from the Comprehensive R Ar
hive Net-work (CRAN) at http://CRAN.R-project.org/package=ssym. This pa
kage allows to �tmodels under the presen
e of un
ensored, left- and right-
ensored observations, where the medianand the skewness (or the relative dispersion) are expli
itly modeled by semi-parametri
 fun
tionsof 
ovariates, whose nonparametri
 
omponents are approximated by using natural 
ubi
 splinesor P-splines. This pa
kage enables performing residual analysis, as well as sensitivity studiesthrough lo
al in�uen
e under usual perturbation s
hemes. Finally, in Chapter 5, the statisti
altools presented in the previous 
hapters are illustrated by analyzing some real datasets usingthe R pa
kage ssym. Further examples 
an be found at http://cran.r-project.org/web
/packages/ssym/ssym.pdf.



CHAPTER 2 LOG-SYMMETRIC DISTRIBUTIONS
Data whose interest variable is 
ontinuous, stri
tly positive, and asymmetri
 with possibleoutlying observations are 
ommonly employed in various �elds of pra
ti
e. In fa
t, there is anextensive body of literature about distributions whose support is the interval (0,∞). Some ofthe more �exible distributions in
lude the generalized modi�ed Weibull (Carras
o et al., 2008),generalized Inverse Gaussian (see, e.g., Jørgensen, 1982), and generalized Gamma (Sta
y, 1962)distributions. However, a

ording to Limpert et al. (2001), the log-normal distribution has beensu

essfully applied in an enormous range of appli
ations. Thus, to des
ribe the behavior ofstri
tly positive data, the log-symmetri
 distribution 
lass is 
onsidered, be
ause it is a gene-ralization of the log-normal distribution that is �exible enough to in
lude bimodal distributionsas spe
ial 
ases and distributions that have heavier/lighter tails than those of the log-normaldistribution.Furthermore, the log-symmetri
 distributions are endowed with two interesting properties,
losure under 
hange of s
ale and 
losure under re
ipro
als, whi
h, a

ording to Puig (2008),are very desirable properties for distributions that are used to des
ribe data with ratios ofpositive magnitudes. The log-symmetri
 
lass also generalizes and makes more �exible thedistributions that have been developed to des
ribe lifetimes under the assumption of a

u-mulated damage (e.g., the Birnbaum-Saunders (Birnbaum and Saunders , 1969)), Birnbaum-Saunders-t (see, e.g., Barros et al., 2008; Paula et al., 2012) and generalized Birnbaum-Saunders(Díaz-Gar
ía and Leiva , 2005) distributions) by introdu
ing therein an additional parameterthat may be used to 
ontrol the shape of the hazard fun
tion and to regulate the skewness andthe relative dispersion. Furthermore, as illustrated in this work, the log-symmetri
 
lass has sev-eral desirable statisti
al properties that may make it preferable to alternative distributions. Forinstan
e, the two parameters of the log-symmetri
 
lass are orthogonal and they may be inter-preted dire
tly as median and skewness, whi
h are, in the 
ontext of asymmetri
 distributions,the most meaningful measures of lo
ation and shape, respe
tively. In addition, the extensionof the log-symmetri
 
lass to the multivariate 
ase is straightforward (Mar
henko and Genton,2010).In this 
hapter, the log-symmetri
 
lass is 
hara
terized, and some of its main statisti
alproperties are studied. In parti
ular, quantile-based measures of lo
ation, dispersion, skewness,relative dispersion and kurtosis are derived, whi
h are appropriate in the 
ontext of asymmetri
and heavy-tailed distributions. Inferen
e under the 
lassi
 and the Bayesian approa
hes are alsoaddressed. The pra
ti
al use of the log-symmetri
 
lass of distributions is illustrated by des
ribingdata on per 
apita gross domesti
 produ
t, and body fat per
entage, in whi
h the performan
e ofthe log-symmetri
 
lass is 
ompared with that of some 
ompetitive and very �exible distributionssu
h as the generalized modi�ed Weibull, generalized Inverse Gaussian, generalized Gamma, log-skew-t (see, e.g., Azzalini et al., 2003) and Box-
ox-t (see, e.g., Rigby and Stasinopoulos, 2006)distributions. 3



4 CHAPTER 2. LOG-SYMMETRIC DISTRIBUTIONS 2.22.1 De�nitionLet Y be a 
ontinuous and symmetri
 random variable whose distribution belongs to thesymmetri
 
lass (see, e.g., Fang et al., 1990) that has lo
ation parameter −∞ < µ < ∞, s
aleparameter φ > 0 and density generator g(·). It is denoted as Y ∼ S(µ, φ, g(·)). Its probabilitydensity fun
tion is given by fY (y) = g[(y − µ)2/φ]/
√
φ for −∞ < y < ∞ provided that g(u)>0for u>0 and ∫∞

0 u−
1
2 g(u)∂u = 1. Then, by setting T = exp(Y ), a new 
lass of distributions, theso-
alled log-symmetri
 
lass, is obtained. It is denoted this 
lass, whose support is the interval

(0,∞), as T ∼ LS(η, φ, g(·)), where η = exp(µ) and φ are its s
ale and power parameters,respe
tively (see, for instan
e, Marshall and Olkin , 2007, 
hapter 7). The probability densityfun
tion of T redu
es to
fT (t) =

g
(

t̃ 2
)

t
√
φ

, t > 0, (2.1)where t̃ = log
[

(t/η)
1√
φ

]. The density generator g(·) may involve an extra parameter (or anextra parameter ve
tor), whi
h is denoted here as ζ. Members of the 
lass of distributions
hara
terized by (2.1) in
lude the log-normal, log-Student-t, log-power-exponential, log-logisti
type I and II, log-hyperboli
, log-slash, log-
ontaminated-normal, harmoni
 law (see Puig, 2008,and referen
es there in), Birnbaum-Saunders (Birnbaum and Saunders, 1969), Birnbaum-Saun-ders-t (see, e.g., Barros et al., 2008; Paula et al., 2012) and generalized Birnbaum-Saunders (see,e.g. Díaz-Gar
ía and Leiva , 2005; Leiva et al. , 2008) distributions. Note that the Birnbaum-Saunders, Birnbaum-Saunders-t and generalized Birnbaum-Saunders distributions 
ited aboveare spe
ial 
ases (in whi
h φ = 4) of the (extended) homonymous distributions that will be
onsidered here. Similarly, the harmoni
 law 
ited above is a spe
ial 
ase (in whi
h φ = 1) ofthe (extended) homonymous distribution that will be 
onsidered here.2.2 Some statisti
al propertiesIf T ∼ LS(η, φ, g(·)) then, one 
an verify that:(P1) The 
umulative distribution fun
tion (
df) of T may be written as F
T
(t) = F

Z
(t̃), where

F
Z
(·) is the 
df of Z = (Y − µ)/

√
φ ∼ S(0, 1, g(·)).(P2) T ∗=(T/η)

1√
φ ∼ LS(1, 1, g(·)), i.e., T ∗ follows standard log-symmetri
 distribution.(P3) c T ∼ LS(c η, φ, g(·)) for all 
onstant c > 0.(P4) T c ∼ LS(ηc, c2φ, g(·)) for all 
onstant c 6= 0.(P5) (T/η) and (η/T ) are random variables that are identi
ally distributed.(P6) If E(T r) and E(Z) exist, then E(T r) ≥ ηr.(P7) If MY (r) exists, then E(T r) = MY (r), where MY (r) is the moment generating fun
tion of

Y = log(T ).(P8) The quantile fun
tion of T is given by ϑ(q) = η exp(
√
φZ

(q)
ζ ), where Z

(q)
ζ is the 100(q)%quantile of Z = (Y − µ)/

√
φ ∼ S(0, 1, g(·)).(P9) The Shannon entropy of T , whi
h is denoted as ET(T ), may be expressed as ET(T ) =

log
[

η
√
φ
]

+ ET(Z), provided that ET(Z) and E(Z) exist.(P10) If the W(·) fun
tion is su
h that log[W(x)] = h[log(x)], where h : R → R is an inje
tiveand di�erentiable odd fun
tion, then the distribution of T = W(T ∗) is LS(1, 1, g(·)), where
g(u) = g

{

[h−1(
√
u)]2

}

/h′[h−1(
√
u)].



2.3 2.3. MEMBERS OF THE LOG-SYMMETRIC CLASS 5Let t = (t1, t2, . . . , tn)
⊤ be a random sample of size n from T ∼ LS(η, φ, g(·)), in whi
h ζis assumed to be known or �xed. Then, the maximum likelihood estimates (MLEs) of η and φ(whi
h are denoted here as η̂ and φ̂, respe
tively) may be written as

η̂ =

{

n
∏

k=1

t
v
(

ˆ̃tk

)

k

}1/
n
∑

k=1

v
(

ˆ̃tk

) and φ̂ ∝

n
∑

k=1

v
(

ˆ̃tk

)

[log(tk/η̂)]
2

n
∑

k=1

v
(

ˆ̃tk

)

,where ˆ̃tk = log

[

(tk/η̂)
1√
φ̂

] and v(t) = −2g′(t2)/g(t2) is a weight fun
tion indu
ed by g(·), and
v
(ˆ̃t1
)

, . . . , v
(ˆ̃tn
) is a set of positive weights if the g(u) fun
tion is monotoni
ally de
reasingfor u > 0, with g′(u) = ∂g(u)/∂u. Therefore, when v

(ˆ̃tk
)

> 0 for k = 1, . . . , n, the MLE of
η may be interpreted as a weighted geometri
 mean of t1, t2, . . . , tn, whereas the MLE of φ isproportional to a weighted arithmeti
 mean, for whi
h v

(ˆ̃t1
)

, . . . , v
(ˆ̃tn
) are the individual-spe
i�
weights. Thus, the 
hoi
e of g(·) may indu
e a v(·) fun
tion that enables one to estimate theparameters using the maximum likelihood method in a manner that is robust to extreme oroutlying observations (i.e., the g(·) fun
tion may indu
e a v(t) fun
tion whose value de
reasesas the t value departs from the �
entre" of the T distribution).2.3 Members of the log-symmetri
 
lass

• Log-normal(η, φ):
g(u) ∝ exp

[

−1

2
u

] and v(t) = 1.

• Log-Student-t(η, φ, ζ):
g(u) ∝

[

1 +
u

ζ

]− ζ+1
2

, ζ > 0, and v(t) =
ζ + 1

ζ + t2
.If φ>(ζ + 1)2/4ζ, then the fun
tion fT (t) is monotoni
ally de
reasing.

• Log-power-exponential(η, φ, ζ):
g(u) ∝ exp

[

−1

2
u

1
1+ζ

]

, −1 < ζ ≤ 1, and v(t) =
|t|−

2ζ
ζ+1

1 + ζ
.The log-normal (ζ = 0) and the log-Lapla
e (ζ = 1) distributions are spe
ial 
ases. If

ζ = 1 and φ > 1/4, then the fun
tion fT (t) is monotoni
ally de
reasing. The distributionof Y = log(T ) is power exponential (Box and Tiao, 1973).
• Log-hyperboli
(η, φ, ζ):

g(u) ∝ exp
[

−ζ
√
1 + u

]

, ζ > 0, and v(t) =
ζ√

1 + t2
.The log-normal(η, σ2) distribution is a limiting 
ase when φ → ∞ and φ/ζ → σ2. Simi-larly, the log-Lapla
e(η, σ2) distribution is a limiting 
ase when φ → 0 and φ/ζ2 → 4σ2(Fonse
a et al., 2012). If φ ≥ ζ2, then the fun
tion fT (t) is monotoni
ally de
reasing. Themoments of T are given by

E(T r) = ηr
K1

(

√

ζ2 − φr2
)

K1(ζ)

ζ
√

ζ2 − φr2
, |r| < ζ/

√

φ,



6 CHAPTER 2. LOG-SYMMETRIC DISTRIBUTIONS 2.3in whi
h Kr(ζ)=
1
2

∫∞
0 xr−1exp

[

− ζ
2(x+ 1

x)
]

∂x is the modi�ed Bessel fun
tion of third-orderand index r. The distribution of Y = log(T ) is symmetri
 hyperboli
 (Barndo�-Nielsen,1977).
• Log-slash(η, φ, ζ):

g(u)∝ IGF

(

ζ+
1

2
,
u

2

) and v(t) = IGF

(

ζ+
3

2
,
t2

2

)

/IGF

(

ζ+
1

2
,
t2

2

)

,where ζ > 0, IGF(a, x) =
1
∫

0

exp(−tx)ta−1∂t is the in
omplete gamma fun
tion for a > 0and x ≥ 0. The distribution of Y = log(T ) is slash (Rogers and Tukey, 1972).
• Log-
ontaminated-normal(η, φ, ζ = (ζ1, ζ2)

⊤):
g(u) ∝

√

ζ2 exp

[

−1

2
ζ2u

]

+
(1− ζ1)

ζ1
exp

[

−1

2
u

]

, ζ1, ζ2 ∈ (0, 1);and
v(t) =

ζ2
3
2 ζ1exp

[

(1− ζ2)
t2

2

]

+ (1− ζ1)

ζ2
1
2 ζ1exp

[

(1− ζ2)
t2

2

]

+ (1− ζ1)
.The moments of T are given by

E(T r) = ηr exp

[

1

2
φr2
]{

ζ1 exp

[

1− ζ2
2ζ2

φr2
]

+ (1− ζ1)

}

.The mode of T is within the interval (ηexp(−φ/ζ2), ηexp(−φ)). The distribution of Y =
log(T ) is 
ontaminated normal.

• (extended) Birnbaum-Saunders(η, φ, ζ):
g(u) ∝ cosh(u

1
2 ) exp

[

− 2

ζ2
sinh2(u

1
2 )

]

, ζ > 0,and
v(t) =

sinh(t)

t

[

4cosh(t)

ζ2
− 1

cosh(t)

]

,where sinh(·) and cosh(·) represent the hyperboli
 sine and 
osine fun
tions, respe
tively.The weighting v(t) of the Birnbaum-Saunders distribution in
reases as |t| also in
reases.In addition, the Birnbaum-Saunders distribution is bimodal if ζ > 2 and φ < ̺(ζ), where
̺(ζ) =

(

√

1 + 2ζ2 − 3
)





1
√

1 +
√

1 + 2ζ2
−

√

1 +
√

1 + 2ζ2

ζ2





2

.Note that ̺(ζ) < 1 for all ζ > 2. The moments of T are given by (Rie
k, 1999)
E(T r) = ηr

exp(1/ζ2)

ζ
√
2π

[

Kr∗1
(1/ζ2) + Kr∗2

(1/ζ2)
]

,where r∗1 = (r
√
φ + 1)/2 and r∗2 = (r

√
φ − 1)/2. The distribution of Y = log(T ) is sinh-



2.3 2.3. MEMBERS OF THE LOG-SYMMETRIC CLASS 7normal (Rie
k and Nedelman, 1991). From the properties (P3) and (P4), T = η(T/η)
2√
φ ∼Birnbaum-Saunders(η, 4, ζ) , i.e., T exhibits the probability distribution proposed byBirnbaum and Saunders (1969).

• (extended) Birnbaum-Saunders-t(η, φ, ζ = (ζ1, ζ2)
⊤):

g(u) ∝ cosh(u
1
2 )
[

ζ2ζ
2
1 + 4 sinh2(u

1
2 )
]− ζ2+1

2
, ζ1 > 0, ζ2 > 0;and

v(t) =
sinh(t)

t

[

4(ζ2+1)cosh(t)

ζ2ζ21+4 sinh2(t)
− 1

cosh(t)

]

.The Birnbaum-Saunders-t distribution is bimodal if ζ1 > 2
√

1 + 1/ζ2 and φ < [v(t1)t1]
2,where t1 = log

[

√

t20 − 1 + t0

] and t0 is given by
t0 =

1

2

[

(ζ2 + 1) +
2ζ2

ζ21ζ2 − 4

]− 1
2

×
[

(ζ2 + 3)+
√

(ζ2 + 3)2 + 2(ζ2 + 1)(ζ21ζ2 − 4) + 4ζ2

]
1
2

.The distribution of Y = log(T ) is sinh-t (see, e.g., Barros et al. , 2008; Paula et al. ,2012). From the properties (P3) and (P4), T = η(T/η)
2√
φ ∼Birnbaum-Saunders-t(η, 4, ζ =

(ζ1, ζ2)
⊤), i.e., T exhibits the probability distribution studied by Barros et al. (2008) andPaula et al. (2012).

• (extended) Generalized Birnbaum-Saunders(η, φ, ζ =(ζ1, ζ2)
⊤):

g(u) ∝ cosh(u
1
2 )× hζ2

[

4

ζ21
sinh2(u

1
2 )

]

, ζ1 > 0,where hζ2(·) represents the kernel of the symmetri
 distribution (indexed by the extraparameter ζ2) that des
ribes the 
umulative damage, where hζ2(u) > 0 for u > 0 and
∫∞
0 u−

1
2hζ2(u)∂u = 1. The distribution of Z∗ = (2/ζ1)sinh(t̃) is given by fZ∗(z) = hζ2(z

2)(Leiva et al., 2008). The Birnbaum-Saunders, Birnbaum-Saunders-t and slash-Birnbaum-Saunders distributions are spe
ial 
ases (Balakrishnan et al., 2009).
• (extended) Harmoni
-law(η, φ, ζ):

g(u) ∝ exp
[

−ζcosh(u
1
2 )
]

, ζ > 0, and v(t) = ζ
sinh(t)

t
.The moments of T are given by

E(T r) = ηr
Kr∗(ζ)

K0(ζ)
,where r∗ = r

√
φ. The mode of T is η

[

ζ−1
(

√

φ+ ζ2 −√
φ
)]

√
φ. From the properties (P3)and (P4), T = η(T/η)

1√
φ ∼Harmoni
-law(η, 1, ζ), i.e., T exhibits the probability distribu-tion studied by Puig (2008).The values of the individual-spe
i�
 weights v(t) are stri
tly positive for the log-normal,log-Student-t, log-power-exponential, log-slash, log-hyperboli
, log-
ontaminated-normal, har-
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3.03.03.03.03.03.03.03.0Figure 2.1: Graphs of the density fun
tion of the log-power-exponential (η = 1, φ, ζ = 0.5) (a),Birnbaum-Saunders-t (η = 1, φ, ζ = (6, 4)⊤) (b), log-Student-t (η = 1, φ, ζ = 4) (
), and harmoni
-law
(η = 1, φ, ζ = 0.1) (d) distributions.moni
 law, Birnbaum-Saunders (for ζ ≤ 2) and Birnbaum-Saunders-t (for ζ1 ≤ 2

√

1 + 1/ζ2)distributions. Furthermore, for distributions with tails that are heavier than those of the log-normal distribution (e.g., the log-Student-t, log-power-exponential (for 0 < ζ ≤ 1), log-slash,log-hyperboli
 (for small ζ) and log-
ontaminated-normal distributions) the individual-spe
i�
weights tend to be smaller as t departs from the �
entre" of the T distribution. Therefore, fordistributions that have heavier tails, the MLEs of η and φ are less sensitive to extreme or out-lying observations than for the log-normal distribution. Similar results hold for the distributionsthat were developed to des
ribe lifetimes under the assumption of 
umulative damage. In fa
t,one 
an verify that the weights of extreme or outlying observations for the Birnbaum-Saunders-tdistribution are (relatively) smaller than those for the Birnbaum-Saunders distribution. Figure2.1 shows the probability density fun
tions of some log-symmetri
 distributions. This �gureillustrates the �exibility of the log-symmetri
 
lass.2.4 Summary of the shapeThe measures that are most frequently used for assessing the lo
ation, dispersion, relativedispersion, skewness and kurtosis are based on moments. However, be
ause of their derivation,su
h measures may be not appropriate in the 
ontext of asymmetri
 distributions. Furthermore,sometimes the moments are not �nite or are quite di�
ult to 
al
ulate. Therefore, in this se
tion,quantile-based measures of the lo
ation, dispersion, relative dispersion, skewness and kurtosisfor the log-symmetri
 
lass are derived; these measures, exist even for distributions for whi
h nomoments exist, are appropriate in the 
ontext of asymmetri
 distributions, are easier to 
al
ulateand/or interprete than those based on moments, and are invariant under 
hanges in the extremetails of the distribution. Furthermore, some of these measures (i.e., those used to measure the



2.5 2.4. SUMMARY OF THE SHAPE 9relative dispersion, skewness and kurtosis) are invariant under lo
ation-s
ale transformations(see, e.g., Groeneveld and Meeden, 1984).2.4.1 Lo
ationThe median of T ∼ LS(η, φ, g(·)) is η, and the mode(s) of T may be written as M
T

=
η exp

(

t
T

√
φ
) provided that f ′

T
(t) is 
ontinuous in M

T
, in whi
h t

T
is(are) the solution(s) of

−v(t)t =
√

φ restri
ted to v′(t)t2sign(t) >
√

φ sign(t),where v′(t) = ∂v(t)/∂t. In addition, it is possible to verify that M
T
<η if both g(u) is monoton-i
ally de
reasing for u>0 and f ′

T
(t) is 
ontinuous in M

T
.2.4.2 DispersionThe interquartile range of T ∼ LS(η, φ, g(·)) may be expressed as

ς = ϑ(0.75) − ϑ(0.25) = 2η sinh
(

√

φZ
(0.75)
ζ

)

, ς ∈ (0,∞).2.4.3 Relative dispersionThe 
oe�
ient of quartile variation (Zwillinger and Kokoska, 2000, page 17) is given by
̟ =

ϑ(0.75) − ϑ(0.25)

ϑ(0.75) + ϑ(0.25)
= tanh

(

√

φZ
(0.75)
ζ

)

, ̟ ∈ (0, 1),where tanh(·) is the hyperboli
 tangent fun
tion. Note that ̟ is a monotoni
ally in
reasingfun
tion of φ for �xed ζ. A

ording to Bonett (2006), ̟ may be preferable to the 
oe�
ient ofvariation for des
ribing the relative dispersion in asymmetri
 distributions.2.4.4 SkewnessA quantile-based measure of skewness (see, e.g., Groeneveld and Meeden , 1984; Hinkley ,1975) is given by
κ(q) =

ϑ(q)+ϑ(1−q)−2ϑ(1/2)

ϑ(1−q)−ϑ(q)

= cosech
(

√

φZ
(q)
ζ

)

− cotanh
(

√

φZ
(q)
ζ

)

,where κ(q) ∈ (0, 1), q ∈ (0, 12), and cotanh(·) and cosech(·) represent the hyperboli
 
otangentand 
ose
ant fun
tions, respe
tively. A simple derivative reveals that for all q ∈ (0, 12) the measureof skewness κ(q) is a monotoni
ally in
reasing fun
tion of φ for �xed ζ. Therefore, φ may beinterpreted as the skewness of T for �xed ζ.2.4.5 KurtosisThe kurtosis proposed by Moors (1988) redu
es to
ς̄ =

ϑ(7/8)−ϑ(5/8)+ϑ(3/8)−ϑ(1/8)

ϑ(6/8)−ϑ(2/8)

=
sinh

(√
φZ

(7/8)
ζ

)

− sinh
(√

φZ
(5/8)
ζ

)

sinh
(√

φZ
(6/8)
ζ

) ,where ς̄ ∈ [0,∞).The main 
on
lusion of this se
tion is that, irrespe
tive of the value of φ, η is the medianof the T distribution. Similarly, irrespe
tive of the value of η, φ is the skewness (or the relativedispersion) of T for �xed ζ.



10 CHAPTER 2. LOG-SYMMETRIC DISTRIBUTIONS 2.52.5 Maximum likelihood estimationThe log-likelihood fun
tion of the interest parameters 
an be written asL(θ) = −n

2
log(φ)−

n
∑

k=1

log(tk) +
n
∑

k=1

log[g(t̃ 2k )].To 
al
ulate the maximum likelihood estimate of θ = (η, φ)⊤, denoted as θ̂, the system ofequations given by(Uη(θ̂),Uφ(θ̂)
)

=
(

∂L(θ̂)/∂η̂, ∂L(θ̂)/∂φ̂)=(0, 0) is solved using the Fisher s
oringalgorithm, where
Uη(θ) =

1

ηφ
log

[

n
∏

k=1

(tk/η)
v(t̃k)

]and
Uφ(θ) =− n

2φ
+

1

2φ

n
∑

k=1

v(t̃k)t̃
2
k .The (expe
ted) Fisher information matrix, whi
h is denoted as K(θ), is given by

n−1K(θ) = −n−1E[∂2ℓ(θ)/∂θ∂θ⊤] =

[

dg(ζ)/φη
2 0

0 [fg(ζ)− 1]/4φ2

]

,where dg(ζ) = E[v2(Z)Z2] and fg(ζ) = E[v2(Z)Z4] for Z ∼ S(0, 1, g(·)). For instan
e, thequantity dg(ζ) is equal to 1, (ζ + 1)/(ζ + 3), {21−ζΓ[(3 − ζ)/2]}/{(1 + ζ)2Γ[(1 + ζ)/2]} and
2+ 4

ζ2
−

√
2π
ζ

{

1− erf
(√

2
ζ

)}

exp
(

2
ζ2

) when T is assumed to exhibit the log-normal, log-Student-t,log-power-exponential and Birnbaum-Saunders distributions, respe
tively, where Γ(·) representsthe gamma fun
tion and erf(x) = (2/
√
π)
∫ x
0 e−t2dt. Similarly, the quantity fg(ζ) is equal to 3,

3(ζ+1)/(ζ+3) and (ζ+3)/(ζ+1) when T is assumed to exhibit the log-normal, log-Student-t andlog-power-exponential distributions, respe
tively (see, e.g., Cordeiro et al. (2000); Villegas et al.(2013)). Then, the Fisher s
oring algorithm be
omesAlgorithm 1.1Step 1. Initialize the 
ounter as l = 0 and set the initial value to θ(0).Step 2. Based on θ(l) 
al
ulate the following expressions:
η(l+1) = η(l)

{

n
∏

k=1

[

tk/η
(l)
]ρ
(

t̃
(l)
k

)
}

1
n and

log[φ(l+1)] = log[φ(l)] +
2

fg(ζ)− 1

{

n−1
n
∑

k=1

v
(

t̃
(l)
k

)[

t̃
(l)
k

]2
− 1

}

,where t̃
(l)
k = log

[

(

tk/η
(l)
)1/

√
φ(l)
] and ρ(t) = v(t)/dg(ζ).Step 3. Update l = (l + 1) and θ(l).Step 4. Repeat steps 3 and 4 until 
onvergen
e of θ(l).Be
ause the MLEs of η and φ for the log-normal distribution have 
losed forms, they 
an beused as initial values for the iterative pro
edure for other log-symmetri
 distributions. Be
ausesome distributions, su
h as the log-Student-t, log-power-exponential (for 0 ≤ ζ ≤ 1), log-slash,



2.5 2.5. MAXIMUM LIKELIHOOD ESTIMATION 11log-hyperboli
 and log-
ontaminated-normal distributions, may be obtained as a power mixtureof log-normal distributions (see, e.g., Andrews and Mallows, 1974; Barndo�-Nielsen, 1977; West, 1987), the EM algorithm (Dempster et al., 1977) 
an be used in those 
ases to develop an moree�
ient iterative pro
ess for parameter estimation. Then, for these distributions the Step 2 ofthe Algorithm 1.1 redu
es to
η(l+1) =

{

n
∏

k=1

t
v
(

t̃
(l)
k

)

k

}1/
n
∑

k=1
v
(

t̃
(l)
k

) and
φ(l+1) = n−1

n
∑

k=1

v
(

t̃
(l)
k

)[

log(tk/η
(l))
]2

.Moreover, a

ording to Balakrishnan et al. (2009), some distributions of the generalized Birnbaum-Saunders 
lass (e.g., the Birnbaum-Saunders-t and slash-Birnbaum-Saunders distributions) 
anbe obtained as s
ale mixtures of Birnbaum-Saunders distributions. Thus, the EM algorithm 
analso be used in those 
ases to develop a more e�
ient iterative pro
edure of parameter estima-tion. For example, under the Birnbaum-Saunders-t distribution the joint iterative pro
ess for η̂and φ̂ be
omesAlgorithm 1.2Step 1. Initialize the 
ounter as m = 0 and set the initial value to θ(0).Step 2. Cal
ulate u(m) = (u
(m)
1 , . . . , u

(m)
n )⊤ based on θ(m) as follows:

u
(m)
k =

ζ21 (ζ2 + 1)

ζ21ζ2 +
[

2 sinh(t̃
(m)
k )

]2 for k = 1, . . . , n.Step 3. Cal
ulate d∗g

(

ζ1/[u
(m)
1 ]

1
2

)

, . . . , d∗g

(

ζ1/[u
(m)
n ]

1
2

), where
d∗g(ζ) = 2 +

4

ζ2
−

√
2π

ζ

{

1− 2√
π

∫

√
2

ζ

0
exp
(

−t2
)

∂t

}

exp

(

2

ζ2

)

.Step 4. Cal
ulate f∗
g

(

ζ1/[u
(m)
1 ]

1
2

)

, . . . , f∗
g

(

ζ1/[u
(m)
n ]

1
2

), where
f∗
g (ζ) = E

[

(

4 sinh(z)cosh(z)z/ζ2 − tanh(z)z
)2
]

, and exp(z) ∼ Birnbaum-Saunders(1, 1, ζ).Step 5. Initialize the 
ounter as l = 0 and set the initial value to θ
(0)
∗ = θ(m).Step 6. Perform the following algorithm based on θ

(l)
∗ :(A) Compute the following expressions:

η(l+1) = η(l)

{

n
∏

k=1

[

tk/η
(l)
]ρ∗
(

t̃
(l)
k ,u

(m)
k

)
} and

log[φ(l+1)] = log[φ(l)] +

2
n
∑

k=1

{

v∗
(

t̃
(l)
k , u

(m)
k

)[

t̃
(l)
k

]2
− 1

}

n
∑

k=1

{

f∗
g

(

ζ1/[u
(m)
k ]

1
2

)

− 1
}

,
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ρ∗
(

t̃
(l)
k , u

(m)
k

)

= v∗
(

t̃
(l)
k ,u

(m)
k

)

/

n
∑

i=1

d∗g

(

ζ1/[u
(m)
i ]

1
2

)

, k = 1, . . . , n,and
v∗(t̃, u) =

sinh(t̃)

t̃

[

4 cosh(t̃)u

ζ21
− 1

cosh(t̃)

]

.(B) Update l = (l + 1) and θ
(l)
∗ .(C) Repeat steps (A) and (B) until 
onvergen
e of θ(l)

∗ .Step 7. Update m = (m+ 1) and θ(m) = θ
(l)
∗ .Step 8. Repeat steps 2, 3, 4, 5, 6 and 7 until 
onvergen
e of θ(m).The usual regularity 
onditions of large sample theory are ful�lled by all of the log-symmetri
distributions listed above ex
ept for the log-Lapla
e distribution (i.e., the log-power-exponentialdistribution for ζ = 1) (see Cordeiro et al. (2000)). Thus, the asymptoti
 distribution of themaximum likelihood estimator of θ is the following:

√
n

(

η̂ − η

φ̂− φ

)

D−−−→
n→∞

N2

(

0;

[

φη2/dg(ζ) 0
0 4φ2/[fg(ζ)− 1]

])

.Hen
e, η̂ and φ̂ are asymptoti
ally independent.2.5.1 Measuring goodness-of-�tThe goodness-of-�t is quanti�ed using the following statisti
, whi
h is quite intuitive and hasthe advantage of graphi
al representation:
Υ = n−1

n
∑

k=1

∣

∣

∣
Φ−1[F

T
(ˆ̃t

(k)
)]− υ

(k)
∣

∣

∣
,where F

T
(·) is the 
umulative distribution fun
tion of T , ˆ̃t (k) is the k-th order statisti
 of ˆ̃t, υ(k)is the expe
tation of the k-th order statisti
 for a random sample of size n of a standard normaldistribution and Φ(·) is the 
umulative distribution fun
tion of a standard normal distribution.Note that Φ−1[F

T
(t̃

(1)
)], . . . ,Φ−1[F

T
(t̃

(n)
)] represent an ordered random sample from a standardnormal distribution and η̂ and φ̂ are a 
onsistent estimators. Then, smaller values of Υ indi-
ate better goodness-of-�t. Graphi
ally, the 
riterion Υ indi
ates that the smaller the di�eren
ebetween the normal Q-Q plot of Φ−1[F
T
(ˆ̃t

(1)
)], . . . ,Φ−1[F

T
(ˆ̃t

(n)
)] and a straight line (with zerointer
ept and unit slope), the better the goodness-of-�t. One advantage of this 
riterion is thatit allows for graphi
ally evaluating the appropriateness or agreement with the data of the tails(heavier or lighter) and/or the unimodality/bimodality of the distribution postulated for T .2.5.2 Choosing the extra parameter valueThe density generator g(·) 
onsidered in the T distribution involves the extra parameter

ζ, whi
h is assumed to be known or �xed in the estimation pro
ess des
ribed above. Thisassumption ensures easy 
al
ulation of 
on�den
e regions and hypothesis testing for η and φusing Wald- and Rao-type statisti
s be
ause the Fisher information matrix is diagonal. Themotivation for this assumption also 
omes from the paper by Lu
as (1997), whi
h demonstratedthat the robustness against outlying observations of Student-t models remains only if the degreesof freedom are �xed instead of estimated using the maximum likelihood method. In addition,Kano et al. (1993) (and referen
es therein) reported di�
ulties in 
al
ulating the extra parameterusing the maximum likelihood method for the power exponential and 
ontaminated normal



2.6 2.6. BAYESIAN INFERENCE 13distributions. Thus, to 
onsider a uni�ed approa
h for log-symmetri
 distributions, it is proposed
hoosing the extra parameter value by minimizing the Υ statisti
. In fa
t, if the estimator
ζ̂ = argminΥ is 
onsistent; and dg(·) and fg(·) are 
ontinuous fun
tions, then the multivariateSlutsky's theorem allows one to demonstrate that the ζ value may be repla
ed with the valueobtained by minimizing the Υ statisti
 without 
hanging the asymptoti
 distribution of η̂ and
φ̂. To investigate the performan
e of the proposed 
riterion, a simulation study is performed.First, a sample of size n is generated from a standard log-symmetri
 distribution. The resultingsample is used to estimate η and φ using the maximum likelihood method and to 
hoose theextra parameter value by minimizing the Υ statisti
. This pro
ess is repli
ated R = 5000 times.To 
onsider di�erent simulation s
enarios, di�erent log-symmetri
 distributions are used (i.e.,the log-Student-t, log-power-exponential, log-hyperboli
, log-slash and Birnbaum-Saunders dis-tributions) and the sample size is modi�ed by 
onsidering n = 50, 100, 200, 400 and 800. Assummary measures, the median (M) and interquartile range (IR) of the R 
hosen extra param-eter values are 
onsidered. The results are presented in Table 2.1. It 
an be observed that in alls
enarios, the median of the extra parameter values yielded by the proposed method tends tothe true value as the size of the sample in
reases. Similarly, the variability around the mediande
reases as the size of the sample in
reases. These results indi
ate that for large sample sizes,the di�eren
e between the extra parameter value yielded by the proposed method and the trueparameter value is small. Therefore, for large sample sizes, the inferen
e on η and φ 
ould bebased on the asymptoti
 distribution des
ribed above even when the extra parameter value isunknown but has been 
hosen using the proposed method.Table 2.1: The median (M) and the interquartile range (IR) of the R = 5000 
hosen extra parametervalues by minimizing the Υ statisti
.Distribution ζ

n = 50 n = 100 n = 200 n = 400 n = 800M IR M IR M IR M IR M IRLog-Student-t 2 1.80 1.10 1.90 0.70 1.95 0.50 2.00 0.40 2.00 0.204 3.30 3.10 3.60 2.30 3.80 1.80 3.90 1.23 3.95 0.906 4.60 6.20 5.20 4.80 5.50 3.70 5.80 2.60 5.90 2.608 5.40 9.50 6.40 7.90 7.00 6.10 7.60 4.50 7.85 3.20Log-power-exp. 0.1 0.17 0.39 0.14 0.33 0.12 0.23 0.11 0.17 0.10 0.120.2 0.26 0.46 0.23 0.35 0.22 0.25 0.21 0.17 0.20 0.130.3 0.32 0.46 0.31 0.34 0.31 0.26 0.30 0.19 0.30 0.130.4 0.39 0.44 0.39 0.38 0.40 0.26 0.40 0.19 0.40 0.14Log-hyperboli
 1.0 0.95 2.00 1.00 1.60 1.00 1.10 1.00 0.80 1.00 0.501.1 1.01 2.20 1.03 1.50 1.08 1.10 1.10 0.80 1.10 0.601.2 1.05 2.20 1.10 1.60 1.13 1.20 1.18 0.80 1.20 0.601.3 1.10 2.20 1.15 1.70 1.20 1.10 1.25 0.90 1.30 0.60Log-slash 0.8 0.75 0.30 0.78 0.21 0.79 0.16 0.81 0.12 0.80 0.080.9 0.80 0.34 0.85 0.26 0.89 0.20 0.89 0.14 0.90 0.101.0 0.89 0.39 0.92 0.33 0.98 0.24 0.99 0.16 1.00 0.131.1 0.97 0.41 1.03 0.36 1.06 0.25 1.08 0.20 1.10 0.15Birnbaum-Saunders 1.5 1.20 1.80 1.30 0.90 1.40 0.60 1.40 0.50 1.50 0.302.0 1.70 1.70 1.80 1.10 1.90 0.80 2.00 0.50 2.00 0.302.5 2.10 1.90 2.30 1.30 2.40 0.80 2.40 0.50 2.50 0.403.0 2.75 2.20 2.85 1.40 2.95 1.00 2.95 0.60 3.00 0.402.6 Bayesian Inferen
eThe method for inferen
e about the interest parameters using the 
lassi
al approa
h is basedon the asymptoti
 properties of the maximum likelihood estimator. Therefore, for small samplesizes, su
h inferen
e may be inadequate. Furthermore, some distributions, su
h as log-Lapla
edistribution, do not satisfy the usual regularity 
onditions; 
onsequently, for su
h distributions,parameter inferen
e 
annot be performed using the standard method. Thus, this se
tion 
onsidersinferen
e using a Bayesian approa
h based on Markov 
hain Monte Carlo (MCMC) methods. Oneof the main advantages of Bayesian inferen
e is that it is exa
t and available for any parametri




14 CHAPTER 2. LOG-SYMMETRIC DISTRIBUTIONS 2.6model. For simpli
ity, it is supposed that η and φ are independent and have the following priordistributions:
η ∼ log-normal(aη , bη) and φ−1 ∼ Gamma(cφ, dφ),where aη > 0, bη > 0, cφ > 0 and dφ > 0 are assumed to be known. Next, we des
ribe howsamples are drawn from the posterior distribution of θ.2.6.1 Log-normal, log-Student-t, log-slash, log-
ontaminated-normal, log-hyperbo-li
 and log-Lapla
e distributionsOne 
an sample from a joint posterior distribution of η and φ using Gibbs sampling (see, e.g.,Gelfand and Smith , 1990), whi
h involves su

essive sampling from the 
omplete 
onditionaldensities. Be
ause some distributions, su
h as the log-Student-t, log-slash, log-
ontaminated-normal, log-hyperboli
 and log-Lapla
e distributions, may be obtained as a shape mixture of log-normal distributions, the algorithm 
an be easily developed using a data augmentation s
heme,in whi
h the 
omplete 
onditional densities are known distributions. Next, a simple algorithmis des
ribed.Algorithm 1.3Step 1. Set the initial value of the parameter ve
tor to θ(0).Step 2. Based on θ(l) sample u(l+1) = (u

(l+1)
1 , . . . , u

(l+1)
n ) independent as follows:(A) Log-normal: P[u(l+1)

k = 1] = 1.(B) Log-Student-t:
uk
∣

∣η(l), φ(l) ∼ Gamma

(

ζ + 1

2
,
1

2

(

[

t̃
(l)
k

]2
+ ζ

))

,where u ∼ Gamma(a, b) represents a random variable with probability density fun
-tion given by f(u) ∝ ua−1 exp(−bu).(D) Log-slash:
uk
∣

∣η(l), φ(l) ∼ TGamma

(

2ζ + 1

2
,
1

2

[

t̃
(l)
k

]2
; (0, 1)

)

,where TGamma(·, ·; (0, 1)) represents a random variable with trun
ated gamma dis-tribution within the interval (0, 1) (see, e.g., Nadarajah and Kotz, 2006).(E) Log-
ontaminated-normal:
uk
∣

∣η(l), φ(l)∼















ζ2 with probability p ∝ ζ
1
2
2 ζ1exp

(

−ζ2
2

[

t̃
(l)
k

]2
)

1 with probability q ∝ (1− ζ1)exp

(

−1

2

[

t̃
(l)
k

]2
)(F) Log-Lapla
e:

uk
∣

∣η(l), φ(l) ∼ GIG

(

1

2
,
[

t̃
(l)
k

]2
,
1

4

)

,where u ∼ GIG(a, b, c) is a random variable with generalized Inverse Gaussian distri-bution (see, e.g., Hörmann and Leydold, 2013) and density fun
tion given by
f(u) ∝ ua−1 exp

(

−1

2
[b/u+ c u]

)

.(G) Log-hyperboli
:
uk
∣

∣η(l), φ(l) ∼ GIG

(

1

2
,
[

t̃
(l)
k

]2
+ 1, ζ2

)

.



2.6 2.6. BAYESIAN INFERENCE 15Step 3. Based on u(l+1) and φ(l), sample η(l+1) as follows:
η
∣

∣u(l+1), φ(l) ∼ log-normal (a(l+1), b(l+1)
)

, where(A) Log-normal, log-Student-t, log-slash and log-
ontaminated-normal:
b(l+1)=

(

n
∑

k=1

u
(l+1)
k

φ(l)
+

1

bη

)−1

and a(l+1)=

[

a
φ(l)

bη
η

(

n
∏

k=1

t
u
(l+1)
k

k

)]
b(l+1)

φ(l)

.(B) Log-Lapla
e and log-hyperboli
:
b(l+1)=

(

n
∑

k=1

1/u
(l+1)
k

φ(l)
+

1

bη

)−1

and a(l+1)=

[

a
φ(l)

bη
η

(

n
∏

k=1

t
1/u

(l+1)
k

k

)]
b(l+1)

φ(l)

.Step 4. Based on u(l+1) and η(l+1), sample φ(l+1) as follows:
φ−1

∣

∣u(l+1), η(l+1) ∼ Gamma
(n

2
+ cφ, d

(l+1)
)

, where(A) Log-normal, log-Student-t, log-slash and log-
ontaminated-normal:
d(l+1) =

1

2

n
∑

k=1

[

log

(

tk
η(l+1)

)]2

u
(l+1)
k + dφ.(B) Log-Lapla
e and log-hyperboli
:

d(l+1) =
1

2

n
∑

k=1

1

u
(l+1)
k

[

log

(

tk
η(l+1)

)]2

+ dφ.Step 5. Repeat steps 2, 3 and 4 until 
onvergen
e is rea
hed.2.6.2 Harmoni
 law, Log-power-exponential (−1 < ζ < 1), Birnbaum-Saunders andBirnbaum-Saunders-t distributionsFor these distributions, the posterior 
onditional densities of η given φ and φ given η areunknown. Therefore, samples from the 
omplete 
onditional densities are drawn using theMetropolis-Hastings method (see, e.g., Chib and Greenberg , 1995). Next, a simple algorithmis presented.Algorithm 1.4Step 1. Set the initial value of the parameter ve
tor to θ(0).Step 2. Based on θ(l) sample η∗ from the log-normal(a(l+1), b(l+1)) distribution, where
b(l+1)=

(

n

λφ(l)
+

1

bη

)−1

and a(l+1)=

[

a
φ(l)

bη
η

(

n
∏

k=1

tk

)]
b(l+1)

λφ(l)

,where λ > 0 is a tunning parameter. Then, a new value η(l+1) = η∗ is a

epted withprobability
min

{

1,
fη(η

∗|φ(l))

fη(η(l)|φ(l))

}

, where
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fη(η|φ) ∝ η−1

[

n
∏

k=1

g(t̃ 2k )

]

exp

{

− 1

2bη

[

log

(

η

aη

)]2
}

.Step 3. Based on η(l+1) and φ(l) sample 1/φ∗ from the Gamma(c(l+1), d(l+1)) distribution, where
c(l+1) =

n

2
+ cφ and d(l+1) =

1

2λ

n
∑

k=1

[

log

(

tk
η(l+1)

)]2

+ dφ.Then, a new value φ(l+1) = φ∗ is a

epted with probability
min

{

1,
fφ(φ

∗|η(l+1))

fφ(φ(l)|η(l+1))

}

, where
fφ(φ|η) ∝

[

n
∏

k=1

g(t̃ 2k )

]

(1/φ)
n
2
+cφ−1 exp

(

−dφ
φ

)

.Step 4. Repeat steps 2 and 3 until 
onvergen
e is rea
hed.The value of the tuning parameter in the Algorithm 1.4 may be set to λ = Var(log(T ∗)), where
T ∗ exhibits a standard log-symmetri
 distribution.2.6.3 Unknown extra parameterWhen the extra parameter ζ is unknown, an additional stepmay be in
luded in the algorithmsdes
ribed above to draw samples from the posterior 
onditional distribution of ζ given θ; it isassumed that ζ and θ have independent prior distributions. For instan
e,(A) Log-hyperboli
 distribution:

ζ is assumed to exhibit the log-normal(cζ , dζ) distribution. Thus, ζ∗ is sampled from thelog-normal(ζ(l), λ) distribution, where λ > 0 is a tunning parameter. A new value ζ(l+1) =
ζ∗ is a

epted with probability given by

min

{

1,
fζ(ζ

∗|u(l+1))

fζ(ζ(l)|u(l+1))

}

, where
fζ(ζ|u) ∝ [K1(

√

ζ)]−n exp

(

−ζ

[

1

2

n
∑

k=1

uk

]

− 1

2dζ

[

log

(

ζ

cζ

)]2
)

.(B) Log-slash distribution:
ζ is assumed to exhibit the Gamma(cζ , dζ) distribution. Then, based on u(l+1), ζ(l+1) issampled from the Gamma(c(l+1)

ζ , d
(l+1)
ζ ) distribution, where c

(l+1)
ζ = cζ + n and d

(l+1)
ζ =

−
n
∑

k=1

log(u
(l+1)
k ) + dζ .(C) Log-
ontaminated-normal distribution:

ζ1 ∼ Beta(cζ1 , dζ1) and ζ2 ∼ TGamma(cζ2 , dζ2 ;(0, 1)) are independent. Then, based on
u(l+1), η(l+1) and φ(l+1), ζ(l+1)

2 and ζ
(l+1)
1 are sampled from the TGamma(c

(l+1)
ζ2

, d
(l+1)
ζ2

;(0, 1))and Beta(c
(l+1)
ζ1

, d
(l+1)
ζ1

) distributions, where c
(l+1)
ζ1

= cζ1 +
n
∑

k=1

I(u
(l+1)
k = ζ2), d(l+1)

ζ1
= dζ1 +

n
∑

k=1

I(u
(l+1)
k = 1), c(l+1)

ζ2
=cζ2 +

1
2

n
∑

k=1

I(u
(l+1)
k =ζ2) and d

(l+1)
ζ2

=dζ2 +
1
2

n
∑

k=1

[t̃
(l+1)
k ]2I(u

(l+1)
k =ζ2).(D) Birnbaum-Saunders distribution:
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1/ζ2 is assumed to exhibit the Gamma(cζ , dζ) distribution. Based on η(l+1) and φ(l+1),
1/[ζ(l+1)]2 is sampled from the Gamma(c(l+1)

ζ , d
(l+1)
ζ ) distribution, where c

(l+1)
ζ = cζ +

n
2and d

(l+1)
ζ = 2

n
∑

k=1

sinh2(t̃
(l+1)
k ) + dζ .Maximum likelihood estimates for the same family of distributions may be used as initialvalues for Algorithm 1.3 and Algorithm 1.4. Inferen
es about the parameters or fun
tions ofthem are available from the approximate posterior marginal density. For example, it is possiblesummarize the simulated posterior distribution of η and φ by 
omputing the summary statisti
s(i.e., the posterior means, medians, and standard deviations) and 
redible intervals. In the 
ase ofnon-informative priors, 
omparisons with the maximum likelihood approa
h may be performed.2.7 Appli
ations2.7.1 Gross domesti
 produ
tGross domesti
 produ
t (GDP) divided by midyear population is known as the per 
apitaGDP. The per 
apita GDP is most likely the best measure of a 
ountry's overall well being.The GDP is the sum of the gross value added by all resident produ
ers in the e
onomy and anyprodu
t taxes and minus any subsidies that are not in
luded in the value of the produ
ts. It is
al
ulated without making dedu
tions for depre
iation of fabri
ated assets or for depletion anddegradation of natural resour
es. The data set 
onsidered here 
orresponds to the per 
apitaGDP (
urrent US$) of 190 
ountries during 2010, and it was downloaded from the World Bank'sDataBank website (http://databank.worldbank.org/data/).Maximum likelihood estimationTable 2.2: Values of −2L(θ̂), AIC and BIC for the �tted distributions to the GDP data.Log Birnbaum Log Box General. General. General.normal Saunders skew-t Cox-t Modi�ed Gamma InverseWeibull Gaussian

−2L(θ̂) 3919.61 3902.82 3919.58 3919.58 3920.06 3921.62 3905.74AIC 3923.60 3906.82 3927.58 3927.58 3928.06 3927.62 3911.75BIC 3930.10 3913.31 3940.57 3940.57 3941.05 3937.36 3921.49Table 2.2 lists the goodness-of-�t statisti
s −2L(θ̂), AIC (Akaike, 1973) and BIC (S
hwarz,1978) for the log-normal, Birnbaum-Saunders(ζ = 2.2), log-skew-t, Box-
ox-t (see e.g. Rigby and Stasinopoulos, 2006), generalized modi�ed Weibull, generalized Gamma and generalized Inverse Gaussian dis-tributions �tted to the GDP data. The extra parameter ζ of the Birnbaum-Saunders distributionwas 
hosen by minimizing the 
riterion Υ, as illustrated in Figure 2.2(a).The Birnbaum-Saunders(ζ = 2.2) distribution has the lowest −2L(θ̂), AIC and BIC valuesamong all the �tted models; thus, it 
ould be 
onsidered to be the best model in the senseof these information measures. Figure 2.2(b) shows a plot of Φ−1[F
T
(ˆ̃t

(k)
)] versus υ

(k) for the�tted Birnbaum-Saunders distribution; this plot indi
ates that the distribution des
ribes thedata adequately. A plot of the Birnbaum-Saunders(ζ = 2.2) density distribution is shown inFigure 2.3(a) (together with the data histogram). Similarly, Figure 2.3(b) presents the empiri
al
umulative distribution fun
tion of the per 
apita GDP and the 
umulative distribution fun
tionof the Birnbaum-Saunders (ζ = 2.2) model. The maximum likelihood estimates (and the 
orres-ponding approximate standard errors, whi
h are given in parentheses) of the model parametersof the �tted Birnbaum-Saunders(ζ = 2.2) distribution are
η̂ = 4891.135(427.07) and φ̂ = 3.187(0.21).
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Figure 2.3: (a) Histogram and (b) empiri
al 
umulative distribution fun
tion of per 
apita GDP (
urrentUS$) of 190 
ountries during 2010.Be
ause the Birnbaum-Saunders(ζ = 2.2) distribution was identi�ed as the best model, and fromthe properties (P3) and (P4) des
ribed in Se
tion 2.2, one 
an 
on
lude that the probabilitydistribution of any ma
roe
onomi
 indi
ator that 
an be expressed as c1T c2 also belongs to thelog-symmetri
 
lass, where T represents the per 
apita GDP during 2010 and c1 > 0 and c2 6= 0are known 
onstants. The Birnbaum-Saunders(ζ = 2.2) distribution was also �tted to the per
apita GDP for 2009; η̂ = 4823.88(424.96) and φ̂ = 3.313(0.22) were obtained. Then, ignoringthe variability asso
iated with the point estimates of η and φ it may be 
on
luded that themedian of the per 
apita GDP distribution in
reased in 2010, whereas in the same year, theskewness and relative dispersion of the per 
apita GDP distribution de
reased. Similarly, themodes of the per 
apita GDP distributions were US$ 466.056 and US$ 500.174 in 2009 and 2010,respe
tively.2.7.2 Bayesian inferen
eIt is 
onsider the prior distributions des
ribed in Se
tion 2.6 with hyperparameters �xed asfollows: aη = 1, bη = 10000, cφ = 0.0001, dφ = 0.0001, cζ = 0.0001, and dζ = 0.0001. Thissetup allows for 
omparisons with the maximum likelihood approa
h. One 
hain of size 110000for ea
h parameter was simulated, and the �rst 10000 iterations were dis
arded to eliminate thee�e
t of initial values. To avoid 
orrelation, a spa
ing of size 10 was used, thereby obtaining ane�e
tive sample of size 10000. Table 2.3 lists the summary statisti
s of the posterior distributionand the 95% 
redible interval for the parameters of the log-normal and Birnbaum-Saunders



2.7 2.7. APPLICATIONS 19models �tted to the GDP data. The statisti
 DIC (see, e.g., Gelman et al., 2004) presented inTable 2.3 indi
ates that the Birnbaum-Saunders model des
ribes the data better than the log-normal model. The inferential results are very similar to the results obtained using the maximumlikelihood approa
h. Figure 2.6 displays the history of the 
hains and the approximate posteriormarginal densities of the parameters η and φ for the Birnbaum-Saunders model.Table 2.3: Posterior mean, median, standard deviation (SD) and 95% 
redible interval for parametersof the log-normal and Birnbaum-Saunders distributions �tted to GDP data.Log-normalMean Median SD 2.5% 97.5% DIC
η 4843.55 4808.20 541.03 3870.75 5978.52 3923.61
φ 2.35 2.33 0.25 1.92 2.88Birnbaum-SaundersMean Median SD 2.5% 97.5% DIC
η 4837.86 4821.61 362.48 4181.02 5573.93 3910.80φ 3.25 3.23 0.30 2.70 3.90
ζ 2.20 2.19 0.19 1.84 2.602.7.3 Body fat per
entageThis data set, 
olle
ted from the Australian Institute of Sport, 
onsists of 13 variables mea-sured on 102 male and 100 female athletes, and it was downloaded from the website http://www.statsci.org/ .The main obje
tive of this analysis is to des
ribe the distribution of the body fat per
entage ofathletes. This distribution is expe
ted to be bimodal be
ause the data set 
omprises of male andfemale athletes.Table 2.4 lists the goodness-of-�t statisti
s−2L(θ̂), AIC and BIC for the log-normal, Birnbaum-Saunders-t(ζ = (4.5, 4)⊤), log-skew-t, Box-
ox-t, generalized modi�ed Weibull, generalized Gammaand generalized Inverse Gaussian distributions �tted to the body fat per
entage of athletes. Theextra parameter ζ of the Birnbaum-Saunders-t distribution was 
hosen by minimizing the 
rite-rion Υ, as illustrated in Figure 2.5(a). The Birnbaum-Saunders-t(ζ = (4.5, 4)⊤) distribution hasthe lowest −2L(θ̂), AIC and BIC values among all the �tted models; thus, it 
ould be 
onside-red to be the best model. Figure 2.5(b) shows a plot of Φ−1[F

T
(ˆ̃t

(k)
)] versus υ

(k) for the �ttedBirnbaum-Saunders-t distribution; this plot indi
ates that the distribution des
ribes the dataadequately. A plot of the Birnbaum-Saunders-t(ζ = (4.5, 4)⊤) density distribution is shown inFigure 2.6(a) (together with the data histogram). Similarly, Figure 2.6(b) presents the empiri-
al 
umulative distribution fun
tion of the body fat per
entage and the 
umulative distributionfun
tion of the Birnbaum-Saunders-t(ζ = (4.5, 4)⊤) model. The maximum likelihood estimates(and the 
orresponding approximate standard errors, whi
h are given in parentheses) of themodel parameters of the �tted Birnbaum-Saunders-t(ζ = (4.5, 4)⊤) distribution are
η̂ = 12.467(0.278) and φ̂ = 0.09116(0.0058).Therefore, the median and the modes of the distribution of body fat per
entage are 12.46%,7.63% and 17.31%, respe
tively.
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Table 2.4: Values of −2L(θ̂), AIC and BIC for the �tted distributions to the body fat per
entage ofathletes. Log Birnbaum Log Box General. General. General.normal Saunders-t skew-t Cox-t Modi�ed Gamma InverseWeibull Gaussian

−2L(θ̂) 1262.24 1224.38 1255.15 1261.21 1260.68 1264.32 1269.02AIC 1266.24 1228.38 1263.15 1269.21 1268.68 1270.32 1275.02BIC 1272.86 1235.00 1276.39 1282.44 1281.92 1280.24 1284.94PSfrag repla
ements
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CHAPTER 3 LOG-SYMMETRIC REGRESSION MODELS
Linear and nonlinear regression models are 
ommonly applied in areas su
h as Biology, Chem-istry, Medi
ine, E
onomi
s and Engineering. The analysis based on models under normal errorsand 
onstant varian
e is the most popular when the variable of interest is 
ontinuous due todesirable statisti
al properties and a 
omprehensively developed theory. Nevertheless, the appli-
ation of su
h models may be inadequate in 
ertain s
enarios 
ommonly found in pra
ti
e. Forinstan
e, as shown by Vanegas and Paula (2015a), ignoring the skewness of the response vari-able distribution may introdu
e biases into the parameter estimates and/or the estimation ofthe asso
iated variability measures. To address this problem, 
ertain proposals have been madein the literature to repla
e the normality assumption by more �exible 
lasses of distributions.For example, in the 
ontext of asymmetri
 and heavy-tailed responses, Lin et al. (2009) deriveddiagnosti
 methods in nonlinear skew-t-normal regression models; Can
ho et al. (2010) studiednonlinear skew-normal regression models using 
lassi
al and Bayesian approa
hes; La
hos et al.(2011) introdu
ed heteros
edasti
 nonlinear regression models based on s
ale mixtures of skew-normal distributions; and Labra et al. (2012) derived diagnosti
 methods for the 
lass of regres-sion models introdu
ed previously by La
hos et al. (2011).Although the models studied in these papers are attra
tive, they have 
ertain limitations,for instan
e, modeling the mean instead of the median, assuming that the skewness parameter is
onstant a
ross the observations and do not admit the presen
e of nonparametri
 e�e
ts. There-fore, this work provides a uni�ed theoreti
al framework for semi-parametri
 regression analysisbased on log-normal, log-Student-t, Birnbaum-Saunders, Birnbaum-Saunders-t, harmoni
 lawand other right-skewed and stri
tly positive distributions, in whi
h both, the median and theskewness (or the relative dispersion) of the response variable distribution are expli
itly modeled.In this setup, here termed log-symmetri
 regression models, both the median and the skewness(or the relative dispersion) are des
ribed using semi-parametri
 fun
tions of explanatory vari-ables, in whi
h their nonparametri
 
omponents are approximated by natural 
ubi
 splines (see,e.g., Green and Silverman, 1994; Lan
aster and Salkauskas, 1986) or P-splines (Eilers and Marx, 1996). The �exibility provided by the systemati
 
omponent under this model lies in its 
a-pa
ity to relate the distribution of the response variable with a set of 
ovariates using a sum ofarbitrary fun
tions, whose fun
tional forms are estimated from the data. Under this approa
h,the parameter interpretation is based on the multipli
ative e�e
ts of the 
ovariates a
ting on themedian and the skewness (or the relative dispersion) of the distribution of the response variable.However, if the skewness (or the relative dispersion) is spe
i�ed to be 
onstant, the multipli
a-tive e�e
t of the 
ovariates dire
tly a�e
ts the quantiles (of any order) of the distribution ofthe response variable, whi
h turns the parameter interpretation simpler. Moreover, some of thelog-symmetri
 distributions exhibit heavier tails than those of the log-normal one, whi
h allowsto estimate the model parameters in a robust manner under the presen
e of extreme or outlyingobservations. 23



24 CHAPTER 3. LOG-SYMMETRIC REGRESSION MODELS 3.1In the 
ontext of nonparametri
 and semi-parametri
 models, it is possible to 
ite some of themost important 
ontributions. For example, Hastie and Tibshirani (1990) introdu
ed the 
lass ofgeneralized additive models, and Rigby and Stasinopoulos (2005) introdu
ed the generalized ad-ditive models for lo
ation, s
ale and shape (GAMLSS), whi
h address the semi-parametri
 mixedjoint modeling of all parameters in a general 
lass of distributions. Rigby and Stasinopoulos(2006) illustrated the use of semi-parametri
 models based on Box-
ox-t distribution. Wood(2006) studied generalized additive models using the R statisti
al pa
kage to illustrate theirappli
ations. Re
ently, Iba
a
he-Pulgar et al. (2013) derived diagnosti
 tools in symmetri
 ho-mos
edasti
 semi-parametri
 models; Wu and Yu (2014) studied quantile regression based onboth, partially linear single-index models and partially linear additive models.In this 
hapter, the log-symmetri
 regression models are introdu
ed. A detailed des
riptionof the parameter estimation pro
ess is also provided, whi
h 
ombines Fisher s
oring, ba
k�ttingand expe
tation-maximization (EM) algorithms. Dis
ussions on e�e
tive degrees of freedomestimation and simultaneous 
on�den
e intervals for nonparametri
 
omponents are given, andsome diagnosti
 pro
edures, su
h as devian
e-type residuals and lo
al in�uen
e measures, arederived. The asymptoti
 behaviour of the maximum penalized likelihood estimator is studiedunder a �xed-knot assumption. A simulation study, whi
h 
on
erns with the behavior of themaximum penalized likelihood estimates in log-symmetri
 regression models, is also presented.3.1 Formulation of the modelLet t1, . . . , tn be measurements of a quantitative interest 
hara
teristi
 performed on n sub-je
ts or experimental units, whi
h are assumed to be realizations of n independent random vari-ables T1, . . . , Tn whose distribution is 
ontinuous, stri
tly positive, right-skewed and heavy/light-tailed. Thus, Tk is assumed to be obtained as
Tk = ηk ξ

√
φk

k , k = 1, . . . , n, (3.1)where ηk > 0 and φk > 0 represent the median and the skewness (or the relative dispersion),respe
tively, of the Tk distribution, whereas ξ1, . . . , ξn is a set of independent and multipli
ativerandom errors that exhibit a standard log-symmetri
 distribution with the extra parameter (orextra parameter ve
tor) ζ, whose probability density fun
tion is given by
fξk(ξ; g(·)) =

1

ξ
g
{

[log(ξ)]2
}

, ξ > 0, (3.2)for some fun
tion g(u), where g(u) > 0 for u > 0 and ∫∞
0 u−

1
2 g(u)∂u = 1. Furthermore, thequantile of order 0 < w < 1 of Tk 
an be written as

ϑ
T∗(w) = ηk [ϑξ

(w)]
√
φk ,where ϑ

ξ
(w) is the quantile of order w of ξk. The 
lass of distributions for the model error in-
ludes the standardized versions of the log-normal, log-Student-t(ζ), log-power-exponential (ζ),log-
ontaminated-normal(ζ = (ζ1, ζ2)

⊤), log-hyperboli
(ζ), log-slash(ζ), Birnbaum-Saunders(ζ),Birnbaum-Saunders-t(ζ = (ζ1, ζ2)
⊤) and harmoni
 law(ζ) distributions. From the statisti
alproperties of the 
lass of distributions des
ribed in (4.2), one may 
on
lude that the distribu-tion of T belongs to the same family 
ompared with the model error. The distribution of T is�exible enough to in
lude bimodal distributions as spe
ial 
ases (e.g., Birnbaum-Saunders andBirnbaum-Saunders-t distributions for some 
ombinations of φ and ζ) and distributions thathave heavier (e.g., log-Student-t, log-slash, log-
ontaminated-normal, log-power-exponential for

0 < ζ ≤ 1 and log-hyperboli
 for small ζ) and lighter (e.g., log-power-exponential for −1 < ζ < 0and log-hyperboli
 for large ζ) tails than those of the log-normal distribution.Otherwise, it is assumed that ηk and φk are related to explanatory variables by either of the
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(I)











ηk = η(xk,β) and

log(φk) = w⊤
k γ +

q′
∑

r=1
f
φr
(bk,r);

(II)


















log(ηk) = x⊤
k β +

p′
∑

j=1
f
ηj
(ak,j) and

log(φk) = w⊤
k γ +

q′
∑

r=1
f
φr
(bk,r),

(3.3)where x∗
k = (x⊤

k , ak,1, . . . , ak,p′)
⊤ and w∗

k = (w⊤
k , bk,1, . . . , bk,q′)

⊤ are ve
tors of explanatoryvariables for ηk and φk, respe
tively; log[η(xk, ·)] is a 
ontinuous and twi
e di�erentiable fun
tionfor all β ∈ Ωβ; β = (β1, . . . , βp)
⊤ and γ = (γ1, . . . , γq)

⊤ are ve
tors of unknown parameters; f
ηj
(a)(j = 1, . . . , p′) and f

φr
(b) (r = 1, . . . , q′) are 
ontinuous, smooth and nonparametri
 fun
tionsof the quantitative explanatory variables a and b, respe
tively; and Ωβ is a 
ompa
t set withinterior points. The matri
es X = (x∗

1, . . . ,x
∗
n)

⊤, W = (w∗
1, . . . ,w

∗
n)

⊤ and D
β
= ∂η/∂β⊤ areassumed to be of full 
olumn rank for all β ∈ Ωβ, where η = (η(x1,β), . . . , η(xn,β))

⊤. Thefun
tions f
ηj
(a) (j = 1, . . . , p′) and f

φr
(b) (r = 1, . . . , q′) are approximated by using natural 
ubi
splines (see, e.g., Green and Silverman, 1994; Lan
aster and Salkauskas, 1986, se
tions 4.6 and4.7) or P-splines (Eilers and Marx, 1996).3.1.1 Natural 
ubi
 splinesLet min(aj), max(aj), min(br) and max(br) be the minimum and the maximum values of

(a1,j , . . . , an,j) and (b1,r, . . . , bn,r), respe
tively. From two sets of pre-sele
ted knots su
h that
min(aj) = aj(1) < aj(2) < . . . < aj(p′j) = max(aj) and min(br) = br(1) < br(2) < . . . < br(q′r) =

max(br), the values of fηj(a1,j), . . . , fηj(an,j) and f
φr
(b1,r), . . . , f

φr
(bn,r) 
an be approximated by

(f
ηj
(a1,j), . . . , fηj

(an,j))
⊤ = Ṅηj

τ̇ηj
and (f

φr
(b1,r), . . . , f

φr
(bn,r))

⊤ = Ṅ
φr
τ̇
φr
,where Ṅηj

and Ṅ
φr

are basis matri
es; τ̇ηj
= (τ̇ηj,1, . . . , τ̇

η
j,p′j

)⊤ and τ̇
φr

= (τ̇φr,1, . . . , τ̇
φ
r,q′r

)⊤ areve
tors of unknown parameters; p′j and q′r are the sizes of the knot ve
tors, whi
h satisfy 3 ≤
p′j ≤ p̄′j and 3 ≤ q′r ≤ q̄′r, where p̄′j and q̄′r are the number of di�erent values in (a1,j , . . . , an,j)and (b1,r, . . . , bn,r), respe
tively. For i = 1, . . . , p′j − 1 de�ne hi = aj(i+1) − aj(i). Then, theapproximation of f

ηj
(a) via natural 
ubi
 splines 
an be written as

f
ηj
(a) =

(a− aj(i))

hi
f
ηj
[aj(i+1)] +

(aj(i+1) − a)

hi
f
ηj
[aj(i)]

− 1

6
(a− aj(i))(aj(i+1) − a)

{(

1 +
a− aj(i)

hi

)

f
′′

ηj
[aj(i+1)] +

(

1 +
aj(i+1) − a

hi

)

f
′′

ηj
[aj(i)]

}

,for aj(i) ≤ a ≤ aj(i+1), i = 1, . . . , p′j − 1. In addition, f
ηj
(a) is a twi
e-di�erentiable fun
tion on

[aj(1), aj(p′j)], f ′′ηj [aj(1)] = f
′′

ηj
[aj(p′j)] = 0 and Ṅηj

1
p′
j

= 1n. To avoid over�tting, the approximationsof f
ηj
(·) and f

φr
(·) via natural 
ubi
 splines 
onsider the following penalty terms:

−
λ
ηj

2

∫

[

f
′′

ηj
(t)
]2
∂t = −

λ
ηj

2
τ̇⊤
ηj
Ṁη τ̇ηj

and −
λ
φr

2

∫

[

f
′′

φr
(t)
]2
∂t = −

λ
φr

2
τ̇⊤
φr
Ṁ

φr
τ̇
φr
,respe
tively, where λ

ηj
> 0 and λ

φr
> 0 are smoothing parameters and Ṁ

ηj
and Ṁ

φr
aresymmetri
 and nonnegative de�nite matri
es. The stru
tures of Ṅηj

, Ṅ
φr
, Ṁ

ηj
and Ṁ

φr
do notdepend on τ̇

ηj
or τ̇

φr
, and their expli
it forms may be found in Appendix A. If the set of knots
oin
ide with the set of di�erent values of the explanatory variable, then this approa
h be
omesthe topi
 studied by Green and Silverman (1994).



26 CHAPTER 3. LOG-SYMMETRIC REGRESSION MODELS 3.23.1.2 P-splinesLet p̃′j and q̃′r be the sizes of the internal knot ve
tors for fηj(·) and f
φr
(·), respe
tively. Fromtwo sets of pre-sele
ted knots, aj(1) < . . . aj(1+dηj )

< . . . aj(p̃′j+dηj )
< . . . aj(p̃′j+2dηj )

and br(1) <

. . . b
r(1+dφr )

< . . . b
j(q̃′r+dφr )

< . . . b
r(q̃′r+2dφr )

, the values of f
ηj
(a1j), . . . , fηj

(anj) and f
φr
(b1r), . . . , f

φr
(bnr)
an be approximated by

(f
ηj
(a1,j), . . . , fηj

(an,j))
⊤ = Ṅηj

τ̇ηj
and (f

φr
(b1,r), . . . , f

φr
(bn,r))

⊤ = Ṅ
φr
τ̇
φr
,where aj(1+dηj )

= min(aj), aj(p̃′j+dηj )
= max(aj), br(1+dφr )

= min(br), and b
r(q̃′r+dφr )

= max(br);
Ṅηj

and Ṅ
φr

are B-splines basis matri
es of degree d
η

j
≤ 3 and d

φ

r
≤ 3, respe
tively (see Boor, 1978); τ̇ηj

= (τ̇ηj,1, . . . , τ̇
η
j,p′j

)⊤ and τ̇
φr

= (τ̇φr,1, . . . , τ̇
φ
r,q′r

)⊤ are ve
tors of unknown parameters ofdimension p′j = p̃′j + d
η

j
− 1 and q′r = q̃′r + d

φ

r
− 1, respe
tively. Then, the approximation of f

ηj
(a)via P-splines 
an be written as

f
ηj
(a) =

p′j
∑

i=1

Bi(a; d
η
j − 1)τηji,where

Bi(a; d
η
j − 1) =

a− aj(i)

aj(i+dηj )
− aj(i)

Bi(a; d
η
j − 2) +

aj(i+1+dηj )
− a

aj(i+1+dηj )
− aj(i+1)

Bi+1(a; d
η
j − 2),in whi
h Bi(a;−1) = 1 if aj(i) ≤ a < aj(i+1) and Bi(a;−1) = 0 otherwise (see, e.g., Wood (2006,page 148); Lan
aster and Salkauskas (1986, page 90)). Thus, the k-th row of Ṅηj

is given by
[B1(ak,j; d

η
j − 1), . . . ,B

p′
j

(ak,j; d
η
j − 1)] and Ṅηj

1
p′
j

= 1n. To avoid over�tting, the approximationsof f
ηj
(·) and f

φr
(·) via P-splines 
onsider the following di�eren
e penalty terms of order ςηj > 0and ςφr > 0, respe
tively:

−
λ
ηj

2

p′j
∑

i=ςηj +1

[

∆ςηj τ̇η
j,i

]2
= −

λ
ηj

2
τ̇⊤
ηj
Ṁ

ηj
τ̇
ηj

and

−
λ
φr

2

q′r
∑

i=ςφr +1

[

∆ςφr τ̇φ
r,i

]2
= −

λ
φr

2
τ̇⊤
φr
Ṁ

φr
τ̇
φr
,where ∆τ̇

j,i
= τ̇η

j,i
− τ̇η

j,i−1
, Ṁ

ηj
= D⊤

ςηj
Dςηj

, Ṁ
φr

= D⊤
ςφr
D
ςφr
, with Dςηj

and D
ςφr

as the matrixrepresentations of the di�eren
e operators ∆ςηj and ∆ςφr , respe
tively.One of the advantages of this model is the high �exibility of their random and systemati

omponents, be
ause it 
onsiders a ri
h 
lass of distributions with many desirable propertiesfor the model error/response, and it has the 
apa
ity to assume parametri
, semi-parametri
or nonparametri
 systemati
 
omponents. The se
ond main advantage of this model is the theeasy and straightforward interpretation of the results be
ause the parameters η and φ, whi
hmay be dire
tly interpreted as the median and the skewness (or the relative dispersion) of the Tdistribution, are expli
itly modeled as semi-parametri
 fun
tions of explanatory variables. Thethird main advantage is the simpli
ity of 
al
ulation of 
on�den
e regions and hypothesis testingbased on the Wald- and Rao-type statisti
s due to the orthogonality between the regressionparameters asso
iated with η and φ (provided that the extra parameter ζ is assumed to beknown or �xed).



3.2 3.2. PARAMETER ESTIMATION 273.2 Parameter estimationIn matrix form, (3.3) may be expressed as
(I)

{

η = η(X,β) and

log(φ) = Wγ + Ṅ
φ1
τ̇
φ1

+ . . . + Ṅ
φ
q′
τ̇
φ
q′
;

(II)






log(η) = Xβ + Ṅη1
τ̇η1

+ . . .+ Ṅη
p′
τ̇η

p′
and

log(φ) = Wγ + Ṅ
φ1
τ̇
φ1

+ . . . + Ṅ
φ
q′
τ̇
φ
q′
,where η = (η1, . . . , ηn)

⊤, φ = (φ1, . . . , φn)
⊤, X = (x1, . . . ,xn)

⊤ and W = (w1, . . . ,wn)
⊤. Thismodel exhibits identi�
ation problems (see, e.g., Fahrmeir et al. (2013, pages 50 and 536); Wood(2006, page 163)). For instan
e, if a 
onstant c 6= 0 is added to τ̇ηj

and at the same time c issubtra
ted from τ̇η
j′
, the sum Ṅηj

[τ̇ηj
+ c1

p′
j

] + Ṅη
j′
[τ̇η

j′
− c1

p′
j′
] = Ṅηj

τ̇ηj
+ c1n + Ṅη

j′
τ̇η

j′
− c1nremains the same, i.e., log(η) does not 
hange if τ̇ηj


hanges to τ̇ηj
+ c1

p′
j

and τ̇η
j′

hanges to

τ̇η
j′
− c1

p′
j′
. Then, to avoid identi�
ation problems, τ̇ηj

(j = 1, . . . , p′) and τ̇
φr

(r = 1, . . . , q′) arerestri
ted to satisfy 1⊤
p′
j

τ̇ηj
= 1⊤

q′r
τ̇
φr

= 0. These linear 
onstraints may be introdu
ed by writingthe model in terms of Nηj
, τηj

, M
ηj

(j = 1, . . . , p′) and N
φr
, τ

φr
, M

φr
(r = 1, . . . , q′), in whi
h

Nηj
= Ṅηj

C
η

j
, τ̇ηj

= C
η

j
τηj

, M
ηj

= [C
η

j
]⊤Ṁ

ηj
C

η

j
,

N
φr

= Ṅ
φr
C

φ

r
, τ̇

φr
= C

φ

r
τ
φr
, and M

φr
= [C

φ

r
]⊤Ṁ

φr
C

φ

r
,where C

η

j
(of dimension p′j × (p′j − 1)) and C

φ

r
(of dimension q′r × (q′r − 1)) are obtained via theQR de
omposition of 1

p′
j

and 1
q′r
, respe
tively (see, e.g., Wood (2006, page 45)), in whi
h theyare su
h that [C

η

j
]⊤C

η

j
= I

p′
j
−1

and [C
φ

r
]⊤C

φ

r
= I

q′r−1
, with It as the identity matrix of order t.Then, the parameter ve
tor is given by θ = (β⊤,γ⊤, τ⊤

φ
)⊤ and θ = (β⊤, τ⊤

η
,γ⊤, τ⊤

φ
)⊤ underthe setups (I) and (II), respe
tively, where τη = (τη1

, . . . , τη
p′
)⊤ and τ

φ
= (τ

φ1
, . . . , τ

φ
q′
)⊤.Similar to Cordeiro and Andrade (2011), the estimation of θ is performed by �tting a sym-metri
 heteros
edasti
 semi-parametri
 model to the transformed response variable (i.e., Y =

log(T )), in whi
h the systemati
 
omponent of the lo
ation parameter is given by µk = log(ηk),
k = 1, . . . , n, and the systemati
 
omponent of the dispersion parameter φk is a semi-parametri
fun
tion with logarithmi
 link, where the nonparametri
 fun
tions are approximated by natural
ubi
 splines or P-splines, and the extra parameter ζ is assumed to be known or �xed. Fora known ζ, this approa
h generalizes the random and systemati
 
omponents of the linearlog-Birnbaum-Saunders, the nonlinear log-Birnbaum-Saunders and the linear log-Birnbaum-Saunders-t models proposed by Rie
k and Nedelman (1991), Lemonte and Cordeiro (2009) andPaula et al. (2012), respe
tively. Then, the parameter estimates are the values that maximizethe penalized log-likelihood fun
tion of θ, whi
h is denoted here as PL(θ) = L(θ) +P(θ), whereL(θ) and P(θ) represent the log-likelihood fun
tion (whi
h is based on the joint distribution of
Y1, . . . , Yn, whose observed values are denoted here as y = (y1, . . . , yn)

⊤) and the penalty termof θ, respe
tively. The penalty term of θ may be written as
(I)P(θ) = −

q′
∑

r=1

λ
φr

2
τ⊤
φr
M

φr
τ
φr

and

(II)P(θ) = −
p′
∑

j=1

λ
ηj

2
τ⊤
ηj
Mηj

τηj
−

q′
∑

r=1

λ
φr

2
τ⊤
φr
M

φr
τ
φrunder the setups des
ribed by I and II, respe
tively, in the expression (3.3). The log-likelihood
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tion of θ is given by L(θ) = n
∑

k=1

Lk(µk, φk),in whi
h Lk(µk, φk) = log[g(z2k)] − 1
2 log(φk) is the 
ontribution of the k-th individual to thefun
tion L(θ), where zk = (yk − µk)/
√
φk for k = 1, . . . , n. In the next se
tion, expli
it forms ofthe s
ore fun
tion and the Fisher information matrix are provided.3.2.1 S
ore fun
tion and Fisher information matrixThe s
ore fun
tion or estimating equation of θ is given by ∂PL(θ)/∂θ⊤ = U(θ) − Mθ, inwhi
h

U(θ) =

[

Uη(θ)

U
φ
(θ)

]

=









D⊤
β
Ω−1D(v)(y − µ)

1
2W

⊤(s− 1n)

1
2N

⊤
φ
(s− 1n)









and M = diag{0̃p ,Mφ
}under the setup (I), whereas

U(θ) =

[

Uη(θ)

U
φ
(θ)

]

=















X⊤Ω−1D(v)(y − µ)

N⊤
η
Ω−1D(v)(y − µ)

1
2W

⊤(s− 1n)

1
2N

⊤
φ
(s− 1n)















and M = diag{Mη ,Mφ
}under the setup (II), where µ = (µ1, . . . , µn)

⊤, Ω = diag{φ1, . . . , φn}, D(v) = diag{v1, . . . , vn},
s = (v1z

2
1 , . . . , vnz

2
n)

⊤,Nη = [Nη1
, . . . ,Nη

p′
],Mη = diag{0̃p ,Mη},Mη = diag{λη1Mη1

, . . . , λη
p′
Mη

p′
},

N
φ
= [N

φ1
, . . . ,N

φ
q′
], M

φ
= diag{0̃q ,Mφ

}, M
φ
= diag{λ

φ1
M

φ1
, . . . , λ

φ
q′
M

φ
q′
}, 0̃t is a t× t zeromatrix, and vk ≡ v(zk) = −2g′(z2k)/g(z

2
k) for k = 1, . . . , n. Note that the estimate of θ, θ̂, is thesolution of the equation U(θ̂) = Mθ̂.Assuming that µ and Ω are the true parameter values, the Fisher information matrix maybe 
al
ulated as −E

[

∂PL(θ)/∂θ∂θ⊤] = K(θ)+M, in whi
h K(θ) = diag{Kη(θ),Kφ
(θ)}, where

Kη(θ) = dg(ζ)
(

D⊤
β
Ω−1D

β

)

and K
φ
(θ) =

fg(ζ)− 1

4

(

W
⊤
W
)under the setup (I), whereas

Kη(θ) = dg(ζ)
(

X
⊤
Ω−1X

)

and K
φ
(θ) =

fg(ζ)− 1

4

(

W
⊤
W
)under the setup (II), in whi
h X =

[

X,Nη

] and W =
[

W,N
φ

].3.2.2 Iterative pro
essThe iterative pro
ess of parameter estimation 
onsiders the ba
k�tting algorithm (see, e.g.,Hastie and Tibshirani, 1990; Wood, 2006) to a

omplish ea
h step of the Fisher s
oring algo-rithm. De�ne N
ηj

= X and N
φr

= W for j = r = 0. Then, for a �xed value of the smoothingparameter λ = (λ⊤
η ,λ

⊤
φ )

⊤, the iterative pro
ess to estimate θ redu
es to:Algorithm 2.1Step 1. Initialize the 
ounter as l = 0 and set the initial value to θ(0).Step 2. Based on θ
(l) do the following:
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ribed in (3.3) 
ompute
β

(l+1)
=
{

[D
(l)

β ]⊤Ω−1
(l)
D

(l)

β

}−1
[D

(l)

β ]⊤Ω−1
(l)

{

D
(l)

β β
(l)
+ (1/dg(ζ))D

(l)

(v)(y − µ
(l)
)
}

.(A.2) Under the setup (II) des
ribed in (3.3), solve the following equations for β(l+1) and
τ

(l+1)

ηj
(j = 1, . . . , p′) via the ba
k�tting algorithm:
β

(l+1)
=
[

X⊤Ω−1
(l)

X
]−1

X⊤Ω−1
(l)

[

ỹ
(l) −

∑

j 6=0

N
ηj
τ

(l+1)

ηj

]

,

τ
(l+1)

η1
=
[

N⊤
η1
Ω−1

(l)
N

η1
+ λ∗

η1
M

η1

]−1
N⊤

η1
Ω−1

(l)

[

ỹ
(l) −

∑

j 6=1

N
ηj
τ

(l+1)

ηj

]

,...
τ

(l+1)

η
p′

=

[

N⊤
η
p′
Ω−1

(l)
N

η
p′

+ λ∗
η
p′
M

η
p′

]−1

N⊤
η
p′
Ω−1

(l)

[

ỹ
(l) −

∑

j 6=p′

N
ηj
τ

(l+1)

ηj

]

,where λ∗
ηj

= ληj
/dg(ζ) and ỹ

(l)
= µ

(l)
+(1/dg(ζ))D

(l)

(v)(y−µ
(l)
) is a working responsevariable.Step 3. Solve the following equations for γ

(l+1) and τ
(l+1)

φr
(r = 1, . . . , q′) via the ba
k�ttingalgorithm:

γ
(l+1)

=
(

W⊤W
)−1

W⊤
{

z̃
(l) −

∑

r 6=0

N
φr
τ

(l+1)

φr

}

,

τ
(l+1)

φ1
=
[

N⊤
φ1

N
φ1

+ λ∗
φ1

M
φ1

]−1
N⊤

φ1

{

z̃
(l) −

∑

r 6=1

N
φr
τ

(l+1)

φr

}

,...
τ

(l+1)

φ
q′

=

[

N⊤
φ
q′
N

φ
q′
+ λ∗

φ
q′
M

φ
q′

]−1

N⊤
φ
q′

{

z̃
(l) −

∑

r 6=q′

N
φr
τ

(l+1)

φr

}

,where λ∗
φr
= 4λ

φr
/(fg(ζ)−1) and z̃

(l)
= log[φ

(l)
] + 2

fg(ζ)−1

(

s
(l)−1n

) is a working responsevariable.Step 4. Update l = (l + 1) and θ
(l) .Step 5. Repeat steps 2, 3 and 4 until 
onvergen
e of θ(l) .Be
ause distributions su
h as the log-Student-t, log-power-exponential (for 0 ≤ ζ ≤ 1), log-
ontaminated-normal, log-slash and log-hyperboli
 
an be obtained as a power mixture of thelog-normal distribution (see Andrews and Mallows, 1974; Barndo�-Nielsen, 1977; West, 1987)the EM algorithm (Dempster et al., 1977) 
an be applied to obtain an more e�
ient pro
ess. Inthese 
ases, ξ|U = u ∼ log-normal(1, h(u)) and the density generator of the ξ distribution maybe written as g(t2) = ∫

R+

{

φ
[

t/
√

h(u)
]

/
√

h(u)
}

fU(u)∂u, where φ(·) is the density fun
tion of thestandard normal distribution, h(u) > 0 for u > 0 and fU (·) is the probability density fun
tion(or probability mass fun
tion) of the random variable U . The E step of the EM algorithm isa

omplished by 
al
ulating v(z
(m)

k ) = E
U

[

1/h(U) |Yk = yk;θ
(m)
] for k = 1, . . . , n. The M stepis a

omplished by maximizing PL(m)

(θ) = L(m)
(θ) + P(θ) with respe
t to θ, whereL(m)

(θ) =

n
∑

k=1

log

{

φ

[

zk

√

v(z
(m)

k )

]

/
√

φk

}

.
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ess of parameter estimation for a �xed value of the smoothing parameterredu
es to the following form:Algorithm 2.2Step 1. Initialize the 
ounter as m = 0 and set the initial value of the parameter ve
tor to θ
(0) .Step 2. Cal
ulate D

(m)

(v)=diag{v(z(m)

1 ), . . . ,v(z
(m)

n )} from θ
(m) .Step 3. Initialize the 
ounter as l = 0 and set the initial value as θ(0)

∗ = θ
(m) .Step 4. Based on θ

(l)

∗ and θ
(m) do the following:(A.1) Under the setup (I) des
ribed in (3.3) 
ompute

β
(l+1)

=
{

[D
(l)

β ]⊤Ω−1
(l)
D

(m)

(v)D
(l)

β

}−1
[D

(l)

β ]⊤Ω−1
(l)

D
(m)

(v)

{

D
(l)

β β
(l)
+ (y − µ

(l)
)
}

.(A.2) Under the setup (II) des
ribed in (3.3), solve the following equations for β(l+1) and
τ

(l+1)

ηj
(j = 1, . . . , p′) via the ba
k�tting algorithm:

β
(l+1)

=
[

X⊤Ω−1
(l)

D
(m)

(v)X
]−1

X⊤Ω−1
(l)

D
(m)

(v)

[

y −
∑

j 6=0

N
ηj
τ

(l+1)

ηj

]

,

τ
(l+1)

η1
=
[

N⊤
η1
Ω−1

(l)
D

(m)

(v)Nη1
+ λ

η1
M

η1

]−1
N⊤

η1
Ω−1

(l)
D

(m)

(v)

[

y−
∑

j 6=1

N
ηj
τ

(l+1)

ηj

]

,...
τ

(l+1)

η
p′

=

[

N⊤
η
p′
Ω−1

(l)
D

(m)

(v)Nη
p′

+ λ
η
p′
M

η
p′

]−1

N⊤
η
p′
Ω−1

(l)
D

(m)

(v)

[

y −
∑

j 6=p′

N
ηj
τ

(l+1)

ηj

]

.(B) Solve the following equations for γ(l+1) and τ
(l+1)

φr
(r = 1, . . . , q′) via the ba
k�ttingalgorithm:

γ
(l+1)

=
(

W⊤W
)−1

W⊤
{

[

log
(

φ
(l)
)

+ s
(l)
]

−
∑

r 6=0

N
φr
τ

(l+1)

φr

}

,

τ
(l+1)

φ1
=
[

N⊤
φ1

N
φ1

+ 2λ
φ1
M

φ1

]−1
N⊤

φ1

{

[

log
(

φ
(l)
)

+ s
(l)
]

−
∑

r 6=1

N
φr
τ

(l+1)

φr

}

,...
τ

(l+1)

φ
q′

=

[

N⊤
φ
q′
N

φ
q′
+ 2λ

φ
q′
M

φ
q′

]−1

N⊤
φ
q′

{

[

log
(

φ
(l)
)

+ s
(l)
]

−
∑

r 6=q′

N
φr
τ

(l+1)

φr

}

,where s
(l)

=
(

v(z
(m)

1 )[z
(l)

1 ]2 − 1, . . . , v(z
(m)

n )[z
(l)

n ]2 − 1
)⊤.(C) Update l = (l + 1) and θ

(l)
∗ .(D) Repeat steps (A), (B) and (C) until 
onvergen
e of θ(l)

∗ .Step 5. Update m = (m+ 1) and θ
(m)

= θ
(l)

∗ .Step 6. Repeat steps 2, 3, 4 and 5 until 
onvergen
e of θ(m) .The EM algorithm also is applied when the distribution of the model error is Birnbaum-Saunders-t(ζ = (ζ1, ζ2)
⊤) be
ause it may be obtained as a shape mixture of the Birnbaum-Saunders distribution (Balakrishnan et al., 2009). In this 
ase, ξ|U = u ∼ Birnbaum-Saunders(1, 1, ζ1/√u)



3.2 3.2. PARAMETER ESTIMATION 31and the density generator of the ξ distribution is g(t2) = ∫
R+

{

φ[t, ζ1/
√
u]
}

fU (u)∂u, where φ(·, ζ)is the probability density fun
tion of a standard sinh-normal distribution with extra parameter
ζ, and fU (u) ∝ u

ζ2+1
2 exp(−uζ2/2). The E step of the EM algorithm is a

omplished by 
al-
ulating u

(m)

k = E
U

[

U | yk;θ
(m)
] for k = 1, . . . , n. The M step is a

omplished by maximizingPL(m)

(θ) = L(m)
(θ) + P(θ) with respe
t to θ, whereL(m)

(θ) =

n
∑

k=1

log

{

φ

[

zk, ζ1/

√

u
(m)

k

]

/
√

φk

}

.Next, the resulting iterative pro
ess for a �xed value of the smoothing parameter is des
ribed.Algorithm 2.3Step 1. Initialize the 
ounter as m = 0 and set the initial value of the parameter ve
tor to θ
(0) .Step 2. Cal
ulate u

(m)
=(u

(m)

1 , . . . ,u
(m)

n )⊤from θ
(m) in the following manner:

u
(m)

k =
ζ21 (ζ2 + 1)

ζ21ζ2 +
[

2 sinh(z
(m)

k )
]2 for k = 1, . . . , n.Step 3. Cal
ulate D

(m)

(dg)
= diag

{

d∗g

(

ζ1/[u
(m)

1 ]
1
2

)

, . . . , d∗g

(

ζ1/[u
(m)

n ]
1
2

)}, where
d∗g(ζ) = 2 +

4

ζ2
−

√
2π

ζ

{

1− 2√
π

∫

√
2

ζ

0
exp

(

−t2
)

∂t

}

exp

(

2

ζ2

)

.Step 4. Cal
ulate D
(m)

(fg)
= 1

4diag
{

f∗
g

(

ζ1/[u
(m)

1 ]
1
2

)

, . . . , f∗
g

(

ζ1/[u
(m)

n ]
1
2

)}, where
f∗
g (ζ) = E

[

(

4 sinh(Z)cosh(Z)Z/ζ2 − tanh(Z)Z
)2
]

− 1,where Z exhibit a standard sinh-normal distribution with extra parameter ζ.Step 5. Initialize the 
ounter as l = 0 and set the initial value as θ(0)

∗ = θ
(m) .Step 6. Based on θ

(l)

∗ and θ
(m) do the following:(A.1) Under the setup (I) des
ribed in (3.3) 
ompute

β
(l+1)

=
{

[D
(l)

β ]⊤Ω−1
(l)

D
(m)

(dg)
D

(l)

β

}−1
[D

(l)

β ]⊤Ω−1
(l)

D
(m)

(dg)

{

D
(l)

β β
(l)
+D

(l)

(ρ̃)(y − µ
(l)
)
}

, where
D

(l)

(ρ̃) = diag
{

ρ̃(z
(l)

1 , u
(m)

1 ), . . . , ρ̃(z
(l)

n , u
(m)

n )
}

, ρ̃(z, u) =
4 sinh(z)cosh(z)u

z ζ21 d
∗
g(ζ1/u

1
2 )

− tanh(z)

z d∗g(ζ1/u
1
2 )
.(A.2) Under the setup (II) des
ribed in (3.3), solve the following equations for β(l+1) and
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τ

(l+1)

ηj
(j = 1, . . . , p′) via the ba
k�tting algorithm:

β(l+1) =
[

X⊤Ω−1
(l)

D
(m)

(dg)
X
]−1

X⊤Ω−1
(l)

D
(m)

(dg)

[

ỹ
(l) −

∑

j 6=0

N
ηj
τ

(l+1)

ηj

]

,

τ
(l+1)

η1
=
[

N⊤
η1
Ω−1

(l)
D

(m)

(dg)
N

η1
+ λ

η1
M

η1

]−1
N⊤

η1
Ω−1

(l)
D

(m)

(dg)

[

ỹ
(l) −

∑

j 6=1

N
ηj
τ

(l+1)

ηj

]

,...
τ

(l+1)

η
p′

=

[

N⊤
η
p′
Ω−1

(l)
D

(m)

(dg)
N

η
p′

+ λ
η
p′
M

η
p′

]−1

N⊤
η
p′
Ω−1

(l)
D

(m)

(dg)

[

ỹ
(l) −

∑

j 6=p′

N
ηj
τ

(l+1)

ηj

]

,where ỹ
(l)

= µ
(l)

+D
(l)

(ρ̃)(y − µ
(l)
) is a working response variable.(B) Solve the following equations for γ(l+1) and τ

(l+1)

φr
(r = 1, . . . , q′) via the ba
k�ttingalgorithm:

γ
(l+1)

=
(

W⊤D
(m)

(fg)
W
)−1

W⊤D
(m)

(fg)

{

z̃
(l) −

∑

r 6=0

N
φr
τ

(l+1)

φr

}

,

τ
(l+1)

φ1
=
[

N⊤
φ1

D
(m)

(fg)
N

φ1
+ λ

φ1
M

φ1

]−1
N⊤

φ1

D
(m)

(fg)

[

z̃
(l) −

∑

r 6=1

N
φr
τ

(l+1)

φr

}

,...
τ

(l+1)

φ
q′

=

[

N⊤
φ
q′
D

(m)

(fg)
N

φ
q′
+ λ

φ
q′
M

φ
q′

]−1

N⊤
φ
q′
D

(m)

(fg)

[

z̃
(l) −

∑

r 6=q′

N
φr
τ

(l+1)

φr

}

,where z̃
(l)

= log[φ
(l)
] + 1

2

[

D
(m)

(fg)

]−1
(

D(dg)D(ρ̃)s̄
(l) − 1n

), s̄(l) = ([z(l)

1 ]2, . . . , [z
(l)

n ]2
)⊤.(C) Update l = (l + 1) and θ

(l)

∗ .(D) Repeat steps (A), (B) and (C) until 
onvergen
e of θ(l)

∗ .Step 7. Update m = (m+ 1) and θ
(m)

= θ
(l)

∗ .Step 8. Repeat steps 2, 3, 4, 5, 6 and 7 until 
onvergen
e of θ(m) .Note that the iterative estimation pro
ess 
onsider a set of individual-spe
i�
 weights (v(z(l)k ), k =
1, . . . , n), whi
h are related to the relative importan
e of ea
h individual in the iterative estima-tion pro
ess and are dependent on the standardized di�eren
e between the observed responseand the �tted value. For further details on the fun
tion v(·) see Se
tion 1.3. Hereinafter, η̂k,
µ̂k = log(η̂k) and φ̂k represent the �tted values of ηk, µk = log(ηk) and φk, respe
tively, for
k = 1, . . . , n.3.3 Asymptoti
 theoryLet θ̂, β̂, γ̂, τ̂ η and τ̂

φ
represent the maximum penalized likelihood estimators of θ, β, γ, τ ηand τ

φ
, respe
tively. Under the absen
e of nonparametri
 e�e
ts in the systemati
 
omponent(3.3), the model setup 
oin
ides with the topi
 addressed by Cysneiros et al. (2010), whi
h des
ri-bed the asymptoti
 properties of θ̂, su
h as 
onsisten
y, e�
ien
y and normality. The asymptoti
behaviour of θ̂ under the general 
ase of the systemati
 
omponent (3.3) is studied here by usinga framework of �xed-knot (see Wu and Yu, 2014; Yu and Ruppert, 2002), whi
h implies thatthe penalty matri
es and the size of τ η and τ

φ
are not dependent on the sample size n. Next,the required 
onditions for some asymptoti
 results be valid, are listed.Conditions:



3.3 3.3. ASYMPTOTIC THEORY 331. There is τ [0]

ηj
∈ R

p′j−1 su
h that fηj(a) = N⊤
ηj
(a)τ

[0]

ηj
for all a ∈ (aj, aj), j = 1, . . . , p′. Then,

τ
[0]

η =

(

[

τ
[0]

η1

]⊤
, . . . ,

[

τ
[0]

η
p′

]⊤
)⊤ is the true parameter ve
tor for τ η.2. There is τ [0]

φr
∈ R

q′r−1 su
h that f
φr
(b) = N⊤

φr
(b)τ

[0]

φr
for all b ∈ (br, br), r = 1, . . . , q′. Then,

τ
[0]

φ =

(

[

τ
[0]

φ1

]⊤
, . . . ,

[

τ
[0]

φ
q′

]⊤
)⊤ is the true parameter ve
tor for τφ.3. The usual regularity 
onditions of large sample theory are ful�lled (see Cox and Hinkley,1974, 
hapter 9). This 
onditions ensure that(a) n−1K

(

θ
[0]) −→

n→∞
Σ
(

θ
[0]), where K

(

θ
[0]) and Σ

(

θ
[0]) are positive de�nite matri
es,and θ

[0]
=
([

β
[0]
]⊤
,
[

τ
[0]

η

]⊤
,
[

γ
[0]
]⊤
,
[

τ
[0]

φ

]⊤)⊤ is the true parameter ve
tor for θ.(b) K− 1
2

(

θ
[0])

U
(

θ
[0]) D−−−→

n→∞
N (0, I).(
) n−1U

(

θ
[0]) P−−−→

n→∞
0.(d) n−1

[

∂2L(θ)
∂θ∂θ⊤ (θ

[0])

+K(θ
[0])
]

P−−−→
n→∞

0.(e) n−1

[

∂2L(θ)
∂θ∂θ⊤ (θ

∗)− ∂2L(θ)
∂θ∂θ⊤ (θ

[0])
]

P−−−→
n→∞

0 for all θ∗ in line segment joining θ̂ and
θ

[0] .4. The smoothing parameter may be dependent on the sample size. Let λ(n) be the value ofthe smoothing parameter under a sample of size n. Then, ‖λ(n)‖ −→
n→∞

λ < ∞.Theorem 1. Under (1)-(4) it follows that θ̂ is a 
onsistent estimator of θ[0] , and
K− 1

2
(

θ
[0])
[

K
(

θ
[0])

+M
]

(

θ̂ − θ
[0]) D−−−→

n→∞
N (0, I).Under (1)-(4) and for large sample sizes, θ̂ is an unbiased estimator of θ

[0] whose varian
e-
ovarian
e matrix may be written as
Var
[

θ̂
]

=
[

K
(

θ
[0])

+M
]−1

K
(

θ
[0])
[

K
(

θ
[0])

+M
]−1

=

[

Var
[ˆ̄β
]

0

0 Var
[

ˆ̄γ
]

]

,in whi
h β̄ =
(

β⊤, τ⊤
η

)⊤, ˆ̄β =
(

β̂
⊤
, τ̂⊤

η

)⊤, γ̄ =
(

γ⊤, τ⊤
φ

)⊤ and ˆ̄γ =
(

γ̂⊤, τ̂⊤
φ

)⊤. The varian
e-
ovarian
e matri
es Var[ˆ̄β] and Var
[

ˆ̄γ
] are

Var
[ˆ̄β
]

=
1

dg(ζ)

(

D⊤
β Ω−1Dβ

)−1
and

Var
[

ˆ̄γ
]

=
4

fg(ζ)− 1

[

W
⊤
W +M

∗
φ

]−1(

W
⊤
W
)[

W
⊤
W+M

∗
φ

]−1under the setup (I) des
ribed in (3.3), where M
∗
φ = (4/(fg(ζ) − 1))Mφ. Similarly, under thesetup (II) des
ribed in (3.3), Var[ˆ̄β] and Var

[

ˆ̄γ
] are given by

Var
[ˆ̄β
]

=
1

dg(ζ)

[

X
⊤
Ω−1X+M

∗
η

]−1(

X
⊤
Ω−1X

)[

X
⊤
Ω−1X+M

∗
η

]−1
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Var
[

ˆ̄γ
]

=
4

fg(ζ)− 1

[

W
⊤
W +M

∗
φ

]−1(

W
⊤
W
)[

W
⊤
W +M

∗
φ

]−1
,where M∗

η = (1/dg(ζ))Mη. An intuitive estimator of the asymptoti
 varian
e-
ovarian
e matrixof θ̂ redu
es to Var
[

θ̂
] evaluated at the θ estimate.3.4 Testing no e�e
t of 
ovariatesIn this se
tion, testing no e�e
t of an explanatory variable whose e�e
t is nonparametri
allymodeled, is dis
ussed. If the interest e�e
t was spe
i�ed as fηj(a) for some j = 1, . . . , p′, testingno e�e
t of the explanatory variable a on η, means assessing if indeed (f

ηj
(a1,j), . . . , fηj

(an,j))
⊤ =

Ṅηj
τ̇ηj

= c1n for some 
onstant c. Be
ause Ṅηj
1
p′
j

= 1n , testing no e�e
t of a implies assessingH0 : τ̇ηj
= c1

p′
j

versus H1 : τ̇ηj
6= c1

p′
j

. Under the new parametrization, whi
h was introdu
ed inprevious se
tions to avoid identi�
ation problems, testing no e�e
t of a on η means assessingthe following hypothesis system
H0 : C

η
jτηj

= c1
p′
j

versus H1 : C
η
jτηj

6= c1
p′
j

. (3.4)Let L
t+1 = [1t ,−It ] be a 
ontrast matrix. Thus, (3.4) may be written as H0 : L

p′
j

C
η

j
τηj

= 0
p′
j
−1versus H1 : L

p′
j

C
η

j
τηj

6= 0
p′
j
−1
. However, be
ause rank(L

p′
j

) = rank(C
η

j
) = p′j − 1, (3.4) also maybe written as

H0 : τηj
= 0

p′
j
−1

versus H1 : τηj
6= 0

p′
j
−1
.Therefore, the e�e
t of a on η may be 
onsidered as being �null� for �small� values of the followingstatisti
 Fηj = τ̂⊤

ηj
Var−1[τ̂ηj

]τ̂ηj
,whi
h, asymptoti
ally and under H0, exhibits a 
hi-square distribution with p′j − 1 degrees offreedom. Similar results hold for testing no e�e
t of an explanatory variable b on φ, whose e�e
twas spe
i�ed by f

φr
(b) for some r = 1, . . . , q′.3.5 Simultaneous 
on�den
e intervalsLet 100(1 − α)% be the desired simultaneous 
on�den
e level of CI(α∗)

1,j , . . . , CI(α∗)
n,j , where

CI(α∗)
k,j =

{

f ∈ R : |̂fηj(ak,j)− f| ≤ Φ
−1
(1− α∗

2 )[V̂ar(f̂ηj(ak,j))]
1
2

} is the normality-based 100(1 −
α∗)% 
on�den
e interval of fηj(ak,j), with V̂ar(f̂ηj(ak,j)) being the estimate of Var(f̂ηj(ak,j)). Thesimultaneous 
on�den
e level of CI(α∗)

1,j , . . . , CI(α∗)
n,j 
an be 
al
ulated as

P

{

n
⋂

k=1

[

fηj(ak,j) ∈ CI(α∗)
k,j

]

}

= 1− P

{

n
⋃

k=1

[

fηj(ak,j) /∈ CI(α∗)
k,j

]

}

≥ 1−
∑

P
[

fηj(ak,j) /∈ CI(α∗)
k,j

]

≥ 1− n̄ηj
α∗,where n̄ηj

is the number of di�erent values in (a1,j , . . . , an,j). Thus, a

ording to the Bonferronimethod, α∗ is set to α∗ = α/n̄ηj
so that the simultaneous 
on�den
e level of CI(α∗)

1,j , . . . , CI(α∗)
n,j isat least 100(1−α)%. Similar results hold for the simultaneous 
on�den
e intervals of exp[fηj(ak,j)],

f
φr
(bk,r) and exp[f

φr
(bk,r)]. The simultaneous 
on�den
e intervals may be used to informally test-ing no e�e
t of an explanatory variable whose e�e
t is nonparametri
ally modeled. In fa
t, astraight line of zero slope that may be lo
ated within the simultaneous 
on�den
e intervals is
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e of null e�e
t of the interest 
ovariate.3.6 Degrees of freedomThis se
tion deals with the approximate 
al
ulation of the degrees of freedom used in theestimation of η and φ. For this purpose, an analogy with the parametri
 linear 
ase is established.Indeed, it is 
an be seen that, at the 
onvergen
e of the Algorithm 2.1, the estimates of β̄ and
γ̄ under the setup (II) 
an be written as

ˆ̄β = [Kη(θ̂) +Mη ]
−1[Uη(θ̂) +Kη(θ̂)

ˆ̄β]

=
(

X
⊤
Ω̂

−1
X+M

∗
η

)−1
X

⊤
Ω̂

−1
[Xˆ̄β + (1/dg(ζ))D̂(v)(y − µ̂)]and

ˆ̄γ = [K
φ
(θ̂) +M

φ
]−1[U

φ
(θ̂) +K

φ
(θ̂)ˆ̄γ]

=
(

W
⊤
W +M

∗
φ

)−1
W

⊤
[Wˆ̄γ + (2/(fg(ζ)− 1))(ŝ − 1n)],where Ω̂, D̂(v), µ̂ = log(η̂), and ŝ represent Ω, D(v), µ = log(η), and s avaliated at the estimateof θ. By analogy with the parametri
 
ase, the degrees of freedom used in the median submodelare given by df(η̂) = tr

(

Ĥη

), where tr(H) represents the tra
e of H, and Ĥη is a matrix su
hthat log(η̂) = Xˆ̄β = Ĥη [yη(θ̂)], in whi
h yη(θ̂) = Xˆ̄β + (1/dg(ζ))D̂(v)(y − µ̂) is a lo
al responsevariable. A

ording to Eilers and Marx (1996), df(η̂) 
an be written as
df(η̂) = tr

[

X
(

X
⊤
Ω̂

−1
X+M

∗
η

)−1
X

⊤
Ω̂

−1]

= tr

{

(

X
⊤
Ω̂

−1
X+M

∗
η

)−1
X

⊤
Ω̂

−1
X
}

= tr

{

[

I+Q− 1
2M

∗
η
Q− 1

2
]−1
}

=

dim(M
∗
η
)

∑

i=1

1

1 + α
(η)
i

,where α
(η)
i ≥ 0 are the eigenvalues of the nonnegative de�nite matrix Q− 1

2M
∗
η
Q− 1

2 , Q 1
2 is apositive de�nite matrix su
h that X⊤

Ω̂
−1

X = Q
1
2Q

1
2 , and dim(M

∗
η
) is the number of rows (or
olumns) of M∗

η
. Note that the �rst eigenvalues of Q− 1

2M
∗
η
Q− 1

2 and M
∗
η
are zero. Therefore,

df(η̂) = p+

dim(M
∗
η
)

∑

i=p+1

1

1 + α
(η)
i

.Moreover, be
ause the number of eigenvalues equal to zero of Q− 1
2M

∗
η
Q− 1

2 and M
∗
η

oin
ide,it follows that dim(M

∗
η
) > df(η̂) > p +

p′
∑

j=1
α
(0)
ηj , where α

(0)
ηj is the number of eigenvalues of

Mηj
equal to zero. Finally, also by analogy with the parametri
 
ase, the number of degrees offreedom asso
iated with the i-th 
ovariate 
orresponds to the i-th element of the main diagonalof (X⊤
Ω̂

−1
X+M

∗
η

)−1
X

⊤
Ω̂

−1
X.Similarly, be
ause log(φ̂) = Wˆ̄γ = Ĥ

φ
[y

φ
(θ̂)], where Ĥ

φ
= W

(

W
⊤
W + M

∗
φ

)−1
W

⊤, the



36 CHAPTER 3. LOG-SYMMETRIC REGRESSION MODELS 3.8degrees of freedom used in the skewness submodel are given by
df(φ̂) = tr

{

(

W
⊤
W +M

∗
φ

)−1
W

⊤
W
}

= tr

{

[

I+Q− 1
2M

∗
φ
Q− 1

2
]−1
}

= q +

dim(M
∗
φ
)

∑

i=q+1

1

1 + α
(φ)
i

,where α
(φ)
i ≥ 0 are the eigenvalues of the nonnegative de�nite matrix Q− 1

2M
∗
φ
Q− 1

2 , and Q
1
2 isa positive de�nite matrix su
h that W⊤

W = Q
1
2Q

1
2 . Be
ause the number of eigenvalues equalto zero of Q− 1

2M
∗
φ
Q− 1

2 and M
∗
φ

oin
ide, it follows that dim(M

∗
φ
) > df(φ̂) > q+

q′
∑

r=1
α
(0)
φr
, where

α
(0)
φr

is the number of eigenvalues of M
φr

equal to zero. Moreover, the number of degrees offreedom asso
iated with the i-th 
ovariate 
orresponds to the i-th element of the main diagonalof (W⊤
W +M

∗
φ

)−1
W

⊤
W.3.7 Choosing the smoothing parameterChoosing the smoothing parameter by using a 
riterion that ensures a 
ompromise between�low� model 
omplexity and �high� goodness-of-�t was 
onsidered by Hastie and Tibshirani(1990), Rigby and Stasinopoulos (2005), Wood (2006) and Wu and Yu (2014). Then, in thiswork, the value of the smoothing parameter λ is 
hosen by minimizing the Akaike InformationCriterion (AIC) or the Bayesian Information Criterion (BIC) through an outer iteration. TheAIC and BIC 
riteria are given by

AIC(θ̂|λ) = −2L(θ̂|λ) + 2[df(η̂|λ) + df(φ̂|λ)]and
BIC(θ̂|λ) = −2L(θ̂|λ) + log(n)[df(η̂|λ) + df(φ̂|λ)],where θ̂|λ, η̂|λ and φ̂|λ are the estimates of θ, η and φ given a parti
ular value of the smoothingparameter λ, respe
tively.3.8 Simulation Results IThis se
tion presents a simulation study to assess the statisti
al properties of the maximumpenalized likelihood estimates in log-symmetri
 regression models under two s
enarios, denotedby A and B. For this purpose, a data set of size n is simulated in ea
h s
enario, in whi
h theresponse variable is generated from a log-symmetri
 distribution, where its median (η) and itsskewness (or relative dispersion) (φ) 
an be written as

(A)
{

η = exp(β1x1 + β3a
β2 ),

log(φ) = γ1x1 + fφ(a),

(B)
{

log(η) = β1x1 + β2x2 + fη(a),

log(φ) = γ1x1 + f
φ
(a),

(3.5)under the s
enarios A and B, respe
tively, in whi
h x1 ∼ Bernoulli(0.5), x2 ∼ log-normal(1, 1),
fη(a) = 5a + sin(2πa), f

φ
(a) = 1.2[1.166 − sin(πa)], and a is a sequen
e of seventy values in theinterval [0.05, 0.95], whi
h is repli
ated several times until the sample size is rea
hed. The val-ues assigned to the parameters are β1 = 2, β2 = 0.5, β3 = 10 and γ1 = −0.2. To des
ribethe random 
omponent, several log-symmetri
 distributions (e.g., log-normal, log-Student-t,log-slash, log-hyperboli
, log-power-exponential, log-
ontaminated-normal, Birnbaum-Saundersand Birnbaum-Saunders-t) and several values of their extra parameters are 
onsidered. The most



3.9 3.9. DIAGNOSTIC METHODS 37of these distributions exhibit heavier tails than those of the log-normal distribution. The gen-erated sample is used to �t a log-symmetri
 model with the systemati
 
omponent des
ribedin (3.5); however, the fun
tional forms of fη(·) and f
φ
(·) are assumed to be unknown. Then,under the s
enario A des
ribed in (3.5), the fun
tion f

φ
(·) is approximated by a natural 
u-bi
 spline with eight knots (given by q(a, 0/7), q(a, 1/7), q(a, 2/7), . . . , q(a, 7/7), in whi
h q(a, t)is the quantile of order t of a). Similarly, under the s
enario B des
ribed in (3.5), the fun
-tions fη(·) and f

φ
(·) are approximated by 
ubi
 P-splines with eight internal knots (given by

q(a, 0/7), q(a, 1/7), q(a, 2/7), . . . , q(a, 7/7)), and a di�eren
e penalty term of order 2. The smooth-ing parameters are 
hosen by minimizing the AIC 
riterion. This pro
ess is repli
ated R = 5000times, keeping the values of x1, x2 and a �xed. For the R estimates of β1, β2, β3 and γ1, the follow-ing summary measures are 
al
ulated: i) empiri
al expe
ted value, i.e., ¯̂θ = R−1
R
∑

i=1
θ̂
(i) , where θ̂(i)is the estimate of θ̂ in the i-th repli
ation; ii) 
overage rate of the normality-based 95% 
on�den
einterval, i.e., CR(θ̂) = 100×R−1

R
∑

i=1
I
[

|θ̂(i) − θ | /[V̂(i)
ar(θ̂)]

1
2 , [0, 1.96]

], where V̂(i)
ar(θ̂) is the estimateof Var(θ̂) in the i-th repli
ation, and I[x,Θ] = 1 if x ∈ Θ and I[x,Θ] = 0 in other 
ases; and iii)

p-value of the one-sample Kolmogorov-Smirnov test (see Conover, 1971) to judge the normalityof the sample θ̂
(1)
, . . . , θ̂

(R). Additionally, as a summary measure of the R estimates of the non-parametri
 fun
tions fη(·) and f
φ
(·), the 
overage rate of the simultaneous normality-based 95%
on�den
e intervals is used, i.e., CR(f̂) = 100 × R−1

R
∑

i=1

n
∏

k=1

I
[

|̂f (i)(ak)− f(ak)|/[V̂
(i)
ar(f̂(ak))]

1
2 ,Θ
],where Θ = [0,Φ

−1
(1− 0.05/2n̄)], n̄ = 70 is the number of di�erent values of a in the sample, and

f̂
(r)
(ak) and V̂

(r)
ar(f̂(ak)) are the estimates of f(ak) and Var(f̂(ak)) in the i-th repli
ation, respe
-tively. The results are presented in Tables 3.1 and 3.2 under the s
enarios A and B, respe
tively,des
ribed in (3.5).The results indi
ate that the empiri
al expe
ted values are 
lose to the true values of theparameters. The 
overage rates of the 95% 
on�den
e intervals for β1, β2, β3 and γ1 are 
loseto the nominal values, mainly under s
enario A. In addition, the Kolmogorov-Smirnov testindi
ates that the empiri
al distributions of the estimates of β1, β2, β3 and γ1 are fairly 
lose tothe normal distribution. Also, the 
overage rates of the simultaneous 95% 
on�den
e intervalsfor fη(·) and f

φ
(·) are higher than 90%, ex
ept under the Birnbaum-Saunders model in the s
enario

B. In 
on
lusion, the maximum penalized likelihood estimators of β1, β2, β3 and γ1 seem to beapproximately unbiased, and their distributions seem to be approximately normal, even though:
i) the size of the sample is not very large; ii) the systemati
 
omponent of the �tted modelsis slightly 
omplex; iii) in most 
ases, the distribution of the random error exhibits heaviertails than those of the log-normal distribution; and iv) the value of the smoothing parameteris unknown but estimated by minimizing the AIC 
riterion. However, the varian
e of theseestimators seem to be slightly underestimated, espe
ially under the Birnbaum-Saunders model.In addition, the interval estimates of fη(·) and f

φ
(·) exhibit good behavior be
ause in most 
ases,their 
overage rates are 
lose to the nominal values, mainly under s
enario A.3.9 Diagnosti
 methodsIn this se
tion, some diagnosti
 methods su
h as devian
e-type residuals for the medianand the skewness (or relative dispersion) submodels, overall goodness-of-�t 
riterion, and lo
alin�uen
e measures under log-symmetri
 regression models, are addressed.3.9.1 Individual goodness-of-�tTo evaluate the goodness-of-�t of the median and skewness (or relative dispersion) submodels,the measure known in the statisti
al literature as devian
e is 
onsidered. Then, the devian
e for η̂given φ̂, denoted as D(η̂|φ̂), and the devian
e for φ̂ given η̂, denoted as D(φ̂|η̂), are de�ned. Thedevian
e value is always non-negative, and the lower is its value, the better is the goodness-of-�tof the assessed submodel. Thus, the devian
e-type residuals (see, e.g., Davison and Gigli, 1989;



38 CHAPTER 3. LOG-SYMMETRIC REGRESSION MODELS 3.9Table 3.1: Results of the simulation study I under the s
enario A and n = 140.Error distribution ¯̂
θ CR(θ̂) p-value of K-S test CR(̂f)

β1 β2 β3 γ1 β1 β2 β3 γ1 β1 β2 β3 γ1 fφlog-normal 2.00 0.50 10.00 -0.20 93.42 92.28 92.10 93.64 0.81 0.62 0.79 0.50 89.24log-Student-t(4) 2.00 0.50 10.00 -0.21 93.10 92.50 92.12 93.58 0.92 0.21 0.94 0.51 93.74log-Student-t(6) 2.00 0.50 10.00 -0.20 92.78 92.64 92.98 93.76 0.99 0.31 0.89 0.97 92.20log-Student-t(8) 2.00 0.50 10.00 -0.20 93.60 92.90 92.26 94.14 0.91 0.04 0.78 0.99 91.78log-Student-t(10) 2.00 0.50 10.01 -0.20 93.56 92.44 92.28 94.32 0.31 0.96 0.90 0.96 92.34log-power-exp.(0.2) 2.00 0.50 10.00 -0.20 93.36 92.98 92.58 93.50 0.90 0.50 0.34 1.00 90.72log-power-exp.(0.3) 2.00 0.50 10.01 -0.20 93.18 92.54 92.56 93.62 0.84 0.30 0.84 0.95 90.58log-power-exp.(0.4) 2.00 0.50 10.01 -0.20 93.40 92.74 92.36 94.12 0.69 0.14 0.75 0.73 91.36log-power-exp.(0.5) 2.00 0.50 10.01 -0.21 93.00 92.22 91.66 93.48 0.44 0.10 0.91 0.68 91.26log-hyperboli
(1.0) 1.99 0.50 10.01 -0.20 93.00 92.82 92.70 94.04 0.53 0.62 0.22 0.92 92.46log-hyperboli
(0.9) 2.00 0.50 10.00 -0.20 93.46 92.52 92.48 94.36 0.69 0.30 0.34 0.67 91.70log-hyperboli
(0.8) 2.00 0.50 10.01 -0.20 93.62 93.10 92.88 94.50 0.53 0.29 0.13 0.47 92.82log-hyperboli
(0.7) 2.00 0.50 10.00 -0.20 94.42 92.50 92.44 94.02 0.62 0.04 0.76 0.56 92.60log-slash(1.5) 2.00 0.50 10.01 -0.20 93.42 92.16 93.14 94.36 1.00 0.14 0.53 1.00 92.84log-slash(1.4) 2.00 0.50 10.01 -0.20 93.92 92.16 92.60 94.54 0.56 0.48 0.99 0.54 92.64log-slash(1.3) 2.01 0.50 10.00 -0.21 93.56 92.64 92.32 94.46 0.73 0.43 0.70 0.64 93.26log-slash(1.2) 2.00 0.50 10.00 -0.21 93.63 92.30 91.96 94.06 0.95 0.19 0.95 0.79 92.92log-
ont-nor(0.3,0.3) 2.00 0.50 10.00 -0.20 93.12 92.30 92.34 94.60 1.00 0.08 0.58 0.80 91.64log-
ont-nor(0.5,0.3) 2.00 0.50 10.00 -0.20 93.02 91.92 92.08 94.78 0.99 0.14 0.87 0.77 91.00log-
ont-nor(0.7,0.3) 2.00 0.50 10.01 -0.20 93.18 91.92 92.06 94.34 0.87 0.02 0.90 0.40 90.64log-
ont-nor(0.9,0.3) 2.00 0.50 10.01 -0.20 93.26 92.30 92.56 94.26 0.94 0.03 0.76 0.80 90.10B-S(0.1) 2.00 0.50 10.00 -0.20 93.48 92.48 91.92 93.64 0.83 1.00 0.78 0.52 89.24B-S(0.3) 2.00 0.50 10.00 -0.20 93.38 92.34 91.92 93.66 0.78 0.96 0.68 0.36 88.90B-S(0.5) 2.00 0.50 10.00 -0.20 93.56 92.34 91.68 93.50 0.88 0.98 0.85 0.72 88.28B-S(0.7) 2.00 0.50 10.00 -0.20 93.68 92.08 92.00 93.42 0.43 0.97 0.58 0.89 87.80B-S-t(0.1,4) 2.00 0.50 10.00 -0.20 93.58 92.62 92.38 93.46 0.68 0.81 0.89 0.95 93.34B-S-t(0.3,4) 2.00 0.50 10.00 -0.20 93.52 92.64 92.48 93.36 0.79 0.93 0.97 0.99 92.96B-S-t(0.5,4) 2.00 0.50 10.00 -0.21 93.63 92.70 92.59 93.85 0.74 0.97 0.85 0.97 92.70B-S-t(0.7,4) 2.00 0.50 10.00 -0.21 93.93 92.72 93.13 93.89 0.80 0.94 0.96 0.89 90.71Pier
e and Shafer , 1986) for the median and the skewness (or relative dispersion) submodelsare de�ned as the signed square root of the 
ontribution to the devian
e of ea
h individual.The residuals may be employed to identify observations marginally dis
repant and to assess theappropriateness of the proposed submodel.Goodness-of-�t of the median submodelThe devian
e for η̂ given φ̂ redu
es toD(η̂|φ̂) = 2
n
∑

k=1

[Lk(µ̃k, φ̂k)− Lk(µ̂k, φ̂k)
]

,where µ̃k is the value of µ ∈ R that maximizes the fun
tion Lk(µ, φ̂k). Hen
e, D(η̂|φ̂) be
omesD(η̂|φ̂) = n
∑

k=1

dk(η̂|φ̂),



3.9 3.9. DIAGNOSTIC METHODS 39Table 3.2: Results of the simulation study I under the s
enario B and n = 210Error distribution ¯̂
θ CR(θ̂) p-value of K-S test CR(̂f)

β1 β2 γ1 β1 β2 γ1 β1 β2 γ1 fη fφlog-normal 1.98 0.50 -0.21 93.56 92.80 91.66 0.98 0.55 0.75 93.12 90.00log-Student-t(4) 1.97 0.50 -0.21 92.86 93.10 92.66 0.84 0.48 0.46 90.94 91.82log-Student-t(6) 1.98 0.50 -0.20 93.04 93.00 93.92 0.87 0.88 0.80 91.74 91.26log-Student-t(8) 1.98 0.50 -0.21 93.18 93.18 92.64 0.96 0.94 0.83 92.14 91.22log-Student-t(10) 1.98 0.50 -0.20 93.28 93.28 92.94 0.81 0.94 0.79 92.72 90.88log-power-exp.(0.2) 1.98 0.50 -0.21 92.44 92.54 92.78 0.56 0.84 0.99 91.46 90.18log-power-exp.(0.3) 1.97 0.50 -0.21 93.82 92.60 93.08 0.96 0.61 0.93 90.26 90.42log-power-exp.(0.4) 1.98 0.50 -0.21 92.84 92.60 92.40 0.90 0.33 0.99 90.28 91.18log-power-exp.(0.5) 1.97 0.50 -0.21 92.06 92.14 92.80 1.00 0.93 0.94 90.06 91.60log-hyperboli
(1.0) 1.98 0.50 -0.21 93.20 92.61 92.96 0.87 0.99 0.98 90.43 90.92log-hyperboli
(0.9) 1.98 0.50 -0.20 93.26 92.84 92.88 0.80 0.94 0.97 90.20 91.82log-hyperboli
(0.8) 1.99 0.50 -0.21 92.60 91.98 93.10 0.87 0.20 0.95 91.10 91.28log-hyperboli
(0.7) 1.99 0.50 -0.21 93.06 92.38 93.50 0.77 0.20 0.66 91.04 92.22log-slash(1.5) 1.99 0.50 -0.21 93.60 92.66 93.36 0.70 0.74 0.84 90.68 91.38log-slash(1.4) 1.99 0.50 -0.21 92.47 92.59 93.15 0.99 0.33 0.98 90.00 91.66log-slash(1.3) 1.98 0.50 -0.20 92.63 92.29 93.12 0.97 0.92 0.86 90.05 90.85log-slash(1.2) 1.97 0.50 -0.21 92.94 92.71 92.31 0.48 0.95 0.99 90.67 91.86log-
ont-nor(0.3,0.3) 1.99 0.50 -0.21 92.98 92.10 92.80 0.77 0.53 0.98 90.40 90.94log-
ont-nor(0.5,0.3) 1.98 0.50 -0.21 93.16 92.22 92.38 0.69 0.57 0.49 90.80 90.84log-
ont-nor(0.7,0.3) 1.99 0.50 -0.21 93.18 92.22 91.76 0.77 0.64 0.38 90.38 90.28log-
ont-nor(0.9,0.3) 1.99 0.50 -0.21 93.28 92.38 92.40 0.47 0.83 0.84 90.70 90.92B-S(0.1) 2.00 0.50 -0.21 93.04 92.28 90.60 0.92 0.37 0.68 91.60 87.68B-S(0.3) 2.00 0.50 -0.21 93.28 92.38 91.00 0.68 0.78 0.69 91.80 88.36B-S(0.5) 2.00 0.50 -0.21 93.24 92.28 91.12 0.88 0.98 0.67 92.34 88.06B-S(0.5) 1.99 0.50 -0.21 93.16 92.32 90.82 0.97 0.93 0.77 92.94 87.72B-S-t(0.1,4) 2.00 0.50 -0.21 92.82 91.22 92.30 0.72 0.52 0.87 91.20 90.64B-S-t(0.3,4) 2.00 0.50 -0.20 92.70 91.40 93.02 0.84 0.47 0.80 91.28 91.04B-S-t(0.5,4) 2.00 0.50 -0.21 92.88 91.50 93.12 0.87 0.75 0.74 92.14 90.80B-S-t(0.7,4) 1.99 0.50 -0.21 92.84 91.56 93.24 0.45 0.54 0.97 93.14 90.14where dk(η̂|φ̂) may be interpreted as the 
ontribution of the k-th observation to the devian
eof η̂ given φ̂. Therefore, dk(η̂|φ̂) may be used to de�ne a residual asso
iated with η̂k (i.e., ameasure of the individual goodness-of-�t in the median submodel) as follows:
tη(ẑk)= sign(ẑk)

[dk(η̂|φ̂)]12 .If the fun
tion g(·) is monoti
ally de
reasing for u ≥ 0, then dk(η̂|φ̂) = 2 log[g(0)/g(ẑ2k)], where
ẑk = (yk − µ̂k)/[φ̂k]

1
2 , k = 1, . . . , n. The residual tη(ẑk) is an odds and twi
e di�erentiablefun
tion of ẑk. Hen
e, the distribution of tη(ẑk) is symmetri
 around zero if the distributionof ẑk is symmetri
 around zero. Table 3.3 provides the expressions of dk(η̂|φ̂) for some log-symmetri
 distributions.



40 CHAPTER 3. LOG-SYMMETRIC REGRESSION MODELS 3.9Table 3.3: Expressions of dk(η̂|φ̂) for some log-symmetri
 distributions.Distribution dk(η̂|φ̂)log-normal ẑ2klog-Student-t (ζ + 1) log

(

1 +
ẑ2k
ζ

)log-power- |ẑk|2/(ζ+1)exponentiallog-hyperboli
 2ζ
[
√

1 + ẑ2k − 1
]Binrbaum 4

ζ2
sinh2(ẑk)− log

[

cosh2(ẑk)
], ζ < 2SaundersGoodness-of-�t of the skewness (or the relative dispersion) submodelThe devian
e for φ̂ given η̂ redu
es toD(φ̂|η̂) = 2

n
∑

k=1

[Lk(µ̂k, φ̃k)− Lk(µ̂k, φ̂k)
]

,where φ̃k is the value of φ ∈ R
+ that maximizes the fun
tion Lk(µ̂k, φ). Then, D(φ̂|η̂) be
omesD(φ̂|η̂) = n

∑

k=1

dk(φ̂|η̂),where dk(φ̂|η̂) = 2 log[g(̺2)/g(ẑ2k)]− log[ẑ2k/̺
2] is a non-negative and monotone in
reasing fun
-tion of the di�eren
e between ẑ2k and ̺2, whi
h may be interpreted as the 
ontribution of the

k-th observation to the devian
e of φ̂ given η̂. If the fun
tion Lk(µ̂k, φ) has just one 
riti
 point,then ̺ is the solution of the equation v(̺)̺2 = 1. dk(φ̂|η̂) may be used to de�ne a residualasso
iated with φ̂k (i.e., a measure of the individual goodness-of-�t in the skewness (or relativedispersion) submodel) as follows:
tφ(ẑk) = sign(ẑk)[dk(φ̂|η̂)] 12 .The residual tφ(ẑk) is an odds fun
tion of ẑk su
h that tφ(±|̺|) = 0. Thus, tφ(ẑk) is symmetri
around zero if ẑk is symmetri
 around zero. Table 3.4 provides the expressions of dk(φ̂|η̂) forsome log-symmetri
 distributions.Table 3.4: Expressions of dk(φ̂|η̂) and ̺2 for some log-symmetri
 distributions.Distribution dk(φ̂|η̂) ̺2log-normal ẑ2k − 1− log(ẑ2k) 1log-Student-t (ζ + 1) log

(

ζ + ẑ2k
ζ + 1

)

− log
(

ẑ2k
) 1log-power- |ẑk|2/(ζ+1)−(1+ζ)−log

[

ẑ2k(1+ζ)−(1+ζ)
]

(1+ζ)(1+ζ)exponentiallog-hyperboli
 2ζ
[√

1 + ẑ2k −
√

1 + ̺2
]

− log(ẑ2k/̺
2) 1+

√
1+4ζ2

2ζ2



3.9 3.9. DIAGNOSTIC METHODS 413.9.2 Overall goodness-of-�tThe overall goodness-of-�t is measured through the following statisti
, whi
h has the advan-tage of graphi
al representation as it is based on the quantile-quantile plot (see, e.g., Waller and Turnbull, 1992):
Υ = n−1

n
∑

k=1

∣

∣

∣
Φ−1[F

ξ∗(ẑ
(k)

)]− υ
(k)
∣

∣

∣
,where F

ξ∗(·) is the 
umulative distribution fun
tion of log(ξ); ẑ(k) is the k-th order statisti
 of
ẑ1, . . . , ẑn; and υ

(k) is the expe
tation of the k-th order statisti
 in a sample of size n of thestandard normal distribution. The quantile residuals (see, e.g., Cysneiros and Vanegas , 2008;Dunn and Smith , 1996) are given by Φ−1[F
ξ∗(ẑk)], k = 1, . . . , n, and are used here as overallresiduals (i.e., a measure of the individual goodness-of-�t). Therefore, if the estimates 
oin-
ide with the true values for η, φ and ζ, the order statisti
s of the overall residuals, givenby {Φ−1[F

ξ∗(ẑ
(1)
)], . . . ,Φ−1[F

ξ∗(ẑ
(n)

)]
}, represent an ordered random sample from the standardnormal distribution. The smaller is the value of Υ, the better is the goodness-of-�t. Graphi-
ally, the 
riterion Υ indi
ates that the smaller is the di�eren
e between the normal Q-Q plotof the overall residuals and a straight line (with zero inter
ept and unit slope), the better isthe goodness-of-�t. In addition, if ζ is unknown, its value may be sele
ted by minimizing the Υstatisti
 as illustrated by Vanegas and Paula (2014b).3.9.3 In�uen
e or sensitivity analysisThe general idea of diagnosti
 methods is to study 
hanges in the model estimates under per-turbations in the model/data. Individual 
ases or 
lusters that, when deleted, lead to substantial
hanges in the model estimates, parti
ularly inferential 
hanges, are 
lassi�ed as in�uential. Theperturbed log-likelihood fun
tion is the usual way to study the in�uen
e of perturbations in themodel/data on the parameter estimates. A natural extension to semi-parametri
 models is to
onsider the penalized log-likelihood fun
tion as followsPL∗(θ|ω) = L(θ|ω) + P(θ),where PL∗(θ|ω) denotes the perturbed log-likelihood fun
tion and ω = (ω1, . . . , ωn)

⊤ is theperturbation ve
tor. A general pro
edure that does not require the elimination of observations,proposed by Cook (1986) and 
alled lo
al in�uen
e, 
onsists of studying the in�uen
e of smallperturbations in the model/data on the parameter estimates. The idea is to study the behaviorof the penalized likelihood displa
ement LDω = 2{PL(θ̂)−PL(θ̂ω )} around the no perturbationve
tor ω0 , su
h that PL(θ) = PL∗(θ|ω0), where θ̂ω denotes the maximum penalized likelihoodestimate under the perturbed model. The suggestion of Cook (1986) is to 
onsider the normal
urvature in the dire
tion d, su
h that ‖d‖ = 1, de�ned asCd(θ̂) = 2|d⊤∆⊤(θ̂,ω0)[J(θ̂)]
−1∆(θ̂,ω0)d|, (3.6)where ∆(θ,ω) = ∂2PL(θ|ω)/∂θ∂ω⊤ and J(θ) = ∂2PL∗(θ)/∂θ∂θ⊤. To have a 
urvature invariantunder uniform 
hange of s
ale, Poon and Poon (1999) proposed the 
onformal normal 
urvaturede�ned as C∗

d(θ̂) = Cd(θ̂)/2
√

tr(V⊤V), where V = ∆⊤(θ̂,ω0)[J(θ̂)]
−1∆(θ̂,ω0). This 
urvatureallows that 0 ≤ C∗

d(θ̂) ≤ 1 for any unitary dire
tion d. A maximum 
urvature, denoted byC∗
dmax

, is obtained in the dire
tion d∗
max, where C∗

dmax
is the largest eigenvalue of V/

√

tr(V⊤V),and d∗
max is its 
orresponding eigenvalue. The lo
al in�uen
e measure 
an be used to identifyobservations that may jointly in�uen
e the �tted model, and it is 
al
ulated from the eigenve
torthat 
orresponds to the highest eigenvalue of the matrix of 
onformal normal 
urvature. Similarly,the total lo
al in�uen
e measure 
an be used to identify observations that may individuallyexert in�uen
e on the �tted model, and it is 
al
ulated from the main diagonal of the matrix of
onformal normal 
urvature.



42 CHAPTER 3. LOG-SYMMETRIC REGRESSION MODELS 3.10Next, the expressions of J(θ) and ∆(θ̂,ω0) under two usual perturbation s
hemes are pro-vided.Se
ond derivative matrixThe se
ond derivative matrix ∂2L(θ)/∂θ∂θ⊤ is given by
J(θ) =









−D
⊤

β
Ω−1D(c)Dβ

+
n
∑

k=1

zk√
φk
v(zk)D

(k)
ββ

−D
⊤

β
Ω− 1

2D(c̄)W

−W
⊤
Ω− 1

2D(c̄)Dβ
−W

⊤
D(c)W









,under the setup (I) des
ribed in (3.3), whereas
J(θ) =







−X
⊤
Ω−1D(c)X −X

⊤
Ω− 1

2D(c̄)W

−W
⊤
Ω− 1

2D(c̄)X −W
⊤
D(c)W





under the setup (II) des
ribed in (3.3), where D(c) = diag{c1, . . . , cn}, D(c̄) = diag{c̄1, . . . , c̄n},
Dc = diag{c1, . . . , cn}, D(k)

ββ
=
[

∂2µk/∂βi∂βi′
] for i, i′ = 1, . . . , p, ck = v(zk) + v′(zk)zk, c̄k =

v(zk)zk + z2kv
′(zk)/2, and ck = c̄kzk/2.Case-weight perturbation s
hemeUnder this perturbation s
heme ω0 = (1, . . . , 1)⊤ and ∆(θ̂,ω0) is given by

∆(θ̂,ω0) =





D̂
⊤

β
D̂(v)Ω̂

− 1
2 D̂(z)

1
2W

⊤(

D̂(v)D̂
2
(z) − I

)



under the setup (I) des
ribed in (3.3), whereas
∆(θ̂,ω0) =





X
⊤
D̂(v)Ω̂

− 1
2 D̂(z)

1
2W

⊤(

D̂(v)D̂
2
(z) − I

)



under the setup (II) des
ribed in (3.3), where D̂(z) 
orrespond to D(z) = diag{z1, . . . , zn} eval-uated at the θ estimate.Response perturbation s
hemeUnder this perturbation s
heme yk is repla
ed by y
(ω)
k = yk+ωk and ω0 = (0, . . . , 0)⊤. Then,

∆(θ̂,ω0) =

[

D̂
⊤

β
Ω̂

−1
D̂(c)

W
⊤
Ω̂

− 1
2 D̂(c̄)

]under the setup (I) des
ribed in (3.3), whereas
∆(θ̂,ω0) =

[

X
⊤
Ω̂

−1
D̂(c)

W
⊤
Ω̂

− 1
2 D̂(c̄)

]under the setup (II) des
ribed in (3.3), where D̂(c) and D̂(c̄) 
orrespond toD(c) = diag{c1, . . . , cn}and D(c̄) = diag{c̄1, . . . , c̄n} evaluated at the θ estimate, respe
tively.



3.10 3.10. SIMULATION RESULTS II 433.10 Simulation Results IIThe probability distributions of the devian
e-type residuals are unknown. Therefore, in thisse
tion, some of their statisti
al properties are studied via Monte 
arlo simulation. For thispurpose, the simulation s
enarios A and B that were des
ribed in se
tion 3.8, are 
onsideredon
e again. To des
ribe the random 
omponent, several log-symmetri
 distributions and severalvalues of their extra parameters are 
onsidered. The simulated samples from ea
h s
enario areused to estimate the parameters of the models in (3.5) as des
ribed in se
tion 3.8. Afterwards,the devian
e-type residuals of the median and skewness (or relative dispersion) submodels are
al
ulated for ea
h individual in the sample. This pro
ess is repli
ated R = 5000 times, keepingthe values of the explanatory variables �xed. Then, the R values of the residual of the k-thindividual (i.e., t(ẑ(1)

k ), . . . , t(ẑ
(R)

k ), where t(ẑ
(r)

k ) is the devian
e-type residual of the individual
k in the r-th repli
ation) are used to 
al
ulate the empiri
al values of the mean, 
oe�
ient ofskewness and quantiles of order 97.5% and 99.5% of t(ẑk). Finally, as summary measures, themeans of the n values of these four statisti
s are 
al
ulated. Tables 3.5 and 3.6 present the resultsfor tη(ẑ) and tφ(ẑ) under the simulation s
enarios A and B, respe
tively.It 
an be seen that in all 
ases the values of the mean and 
oe�
ient of skewness are quite
lose to zero, whi
h indi
ates that the devian
e-type residuals have approximately zero mean,and they exhibit probability distributions approximately symmetri
 around zero. Additionally,it 
an be seen that, the quantiles of order 97.5% and 99.5% of the distribution of the devian
e-type residuals are dependent on the error distribution. However, the simulation results alsoshow that in most 
ases, the individuals/observations whose devian
e-type residuals (i.e., tη(ẑ))are outside the interval (-3,3) may be 
onsidered to be marginally dis
repant in the mediansubmodel. Similarly, the simulation results suggest that, the individuals whose devian
e-typeresiduals (i.e., tφ(ẑ)) are outside the interval (-3,3) may be 
onsidered to be marginally dis
repantin the skewness (or relative dispersion) submodel. Nonetheless, be
ause the joint probabilitydistribution of t(ẑ1), . . . , t(ẑn) is unknown, the normal probability plots with simulated envelopesare re
ommended to identify dis
repant/outlying observations in both submodels.
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Table 3.5: Results of the simulation study II under the s
enario A and n = 140.Error distribution tη(ẑ) tφ(ẑ)Mean Skewness Q. 97.5% Q. 99.5% Mean Skewness Q. 97.5% Q. 99.5%log-normal 0.000 0.002 1.939 2.474 0.001 -0.003 2.151 2.771log-Student-t(10) 0.000 0.002 2.282 2.980 0.002 0.001 2.177 2.816log-Student-t(8) 0.000 0.002 2.169 2.813 0.000 0.004 2.168 2.787log-Student-t(6) 0.000 0.002 2.112 2.727 0.000 0.002 2.157 2.790log-Student-t(4) -0.001 -0.002 2.072 2.680 -0.001 0.001 2.152 2.785log-power-exp.(0.2) 0.000 -0.002 2.055 2.589 0.000 -0.002 2.135 2.780log-power-exp.(0.3) -0.001 -0.001 2.110 2.651 0.001 0.002 2.136 2.800log-power-exp.(0.4) -0.001 0.001 2.161 2.702 0.001 0.002 2.148 2.833log-power-exp.(0.5) -0.001 0.003 2.211 2.756 0.002 0.000 2.149 2.888log-hyperboli
(1.0) 0.000 -0.001 2.226 2.797 -0.002 -0.001 2.122 2.747log-hyperboli
(0.9) 0.000 0.001 2.244 2.815 0.001 -0.001 2.118 2.750log-hyperboli
(0.8) 0.000 0.001 2.252 2.820 0.001 -0.002 2.112 2.740log-hyperboli
(0.7) 0.000 0.002 2.268 2.833 0.001 -0.001 2.115 2.740log-slash(1.5) 0.001 0.005 2.222 3.022 0.002 -0.004 2.211 2.834log-slash(1.4) -0.001 -0.004 2.252 3.054 -0.001 -0.002 2.216 2.853log-slash(1.3) 0.000 0.004 2.303 3.111 0.001 0.000 2.226 2.865log-slash(1.2) -0.014 0.067 2.494 3.367 -0.028 0.070 2.244 3.044log-
ont-nor(0.3,0.3) 0.000 0.003 2.162 2.751 0.000 -0.003 2.153 2.759log-
ont-nor(0.5,0.3) 0.000 0.005 2.153 2.670 0.002 0.002 2.127 2.753log-
ont-nor(0.7,0.3) 0.000 0.003 2.082 2.594 0.000 0.002 2.119 2.751log-
ont-nor(0.9,0.3) 0.000 0.003 1.993 2.511 -0.001 0.000 2.131 2.763B-S(0.1) 0.000 0.001 1.937 2.470 0.001 0.000 2.151 2.774B-S(0.5) 0.000 0.001 1.919 2.443 0.002 0.001 2.150 2.772B-S(1.0) 0.000 0.002 1.887 2.394 0.002 0.006 2.149 2.784B-S(1.5) 0.000 0.000 1.842 2.331 0.002 0.000 2.146 2.775B-S-t(0.1,4) -0.001 0.001 2.173 2.793 -0.001 0.001 2.173 2.793B-S-t(0.5,4) 0.001 0.003 2.255 2.901 0.000 0.001 2.162 2.777B-S-t(1.0,4) 0.026 -0.049 2.205 2.694 0.014 -0.058 2.076 2.665B-S-t(1.5,4) 0.039 -0.027 2.159 2.624 0.030 -0.004 2.079 2.668
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Table 3.6: Results of the simulation study II under the s
enario B and n = 210.Error distribution tη(ẑ) tφ(ẑ)Mean Skewness Q. 97.5% Q. 99.5% Mean Skewness Q. 97.5% Q. 99.5%log-normal 0.000 -0.001 1.940 2.492 0.001 -0.001 2.158 2.778log-Student-t(4) 0.001 0.003 2.298 3.007 0.002 0.003 2.188 2.821log-Student-t(6) 0.000 0.001 2.182 2.840 0.002 0.001 2.174 2.802log-Student-t(8) 0.000 -0.003 2.116 2.760 0.001 -0.006 2.166 2.787log-Student-t(10) 0.000 0.001 2.082 2.700 0.001 0.000 2.163 2.783log-power-exp.(0.2) 0.000 0.002 2.061 2.619 0.000 0.000 2.154 2.799log-power-exp.(0.3) 0.000 0.001 2.116 2.675 0.002 0.004 2.170 2.854log-power-exp.(0.4) 0.001 0.001 2.172 2.725 -0.001 0.001 2.177 2.903log-power-exp.(0.5) 0.000 -0.003 2.219 2.768 -0.001 0.001 2.197 3.001log-hyperboli
(1.0) 0.000 0.005 1.814 2.513 0.001 0.013 1.698 2.428log-hyperboli
(0.9) 0.000 -0.001 2.247 2.834 0.000 -0.002 2.129 2.755log-hyperboli
(0.8) 0.000 0.000 2.264 2.849 0.000 -0.001 2.129 2.756log-hyperboli
(0.7) 0.001 0.000 2.276 2.856 0.001 0.001 2.128 2.757log-slash(1.5) 0.006 -0.037 2.081 2.767 0.019 -0.039 2.152 2.798log-slash(1.4) -0.037 0.057 2.123 2.967 -0.041 0.022 2.142 2.647log-slash(1.3) -0.075 0.016 2.245 3.282 -0.040 0.096 2.174 2.937log-slash(1.2) -0.032 0.015 2.255 3.248 -0.029 -0.009 2.175 2.847log-
ont-nor(0.3,0.3) 0.000 0.002 2.172 2.764 0.000 -0.002 2.159 2.773log-
ont-nor(0.5,0.3) 0.000 0.001 2.156 2.690 0.001 0.003 2.136 2.763log-
ont-nor(0.7,0.3) 0.000 0.000 2.084 2.611 0.001 -0.001 2.129 2.750log-
ont-nor(0.9,0.3) 0.000 0.000 1.991 2.533 0.000 -0.001 2.143 2.772B-S(0.1) 0.000 -0.001 1.935 2.486 0.000 -0.004 2.152 2.775B-S(0.3) 0.000 0.001 1.919 2.460 0.001 0.002 2.154 2.781B-S(0.5) 0.000 0.001 1.885 2.411 0.002 0.001 2.153 2.773B-S(0.7) 0.000 0.001 1.839 2.348 0.001 0.000 2.148 2.773B-S-t(0.1,4) 0.000 0.001 2.303 2.995 -0.001 -0.002 2.186 2.813B-S-t(0.3,4) 0.000 0.003 2.271 2.937 0.000 -0.001 2.176 2.798B-S-t(0.50,4) 0.000 0.001 2.216 2.844 0.001 0.000 2.164 2.787B-S-t(0.7,4) 0.000 0.000 2.151 2.750 0.001 0.001 2.156 2.779
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CHAPTER 4CENSORED LOG-SYMMETRIC REGRESSION MODELS
A

elerated failure time models or log-lo
ation-s
ale models with a spe
i�ed error distri-bution and non-informative right-
ensored observations (see, e.g., Bagdonavi£ius and Nikulin,2001, Chapter 5) have re
eived a lot of attention in re
ent years. This type of models and the rel-ative risk or Cox models (see, e.g., Kalb�eis
h and Prenti
e, 2002, Chapter 4) are 
ompetitive.The a

elerated failure time model is appealing as it allows to spe
ify a multipli
ative e�e
t of
ovariates a
ting on the quantiles (of any order) of the failure time distribution, whi
h enables astraightforward parameter interpretation. Although these regression models are very interesting,they have limitations, for instan
e, usually just one parameter of the failure time distributionis modeled, and they do not admit the presen
e of nonparametri
 e�e
ts in their systemati

omponent. Therefore, in this work, a very �exible a

elerated failure time model is proposed,where the lo
ation and s
ale parameters of the log-lifetime distribution are modeled by usingsemi-parametri
 fun
tions of explanatory variables, and whose nonparametri
 
omponents areapproximated by natural 
ubi
 splines or P-splines. The �exibility provided by the systemati

omponent under this model lies in its 
apa
ity to relate the distribution of the lifetime (or fail-ure time) with a set of 
ovariates using a sum of arbitrary fun
tions, whose fun
tional forms areestimated from the data. Obviously, if the log-s
ale parameter is spe
i�ed to be 
onstant, thisapproa
h retains the dire
t link between the multipli
ative e�e
t of 
ovariates and the quantiles(of any order) of the failure time distribution. In addition, if the lo
ation and s
ale parameters ofthe log-lifetime distribution are spe
i�ed to be a�e
ted by 
ovariates, the regression parameters
an be interpreted by taking into a

ount their multipli
ative e�e
t a
ting on the median and theskewness (or the relative dispersion) of the failure time distribution. Furthermore, the random
omponent of the model is des
ribed by a very �exible 
lass of probability distributions (i.e., thelog-symmetri
 
lass), whi
h in turn indu
es a wide range of shapes for the failure or hazard ratefun
tion (e.g., in
reasing, de
reasing and upside-down bathtub shaped). Parti
ular 
ases of thisapproa
h in
lude models based on the Birnbaum-Saunders and Birnbaum-Saunders-t distribu-tions, whi
h have been extensively studied in the 
ontext of failure times under the fatigue or
umulated damage assumption (see, e.g., Barros et al., 2008; Paula et al., 2012). In addition,some of the log-symmetri
 distributions exhibit heavier tails than those of the log-normal one,whi
h allows to estimate the model parameters in a robust manner under the presen
e of extremeor outlying observations. Finally, due to the properties of the log-symmetri
 
lass, the statisti
almethodology addressed in this 
hapter 
an also be used to analyze stri
tly positive data underthe presen
e of non-informative left-
ensored observations.The remainder of this 
hapter 
on
erns with the formulation of the model setup, termed hereas 
ensored log-symmetri
 regression model. Iterative pro
esses of parameter estimation basedon Gauss-Seidel, ba
k�tting and expe
tation-
onstrained/maximization (ECM) algorithms arepresented. An approximate method to 
al
ulate the degrees of freedom used in the estimationpro
ess, is also dis
ussed. Asymptoti
 behaviour of the maximum penalized likelihood estimator47



48 CHAPTER 4. CENSORED LOG-SYMMETRIC REGRESSION MODELS 4.1under a �xed-knot assumption is studied, analyti
ally and by using simulation experiments.Diagnosti
 methods in
luding devian
e-type residuals, overall goodness-of-�t 
riterion based ona quantile-quantile plot, and lo
al in�uen
e measures, are also derived.4.1 Formulation of the modelLet T ∗
1 , . . . , T

∗
n be the lifetime of n obje
ts or individuals. These lifetimes are des
ribed byindependent, stri
tly positive and right-skewed random variables belonging to the log-symmetri

lass, whi
h is �exible enough so that distributions with lighter and heavier tails than the log-normal ones, as well as distributions with bimodality, are parti
ular 
ases. Thus, T ∗

k is assumedto be obtained as
T ∗
k = ηk ξ

√
φk

k , k = 1, . . . , n, (4.1)where ηk > 0 and φk > 0 represent the median and the skewness (or the relative dispersion),respe
tively, of the T ∗
k distribution, whereas ξ1, . . . , ξn is a set of independent and multipli
ativerandom errors exhibiting a standard log-symmetri
 distribution with the extra parameter (orextra parameter ve
tor) ζ, whose probability density fun
tion is given by

fξk(ξ; g(·)) =
1

ξ
g
{

[log(ξ)]2
}

, ξ > 0, (4.2)for some fun
tion g(·), where g(u) > 0 for u > 0 and ∫∞
0 u−

1
2 g(u)∂u = 1. Furthermore, thesurvival fun
tion and the quantile of order 0 < w < 1 of T ∗

k 
an be written as
S
T∗(t) = S

ξ

[

(t/ηk)
1√
φk

]

and ϑ
T∗(w) = ηk [ϑξ

(w)]
√
φk ,respe
tively, where S

ξ
(·) and ϑ

ξ
(w) represent the survival fun
tion and the quantile of order wof ξk, respe
tively. The behaviour of T ∗ is frequently 
hara
terized by its failure or hazard ratefun
tion, denoted by R

T∗(t) = f
T∗(t)/ST∗(t). Figure 4.1 illustrates the �exibility of R

T∗(t) undersome log-symmetri
 distributions.Moreover, it is assumed that the median (ηk) and the skewness (or the relative dispersion)(φk) of the distribution of T ∗
k are given by







log(ηk) = x⊤
k β + f

η1
(ak,1) + . . .+ f

η
p′
(ak,p′) and

log(φk) = w⊤
k γ + f

φ1
(bk,1) + . . .+ f

φ
q′
(bk,q′),

(4.3)where x∗
k = (x⊤

k , ak,1, . . . , ak,p′)
⊤ andw∗

k = (w⊤
k , bk,1, . . . , bk,q′)

⊤ are explanatory variables valuesfor ηk and φk, respe
tively; β = (β1, . . . , βp)
⊤ and γ = (γ1, . . . , γq)

⊤ are ve
tors of unknown pa-rameters; f
ηj
(a) (j = 1, . . . , p′) and f

φr
(b) (r = 1, . . . , q′) are 
ontinuous, smooth and nonparametri
fun
tions of the quantitative explanatory variables a and b, respe
tively, whi
h are approximatedby using natural 
ubi
 splines (see, e.g., Green and Silverman, 1994; Lan
aster and Salkauskas,1986, se
tions 4.6 and 4.7) or P-splines (Eilers and Marx, 1996). The matri
es X = (x∗

1, . . . ,x
∗
n)

⊤and W = (w∗
1, . . . ,w

∗
n)

⊤ are assumed to be of full 
olumn rank. In addition, there are n in-dependent and positive random variables C1, . . . , Cn that represent 
ensoring times and areindependent of T ∗
1 , . . . , T

∗
n . Then, the observed bivariate data, (t1, δ1), . . . , (tn, δn), are assumedto be realizations of (T1, δ̄1), . . . , (Tn, δ̄n), where Tk = min(T ∗

k , Ck) and δ̄k = I(T ∗
k > Ck), in whi
h

I(·) is the indi
ator fun
tion. Due to the properties of the log-symmetri
 
lass, the formulatedmodel is a log-lo
ation-s
ale model or an a

elerated failure time model, where the log-lifetimedistribution belongs to the symmetri
 
lass, that is,
Y ∗
k = log(T ∗

k ) = log(ηk) +
√

φk ξ
∗
k, k = 1, . . . , n,in whi
h ξ∗1 = log(ξ1), . . . , ξ

∗
n = log(ξn) are independent and identi
ally distributed errors exhibit-ing standard symmetri
 distribution (i.e., fξ∗k(ξ; g(·)) = g(ξ2)). Parti
ular 
ases of the formulated
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Figure 4.1: Graph of the hazard rate fun
tion under log-hyperboli
 (η = 1, φ, ζ = 1) (a), Birnbaum-Saunders (η = 1, φ, ζ = 3) (b), log-Student-t (η = 1, φ, ζ = 10) (c), and Birnbaum-Saunders-t (η =
1, φ, ζ = 3) (d) distributions.model in
lude log-normal, Birnbaum-Saunders and Birnbaum-Saunders-t models.4.2 Parameter estimationSimilar to the un
ensored 
ase, to allow the model identi�
ation, the systemati
 
omponent(4.3) of the formulated model is written as







log(η) = Xβ +Nη1
τη1

+ . . .+Nη
p′
τη

p′
and

log(φ) = Wγ +N
φ1
τ
φ1

+ . . . +N
φ
q′
τ
φ
q′
,

(4.4)where η = (η1, . . . , ηn)
⊤, φ = (φ1, . . . , φn)

⊤, Nηj
(j = 1, . . . , p′) and N

φr
(r = 1, . . . , q′) arebasis matri
es of dimension n × (p′j − 1) and n × (q′r − 1), respe
tively; τηj
(j = 1, . . . , p′) and

τ
φr
(r = 1 . . . , q′) are unknown parameter ve
tors to be estimated, of dimension (p′j − 1) and

(q′r − 1), respe
tively. In addition, to avoid over�tting, a quadrati
 penalty term is introdu
ed,in whi
h Mηj
(j = 1, . . . , p′) and M

φr
(r = 1, . . . , q′) are square penalty matri
es of dimension

(p′j −1) and (q′r−1), respe
tively. Note that the stru
ture of N and M is dependent on the typeof spline (natural 
ubi
 spline or P-spline) whi
h will be used to approximate ea
h one of thefun
tions f
ηj
(·)(j = 1, . . . , p′) and f

φr
(·)(r = 1, . . . , q′).The estimation of θ is performed by �tting a symmetri
 heteros
edasti
 semi-parametri




50 CHAPTER 4. CENSORED LOG-SYMMETRIC REGRESSION MODELS 4.2model to the transformed lifetime (or 
ensoring time) (i.e., Y = log(T )), in whi
h the systemati

omponent of the lo
ation parameter is given by µk = log(ηk), k = 1, . . . , n, and the systemati

omponent of the dispersion parameter φk is a semi-parametri
 fun
tion with logarithmi
 link,where the nonparametri
 fun
tions are approximated by natural 
ubi
 splines or P-splines, andthe extra parameter ζ is assumed to be known or �xed. For a known ζ, this approa
h generalizesthe random and systemati
 
omponents of the models dis
ussed by Barros et al. (2008) andLi et al. (2012).Let y1, . . . , yn be the observed values of Y1 = log(T1), . . . , Yn = log(Tn). Thus, the penalizedlog-likelihood fun
tion of θ is given by PL(θ) = L(θ)+P(θ), where the penalty term of θ be
omesP(θ) = p′
∑

j=1

λ
ηj

2
τ⊤
ηj
Mηj

τηj
+

q′
∑

r=1

λ
φr

2
τ⊤
φr
M

φr
τ
φr
,and the log-likelihood fun
tion of θ is given byL(θ) = n

∑

k=1

{

δk log[1− Fξ∗(zk)] + (1− δk)Lk(µk, φk)
}

,in whi
h log[1 − Fξ∗(t̃k)] and Lk(µk, φk) = log[g(z2k)] − 1
2 log(φk) are the 
ontributions of a
ensored and an un
ensored observations to the log-likelihood fun
tion of θ, respe
tively, zk =

(yk − µk)/
√
φk, µk = log(ηk), and Fξ∗(·) is the 
umulative distribution fun
tion of ξ∗.4.2.1 S
ore fun
tion and Hessian matrixThe s
ore fun
tion or estimating equation of θ is given by ∂PL(θ)/∂θ = U(θ)−Mθ, where
U(θ) =

[

Uη(θ)

U
φ
(θ)

]

=















X⊤Ω−1D(ṽ)(y − µ)

N⊤
η
Ω−1D(ṽ)(y − µ)

1
2W

⊤(s̃− 1n)

1
2N

⊤
φ
(s̃− 1n)















and M = diag
{

Mη ,Mφ

}

,where y = (y1, . . . , yn)
⊤, µ = (µ1, . . . , µn)

⊤, Ω = diag{φ1, . . . , φn}, D(ṽ) = diag{ṽ1, . . . , ṽn},
s̃ = (s̃1, . . . , s̃n)

⊤, Nη = [Nη1
, . . . ,Nη

p′
], Mη = diag

{

0̃p,Mη

}, Mη = diag{λη1Mη1
, . . . , λη

p′
Mη

p′
},

N
φ

= [N
φ1
, . . . ,N

φ
q′
], M

φ
= diag

{

0̃q,Mφ

}, M
φ

= diag{λ
φ1
M

φ1
, . . . , λ

φ
q′
M

φ
q′
}, ṽk = (1 −

δk)v(zk) + δk Rξ∗(zk)/zk], s̃k = (1 − δk)v(zk)z
2
k + δk[Rξ∗(zk)zk + 1], and Rξ∗(zk) = g(z2k)/[1 −

Fξ∗(zk)]. Obviously, the maximum penalized likelihood estimate of θ, denoted as θ̂, is the solutionof U(θ̂) = Mθ̂.Moreover, the hessian matrix of θ is given by ∂2PL(θ)/∂θ∂θ⊤ = J(θ)−M, where
J(θ) =

[

Jηη(θ) J
ηφ
(θ)

J
φη
(θ) J

φφ
(θ)

]

=







−X
⊤
Ω−1D(c)X −X

⊤
Ω− 1

2D(c̄)W

−W
⊤
Ω− 1

2D(c̄)X −W
⊤
D(c)W






,in whi
h D(c) = diag{c1, . . . , cn}, D(c̄) = diag{c̄1, . . . , c̄n}, D(c) = diag{c1, . . . , cn}, ck =

δkR
′
ξ∗(zk)+(1−δk)[v(zk)+v′(zk)zk], 2c̄k = δk[Rξ∗(zk)+R′

ξ∗(zk)zk]+(1−δk)[2v(zk)zk+z2kv
′(zk)],

ck = c̄kzk/2, X = [X,Nη ], and W = [W,N
φ
].4.2.2 Iterative pro
essesTo solve the equation U(θ̂) = Mθ̂, the Newton-Raphson method 
an be used. However,in this work, the nonlinear Gauss-Seidel algorithm (see, e.g., Ortega, 1970, page 219) is usedinstead, as it allows to employ in ea
h iteration a diagonalized version of the hessian matrix
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J(θ), whi
h in turn fa
ilitates the introdu
tion of the ba
k�tting algorithm. Let β̄ = (β⊤, τ⊤

η
)⊤and γ̄ = (γ⊤, τ⊤

φ
)⊤ be the parameter ve
tors asso
iated to the median and the skewness (or therelative dispersion) submodels, respe
tively. Then, for �xed value of the smoothing parameter,the resulting algorithm is as followsAlgorithm 4.1Step 1. Initialize the 
ounter and the parameter ve
tor as l = 0 and θ(0) = (β̄

(0)

, γ̄
(0)
).Step 2. Cal
ulate β̄

(l+1) as the ve
tor that maximizes PL(β̄, γ̄(l)
) with respe
t to β̄ (i.e., the so-lution of Uη(β̄, γ̄

(l)
) = Mη β̄ with respe
t to β̄). To do this, the Newton-Raphson algorithmis used, in whi
h ea
h one of its stages is a

omplished by using the ba
k�tting algorithm.Step 3. Cal
ulate γ̄

(l+1) as the ve
tor that maximizes PL(β̄(l+1)

, γ̄) with respe
t to γ̄ (i.e., thesolution of U
φ
(β̄

(l+1)

, γ̄) = M
φ
γ̄ with respe
t to γ̄). . To do this, the Newton-Raphsonalgorithm is used, in whi
h ea
h one of its stages is a

omplished by using the ba
k�ttingalgorithm.Step 4. Update l = (l + 1) and θ(l+1) = (β̄

(l+1)

, γ̄
(l+1)

).Step 5. Repeat Steps 2, 3, and 4 until 
onverge of θ(l).The e�
ien
y of the proposed algorithm 
an be improved by introdu
ing the Expe
tation/-Conditional Maximization (ECM) algorithm (Meng and Rubin , 1993) when the error distri-bution is a power mixture of the log-normal distribution (see Andrews and Mallows , 1974;Barndo�-Nielsen, 1977; West, 1987). In these 
ases, Yk|[δk = 0, Uk = uk] ∼ Normal(µk, φkh(uk)),
Y ∗
k |[Y ∗

k > yk, δk = 1, Uk = uk] ∼ TNormal(µk, φkh(uk), (yk,∞)) and the density generatorof the ξ∗ distribution is g(z2) =
∫

R+

{

φ
(

z/
√

h(u)
)

/
√

h(u)
}

fU (u)∂u, where TNormal(µ, φ,A)represents a trun
ated normal distribution that lies within the interval A, exhibiting lo
ationparameter µ and s
ale parameter φ, φ(·) is the density fun
tion of the standard normal distri-bution, h(u) > 0 for u > 0, and fU (·) is the probability density fun
tion (or probability massfun
tion) of U . Thus, the E step of the ECM algorithm is a

omplished by 
al
ulating v̄(z
(l)

k ) =

E
U

[

1/h(U) |Y ∗
k > yk;θ

(l)
] and m̌(z

(l)

k ) = E
U

[

φ
(

zk/
√

h(U)
)

/
{

√

h(U)
[

1− Φ
(

zk/
√

h(U)
)]}

|Y ∗
k > yk;θ

(l)
]for 
ensored observations; and v̄(z

(l)

k ) = E
U

[

1/h(U) |Y ∗
k = yk;θ

(l)
] for un
ensored observations,with Φ(·) being the 
umulative distribution fun
tion of the standard normal distribution. Thetwo CM steps are a

omplished by 
al
ulating β̄

(l+1) as the argument that maximizes PL(l)(β̄, γ̄(l)
)with respe
t to β̄, and, then, by 
al
ulating γ̄

(l+1) as the argument that maximizes PL(l)(β̄(l+1)

, γ̄)with respe
t to γ̄, where PL(l)(θ) = L(l)(θ) + P(θ), andL(l)(θ) = −1

2

n
∑

k=1

{

δkv̄(z
(l)
k )

(m̄
(l)
k − µk)

2 + m̃
(l)
k − [m̄

(l)
k ]2

φk
+ (1− δk)v̄(z

(l)
k )

(yk − µk)
2

φk

}

,in whi
h m̄
(l)
k and m̃

(l)
k represent m̄k = µk +

√
φk m̌(zk)/v̄(zk) and m̃k = µ2

k +
√
φk [m̌(zk)(yk +

µk) +
√
φk]/v̄(zk) avaliated at θ(l), respe
tively. Then, for �xed smoothing parameter, the re-sulting algorithm is des
ribed as followsAlgorithm 4.2Step 1. Initialize the 
ounter and the parameter ve
tor as l = 0 and θ(0) = (β̄

(0)
, γ̄(0)).
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ulate v̄(z(l)1 ), . . . , v̄(z
(l)
n ) from θ(l), where v̄(zk) = v(zk) = −2g′(z2k)/g(z

2
k) for un
en-sored observations, and v̄(zk) is des
ribed in Table 4.1 for 
ensored observations.Step 3. Cal
ulate m̄

(l)
k and m̃

(l)
k from θ(l) for the 
ensored observations, where

m̄k = µk +

√
φk

v̄(zk)

g(z2k)

1− Fξ∗(zk)
and

m̃k = µ2
k +

√
φk

v̄(zk)

[

g(z2k)

1− Fξ∗(zk)
(yk + µk) +

√

φk

]

.Step 4. Cal
ulate β̄
(l+1) as the ve
tor that maximizes PL(l)(β̄, γ̄(l)

) with respe
t to β̄. To do this,the Newton-Raphson algorithm is used, in whi
h ea
h one of its stages is a

omplished byusing the ba
k�tting algorithm.Step 5. Cal
ulate γ̄(l+1) as the ve
tor that maximizes PL(l)(β̄(l+1)

, γ̄) with respe
t to γ̄. To do this,the Newton-Raphson algorithm is used, in whi
h ea
h one of its stages is a

omplished byusing the ba
k�tting algorithm.Step 6. Update l = (l + 1) and θ(l).Step 7. Repeat Steps 2, 3, 4, 5 and 6 until 
onvergen
e of θ(l).Hereinafter, η̂k, µ̂k = log(η̂k) and φ̂k represent the �tted values of ηk, µk = log(ηk) and φk,respe
tively, for k = 1, . . . , n.4.3 Degrees of freedomThe numer of degrees of freedom used to estimate η and φ are frequently employed toquantify the model 
omplexity. In this se
tion, a method to 
al
ulate it is dis
ussed. To do this,it 
an be seen that, at the 
onvergen
e of the Algorithm 3.1 (in parti
ular, the 
onvergen
e ofthe Newton-Raphson pro
esses des
ribed by the Steps 2 and 3), the estimates of β̄ and γ̄ 
anbe written as
ˆ̄β =

[

−Jηη(θ̂) +Mη

]−1[

Uη(θ̂)− Jηη(θ̂)
ˆ̄β
]

=
[

X
T
Ω̂

−1
D̂(c)X+Mη

]−1
X

⊤
Ω̂

−1
D̂(c)

[

D̂−1
(c)D̂(ṽ)(y − µ̂) +X ˆ̄β

]

, and

ˆ̄γ =
[

−J
φφ
(θ̂) +Mη

]−1[

U
φ
(θ̂)− J

φφ
(θ̂) ˆ̄γ

]

=
[

W
T
D̂(c)W +M

φ

]−1
W

⊤
D̂(c)

[

1

2
D̂−1

(c)(
ˆ̃s− 1n) +Wˆ̄γ

]

,where Ω̂, D̂(c), µ̂, ˆ̄β, ˆ̄γ, D̂(c), D̂(ṽ) and ˆ̃s represent Ω, D(c), µ, β̄, γ̄, D(c), D(ṽ) and s̃ avaliatedat the estimate of θ. By analogy with the parametri
 
ase, the degrees of freedom asso
iatedto the estimate of η 
an be estimated by df(η̂) = tr(Ĥη), where Ĥη = X
[

X
⊤
Ω̂

−1
D̂(c)X +

Mη

]−1
X

⊤
Ω̂

−1
D̂(c) is su
h that log(η̂) = Ĥη [yη(θ̂)], in whi
h yη(θ) = Xβ̄ +D−1

(c)D(ṽ)(y − µ) isa lo
al response variable. Then, a

ording to Eilers and Marx (1996), it is possible to write
df(η̂) = tr

{[

X
⊤
Ω̂

−1
D̂(c)X+Mη

]−1
X

⊤
Ω̂

−1
D̂(c)X

}

= tr

{

[

I+Q− 1
2MηQ

− 1
2
]−1
}

= p+

dim(Mη)
∑

i= p+1

1

1 + α
(η)
i

,
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2MηQ

− 1
2 ] is a positive de�nite matrix, α(η)

i ≥ 0 are the eigenvalues ofQ− 1
2MηQ

− 1
2and dim(M) is the number of rows (or 
olumns) of M, in whi
h Q

1
2 is a positive de�nitematrix su
h that X⊤

Ω̂
−1

D̂(c)X = Q
1
2Q

1
2 . Be
ause the number of eigenvalues equal to zero of

Q− 1
2MηQ

− 1
2 and Mη 
oin
ide, it follows that dim(Mη ) > df(η̂) > p+

p′
∑

j=1
α
(0)
ηj , where α

(0)
ηj is thenumber of eigenvalues of Mηj

equal to zero.The degrees of freedom asso
iated to the estimate of φ 
an be estimated as df(φ̂) = tr(Ĥ
φ
),where Ĥ

φ
= W

[

W
⊤
D̂(c)W +M

φ

]−1
WD̂(c) is su
h that log(φ̂) = Ĥ

φ
[y

φ
(θ̂)], in whi
h y

φ
(θ̂) =

Wγ̄ + 1
2D

−1
(c)(s̃− 1n) is a lo
al response variable. Then, a

ording to Eilers and Marx (1996), itis possible to write

df(φ̂) = tr

{

[

W
⊤
D̂(c)W +M

φ

]−1
W

⊤
D̂(c)W

}

= tr

{

[

I+Q− 1
2M

φ
Q− 1

2

]−1
}

= q +

dim(Mφ)
∑

r=q+1

1

1 + α
(φ)
r

,where where [I + Q− 1
2MηQ

− 1
2 ] is a positive de�nite matrix, α(φ)

r ≥ 0 are the eigenvalues of
Q− 1

2M
φ
Q− 1

2 and Q
1
2 is a positive de�nite matrix su
h that W⊤

D̂(c)W = Q
1
2Q

1
2 . Be
ause thenumber of eigenvalues equal to zero of Q− 1

2M
φ
Q− 1

2 and M
φ

oin
ide, it follows that dim(M

φ
) >

df(φ̂) > q +
q′
∑

r=1
α
(0)
φr
, where α

(0)
φr

is the number of eigenvalues of M
φr

equal to zero.4.4 Assymptoti
 theoryUnder the absen
e of nonparametri
 e�e
ts in the systemati
 
omponent (4.3), the modelsetup 
oin
ides with the topi
 addressed by Bagdonavi£ius and Nikulin (2001, 
hapter 4), whi
hdes
ribed the asymptoti
 properties of θ̂. The asymptoti
 behaviour of θ̂ under the general
ase of the systemati
 
omponent (4.3) is studied here by using a framework of �xed-knot (seeWu and Yu, 2014; Yu and Ruppert, 2002), whi
h implies that the penalty matri
es and the sizeof τ η and τ
φ
are not dependent on the sample size n. Next, the required 
onditions for someasymptoti
 results be valid, are listed.Conditions:1. There is τ [0]

ηj
∈ R

p′j−1 su
h that fηj(a) = N⊤
ηj
(a)τ

[0]

ηj
for all a ∈ (aj, aj), j = 1, . . . , p′. Then,

τ
[0]

η =

(

[

τ
[0]

η1

]⊤
, . . . ,

[

τ
[0]

η
p′

]⊤
)⊤ is the true parameter ve
tor for τ η.2. There is τ [0]

φr
∈ R

q′r−1 su
h that f
φr
(b) = N⊤

φr
(b)τ

[0]

φr
for all b ∈ (br, br), r = 1, . . . , q′. Then,

τ
[0]

φ =

(

[

τ
[0]

φ1

]⊤
, . . . ,

[

τ
[0]

φ
q′

]⊤
)⊤ is the true parameter ve
tor for τφ.3. The regularity 
onditions des
ribed by Borgan (1984, se
tion 4) and Bagdonavi£ius and Nikulin(2001, 
hapter 4) are ful�lled. This 
onditions ensure that(a) n−1U

(

θ
[0]) P−−−→

n→∞
0, where θ[0]

=
([

β
[0]
]⊤
,
[

τ
[0]

η

]⊤
,
[

γ
[0]
]⊤
,
[

τ
[0]

φ

]⊤)⊤ is the true param-eter ve
tor for θ.(b) n−1J
(

θ
[0]) −→

n→∞
−Σ

(

θ
[0]), where Σ

(

θ
[0]) is a positive de�nite matrix.(
) n−1J(θ

∗
)

P−−−→
n→∞

−Σ
(

θ
[0]) for all θ∗ in line segment joining θ̂ and θ

[0] .



54 CHAPTER 4. CENSORED LOG-SYMMETRIC REGRESSION MODELS 4.6Table 4.1: Expressions for v̄(zk) under some log-symmetri
 distributions.Distribution [1− Fξ∗(zk)]v̄(zk)log-Student-t 1− Fǫ

(

zk
√

(ζ + 2)/ζ, ζ + 2
)†log-slash [ζ/(ζ + 1)] [1− Fǫ(zk, ζ + 1)]†log-
ontaminated-normal ζ1ζ2

[

1− Φ(zk
√
ζ2)
]

+ (1− ζ1)[1− Φ(zk)]log-hyperboli
 ζ

2K1(ζ)

∫∞
log
(

zk+
√

z2k+1
) exp[−ζcosh(t)]∂t

†Fǫ(·, ζ) is the 
umulative distribution fun
tion of a random variable ǫ, su
h that exp(ǫ) exhibitsa standard log-symmetri
 distribution with extra parameter ζ.(d) −J− 1
2

(

θ
[0])

U
(

θ
[0]) D−−−→

n→∞
N (0, I).(e) P

[

n−1|∂Jil(θ
∗
)/∂θi′ | < ω

]

−−−→
n→∞

1 for all i, j, i′ and for all θ∗ in line segment joining
θ̂ and θ

[0] , where ω is a 
onstant, and Jil(θ) is the (i, l)-th element of J(θ).4. The smoothing parameter may be dependent on the sample size. Let λ(n) be the value ofthe smoothing parameter under a sample of size n. Then, ‖λ(n)‖ −→
n→∞

λ < ∞.Theorem 2. Under (1)-(4) the maximun penalized likelihood estimator of θ is 
onsistent and
[

−J
(

θ
[0])
]− 1

2
[

−J
(

θ
[0])

+M
](

θ̂ − θ
[0]
)

D−−−→
n→∞

N (0, I).Under (1)-(4) and for large sample sizes, θ̂ is an unbiased estimator of θ[0] whose varian
e-
ovarian
e matrix may be written as
Var
[

θ̂
]

=
[

−J
(

θ
[0])

+M
]−1[

−J
(

θ
[0])
][

−J
(

θ
[0])

+M
]−1

.An intuitive estimator of the asymptoti
 varian
e-
ovarian
e matrix of θ̂ redu
es to Var
[

θ̂
]evaluated at the θ estimate.4.5 Choosing the smoothing parameterChoosing the smoothing parameter by using a 
riterion that ensures a 
ompromise between�low� model 
omplexity and �high� goodness-of-�t was 
onsidered by Hastie and Tibshirani(1990), Rigby and Stasinopoulos (2005), Wood (2006) and Wu and Yu (2014). Then, in thiswork, the value of the smoothing parameter λ is 
hosen by minimizing the Akaike InformationCriterion (AIC) or the Bayesian Information Criterion (BIC) through an outer iteration. TheAIC and BIC 
riteria are given by

AIC(θ̂|λ) = −2L(θ̂|λ) + 2[df(η̂|λ) + df(φ̂|λ)]and
BIC(θ̂|λ) = −2L(θ̂|λ) + log(n)[df(η̂|λ) + df(φ̂|λ)],



4.7 4.6. SIMULATION RESULTS 55where θ̂|λ, η̂|λ and φ̂|λ are the estimates of θ, η and φ given a parti
ular value of the smoothingparameter λ, respe
tively.4.6 Simulation ResultsThis se
tion presents a simulation study to assess the statisti
al properties of the maximumpenalized likelihood estimates under 
ensored log-symmetri
 regression models. For this purpose,a data set of size n = 280 is simulated, in whi
h the response variable is generated from a log-symmetri
 distribution, where its median (η) and its skewness (or relative dispersion) (φ) 
anbe written as
{

log(η) = β1x1 + β2x2 + fη(a) and

log(φ) = γ1x1 + f
φ
(a),where x1 ∼ Bernoulli(0.5), x2 ∼ log-normal(1, 1), fη(a) = 5a + sin(2πa), f

φ
(a) = 1.2[1.166 −

sin(πa)], and a is a sequen
e of seventy values in the interval [0.05, 0.95], whi
h is repli
atedseveral times until the sample size is rea
hed. The values assigned to the parameters are β1 = 2,
β2 = 0.5 and γ1 = −0.2. To des
ribe the random 
omponent, several log-symmetri
 distri-butions (e.g., log-normal, log-Student-t, log-slash, log-hyperboli
, log-power-exponential, log-
ontaminated-normal, Birnbaum-Saunders and Birnbaum-Saunders-t) and several values of theirextra parameters are 
onsidered. Furthermore, a set of independent and identi
ally distributed
ensoring times is generated from the exponential distribution with mean 550. So that, to buildthe response variable and the 
ensoring status, the simulated 
ensoring times and the lifetimesare 
ompared. The resulting sample is used to �t a 
ensored log-symmetri
 model, where thenonparametri
 fun
tions fη(·) and f

φ
(·) are assumed to be unknown but approximated by 
ubi
P-splines with eight internal knots (given by q(a, 0/7), q(a, 1/7), q(a, 2/7), . . . , q(a, 7/7)), and adi�eren
e penalty term of order 2. The smoothing parameters are 
hosen by minimizing the AIC
riterion. This pro
ess is repli
ated R = 5000 times, keeping the values of x1, x2 and a �xed. Forthe R estimates of β1, β2 and γ1, the following summary measures are 
al
ulated: i) empiri
alexpe
ted value, i.e., ¯̂θ = R−1

R
∑

i=1
θ̂
(i) ; ii) 
overage rate of the normality-based 95% 
on�den
e inter-val, i.e., CR(θ̂) = 100×R−1

R
∑

i=1
I
[

|θ̂(i) − θ | /[V̂(i)
ar(θ̂)]

1
2 , [0, 1.96]

]; and iii) p-value of the one-sampleKolmogorov-Smirnov test (see Conover, 1971) to judge the normality of the sample θ̂(1)
, . . . , θ̂

(R).Additionally, as a summary measure of the R estimates of the nonparametri
 fun
tions fη(·) and
f
φ
(·), the 
overage rate of the simultaneous normality-based 95% 
on�den
e intervals is used, i.e.,

CR(f̂) = 100 × R−1
R
∑

i=1

n
∏

k=1

I
[

|̂f (i)(ak)− f(ak)|/[V̂
(i)
ar(f̂(ak))]

1
2 ,Θ
], where Θ = [0,Φ

−1
(1 − 0.05/2n̄)],

n̄ = 70 is the number of di�erent values of a in the sample. In ea
h repli
ation, the per
entageof 
ensored observations is also 
al
ulated . Then, the mean and the standard deviation of theper
entage of 
ensored observations is 
omputed. The results are presented in Table 4.2.The simulation results indi
ate a good behaviour of the estimates of β1, β2 and γ1 be
ausetheir means are 
lose to the parameter values and their distributions seem to be very 
loseto the normal one. Furthermore, the 
overage rates of the 
on�den
e intervals for β1, β2 and
γ1 are 
lose to 95%. The simultaneous 
on�den
e intervals for fη(·) and f

φ
(·) present a goodperforman
e, spe
ially in the 
ase of fη(·). Moreover, the per
entage of 
ensored observations iswithin the interval (25%, 30%).4.7 Diagnosti
 methodsIn this se
tion, some diagnosti
 methods su
h as devian
e-type residuals for the medianand the skewness (or relative dispersion) submodels, overall goodness-of-�t 
riterion, and lo
alin�uen
e measures under right-
ensored log-symmetri
 regression models, are addressed.



56 CHAPTER 4. CENSORED LOG-SYMMETRIC REGRESSION MODELS 4.7Table 4.2: Results of the simulation studyError distribution ¯̂
θ CR(θ̂) p-value of K-S test CR(̂f)

%Cens.
β1 β2 γ1 β1 β2 γ1 β1 β2 γ1 fη fφlog-normal 2.00 0.51 -0.21 93.30 94.07 92.23 0.78 0.58 0.85 93.00 88.17 25.24log-Student-t(4) 1.99 0.51 -0.21 93.20 93.90 93.23 0.86 0.12 0.97 92.23 87.57 26.52log-Student-t(6) 2.00 0.51 -0.21 93.27 93.93 92.97 0.89 0.18 0.88 92.03 87.90 26.23log-Student-t(8) 2.00 0.51 -0.21 92.20 94.33 92.30 0.94 0.17 0.97 92.87 88.43 25.97log-Student-t(10) 2.00 0.51 -0.21 92.27 94.10 91.43 0.75 0.17 0.97 92.90 87.77 25.86log-power-exp.(0.2) 2.00 0.51 -0.21 93.87 94.60 92.23 0.76 0.39 0.86 92.87 88.27 26.41log-power-exp.(0.3) 2.00 0.51 -0.21 92.97 94.70 92.97 0.85 0.19 0.89 91.43 87.47 27.17log-power-exp.(0.4) 2.00 0.51 -0.20 92.73 94.70 91.87 0.39 0.26 0.98 91.47 87.17 27.82log-power-exp.(0.5) 1.99 0.50 -0.21 93.30 95.50 92.83 0.76 0.28 0.91 91.10 87.53 29.16log-hyperboli
(1.0) 1.99 0.50 -0.21 92.37 95.10 92.60 0.91 0.19 0.94 88.73 87.23 29.18log-hyperboli
(0.9) 1.99 0.51 -0.20 93.97 94.60 92.63 0.88 0.18 0.98 87.77 86.53 29.84log-hyperboli
(0.8) 2.00 0.51 -0.21 93.20 95.30 92.47 1.00 0.10 0.52 86.97 86.53 30.59log-hyperboli
(0.7) 1.99 0.51 -0.21 92.30 95.17 93.07 0.97 0.18 0.98 87.70 87.43 31.43log-slash(1.5) 1.99 0.50 -0.21 92.87 95.23 92.73 0.74 0.04 0.65 87.57 87.77 28.33log-slash(1.4) 2.00 0.50 -0.21 92.30 95.40 93.00 0.62 0.03 0.30 87.70 86.73 28.53log-slash(1.3) 1.99 0.51 -0.22 92.27 95.20 92.27 0.98 0.18 0.75 86.70 87.27 28.66log-slash(1.2) 1.99 0.50 -0.21 91.90 94.83 92.87 0.86 0.02 0.66 87.77 87.80 28.78log-
ont-nor(0.3,0.3) 2.00 0.50 -0.21 93.57 94.70 91.47 0.98 0.26 0.77 91.70 87.37 26.86log-
ont-nor(0.5,0.3) 1.99 0.51 -0.21 93.43 94.50 91.63 0.82 0.27 1.00 89.60 87.27 27.98log-
ont-nor(0.7,0.3) 1.99 0.51 -0.21 93.13 94.20 91.80 0.93 0.39 0.79 88.97 87.07 29.10log-
ont-nor(0.9,0.3) 2.00 0.51 -0.20 93.37 94.47 92.33 0.82 0.83 0.78 88.87 86.77 30.25B-S(0.1) 2.00 0.50 -0.21 93.73 94.60 93.23 0.99 1.00 0.85 92.10 88.53 20.92B-S(0.3) 2.00 0.50 -0.21 93.57 93.97 93.80 0.79 0.98 0.81 92.73 88.23 21.05B-S(0.5) 2.00 0.50 -0.21 93.67 94.07 93.63 0.92 0.65 0.62 93.03 88.53 21.27B-S(0.5) 2.00 0.50 -0.21 93.27 94.17 93.53 0.92 0.96 0.88 93.53 88.17 21.52B-S-t(0.1,4) 2.00 0.50 -0.21 93.77 93.83 93.50 0.91 0.51 0.97 92.97 92.37 20.98B-S-t(0.3,4) 2.00 0.50 -0.21 93.37 94.00 94.00 0.98 0.61 0.49 93.33 90.97 21.22B-S-t(0.5,4) 2.00 0.50 -0.21 93.90 93.63 93.60 0.98 0.72 0.74 94.00 90.93 21.51B-S-t(0.7,4) 2.00 0.50 -0.21 93.87 94.20 93.77 0.86 0.83 0.85 94.70 90.50 21.884.7.1 Individual goodness-of-�tTo evaluate the goodness-of-�t of the median and the skewness (or relative dispersion) sub-models, the devian
e is 
al
ulated. Thus, the devian
e-type residuals for the median and theskewness (or the relative dispersion) submodels are de�ned as the signed square root of the
ontribution to the devian
e of ea
h individual.Goodness-of-�t of the median submodelThe devian
e of η̂ given φ̂, denoted by D(η̂|φ̂), is given byD(η̂|φ̂) = 2

n
∑

k=1

δk log
[(

1− Fξ∗

(

[yk − µ̃k]/[φ̂k]
1
2

))

/
(

1− Fξ∗

(

[yk − µ̂k]/[φ̂k]
1
2

))]

+ (1− δk)
[Lk(µ̃k, φ̂k)− Lk(µ̂k, φ̂k)

]

,



4.7 4.7. DIAGNOSTIC METHODS 57where µ̃k is the value of R∪{∞} that maximizes the fun
tion δk log
[

1− Fξ∗

(

[yk − µ]/[φ̂k]
1
2

)]

+

(1− δk)Lk(µ, φ̂k) with respe
t to µ. Hen
e, D(η̂|φ̂) be
omesD(η̂|φ̂) = n
∑

k=1

dk(η̂|φ̂),where dk(η̂|φ̂) may be used to de�ne a residual asso
iated with η̂k as follows
tη(ẑk)= sign(ẑk)

[dk(η̂|φ̂)]12 .If the fun
tion g(·) is monoti
ally de
reasing for u ≥ 0, then,dk(η̂|φ̂) = 2(1 − δk) log[g(0)/g(ẑ
2
k )]− 2δk log[1− Fξ∗(ẑk)],in whi
h ẑk = (yk − µ̂k)/[φ̂k]

1
2 .Goodness-of-�t of the skewness (or the relative dispersion) submodelThe devian
e of φ̂ given η̂, denoted by D(φ̂|η̂), is given byD(φ̂|η̂) = 2

n
∑

k=1

δk log
[(

1− Fξ∗

(

[yk − µ̂k]/[φ̃k]
1
2

))

/
(

1− Fξ∗

(

[yk − µ̂k]/[φ̂k]
1
2

))]

+ (1− δk)
[Lk(µ̂k, φ̃k)− Lk(µ̂k, φ̂k)

]

,where φ̃k is the value of R+∪{∞} that maximizes the fun
tion δk log
[

1− Fξ∗

(

[yk − µ̂k]/[φ]
1
2

)]

+

(1− δk)Lk(µ̂k, φ) with respe
t to φ. Then, D(φ̂|η̂) be
omesD(φ̂|η̂) = n
∑

k=1

dk(φ̂|η̂),wheredk(φ̂|η̂) = 2(1− δk) log[g(̺
2)/g(ẑ2k)]− log[ẑ2k/̺

2]− 2δk log[1− Fξ∗(ẑk)]− δk[1 + sign(ẑk)] log(2).If the fun
tion Lk(µ̂k, φ) has just one 
riti
 point, then ̺ is the solution of the equation v(̺)̺2 = 1.dk(φ̂|η̂) may be used to de�ne a residual asso
iated with φ̂k by tφ(ẑk) = sign(ẑk)[dk(φ̂|η̂)] 12 .4.7.2 Overall goodness-of-�tThe overall goodness-of-�t is measured through the following statisti
, whi
h has the advan-tage of graphi
al representation as it is based on the quantile-quantile plot for right-
ensoredobservations (see, e.g., Waller and Turnbull, 1992):
Υ =

n
∑

k=1

(1− δk) | Φ−1[Fξ∗(ẑk)]− Φ−1[F̄ξ∗(ẑk)] | /
n
∑

k=1

(1− δk),where F̄ξ∗(·) is the 
umulative distribution fun
tion of ξ∗ estimated from (ẑ1, δ1), . . . , (ẑn, δn) byusing the nonparametri
 Kaplan-Meier estimator (Kaplan and Meier, 1958). If the estimates of
η, φ and ζ 
oin
ide with the true parameter values, then (ẑ1, δ1), . . . , (ẑn, δn) represents a right-
ensored sample obtained from the distribution of ξ∗, where the 
ensoring times are independentbut non-identi
ally distributed variables (see, e.g., Zhou, 1991). The smaller is the value of Υ,the better is the goodness-of-�t of the model. Graphi
ally, the 
riterion Υ indi
ates that thesmaller is the di�eren
e between the plot of Φ−1[Fξ∗(ẑk)] versus Φ−1[F̄ξ∗(ẑk)] (for all k su
h that



58 CHAPTER 4. CENSORED LOG-SYMMETRIC REGRESSION MODELS 4.7
δk = 0) and a straight line (with zero inter
ept and unit slope), the better is the goodness-of-�tof the model. Furthermore, if ζ is unknown, its value may be sele
ted by minimizing Υ.4.7.3 In�uen
e or sensitivity analysisThe normal 
urvature in the dire
tion d, su
h that ‖d‖ = 1, is de�ned as (Cook, 1986)Cd(θ̂) = 2|d⊤∆⊤(θ̂,ω0)[J(θ̂)]

−1∆(θ̂,ω0)d|, (4.5)where ∆(θ,ω) = ∂2PL(θ|ω)/∂θ∂ω⊤. C∗
d(θ̂) = Cd(θ̂)/2

√

tr(V⊤V) is the 
onformal normal 
ur-vature proposed by Poon and Poon (1999), whi
h is invariant under uniform 
hange of s
ale,where V = ∆⊤(θ̂,ω0)[J(θ̂)]
−1∆(θ̂,ω0). This 
urvature allows that 0 ≤ C∗

d(θ̂) ≤ 1 for any unitarydire
tion d. A maximum 
urvature, denoted by C∗
dmax

, is obtained in the dire
tion d∗
max, whereC∗

dmax
is the largest eigenvalue of V/

√

tr(V⊤V), and d∗
max is its 
orresponding eigenvalue. Thelo
al in�uen
e measure 
an be used to identify observations that may jointly in�uen
e the �ttedmodel, and it is 
al
ulated from the eigenve
tor that 
orresponds to the highest eigenvalue ofthe matrix of 
onformal normal 
urvature. Similarly, the total lo
al in�uen
e measure 
an beused to identify observations that may individually exert in�uen
e on the �tted model, and it is
al
ulated from the main diagonal of the matrix of 
onformal normal 
urvature.Next, the expressions of ∆(θ̂,ω0) under two usual perturbation s
hemes are provided.Case-weight perturbation s
hemeUnder this perturbation s
heme ω0 = (1, . . . , 1)⊤ and ∆(θ̂,ω0) is given by

∆(θ̂,ω0) =





X
⊤
D̂(ṽ)Ω̂

− 1
2 D̂(z)

1
2W

⊤(

D̂(s̃) − I
)



 ,where D̂(z) and D̂(s̃) 
orrespond to D(z) = diag{z1, . . . , zn} and D(s̃) = diag{s̃1, . . . , s̃n} evalu-ated at the θ estimate, respe
tively.Response perturbation s
hemeUnder this perturbation s
heme yk is repla
ed by y
(ω)
k = yk+ωk and ω0 = (0, . . . , 0)⊤. Then,

∆(θ̂,ω0) =

[

X
⊤
Ω̂

−1
D̂(c)

W
⊤
Ω̂

− 1
2 D̂(c̄)

]

,where D̂(c̄) 
orrespond to D(c̄) evaluated at the θ estimate.



CHAPTER 5 THE PACKAGE SSYM
There are few pa
kages in the R statisti
al 
omputing environment (R Core Team, 2014) thatfa
ilitate the analysis of data for whi
h the response variable is 
ontinuous, stri
tly positive, andasymmetri
 with possible outlying observations, espe
ially when several parameters of the dis-tribution of the response variable are dependent on explanatory variables. One su
h pa
kageis gamlss (Rigby and Stasinopoulos , 2007, 2014), whi
h is an implementation of the general-ized additive models for lo
ation, s
ale and shape (GAMLSS) (Rigby and Stasinopoulos, 2005).Similarly, heteros
edasti
 nonlinear regression models are implemented in the pa
kage nlsmsn(Garay et al., 2013), whi
h were introdu
ed by La
hos et al. (2011) based on a s
ale mixture ofskew-normal distribution. Although gamlss and nlsmsn are pra
ti
al and �exible pa
kages, theydo not 
ompletely address the diagnosti
 methods (i.e., residuals and lo
al in�uen
e measures)for ea
h involved submodel, whi
h frequently hinders the validation of the estimated models.In addition, nlsmsn has the limitation of assuming that the skewness of the response variabledistribution is 
onstant a
ross the observations. Moreover, some routines of the R pa
kages sur-vival (Therneau , 2014), rms (Harrell , 2015) and eha (Brostom, 2014) allow to �t parametri
a

elerated failure time models. However, none of them are �exible enough to enable the spe
i-�
ation of nonlinear e�e
ts whose fun
tional form is assumed to be unknown. Furthermore, themodel 
he
king provided by these routines is based just on residual analysis and the in�uen
e orsensitivity analysis is not supported. Finally, none of these pa
kages provides an implementationin the 
ontext of semi-parametri
 regression for distributions su
h as Birnbaum-Saunders andBirnbaum-Saunders-t, whi
h have appli
ations in several �elds (see, e.g., Leiva et al., 2008, andreferen
es therein) be
ause they have been developed to des
ribe lifetimes under the assumptionof 
umulative damage.This 
hapter des
ribes the 
apabilities and features of the new pa
kage ssym (Vanegas and Paula, 2014), whi
h is an implementation of semiparametri
 log-symmetri
 models under the presen
eof right-
ensored or un
ensored observations. This pa
kage, available from the ComprehensiveR Ar
hive Network (CRAN) at http://CRAN.R-project.org/package=ssym, also pro-vides some fun
tions to perform the residual analysis and the sensitivity analysis, as well assome graphi
 tools to draw the estimated nonparametri
 e�e
ts jointly with their simultane-ous/pointwise 
on�den
e intervals.5.1 OverviewThe pa
kage ssym �ts and obtains diagnosti
 statisti
s (devian
e-type residuals for ea
hsubmodel, lo
al in�uen
e measures and goodness-of-�t statisti
s) for semi-parametri
 symmetri
models, in whi
h the distribution of the additive random error may be normal, Student-t, powerexponential, 
ontaminated normal, slash, symmetri
 hyperboli
, sinh-normal, or sinh-t, and inwhi
h the lo
ation (µ) and the dispersion (φ) parameters may be des
ribed using semi-parametri
59
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tions of explanatory variables in either of the following setups:
(I)











µk = µ(xk,β) and

log(φk) = w⊤
k γ +

q′
∑

r=1
f
φr
(bk,r);

(II)


















µk = x⊤
k β +

p′
∑

j=1
f
ηj
(ak,j) and

log(φk) = w⊤
k γ +

q′
∑

r=1
f
φr
(bk,r),

(5.1)where x∗
k = (x⊤

k , ak,1, . . . , ak,p′)
⊤ and w∗

k = (w⊤
k , bk,1, . . . , bk,q′)

⊤ are ve
tors of explanatoryvariables for µk and φk, respe
tively. In parti
ular, the fun
tions ssym.nl() and ssym.l()of the pa
kage ssym �t symmetri
 models under the setups des
ribed by I and II, respe
tively,in expression (5.1), in whi
h the nonparametri
 fun
tions are approximated by natural 
ubi
splines or P-splines. Thus, a

ording to Se
tion 3.2, the fun
tions ssym.nl() and ssym.l()
an also be used to �t log-symmetri
 models under the setups des
ribed by I and II, respe
-tively, in expression (3.3) and where the distribution of the multipli
ative random error maybe log-normal, log-Student-t, log-power-exponential, log-
ontaminated-normal, log-slash, log-hyperboli
, (extended) Birnbaum-Saunders or (extended) Birnbaum-Saunders-t. Furthermore,the routine ssym.l2() allows to �t a log-symmetri
 model under the presen
e of randomright-
ensored observations as des
ribed in the previous 
hapter.5.2 The model-�tting fun
tionsThe arguments of the model-�tting fun
tions ssym.nl(), ssym.l() and ssym.l2() are
ssym.nl(formula, start, family, xi, data, local.influence = FALSE,

subset, maxiter = 1000, epsilon = 1e-07),

ssym.l(formula, family, xi, data, local.influence = FALSE, subset,
maxiter = 1000, epsilon = 1e-07),and

ssym.l2(formula, family, xi, data, local.influence = FALSE, subset,
maxiter = 1000, epsilon = 1e-07),respe
tively. The systemati
 
omponent of the model must be spe
i�ed in the argument formula.The fun
tion Formula() of the pa
kage Formula, whi
h was written by Zeileis and Croissant(2010), has been invoked be
ause it enables the simultaneous spe
i�
ation of the two submod-els involved in the log-symmetri
 model. Thus, the argument formula 
omprises three parts,namely, the response variable in logarithmi
 s
ale, the regressors of log(η), and the regressorsof log(φ); the �rst two are separated by the symbol �∼" and the se
ond and third parts areseparated by the symbol � |". For instan
e, under the presen
e of an un
ensored sample, a log-symmetri
 model with the observed response variable t and the systemati
 
omponent given by

log(η) = β1+β2x1+fη1(x2)+ fη2(x3) and log(φ) = γ1+γ2z1+f
φ1
(z2)+ f

φ2
(z3), should be spe
i�edas follows:

ssym.l(log(t) ∼ x1 + ncs(x2) + ncs(x3) | z1 + ncs(z2) + ncs(z3),...)or
ssym.l(log(t) ∼ x1 + psp(x2) + psp(x3) | z1 + psp(z2) + psp(z3),...)when the nonparametri
 fun
tions are approximated by natural 
ubi
 splines or P-splines, respe
-tively. Similarly, a log-symmetri
 model with the systemati
 
omponent given by η = exp(β1x

β2
1 )and log(φ) = γ1 + γ2z1 + f

φ1
(z2) + f

φ2
(z3), should be spe
i�ed as follows:

ssym.nl(log(t) ∼ b1*x1^b2 | z1 + ncs(z2) + ncs(z3),...)
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ssym.nl(log(t) ∼ b1*x1^b2 | z1 + psp(z2) + psp(z3),...)when the nonparametri
 fun
tions are approximated by natural 
ubi
 splines or a P-splines,respe
tively. Moreover, under the presen
e of a right-
ensored sample, a log-symmetri
 modelwith the observed lifetime (or 
ensoring time) t, 
ensoring status event, and the systemati

omponent given by log(η) = β1+β2x1+fη1(x2)+fη2(x3) and log(φ) = γ1+γ2z1+f

φ1
(z2)+f

φ2
(z3),should be spe
i�ed as follows:

ssym.l2(Surv(log(t),event) ∼ x1 + ncs(x2) + ncs(x3) | z1 + ncs(z2)
+ ncs(z3),...)or
ssym.l2(Surv(log(t),event) ∼ x1 + psp(x2) + psp(x3) | z1 + psp(z2)
+ psp(z3),...)when the nonparametri
 fun
tions are approximated by natural 
ubi
 splines or P-splines,respe
tively. Note that the absen
e of the third part of the argument formula indi
atesto ssym that the model must be �tted assuming φ 
onstant a
ross the observations. In thefun
tions ssym.nl(), ssym.l() and ssym.l2() the distribution of log(ξ) and its extraparameter value (ζ) are spe
i�ed in the arguments family and xi, respe
tively. In e�e
t,
family = "Normal", "Student", "Powerexp", "Hyperbolic", "Slash", "Contnor-
mal", "Sinh-normal" and "Sinh-t" 
orrespond to normal, Student-t, power exponential,symmetri
 hyperboli
, slash, 
ontaminated normal, sinh-normal and sinh-t distributions, respe
-tively, where the parametri
 spa
e of ζ was des
ribed in Se
tion 2.3 for all distributions supportedby ssym. The the fun
tions ssym.nl(), ssym.l() and ssym.l2() also enable manage theiterative pro
ess of parameter estimation via the options maxiter and epsilon, whi
h 
ontrolthe maximum number of iterations and the 
onvergen
e 
riterion of the algorithm, respe
tively.Additionally, if the option local.influence is TRUE, then the lo
al in�uen
e measures are
al
ulated for ˆ̄β and θ̂ under 
ase-weight and response perturbation s
hemes. In addition, theoption subset enables a spe
i�ed subset of individuals to be employed in the �tting pro
ess.By default, the smoothing parameter of a natural 
ubi
 spline or a P-spline is estimated fromthe data by minimizing the AIC or BIC 
riteria.5.3 Standard fun
tionsA set of standard extra
tor fun
tions for the �tted model obje
ts is available for the ob-je
ts of the 
lass �ssym�, in
luding methods for the generi
 fun
tions print(), summary(),
plot(), coef(), vcov(), logLik(), AIC(), BIC(), residuals() and fitted(). Next,a des
ription of these standard fun
tions is provided.5.3.1 Summary

summary() produ
es a 
omplete summary of the model �t in
luding parameter estimates,asso
iated standard errors, devian
e values, p-values and degrees of freedom asso
iated withthe nonparametri
 
omponents, as well as the values of the log-likelihood fun
tion (i.e., L(θ̂)),AIC , BIC and the overall goodness-of-�t statisti
 Υ. In addition, summary() displays thequantiles of the standardized individual-spe
i�
 weights (i.e., quantiles of ρ(ẑk) = v(ẑk)/dg(ζ),
k = 1, . . . , n) and the per
entage of 
ensored observations under the presen
e of un
ensored and
ensored observations, respe
tively.5.3.2 Estimating equations

estfun.ssym() extra
ts the s
ore fun
tion evaluated at observed data and estimatedparameters, whi
h enables one to verify that the estimates provided by ssym.nl(), ssym.l()or ssym.l2() satisfy the estimating equations.
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sThe logLik(), AIC() and BIC() fun
tions 
al
ulate the value of the log-likelihood fun
-tion, as well as the AIC and BIC values, respe
tively, in the s
ale of the transformed vari-able, Y . In addition, the 
ommands attr(logLik(),"log"), attr(AIC(),"log") and
attr(BIC(),"log") display the value of the log-likelihood fun
tion, as well as the AIC andBIC values, respe
tively, in the s
ale of the original variable, T .5.3.4 Diagnosti
 graphsUnder the presen
e of un
ensored observations, the fun
tion plot() produ
es a graph of thestandardized individual-spe
i�
 weights versus the ordinary residuals, and a graph of the overallgoodness-of-�t statisti
 Υ, i.e., a graph of Φ−1[F ∗

ξ
(ẑ

k
)] versus υ

(k) , k = 1, . . . , n. This fun
tionalso displays graphs of the devian
e-type residuals versus the �tted values for the median and theskewness (or the relative dispersion) submodels. However, under the presen
e of right-
ensoredobservations, the fun
tion plot() produ
es a graph of the hazard rate fun
tion of the errordistribution ξ instead of a graph of the standardized individual-spe
i�
 weights.5.3.5 Parameter estimatesThe fun
tion coef() extra
ts the parameter estimates for both submodels. Similarly, thefun
tion vcov() extra
ts the approximate varian
e-
ovarian
e matrix asso
iated to the param-eter estimates.5.3.6 Fitted values
fitted() extra
ts the values of µ̂k = log(η̂k) and φ̂k, k = 1, . . . , n.5.3.7 Residuals
residuals() 
al
ulates the devian
e-type residuals for both submodels. However, underthe presen
e of un
ensored observations, the overall residuals (i.e., Φ−1[F ∗

ξ
(ẑ

k
)]) and the ordinaryresiduals (i.e., ẑk) are also 
al
ulated.5.3.8 Lo
al in�uen
e measuresIf the option local.influence is TRUE in the 
all to ssym.nl(),ssym.l() or ssym.l2(),then the fun
tion influence() 
an extra
t the lo
al in�uen
e measures (lo
al in�uen
e andtotal lo
al in�uen
e based on the 
onformal normal 
urvature) for ˆ̄β and θ̂ under the 
ase-weight and response perturbation s
hemes. Graphs of the lo
al in�uen
e measures for ˆ̄θ areautomati
ally displayed by the 
all of the fun
tion influence().5.4 Other useful fun
tions5.4.1 Basis and penalty matri
esThe arguments of the routines ncs() and psp() are

ncs(x,lambda, nknots, all.knots=FALSE)and
psp(x, lambda, b.order=3, nknots, diff=2),respe
tively. These fun
tions are used to 
onstru
t the basis (Ṅ) and the penalty (Ṁ) matri
es toapproximate a smooth fun
tion of x by using a natural 
ubi
 spline or a P-spline. The smoothingparameter may be provided by the user through the option lambda. By default, the routines

ncs() and psp() use m = [n
1
3 ]+3 knots (or internal knots, in the 
ase of P-splines), whi
h aregiven by q(a, 1/(m+1), . . . , q(a,m/(m+1)), with q(a,w) being the quantile of order 0 < w < 1of a. However, the number the knots 
an be introdu
ed by the user using the argument nknots.In addition, under P-splines, the degree of the B-spline and the degree of the di�eren
e penaltyterm 
an be spe
i�ed by using the arguments b.order and diff, respe
tively.
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 e�e
tsFrom an obje
t of 
lass �ssym�, the fun
tion
np.graph(object, which, exp=FALSE, simul=TRUE, obs=FALSE, var,...)
an display a graph of the �tted nonparametri
 e�e
ts jointly with their simultaneous (or point-wise provided that simul=FALSE) normality-based 95% 
on�den
e intervals, whi
h are eithernatural 
ubi
 splines or P-splines. If obs=TRUE the displayed graph in
lude the observed dataadjusted by the parametri
 e�e
ts in the 
orresponding submodel, if they exist. The interestsubmodel is sele
ted using the argument which, where 1 indi
ates median submodel and 2 in-di
ates skewness (or the relative dispersion) submodel. The argument var allows to 
hoosingthe nonparametri
 e�e
t using the name of the asso
iated explanatory variable.5.4.3 Simulated envelopesFrom an obje
t of 
lass �ssym�, the routine

envelope(object, reps=25, conf=0.95)
al
ulates and displays graphs of the devian
e-type residuals with simulated envelope for themedian and the skewness (or the relative dispersion) submodels. The arguments reps and
conf represent the number of iterations and the 
on�den
e level for the simulated envelopes,respe
tively. A progress bar is displayed while the envelopes are 
al
ulated.5.4.4 Choosing the extra parameterFrom an obje
t of 
lass �ssym�, the fun
tion

extra.parameter(object, lower, upper)
al
ulates and displays graphs of the overall goodness-of-�t statisti
 Υ and −2L(θ̂) versus theextra parameter ζ in the interval/region de�ned by the arguments lower and upper. Thesegraphs may be used to 
hoosing the extra parameter value. A progress bar is displayed whilethe graphs are 
al
ulated.5.4.5 Random generationThe fun
tion
rvgs(n, family, xi)enables the random generation of variates from the (standard) normal, Student-t, power ex-ponential, slash, symmetri
 hyperboli
, 
ontaminated normal, sinh-normal and sinh-t distri-butions. Then, the fun
tion exp(rvgs()) 
an be used for the random generation of log-normal, log-Student-t, log-power-exponential, log-slash, log-hyperboli
, log-
ontaminated nor-mal, Birnbaum-Saunders and Birnbaum-Saunders-t distributions. In the 
ase of the power ex-ponential distribution rvgs() 
alls the fun
tion rnormp() of the R pa
kage normalp. Syntaxof the arguments family and xi 
oin
ides with that of the homonymous arguments in thefun
tions ssym.nl() and ssym.l().5.4.6 DatasetsThe pa
kage ssym in
ludes several data sets to illustrate the use of its main fun
tions. Forexample, it 
ontains the following data sets: Sna
ks (Paula, 2013), Biaxial (Rie
k and Nedelman,1991), Claims (de Jong and Heller, 2008, pag 14), European Rabbits (Dudzinski and Mykytowy
z, 1961), Gross Domesti
 Produ
t (Vanegas and Paula, 2014b), and Ovo
ytes (LeGal et al., 1984).
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CHAPTER 6 APPLICATIONS OF LOG-SYMMETRIC MODELS
In this 
hapter, the statisti
al and 
omputational tools presented in the previous 
haptersare illustrated by analyzing six real data sets using the R pa
kage ssym. Further examples 
anbe found at http://cran.r-project.org/web/packages/ssym/ssym.pdf.6.1 Boston housingThis dataset, re
ently analyzed by Iba
a
he-Pulgar et al. (2013) andWu and Yu (2014) usingsemi-parametri
 models, is available at the R pa
kage MASS and 
onsists of 506 observationsof the dependent variable medv, median value of owner o

upied homes in towns of Boston in1970's (in thousands of US dollars), and other 13 independent variables, whi
h in
lude crim:per 
apita 
rime rate; rm: average number of rooms per dwelling; dis: weighted distan
es to �veBoston employed 
enters; tax: full-value property-tax rate per USD 10,000; lstat: per
entageof lower status of the population. It is proposed to analyze the dataset using a log-symmetri
model where the median (η) and the skewness of the response distribution are given by

{

log(ηk) = β1 + β2crimk + β3rmk + β3taxk + fη1(lstatk) + fη2(disk),

log(φk) = γ1 + f
φ
(lstatk), k = 1, . . . , 506,where fη1(·), fη2(·) and f

φ
(·) are nonparametri
 fun
tions approximated by using P-splines. Table6.1 presents the values of Υ, AIC and BIC for the �tted models under various distributions ofthe model error. In all 
ases, the extra parameter ζ was sele
ted by using the 
riterion of theoverall goodness-of-�t Υ. It 
an be seen that the error distributions with heavy tails outperformthe goodness-of-�t provided by the log-normal distribution. The log-slash model was sele
tedto des
ribe the data be
ause it yields the lowest values of Υ, AIC and BIC. The behaviour ofthe overall goodness-of-�t statisti
 Υ with respe
t to the extra parameter ζ under the log-slashmodel is illustrated by the Figure 6.1(a).Table 6.1: Goodness-of-�t statisti
s for the �tted models to the Boston Housing data.Error distribution Υ AIC BIClog-normal 0.0642 -328.03 -206.04log-Student-t(5.4) 0.0310 -379.96 -283.45log-power-exponential(0.56) 0.0397 -362.14 -270.99log-hyperboli
(1.2) 0.0350 -369.18 -275.50log-slash(1.56) 0.0269 -386.22 -288.54log-
ontaminated-normal(0.1,0.15) 0.0309 -383.87 -287.38In ssym, the sele
ted model 
an be �tted via 65
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> data("Boston", package="MASS")
> fit <- ssym.l(log(medv) ~ crim + rm + tax + psp(lstat) + psp(dis) | psp(lstat),
+ data=Boston, family="Slash", xi=1.56, local.influence=TRUE)
> summary(fit)

Family: Slash ( 1.56 )
Sample size: 506
Quantile of the Weights
0% 25% 50% 75% 100%

0.06 1.20 1.30 1.33 1.34

************************** Median/Location submodel **************************
******** Parametric component

Estimate Std.Err z-value Pr(>|z|)
(Intercept) 1.72590440 0.0829 20.8204 < 2.2e-16 ***
crim -0.01076789 0.0014 -7.7320 1.059e-14 ***
rm 0.24020970 0.0120 20.0857 < 2.2e-16 ***
tax -0.00026966 0.0001 -4.5669 4.951e-06 ***
******** Nonparametric component

Smooth.param Basis.dimen d.f. Statis. p-value
psp(lstat) 62.08 11.000 6.554 323.9 <2e-16 ***
psp(dis) 10.13 11.000 8.865 271.5 <2e-16 ***
**** Deviance: 652

************************* Skewness/Dispersion submodel ***********************
******** Parametric component

Estimate Std.Err z-value Pr(>|z|)
(Intercept) -4.2342 0.0967 -43.7757 < 2.2e-16 ***
******** Nonparametric component

Smooth.param Basis.dimen d.f. Statis. p-value
psp(lstat) 33.25 11.000 2.692 112.8 <2e-16 ***
**** Deviance: 645.68

******************************************************************************
Overall goodness-of-fit statistic: 0.026859

-2*log-likelihood: -432.445
AIC: -386.224
BIC: -288.545Figure 6.1(a) 
an be reprodu
ed by using the 
ommand extra.parameter(fit,1.0,2.3).Figures 6.1(b)-(d) present the estimates of the nonparametri
 fun
tions with the 95% simultane-ous 
on�den
e intervals. These graphs 
an be reprodu
ed by using the instru
tions np.graph(fit,which=1,ex ,

np.graph(fit,which=1,exp=TRUE,"dis") and np.graph(fit,which=2,exp=TRUE,"lstat"),respe
tively. The p-values asso
iated with the nonparametri
 e�e
ts indi
ate that the distribu-tion of the response variable depend on the variables lstat and dis. Figures 6.2(a)-(b) presentthe devian
e-type residuals with simulated envelope. These graphs do not reveal any dis
repantindividual and they indi
ate that the �tted log-slash model des
ribes the data adequately. Thegraphs of the lo
al in�uen
e measures (Figures 6.2(
)-(d)) allows to identify the groups of in-dividuals {369,370,371,372,373}, {370}, {371}, {372}, {233}, {268} and {419} as potentiallyin�uential on θ̂. The elimination of these individuals does not introdu
e inferential 
hanges.6.2 Textures of �ve di�erent types of sna
ksA data set from an experiment developed in the S
hool of Publi
 Health - University of SãoPaulo, in whi
h four di�erent forms of light sna
ks (denoted by B, C, D, and E) were 
omparedwith a traditional sna
k (denoted by A) for 20 weeks. For the light sna
ks, the hydrogenatedvegetable fat (hvf) was repla
ed by 
anola oil using di�erent proportions: B (0% hvf, 22% 
anolaoil), C (17% hvf, 5% 
anola oil), D (11% hvf, 11% 
anola oil) and E (5% hvf, 17% 
anola oil);A (22% hvf, 0% 
anola oil) 
ontained no 
anola oil. The experiment was 
ondu
ted su
h thata random sample of 15 units of ea
h sna
k type was analyzed in a laboratory in ea
h evenweek to measure various variables. A total of 75 units was analyzed in ea
h even week; with750 units being analyzed during the experiment (Paula, 2013). Only the variable texture was
onsidered and 
ompared over time for the �ve sna
k types. This data set (Snacks) is availablein the pa
kage ssym, and the obje
ts texture, type and week represent homonyms variables.
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Figure 6.1: Graphs of Υ versus ζ (a), simultaneous 95% 
on�den
e intervals for exp[f
η1
(lstat)] (b),

exp[f
η2
(dis)] (
) and exp[f

φ
(lstat)] (d) of the log-slash model �tted to the Boston Housing data.
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ase-weight perturbation s
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), and total lo
al in�uen
e for θ̂ under the
ase-weight perturbation s
heme (d) of the log-slash model �tted to the Boston Housing data.



6.2 6.2. TEXTURES OF FIVE DIFFERENT TYPES OF SNACKS 69The preliminary analysis indi
ates that the 
onditional distribution of texture is right-skewed,its lo
ation is a nonlinear fun
tion of time (whose fun
tional form is unknown) and the intensityof its skewness is dependent on the sna
k type. To des
ribe the data, a model is proposed thatassumes that the textures of the sna
k units are realizations of independent random variableswith a log-symmetri
 distribution, in whi
h its median (η) and its skewness (φ) are given by
{

log(ηk) = β1 + β2xk,2 + . . .+ β5xk,5 + fη(weekk),

log(φk) = γ1 + γ2xk,2 + . . .+ γ5xk,5, k = 1, . . . , 750,where fη(·) is a nonparametri
 fun
tion approximated by a natural 
ubi
 spline, and xk,r is abinary variable 
oded as xk,r = 1 if the k-th sna
k unit belongs to the (re
oded) sna
k type r (thelevels 1-5 
orrespond to A-E sna
k types) and 0 otherwise. The basis matrix (Ṅη ) and the penaltymatrix (Ṁη ) may be obtained using attr(ncs(week),"N") and attr(ncs(week),"K"),respe
tively. Table 6.2 presents the values of Υ, AIC and BIC for the �tted models under variousdistributions of the model error. In all 
ases, the extra parameter ζ was sele
ted by using the
riterion of the overall goodness-of-�t Υ. It 
an be seen that the error distributions with heavytails outperform the goodness-of-�t provided by the log-normal distribution. The log-Student-tmodel was sele
ted to des
ribe the data be
ause it yields the lowest values of AIC and BIC. Thebehaviour of the overall goodness-of-�t statisti
 Υ with respe
t to the extra parameter ζ underthe log-Student-t model is illustrated by the Figure 6.3(a).Table 6.2: Goodness-of-�t statisti
s for the �tted models to Sna
ks data.Error distribution Υ AIC BIClog-normal 0.0377 -171.19 -85.27log-Student-t(15) 0.0295 -176.42 -90.32log-power-exponential(0.13) 0.0328 -175.25 -89.28log-hyperboli
(7.3) 0.0301 -176.19 -90.13log-slash(3) 0.0281 -176.06 -89.90log-
ontaminated-normal(0.12,0.34) 0.0277 -176.40 -90.21In ssym, the sele
ted model 
an be �tted via
> data("Snacks", package="ssym")
> fit <- ssym.l(log(texture) ~ type + ncs(week) | type, data=Snacks,
+ family=’Student’, xi=15, local.influence=TRUE)
> summary(fit)

Family: Student ( 15 )
Sample size: 750
Quantile of the Weights
0% 25% 50% 75% 100%

0.55 1.10 1.16 1.19 1.2

************************** Median/Location submodel **************************
******** Parametric component

Estimate Std.Err z-value Pr(>|z|)
(Intercept) 4.16019 0.0232 179.7028 < 2.2e-16 ***
type2 -0.17691 0.0283 -6.2459 4.214e-10 ***
type3 -0.08803 0.0320 -2.7493 0.005973 **
type4 -0.24908 0.0262 -9.5020 < 2.2e-16 ***
type5 -0.26823 0.0269 -9.9665 < 2.2e-16 ***
******** Nonparametric component

Smooth.param Basis.dimen d.f. Statis. p-value
ncs(week) 58.52 9.000 8.635 351.3 <2e-16 ***
**** Deviance: 827.12

************************* Skewness/Dispersion submodel ***********************
******** Parametric component
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Estimate Std.Err z-value Pr(>|z|)

(Intercept) -2.638636 0.1265 -20.8603 < 2.2e-16 ***
type2 -0.699481 0.1789 -3.9102 9.221e-05 ***
type3 -0.091042 0.1789 -0.5089 0.6108
type4 -1.265302 0.1789 -7.0733 1.513e-12 ***
type5 -1.045618 0.1789 -5.8452 5.060e-09 ***
**** Deviance: 996.7

******************************************************************************
Overall goodness-of-fit statistic: 0.029517

-2*log-likelihood: -213.687
AIC: -176.417
BIC: -90.321Figure 6.3(a) 
an be reprodu
ed by using the 
ommand extra.parameter(fit,5,50). TheAIC and BIC values (for the response in the original s
ale) are 5837.20 and 5946.40, respe
ti-vely, whi
h are lower than the AIC and BIC values obtained by Paula (2013), who des
ribedthe data using a gamma model with varying dispersion. These values are produ
ed by the 
om-mands attr(AIC(fit),"log") and attr(BIC(fit),"log"), respe
tively. The p-valueasso
iated with the nonparametri
 
omponent indi
ates that the time signi�
antly a�e
ts themedian of the texture distribution. The graph of the �tted nonparametri
 fun
tion (Figure6.3(b)), whi
h is produ
ed by the 
ommand np.graph(fit,which=1,exp=TRUE), suggeststhat the median of the texture distribution a
hieves its highest level at approximately week 14.The summary of the �t also indi
ates that the sna
k type with the highest texture value is alwaysthe traditional sna
k (sna
k type A), whi
h always exhibits the texture distribution with a morepronoun
ed level of skewness. Note that the standardized individual-spe
i�
 weights are withinthe interval [0.55, 1.2] and the weight of a sna
k unit in
reases as its texture value approa
hesthe median of its 
onditional distribution (Figure 6.3(
)). The plot of the overall goodness-of-�tstatisti
 (Figure 6.3(d)) suggests that the �tted log-Student-t model satisfa
torily des
ribes thedata. The plots of the devian
e-type residuals versus the �tted values (omitted here) do notreveal any trend, pattern or eviden
e of a misspe
i�ed systemati
 
omponent. The graphs of thedevian
e-type residuals with simulated envelope (Figure 6.4(a)-(b)) do not reveal any dis
repantindividual and they indi
ate that the log-Student-t model �ts the data suitably. These graphsmay be reprodu
ed using the 
ommand envelope(fit).The instru
tions ilm <- influence(fit) extra
t the measures of lo
al in�uen
e and
onstru
t their graphs versus the index of the observations (Figures 6.4(
)-(d)). For instan
e, un-der the 
ase-weight perturbation s
heme, the sets of sna
k units {601,661,675,676,691,720,749,750},{91}, {691} and {750} were identi�ed as potentially in�uential on θ̂. The option subset of

ssym.l() may be used to re-�t the log-Student-t model by eliminating the potentially in�uen-tial sna
k units from the analysis and subsequently performing a 
omparison with the original�t. In this 
ase, the elimination of the sets of potentially in�uential sna
k units does not in-trodu
e inferential 
hanges. Under the response perturbation s
heme, all sna
k units identi�edas potentially in�uential on θ̂ belong to the sna
k type E, as illustrated by the graph (omittedhere) produ
ed by the following 
ommands:
> plot(as.numeric(Snacks$type),ilm$theta$case.weight[,1],ylab="L.Influence",xaxt="n")
> axis(1,at=1:5,labels=c("A","B","C","D","E"))6.3 Ultrasoni
 CalibrationThis data set, whi
h was previously analyzed by Lin et al. (2009), La
hos et al. (2011) andLabra et al. (2012) using parametri
 models with additive and asymmetri
 errors, 
onsists of214 observations generated in an ultrasoni
 
alibration study, in whi
h the interest variable isthe ultrasoni
 response, and the explanatory variable is the distan
e to the metal. This dataset (Chwirut1) is available in the R pa
kage NISTnls. The initial analysis indi
ates that theultrasoni
 response de
reases as the distan
e from the metal in
reases, and the skewness ofthe response distribution is dependent on the distan
e to the metal. Therefore, the ultrasoni
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Figure 6.3: Graphs of Υ versus ζ (a), exp[f
η
(week)] and its simultaneous 95% 
on�den
e intervals (b),standardized individual-spe
i�
 weights (
), and overall goodness-of-�t statisti
 (d) of the log-Student-tmodel �tted to Sna
ks data.
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alin�uen
e for θ̂ under the 
ase-weight perturbation s
heme (
), and total lo
al in�uen
e for θ̂ under the
ase-weight perturbation s
heme (d) of the log-Student-t model �tted to Sna
ks data.



6.3 6.3. ULTRASONIC CALIBRATION 73response distribution may be des
ribed using a model with multipli
ative and asymmetri
 errors,in whi
h its median (η) and its skewness (φ) are des
ribed by






ηk =
exp(−β1xk)

β2 + β3xk
,

log(φk) = γ1 + γ2xk, k = 1, . . . , 214,where xk represents the distan
e to the metal of the individual k. Table 6.3 presents the valuesof Υ, AIC and BIC for the �tted models under various distributions of the model error. In all
ases, the extra parameter ζ was sele
ted by using the 
riterion of the overall goodness-of-�t
Υ. It 
an be seen that the error distributions with heavy tails outperform the goodness-of-�tprovided by the log-normal distribution. The log-
ontaminated-normal model was sele
ted todes
ribe the data be
ause it yields the lowest values of AIC and BIC.Table 6.3: Goodness-of-�t statisti
s for the �tted models to Ultrasoni
 Calibration data.Error distribution Υ AIC BIClog-normal 0.1090 -270.94 -254.11log-Student-t(3) 0.0612 -277.94 -261.11log-power-exponential(0.7) 0.0505 -285.35 -268.52log-hyperboli
(0.1) 0.0483 -284.46 -267.64log-slash(1.1) 0.0688 -273.86 -257.03log-
ontaminated-normal(0.68,0.1) 0.0499 -288.19 -271.36The �tted log-
ontaminated-normal model is obtained using ssym.nl() in the following man-ner:
> data("Chwirut1", package="NISTnls")
> fit <- ssym.nl(log(y) ~ -b1*x-log(b2 + b3*x) | x, start=c(b1=0.15,b2=0.005,b3=0.012),
+ data=Chwirut1, family=’Contnormal’, xi=c(0.68,0.1), local.influence=TRUE)
summary(fit)

Family: Contnormal ( 0.68 , 0.1 )
Sample size: 214
Quantile of the Weights
0% 25% 50% 75% 100%

0.47 0.61 2.13 2.83 3

************************** Median/Location submodel **************************
******** Parametric component

Estimate Std.Err z-value Pr(>|z|)
b1 0.1565732 0.0120 13.0543 < 2.2e-16 ***
b2 0.0055168 0.0003 17.5695 < 2.2e-16 ***
b3 0.0120526 0.0006 21.0148 < 2.2e-16 ***
**** Deviance: 351.17

************************* Skewness/Dispersion submodel ***********************
******** Parametric component

Estimate Std.Err z-value Pr(>|z|)
(Intercept) -7.55053 0.2149 -35.1400 < 2.2e-16 ***
x 0.56099 0.0710 7.9060 2.659e-15 ***
**** Deviance: 191.77

******************************************************************************
Overall goodness-of-fit statistic: 0.049915

-2*log-likelihood: -298.192
AIC: -288.192
BIC: -271.362Figure 6.5(a) 
an be reprodu
ed by using the 
ommand extra.parameter(fit,c(0.4,0.08),c(0.9,0 .The graph of the �tted median submodel is presented in Figure 6.5(b). The AIC and BIC va-lues (for the response in the original s
ale) are 1033.05 and 1049.88, respe
tively, whi
h are
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Figure 6.5: Graphs of Υ versus (ζ1, ζ2) (a), �tted median submodel (b), standardized individual-spe
i�
weights (
), and overall goodness-of-�t statisti
 (d) of the log-
ontaminated-normal model �tted to Ultra-soni
 Calibration data.lower than the AIC and BIC values obtained by Lin et al. (2009), La
hos et al. (2011) andLabra et al. (2012). These values are obtained by the 
ommands attr(AIC(fit),"log")and attr(BIC(fit),"log"), respe
tively. The approximate standard errors asso
iated with
β̂1, β̂2 and β̂3 are also lower than the ones obtained by these authors. The summary of the �ttedmodel indi
ates that the skewness of the distribution of the ultrasoni
 
alibration in
reases asthe distan
e to the metal also in
reases. Note that the standardized individual-spe
i�
 weightsare within the interval [0.47, 3] and the individuals with the higher ordinary residuals (i.e., indivi-duals 146 and 147) have the lower weights (Figure 6.5(
)). The plot of the overall goodness-of-�tstatisti
 (Figure 6.5(d)) suggests that the �tted log-
ontaminated-normal model suitably de-s
ribes the data.The graphs of the devian
e-type residuals with simulated envelope (Figures 6.6(a)-(b)) donot reveal any dis
repant observation and they indi
ate that the log-
ontaminated-normal �tsthe data adequately. The groups of individuals {142,146,147}, {142}, {146} and {147} are iden-ti�ed as potentially in�uential on θ̂ (under the 
ase-weight perturbation s
heme, as shown inFigures6.6(
)-(d)) a

ording to the graphs displayed by ilm <- influence(fit). The fol-lowing 
ommands assess the impa
t on the �tted median submodel by eliminating the potentiallyin�uential individuals from the analysis:
> fit2 <- ssym.nl(log(y) ~ -b1*x - log(b2+b3*x) | x,
+ start=c(b1=0.15,b2=0.005,b3=0.012),
+ data=Chwirut1, family=’Contnormal’,
+ xi=c(0.68,0.1), subset=-c(142,146,147))
>
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Figure 6.6: Graphs of the devian
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e for θ̂ under the 
ase-weight perturbation s
heme (
), and total lo
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e for θ̂ under the
ase-weight perturbation s
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> 100*(coef(fit2)$mu-coef(fit)$mu)/abs(coef(fit)$mu)
[1] -1.898305 -1.608060 1.419694The per
entage 
hanges in the parameter estimates are less than 2%. Further, the elimina-tion of these individuals does not introdu
e inferential 
hanges. Regarding the lo
al in�uen
emeasures under the response perturbation s
heme (omitted here), the estimate of θ seems par-ti
ularly sensitive to small perturbations on the response variable for individuals with the lowestvalue on the explanatory variable (i.e., x = 0.5), as illustrated by the graph (omitted here)produ
ed by the following 
ommands:
> plot(Chwirut1$x, ilm$theta$response[,1], ylab="L.Influence")6.4 Goat Ovo
ytesThis data set, whi
h was dis
ussed by LeGal et al. (1984) and Huet et al. (1996), addresses anexperiment 
omparing the responses of immature and mature goat ovo
ytes exposed to propane-diol, a permeable 
ompound. The fra
tion of 
ell volume during osmoti
 equilibration is re
ordedat ea
h time for both type of ovo
ytes: immature and mature. This data set (Ovocytes) is avail-able in the pa
kage ssym, and the obje
ts fraction, type and time represent homonymsvariables. The des
riptive analysis indi
ates that the distribution of the response variable (i.e.,fra
tion of 
ell volume) is asymmetri
, espe
ially for small values of the explanatory variable
time. To des
ribe the data, a log-symmetri
 model is proposed that assumes that the medianand the skewness of the response variable distribution are given by

{

log(ηk) = β1 + β2 typek + fη(timek),

log(φk) = γ1 + γ2 typek + f
φ
(timek), k = 1, . . . , 161,where the nonparametri
 fun
tions fη(·) and f

φ
(·) are approximated by using P-splines. The anal-ysis under the log-normal distribution suggests that this data set should be des
ribed using anerror distribution that exhibits lighter tails. Thus, a model with log-power-exponential errors is�tted, in whi
h its extra parameter ζ = −0.55 was sele
ted by using the overall goodness-of-�tstatisti
 Υ. In ssym, the log-power-exponential model 
an be �tted via

> data("Ovocytes", package="ssym")
> fit <- ssym.l(log(fraction) ~ type + psp(time) | type + psp(time),
+ data=Ovocytes, family=’Powerexp’, xi=-0.55, local.influence=TRUE)
summary(fit)

Family: Powerexp ( -0.55 )
Sample size: 161
Quantile of the Weights
0% 25% 50% 75% 100%

0.00 0.03 0.20 0.54 1.6

************************** Median/Location submodel **************************
******** Parametric component

Estimate Std.Err z-value Pr(>|z|)
(Intercept) -0.35112 0.0116 -30.2597 < 2.2e-16 ***
typeMature 0.10167 0.0116 8.7297 < 2.2e-16 ***
******** Nonparametric component

Smooth.param Basis.dimen d.f. Statis. p-value
psp(time) 77.62 9.00 6.07 1549 <2e-16 ***
**** Deviance: 72.45

************************* Skewness/Dispersion submodel ***********************
******** Parametric component

Estimate Std.Err z-value Pr(>|z|)
(Intercept) -3.3820 0.1220 -27.7323 < 2.2e-16 ***
typeMature -1.6898 0.1511 -11.1825 < 2.2e-16 ***
******** Nonparametric component
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Smooth.param Basis.dimen d.f. Statis. p-value

psp(time) 0.4149 9.000 5.828 125.1 <2e-16 ***
**** Deviance: 186.32

******************************************************************************
Overall goodness-of-fit statistic: 0.100859

-2*log-likelihood: -360.516
AIC: -328.72
BIC: -279.732The p-values and the graphs (Figures 6.7(a)-(b)) asso
iated with the nonparametri
 
ompo-nents indi
ate that the median and the skewness of the distribution of the fra
tion of 
ell volumeare dependent on the time. Note that f̂η(·) and f̂

φ
(·) are not monotone fun
tions of time. Thesegraphs, whi
h in
lude the simultaneous 95% 
on�den
e intervals, 
an be reprodu
ed by the 
om-mands np.graph(fit,which=1,exp=TRUE) and np.graph(fit,which=2,exp=TRUE), re-spe
tively. The summary of the �tted model also reveals that the distribution of the fra
tionof 
ell volume is dependent on the type of ovo
yte. The AIC and BIC values (for the responsein the original s
ale) are -429.265 and -394.239, respe
tively. These values are obtained by the
ommands attr(AIC(fit),"log") and attr(BIC(fit),"log"), respe
tively.Figure 6.7(
) reveals that the highest standardized individual-spe
i�
 weights 
orrespond tothe ovo
ytes with the highest di�eren
es between the observed and the �tted values. The graphsof the devian
e-type residuals with simulated envelope (Figure 6.8(a)-(b)) indi
ates that the log-power-exponential model satisfa
torily des
ribes the data set. These graphs 
an be reprodu
edusing the 
ommand envelope(fit). Figures 6.8(
)-(d) present the lo
al in�uen
e measuresfor θ̂ under the 
ase-weight perturbation s
heme. The groups of individuals {113, 120 {6}, {120},

{147} and {155} are identi�ed as potentially in�uential.6.5 Personal Injury Insuran
eA sample of the data set reported by de Jong and Heller (2008), whi
h 
ontains informa-tion about settled personal injury insuran
e 
laims from an Australian insuran
e 
ompany, was
onsidered. The 540 
laims in the sample had legal representation and were obtained for a

i-dents that o

urred from January 1998 to June 1999. This data set (Claims) is available in thepa
kage ssym and 
ontains the variables total, accmonth and op_time, whi
h 
orrespondto the amount of money paid by an insuran
e poli
y (in thousands of Australian dollars), themonth of o

urren
e of the a

ident (
oded 103 (January 1998) to 120 (June 1999)) and theoperational time (expressed as a per
entage), respe
tively. Similar to Paula et al. (2012), thedata are des
ribed using a model that assumes the Birnbaum-Saunders-t distribution for the re-sponse variable total; however, unlike Paula et al. (2012), varying skewness is assumed. Then,the median (η) and skewness (φ) of the response variable distribution are des
ribed by
log(ηk) = β1 + β2 op_timek, log(φk) = γ1 + γ2 op_timek, k = 1, . . . , 540.By using the goodness-of-�t measure Υ, the extra parameter ve
tor of the Birnbaum-Saunders-tdistribution was sele
ted to be ζ = (0.1, 4)⊤. The summary of the proposed model is obtainedusing the following instru
tions:

> data("Claims", package="ssym")
> fit <- ssym.l(log(total) ~ op_time | op_time, data=Claims,
+ family=’Sinh-t’, xi=c(0.1,4), local.influence=TRUE)
summary(fit)

Family: Sinh-t ( 0.1 , 4 )
Sample size: 540
Quantile of the Weights
0% 25% 50% 75% 100%

0.07 1.20 1.54 1.70 1.75

*********** Median/Location submodel ***********
**** Parametric component
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Estimate Std.Err z-value Pr(>|z|)

Estimate Std.Err z-value Pr(>|z|)
(Intercept) 1.74986 0.03981 43.955 < 2e-16 ***
op_time 0.01614 0.00336 4.804 1.56e-06 ***
**** Deviance: 756.91

********* Skewness/Dispersion submodel *********
**** Parametric component

Estimate Std.Err z-value Pr(>|z|)
(Intercept) 4.14050 0.13752 30.108 < 2e-16 ***
op_time 0.04064 0.00946 4.296 1.74e-05 ***
**** Deviance: 763.19

************************************************
Overall goodness-of-fit statistic: 0.03417

-2*log-likelihood: 1075.805
AIC: 1083.805
BIC: 1100.971The median and the skewness of the distribution of total in
rease as the op_time alsoin
reases. For ea
h in
rease of ten per
entage points in the operational time, the median andskewness of total in
rease at approximately 100×[exp(β̂2×10)−1] = 17.5% and 100×[exp(γ̂2×

10) − 1] = 50%, respe
tively. The AIC and BIC values are 1083.81 and 1100.97, respe
tively,whi
h are lower than the AIC and BIC values obtained by Paula et al. (2012), who des
ribed thedata using the homogeneous Birnbaum-Saunders-t model (i.e., a model in whi
h φk = φ = 4 forall k). These values are obtained by the 
ommands AIC(fit) and BIC(fit), respe
tively. Theplot of Υ (Figure 6.9(b)) suggests that the proposed Birnbaum-Saunders-t model satisfa
torily�ts the data.Figures 6.9(
)-(d) show the residual plots versus the �tted values for both submodels. Theplot of the devian
e-type residuals for the median submodel reveals the 
laims 10 and 28 asmarginally dis
repant. These 
laims also present the lowest weights a

ording to Figure 6.9(a).The plot of the devian
e-type residuals for the skewness submodel reveals the 
laims 28, 75,416, 476 and 533 as marginally dis
repant. These plots do not present any pattern or tenden
y.Graphs of devian
e-type residuals with simulated envelope for median and skewness submodels(Figure 6.10(a)-(b)) 
on�rm that the Birnbaum-Saunders-t model satisfa
torily des
ribes thedata. These graphs may be obtained via envelope(fit,50). In the lo
al in�uen
e measuresunder the 
ase-weight perturbation s
heme (Figures 6.10(
)-(d)), the sets of 
laims {2,3,10,28},{2}, {3}, {10}, {28} and {537} were identi�ed as potentially in�uential on θ̂. The following
ommands 
an be used to assess the impa
t on the �tted median submodel by eliminating thepotentially in�uential individuals from the analysis:
> fit2 <- ssym.l(log(total) ~ op_time | op_time, data=Claims,
+ family=’Sinh-t’, xi=c(0.1,4), subset=-c(2,3,10,28))
>
> 100*(coef(fit2)$mu-coef(fit)$mu)/abs(coef(fit)$mu)
[1] 0.08012387 -0.48482172Note that the per
entage 
hanges in the parameter estimates are less than 1%. In addition,the elimation of these individuals does not introdu
e inferential 
hanges.6.6 Biaxial FatigueThis data set, available in the obje
t Biaxial of the pa
kage ssym, des
ribes the life of ametal pie
e subje
ted to 
y
li
 stret
hing and 
ompressing, where Life, the number of 
y
lesto failure of the metal spe
imen, is the response variable, T , and Work, the work per 
y
le,is the explanatory variable, x. This data set was analyzed by Rie
k and Nedelman (1991) andLemonte and Patriota (2011) using the linear and nonlinear Birnbaum-Saunders models, respe
-tively, in whi
h the skewness parameter was �xed to be φ = 4. Similar to Lemonte and Patriota(2011), the data are des
ribed here using a nonlinear model with Birnbaum-Saunders errors andwhere φ is assumed to be 
onstant; however, unlike Rie
k and Nedelman (1991) and Lemonte and Patriota
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6.6 6.6. BIAXIAL FATIGUE 83(2011), the value of the skewness parameter φ is estimated from the data. The median of the Tkdistribution is des
ribed using the following fun
tion:
ηk = exp(β1x

β2

k ), k = 1, . . . , 46.The extra parameter ζ = 1.54 of the Birnbaum-Saunders distribution was sele
ted by minimizingthe overall goodness-of-�t statisti
 Υ, as illustrated by the Figure 6.11(a). In ssym, the proposedmodel is �tted using the following instru
tions:
> data("Biaxial", package="ssym")
> fit <- ssym.nl(log(Life) ~ b1*Work^b2, start=c(b1=16, b2=-0.25),
+ data=Biaxial, family=’Sinh-normal’, xi=1.54)
summary(fit)

Family: Sinh-normal ( 1.54 )
Sample size: 46
Quantile of the Weights
0% 25% 50% 75% 100%

0.23 0.29 0.41 0.53 1.28

*********** Median/Location submodel ***********
**** Parametric component

Estimate Std.Err z-value Pr(>|z|)
b1 15.82840 0.80425 19.68 <2e-16 ***
b2 -0.26162 0.01475 -17.74 <2e-16 ***
**** Deviance: 29.48

********* Skewness/Dispersion submodel *********
**** Parametric component

Estimate Std.Err z-value Pr(>|z|)
(Intercept) -1.0511 0.1533 -6.858 7e-12 ***
**** Deviance: 48.86

************************************************
Overall goodness-of-fit statistic: 0.150182

-2*log-likelihood: 41.624
AIC: 47.624
BIC: 53.11Figure 6.11(a) is reprodu
ed by using the 
ommand extra.parameter(fit,1.3,1.8).It 
an be seen that the approximate standard errors asso
iated with β̂1 and β̂2 are lower thanthose obtained by Lemonte and Patriota (2011). In addition, the AIC and BIC values are 47.62(AIC(fit)) and 53.11 (BIC(fit)), respe
tively, whi
h are lower than those obtained byRie
k and Nedelman (1991) and Lemonte and Patriota (2011). Figure 6.11(b) presents the graphof the �tted median submodel. The instru
tion envelope(fit,50) produ
es the graphs of thedevian
e-type residuals with simulated envelope (6.11(
)-(d)), whi
h reveal that the Birnbaum-Saunders model �ts the data suitably.
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Figure 6.11: Graphs of the �tted median submodel (a), �tted skewness submodel (b), devian
e-typeresiduals with simulated envelope for η̂ (
) and φ̂ (d) of the Birnbaum-Saunders model �tted to BiaxialFatigue data.



6.7. PRIMARY BILIARY CIRRHOSIS 856.7 Primary Biliary CirrhosisThese data are available in the obje
t pbc of the R pa
kage survival. The data are fromthe Mayo Clini
 trial in primary biliary 
irrhosis (PBC) of the liver 
ondu
ted between 1974and 1984, and they 
onsist of 412 observations of the dependent variable time, number of daysbetween registration and the earlier of death, transplantation, or study analysis in July, 1986;
status, 0 = alive at last 
onta
t, 1 = liver transplant, 2 = death; and other independentvariables, whi
h in
lude edema: presen
e of edema; stage: histologi
 stage of disease; and
bili: serum bilirunbin (mg/dl). It is proposed to analyze the dataset using a 
ensored log-symmetri
 model where the median (η) and the skewness of the response distribution are givenby

{

log(ηk) = β1 + β2edemak + β3stagek + fη(bilik),

log(φk) = γ1, k = 1, . . . , 412,where fη(·) is a nonparametri
 fun
tion approximated by using a natural 
ubi
 spline. To des
ribethe dataset, a Birnbaum-Saunders-t model is proposed, where the extra parameter ve
tor wassele
ted to be ζ = (0.65, 3)⊤. The summary of the proposed model is obtained using the followinginstru
tions:
> data("pbc", package="survival")
> pbc2 <- data.frame(pbc[!is.na(pbc$edema) & !is.na(pbc$stage) & !is.na(pbc$bili),])
>
> fit <- ssym.l2(Surv(log(time),ifelse(status>=1,0,1) ) ~ factor(edema) +
+ stage + ncs(bili), data = pbc2, family="Sinh-t",
+ xi=c(0.65,3), local.influence=TRUE)
>summary(fit)

Family: Sinh-t ( 0.65 , 3 )
Sample size: 412
Censored %: 55.83

************************** Median/Location submodel **************************
******** Parametric component

Estimate Std.Err z-value Pr(>|z|)
(Intercept) 9.05527 0.2582 35.0674 < 2.2e-16 ***
factor(edema)0.5 -0.53409 0.1546 -3.4544 0.0005515 ***
factor(edema)1 -1.43010 0.2461 -5.8109 6.213e-09 ***
stage -0.33485 0.0743 -4.5057 6.616e-06 ***
******** Nonparametric component

Smooth.param Basis.dimen d.f. Statis. p-value
ncs(bili) 2.527 9.000 4.671 113.4 <2e-16 ***
**** Deviance: 436.03

************************* Skewness/Dispersion submodel ***********************
******** Parametric component

Estimate Std.Err z-value Pr(>|z|)
(Intercept) 1.4799 0.1293 11.4477 < 2.2e-16 ***
**** Deviance: 373.51

******************************************************************************
Overall goodness-of-fit statistic: 0.036313

-2*log-likelihood: 660.58
AIC: 679.922
BIC: 718.809
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