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Resumo

Um grafo conexo sem laços é 2-aresta-conexo se, após a remoção de qualquer uma de
suas arestas, o grafo que se obtém é conexo. Diversos problemas em otimização combinatória
consistem em, dado um grafo com custos nas arestas, encontrar um subgrafo gerador de menor
custo que satisfaz certas restrições de conexidade. O problema do subgrafo 2-aresta-conexo
mínimo (2-ECSSP, sigla em inglês) é um problema desse tipo. Ele pode ser formulado como
um problema de otimização linear inteira, cujo objetivo é selecionar arestas de menor custo
total que satisfazem a restrição de que todo corte do grafo dado é coberto por ao menos duas
das arestas selecionadas. Trata-se de um problema NP-difícil.

Essa dissertação discute algoritmos para três variantes do 2-ECSSP, que encontram
soluções inteiras arredondando soluções meio-inteiras da correspondente relaxação linear.
Essa família de soluções geralmente induz o maior gap de integralidade para diversas variantes
do 2-ECSSP.

Primeiramente, investigamos o 2-ECSSP meio-inteiro com custos irrestritos. Desenvol-
vemos um 5/3-arredondamento inédito no qual acreditamos ser o primeiro com um fator
melhor que 2. Além disso, desenvolvemos uma redução que nos permite restringir a entrada
a grafos 4-aresta-conexos com grau no máximo 5.

Em seguida, estudamos o problema de aumento de conexidade de emparelhamentos (um
subproblema do 2-ECSSP) no qual os custos das arestas são 0 ou 1 e as arestas de custo
zero definem um emparelhamento. Discutimos uma melhor-que-2-approximação proposta
em 2022 por Bamas, Drygala e Svensson, apresentamos uma prova completa do resultado e
determinamos um fator de aproximação aprimorado. Além disso, respondemos conjecturas
propostas e apresentamos experimentos computacionais para embasar nossas descobertas.

Por fim, discutimos o problema do multisubgrafo 2-aresta-conexo mínimo (2-ECSMP),
uma variante do 2-ECSSP na qual é permitido selecionar múltiplas cópias da mesma
aresta. Discutimos um resultado de Boyd et al. publicado em 2022, que propõe um
4/3-arredondamento para o 2-ECSMP meio-inteiro. Utilizando as técnicas propostas pelos
autores, desenvolvemos resultados inéditos sobre decomposição de grafos 4-regulares 4-aresta-
conexos. Por fim, propomos duas conjecturas sobre os resultados de decomposição, sugerindo
caminhos para novas pesquisas.

Palavras Chave: conexidade de grafos, algoritmos de aproximação, subgrafo 2-aresta-conexo,
aumento de conexidade em emparelhamentos, gap de integralidade.
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Abstract

A connected loopless graph is 2-edge-connected if it remains connected after the removal
of at most one of its edges. Many combinatorial optimization problems seek, for a given
graph with costs on its edges, a spanning subgraph satisfying certain connectivity constraints.
The minimum 2-edge-connected spanning subgraph problem (2-ECSSP) is a problem of this
type. It can be formulated as an integer linear program that selects edges of minimum total
cost satisfying the restriction that every cut of the given graph is covered by at least two of
the selected edges. This problem is known to be NP-hard.

This thesis develops rounding algorithms for three variants of 2-ECSSP, focusing on
rounding half-integral solutions of the corresponding linear relaxation. This family of solutions
often yields the largest known integrality ratio for various subproblems of 2-ECSSP.

The first problem we investigate is the half-integral 2-ECSSP with unrestricted costs.
We develop a novel 5/3-rounding that, to the best of our knowledge, is the first one with a
factor better than 2. Moreover, we design a reduction scheme, restricting the problem to
4-edge-connected graphs with maximum degree at most five.

Then, we study the matching augmentation problem (MAP), a subproblem of 2-ECSSP
in which the edge costs are either 0 or 1 and the zero cost edges define a matching. We survey a
better-than-2-approximation, obtained in 2022 by Bamas, Drygala, and Svensson, presenting
a comprehensive proof of their result and determining an improved factor. Additionally, we
address conjectures posed in their work and present computational experiments to support
our findings.

Finally, we discuss the 2-edge-connected spanning multisubgraph problem (2-ECSMP), a
variation of 2-ECSSP in which multiple copies of the same edge can be selected. We survey
a recent work by Boyd et al. on a 4/3-rounding for the half-integral 2-ECSMP and leverage
their techniques to prove novel decomposition theorems for 4-regular 4-edge-connected graphs.
Finally, we pose two conjectures concerning extensions of the decomposition results, suggesting
new research directions.

Keywords: graph connectivity, approximation algorithms, 2-edge-connected spanning sub-
graph, matching augmentation, integrality ratio.
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CHAPTER 1

Introduction

Network design problems are among the most fundamental classes of combinatorial
optimization problems. Typically, one is given a graph with non-negative edge costs and
is tasked with finding a minimum cost network that meets a specified requirement. These
problems hold significant theoretical interest and also have many practical applications.
Among them, we mention the Steiner tree, vehicle routing and facility location problems.
This work focuses on problems in which the goal is to find a minimum-cost network with
edge-connectivity requirements, known as survivable network design problems. Since most of
these problems are NP-hard, substantial efforts have been devoted to designing approximation
algorithms for them.

We assume that in all problems on networks G = (V, E) the edge costs c ∈ QE are always
non-negative (even if not explicitly stated). Moreover, the cost of a set of edges (resp. a
subgraph of G) refers to the sum of the costs of the edges in the set (resp. in the subgraph).

One of the most general problems in survivable network design is the Generalized
Steiner Network Problem (GSNP), which is defined as follows.

The Generalized Steiner Network Problem (GSNP)
Input: A graph G = (V, E), edge costs c ∈ QE, and a vector r ∈ ZV ×V .
Objective: Find a spanning subgraph H ⊆ G of minimum cost such that for each u, v ∈ V

there are ru,v edge-disjoint uv-paths in H.

In an influential work, Jain [46] developed an iterated rounding algorithm with an
approximation ratio of 2 for GSNP, which remains unmatched as the best ratio to date.
Nevertheless, it is worth mentioning that particular subclasses of survivable network problems
had algorithms with the same or better approximation factors before the publication of Jain’s
work (see [30, 36, 53]). This work investigates several subproblems of GSNP, focusing on
obtaining better-than-2-approximations for them.

First, we examine a special case of GSNP, the k-edge-connected Spanning Sub-
graph Problem (k-ECSSP). For this variant, the connectivity requirements between each
pair of vertices is a fixed positive constant k.

The k-edge-connected Spanning Subgraph Problem (k-ECSSP)
Input: A graph G = (V, E) and edge costs c ∈ QE.
Objective: Find a k-edge-connected spanning subgraph H ⊆ G of minimum cost.

1



2 1. INTRODUCTION

It is easy to see that k-ECSSP is NP-hard, as the optimum solution for 2-ECSSP with
uniform costs in a Hamiltonian graph is a Hamiltonian circuit. Fernandes [27] showed that
k-ECSSP does not admit a PTAS unless P=NP, even for k = 2.

There is a simple 2-approximation for k-ECSSP with uniform costs. Let G = (V, E) be a
k-edge-connected graph and H ⊆ G a spanning subgraph initially containing no edges. While
H is not k-edge-connected, repeatedly add the edges of a maximum forest of G−H to H.
This results in a spanning subgraph H with at most k(|V | − 1) edges. The approximation
ratio 2 follows immediately from the fact that, by simply summing the degrees of each vertex,
any k-edge-connected spanning subgraph of G has at least k|V |/2 edges.

For uniform costs (also known as the cardinality case), Khuller and Raghavachari [52]
were the first to develop a better-than-2-approximation for the k-ECSSP. The current best
ratio is 1 + 1/(2k) + O(1/k2), obtained by Gabow and Gallagher [32]. Surprisingly, as k

increases, the ratio tends to 1. For general costs, no result improving on the three-decade-old
2-approximation by Khuller and Vishkin [53] is known.

In this thesis, we investigate the 2-edge-connected spanning subgraph problem.
For uniform edge costs, several significant results have improved upon each other. The first
algorithm to breach the factor 2 is a 3/2-approximation published in 1994 by Khuller and
Vishkin [53]. Subsequent results [14, 44, 64, 71] culminated in a 4/3 approximation. In
2023, Garg, Grandoni, and Jabal Ameli [33] found a 1.32-approximation, later improved to
a (1.3 + ε)-approximation by Kobayashi and Noguchi [54]. For the case in which the costs
are either 0 or 1 (also known as the forest augmentation problem), Grandoni, Jabal Ameli,
and Traub [38] obtained a better-than-2-approximation in 2022. For general costs, the
2-approximation of Khuller and Vishkin [53] remains the best known. On the other hand,
when some extra information is provided, one can do better.

We may formulate 2-ECSSP as an integer linear optimization problem over the 2-edge-
connected polytope (2EC polytope), with the following linear relaxation:

Minimize
∑
e∈E

cexe

subject to x(δ(S)) ≥ 2 for ∅ ̸= S ⊂ V,

x ∈ [0, 1]E.

LP2EC(G, c)

Given a half-integral1 solution, Cheriyan, Jordán, and Ravi [17] found a 4/3-rounding2 when
the integral edges (those with integral values) form a connected spanning subgraph (also
known as the tree augmentation problem). An instance for which a half-integral solution

1A vector x ∈ RU is half-integral if x ∈ {0, 1/2, 1}U .
2A ρ-rounding is a polynomial-time algorithm that, given a fractional solution, obtains an integral solution
whose cost is within ρ times the cost of the fractional one.
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is optimum is a half-integral instance. In Chapter 3, we propose a 5/3-rounding for any
half-integral vector.

One of the most extensively studied subproblems of k-ECSSP is the Weighted Con-
nectivity Augmentation Problem (WCAP). In this context, a link refers to an element
that is not part of the vertex set V or the edge set E, but, similar to an edge, it is mapped
to an element of

(
V
2

)
.

The Weighted Connectivity Augmentation Problem (WCAP)
Input: A graph G = (V, E), a set L ⊆

(
V
2

)
of links, and link costs c ∈ QL.

Objective: Find F ⊆ L of minimum cost such that G + F is (κ′(G) + 1)-edge-connected.

There is a straightforward reduction from WCAP to k-ECSSP. Given an instance
(G = (V, E), L, c) of WCAP, create a new graph H = (V, E ∪ L) with edge costs c′ ∈ QE∪L

defined as c′
e = ce, if e ∈ L, and c′

e = 0, otherwise. Then, the set of links F ⊆ L contained in
an optimum solution for (κ(G) + 1)-ECSSP on H is also an optimum solution to WCAP.

We call the unweighted version of WCAP by CAP. Furthermore, WCAP can be seen
as a cut-covering problem, in which the set of links to be added must cross each minimum
cut of the graph to augment its edge-connectivity. A classical result in graph theory states
that if a graph has odd edge-connectivity, WCAP specializes to the case in which G is a
tree, called by Weighted Tree Augmentation Problem (WTAP).

The Weighted Tree Augmentation Problem (WTAP)
Input: A tree T = (V, E), a set L ⊆

(
V
2

)
of links, and link costs c ∈ QL.

Objective: Find F ⊆ L of minimum cost such that T + F is 2-edge-connected.

The unweighted version of WTAP is called TAP. Both problems received plenty of
attention throughout the last 30 years. Recently, the development of many new techniques
resulted in a long list of improvements (see [9, 25, 26, 39, 56, 59, 61]), with the best result for
TAP being a 1.393-approximation obtained by Cecchetto, Traub, and Zenklusen [10], and
the best for WTAP being a (1.5 + ε)-approximation obtained by Traub and Zenklusen [69].
In 2023, Traub and Zenklusen [67] unified the approximation ratio for WTAP and WCAP.

The natural generalization of WTAP is the Weighted Forest Augmentation
Problem (WFAP).

The Weighted Forest Augmentation Problem (WFAP)
Input: A forest F = (V, E), a set L ⊆

(
V
2

)
of links, and link costs c ∈ QL.

Objective: Find Z ⊆ L of minimum cost such that F + Z is 2-edge-connected.

It is not hard to see that the problems WFAP and 2-ECSSP are equivalent. As mentioned
before, Grandoni, Jabal Ameli, and Traub [38] found a better-than-2-approximation for FAP.
Their work builds upon techniques developed for 2-ECSSP, WTAP, and MAP. The
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Matching Augmentation Problem (MAP) is a particular case of FAP in which the
input forest is a matching (i.e., every component has at most one edge).

The Matching Augmentation Problem (MAP)
Input: A graph G = (V, E) and a matching M ⊆ E.
Objective: Find a 2-edge-connected spanning subgraph H ⊆ G minimizing |E(H) \M |.

Concerning the number and size of connected components, MAP and TAP are opposite
subcases of FAP. Cheriyan et al. [12] breached the factor 2 barrier for MAP in 2020, with
the current state of the art being a 13/8-approximation obtained by Garg, Hommelsheim,
and Megow [34]. Combinatorial algorithms for MAP follow a similar framework for finding
cheap 2-edge-connected spanning subgraphs (see [11, 12, 34, 44]). Initially, the algorithm
constructs a minimum cost 2-edge-cover3 of the graph, a natural lower bound for the 2-edge-
connected spanning subgraph. Subsequently, it executes a series of glueing steps to merge
the 2-edge-connected components into a single component.

A recent result by Bamas, Drygala, and Svensson [2] follows a different approach. Their
algorithm involves rounding an extreme vector solution of LP2EC(G, χM). While this yields
only a factor slightly better than 2, it also provides a bound on the integrality ratio4 of
LP2EC(G, χM ). Their approach is elegantly simple: they find a depth-first search (DFS) tree
in the graph defined by the support of the solution and then augment the edge-connectivity.
The proof cleverly leverages properties of extreme vectors of the 2-edge-connected polytope.
Remarkably, their algorithm achieves a 3/2-rounding for any half-integral vector without
requiring it to be an extreme vector. In Chapter 4, we present their algorithm, refining their
analysis for an improved ratio. Additionally, we discuss some conjectures made by these
authors regarding the algorithm’s approximation ratio, accompanied by experimental results.

If we modify the 2-ECSSP to allow selecting multiple copies of an edge, the result is
another problem in survivable network design known as the 2-edge-connected Spanning
Multisubgraph Problem (2-ECSMP).

The 2-edge-connected Spanning Multisubgraph Problem (2-ECSMP)
Input: A multigraph G = (V, E) and edge costs c ∈ QE.
Objective: Find a 2-edge-connected spanning multisubgraph H ⊆ G of minimum cost.

Considering that we can select multiple copies of an edge, we can always treat the input
as the metric completion of a network. In the metric completion, the graph is complete, and
the cost of an edge does not exceed the cost of a minimum path between its endpoints. This
scenario is also referred to as the metric case.

3A 2-edge-cover of a graph is a subset of edges in which every vertex is incident to at least two edges.
4The integrality ratio is the maximum ratio between an integer solution and its linear relaxation over all
instances.
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When the input graph is 2-edge-connected and the costs are uniform, any parallel edge
(i.e., an edge for which two copies were selected) of a 2-edge-connected subgraph is replaceable
by a distinct edge crossing the cut defined by the parallel edges. Since the instance is
2-edge-connected, such a replacement always exists. Hence, 2-ECSSP and 2-ECSMP are
equivalent in this case. Therefore, 2-ECSMP is also NP-hard and does not admit a PTAS
unless P = NP.

Another major problem that is related to 2-ECSMP is the Traveling Salesperson
Problem (TSP).

The Travelling Salesperson Problem (TSP)
Input: A graph G = (V, E) and edge costs c ∈ QE.
Objective: Find a spanning circuit C ⊆ G of minimum cost.

For general costs, TSP cannot be approximated within any subexponential guarantee,
hence, efforts have been directed to the metric case and its variants.

There is a deep connection between 2-ECSMP and TSP, as one can see in the following
correspoding relaxed linear formulations:

Minimize
∑
e∈E

cexe LP2ECM(G, c)

subject to x(δ(S)) ≥ 2 for ∅ ̸= S ⊂ V,

x ∈ R≥0.

Minimize
∑
e∈E

cexe LPSUB(G, c)

subject to x(δ(S)) ≥ 2 for ∅ ̸= S ⊂ V,

x(δ(v)) = 2 for v ∈ V,

x ∈ R≥0.

The left one (LP2ECM) models 2-ECSMP, the right one (LPSUB) models TSP. The
subtour elimination formulation LPSUB is commonly called by Held-Karp relaxation. Goemans
and Bertsimas [37] proved the so-called parsimonious property, which shows that, in the
metric case, the optimal values of LP2ECM and LPSUB are the same.

A long-standing conjecture states that there is a 4/3-approximation for metric TSP.
For more than forty years, the Christofides-Serdjukov 3/2-approximation [18, 65] was the
state-of-the-art for this case. Recently, Karlin, Klein, and Oveis Gharan (KKO) [49, 50]
obtained a breakthrough result: a (3/2− ε)-approximation (with ε = 10−36) for metric TSP
and 2-ECSMP. Although this is the first general result for metric TSP in a long time, in
2024, Jin, Klein, and Williamson [47] showed that the approximation guarantee of the KKO
algorithm is at least 1.375. Thus, it will not be the one to solve the four-thirds conjecture,
should that be possible.

Similarly to 2-ECSSP and MAP, for the half-integral case, there are better results for
both 2-ECSMP and TSP. For half-integral 2-ECSMP, Carr and Ravi [8] proved that for a
half-integral solution x of LP2ECM, 4x/3 can be written as a convex combination of integer
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solutions but did not provide a polynomial-time algorithm to build the convex combination.
After two decades, Boyd et al. [6] obtained a polynomial-time algorithm to achieve this
combination, thus leading to a 4/3-approximation for half-integral 2-ECSMP. In Chapter 5,
we discuss the result of Boyd et al. [6], extending their techniques to prove interesting results
on the decomposition of 4-regular 4-edge-connected graphs. For half-integral metric TSP,
in 2020, Karlin, Klein, and Oveis Gharan, obtained an algorithm with a 1.49993 guarantee,
later improved to 1.4983 by Gupta et al. [41].

For the problems considered in this work, we focus on developing and analyzing algorithms
for rounding half-integral solutions. Several reasons make this particular case noteworthy.
First, half-integral solutions often have a clear combinatorial interpretation, enabling us
to leverage powerful tools from graph theory. Secondly, there are many occurrences of an
algorithm being first designed for half-integral solutions and then generalized to arbitrary ones.
This was the case with the KKO algorithm for TSP, which is a generalization of an earlier
result from the same authors restricted to half-integral instances [51]. Furthermore, the close
connections between TSP and our problem of interest also motivated us to investigate the
half-integral case. Remarkably, when establishing a lower bound for the KKO algorithm, Jin,
Klein, and Williamson [47] considered instances with a half-integral extreme vector solution.
This trend extends to all known hard instances of metric TSP; that is, every instance which
attains the best lower bound for the integrality ratio of LPSUB is half-integral. As a matter
of fact, a long-standing conjecture states that the integrality ratio of LPSUB is 4/3. In the
proof of the Boyd-Carr conjecture [5], Schalekamp, Williamson, and van Zuylen [63], even
conjectured that every instance attaining this integrality ratio exhibits half-integral extreme
vector solutions.

1.1. Previous works on 2-ECSSP and 2-ECSMP

In this subsection, we present the historical development for two of the main problems
discussed in this thesis, namely 2-ECSSP and 2-ECSMP. See Table 1 for a summary of
the results.

Regarding hardness results, in 1998, Fernandes [27] proved that neither 2-ECSSP nor
2-ECSMP admit a PTAS, unless P=NP.

For 2-ECSSP with uniform costs, the first algorithm to breach the factor 2 is a
3/2-approximation published in 1994 by Khuller and Vishkin [53]. The main idea of their
algorithm is to build a depth-first search (DFS) tree and greedily augment its edge connec-
tivity to 2. In 1998, Cheriyan, Sebő, and Szigeti [14] obtained a 17/12-approximation using
a different strategy. Their algorithm starts with an ear decomposition that minimizes the
number of even ears and, after a sequence of clever transformations, deletes every ear of size
one to obtain a cheap subgraph. Later, two distinct methods led to a 4/3-approximation.
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The earliest was first published in 2000 and was obtained by Vempala and Vetta [71], but
a complete and correct proof of this result was only published almost 20 years later by
Hunkenschröder, Vempala, and Vetta [44]. Initially, their algorithm builds a 2-edge-cover of
the graph and then augments it to a 2-edge-connected spanning subgraph. In 2014, Sebő
and Vygen [64] also used a technique based on a particular ear decomposition and matroid
optimization to obtain approximation algorithms for various central problems in survivable
network design, including a 4/3-approximation for 2-ECSSP. In 2023, Garg, Grandoni, and
Jabal Ameli [33] found a 1.32-approximation, later improved to a (1.3 + ε)-approximation
by Kobayashi and Noguchi [54]. The last two algorithms combine ideas from [44, 64, 71].
We remark that some papers claim better approximation ratios, for which no complete and
correct proofs have ever been published. We refrain from citing them here (see Section F of
[33] for a detailed discussion). For the case in which the costs are either 0 or 1 (also known
as the forest augmentation problem), Grandoni, Jabal Ameli, and Traub [38] obtained a
better-than-2-approximation. For general costs, the best result is a 2-approximation designed
by Khuller and Vishkin [53]. The algorithm of Khuller and Vishkin is based on the weighted
matroid intersection algorithm for packing edge-disjoint arborescences.

For 2-ECSMP, in 1982 Frederickson and Ja’Ja’ [31] obtained a 3/2-approximation by
modifying the Christofides-Serdjukov algorithm for metric TSP. The first improvement to this
ratio came forty years later in a breakthrough result of Karlin, Klein, and Oveis Gharan [48]
showing a (3/2 − 10−33)-approximation using a sophisticated probabilistic analysis of the
Christofides-Serdjukov algorithm. For half-integral instances, in 2022 Boyd et al. [6] found a
4/3-approximation based on an earlier existence result obtained by Carr and Ravi [8]. For
unit costs, the problem is equivalent to 2-ECSSP.

Year
1982 1994 1998 2000 2014 2022 2023 2023

Uni. 2-ECSSP 1.5 [53] 1.42 [14] 1.33 [71]* 1.33 [64] - 1.32 [33] 1.3+ε [54]
2-ECSMP 1.5 [31] - - - - 1.5−ε [48]

Table 1. Best better-than-2-approximation factors for uniform 2-ECSSP and
2-ECSMP. When we do not specify a reference for the year, it means that there
was no improvement in that year. *The complete correct result for [71] was only
published in 2019 [44].

1.2. Previous works on connectivity augmentation

In this subsection, we present an account of the historical development of some variants
of the connectivity augmentation problem. First, we mention some hardness results. In
1976, Eswaran and Tarjan [24] proved that WCAP is NP-hard. Then, in 1981 Frederickson
and Ja’Ja’ [30] proved that WTAP is NP-hard even when the input graph is a tree with
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diameter 4. In 2002, Kortsarz, Krauthgamer, and Lee [55] showed that TAP does not admit
a PTAS unless P=NP.

Now, we present some results regarding approximation factors. We cite each result only
once in its most general form, i.e., a result for CAP is only mentioned once for CAP and
TAP. We mention the results in the following order: TAP, WTAP, FAP, MAP, CAP,
and WCAP. Table 2 summarises the results we mention.

For TAP, Eswaran and Tarjan [24] obtained an exact linear-time algorithm when links are
unrestricted (every link is available). The factor 2 for TAP was breached by Nagamochi [59],
who found a (1.87 + ε)-approximation. Even et al. [25, 26] found a 1.8-approximation, later
improved to a 1.5-approximation. In 2018, Grandoni, Kalaitzis, and Zenklusen [39] obtained
a 1.458-approximation. Many results did not improve the best approximation factor at the
time they appeared, but helped understand the problem and were important in subsequent
results [9, 13, 15, 16, 56, 61].

For WTAP, the first 2-approximation was obtained by Frederickson and Ja’Ja’ [30]. Since
then, several works explored a special case of WTAP, in which the ratio of the largest to
smallest link cost is bounded by a constant (see [1, 10, 28, 39]). Only in 2021, after 40 years,
the factor 2 was beaten by Traub and Zenklusen [68, 69], who found an algorithm with factor
1 + ln(2) + ε, later improved to 1.5 + ε.

For FAP, Grandoni, Jabal Ameli, and Traub [38] breached the factor 2 by providing a
1.99-approximation.

For MAP, in 2019 Cheriyan et al. [12] breached the factor 2 barrier by proposing a
7/4-approximation. Later, Cheriyan et al. [11] (note that it is not the same set of authors)
improved the algorithm to a 5/3-approximation. In 2023, Garg, Hommelsheim, and Megow [34]
obtained a 13/8-approximation, and Bamas, Drygala, and Svensson [2] gave a better-than-2
bound for the integrality ratio of the natural linear formulation.

In 1987, Watanabe and Nakamura [72] designed a polynomial algorithm for CAP when
every link is present. In 2020, for CAP (in its general form), Byrka, Grandoni, and Jabal
Ameli [7] obtained a 1.9-approximation, breaching the factor 2 barrier after almost 30 years.
Then, in 2021, Cecchetto, Traub, and Zenklusen [10] obtained a 1.39-approximation, unifying
the approximation factor of CAP and TAP (see Table 2).

For WCAP, until very recently, no progress was made. In 2023, Traub and Zenklusen [67]
gave a (1.5 + ε)-approximation for WCAP, unifying the best known approximation factor
for WTAP and WCAP.

1.3. How to read this thesis

In this thesis, all theorems stated without a reference are original contributions. The same
does not apply to lemmas; however, the text is always clear when a lemma is not original.
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Year
2003 2009 2011 2018 2019 2020 2021 2022 2023

TAP 1.81 [59] 1.8 [25] 1.5 [26] 1.46 [39] - - 1.39 [10] - -
WTAP - - - - - - 1.7 [68] 1.5+ε [69] -
MAP - - - - 1.75 [12] - 1.66 [11] - 1.625 [34]
FAP - - - - - - - 1.99 [38] -
CAP - - - - - 1.91 [7] 1.39 [10] - -

WCAP - - - - - - - - 1.5+ε [67]

Table 2. Best better-than-2-approximation factors for connectivity augmentation
problems. When we do not specify a reference for the year, it means that there was
no improvement in that year.

This thesis contains both original and expository sections. In the expository sections, we
mention the source of the original result at the beginning. Furthermore, we always present
theorems in a self-contained manner. While this is not true for lemmas, we provide the
necessary context to understand a lemma within the same section in which it appears.

Graphs in this thesis may have parallel edges but do not have loops. Usually, when a
graph G and a vector x ∈ P2EC(G) are mentioned in the same context, we consider that the
edges of G are restricted to the support of x.

This thesis is divided into five chapters. Rounding algorithms for 2-ECSSP are discussed
in Chapters 3 and 4. Rounding algorithms for 2-ECSMP and some novel structural results
for 4-regular 4-edge-connected graphs are discussed in Chapter 5.

In Chapter 3, we develop a 5/3-rounding for half-integral solutions of the LP2EC (see
Theorems 20 and 22). Moreover, we develop a reduction scheme that reduces the half-
integral 2-ECSSP to 4-edge-connected graphs with maximum degree 5 (see Theorem 33).
Additionally, we include two brief expository sections. In Section 3.1, we present a clearer proof
of an intricate result by Roskind and Tarjan [62] on finding k edge-disjoint maximum forests
of a graph. In Section 3.2, we present a slight generalization of a result by Cheriyan, Jordán,
and Ravi [17] on rounding half-integral solutions of WTAP. Finally, we pose Conjecture 36,
which aligns with the four-thirds conjecture for TSP and 2-ECSMP, and present supporting
computational results.

Chapter 4 predominantly presents expository content. We present a comprehensive
description of the Bamas, Drygala, and Svensson Algorithm for MAP along with minor
enhancements to achieve a clearer proof and a slightly improved approximation ratio. Sec-
tion 4.3 contains computational results addressing conjectures posed in [2] and offers insights
on improving the algorithm. Finally, the results of computational experiments to ascertain
the integrality ratio of MAP for small instances are presented in Section 4.3.

Chapter 5 also presents both original and expository results. In the first three sections, we
introduce the splitting-off operation, use it to prove the parsimonious property, and discuss
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the results and techniques presented in Boyd et al. [6] for the half-integral 2-ECSMP. In
Section 5.4, we prove several novel decomposition theorems for 4-regular 4-edge-connected
graphs using the Lovász splitting-off Lemma. The main results of this section are Theorems 68
and 73. Notably, Theorem 68 leads to a simple 3/2-approximation for the half-integral uniform
2-ECSSP and 2-ECSMP. Finally, in Section 5.5, we pose Conjectures 74 and 75, which
we believe are exciting topics of research, and present some supporting computational
experiments.



CHAPTER 2

Preliminaries

The terminology used in this text is relatively standard. However, to make this text
self-contained, we present the terminology and state the main classical theorems used in this
thesis. We assume a standard mathematical background from the reader and familiarity with
topics from graph theory and analysis of algorithms, such as complexity classes, polynomial
and strongly polynomial algorithms, and standard graph algorithms.

We recommend additional books for readers interested in the topics mentioned in this
chapter. For graph theory, Diestel [22]; for linear optimization and polyhedral theory,
Grötschel, Lovász, and Schrijver [40]; for integer optimization, Conforti, Cornuéjols, and
Zambelli [19]; for combinatorial optimization and related tools, Cook et al. [20] and Frank [29];
and, for approximation algorithms, Shmoys and Williamson [66].

2.1. Sets and vectors

The set of integers is denoted by Z, of rationals by Q, and of reals by R. For each of
these sets, we may add the subscript > 0 (resp. ≥ 0) to indicate the set of positive (resp.
non-negative) numbers belonging to that set. For a set V , we write RV

≥0 as a shortening of
(R≥0)V . For two sets U and V , the notation UV stands for the set of tuples indexed by the
elements of V in which the entries are elements of U . For two sets U and V , we write V ⊆ U

when V is a subset of U , and write V ⊂ U when V is a proper subset of U . For U, V ⊆ RW ,
we define U + V = {u + v : u ∈ U, v ∈ V }.

A family (or a collection) is a set that may contain multiple copies of the same element
(but each copy is considered distinct).

Often, for elements v, u ∈ V , we denote the pair {u, v} by uv, and the singleton set {v} by
v. For a positive integer k, we denote the set of positive integers up to k by [k] := {1, 2, . . . , k}.
For a finite set V , we denote the set of all subsets of V by 2V , and the set of all subsets of V

of size k by
(

V
k

)
. A laminar family on a finite set V is a set L of subsets of V , such that for

every L1, L2 ∈ L one of the following holds

L1 ⊆ L2 or L2 ⊆ L1 or L1 ∩ L2 = ∅.

Laminar families have the following property.

Lemma 1. Let L be a laminar family on a finite set V . Then, |L| ≤ 2|V | − 1.
11
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We say that P = {U1, U2, . . . , Ur} is a partition of a set U into r non-empty parts if
U = ∪i∈[r]Ui and Ui ∩ Uj = ∅ for distinct i, j ∈ [r].

A vector x ∈ UV can be seen as a function x : V → U , where V is the domain and U is the
codomain of x. We say that x is integral when U ⊆ Z, half-integral when U ⊆ Z + {0, 1/2},
and θ-cyclic for some θ ∈ (0, 1) when U = {0, θ, 1 − θ, 1}. We denote by 1 the vector for
which all entries are one and call it the all-ones vector. For v ∈ V , we write xv as a shortening
of x(v) and refer to xv as a component of x. A component xv is fractional if xv /∈ Z. A vector
is fractional if it contains a fractional component.

For x ∈ RV , we define the support of x as supp(x) := {v ∈ V : xv ̸= 0}. For S ⊆ V , we
define x(S) := ∑

s∈S xs.
For a finite set V and S ⊆ V , the characteristic vector of S, denoted by χS, is defined as

χS
v :=

1, if v ∈ S;
0, otherwise.

A matrix X ∈ RU×V is a vector indexed by U ×V . A matrix is square if U = V . A submatrix
is a vector X[U ′, V ′] ∈ RU ′×V ′ for U ′ ⊆ U and V ′ ⊆ V such that X[U ′, V ′]u,v = Xu,v for each
u ∈ U ′ and v ∈ V ′. For u ∈ U , the tuple Xu := (Xu,v1 , Xu,v2 , . . . , Xu,vl

) denotes the u-th row
of X where each vi ∈ V . For v ∈ V , the column vector Xv denotes a column of X, defined
analogously.

For a vector x ∈ RV , we define x|L as the restriction of x to the elements of L ⊆ V . For
disjoint sets A and B with a ∈ RA and b ∈ RB we define c := a⊕ b as an element of RA∪B

such that ce = ae if e ∈ A and ce = be if e ∈ B. For two vectors x, y ∈ RV , we say that x ≤ y

if xv ≤ yv for each v ∈ V , we also say that y dominates x.

2.2. Graph theory

A graph is a pair G = (V, E) of disjoint finite sets V and E together with a map E →
(

V
2

)
.

The set V is the vertex set of G, and E is the edge set of G. We mostly ignore the map and
write e = uv for a pair of distinct u, v ∈ V , i.e., we consider that E is a collection containing
unordered pairs of distinct vertices. We observe that here, graphs do not contain edges of
the form vv, also known as loops. The order of a graph is the cardinality of the vertex set.
For an edge e = uv ∈ E, we say that u and v are the endpoints of e, that e joins u and v,
and that u and v are adjacent. Two edges are parallel if they have the same endpoints. A
graph is simple if it does not contain parallel edges. When referring to a graph named G, the
notation V (G) and E(G) are used to refer to its vertex set and edge set respectively. For
a vector x ∈ RE, we write x(G) as a shortening of x(E(G)). We also do the analogous for
vectors in RV .
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For S ⊆ V , we define E(S) := {uv ∈ E : u, v ∈ S}. For F ⊆ E, we define V (F ) := {v ∈
V : vw ∈ F}. For W ⊆ V , we define δF (S, W ) := {uv ∈ F : u ∈ S, v ∈ W}. If W = S, we
write δF (S) as a shortening of δF (S, S). We denote the number of edges joining two sets
S and W by dF (S, W ) := |δF (S, W )|. We define the degree of a set S with respect to a set
F ⊆ E as dF (S) := |δF (S)|. Whenever F = E, we omit the operator subscript. We say that
δ(S) is a cut of G. For vertices s ∈ S and t ∈ S, we say that δ(S) is a st-cut of G. If d(v) = k

for each v ∈ V , we say that the graph is k-regular.
A graph H is a subgraph of G if V (H) ⊆ V (G) and E(H) ⊆ E(G); we denote this by

H ⊆ G. We say that H is spanning if V (H) = V (G). We write δ(H) as a shortening
of δ(V (H)). For a subset of vertices U ⊆ V , we define G[U ] := (U, E(U)). For a set W

of vertices, we define G + W := (V ∪ W, E) and G − W := (V \ W, E(G[V \ W ])). For
a subset of edges F ⊆ E, we define G[F ] := (V (F ), F ). For a set L of edges, we define
G + L := (V ∪ V (L), E ∪ L) and G− L := (V, E \ L).

A path P in a graph G is a subgraph of G with vertex set V (P ) = {v0, v1, . . . , vk} and
edge set E(P ) = {v0v1, v1v2, . . . , vk−1vk}. We also refer to a path by its natural sequence of
vertices P = (v0, v1, . . . , vk). We say that v0 and vk are the endpoints of P , that P connects
v0 and vk, and that P is a v0vk-path. We denote by P (vi, vj) the subpath of P connecting
vi and vj. For two internally disjoint paths P1 = (v0, v1, . . . , vk) and P2 = (vk, vk+1, . . . , vr)
sharing a common endpoint, the concatenation operation P1 · P2 = (v0, . . . , vk, . . . , vr) results
in a path connecting v0 to vr. If v0 = vr, the result of the operation is a circuit. A circuit C

in G is a subgraph defined by a sequence C = (v0, v1, . . . , vk) where v0 = vk, the subsequence
(v0, v1, . . . , vk−1) is a path, and vk−1vk ∈ E.

A circuit (resp. path) in a graph is Hamiltonian if it is spanning. A graph is Hamiltonian
(resp. traceable) if it contains a Hamiltonian circuit (resp. path).

A graph G = (V, E) is connected if for each pair of vertices u, v ∈ V there is a uv-path
in G. A maximal connected subgraph of a graph is a component. A graph is acyclic if it does
not contain a circuit. An acyclic graph is a forest. A connected acyclic graph is a tree. In the
context of trees and forests, vertices with degree one are called leaves, vertices with degree
two are inner vertices, and vertices with degree three or more are branching vertices. For a
forest F and vertices u, v ∈ V (F ) we denote the path connecting u to v in F by PF (uv) (this
is defined as the empty set if there is none).

A rooted tree is a pair (T = (V, E), r), where T is a tree and r ∈ V is the root of T . In a
rooted tree with root r, a vertex u is a descendant of a vertex v if v is in the unique ur-path
in T . In this case, we also say that v is an ancestor of u. A vertex u (resp. v) is a direct
descendant (resp. ancestor) of v (resp. u) if u and v are adjacent. For each vertex v in a tree
T with root r, we denote by Tv the subtree of T rooted at v (thus T = Tr). If e is an edge
of T , the forest T − e has two connected components S1, S2 ⊆ V . The set of edges δ(S1) is
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called a tree cut. The upper-end of an edge of a rooted tree is the endpoint closest to the
root, and the lower-end is the one furthest from the root.

A graph G = (V, E) is k-connected if it has more than k vertices and, for every S ⊆ V

with |S| < k, we have that G−S is connected. Similarly, we say that G is k-edge-connected if,
for every F ⊆ E with |F | < k, we have that G− F is connected. We define the connectivity
of a graph G as the largest k such that G is k-connected, and we denote this parameter by
κ(G). Similarly, we define edge-connectivity of G and denote this parameter by κ′(G). Note
that G is k-edge-connected if and only if d(S) ≥ k for each S ⊂ V . A cut vertex of a graph
G is a vertex v such that G− v has more components than G. A bridge of a graph G is an
edge e such that G− e has more components than G. A k-edge-connected component is a
maximal k-edge-connected subgraph of G.

We have the following result on edge-connectivity.

Theorem 2 (Tutte [70], Nash-Williams [60]). A graph contains k edge-disjoint spanning
trees if and only if, for every partition of its vertex set into r parts, it has at least k(r − 1)
edges crossing the parts.

Theorem 2 has the following consequence.

Theorem 3. Every 2k-edge-connected multigraph has k edge-disjoint spanning trees.

For a graph G = (V, E) and H ⊆ G an H-path is a path intersecting H only in its
endpoints. An H-circuit is a circuit intersecting H only in a single vertex. An H-ear is either
an H-path or an H-circuit. An ear decomposition of a graph G = (V, E) is a partition of E

into H-ears P0, P2, . . . , Pr where P0 is a single vertex and each Pi is an H-ear of ∪i−1
j=0Pj. A

result of Whitney [73] shows that a graph is 2-edge-connected if and only if it has an ear
decomposition.

For a graph G = (V, E) and W ⊆ V , the contraction of W results in a graph G′ = (V ′, E ′)
where V ′ = (V \W ) ∪ {w}, w /∈ V , and E ′ = {uv ∈ E : u, v ∈ W} ∪ {uw : uv ∈ E, u ∈
W, v ∈ W}. We denote G′ by G/W . For a set F ⊆ E, we denote by G/F the graph obtained
by contracting the connected components of G[F ]. The subdivision of an edge uv replaces uv

by a path P = (u, w, v) where w /∈ V .
A graph in which each pair of vertices is adjacent is a complete graph. For a finite set V ,

we define the complete graph with vertex set V as KV . For a graph G = (V, E) with edge
costs c ∈ RE, the metric completion of G is the complete graph KV together with edge costs
c′ ∈ R(V

2) where the cost of each edge uv ∈
(

V
2

)
is the cost of a minimum uv-path in G.

A matching M ⊆ E is a subset of edges which do not share endpoints.

2.2.1. Directed graphs. A directed graph (or digraph) is a pair D = (V, A) of disjoint
finite sets V and A together with a map A→ V × V . The set V is the vertex set of D, and
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A is the arc set of D. We mostly ignore the map and use that an arc a = (u, v) for a pair of
distinct u, v ∈ V . For S ⊆ V and F ⊆ A, define δin

F (S) := {(u, v) ∈ F : v ∈ S, u ∈ S} and
δout

F (S) := {(u, v) ∈ F : u ∈ S, v ∈ S}. We denote the indegree of a set by din
F (S) := |δin

F (S)|
and the outdegree by dout

F (S) := |δout
F (S)|. A vertex with indegree zero is a source, and one

with outdegree zero is a sink. We define directed path and directed circuit analogously to
their undirected counterparts.

2.2.2. Hypergraphs. A hypergraph is a pair H = (V, E), where V is a finite set, called
vertex set of H and E is a collection of subsets of V , called hyperedge set of H. For X ⊆ V , we
define δ(X) := {F ∈ E : F ∩X ̸= ∅, F ∩X ̸= ∅} and d(X) := |δ(X)|. We define the rank
of the hypergraph as rank(H) := maxE∈E |E|. For an L ⊆ 2V , we say that H is a k-cover of
L if d(L) ≥ k for each L ∈ L. We say that an element L ∈ L is tight if d(L) = k. We say
that a k-cover H is minimal if the removal of any hyperedge does not result in a k-cover.

2.3. Polyhedral theory and linear optimization

An optimization problem is a triple (U, f, α) where U is a set, f : U → R ∪ {−∞, +∞} is
a function, and α ∈ {+1,−1}. We say that U is the set of solutions and f is the objective
function. We write α = +1 (resp. α = −1) to indicate a maximization (resp. minimization)
problem. A vector u ∈ U is a solution for the problem. In this thesis, we deal mostly
with minimization problems. We define the optimum value of a minimization problem as
opt(U, f,−1) := infu∈U f(u), and whenever this value is finite, we define the set of optimum
solutions as U∗ = {u ∈ U : f(u) = opt(U, f,−1)}. If U = ∅, we say that the problem is
infeasible. If opt(U, f,−1) is not finite, we say that the problem is unbounded.

This text focuses on the case in which U is a polyhedron. A subset P ⊆ RE, where E is a
finite set, is a polyhedron if there is a system of linear inequalities Ax ≤ b for some matrix A

and vector b such that
P = {x ∈ RE : Ax ≤ b}.

A polytope is a bounded polyhedron. A linear optimization problem is an optimization
problem (P, f, α) , where P is a polyhedron and f is a linear function. We define the following
problem on polyhedra.

Strong optimization problem for polyhedra
Input: A polyhedron P ⊆ RU and a vector c ∈ RU .
Objective: Find a vector x ∈ P minimizing cTx or assert that P is empty.

The term strong (in opposition to the weak version) concerns the precision of the com-
putations. In the weak optimization problem for polyhedra one accepts a solution within a
tolerance of ε ∈ R≥0.
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We often present a linear minimization problem as:

Minimize cTx

subject to Ax ≤ b,

x ∈ R≥0.

A maximization problem is presented similarly. We say that the inequalities in Ax ≤ b are
the restrictions (or constraints) of the problem. An integer linear optimization problem is a
linear optimization problem with the additional restriction that the solutions must be integral.
Different from linear optimization problems, there is no known method to solve integer linear
optimization problems in polynomial time.

A vector y ∈ RU is a convex combination of vectors x1, x2, . . . , xr ∈ RU if there are
coefficients λ1, λ2, . . . , λr ∈ R≥0 such that

y =
∑
i∈[r]

λix
i and

∑
i∈[r]

λi = 1.

An extreme vector x ∈ P is a vector that cannot be written as a convex combination of
other vectors in P . A polyhedron is integral if every extreme vector is integral. A well-known
result in linear optimization states that when an optimum solution exists, there is one that is
an extreme vector of P . There is a polynomial-time algorithm that finds an integer solution
for a linear optimization problem over an integral polyhedron.

The problems addressed in this thesis involve linear formulations with an exponential
number of constraints. We briefly discuss a method for solving such problems. We define the
following problem on polyhedra.

Strong separation problem for polyhedra
Input: A polyhedron P ⊆ RU and a vector x ∈ RU .
Objective: Determine whether x ∈ P , and, if not, find a and b such that aTx > b and
aTy ≤ b for each y ∈ P .

A remarkable result by Grötschel, Lovász, and Schrijver [40] shows that the strong
optimization problem for polyhedra is equivalent to the strong separation problem for
polyhedra. This equivalence follows as a consequence of the ellipsoid method for convex
optimization. In their work, Grötschel, Lovász, and Schrijver define the algorithms in terms
of oracles, which are subroutines designed to solve auxiliary problems. Given a strongly
polynomial-time oracle, defined as an oracle for which the required memory is polynomially
bounded by the input size and the number of arithmetic operations is polynomially bounded
by the number of tokens of the input, by addressing the strong separation problem, one can
solve the strong optimization problem.
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Recall GSNP defined in the introduction (Chapter 1). This problem as well as others
that we will consider in this thesis can be formulated as a linear optimization problems of
the following form:

Minimize
∑
e∈E

cexe

subject to x(δ(S)) ≥ f(S), for ∅ ̸= S ⊂ V, LPGSNP(G, r, k, c)

x ∈ [0, k]E.

where f(S) = maxu∈S,v∈S ru,v. We denote the associated polytope by PGSNP(G, r, k). Given a
vector x ∈ RE, to solve the separation problem for PGSNP(G, r, k), one merely needs to check
whether the value of the minimum cut between each pair of vertices in (G, x) satisfies the
inequalities. If not, there is a set S ⊂ V such that xTχδ(S) < f(S), which defines a separating
hyperplane. Of course, one may check if x ∈ [0, k]E by iterating through the components of x.
Since finding a minimum cut can be done in strongly polynomial time, by the equivalence
between optimization and separation, an extreme vector that is an optimum solution of
LPGSNP(G, r, k, c) can obtained in polynomial time.

2.3.1. Totally unimodular matrices. A matrix A is totally unimodular if the deter-
minant of every square submatrix of A is equal to −1, 0, or 1. We have the following relation
between integer polyhedra and totally unimodular matrices.

Theorem 4 (Hoffman and Kruskal [43]). Let A be an integral matrix. The polyhedron
{x : Ax ≤ b, x ≥ 0} is integral for every integral b if and only if A is totally unimodular.

Ghouila-Houri gave a useful characterization of totally unimodular matrices. An equitable
row-bicoloring of a matrix A ∈ RU×V is a partition U1, U2 of U such that∑

i∈U1

Ai −
∑

j∈U2

Aj ∈ {−1, 0, 1}V .

We have the following theorem.

Theorem 5 (Ghouila-Houri [35]). A matrix A is totally unimodular if and only if every
subset of rows of A admits an equitable row-bicoloring.

Lemma 6. Let A ∈ RV ×U be a totally unimodular matrix. Then, the following holds
i) AT is totally unimodular;
ii) [AT χv] is totally unimodular for each v ∈ V .

2.3.2. Integrality ratio. The integrality ratio (or integrality gap) of a formulation is
the maximum ratio between the optimum value of an integer formulation and its linearly
relaxed counterpart over every possible instance of the problem. For an instance (P, c) of a
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linear optimization problem, we define the integrality ratio of the instance as

IPratio(LP, P, c) := opt(IP(P, c))
opt(LP(P, c)) .

Let I be the set of all instances of the problem. We define the integrality ratio of the
formulation as

IPratio(LP) := sup
(P,c)∈I

IPratio(LP, P, c).

We also define the integrality ratio of a family of instances analogously.

2.4. Approximation and rounding algorithms

A ρ-approximation algorithm for an optimization problem is a polynomial-time algorithm
that computes a solution whose cost is within ρ times the optimum. We say that ρ is the
approximation guarantee (factor or ratio) of the algorithm. We use ρ < 1 for maximization
problems and ρ > 1 for minimization problems. Moreover, ρ can be a function of the size of
the instance, not necessarily a constant.

In this thesis, we present rounding algorithms. A ρ-rounding is a polynomial-time
algorithm that, given a fractional solution of a linear optimization problem, obtains an
integral solution whose cost is within ρ times the cost of this fractional solution. Here, we
always consider rounding algorithms for half-integral solutions of the corresponding linear
optimization problem.

It should be noted that a ρ-rounding that rounds every vector of a polyhedron (or
the extreme ones) is also a ρ-approximation. But in general a ρ-rounding may not be a
ρ-approximation.

A rounding algorithm upper bounds the integrality ratio of the corresponding linear
formulation, since it transforms fractional solutions into integer solutions.

A polynomial-time approximation scheme (PTAS) for a minimization problem is a family
of algorithms Aε where for each fixed ε ∈ R>0, Aε is a (1 + ε)-approximation for the problem.
The definition for maximization problems is equivalent.

Finally, we have the following result proved by Jain.

Theorem 7 (Jain [46]). Let (G = (V, E), r, c) be an instance of GSNP. Then, there is a
polynomial-time algorithm which finds a spanning subgraph H ⊆ G such that

c(H) ≤ 2 opt(LPGSNP(G, r, 1, c)).

Moreover, H is contained in the support of an optimum linear solution.

2.5. Matroid theory

A matroid is a pair M = (E, I) where E is a finite set and I ⊆ 2E that satisfies the
following properties:
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i) ∅ ∈ I,
ii) If X ′ ⊂ X ∈ I then X ′ ∈ I,
iii) If X, Y ∈ I with |Y | > |X|, then there is a e ∈ Y \X such that X ∪ {e} ∈ I.

We say that E is the ground set of M and I is the set of independent sets of M . The
sets in 2E \ I are called dependent. The properties (i), (ii), and (iii) are called independence
axioms, with (ii) being called hereditary property and (iii) being called the exchange property.

One compelling reason to study (or recognize) matroids is that, given a procedure which
checks if J ∪ {e} is dependent for each J ∈ I and e ∈ E, one can find a maximum cardinality
element of I using the following simple greedy algorithm.

Algorithm 1: Cardinality greedy algorithm for matroids
Input: A matroid M = (E, I).
Output: A maximum cardinality element J of I.

1. J ← ∅
2. for each e ∈ E do
3. if J ∪ {e} ∈ I then
4. J ← J ∪ {e}

5. return J

We have the following theorem.

Theorem 8 (Edmonds [23]). Given a matroid M = (E, I), Algorithm 1 finds a maximum
cardinality element of I.

2.6. The 2-edge-connected spanning subgraph polytope

Finally, we introduce problem-specific tools that are used throughout this thesis. Unlike
other sections of this chapter, we may provide proof of some results. For a graph G = (V, E),
the 2-edge-connected spanning subgraph polytope is defined as

P2EC(G) := {x ∈ [0, 1]E : x(δ(S)) ≥ 2 for each ∅ ̸= S ⊂ V }.

The following lemma allows us to restrict our attention to 2-connected graphs.

Lemma 9. Let G = (V, E) be a 2-edge-connected graph that is not 2-connected and
G1 = (V1, E1), G2 = (V2, E2), . . . , Gr = (Vr, Er) be the 2-connected components of G. Then:

i) x ∈ P2EC(G) implies that x|Ei
∈ P2EC(Gi) for each i ∈ [r];

ii) xi ∈ P2EC(Gi) for each i ∈ [r] implies that x1 ⊕ x2 ⊕ · · · ⊕ xr ∈ P2EC(G).

Proof. Since each Ei defines a 2-connected component, Ei ∩ Ej = ∅ for each distinct
i, j ∈ [r]. Then, δGi

(S) = δG(S) for each S ⊆ Vi for i ∈ [r]. To prove (i), note that for each
i ∈ [r] it holds that x|Ei

(δGi
(S)) = x(δG(S)) ≥ 2 for each S ⊆ Vi.
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Moreover, let y := x1 ⊕ x2 ⊕ · · · ⊕ xr. To prove (ii), note that for S ⊂ V it holds that
y(δG(S)) ≥ ∑i∈[r] xi(δGi

(S ∩ Si)) ≥ 2 (since S ̸= V ). □

The following lemma allows us to contract vertex sets preserving edge-connectivity.

Lemma 10. Let G = (V, E) be a 2-edge-connected graph. Then, G/W is 2-edge-connected
for each W ⊂ V .

Proof. Let G′ = (V ′, E ′) := G/W and S ′ ⊂ V ′. Let w ∈ V ′ be the vertex created while
contracting W . If w ∈ S ′, let S := (S ′ \ w) ∪W ⊂ V . Then, δG′(S ′) = δG(S). If w /∈ S, it
holds that δG′(S ′) = δG(S ′). Therefore, G′ is 2-edge-connected. □

We show that the subdivision operation preserves 2-edge-connectivity.

Lemma 11. Let G = (V, E) be a 2-edge-connected graph and uv ∈ E. Then, the graph G′

obtained by the subdivision of uv is 2-edge-connected.

Proof. Let G′ = (V ′, E ′) and w ∈ V ′ be the new vertex created during the subdivision.
Let S ′ ⊂ V . If u, v ∈ S ′, then |δG′(S ′)| ≥ |δG(S ′)|. If u ∈ S ′ and v ∈ S ′, then either
δG′(S ′) = δG(S ′)− uv + uw or δG′(S ′) = δG(S ′)− uv + vw. In either case |δG′(S ′)| ≥ |δG(S ′)|.
The remaining cases are analogous to one of the above cases. □

Finally, we bound the size of an extreme vector solution of P2EC(G).

Lemma 12. Let G = (V, E) be a 2-edge-connected graph. Then, there is a 2-edge-connected
spanning subgraph H ⊆ G such that |E(H)| ≤ 2|V | − 3.

Proof. The proof follows directly from considering an ear decomposition of G and
discarding the ears of size 1. □

Theorem 13 (Theorem 11.27 of [66]). Let (G = (V, E), r, c) be an instance of GSNP and
x ∈ PGSNP(G, r, 1) be an extreme vector. Then, there is a laminar family L on the vertex set
V such that x∗(δ(S)) = f(S) for each S ∈ L and |L| = |{e ∈ E : 0 < x∗

e < 1}|.

Theorem 14. Let G = (V, E) be a graph and x∗ ∈ P2EC(G) be an extreme vector. Then,
the number of fractional edges is at most 2|V | − 1.

Proof. Follows directly combining Theorem 13 with Lemma 1. □



CHAPTER 3

The 2-edge-connected spanning subgraph problem

In this chapter, we investigate the 2-edge-connected spanning subgraph problem
(2-ECSSP), which is defined as follows.

The 2-edge-connected Spanning Subgraph Problem (2-ECSSP)
Input: A graph G = (V, E) and edge costs c ∈ QE.
Objective: Find a 2-edge-connected spanning subgraph H ⊆ G of minimum cost.

The problem 2-ECSSP is NP-hard since, for a Hamiltonian graph with uniform costs,
the minimum cost 2-edge-connected spanning subgraph is a Hamiltonian circuit. Moreover,
Fernandes [27] showed that 2-ECSSP does not admit a PTAS unless P = NP.

In 1994, Khuller and Vishkin [53] designed the first 2-approximation for 2-ECSSP, which
is still the best-known guarantee for the problem. In 2022, Grandoni, Jabal Ameli, and
Traub [38] found a better-than-2-approximation for the case of 0/1 costs. In 2023, Kobayashi
and Noguchi [54] found a (1.3 + ε)-approximation for any fixed positive ε for the case of
uniform costs.

Given a graph G = (V, E) and edge costs c ∈ QE, we may formulate 2-ECSSP as an
integer linear optimization problem with the following linear relaxation:

Minimize
∑
e∈E

cexe

subject to x(δ(S)) ≥ 2 for ∅ ̸= S ⊂ V, LP2EC(G, c)

x ∈ [0, 1]E.

We denote the associated polytope by P2EC(G), the 2-edge-connected spanning subgraph
polytope. As discussed in the previous chapter, an optimum solution of LP2EC(G, c) can be
obtained in polynomial time. We refer to the problem of rounding a half-integral solution
of LP2EC(G, c) as the half-integral 2-ECSSP. Also, when a vector x is given, we always
consider that the edges of G are restricted to supp(x), even if this is not explicitly stated.

In this chapter, we develop a 5/3-rounding for half-integral vectors of P2EC(G). We first
obtain a slightly stronger result, which shows that, for any half-integral vector of x ∈ P2EC(G),
the vector 5x/3 dominates a convex combination of integral vectors. We build our result on
top of a seminal work of Cheriyan, Jordán, and Ravi [17] on the half-integral weighted tree
augmentation problem (WTAP). To apply their algorithm, we extend a particular set of

21
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edge-disjoint spanning forests into edge-disjoint spanning trees using an algorithm obtained
by Roskind and Tarjan [62], and results concerning the existence of edge-disjoint spanning
trees on highly edge-connected graphs of Tutte [70] and Nash-Williams [60]. Finally, we also
show how to restrict the half-integral 2-ECSSP to a family of instances for which the graph
is 4-edge-connected with maximum degree at most 5.

This chapter is organized as follows. First, we introduce an algorithm for finding k

edge-disjoint spanning forests of a graph with the maximum number of edges. Next, we
present a seminal result by Cheriyan, Jordán, and Ravi on half-integral WTAP. Then, we
prove our main result on dominating convex combinations of integral vectors of P2EC(G) and
derive the rounding algorithm as a corollary. Additionally, we provide a simplified proof of
the rounding algorithm, yielding an improved running time. Then, we state and prove the
reduction theorem. Finally, we discuss some conjectures and computational results.

3.1. Finding edge-disjoint spanning trees of a graph

Before developing an algorithm for the half-integral 2-ECSSP we first discuss an algorithm
to find k edge-disjoint maximum spanning forests of a graph proposed by Roskind and
Tarjan [62]. Even though we maintain the same overall strategy of the original work, we
propose an alternative perspective to their algorithm by rewriting the augmentation procedure
as a minimum length dipath problem in an auxiliary digraph.

Throughout this section, let G = (V, E) be a graph, k be a positive integer, and I ⊆ 2E

be a set such that J ∈ I if J can be partitioned into k edge-disjoint spanning forests (here
we allow parts to be empty). We prove that (E, I) is a matroid.

Lemma 15. (E, I) is a matroid.

Proof. It is clear that I contains the empty set and is hereditary. Let J1, J2 ∈ I with
|J2| > |J1|. For i ∈ [2], let F i

1, F i
2, . . . , F i

k be a partition of Ji into k edge-disjoint spanning
forests such that ∑j∈k|E(F 1

j ) ∩ E(F 2
j )| is maximized. There must be a j ∈ [k] such that

|E(F 2
j )| > |E(F 1

j )|. Hence, by the choice of the partition, there is an edge e ∈ E(F 2
j ) \E(F 1

j )
such that F 1

j + e is a forest and e /∈ J1. Therefore, J1 ∪ {e} is independent. □

Given Lemma 15, to solve the problem, we need to find the largest J ∈ I and partition it
into k edge-disjoint forests. To find J , we use the matroid greedy algorithm (see Algorithm 1)
which also builds a partition of J into k edge-disjoint spanning forests. Therefore, what
remains to be discussed is, given J ∈ I and e0 ∈ E \ J , how to test if J ∪{e0} is independent.

For i ∈ Z≥0, define i+ := (i mod k) + 1. Let J ∈ I, e0 ∈ E \ J , and F1, F2, . . . , Fk

be a partition of J into k edge-disjoint spanning forests. We say that a sequence of edges
(e0, e1, . . . , eℓ) with ej+1 ∈ E(Fj+) and ℓ ∈ Z≥0 is a swap sequence if ej+1 ∈ E(PFj+(ej)) for
each j ∈ [ℓ− 1] ∪ {0} and eℓ joins different components of Fℓ+. Hence, Fj+ + ej − ej+1 is a



3.1. FINDING EDGE-DISJOINT SPANNING TREES OF A GRAPH 23

forest, and we can safely carry on the edge swaps to augment J . We say that a swap sequence
is minimal there is no i > j + 1 such that ei ∈ E(PFj+(ej)). We define a swap operation by
iteratively conducting the sequence of swaps, i.e., the swap operation between (F1, F2, . . . , Fk)
and (e0, e1, . . . , eℓ) produces a tuple (F ′

1, F ′
2, . . . , F ′

k) such that

F ′
j = Fj +

⋃
i:i+=j

ei −
⋃

i:i+=j+
ei.

We have the following lemma.

Lemma 16. Let (F1, F2, . . . , Fk) be k edge-disjoint forests and (e0, e1, . . . , eℓ) be a minimal
swap sequence. Then, the result of the swap operation (F ′

1, F ′
2, . . . , F ′

k) is a sequence of k

edge-disjoint forests with an additional edge e0.

Proof. Since (e0, e1, . . . , eℓ) is a minimal swap sequence, the circuits of Fj + ∪i:i+=jei

are edge-disjoint. Moreover, each circuit contains exactly one edge in ∪i:i+=j+ei. Therefore,
F ′

j = Fj + ⋃
i:i+=j

ei −
⋃

i:i+=j+
ei is a forest for each j ∈ [k] and ⋃

i∈[k]
E(F ′

i ) \
⋃

i∈[k]
E(Fi) = e0. □

Lemma 16 shows that J ∪ {e0} is independent if there is a swap sequence starting at e0.
Notice that, whenever there is a swap sequence, there is a minimal one. However, using a
swap sequence that is not minimal may not produce a forest (see Figure 1(a) and (d)).

It remains to be proved that if there is no swap sequence, J ∪ {e0} is dependent. We
develop an algorithm that either finds a minimal swap sequence or a certificate that J ∪ {e0}
is dependent. We reduce the problem of finding a minimal swap sequence to the minimum
length dipath problem. Consider a digraph D = (E, W ) such that the vertex set of D is the
edge set of G and the arc set of D is given by

W = {(ei, ej) ∈ E × E : ej ∈ E(PFi+(ei))}.

Lemma 17. A minimum length dipath connecting e0 to a sink in D is a minimal swap
sequence.

Proof. Consider that eℓ is a sink in D reachable from e0. Let Q = (e0, e1, . . . , eℓ) be a
minimum length dipath connecting e0 and eℓ. Since Q is minimum, for each i ∈ [ℓ]∪{0} there
is no j > i + 1 such that (ei, ej) ∈ W , hence, by the definition of W , there is no j > i + 1 such
that ej ∈ E(PFi+(ei)). Finally, since eℓ is a sink, there is no path connecting the endpoints of
eℓ in Fℓ+. Therefore, Q is a minimal swap sequence. □

Figure 1 contains an example illustrating the construction of the auxiliary digraph. Now,
we show that if there is no sink reachable from e0 in D, then J ∪ {e0} is dependent. For each
i ∈ [k], define Si ⊆ V as the set of endpoints of the edges in E(Fi) reachable from e0 in D.
We have the following lemma.

Lemma 18. If there is no sink reachable from e0 in D, then the following holds:
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i) S1 = S2 = · · · = Sk;
ii) Fi[Si] is a tree for each i ∈ [k].

Proof. Let e be reachable from e0 in D and i ∈ [k] be such that e ∈ E(Fi). Since e is
not a sink in D, we have that

V (PFi+(e)) ⊆ Si+. (1)

Moreover, the endpoints of e are connected in Fi+[Si+].
To prove (i), let i ∈ [k] and u ∈ Si. Let uw ∈ E(Fi) be any edge reachable from e0 (this

edge exists since u ∈ Si). By (1), it holds that u ∈ Si+. Hence, Si ⊆ Si+ for each i ∈ [k].
Therefore, it holds that

S := S1 = S2 = · · · = Sk.

Moreover, the endpoints of xy := e0 are contained in S.
To prove (ii), let Q = (e0, e1, . . . , eℓ) be any dipath in D. We prove by induction on ℓ that

each vertex in V (Q) is reachable from x in Fℓ+[Sℓ+].
If ℓ = 1, it follows directly from applying (1) to e0. Consider that ℓ > 1 and let j := ℓ− 1.

By induction hypothesis, the vertices in V (Q(e0, ej)) are reachable from x in Fj+[Sj+]. Now,
apply (1) to each edge in Fj+[Sj+]. We obtain that the vertices in V (Q(e0, ej)) are also
reachable from x in Fℓ+[Sℓ+]. Let pq := ej and rs := eℓ. By applying (1) to ej, we obtain
that r, s are reachable from p, q in Fℓ+[Sℓ+]. Therefore, r, s are reachable from x in Fℓ+[Sℓ+].

By applying the property above to each dipath starting at e0 in D, we conclude that
Fi[Si] is connected for each i ∈ [k]. □

By Lemma 18, when there is no swap sequence, the endpoints of e0 are contained in a set
S ⊆ V where ∑i∈k|E(Fi[S])| = k(|S| − 1), which implies that J ∪ {e0} is dependent since
any independent set has at most k(|S| − 1) edges incident to each S.

Lemmas 17 and 18 suggest an O(k|V |) algorithm to test if J ∪ {e0} is dependent. Since
the matroid greedy algorithm may call this routine for each edge of G, this results in an
overall complexity of O(k|V ||E|).

A simple observation improves the running time to O(k2|V |2). We call a set of vertices
for which no more edges with both endpoints incident to it can be added to J by prohibited
set. When the algorithm fails to augment J , it finds a prohibited set S. Hence, at first, there
are |V | prohibited sets, each containing a distinct vertex of G. Whenever the procedure fails
to augment J , the endpoints of e0 are contained in two different prohibited sets (otherwise,
the augmentation procedure would not have been called), which can be merged (to see this,
notice that the union of those sets induces a tree in each of the k forests). Since there can be
at most |V | merges before no other edge can be added to J and at most k(|V | − 1) edges can
be added to J , the augmentation procedure is called at most O(k|V |) times, resulting in a
total running time of O(|E|+ k2|V |2) = O(k2|V |2). We have the following theorem.
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Figure 1. Example of an augmentation step of the k edge-disjoint forest
algorithm. (a) Example of an instance. Continuous edges belong to F1; dashed
edges belong to F2; dotted edge is e0. (b) Auxiliary digraph for the instance
in (a). Green dashed edges represent a dipath that is also a minimal swap
sequence for which the swap operation results in (c); blue dotted edges represent
a dipath that is not a minimal swap sequence, for which the swap operation
results in (d). (c) Result of the augmentation of (a) using the minimum swap
sequence (e0, e7, e6). (d) Result of the augmentation using a non-minimal swap
sequence (e0, e5, e3, e2, e4). Notice that F1 is not a forest since e0, e3, and e7
induce a circuit.

Theorem 19 (Roskind and Tarjan [62]). Given a graph G = (V, E) and a positive integer
k, there is an O(k2|V |2) algorithm that finds k edge-disjoint spanning forests such that
altogether they have the maximum number of edges.

3.2. A 5/3-rounding for the half-integral 2-ECSSP

In this section, we present a 5/3-rounding for the half-integral 2-ECSSP. The following
is a fundamental result.

Theorem 20. Given a graph G = (V, E) and a half-integral vector x ∈ P2EC(G), there is
an O(|V |2) algorithm that finds a collection H1, H2, . . . , H6 of 2-edge-connected spanning
subgraphs of G such that

6∑
i=1

1
6χHi ≤ 5

3x.

Theorem 20 shows that 5x/3 dominates a convex combination of integral vectors of
P2EC(G). We obtain a 5/3-rounding as a consequence of Theorem 20.

Corollary 21. Given a graph G = (V, E), edge costs c ∈ QE, and a half-integral vector
x ∈ P2EC(G), there is an O(|V |2) algorithm that finds a 2-edge-connected spanning subgraph
H ⊆ G such that

c(H) ≤ 5
3cTx.
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Proof. Let H1, H2, . . . , H6 be a collection of 2-edge-connected spanning subgraphs of G

guaranteed by Theorem 20. Then, for each edge e ∈ E, we have that
6∑

i=1

1
6χHi

e ce ≤ 5
3cexe.

Summing up the inequality above for each edge of E, we obtain that
6∑

i=1

1
6c(Hi) ≤

5
3
∑
e∈E

cexe.

Note that the expression on the left-hand side is the average of the costs of the six spanning
subgraphs. Thus, the cheapest subgraph in the collection has the desired property. □

Later, we extend Corollary 21 to the following theorem.

Theorem 22. Given a graph G = (V, E), edge costs c ∈ QE, and a half-integral vector
x ∈ P2EC(G), there is an O(min(|V |2, |E| log|E|)) algorithm that finds a 2-edge-connected
spanning subgraph H ⊆ G such that

c(H) ≤ 5
3cTx.

To the best of our knowledge, Theorems 20 and 22 are the first results improving on the
factor 2 for half-integral 2-ECSSP. In the next subsection, we discuss a result of Cheriyan,
Jordán, and Ravi [17], which provides the first steps to prove Theorem 20.

3.2.1. A 4/3-rounding for the half-integral WTAP. In this section, we cover a
seminal result obtained by Cheriyan, Jordán, and Ravi (CJR) [17] on rounding half-integral
solutions of the weighted tree augmentation problem (WTAP), which is defined as
follows.

The Weighted Tree Augmentation Problem (WTAP)
Input: A tree T = (V, E), a set L ⊆

(
V
2

)
of links, and link costs c ∈ QL.

Objective: Find F ⊆ L of minimum cost such that T + F is 2-edge-connected.

A rooted tree can be represented as a laminar family in which each set is the vertex set
of a subtree. We state a slightly generalized version of the original theorem of CJR using
hypergraphs (the original theorem was restricted to graphs). Although we do not use this
version to its fullest potential, we believe it is a fine addition to the theorem.

An inclusionwise minimal set of a family is a set for which no subset is contained in the
family, and we usually refer to it just by minimal element. A minimum element is a minimal
element with the smallest possible cardinality. Laminar families have the following property.

Lemma 23 (Lemma 1 of [17]). Let L be a laminar family on a finite set V , and H = (V, E)
be a minimal k-cover of L. Then, L contains an inclusionwise minimum tight element.
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Proof. Suppose not. Let L1 ∈ L be a minimal tight element (there is one since H is
minimal and L is laminar). Then, L1 contains at least two disjoint non-tight elements L2

and L3 of L. Hence, there is no E ∈ E with E ⊆ L1, since H− E would be a k-cover of L.
Then, every hyperedge covering L2 or L3 also covers L1. Therefore, L1 is not tight. □

The following theorem slightly generalizes Proposition 2 of [17].

Theorem 24. Let L be a laminar family on a finite set V , and H = (V, E) be a minimal
k-cover of L. Then, there is a partition of E into rank(H)(k − 1) + 1 parts such that:

i) each element of L is covered by hyperedges of at least k different parts,
ii) each v ∈ V with d(v) = k is covered by hyperedges belonging to different parts.

Moreover, this partition can be built in time O(rank(H) min(k2|V |, k|V |2)).

Proof. We build the partition using induction on ℓ := |L|. If ℓ = 1, since H is minimal,
it holds that |E| = k, and we assign each hyperedge to a different part.

Now, let ℓ > 1 and suppose that the statement holds for laminar families with size at
most ℓ− 1. By Lemma 23, there is a tight inclusionwise minimum element U ∈ L. Let u′ be
the element obtained by contracting U in V . Define

V ′ := (V \ U) ∪ {u′},

L′ := L \ {U},

F := (E \ δ(U)) ∪ {(E \ U) ∪ {u′} : E ∈ δ(U)}.

Note that (V ′,F) is a k-cover of L′. Let F ′ ⊆ F be such that H′ := (V ′,F ′) is a minimal
k-cover of L′.

By induction hypothesis, there is a partition of F ′ into rank(H′)(k−1)+1 parts satisfying
(i) and (ii). Since U is tight in H, we have dH′(u′) ≤ k, and hence, each hyperedge incident
to u′ in H′ belongs to a different part. Now, expand the element u′ to the set U , creating a
new set E ′ ⊆ E of the expansion of the hyperedges in F ′ maintaining the same partition.

What remains to be done is to distribute the hyperedges in E \ E ′ between the parts
so that (i) and (ii) are satisfied. If E \ E ′ = ∅, we are done by induction. Otherwise, we
repeat the following procedure while there is a hyperedge E ∈ E \ E ′. Let W ⊆ E be a set of
vertices incident to E that have degree smaller than k in E ′. By the choice of U , it holds
that δE ′(U) = ∪u∈UδE ′(u). Hence

dE ′(U) +
∑

w∈W \U

dE ′(w) ≤ rank(H)(k − 1).

Since E ′ is partitioned into rank(H)(k − 1) + 1 parts, there is a part that is not incident to
any vertex in W ∪ U . Assign E to that part and update E ′. Therefore, at the end of the
procedure, (i) and (ii) are satisfied.
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Finally, we present a high-level discussion of the running time. By Lemma 1, it holds that
|L| ≤ 2|V |, and |E| ≤ k|L| ≤ 2k|V |. By keeping the laminar family in a tree-like structure, one
may find an element u ∈ L to contract with amortized running time O(|L|+ |E|) = O(k|V |).

To achieve the running time O(k rank(H)|V |2), for each L ∈ L, iterate through each
hyperedge in E and check if it covers L with total running time O(rank(H)|E|). For each
E ∈ δ(L) with an assigned partition, mark this partition as blocked. Then, for each E ∈ δ(L)
not assigned to a partition, assign a partition and block the assigned partition. After this
process, unblock each partition. This step can be implemented in O(|E|) leading to a total
running time of O(|L|(rank(H)|E|+ |E|)) = O(rank(H)k|V |2).

To achieve the running time of O(rank(H)k2|V |), notice that, when updating the cover
for each contracted element of L ∈ L, one assigns at most k hyperedges to a partition per
step, since d(L) = k at each step. Moreover, one can keep a list of the partitions incident to
each v ∈ V in total amortized time O(rank(H)|E|) = O(rank(H)k|V |). To assign E ∈ δ(L)
to a partition, iterate through the hyperedges incident to the elements of E ∩ L and mark
their partitions. This can be done in O(rank(H)k). By repeating this for each element of L,
one achieves a running time of O(k|L|k rank(H) + |V |+ |E|) = O(rank(H)k2|V |). □

Now, we show how we can transform the polyhedral problem into a combinatorial one
and use Theorem 24 to derive a result similar to Theorem 20.

Let G = (V, E) be a graph and x ∈ P2EC(G) be a half-integral vector. Denote by

I(x) := {e ∈ E : xe = 1},

J(x) := {e ∈ E : xe = 1/2}.

the sets of integral (recall that we ignore edges e with xe = 0) and half coordinates of x,
respectively. Let GI(x) := (V, I(x)) be a spanning subgraph of G restricted to the integral
edges. Suppose that GI(x) is connected. Let T = (U, W ) be the tree obtained by contracting
the 2-edge-connected components of GI(x) and Z ⊆ J(x) be the set of half-edges with
endpoints in different 2-edge-connected components of GI(x). Take r ∈ U as the root of T .
Then T := {V (Tv) ⊆ U : v ∈ U \ {r}} is a laminar family. We have the following lemma.

Lemma 25. Z is a 2-cover of T .

Proof. Let S ∈ T . By the definition of T , it holds that |δT (S) ∩ I(x)| = 1. Since
x(δ(S)) ≥ 2, we have that |δT (S) ∩ Z| ≥ 2. Therefore, Z is a 2-cover of T . □

Hence, by Theorem 24, J(x) may be partitioned into three sets C1, C2, and C3, such that
Ci ∪ Cj is a 1-cover of T for each distinct i, j ∈ [3]. Let

H1 := I(x) ∪ C1 ∪ C2, H2 := I(x) ∪ C1 ∪ C3, and H3 := I(x) ∪ C2 ∪ C3.
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It is clear that each of H1, H2, and H3 is a 2-edge-connected spanning subgraph of G such
that

3∑
i=1

1
3χHi

e =

1, if e ∈ I(x);
2/3, otherwise.

for each e ∈ E.

Therefore, since x is half-integral,
3∑

i=1

1
3χHi ≤ 4

3x.

This finishes the proof of the following adaptation of the CJR Theorem.

Theorem 26 (Cheriyan, Jordán, and Ravi [17] (adapted)). Given a graph G = (V, E) and a
half-integral vector x ∈ P2EC(G), if GI(x) is connected, there is an O(|V | + |E|) algorithm
that finds a collection H1, H2, and H3 of 2-edge-connected spanning subgraphs of G such that

3∑
i=1

1
3χHi ≤ 4

3x.

The proof of the following corollary follows the same framework as the one for Corollary 21.

Corollary 27. Given a graph G = (V, E), edge costs c ∈ QE, and a half-integral vector
x ∈ P2EC(G), if GI(x) is connected, there is an O(|V | + |E|) algorithm that finds a 2-edge-
connected spanning subgraph H of G such that

c(H) ≤
∑

e∈I(x)
ce + 2

3
∑

e∈J(x)
ce ≤ 4

3cTx.

3.2.2. Building convex combinations. Given Theorem 26, it is natural to ask how to
extend the result to the case where GI(x) is not connected (also known as the half-integral
weighted forest augmentation problem). In this section, we prove Theorem 20. The intuition
behind the proof is that, when GI(x) is not connected, we round a suitable set of half edges to
apply Theorem 26. We show that there are two disjoint sets J1, J2 ⊆ J(x) such that GI(x)∪Ji

is connected for each i ∈ [2]. We combine both convex combinations to obtain the desired
result. The main lemma of this section is the following.

Lemma 28. Given a graph G = (V, E) and a half-integral vector x ∈ P2EC(G), if G/I(x)
has k edge-disjoint spanning trees, then there is a O(k2|V |2) algorithm that finds a collection
H1, H2, . . . , H3k of 2-edge-connected spanning subgraphs of G such that

3k∑
i=1

1
3k

χHi ≤
(

4
3 + 2

3k

)
x.

Proof. Let F1, F2, . . . , Fk be the edge sets of the k edge-disjoint spanning trees of G/I(x).
Then, for each i ∈ [k], the graph Gi = (V, Ei) := GI(x) + Fi is connected (since the vertices of
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G/I(x) are connected components of GI(x)). Define a vector zi ∈ P2EC(G) such that

zi
e :=

1, if e ∈ I(x) ∪ Fi;
xe, otherwise.

for each e ∈ E.

That is, to construct zi, we round up the entries of x|Ei
. By Theorem 26, there is a collection

H i
1, H i

2, and H i
3 of 2-edge-connected spanning subgraphs of G such that

1
3χHi

1
e + 1

3χHi
2

e + 1
3χHi

3
e ≤


1, if e ∈ I(x) ∪ Fi;
2
3 , if e ∈ J(x) \ Fi;
0, otherwise.

for each e ∈ E.

Since F1, F2, . . . , Fk are disjoint, by averaging the k expressions above, we find that for each
e ∈ ∪k

i=1Fi the sum of its coefficients is at most 1
k

+ (k−1
k

)2
3 = 2

3 + 1
3k

. We obtain that

k∑
i=1

3∑
j=1

1
3k

χ
Hi

j
e ≤



1, if e ∈ I(x);
2
3 + 1

3k
, if e ∈ ⋃k

ℓ=1 Fℓ;
2
3 , if e ∈ J(x) \ ⋃k

ℓ=1 Fℓ;
0, otherwise.

for each e ∈ E.

By adjusting the coefficient for the half edges, we obtain the desired result
3k∑

i=1

1
3k

χHi ≤
(

4
3 + 2

3k

)
x.

Finally, by Theorem 19, we may find the spanning trees in O(k2|V |2) time. For each
i ∈ [k], we apply Theorem 26 to (Gi, zi) to obtain the convex combinations, with a running
time of O(k|E|). Therefore, the procedure has a total running time of O(k2|V |2). □

Given Lemma 28, what remains is to give a lower bound on the number of edge-disjoint
spanning trees of G/I(x). We have the following observation.

Lemma 29. Let G = (V, E) be a graph and x ∈ P2EC(G) a half-integral vector. Then,
G/I(x) is a singleton or 4-edge-connected.

Proof. Let G′ = (V ′, E ′) := G/I(x) and x′ := x|E′ . Note that the cuts of G′ are precisely
the cuts of G that do not contain edges of I(x). Hence, x′(δG′(S ′)) ≥ 2 for each S ′ ⊂ V ′, by
the feasibility of x.

If |V | = 1, we are done. Otherwise, since every edge of E ′ is a half edge and x′(δG′(S ′)) ≥ 2
for each S ′ ⊂ V ′, we obtain that |δG′(S ′)| ≥ 4, which implies that G′ is 4-edge-connected. □

We are ready to prove Theorem 20.
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Proof of Theorem 20. If GI(x) is connected, the result follows from Theorem 26.
If not, by Lemma 29 and Theorem 3, G/I(x) is 4-edge-connected and thus contains 2
edge-disjoint spanning trees. The result follows by applying Lemma 28 with k = 2. □

The approach used in the proof of Theorem 20 has some limitations. It is based on
Theorems 26 and 3, both tight. Figure 2 contains a tight example for Theorem 26. To see
that Theorem 3 is tight, note that K5 is 4-edge-connected and has two edge-disjoint trees.
We believe that different techniques are required to improve the ratio shown in Theorem 20.

1

2

4

3

(a) (b) (c)

1

2

4

3

1

2

4

3

Figure 2. (a) Half-integral instance with 4/3 ratio. Dashed edges e have
ce = 0; continuous edges e have ce = 1. (b) Half-integral solution x. Continuous
green edges e have ce = 1 and xe = 1/2; dashed blue edges e have ce = 0 and
xe = 1. This instance is a tight example for Theorem 26. (c) Integral solution
x. Continuous blue edges e have ce = 1 and xe = 1; dashed blue edges e have
ce = 0 and xe = 1.

The example above has the following implication.

Proposition 30. The integrality ratio of the half-integral 2-ECSSP is at least 4/3.

Proof. See Figure 2. An integral solution (Figure 2(c)) must pick at least two edges
from the triangle {2, 3, 4}. Since there is an optimum half-integral solution (Figure 2(b)) that
costs 1.5, the result follows. □

3.2.3. A simpler rounding algorithm. In this section, we prove that Theorem 22
holds with a running time of O(|E| log |E|). This, together with Corollary 21, finishes the
proof of Theorem 22. This proof is simpler than the one of Theorem 20 since it does not
depend on finding edge-disjoint spanning trees. The main idea is to find a minimum spanning
tree in G restricted to the edges of supp(x) and then apply Corollary 27. First, we prove
the following lemma, which shows that the cost of a solution bounds the cost of a minimum
spanning tree.

Lemma 31. Let G = (V, E) be a graph with edge costs c ∈ QE. Let x ∈ P2EC(G) be a
vector. Then, for any minimum spanning tree T ⊆ (V, supp(x)) it holds that c(T ) ≤ cTx.
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Proof. First, consider the following linear optimization problem:

Minimize
∑
e∈E

cexe

subject to x(δ(S)) ≥ 1 for ∅ ̸= S ⊂ V, LPMST(G, c)

x ∈ [0, 1]E.

From Jain’s algorithm (Theorem 7), we know that there is a spanning tree T ⊆ (V, supp(x))
such that

c(T ) ≤ 2 opt(LPMST(G, c)).

Since x ∈ P2EC(G), we have that x/2 ∈ PMST(G). Hence,

c(T ) ≤ 2 opt(LPMST(G, c)) ≤ 2
∑
e∈E

ce
1
2x = cTx. □

We are now ready to prove Theorem 22.

Proof of Theorem 22. Let T = (U, W ) be a minimum spanning tree of G/I(x). Then,
GI(x) + W is connected. Let z ∈ P2EC(G) with

ze :=

1, if e ∈ I(x) ∪W ;
xe, otherwise.

for each e ∈ E.

Then, by Corollary 27, there is a 2-edge-connected spanning subgraph H ⊆ G such that

c(H) ≤
∑

e∈I(z)
ce + 2

3
∑

e∈J(z)
ce

≤ c(W ) +
∑

e∈I(x)
ce + 2

3
∑

e∈J(z)
ce

≤ 1
3c(W ) +

∑
e∈I(x)

ce + 2
3
∑

e∈J(x)
ce

≤ 1
3c(W ) + 4

3
∑
e∈E

cexe.

By Lemma 31, c(W ) ≤ cTx. Hence c(H) ≤ 1
3cTx + 4

3cTx = 5
3cTx.

Finally, running times in Corollaries 21 and 27 together with the fact that a minimum
spanning tree can be found in O(|E| log(|E|)) concludes the proof of the theorem. □

By Lemma 12 and Theorem 14, we may assume that the number of edges in the support
of an extreme vector optimum solution is linear regarding the number of vertices, which
yields the following improved running time.

Corollary 32. Given a graph G = (V, E) with edge costs c ∈ QE, and an optimum
half-integral solution x∗ of LP2EC(G, c), there is an O(|V | log(|V |)) algorithm that finds a
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2-edge-connected spanning subgraph H ⊆ G such that

c(H) ≤ 5
3cTx∗.

We are not aware of any tight examples for our algorithm. Bamas, Drygala, and Svens-
son [2] extended Proposition 30 by finding an instance that has a half-integral solution x,
with GI(x) disconnected, for which the integrality ratio is 4/3, as shown in Figure 3.
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(a) (b) (c)

Figure 3. (a) A half-integral instance with 4/3 ratio. Continuous edges
e have ce = 1; dashed edges e have ce = 0. (b) A half-integral solution x.
Continuous green edges e have ce = 1 and xe = 1/2; dashed blue edges e have
ce = 0 and xe = 1. (c) An integral solution x. Continuous blue edges e have
ce = 1 and xe = 1; dashed blue edges e have ce = 0 and xe = 1.

3.3. Reducing half-integral vectors to the almost uniform case

In this section, we discuss a result that could hopefully lead to an improvement of
Theorem 20. This result shows that we can restrict the half-integral 2-ECSSP to instances
(G, x) such that G′ := 2x is a 4-edge-connected graph with maximum degree at most 5, i.e.,

x(δ(v)) ≤ 2.5, for each v ∈ V. (2)

It is natural to ask if (2) can be added as a restriction of LP2EC(G, c) without changing the
optimum value. Figure 4(a) provides an example that this cannot be done. Notice that for
each vi ∈ {v3, v4, v5, v6, v8} it must hold that xviv1 + xviv2 ≥ 1. Hence, either x(δ(v1)) ≥ 3 or
x(δ(v2)) ≥ 3. We have the following theorem.

Theorem 33. Given a graph G = (V, E) and a half-integral vector x ∈ P2EC(G), there is a
graph G′ = (V ′, E ′), and a half-integral vector x′ ∈ P2EC(G′) such that

x′(δG′(v′)) ≤ 2.5 for each v′ ∈ V ′.

Moreover, there is a function φ : V ′ → V such that, given a collection H ′
1, H ′

2, . . . , H ′
r of

2-edge-connected spanning subgraphs of G′ and coefficients α, λ1, . . . λr ∈ R≥0 such that∑
i∈[r]

λiχ
H′

i ≤ αx′ and
∑
i∈[r]

λi = 1,
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for each j ∈ [r], there are 2-edge-connected spanning subgraphs Hj := φ(H ′
j) of G such that∑

i∈[r]
λiχ

Hi ≤ αx and
∑
i∈[r]

λi = 1.

Finally, G′, x′, and φ can be obtained in polynomial time. In particular, |V ′| = O(|V |2).

v2

v3 v4

v5

v6 v7 v8

(c)

v1

v2

v3 v4

v5

v6 v7 v8

(a)

v2

v3 v4

v5

v6 v7 v8

(b)

Figure 4. (a) Instance with an optimum half-integral solution where the
maximum degree of the graph induced by supp(x) (for any half-integral solution
x) is at least three. Green edges {v1v5, v2v7} have zero cost; remaining edges
have unit cost. Continuous edges e have xe = 1; dashed edges e have xe = 1/2;
dotted edges e have xe = 0. (b) Example of a bad blow-up where x′ is not
feasible. (c) Example of a feasible blow-up and its construction.

Let (G, x) be an instance of half-integral 2-ECSSP. To prove Theorem 33, we replace
each vertex v ∈ V with x(δ(v)) ≥ 3 by a circuit, denoted by v↑. The edges inside v↑ are
half-edges. We recover the original instance by contracting each blow-up. The main challenge
of this section is to find a way to distribute the edges of δG(v) between the vertices of v↑ so
that G′ is 2-edge-connected and x′ ∈ P2EC(G′) (see Figure 4(b) and (c) for an example).

Throughout this section, let G = (V, E) be a graph and x ∈ P2EC(G) be a half-integral
vector. Let v ∈ V with x(δG(v)) ≥ 3. We denote by δin(v↑) the edges with both endpoints in
v↑ and δout(v↑) the edges with only one endpoint in v↑ (not to be confused with the notation
for directed graphs).

In the rest of this section, we build the blow-up v↑ for a single vertex v ∈ V . We assume
that the supp(x) induces a 2-connected spanning subgraph of G. Later, we discuss how to
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deal with the case in which G[supp(x)] is not 2-connected. Let

B := {e ∈ E(G− v) : xe = 1/2 and e is a bridge of G− v}.

By contracting the connected components of G− v−B in G− v, we obtain a tree T = (W, B)
(see Figure 5). Let w1, w2, . . . , wp be the leaves of T and L = {L1, L2, . . . , Lp} be the
components of G− v −B associated with those leaves. We have the following lemma.

Lemma 34. x(δG(Li, v)) ≥ 3/2 for each i ∈ [p].

Proof. Since x ∈ P2EC(G), we have that x(δG(Li)) ≥ 2. Moreover, x(δG−v(Li)) = 1/2
by hypothesis. Therefore, x(δG(Li, v)) = x(δG(Li) \ δG−v(Li)) ≥ 3/2. □

Notice that, since x ≤ 1, Lemma 34 implies that |δG(Li, v))| ≥ 2. We claim that, for
each i ∈ [p], we only need to be careful when distributing two edges of δG(Li, v) between the
vertices of v↑. First, we partition L into 3 groups:

• L1 := {L ∈ L : δG(L, v) contains two integral edges};
• L2 := {L ∈ L : δG(L, v) contains one integral edge and one half edge} − L1;
• L3 := {L ∈ L : δG(L, v) contains three half edges} − (L1 ∪ L2);

See Figure 5 for a representation of the groups.

v

L2 L3

b1 b2 b3

L1

T

G− v

Figure 5. Example of the bridge tree T . Continuous edges e have xe = 1;
dashed edges e have xe = 1/2. Sets Li ∈ Li and edges bi ∈ B for each i ∈ [3].

For each i ∈ [3], let ℓi := |Li|. Fix an order for the elements L1, L2, . . . , Lp where the
elements of L1 precede the elements of L2 and the elements of L2 precede the elements of L3.
To build v↑ we first build 3 paths P1, P2, and P3 and then concatenate those paths to form a
circuit. Note that the order of the vertices in P1 and P2 is relevant (see Figures 6 and 4(c)
for an illustration of the construction).

First, let us build P1. We have that |V (P1)| = ℓ1 + ℓ2 + ℓ3. The i-th vertex of P1 is
assigned edges from δG(v) as follows:
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• one integral edge from the i-th element of L1, if 1 ≤ i ≤ ℓ1;
• one integral edge from the (i− ℓ1)-th element of L2, if ℓ1 + 1 ≤ i ≤ ℓ1 + ℓ2;
• two half edges from the (i− ℓ1 − ℓ2)-th element of L3, if ℓ1 + ℓ2 + 1 ≤ i.

The construction of P2 is intricate since it depends on the parity of ℓ2+ℓ3 and the integrality
of x(δG(v)). Let α := ℓ2 (mod 2). We present the construction for fractional x(δG(v)), the
integral case is analogous and thus omitted. We have that |V (P2)| = ℓ1 + ⌊(ℓ2 + ℓ3)/2⌋. The
i-th vertex of P2 is assigned edges from δG(v) as follows:

• one integral edge from the i-th element of L1, if 1 ≤ i ≤ ℓ1;
• two half edges, one from the (2(i− ℓ1)− 1)-th and one from 2(i− ℓ1)-th elements of
L2, if ℓ1 + 1 ≤ i ≤ ℓ1 + ⌊ℓ2/2⌋;
• two half edges, one from the last element of L2 and one from the first element of L3,

if α = 1, ℓ3 > 0, and i = ℓ1 + ⌊ℓ2/2⌋+ 1;
• two half edges, one from the (2(i− ℓ1− ⌊ℓ2/2⌋)− 1 + α)-th and one from (2(i− ℓ1−
⌊ℓ2/2⌋) + α)-th elements of L3, if ℓ1 + ⌊ℓ2/2⌋+ 1 ≤ i.

Since the number of half edges is odd and we assigned each half edge in pairs, there is at
least one unassigned half edge. If ℓ2 + ℓ3 is odd, there is an unassigned edge from L2 or L3,
which we take as this additional edge. We add a half edge to the last vertex of P2, let it be
v′, implying that x′(δG′(v′)) = 2.5.

Since, after constructing P1 and P2, there is an even number of unassigned half edges
(regardless of the parity of x(δ(v))), we partition them into pairs. We assign the remaining
integral edges and pairs of half edges to each vertex of P3 (in any order). To build v↑ we
concatenate the paths so that v↑ = P1 · P2 · P3. Hence, by the construction of v↑, for each
v′ ∈ v↑, it holds that x′(δin(v′)) = 1 and 1 ≤ x′(δout(v′)) ≤ 1.5. We now prove that x′ forms
a feasible solution. We have the following lemma.

Lemma 35. Let v1, v2 ∈ V (P1 · P2) be two distinct vertices adjacent to the same leaf of T .
Then, in both paths joining v1 to v2 in v↑, there is a vertex adjacent to every other leaf of T .

Proof. Let L1, L2, . . . , Lp be the components of G− v associated with the leaves of T

in the same order used to build the paths. For i, j ∈ [p], let Li be the set associated with the
leaf adjacent to v1 and v2 and Lj be a set associated with any other leaf. Consider w.l.o.g.
that v1 ∈ V (P1) and v2 ∈ V (P2). Let P be one of the two paths connecting v1 to v2 in v↑.
We have two possibilities.

Case i) P contains a prefix of P1 and a suffix of P2.
If i < j, there is a neighbour of Lj on the suffix of P2. Otherwise, one neighbour of
Lj is in the prefix of P1.
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Figure 6. Illustration of the construction of P1 and P2.

Case ii) P contains a suffix of P1 and a prefix of P2.
If i < j, there is a neighbour of Lj on the suffix of P1. Otherwise, one neighbour of
Lj is in the prefix of P2. □

We are ready to prove Theorem 33.

Proof of Theorem 33. First, we show that x′ ∈ P2EC(G′). Let S ⊂ V ′, we split the
proof into three cases.
Case i) v↑ ⊆ S or v↑ ⊆ S

Then, δG(φ(S)) = δG′(S). Thus, x′(δG′(S)) ≥ 2 by the feasibility of x.
Case ii) S ⊂ v↑

Then, x′(δin(S)) ≥ 1 since v↑ ∩ S ̸= ∅ and x′(δout(S)) ≥ 1 since x′(δout(v′)) ≥ 1 for
each v′ ∈ v↑. Thus, x′(δG′(S)) ≥ 2.

Case iii) v↑ ∩ S ̸= ∅ and v↑ ∩ S ̸= ∅
If x′(δin(S)) ≥ 2, then we are done. If not, then x′(δin(S)) = 1 and S ∩ v↑ is a
contiguous section of v↑ (see Figure 7 for an illustration). Since G is 2-connected,
there must be an edge e ∈ E ∩ E ′ not incident to a vertex of v↑ in δG′(S). If xe = 1,
we are done. If not, we show that |δG′(S)| ≥ 4. Since xe = 1/2, we have that
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e ∈ B and there are two sets Li ⊆ S and Lj ⊆ S for some i, j ∈ [p] associated
with the leaves of T . If there is an f ∈ δG′(Li, v↑ ∩ S), then δG′(S) contains at least
four edges: e, f , and two from δin(v↑). Otherwise, there is no edge incident to Li

crossing δG′(S). Let v1 and v2 be the two neighbours of Li in V (P1 · P2), then one of
the paths P connecting v1 and v2 in v↑ is contained in S (see Figure 7). Then, by
Lemma 35, there is a vertex in P adjacent to some vertex in Lj, hence, there is an
edge f ∈ δG′(Lj, v↑ ∩ S). Therefore, |δG′(S)| ≥ 4.

Now, we briefly discuss how to deal with the case in which G[supp(x)] is not 2-connected
(however, notice that it is always connected and spanning). Let X1, X2, . . . , Xr be the
2-connected components of G[supp(x)] and xi := x|E(Xi) for each i ∈ [r]. We discuss how to
merge linear combinations for two distinct components X1 and X2 (we use linear combination
instead of convex for inductive reasons). For i ∈ [2], let λi

1, λi
2, . . . , λi

ri
, αi and H i

1, H i
2, . . . , H i

ri

be the coefficients and the 2-edge-connected subgraphs of a linear combination for Xi

with ∑
i∈[r1] λ1

i = ∑
i∈[r2] λ2

i . We build a linear combination for X1 + X2 with coefficients
λ1, λ2, . . . , λr and graphs H1, H2, . . . , Hr using induction on r1 + r2 such that∑

i∈[r]
λiχ

Hi ≤ max(α1, α2)x1 ⊕ x2 and
∑
i∈[r]

λi =
∑

i∈[r1]
λ1

i .

If r1 + r2 = 2 then λ1
1 = λ2

1 and (λ1, H1
1 + H2

1 ) forms a linear combination for X1 + X2

dominated by max(α1, α2)x1 ⊕ x2.
Now, suppose that r1 + r2 > 2. Consider that λi

1 ≤ λi
2 ≤ · · · ≤ λi

ri
for each i ∈ [2] and

λ1
1 ≤ λ2

1. Then, the pairs

(λ1
2, H1

2 ), (λ1
3, H1

3 ), . . . , (λ1
r1 , H1

r1) and (λ2
1 − λ1

1, H2
1 ), (λ2

2, H2
2 ), . . . , (λ2

r2 , H2
r2)

form linear combinations for X1 and X2 respectively with the same sum of coefficients. By
joining the result of the induction with (λ1

1, H1
1 + H2

1 ), we obtain a convex combination for
X1 + X2 dominated by max(α1, α2)x1 ⊕ x2 with the same sum of coefficients as the input.

Therefore, one can just repeat this process to find a convex combination for X1 + X2 +
· · ·+ Xr dominated by max(α1, α2, . . . , αr)x1 ⊕ x2 ⊕ · · · ⊕ xr.

Moreover, let H ′
1, H ′

2, . . . , H ′
r be 2-edge-connected spanning subgraphs of G′ and α, λ1, λ2,

. . . , λr ∈ R≥0 be coefficients such that∑
i∈[r]

λiχ
H′

i ≤ αx′ and
∑
i∈[r]

λi = 1.

Let Hi = φ(H ′
i) be the graph obtained by contracting the vertices of v↑. Since, by Lemma 10,

the contraction operation preserves edge-connectivity, H1, H2, . . . , Hr are 2-edge-connected
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spanning subgraphs of G. Moreover, for each e ∈ E, χHi
e = χ

H′
i

e . Therefore,∑
i∈[r]

λiχ
Hi ≤ αx and

∑
i∈[r]

λi = 1.

Finally, to construct G′, we apply the blow-up procedure to each vertex of G iteratively
until x′(δG′(v′)) ≤ 2.5 for each v′ ∈ V ′. Notice that, for any y ∈ P2EC(G), we have that
y(δ(v)) ≤ |V | − 1. Therefore, |V ′| = O(|V |2). □

S S

Li Lj

e

f

v1

v2
v↑

P

Figure 7. Illustration of the final step of the proof of Theorem 33. Dashed
edges e have xe = 1/2 and dotted edges may have both values.

We remark that the proof of Theorem 33 implies that x′(δG′(v′)) = 2 for each v′ ∈ v↑

whenever x(δG(v)) ∈ Z. Thus, if x ∈ ZE, the graph G′′ := 2x′ is 4-regular and 4-edge-
connected.

3.4. Conjectures and computational experiments

Finally, we conjecture that Theorems 20 and 22 are not tight.

Conjecture 36. Given a graph G = (V, E) and a half-integral vector x ∈ P2EC(G), there is
a collection H1, H2, and H3 of 2-edge-connected spanning subgraphs of G such that

3∑
i=1

1
3χHi ≤ 4

3x.

Notice that Conjecture 36 aligns with the coefficient in Theorem 26. Moreover, it is
consistent with the result found by Carr and Ravi [8] for the 2-edge-connected spanning
multisubgraph problem, discussed in Chapter 5 (see Theorem 63), and is further supported
by the computational results presented in that chapter.

Given Theorem 33, we are able to restrict the computational experiments to 4-edge-
connected graphs with maximum degree at most 5 to test Conjecture 36. We either use
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Nauty [58] to generate non-isomorphic graphs or a graph database such as House of Graphs [21].
In the computational experiments, every edge was considered a half edge. We obtained
favourable results in the following tests.

• Every 4-edge-connected graph with maximum degree at most five up to 14 vertices.
• Every 4-edge-connected graph in House of Graphs.

Although were not able to prove Conjecture 36, we hope that the results discussed in this
chapter encourage the study of the half-integral 2-ECSSP and ultimately, help solve the
conjecture, should that be possible.



CHAPTER 4

The matching augmentation problem

In this chapter, we investigate a particular case of 2-ECSSP, the matching augmen-
tation problem (MAP), which is defined as follows.

The Matching Augmentation Problem (MAP)
Input: A graph G = (V, E) and a matching M ⊆ E.
Objective: Find a 2-edge-connected spanning subgraph H ⊆ G minimizing |E(H) \M |.

By defining c := 1 − χM , we formulate MAP as an instance of 2-ECSSP with 0/1
costs, i.e., the forest augmentation problem (FAP). Then, LP2EC(G, c) is a relaxed linear
formulation for MAP. Moreover, since the matching can be empty, MAP is a generalization
of the uniform 2-ECSSP. Thus, by a result of Fernandes [27], it does not admit a PTAS
unless P = NP.

In this chapter, we deal with graphs G = (V, E) together with an underlying rooted
spanning tree T ⊆ G. For each edge uv ∈ E, we always assume that u (the first vertex) is an
ancestor of v (the second vertex), even if this is not explicitly stated.

Concerning the number of connected components, MAP and TAP are opposite cases
of FAP. In 2022, Grandoni, Jabal Ameli, and Traub [38] proposed the first better-than-
2-approximation for FAP. Since 2019, there has been great progress on MAP. Cheriyan
et al. [12] breached the factor 2 barrier by proposing a 7/4-approximation. Later, Cheriyan
et al. [11] (note that it is not the same set of authors) improved the algorithm to a
5/3-approximation. In 2023, Garg, Hommelsheim, and Megow [34] obtained a 13/8-approxi-
mation by expanding the framework of the previous results.

A recent result by Bamas, Drygala, and Svensson (BDS) [2] follows a different approach,
giving a better-than-2-approximation and bounding the integrality ratio of LP2EC(G, c) for
instances (G, c) of MAP. Their algorithm is simple and elegant: the main idea is to conduct a
depth-first search into the graph defined by the solution’s support, round the edges contained
in the DFS tree, producing an instance of the up-link WTAP, then solve the augmentation
problem optimally. The proof of the approximation ratio cleverly uses properties of extreme
vectors of P2EC(G). Moreover, they show a ratio of 3/2 for half-integral vectors. In their
work, they also conjecture that for half-integral vectors, their algorithm is a 4/3-rounding.

In this chapter, we survey the results of Bamas, Drygala, and Svensson, presenting a
comprehensive proof of the algorithm’s ratio and extending it to a rounding algorithm of

41
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rational non-extreme vectors in P2EC(G), for some graph G. Moreover, we improve the
analysis of the approximation ratio by building a non-linear optimization problem for which
the optimum solution upper bounds the ratio of the BDS algorithm. Also, we disprove their
conjecture for half-integral MAP by providing an instance with an optimum half-integral
extreme vector solution for which their algorithm finds a ratio worse than 4/3. Finally, we
determine the integrality ratio for small instances of MAP.

This chapter is organized as follows. The first two sections are predominantly expository.
In the first section, we discuss a particular case of WTAP, the up-link WTAP, in which
links join the lower-end to an ancestor. The up-link WTAP occurs as a subproblem
in the BDS Algorithm, which we discuss in the following section. Finally, we discuss
computational experiments conducted to ascertain the integrality ratio of MAP and disprove
some conjectures posed by Bamas, Drygala, and Svensson regarding the approximation ratio
of the BDS algorithm.

4.1. The up-link weighted tree augmentation problem

Before developing the algorithm for MAP we first discuss a particular case of WTAP
that admits a polynomial-time algorithm, and is used as a subroutine in the BDS Algorithm.
the up-link weighted tree augmentation problem (up-link WTAP) differs from
WTAP solely in the structure of the links. In the up-link version, one is also given a root
vertex, and every link joins its lower-end to an ancestor. This type of link is called an up-link.
The up-link WTAP is defined as follows.

The Up-link Weighted Tree Augmentation Problem (Up-link WTAP)
Input: A tree T = (V, E), a root r ∈ V , a set L ⊆

(
V
2

)
of up-links, and link costs c ∈ QL.

Objective: Find F ⊆ L of minimum cost such that T + F is 2-edge-connected.

A polynomial-time algorithm for this problem has been known since 1982. Frederickson
and Ja’Ja’ [31] showed a reduction to the minimum cost arborescence problem. In this section,
we present a polyhedral proof developed by Adjiashvili [1].

Throughout this section, let (T = (V, E), L, c) be an instance of WTAP. Fix any vertex
r ∈ V . Notice that |δE(S)| ≥ 1 for each S ⊂ V . Moreover, |δE(S)| = 1 if and only if
S = V (Tv) for some v ∈ V \ {r}. The following is a relaxed linear formulation for WTAP:

Minimize
∑
ℓ∈L

cℓxℓ

subject to x(δL(Tv)) ≥ 1 for v ∈ V \ {r}, LPWTAP(T, L, r, c)

x ∈ [0, 1]L.

We denote the associated polytope by PWTAP(T, L, r). For each ℓ ∈ L, denote the set of
vertices containing ℓ in their cut restriction by Vℓ := {v ∈ V : ℓ ∈ δL(Tv)}. Let uv := ℓ.
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Then Vℓ = V (PT (uv)) \ {u} forms an ascending path in T (see Figure 8(a)). This simple
observation is critical in the proof of the following theorem.

Theorem 37 (Lemma 2.1 of [1]). For every instance (T, L, r, c) of up-link WTAP, the
polytope PWTAP(T, L, r) is integral.

Proof. We show that the constraint matrix of the system defining PWTAP(T, L, r) is
totally unimodular.

Let A be a matrix containing a subset of the cut restrictions of PWTAP(T, L, r) and
VA ⊆ V be the vertices indexing the rows of A. We construct an equitable row-bicoloring of
A by assigning positive and negative signs to the rows of A as follows (see Figure 8(b) for an
illustration). First, assign a positive sign for each vertex in VA for which none of its ancestors
concerning T are contained in VA. For every other vertex in VA, starting from the uppermost
unassigned vertex, assign the opposite value of its closest ancestor concerning T in VA. Let
VA =: V +

A ∪ V −
A be the bicoloring of the vertices in VA. Then, for every vertical path P ⊆ T ,

the number of positive and negative vertices differ by at most one, i.e.,

|V +
A ∩ V (P )| − |V −

A ∩ V (P )| ∈ {−1, 0, 1}.

Since for each ℓ ∈ L the vertices in Vℓ form an ascending path in T , we obtain that∑
v∈V +

A

Av −
∑

v∈V −
A

Av ∈ {−1, 0, 1}L.

Hence, by the Ghouila-Houri characterization (Theorem 5), A is totally unimodular. Finally,
for each ℓ ∈ L, the restriction xℓ ∈ [0, 1] can be written as (χℓ)Tx ≤ 1 and −(χℓ)Tx ≤ 0.
Thus, by Lemma 6, the matrix defining PWTAP(T, L, r) is totally unimodular. Therefore, by
the Hoffman-Kruskal Theorem (Theorem 4), PWTAP(T, L, c) is integral. □

See Figure 8(b) for an illustration of the proof. Vertices of VA are in green. We have the
following sum of signs for each link:

ℓ1 : +1, ℓ2 : 0, ℓ3 : 0, and ℓ4 : −1.

Proposition 38. There is a polynomial-time algorithm for the up-link weighted tree aug-
mentation problem.

Proof. Notice that LPWTAP(T, L, r, c) is a subproblem of LPGSNP(G, r, k, c), thus, an
extreme vector optimum solution can be found in polynomial time. By Theorem 37, this
solution is integral. □



44 4. THE MATCHING AUGMENTATION PROBLEM

+
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ℓ
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− −

Figure 8. (a) Illustration of an ascending path, green vertices contain ℓ in
their cut restrictions. (b) Example of equitable bicoloring. Vertices in VA are
green and indicated with their assigned sign.

4.2. The Bamas, Drygala, and Svensson algorithm for MAP

This section discusses the Bamas, Drygala, and Svensson algorithm for MAP. Given a
graph G, their algorithm can be written as a better-than-2-rounding for extreme vectors of
P2EC(G). First, we describe their algorithm and some basic properties that are sufficient to
prove that it is a 2-rounding for general vectors and a 3/2-rounding for half-integral vectors.
Then, we prove the better-than-2 guarantee for extreme vectors and solve a non-linear
optimization problem to determine an improved ratio for the algorithm. Finally, we show how
to extend the algorithm to a rounding of rational vectors in P2EC(G). The BDS Algorithm is
described as follows:

Algorithm 2: BDS algorithm for MAP
Input: An instance (G = (V, E), M) of MAP and an extreme vector x ∈ P2EC(G).
Output: A 2-edge-connected spanning subgraph of G.

1. Let G′ = (V, E ′) := (V, supp(x))
2. Let M ′ = M ∩ supp(x)
3. Compute a DFS tree T = (V, W ) of G′ with root r ∈ V prioritizing edges as follows:
4. a matching edge e ∈M ′;
5. an edge e ∈ E ′ maximizing xe.
6. Compute an optimum solution A for an instance (T, E \W, r,1) of up-link WTAP
7. return T ∪ A

A standard result in graph algorithms shows that for any rooted depth-first search spanning
tree T of a graph G = (V, E), each e ∈ E joins its lower-end to an ancestor concerning T .
Hence, the auxiliary augmentation problem contains only up-links. Thus, it can be solved in
polynomial time by Proposition 38. Therefore, Algorithm 2 is polynomial.
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In the original work, Bamas, Drygala, and Svensson do not state Algorithm 2 as a
rounding algorithm. Instead, the algorithm computes an extreme vector optimum solution of
LP2EC(G, χM). Both versions are equivalent since an optimum extreme vector solution can
be found in polynomial time. Hence, receiving a vector as part of the input does not impose
a significant change. We prefer this presentation to align with the other algorithms contained
in this thesis.

Moreover, the authors do not attempt to determine a precise approximation ratio, re-
stricting themselves to proving that it is smaller than 2 by a positive constant. We present
their result with our improved ratio. We have the following theorem.

Theorem 39 (Bamas, Drygala, and Svensson [2](adapted)). Given an instance (G, M) of
MAP and an extreme vector x∗ ∈ P2EC(G), Algorithm 2 finds a 2-edge-connected spanning
subgraph H ⊆ G such that χM(H) ≤ (2− 3.92× 10−8)(χM)Tx∗.

Recall that for any linear optimization problem that is bounded and feasible, there is
always an extreme vector optimum solution. This yields the following corollary.

Corollary 40. Given an instance (G, M) of MAP, the integrality ratio of LP2EC(G, χM) is
at most 2− 3.92× 10−8.

The following guarantee does not depend on the properties of extreme vectors.

Theorem 41. Given an instance (G, M) of MAP and a vector x ∈ P2EC(G), Algorithm 2
finds a 2-edge-connected spanning subgraph H ⊆ G such that χM(H) ≤ (2 − f)(χM)Tx,
where f := min{xe : e ∈ supp(x)}.

Theorem 41 implies that Algorithm 2 is a 3/2-rounding for half-integral vectors (no
need for it to be an extreme vector). The proof of Theorem 41 is omitted in the original
publication. We present it in what follows and postpone the proof of Theorem 39 to the
following subsection.

Throughout this section, let (G = (V, E), M) be an instance of MAP, x ∈ P2EC(G) be
a vector, and T = (V, W ), A, and r be as defined in Algorithm 2. Define c := 1 − χM as
the edge costs and f := min{xe : e ∈ supp(x)}. Moreover, consider that E is restricted
to supp(x), i.e., every edge e considered in this section has xe > 0. We have the following
fundamental lemmas.

Lemma 42. |V | − |M | ≤ cTx.

Proof. By the feasibility of x, we have that

2|V | ≤
∑
v∈V

x(δ(v)) = 2
∑
e∈E

xe.



46 4. THE MATCHING AUGMENTATION PROBLEM

Since x ≤ 1, we obtain that
2|V | ≤ 2

∑
e∈E\M

xe + 2|M |. □

Lemma 42 gives a lower bound for the cost of any solution of LP2EC(G, c). In particular,
it shows that the cost of T is at most the cost of an optimum one. The following lemma
bounds the cost of the augmentation problem.

Lemma 43. |A| ≤ (c|E\W )Tx|E\W .

Proof. Let x ∈ P2EC(G), since x ≤ 1, we have that x|E\W ∈ PWTAP(T, E \W, r). More-
over, (χW )Tx = 1

Tx|E\W and both solutions have the same cost. Let y ∈ PWTAP(T, E \ W, r),
since T is spanning, 1W ⊕ y ∈ P2EC(G). Moreover, 1Ty = (χW )T(1W ⊕ y) and both solutions
have the same cost. Hence, LP2EC(G, χW ) and LPWTAP(G, T ) have the same optimum value.
Moreover, the mapping of solutions between the problems preserves integrality.

Since T is a DFS tree, E\W only contains up-links. Then, by Theorem 37, PWTAP(G, T, r)
is integral. Let y∗ be an optimum solution of LPWTAP(T, E \W, r,1) and A := supp(y). Then,
x∗ := y⊕1W is an integral optimum solution of LP2EC(G, χW ) with the same cost. Therefore

|A| =
∑

e∈E\W

cex
∗
e ≤

∑
e∈E\W

cexe = (c|E\W )Tx|E\W . □

A consequence of Lemma 43 is that the cost increase of the solution found by Algorithm 2
compared to cTx arises exclusively from rounding the fractional edges in T . Notice that
Lemmas 42 and 43 suffice to prove that Algorithm 2 is a 2-rounding for any x ∈ P2EC(G).

We are still missing a last observation to conclude the proof of Theorem 41.

Lemma 44. c(T ) = |W \M | ≤ (c|W )Tx|W + (1− f)(|V | − |M | − 1).

Proof. First, by the edge priority in Algorithm 2, M ⊆ W . Since xe ≥ f for each e ∈ E,
we have that

|W \M | =
∑

e∈W \M

xe +
∑

e∈W \M

(1− xe) ≤ (c|W )Tx|W + (1− f)(|V | − |M | − 1). □

We are now ready to prove Theorem 41.

Proof of Theorem 41. By Lemmas 44 and 43, we have that

c(T ∪ A) ≤ (c|W )Tx|W + (c|E\W )Tx|E\W + (1− f)(|V | − |M | − 1),

by Lemma 42,

c(T ∪ A) ≤ (c|W )Tx|W + (c|E\W )Tx|E\W + (1− f)cTx

≤ (2− f)cTx. □
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Surprisingly, such a simple algorithm gives a 3/2-rounding for half-integral vectors.
Actually, it is a (2− θ)-rounding for any θ-cyclic vector. This family of solutions is of great
importance for 2-ECSSP (see Section 2.2 of [8] for a comprehensive discussion of the topic).
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Figure 9. Diagram of the proof of Theorem 39

4.2.1. A proof of the BDS algorithm for extreme vectors. We now prove the
rounding ratio for extreme vectors. Throughout this section, let (G = (V, E), M) be an
instance of MAP, x ∈ P2EC(G) be an extreme vector, and T = (V, W ), A, and r be as
defined in Algorithm 2. Define c := 1− χM as the edge costs. Moreover, consider that E is
restricted to supp(x), i.e., every edge e considered in this section has xe > 0.

For a γ ∈ (0, 1), we say that an edge e = uv ∈ W is γ-tight with respect to x if
x(δ(Tv))− xe < 1 + γ. This implies the following

x(δ(Tv)) < 2 + γ, (3)

xe > 1− γ, (4)
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and if e is not γ-tight, then

x(δ(Tv))− xe ≥ 1 + γ. (5)

We also say that the tree cut induced by e (i.e., the cut δ(Tv)) is γ-tight. Define W γ ⊆ W as
the subset of γ-tight edges, W γ

i ⊆ W γ as the subset of edges that cost i, W γ
i,− ⊆ W γ

i as the
subset of edges whose lower-end is a leaf, and W γ

i,+ := W γ
i \W γ

i,−. Define B := E \W to as
set of back edges, Bγ := {e ∈ B : e ∈ δ(Tv) : uv ∈ W γ} as the set of back edges contained in
a tree cut for some γ-tight edge.

The proof of Theorem 39 relies on case analysis. The diagram in Figure 9 outlines the
cases and their main points.

Case 1) cTx ≥ (1 + γ)(|V | − |M |)
This case is straightforward. By Lemmas 42 and 43

c(T ∪ A) ≤ (|V | − |M | − 1) + (c|B)Tx|B ≤
cTx

1 + γ
+ cTx =

(
2− γ

1 + γ

)
cTx. (6)

This concludes the proof of this case.

Case 2) cTx < (1 + γ)(|V | − |M |)

From now on, we assume that the cost of x is close to the cost of T . In the following
cases we prove that c(A) ≤ (1− α)cTx for some α ∈ (0, 1). Then c(T ∪A) ≤ (2− α)cTx. We
split the rest of the proof into two major cases regarding the number of γ-tight edges.

Case 2.a) |W γ| ≤ (1 − γ)(|V | − |M |)

In this case, there is a lower bound on the number of edges that are not γ-tight. Since
we round up x|W , we may scale down the components of the back edges that are exclusively
covering non-γ-tight cuts. We define a solution x′ ∈ [0, 1]E as follows:

x′
e :=


1, if e ∈ W ;
xe, if e ∈ Bγ;
xe/(1 + γ), otherwise.

for each e ∈ E.

Lemma 45. x′ ∈ P2EC(G).
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Proof. By the definition of x′, it is sufficient to check the tree cuts that are not γ-tight.
For uv ∈ W \W γ, it holds that

x′(δ(Tv)) ≥ x(δ(Tv))− xuv

1 + γ
+ 1.

Since uv is not γ-tight, by (5), we have that x′(δ(Tv)) ≥ 2. □

Now, we bound the cost of x′ restricted to B. By the definition of γ-tight,

(c|Bγ )Tx′|Bγ ≤
∑

uv∈W γ

((
c|δ(Tv)

)T
x|δ(Tv) − cuvxuv

)
≤

∑
uv∈W γ

1 + γ = (1 + γ)|W γ|.

Hence, by hypothesis and Lemma 42, we have (c|Bγ )Tx′|Bγ ≤ (1− γ2)cTx. Then,

(c|B)Tx′|B = (c|B)Tx|B − (c|Bγ )Tx′|Bγ

1 + γ
+ (c|Bγ )Tx′|Bγ ≤

1 + (1− γ2)γ
1 + γ

cTx

< cTx,

since (1− γ2)γ < γ. Therefore,

c(T ∪ A) ≤ 1 + (1− γ2)γ
1 + γ

cTx + cTx = 2 + (2− γ2)γ
1 + γ

cTx

≤
(

2− γ3

1 + γ

)
cTx. (7)

This concludes the proof of this case.

Case 2.b) |W γ| > (1 − γ)(|V | − |M |)

In this case, the cost of x is close to the cost of T , and there are many γ-tight cuts.
Naturally, this gives us additional information about T since it captured a good fraction of
cTx. In the last three subcases, we aim to show for some α ∈ (0, 1) that (c|W )Tx|W ≥ αcTx.

Case 2.b.i) |W γ
1 | ≥ γ(|V | − |M |)

Since the edges in W γ
1 have unit cost and are γ-tight, by (4), we have that

(c|W )T x|W ≥ (1− γ)|W γ
1 | ≥ γ(1− γ)(|V | − |M |) >

γ(1− γ)
1 + γ

cTx.

Since c(A) ≤ cTx− (c|W )T x|W , we obtain that

c(T ∪ A) ≤
(

2− γ(1− γ)
1 + γ

)
cTx. (8)

This concludes the proof of this case.
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In the two following cases, the number of unit cost γ-tight edges is small. Hence, differ-
ent from the case above, we are not able to use those edges directly to lower bound (c|W )Tx|W .

Case 2.b.ii) |W γ
0,+| ≥ γ(|V | − |M |)

In this case, a significant portion of the γ-tight zero cost edges are incident to non-leaf
vertices. Let uv ∈ W γ

0,+. Since cuv = 0, to lower bound (c|W )Tx|W we use the tree edges
connecting u to its direct descendants, which have unit costs since a matching defines the
cost.

A vertex is said to be α-fractional if it is incident to at least 1/α fractional edges. Let
V α be the set of α-fractional vertices. We have the following upper bound.

Lemma 46. For any α > 0, it holds that |V α| < 4α|V |.

Proof. Let df (v) := |{e ∈ δ(v) : xe ∈ (0, 1)}| be the number of fractional edges incident
to v ∈ V . By Theorem 14, it holds that

1
α
|V α| ≤

∑
v∈V

df (v) ≤ 4|V | − 2. □

Lemma 47. Let α, β ∈ (0, 1). Then, for uv ∈ W β
0,+ and v /∈ V α, there is some edge vw ∈ W

such that xvw > (1− β)α.

Proof. First, let F := { vx ∈ supp(x) : x ∈ V (Tv)} be the set of edges joining v to a
descendant. Then

F = δ(Tv − v) \ δ(Tv).

Since uv is β-tight, x(δ(Tv))− xuv < 1 + β. Hence,

x(F ) = x(δ(Tv − v) \ δ(Tv)) > 2− (1 + β) = 1− β,

since uv /∈ δ(Tv − v).
Let e ∈ F be an edge maximizing xe. We show that xe > (1−β)α. If xe = 1, we are done.

Otherwise, each edge in F is fractional. Since v is not α-fractional, 1/α > |F |. It holds that
x(F )
|F |

> (1− β)α.

Notice that the left-hand side averages xf for each f ∈ F . Since e is an edge maximizing xe,
it must hold that xe > (1 − β)α. Finally, by the edge priority in Algorithm 2, there is an
edge e′ ∈ F ∩W with xe′ ≥ xe > (1− β)α. □
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Given Lemma 47, we fix suitable α and β and use them to lower bound (c|W )Tx|W . Let
F := {uv ∈ W γ

0,+ : v /∈ V
γ
16}. Then, by Lemma 46,

|F | ≥ |W γ
0,+| −

γ

4 |V | ≥
γ

2 (|V | − |M |) ≥ γ

2(1 + γ)cTx.

Hence, by applying Lemma 47 with α = γ/16 and β = γ, to each lower-end in F , we obtain
that

(c|W )T x|W ≥ (1− γ) γ

16 |F | ≥
γ2(1− γ)
32(1 + γ)cTx.

Therefore,

c(T ∪ A) ≤
(

2− γ2(1− γ)
32(1 + γ)

)
cTx. (9)

This concludes the proof of this case.
Since Case 2.b.i and Case 2.b.ii do not hold, we have that

|W γ
0,−| = |W γ| − |W γ

1 | − |W
γ
0,+| > (1− 3γ)(|V | − |M |).

It remains to analyze the next final case.

Case 2.b.iii) |W γ
0,−| > (1 − 3γ)(|V | − |M |)

In this case, many γ-tight zero cost edges are incident to leaves, which we denote by

Y := {v ∈ V : uv ∈ W γ
0,−}.

Moreover, denote the set of back edges incident to Y for which the contribution to the cost
of the solution is at least some fixed ε > 0 by

Bε
Y := {uv ∈ B : v ∈ Y, xuv ≥ ε}.

Finally, denote by M+ the set of matching edges not incident to the leaves of T .
The main idea of this case is to use tree edges incident to the upper-ends of the back

edges in Bε
Y to lower bound (c|W )T x|W . Since xb ≥ ε for each b ∈ B, by the edge priority

rule, the cost of the tree edge is also at least ε. However, there is a pitfall if, for uv ∈ Bε
Y , u

is an inner vertex. Let w ∈ V be the single direct descendant of u. If cuw = 0, we cannot
compare cuvxuv and cuwxuw. Hence, if u is incident to a matching edge of Tu, we restrict
to the case in which u is a branching vertex. There are two problematic cases to consider.
The first is when uv is parallel to uw, since this implies that v = w; the second one is when
uw ∈M+.



52 4. THE MATCHING AUGMENTATION PROBLEM

Before we begin the proof, we have the following additional restrictions on ε

1− 3γ

6 ≥ ε, (10)

ε2 > 8γ. (11)

Restriction (10) implies that γ ≤ 1/3. We have the following lower bound on |Bε
Y | that

depends on the extreme vector property.

Lemma 48. |Bε
Y | ≥ ε|V |.

Proof. Since x(B ∩ δ(v)) ≥ 1 for each v ∈ Y and |M | ≤ |V |/2, we have that

x(B0
Y \Bε

Y ) ≥ |W γ
0,−| − x(Bε

Y ) >
(1− 3γ)

2 |V | − x(Bε
Y ).

Since B ⊆ supp(x), edges in B0
Y \Bε

Y are fractional. Then, by Theorem 14,

2|V | > |B0
Y \Bε

Y | ≥
x(B0

Y \Bε
Y )

ε
≥ 1− 3γ

2ε
|V | − x(Bε

Y )
ε

.

By (10), we have that

2|V | ≥ 3|V | − x(Bε
Y )

ε
. □

Let P ε
Y ⊆ Bε

Y be the subset of back edges parallel to the edges in W γ
0,−. We have the

following upper bound.

Lemma 49. |P ε
Y | ≤ γ

ε
(|V | − |M |).

Proof. First, let S1, S2, . . . , Sr with r = |V | − |M | be the vertex sets of the connected
components of G[M ]. Since x(δ(S)) ≥ 2 for each S ⊂ V , the following holds

cTx ≥ 1
2
∑
i∈[r]

x(δ(Si)) +
∑

e∈P ε
Y

xe ≥ |V | − |M |+ ε|P ε
Y |.

By assumption, cTx < (1 + γ)(|V | − |M |). Thus,

|P ε
Y | ≤

1
ε

((1 + γ)(|V | − |M |)− (|V | − |M |)) = γ

ε
(|V | − |M |). □

Lemma 49 implies the following bound

|Bε
Y \ P ε

Y | ≥ ε|V | − γ

ε
(|V | − |M |) ≥ ε2 − γ

ε
|V |. (12)

Denote the set of upper-ends of edges in Bε
Y \ P ε

Y by

X := {u ∈ V : uv ∈ Bε
Y \ P ε

Y }.

We have the following lower bound.

Lemma 50. |X| ≥ ( ε2

2 − γ)|V |.
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Proof. This proof may be seen as a refinement of Lemma 42. Let F := Bε
Y \ P ε

Y . We
have that

cTx = 1
2
∑
v∈V

∑
e∈δ(v)

cexe ≥
1
2
∑
v∈V

∑
e∈δ(v)

xe − |M |

≥ 1
2(
∑
v∈V

2 +
∑
v∈V

(
∑

e∈δ(v)
xe − 2))− |M |.

Since x(δ(v)) ≥ 2 for each v ∈ V , we obtain that

cTx ≥ |V | − |M |+ 1
2(
∑
v∈X

(
∑

e∈δ(v)
xe − 2))

≥ |V | − |M |+ 1
2(
∑
v∈X

∑
e∈δ(v)∩F

xe)− 2|X|

≥ |V | − |M |+ ε|F | − 2|X|.

Recall that cTx− (|V | − |M |) < γ|V | by hypothesis. By (12) we conclude that

|X| ≥ 1
2(ε|F | − γ|V |) ≥ ε2 − 2γ

2 |V |. □

Recall that M+ is the set of matching edges that are not incident to leaves. Then, we
have that

|M+| ≤ |M | − |W γ
0,−| ≤ |V | − |M | − (1− 3γ)(|V | − |M |) ≤ 3γ|V |. (13)

We have this final definition. Denote by

X ′ = {u ∈ X : eu /∈M+},

the upper-ends of back edges in Bε
Y that are either branching vertices or joined to a direct

descendant by a unit cost edge. We have the following bound.

Lemma 51. (c|W )T x|W ≥ ε|X ′|.

Proof. Let u ∈ X ′ and b ∈ Bε
Y be a back edge incident to u. We split the proof into

two cases (see Figure 10 for an illustration).

Case i) ceu = 1
By the edge priority in Algorithm 2, xeu ≥ xb. Since both edges have unit costs,
ceuxeu ≥ cbxb.

Case ii) ceu = 0
Let uv := eu. Since eu /∈M+, we have that v is a leaf. By the definition of X, u is
the upper-end of an edge uw ∈ Bε

Y \ P ε
Y . Hence, u is an ancestor of w ̸= v; thus, u

is branching. Let y ∈ V be a direct descendant of u in T . By the edge priority in
Algorithm 2, xuy ≥ xb. Since both edges have unit costs cuyxuy ≥ cbxb.



54 4. THE MATCHING AUGMENTATION PROBLEM

As we only bound edges joining u to a direct descendant, each edge is counted at most once,
proving the desired result. □

u

v

eu

w

b
y

eu

w

b

u

v

P

(a) (b)

Figure 10. Illustration of the proof of Lemma 51. The dotted green edges
are back edges. (a) Continuous edge eu have unit cost. (b) Dashed edge eu

have zero cost. Path P joins y to a leaf vertex incident to a back edge of Bε
Y .

Finally, by Lemma 50 and (13), we have the following bound

|X ′| ≥ |X| − |M+| ≥
(

ε2

2 − γ

)
|V | − 3γ|V | ≥

(
ε2

2 − 4γ

)
|V |.

Hence, by Lemma 51

(c|W )T x|W ≥
(

ε3 − 8γε

2

)
|V |.

Recall that, by assumption of Case 2.b, cTx/(1 + γ) < |V |. Therefore,

c(T ∪ A) ≤ 2cTx−
(

ε3 − 8γε

2

)
|V | ≤

(
2− ε3 − 8γε

2(1 + γ)

)
cTx. (14)

By (11), this concludes the proof of Theorem 39.
In their work, Bamas, Drygala, and Svensson did not attempt to optimize γ and ε

to determine the approximation ratio. They fix γ = 10−3 and ε = 10−1 which yields an
approximation ratio of 2− 9.99× 10−10.

We briefly discuss how to optimize the values of γ and ε to obtain a better bound on the
approximation ratio. The approximation ratio is the maximum value among (6), (7), (8),
(9), and (14). Since γ ∈ (0, 1/3], we have that

2− γ

1 + γ
< 2− γ3

1 + γ
and 2− γ(1− γ)

1 + γ
< 2− γ3

1 + γ
.
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Hence (6) and (8) are redundant. Taking (10) and (11) as restrictions, we build the
following optimization problem:

Maximize min
(

γ3

1 + γ
,
γ2(1− γ)
32(1 + γ) ,

ε3 − 8γε

2(1 + γ)

)
subject to 6ε + 3γ ≤ 1, (15)

ε2 − 8γ > 0, (16)

ε ∈ (0, 1],

γ ∈ (0, 1/3].

To solve the optimization problem above, we first reduce it to a single variable problem.
Notice that

∂

∂ε

(
ε3 − 8γε

2(1 + γ)

)
= 3ε2 − 8γ

2(1 + γ) .

This derivative is strictly positive when

ε2 > 8
3γ.

This always holds by (16). Therefore, increasing ε always improves the objective function.
Hence, we may assume that ε is always the maximum allowed value. By (15) this implies
that

ε = 1− 3γ

6 .

Now, we use the numeric non-linear solver of Mathematica [45] to determine the best ratio
concerning our proof. The techniques involved in this type of optimization problem are
beyond the scope of this thesis. Hence, we only present the solution. We obtain the following
global optimum solution

γ ≈ 3.4017× 10−3 and ε ≈ 1.6496× 10−1,

which yields an approximation ratio of 2− 3.92× 10−8.

4.2.2. Extending the BDS algorithm to rational vectors. We present a brief note
on how to extend Algorithm 2 to any rational vector x ∈ P2EC(G) for a given G. The
restriction to rationals is necessary since we use an algorithmic version of Carathéodory’s
Theorem, which depends on the ellipsoid method, to write x as a convex combination of
extreme vectors of P2EC(G). The ideas of this section are based on Chapter 6 of [40], and a
formal treatment is beyond the scope of this thesis. We sketch the ideas in the following.

We say that a polyhedron P ⊆ Rn has facet-complexity at most φ ∈ Z≥0 if there exists a
system of inequalities with rational coefficients that defines P , and the encoding length of
each inequality is at most φ.
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A well-described polyhedron is a triple (P, n, φ) where P ∈ Rn is a polyhedron with
facet-complexity at most φ.

We have the following theorem.

Theorem 52 (Theorem 6.5.11 of [40]). There exists an oracle-polynomial time algorithm that,
for any well-described polyhedron P given by a strong optimization oracle and for any rational
vector x ∈ P , finds affinely independent vertices x1, x2, . . . , xr ∈ P and λ1, λ2, . . . , λr ∈ Q>0

such that
x =

∑
i∈[r]

λix
i and

∑
i∈[r]

λi = 1.

Given an instance (G = (V, E), M) of MAP, we show that P2EC(G) satisfies the require-
ments of Theorem 52. We have that

P2EC(G) = {x ∈ [0, 1]E :
(
χδ(S)

)T
x ≥ 2, for each S ⊂ V }.

The vector χδ(S) can be encoded by a binary string with |E| bits, representing whether an
edge is present in δ(S), and the number 2 uses two bits in its binary representation. The
argument for the constraints 0 ≤ x ≤ 1 is similar. Hence, the encoding length of each
inequality is at most |E| + 2. Moreover, as discussed in the preliminaries, one can solve
the strong separation problem for P2EC(G) in strongly-polynomial time using an algorithm
to find a minimum cut as an oracle. Hence, by the equivalence between optimization and
separation, there is also an oracle-polynomial time algorithm to solve the strong optimization
problem for P2EC(G). Therefore, by Theorem 52, there is a polynomial-time algorithm that,
for any x ∈ P2EC(G) ∩QE, finds affinely independent vertices x1, x2, . . . , xr ∈ P2EC(G) and
λ1, λ2, . . . , λr ∈ Q>0 with r ≤ |E|+ 1, such that

x =
∑
i∈[r]

λix
i and

∑
i∈[r]

λi = 1.

Let c := 1− χM be the edge costs, α = 3.92× 10−8, and Hi ⊆ G be the 2-edge-connected
spanning subgraph found when applying Algorithm 2 to each xi for i ∈ [r]. Then,∑

i∈[r]
λic(Hi) ≤ (2− α)

∑
i∈[r]

λic
Txi = (2− α)cTx.

Notice that the left-hand side is the average of the costs of the 2-edge-connected spanning
subgraphs Hi. Therefore, there exists a j ∈ [r] such that

c(Hj) ≤ (2− α)cTx,

and this concludes the proof.
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4.3. Conjectures and computational experiments

In this section, we discuss the computational experiments that we conducted to determine
the integrality ratio of LP2EC restricted to MAP and to test the approximation ratio of
Algorithm 2. First, we cover some general preliminaries; then, we discuss some hard instances
for Algorithm 2, and finally, we discuss the integrality ratio of LP2EC.

The following lemmas show that we only need to consider 2-connected instances when
determining the ratio of Algorithm 2 and the integrality ratio of LP2EC.

Lemma 53. Let G = (V, E) be a graph that is not 2-connected. For i ∈ [r], let Gi = (Vi, Ei)
be the 2-connected components of G and xi ∈ P2EC(Gi) be an extreme vector. Then
x := x1 ⊕ x2 ⊕ · · · ⊕ xr is an extreme vector of P2EC(G).

Proof. By Lemma 9, x ∈ P2EC(G). Suppose that x is not an extreme vector. Then,
there are y1, y2, . . . , yp ∈ P2EC(G) and λ1, λ2, . . . , λp ∈ R≥0 such that

x =
∑
i∈[p]

λiy
i and

∑
i∈[p]

λi = 1.

Since Ei ∩ Ej = ∅ for each distinct i, j ∈ [r], we have that

xj =
∑
i∈[p]

λiy
i
∣∣∣
Ej

and
∑
i∈[p]

λi = 1, for each j ∈ [r],

a contradiction since xj is an extreme vector. □

Theorem 54. Let G = (V, E) be a graph that is not 2-connected with edge costs c ∈ QE.
For i ∈ [r], let Gi = (Vi, Ei) be the 2-connected components of G. Then

IPratio(LP2EC, G, c) ≤ max
i∈[r]

IPratio(LP2EC, Gi, c|Ei
).

Proof. By Lemma 53, we we have that

IPratio(LP2EC, G, c) =
∑

i∈[r] opt(IP2EC(G[Vi], c|Ei
))∑

i∈[r] opt(LP2EC(G[Vi], c|Ei
)) ≤ max

j∈[r]

opt(IP2EC(G[Vj], c|Ej
))

opt(LP2EC(G[Vj], c|Ej
)) . □

To generate instances we either use Nauty [58] to generate non-isomorphic graphs or a
graph database such as House of Graphs [21]. We use a backtracking approach to iterate over
the matching of G to generate the edge costs. We are unaware of any approach that iterates
over non-isomorphic matchings of G. To find an optimum extreme vector solution of P2EC(G),
we use the primal simplex solver from Gurobi [42]. A parallelized C++ implementation of
Algorithm 2 and the testing routines are publicly available on the author’s GitHub1.

1https://github.com/gabrielmorete
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4.3.1. Computational experiments on the BDS Algorithm. This section discusses
computational experiments conducted to determine an accurate ratio for Algorithm 2. In
their work, Bamas, Drygala, and Svensson pose the following conjecture.

Conjecture 55 (Bamas, Drygala, and Svensson [2]). Algorithm 2 is a 4/3-rounding for
half-integral vectors.

Moreover, they ask the following question.

Question 56 (Bamas, Drygala, and Svensson [2]). Is there an instance of MAP for which
the ratio of the solution found by Algorithm 2 is worse than 4/3?

We partially disprove Conjecture 55 and answer Question 56.
In Algorithm 2, since the auxiliary augmentation problem is solved optimally, the cost of

the solution T ∪ A is determined by the choice of T . Although T determines the cost of A,
the cost of T itself is always |V | − |M | − 1. During the DFS phase of Algorithm 2, there may
be ties between edges (i.e., two unit edges e1, e2 with xe1 = xe2). We say that a tree T is
bad if it results in an auxiliary augmentation problem with maximum possible cost. On the
other hand, a tree T is good if it results in an auxiliary augmentation problem with minimum
possible cost. A tie-breaking is adversarial if it culminates in a bad tree. Figure 11 contains
an example with two trees yielding solutions of different costs.

In the following examples, we always fix the root of T at vertex 1. We say that an
instance (G = (V, E), M, x) of Algorithm 2 is unambiguous if for each possible DFS tree T

the cost c(T ∪ A) is the same. An instance is ambiguous if it is not unambiguous. In our
examples, an ambiguous instance depends on adversarial tie-breaking to be a counterexample
for Conjecture 55.

4.3.1.1. Ambiguous instances for the BDS Algorithm. First, we address Conjecture 55.
We exhibit two ambiguous instances with extreme vector solutions.

The first example is an instance with a half-integral extreme vector optimum solution.
The instance is illustrated in Figure 11. Figure 11(b) contains a solution with the maximum
possible cost by choosing a bad tree rooted at vertex 1. This tree results in a solution with
a 7/5 ratio. Figure 11(c) contains a least cost solution by choosing a good tree rooted at
vertex 1. This tree leads to an optimum integral solution.

The second example is an instance with a 1/3-cyclic extreme vector optimum solution.
The instance is illustrated in Figure 12. Figure 12(b) contains a solution with maximum
possible cost by choosing a bad tree rooted at vertex 1. This results in a ratio of 3/2.
Figure 12(c) contains a least cost solution by choosing a good tree rooted at vertex 1.

By taking the algorithm as it is, Figure 11 settles Conjecture 55 with a negative answer.
It needs to be clarified if there is an unambiguous counterexample for Conjecture 55 or if
producing one is even possible. It could be that there is always a good tree in the graph defined
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Figure 11. (a) MAP instance with a half-integral solution (matching edges
are dashed). (b) Bad DFS tree found by Algorithm 2. (c) Good DFS tree
found by Algorithm 2. Blue dotted edges are edges from the augmenting step.

by the support of an extreme vector solution; however, finding it is NP-hard. Lemma 43
supports this, since the DFS tree T completely determines the cost of the solution. Although
we do not consider this question settled, providing a satisfactory answer might be even more
challenging. Moreover, the second example implies that the ratio of Algorithm 2 cannot be
better than 3/2.

4.3.1.2. Unambiguous instances for the BDS Algorithm. Now, we address Question 56
without adversarial tie-breaking. We provide two unambiguous instances with extreme vector
solutions. Both instances have a unique spanning tree rooted at vertex 1.

The first one is presented in Figure 13(a) and has ratio 1.43 = 13/(9 + 1/11). Figure 13(b)
contains the solution found by Algorithm 2. This is the unambiguous instance with the
largest ratio we found.

The second one is presented in Figure 13(c) and has ratio 1.42 = 13/(9+1/10). Figure 13(d)
contains the solution found by Algorithm 2.
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Figure 12. (a) MAP instance with a 1/3-cyclic solution (matching edges
are dashed). (b) Bad DFS tree found by Algorithm 2. (c) Good DFS tree
found by Algorithm 2. Blue dotted edges are edges from the augmenting step.

Those instances have many intriguing similarities (as well as the other ones we found,
adding to a total of 29 unambiguous instances). Both are non-planar with K3,3 as a minor.
We believe that Algorithm 2 may have a better performance in planar graphs. Also, both
spanning trees (see Figure 13 (b) and (d)) are caterpillars (i.e., a path with some additional
leaves). The number of leaves of the spanning tree is a natural lower bound on the cost
of the augmentation problem. Caterpillars are a way to increase the cost of the auxiliary
problem. Finally, perhaps most important, are the constraints defining the extreme vector.
The extreme vector is defined by a subset of |E| tight inequalities of LP2EC. In Figure 13(a),
x(δ({3})) is not tight since x(δ({3})) = 2 + 2/11, and restriction x({3, 4}) ≤ 1 is contained
in the basis. This differs from the bases of the ambiguous examples, which consist only
of cut and non-negativity restrictions. We hope this gives a method to build families of
unambiguous instances.

We are unaware of an instance that, no matter the root, the worst solution has a ratio
worse than 4/3, ambiguous or not. We believe that a possible step to improve the ratio of
Algorithm 2 is to consider every possible root.

4.3.2. Determining the integrality ratio of MAP computationally. We determine
the exact integrality ratio for instances up to 10 vertices. Additionally, for instances with
11 to 14 vertices, we give a lower bound to the integrality ratio by considering graphs with
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maximum degree at most 4. We also obtained the ratios for the BDS algorithm, which is
equivalent to the integrality ratio but using the integral solution obtained by Algorithm 2.
See Table 3 for details.

Number of vertices
6 7 8 9 10 11 12 13 14

BDS Ratio 4/3 5/4 7/5 7/5 7/5 27/20 3/2 20/14 20/14
IP Ratio 4/3 5/4 5/4 6/5 14/11 4/3 4/3 18/14 11/9
Table 3. Computational results on the integrality ratio for MAP.

We found a family of instances (Gk, Mk) where each graph Gk has 6k vertices for each
k ∈ Z≥1 and the integrality ratio is 4/3 (see Figure 14). These graphs are derived from a
base graph (see Figure 14(a)) by inductively replacing a zero cost edge with a gadget (see
Figure 14(b)). An integer solution must select at least two edges in each triangle to meet the
connectivity requirements. Hence, the integer solution presented in Figure 14 is optimum.
Whereas, for the fractional solution, every edge of the triangle can be assigned a value of 1/2.
We have that

IPratio(LP2EC, Gk, Mk) ≥ (2 + 2)k
(3/2 + 3/2)k = 4/3, for each k ∈ Z≥1.

Finally, we remark that there are better-known bounds for LP2EC. Cheriyan et al. [13]
found an instance of TAP and 2-ECSSP with a 1/3-cyclic solution that yields an integrality
ratio of 3/2.

Theorem 57 (Cheriyan et al. [13]). IPratio(LP2EC) ≥ 3/2.

Although the best-known algorithm for TAP has a ratio of 1.393, it remains open to
determine the precise integrality ratio of the linear formulation of TAP. The best algorithm
which compares to the linear relaxation is a (2− 2/15)-approximation obtained by Nutov [61].
The question also remains open for LP2EC .
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Figure 13. Unambiguous examples for Algorithm 2. (a) and (c) An
unambiguous MAP instance (matching edges are dashed, non-tight vertices
are grey). (b) and (d) Unique DFS tree found by Algorithm 2. Blue dotted
edges are edges from the augmenting step.
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(a) Base graph (b) Gadget

(c) Instance with 12 vertices (d) Half-integral solution (e) Integral solution

(f) Instance with 6k vertices

(f) Half-integral solution (f) Integral solution

Figure 14. MAP instances with 6k vertices and 4/3 ratio. Continuous edges
e have ce = 1; dashed edges e have ce = 0. Blue edges e have xe = 1; green
edges e have xe = 1/2.





CHAPTER 5

The 2-edge-connected spanning multisubgraph problem

In this chapter, we investigate the 2-edge-connected spanning multisubgraph
problem (2-ECSMP), which is defined as follows.

The 2-edge-connected Spanning Multisubgraph Problem (2-ECSMP)
Input: A multigraph G = (V, E) and edge costs c ∈ QE.
Objective: Find a 2-edge-connected spanning multisubgraph H ⊆ G of minimum cost.

When the input graph is 2-edge-connected and the costs are uniform, any parallel edge
(i.e., an edge for which two copies were selected) of a 2-edge-connected subgraph is replaceable
by a distinct edge crossing the cut defined by the parallel edges. Since the instance is
2-edge-connected, such a replacement always exists. Hence, 2-ECSSP and 2-ECSMP are
equivalent in this case. Thus, by a result of Fernandes [27], it does not admit a PTAS unless
P = NP.

In 1982 Frederickson and Ja’Ja’ [31] obtained a 3/2-approximation for 2-ECSMP by
modifying the Christofides-Serdjukov algorithm for metric TSP. The first improvement to this
ratio came forty years later in a breakthrough result of Karlin, Klein, and Oveis Gharan [48]
showing a (3/2 − 10−33)-approximation using a sophisticated probabilistic analysis of the
Christofides-Serdjukov algorithm. For half-integral instances, in 2022, Boyd et al. [6] found a
4/3-approximation based on an earlier existence result obtained by Carr and Ravi [8]. For
unit costs, the results are the same as the ones discussed for 2-ECSSP.

A major family of subproblems in survivable network design are the ones given by metric
costs. For a complete graph KV = (V, E) and edge costs c ∈ QE, we say that the costs satisfy
the triangle inequality if

cuv ≤ cuw + cwv, for each distinct u, v, w ∈ V.

Recall that the metric completion of a network G = (V, E) with edge costs c ∈ QE is a
complete graph KV together with edge costs c′ ∈ R(V

2) where the cost of each edge uv ∈
(

V
2

)
is the cost of a minimum uv-path in G. Of course, the costs c′ of the metric completion
satisfy the triangle inequality.

In 2-ECSMP, we can always treat the input as the metric completion of a network.
Since, for any edge, we can replace it by picking a copy of the shortest path connecting its

65
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endpoints. Another restriction we can impose is that each edge is selected at most twice.
Since, if selected more than twice, removing a copy does not affect the 2-edge-connectivity.

We formulate 2-ECSMP as an integer linear optimization problem with the following
linear relaxation:

Minimize
∑
e∈E

cexe

subject to x(δ(S)) ≥ 2 for ∅ ̸= S ⊂ V, LP2ECM(G, c)

x ≥ 0.

We denote the associated polytope by P2ECM(G), the 2-edge-connected spanning multisubgraph
polytope.

Another major problem that is related to 2-ECSMP is the traveling salesperson
problem (TSP).

The Travelling Salesperson Problem (TSP)
Input: A graph G = (V, E) and edge costs c ∈ QE.
Objective: Find a spanning circuit C ⊆ G of minimum cost.

We formulate TSP as an integer linear optimization problem with the following linear
relaxation:

Minimize
∑
e∈E

cexe

subject to x(δ(S)) ≥ 2 for ∅ ̸= S ⊂ V, LPSUB(G, c)

x(δ(v)) = 2 for v ∈ V,

x ≥ 0.

We denote the associated polytope by PSUB(G), the subtour elimination polytope. The
formulation LPSUB is also known as the Held-Karp relaxation.

A surprising result discussed in this chapter is the parsimonious property, which implies
that, for any graph G = (V, E) and metric edge costs c ∈ QE, the following holds

opt(LP2ECM(G, c)) = opt(LPSUB(G, c)).

Hence, by developing a ρ-rounding for vectors in PSUB(G), one also obtains a ρ-approximation
for 2-ECSMP. This chapter shows that given a half-integral vector x ∈ PSUB(G), the vector
4x/3 dominates a convex combination of integral vectors in P2ECM(G).

Let G = (V, E) be a graph and x ∈ RE a vector. Let α ∈ R≥0 be such that αx is integral.
Then, G′ := αx is the multigraph containing αxe copies of each edge e ∈ E. Hence, given a
half-integral vector x ∈ PSUB(G), the graph G′ := 2x is 4-regular 4-edge-connected. In this
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chapter, we develop novel decomposition results for this family of graphs and pose some
conjectures regarding those results.

This chapter is organized as follows. First, we discuss the Lovász splitting-off lemma and
use it to prove the parsimonious property. Later, we survey the works of Carr and Ravi [8]
and Boyd et al. [6] on a 4/3-approximation for the half-integral 2-ECSMP. Then, we prove
some new decomposition theorems for 4-regular 4-edge-connected graphs. Finally, we pose
some conjectures regarding the decomposition of 4-regular 4-edge-connected graphs.

5.1. The Lovász splitting-off Lemma

In this section, we introduce a fundamental tool for addressing connectivity problems in
multigraphs. Let G = (V ∪ {v}, E) be a graph with d(v) ≥ 2 and even. Moreover, assume
that

d(S) ≥ k for each S ⊂ V. (17)

where k is an even integer. The splitting-off operation at v replaces two edges vu, vx ∈ δ(v) by
a single edge ux. Whenever (17) remains satisfied, we say that vu and vx form an admissible
pair and that the splitting-off is valid. Unless stated otherwise, assume that we only conduct
valid splitting-offs. A complete splitting at v is a sequence of splitting-off operations that
reduce the degree of v to zero. See Figure 15 for an example.

Lovász introduced the splitting-off operation as an exercise in his famous book on com-
binatorial problems [57]. He proved that for each edge e ∈ δ(v), there is always an edge
e′ ∈ δ(v) such that ee′ is an admissible pair. In this text, we present a generalized version
obtained by Bang-Jensen et al. [3], where the authors show that for each edge e ∈ δ(v), there
are at least d(v)/2 edges that form an admissible pair with e (see Figure 15 (c) and (d)). We
refer an interested reader to Chapter 8 of Frank [29] for a comprehensive treatment of these
tools. The main theorem of this section is the following.

Theorem 58 (Theorem 2.12 of [3]). Let G = (V ∪ {v}, E) be a graph with d(v) ≥ 2 even
and k ≥ 2 be an even integer such that

d(S) ≥ k, for each S ⊂ V. (18)

For each vu ∈ E, there are at least d(v)/2 edges vx ∈ E such that

G′ := G− vu− vx + ux,

satisfy (18).

The proof of Theorem 58 is relatively standard; thus, we omit it from this text.
Notice that, after conducting a valid splitting-off operation, the resulting graph still

satisfies 18 (since it does not depend on v) and d(v) remains even; hence, we may always
conduct a complete splitting at v. We have the following consequence of Theorem 58.
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Figure 15. Complete splitting-off examples. Dashed green edges result from
the splitting-off operation (a) A 4-regular 4-edge-connected graph. (b) Graph
obtained by splitting-off vu, vx and vy, vz. Notice that vu, vx are not admissible
since the resulting graph is not 4-edge-connected. (c) Graph obtained by
splitting-off vu, vz and vx, vy. Notice that vu, vz form an admissible pair. (d)
Graph obtained by splitting-off vu, vy and vx, vz. Notice that vu, vy form an
admissible pair.

Corollary 59. Let G = (V, E) be a graph and k ≥ 2 be an even integer such that

dG(S) ≥ k, for each S ⊂ V.

Let v ∈ V be a vertex with dG(v) even and G′ be the graph obtained after performing a
sequence of valid splitting-offs at v until dG′(v) = ℓ. Then

dG′(S) ≥ min(k, ℓ), for each S ⊂ V.

Proof. By Theorem 58, we obtain that dG′(S) ≥ k, for each S ⊂ V \ {v}. Since
dG′(v) = ℓ, we have that dG′(V \ {v}) = dG′(v) = ℓ. Moreover, for each S ⊂ V \ {v},
dG′(S ∪ {v}) = dG′(V \ (S ∪ {w})) ≥ k. Hence, dG′(S) ≥ min(k, ℓ) for each S ⊂ V . □
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As one can see in Figure 15, the splitting-off may generate parallel edges. Although this
is not a problem for the applications described in this chapter, it is generally unsuitable for
applications where one wishes to obtain simple subgraphs from a graph with parallel edges.

5.2. The parsimonious property

In this section, we introduce a remarkable result obtained by Goemans and Bertsimas [37],
the parsimonious property. The parsimonious property shows that the optimum values of
LP2ECM(G, c) and LPSUB(G, c) are the same.

Let G = (V, E) be a graph and c ∈ QE edge costs. For a subset of vertices W ⊆ V , we
define the following linear optimization problem:

Minimize
∑
e∈E

cexe

subject to x(δ(S)) ≥ 2 for ∅ ̸= S ⊂ V, LPCUT(G, W, c)

x(δ(v)) = 2 for v ∈ W,

x ∈ R≥0.

Notice that if W = ∅, LPCUT(G, W, c) equals to LP2ECM(G, c) and if W = V , LPCUT(G, W, c)
equals to LPSUB(G, c). We prove that the optimum value of LPCUT(G, W, c) is invariant
concerning W . To prove this, we use splitting-off. We have the following lemma.

Lemma 60. Let G = (V, E) be a graph and c ∈ QE be edge costs satisfying the triangle
inequality. Let v ∈ V be a vertex with even degree and G′ be the graph obtained by
splitting-off a pair of edges incident to v, then c(G′) ≤ c(G).

Proof. Let vu, vx ∈ δG(v) be a pair of edges such that G′ = G− vu− vx + ux. Then,
by the triangle inequality

c(G′) = c(G) + cux − cvu − cvx ≤ c(G). □

Theorem 61 (Theorem 1 of [37]). Let G = (V, E) be a graph with edge costs c ∈ QE

satisfying the triangle inequality. Then,

opt(LP2ECM(G, c)) = opt(LPCUT(G, W, c)), for all W ⊆ V.

Proof. It is clear that opt(LP2ECM(G, c)) ≤ opt(LPCUT(G, W, c)). Let x ∈ P2ECM(G)
be an optimum rational solution of LP2ECM(G, c) (one exists since the input data is rational).
Let k ∈ Z≥1 be such that kx is integral and each component of kx is even. Let G′ := kx. By
the feasibility of x

dG′(X) ≥ 2k, for each X ⊂ V.
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Let GW be the graph obtained by splitting-off at each vertex w ∈ W until dG′(w) = 2k. By
Corollary 59,

dGW (X) ≥ 2k, for each X ⊂ V,

dGW (w) = 2k, for each w ∈ W.

Define y ∈ [0, 2](
V
2) such that

yuv := 1
k
|{ e ∈ E(GW ) : e = uv}|, for each u, v ∈ V.

Hence, y is a feasible solution of LPCUT(G, W, c). Finally, notice that c(G′) = kcTx. By
Lemma 60,

kcTy = c(GW ) ≤ c(G′) = kcTx.

Therefore, opt(LPCUT(G, W, c)) ≤ opt(LP2ECM(G, c)). □

The parsimonious property has various implications and holds for a broader set of cut
covering problems (see [4, 37]). The main implication for us is that, for a graph G = (V, E),
we deal with half-integral vectors of PSUB(G) instead of P2ECM(G). By dealing with vectors
x ∈ PSUB(G), we can assume that G′ = (V, E ′) := 2x is a 4-regular 4-edge-connected graph.
Recall that any parallel edges in G′ are treated as separate edges. Finally, notice that, for
each edge uv ∈ E, the restrictions x(δ(v)) = x(δ(u)) = 2 and x(δ({u, v})) ≥ 2 impose that
xuv ≤ 1. Hence, G′ has at most two copies of each parallel edge.

5.3. A 4/3-rounding for the half-integral 2-ECSMP

In 1998, Carr and Ravi [8] showed that, given a graph G, for every half-integral vector of
x ∈ PSUB(G), the vector 4x/3 dominates a convex combination of characteristic vectors of
2-edge-connected spanning subgraphs of G. Their proof is existential, i.e., they did not find
a polynomial-time algorithm to build the convex combination. Twenty years later, Boyd
et al. [6] obtained a polynomial-time algorithm to build the convex combination based on the
ellipsoid method (yielding a result analogous to Theorem 20) and a combinatorial algorithm
that, for every c ∈ QE satisfying the triangle inequality, finds a 2-edge-connected spanning
subgraph H ⊆ G such that c(H) ≤ 4

3cTx. We state their theorem in the following.

Theorem 62 (Proposition 10 from [6]). Given a complete graph KV and a half-integral vector
x ∈ PSUB(KV ), there is a polynomial-time algorithm that finds a collection H1, H2, . . . , Hr of
2-edge-connected spanning subgraphs of KV and coefficients λ1, λ2, . . . , λr ∈ R≥0 such that∑

i∈[r]
λiχ

Hi ≤ 4
3x and

∑
i∈[r]

λi = 1.

Moreover, each subgraph uses at most one copy of each edge of KV .
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The proof of Theorem 62 relies on an extension of the results of Grötschel, Lovász, and
Schrijver [40] on the ellipsoid method and is beyond the scope of this thesis. One might
ask why Theorem 62 does not lead to a 4/3-approximation for metric TSP. The issue is
that we need to impose further that the graphs H1, H2, . . . , Hr are Eulerian since being
2-edge-connected does not suffice to apply the shortcut algorithm.

We restrict ourselves to proving the existence version of Theorem 62. Moreover, we
present the simplified proof of the result obtained by Boyd et al. [6]. Their idea inspired the
proof of Theorem 68, one of the original contributions of this thesis. By Theorem 61, we may
restrict ourselves to proving the following result for 4-regular 4-edge-connected graphs.

Theorem 63 (Statement 6 from [8]). Let G = (V, E) be a 4-regular 4-edge-connected graph
and e ∈ E. Then, there is a finite collection H1, H2, . . . , Hr of 2-edge-connected spanning
subgraphs of G and coefficients λ1, λ2, . . . , λr ∈ R≥0 such that∑

i∈[r]
λiχ

Hi = 2
3χG−e and

∑
i∈[r]

λi = 1.

Moreover, parallel edges in the subgraphs arise from parallel edges in G.

Proof. We prove the result by induction on |V |. For |V | = 2, let E =: {e, f, g, h}. Define

H1 := {f, g}, H2 := {f, h}, and H3 := {g, h}.

Then
1
3χH1 + 1

3χH2 + 1
3χH3 = 2

3χG−e.

vv vv

u

x y z x y

u zu z= u z=

x y= x y=

(a) (b) (c) (d)

Figure 16. Possible arrangements for labels of neighbours of v such that
edges vu, vx and vu, vy form admissible pairs.

Now, suppose that |V | ≥ 3 and that the result holds for every 4-regular 4-edge-connected
graph of smaller order and every choice of edge to remove. Let uv := e and u, x, y, z ∈ V be
the vertices adjacent to v (see Figure 16). By Theorem 58, e forms an admissible pair with
at least two edges incident to v. Let those two edges be vx and vy. Then, we obtain the
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following 4-regular 4-edge-connected graphs by conducting two complete splitting-offs at v

G1 := G− v + ux + yz,

G2 := G− v + uy + xz.

Applying the induction hypothesis to both G1−ux and G2−uy we obtain a collection of 2-edge-
connected spanning subgraphs H i

1, H i
2, . . . , H i

ri
of Gi and coefficients λi

1, λi
2, . . . , λi

ri
∈ R≥0 for

each i ∈ [2] such that ∑
i∈[r1]

λ1
i χ

H1
i = 2

3χG1−ux = 2
3χG−v+yz, (19)

∑
i∈[r2]

λ2
i χ

H2
i = 2

3χG2−uy = 2
3χG−v+xz. (20)

Now, for each i ∈ [r1], we reverse the splitting-off operation to lift H1
i to a 2-edge-connected

spanning subgraph Ĥ1
i of G. Define

Ĥ1
i =

H1
i − yz + vy + vz, if yz ∈ H1

i ;
H1

i + vy + vx, otherwise.
for each i ∈ [r1]. (21)

Note that the first operation is simply a subdivision of the edge yz, and the second is the
addition of an edge yx followed by its subdivision. By Lemma 11, since H1

i is 2-edge-connected,
Ĥ1

i also is. Moreover, each Ĥ1
i uses up to one copy of each edge in E. Hence, by (19), we

obtain that ∑
i∈[r1]

λ1
i χ

Ĥ1
i = 2

3χG−v + χvy + 1
3χvx + 2

3χvz. (22)

Analogously, for the subgraphs of G2 − uy, we lift H2
i to Ĥ2

i as follows

Ĥ2
i =

H2
i − xz + vx + vz, if xz ∈ H2

i ;
H2

i + vx + vy, otherwise.
for each i ∈ [r2].

Again, each Ĥ2
i is 2-edge-connected and uses at most one copy of each edge in E. Hence, by

(20), we obtain that ∑
i∈[r2]

λ2
i χ

Ĥ2
i = 2

3χG−v + χvx + 1
3χvy + 2

3χvz. (23)

Therefore, by (22) and (23) we obtain that
1
2
∑

i∈[r1]
λ1

i χ
Ĥ1

i + 1
2
∑

i∈[r2]
λ2

i χ
Ĥ2

i = 2
3χG−e. □

Notice that every 4-regular 4-edge-connected graph contains a minimum 2-edge-connected
spanning simple subgraph. To see this, pick any minimum 2-edge-connected spanning
subgraph. While there are parallel edges, swap one of the copies with an unused edge crossing
the unique cut defined by the parallel edges. One interesting question is if there is a way to
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obtain simple subgraphs in Theorem 63 (see also Conjecture 75). The following observation
can be drawn from the proof of Theorem 62.

Proposition 64. Let G = (V, E) be a 4-regular 4-edge-connected graph and e ∈ E. Let
f1, f2 ∈ E be a pair of parallel edges of G− e. Let H1, H2, . . . , Hr be the 2-edge-connected
spanning subgraphs of G obtained through the proof of Theorem 63. Then, there is a j ∈ [r]
such that f1, f2 ∈ E(Hj).

Proof. Let f1 =: {a, b} ⊂ V . Notice that in the proof of Theorem 62, when an edge
from G (i.e., an edge that is not created through splitting-off) is added to a subgraph, it will
not be removed from this subgraph, i.e., it will be present in the final convex combination.

For i ∈ [|V | − 2], let Gi be the graph at the i-th step of the proof such that G = G0 and
G|V |−2 is the base case of the induction. Moreover, let H i

1, H i
2, . . . , H i

ri
be the 2-edge-connected

spanning graphs of Gi found at the i-th step and ui, vi, xi, yi, and zi be the corresponding
vertices involved in the splitting-off during the i-th step of the proof.

First, the result is trivial if |V | = 2. Hence, consider that |V | ≥ 3.
Consider that V (G|V |−2) = {a, b} (i.e., a and b are the two final vertices of the proof).

Then, for some i ∈ [3], the edges f1, f2 ∈ E(H |V |−2
i ). Hence, for some i ∈ [r0], the edges

f1, f2 ∈ E(H0
i ).

Now, consider that a and b are not the two vertices of the procedure. Then, we have that
vi ∈ {a, b} for some 0 ≤ i ≤ |V | − 3 since either a or b was removed at some step. We have
the following lemma.

Lemma 65. If for some 0 ≤ i ≤ |V | − 3 we have vi ∈ {a, b}, then ui /∈ {a, b}.

Proof. Since f1, f2 ∈ G−e, the number of vertices |V | ≥ 3, and G is 4-edge-connected, we
have that {v1, u1} ≠ {a, b}, since otherwise f1, f2, and e form a triple of parallel edges. Suppose
that {vi, ui} = {a, b}, then {ui−1, xi−1} = {a, b} and ux = f1. Hence, f1, f2, ux ∈ E(Gi) forms
a triple of parallel edges, a contradiction since Gi is 4-edge-connected and |V (Gi)| ≥ 3. □

Then, {vi, xi = yi} = {a, b} and vx = vy = f1 = f2 (see Figure 16(c)). By (21), there
is a j ∈ [ri] such that f1, f2 = vx, vy ∈ E(H i

j). Therefore, there is a j ∈ [r0] such that
f1, f2 ∈ E(H0

j ). □

One immediate consequence of Theorems 62 and 63 is that, given a graph G = (V, E),
x ∈ PSUB(G), and c ∈ QE satisfying the triangle inequality, there is a 2-edge-connected
spanning subgraph H ⊆ G such that c(H) ≤ 4

3cTx. Moreover, there is a polynomial-time
algorithm that finds H (the proof is analogous to the one of Corollary 21). One way to
improve the algorithm’s complexity is the following lemma.
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Lemma 66 (Lemma 9 from [6]). Given a 4-regular 4-edge-connected graph G = (V, E)
and two edges vu, vx ∈ E, there is an O(|V |) algorithm that checks if vu and vx form an
admissible pair.

Proof. First, if v is incident to parallel edges, then the admissible pairs are immediate
since vu and vx cannot be parallel (see Figure 16). Hence, let N := {u, x, y, z} ⊂ V be the
vertices adjacent to V . We consider that they are distinct.

Let G′ = (V ′, E ′) := G−v +ux+yz and G′′ be the graph obtained from G′ by contracting
ux to a vertex s and yz to a vertex t. We claim that G′ is 4-edge-connected if and only if
there are at least 4 edge-disjoint st-paths in G′′.

The condition above is necessary. To see that it is sufficient, suppose that G′ is not 4-edge-
connected. Then, there is an S ′ ⊂ V ′ such that |δG′(S ′)| < 4. Since |δG(S ′∪{v})| ≥ 4, it holds
that |N ∩S| ≤ 2. If |N ∩S| = 1, consider w.l.o.g that y ∈ S, then δG′(S ′) = δG(S ′)− vy + yz

and the size of the cut is unchanged. If |N ∩ S| = 2, then |S ∩ {u, x}| = 1 (otherwise, S

would be a st-cut of G′′ with size at most 3). Consider w.l.o.g that S ∩ N = {u, y}, then
δG′(S ′) = δG(S)− vu− vy + ux + yz and the size of the cut is unchanged, a contradiction.
Therefore, G′ is 4-edge-connected.

Finally, since |E(G′′)| ≤ 2|V |, one can check if there are 4-edge-disjoint st-paths in linear
time by finding 4 augmenting paths, each in linear time. □

By cleverly observing their simplified proof of Theorem 63, and using Lemma 66, Boyd
et al. obtained the following improved version of the rounding result, whose proof we omit.

Theorem 67 (Proposition 11 from [6]). Given a 4-regular 4-edge-connected graph G = (V, E),
an edge e ∈ E, a half-integral vector x ∈ PSUB(G), and edge costs c ∈ QE, there is an
O(|V |1+o(1)) algorithm that finds a 2-edge-connected spanning subgraph H ⊆ G such that

c(H) ≤ 4
3cTx.

Moreover, parallel edges in the subgraph arise from parallel edges in G.

5.4. Decomposition theorems for 4-regular 4-edge-connected graphs

In this section, we prove novel decomposition results for 4-regular 4-edge-connected graphs
using Theorem 58. Unlike the previous sections of this chapter, the results contained in this
section are original. The main result of this section is the following.

Theorem 68. Given a 4-regular 4-edge-connected graph G = (V, E) and an edge uv ∈ E,
there is an O(|V |2) algorithm that finds a collection H1, H2, and T of spanning subgraphs of
G such that

χH1 + χH2 + χT ≤ 2χG−uv.

Moreover,
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i) H1, H2 are 2-edge-connected spanning subgraphs of G;
ii) T is a spanning tree of G;
iii) parallel edges in the subgraphs arise from parallel edges in G;
iv) dT (u) ≤ 1, dT (v) ≤ 2, and dT (w) ≤ 3 for each w ∈ V .

Proof. We prove the result by induction on |V |. If |V | = 2, let E = {e, f, g, h}. Define

H1 := {f, g}, H2 := {f, h}, and T := {g}.

Then
1
3χH1 + 1

3χH2 + 1
3χT ≤ 2

3χG−e,

and (i), (ii), (iii), and (iv) hold.
Now, suppose that |V | ≥ 3 and that the result holds for every 4-regular 4-edge-connected

graph of smaller order and every choice of edge e to remove.
Let uv := e and u, x, y, z ∈ V be the vertices adjacent to v. By Theorem 58, e forms an

admissible pair with at least two edges. Let vx be one of those edges. Then, by conducting a
complete splitting-off at v we obtain the following 4-regular 4-edge-connected graph

G′ := G− v + ux + yz.

Applying the induction hypothesis to G′ − ux, we obtain three spanning subgraphs H ′
1, H ′

2,
and T ′ of G′ such that

χH′
1 + χH′

2 + χT ′ ≤ 2χG′−ux.

Moreover, (i), (ii), (iii), and (iv) are satisfied.
Now, we reverse the splitting-off to lift H ′

1 and H ′
2 to 2-edge-connected spanning subgraphs

H1 and H2 of G and T ′ to a spanning tree T of G. We divide the rest of the proof into three
cases.

Case i) yz /∈ T ′.
This case is straightforward

H1 = H ′
1 − yz + vy + vz,

H2 = H ′
2 − yz + vy + vz,

T = T ′ + vx.

Notice that v is added as a leaf in T , hence, dT (v) = 1. Moreover, since dT ′(x) ≤ 2,
we maintain that dT (w) ≤ 3 for each w ∈ V . Finally, for H ′

1 and H ′
2 we subdivide

yz, hence, by Lemma 11, H1 and H2 are 2-edge-connected.
Case ii) yz ∈ T ′.

We split into two further cases. For both of them, if yz is present in one of H ′
1 or
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H ′
2, adapt the notation so that H ′

1 contains yz. The idea for this case is to “swap”
edges between H ′

2 and T ′ so we can avoid adding both copies of vx to H2.
Case ii.a) x and y are in the same connected component of T ′ − yz.

Then, we lift the graphs as follows

H1 = H ′
1 − yz + vy + vz,

H2 = H ′
2 + vy + vx,

T = T ′ − yz + vz + vx.

Case ii.b) x and z are in the same connected component of T ′ − yz.
Then, we lift the graphs as follows

H1 = H ′
1 − yz + vy + vz,

H2 = H ′
2 + vz + vx,

T = T ′ − yz + vy + vx.

In both cases, dT (v) = 2. Moreover, since the degree of both y and z are decreased
by the removal of yz and dT ′(x) ≤ 2, we maintain that dT (w) ≤ 3 for each w ∈ V .
The same reasoning from the other case applies to show that H1 and H2 are 2-edge-
connected.

In all cases, it is clear that H1, H2, and T are spanning. Moreover, the degree of u is
unchanged; hence, by induction, dT (u) = 1. Therefore, H1, H2 are 2-edge-connected spanning
subgraphs of G, and T is a spanning tree of G satisfying (i), (ii), (iii), and (iv).

Finally, by Lemma 66, one can check if a pair of edges is admissible in O(|V |). Since
this procedure is called at most two times for each vertex, the overall complexity is O(|V |2).
Moreover, both splitting-off and lifting can be implemented in constant time. Therefore, the
algorithm has running time O(|V |2). □

The proof of Theorem 68 has two critical ideas. The first helpful observation is that
the exponential growth in the number of subgraphs in the proof of Theorem 63 is caused
by combining the results of the two inductions. By recusing to a single graph, one avoids
that. The second observation is that one avoids adding two copies of vx to H2 by swapping
edges between H2 and T . If one managed to prove a lemma that allows the same swap to be
performed between two 2-edge-connected spanning subgraphs, namely H2 and H3, one could
extend the proof of Theorem 68 to a proof of Conjecture 74. We remark that, in Case ii, it
could be that yz /∈ H ′

1; hence, it is not the case that |E(H1)| = |V |.
Now, we discuss some implications of Theorem 68.
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Corollary 69. Given a 4-regular 4-edge-connected graph G = (V, E), an edge e ∈ E, and
a positive integer r ∈ Z≥0, there is an O(r|V |2) algorithm that finds a collection of 2-edge-
connected spanning subgraphs H1, H2, . . . , Hr and spanning trees T1, T2, . . . , T⌊r/2⌋ of G such
that ∑

i∈[r]
χHi +

∑
i∈[⌊r/2⌋]

χTi ≤ rχG−uv.

Proof. The proof follows directly from Theorem 68 and induction on r. □

Moreover, for 4-regular 4-edge-connected graphs we obtain a simple 3/2-approximation
for the uniform 2-ECSSP.

Corollary 70. Given a 4-regular 4-edge-connected graph G = (V, E) and an edge e ∈ E,
there is an O(|V |2) algorithm that finds a 2-edge-connected spanning subgraph H ⊆ G such
that

|E(H)| ≤ 3
2 |V | −

1
2 .

Proof. By Theorem 68, we obtain in O(|V |2)-time three spanning graphs H1, H2 and T

of G, with H1 and H2 being 2-edge-connected, such that
1
3 |E(H1)|+ 1

3 |E(H2)|+ 1
3 |E(T )| = 3

2 |E(G− e)|.

Suppose that |E(H1)| ≤ |E(H2)|, then
2
3 |E(H1)| ≤ 2

3(2|V | − 1)− 1
3(|V | − 1) ≤ |V | − 1

3 . □

As a last corollary, we can use Theorem 68 to obtain a convex combination into 2-edge-
connected spanning multisubgraphs of G. By Theorem 68, we have that

2χH1 + 2χH2 + 2χT ≤ 4χG−e.

Let H3 := 2χT . Then, H3 is a 2-edge-connected spanning multisubgraph of G with edge
multiplicity at most 2.

One might ask if we can derive Theorem 68 using the Tutte-Nash-Williams Theorem
(Theorem 3). By Theorem 3, a 4-regular 4-edge-connected graph G contains two edge disjoint
spanning trees T1, T2, which does not imply Theorem 68 directly. Hence, a natural question
is whether a stronger result similar to the Tutte-Nash-Williams Theorem holds for this class
of graphs.

Question 71. Let G be a 4-regular 4-edge-connected graph. Are there two edge-disjoint
spanning subgraphs H and T such that

χH + χT = χG,

where H is 2-edge-connected and T is a tree?
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Notice that, when H is 2-edge-connected, we have that dH(v) ≥ 2 for each v ∈ V . Thus,
dT (v) ≤ 2 for each v ∈ V ; hence, T has to be a Hamiltonian path.

The answer to Question 71 is negative. Figure 17 shows the smallest counterexample we
found.

v

u

x

y

B2B1

(a) (b)

z

w

Figure 17. (a) A graph that answers negatively Question 71. (b) Illustration
of the proof of Proposition 72. Dashed green edges belong to P ; continuous
black edges belong to H; dotted red edges form a connected component of H
disconnected from the remaining vertices.

Proposition 72. There is a 4-regular 4-edge-connected graph G that is a counterexample to
Question 71.

Proof. Let G be the graph depicted in Figure 17(a). We show that G cannot be
decomposed into a Hamiltonian path P and a 2-edge-connected spanning subgraph H.

Consider that there is a 2-edge-connected spanning subgraph H and a Hamiltonian path
P in G such that

χH + χP = χG.

Then min(dH(v), dH(u)) ≤ 2 (otherwise, both u and v are endpoints of P and it cannot
be Hamiltonian). Consider that dH(v) = dP (v) = 2. Hence, one of the endpoints of P is in
either B1 or B2. Consider that one of the endpoints is in B1. Since dP (u) ≥ 1, it cannot
be that the other endpoint is in B2. Hence, both endpoints of P are in B1, or one is in B1

and the other is u. Then, notice that P [B2] is also a spanning path of B2. Moreover, since
dP (v) = 2, it holds that wx, yz ∈ E(P ). Hence, either vw, uy ∈ E(P ) or vx, uz ∈ E(P ).
Consider that vw, uy ∈ E(P ). In this case, w and y are not connected to the remaining
vertices in H (see Figure 17). The case is symmetric if vx, uz ∈ E(P ). Therefore, H is not
2-edge-connected. □

Although there is a counterexample for Question 71, we obtain the following result by
relaxing the spanning condition.



5.4. DECOMPOSITION THEOREMS FOR 4-REGULAR 4-EDGE-CONNECTED GRAPHS 79

Theorem 73. Let G = (V, E) be a 4-regular 4-edge-connected graph with |V | ≥ 4 and
e ∈ E. Then, for every a, b ∈ V , there is a 2-edge-connected spanning subgraph H ⊆ G and
an ab-path Pab such that

χH + χPab = χG−e.

Proof. We prove this by induction. For |V | = 4, there only two 4-regular 4-edge-
connected graphs (see Figure 18); in both cases, the graphs can be decomposed into two
edge-disjoint Hamiltonian circuits, and the statement holds.

(a)

(b)

=

=

+

+

Figure 18. Base case of the proof of Theorem 73. (a) and (b) are the two
non-isomorphic 4-regular 4-edge-connected graphs of order 4.

Now, suppose that |V | ≥ 5, and that the result holds for every 4-regular 4-edge-connected
graph of order |V | − 1 and every choice of a, b and e.

Let pq := e and v ∈ V \ {a, b, p, q}. Let N = {u, x, y, z} ⊆ V be the vertices adjacent to v

in G. By Theorem 58, there is an edge adjacent to v that is admissible with vu, let this edge
be vx. Hence, by Theorem 58, G′ := G− v + ux + yz is 4-regular and 4-edge-connected. By
induction on G′ − e, a, and b, we obtain a 2-edge-connected spanning graph H ′ and ab-path
P ′

ab of G′ such that
χH′ + χP ′

ab = χG′−e.

Now, we reverse the splitting-off to lift H ′ to a 2-edge-connected spanning subgraph H of
G and P ′

ab to an ab-path Pab of G. We divide the rest of the proof into three cases.

Case i) |E(P ′
ab) ∩ {ux, yz}| = 0

In this case, P ′
ab is also an ab-path in G. Then

Pab = P ′
ab,

H = H ′ − ux + vu + vx− yz + vy + vz.
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Case ii) |E(P ′
ab) ∩ {ux, yz}| = 1

Adjust the notation so that ux ∈ E(P ′
ab). Hence, we may do as follows

Pab = P ′
ab − ux + vx + vy,

H = H ′ − yz + vy + vz.

Case iii) |E(P ′
ab) ∩ {ux, yz}| = 2

In this case, we need to shortcut P ′
ab through v. Adjust the notation so that u is the

vertex closest to a in N and z is the vertex closest to b in N . We replace P ′
ab(u, z)

as follows

Pab = P ′
ab(a, . . . , u) · (uv, v, vz) · P ′

ab(z, . . . , b),

H = H ′ + vx + vy.

Although we do not include edges in the definition of path, we include the edges in
the case above for clarity.

In each case, any edge is removed through subdivision; hence, by Lemma 11, H is 2-edge-
connected, and Pab is an ab-path. □

Notice that, differently from the decomposition suggested in Question 71, the path in
Theorem 73 may not be spanning. On the other hand, the theorem holds for every choice of
endpoints for the path.

5.5. Conjectures and computational experiments

Finally, we finish this thesis by proposing two open problems. First, we believe that the
number of graphs in the convex combination of Theorem 63 can be improved.

Conjecture 74. Let G = (V, E) be a 4-regular 4-edge-connected graph and e ∈ E. Then,
there are three 2-edge-connected spanning subgraphs H1, H2, and H3 of G such that

1
3χH1 + 1

3χH2 + 1
3χH3 ≤ 2

3χG−e.

Moreover, parallel edges in the subgraphs arise from parallel edges in G.

Since G = (V, E) is 4-regular, |E(G − e)| = 2|V | − 1, there are no two edge-disjoint
2-edge-connected spanning subgraphs of G− e. Conjecture 74 implies that the number of
graphs needed in the convex combination meets the lower bound. Notice that Theorem 68 is
a weakened version of Conjecture 74. Moreover, Conjecture 74 also aligns with Theorem 26.
We believe that, to prove Conjecture 74, one must go beyond the techniques discussed in this
chapter. We also pose the following conjecture.

Conjecture 75. Let G = (V, E) be a 4-regular 4-edge-connected graph (multiple edges are
allowed). Then, there are three 2-edge-connected spanning simple subgraphs H1, H2, and
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H3 of G such that
1
3χH1 + 1

3χH2 + 1
3χH3 ≤ 2

3χG.

Notice that, although similar to Conjecture 74, we do not know whether Conjecture 75
implies Conjecture 74 or vice versa. Conjecture 75 does not hold with edge removals, an
example is the K3 with two copies of each edge; by removing any edge, the other copy can
be in at most two subgraphs; hence, a third subgraph will contain parallel edges. On the
other hand, if Conjecture 74 is true, we do not know how to simplify the graphs of the convex
combination to prove Conjecture 75.

One way that Conjecture 74 could imply Conjecture 75 is if one manages to prove that
every parallel edge appears only in the 3-cuts of G− e. This result may be harder to prove
than Conjecture 75 itself. Finally, by proving Conjecture 75, Theorem 33 would imply a direct
strengthening of Theorem 20 for integer vectors and also a partial proof of Conjecture 36.
Hence, a strengthening of Theorem 33 is also of interest.

We conducted extensive computational experiments to test Conjecture 75. To generate
4-regular 4-edge-connected graphs we either use Nauty [58] to generate non-isomorphic graphs
or a graph database such as House of Graphs [21]. Moreover, we also construct multigraphs
from other graphs using the tool multig from the Nauty package. One example is that we
tested the conjecture for multigraphs up to 34 vertices obtained from the database of snarks
of House of Graphs1. We verified that Conjecture 75 holds in the following classes of graphs.

• Every 4-regular 4-edge-connected multigraph up to 15 vertices;
• 4-regular 4-edge-connected graphs from House of Graphs;
• 4-regular 4-edge-connected graphs obtained from snarks up to 34 vertices.

1https://houseofgraphs.org/meta-directory/snarks. Accessed on June 4, 2024.





CHAPTER 6

Conclusion

One benefit of working on a prominent problem such as the 2-edge-connected spanning
subgraph problem (2-ECSSP) is the opportunity to learn a profusion of valuable ideas that
have been presented in many great works. Chapter 3 is an excellent example of that. The proof
of Theorem 20, the main result of that chapter, combines the Tutte-Nash-Williams Theorem
(Theorem 3), a classic topic in graph theory, with a seminal result by Cheriyan, Jordán,
and Ravi from two decades ago (Theorem 26). Although the techniques in Section 3.2.2
guarantee a 5/3-rounding for any half-integral vector, Lemma 28 provides a black-box tool
that can be used to achieve better ratios in particular cases. Algorithmically, Lemma 28 is
complex, but Theorem 22 avoids it while maintaining the ratio. To the best of our knowledge,
Theorems 20 and 22 are the first results to breach the factor 2 barrier for half-integral
2-ECSSP (and thus, for the weighted forest augmentation problem). Our goal in studying
half-integral 2-ECSSP was to address Conjecture 36, which suggests that the integrality
ratio of half-integral 2-ECSSP matches the lower bound of 4/3 mentioned in Proposition 30.
Towards this goal, we developed Theorem 33, which offers a clear combinatorial interpretation
to the half-integral 2-ECSSP by restricting the problem to 4-edge-connected graphs with
maximum degree at most 5. We hope the contents of Chapter 3 help to address Conjecture 36,
should that be possible.

Chapter 4 discusses a particular case of 2-ECSSP, the matching augmentation problem
(MAP), which has recently garnered much attention. This chapter surveys a recent work of
Bamas, Drygala, and Svensson [2]. Their work fits nicely into this thesis as their main result
(Theorem 39) is a rounding algorithm for extreme vectors of the 2-edge-connected spanning
subgraph polytope (P2EC(G)), assuming that a matching defines the costs. We present a
comprehensive proof of their result, refine unclear parts, and determine a slightly improved
guarantee. Notably, their algorithm is a 3/2-rounding for half-integral vectors, independent
of the extreme vector condition. Although Bamas, Drygala, and Svensson conjectured a
4/3 guarantee for this case, we believe this is unlikely. Computational experiments yielded
interesting instances. In particular, if, during the execution of the algorithm, every tie-break
is performed by an adversary, we provide an instance with a half-integral extreme vector
solution for which the ratio is 7/5. Also, we provide an instance with a 1/3-cyclic extreme
vector solution for which the ratio is 3/2. Interestingly, this matches the best lower bound on
the integrality ratio of 2-ECSSP, which is also an instance with a 1/3-cyclic solution found
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by Cheriyan et al. (Theorem 57). Additionally, we provide a family of instances yielding a
1.43 ratio without tie-breaking. We determine the exact integrality ratio for small instances
of MAP and obtain a construction for a family of half-integral instances with 6k vertices for
any positive k, yielding a 4/3 ratio.

Finally, Chapter 5 explores a variant of 2-ECSSP, the 2-edge-connected spanning multi-
subgraph problem (2-ECSMP). A seminal result by Goemans and Bertsimas, the parsimo-
nious property (Theorem 61), connects this problem’s linear formulation (LP2ECM(G, c)) with
the one of the travelling salesperson problem (LPSUB(G, c)), allowing us to restrict the input
to 4-regular 4-edge-connected graphs. In the multisubgraph problem, powerful tools such
as the Lovász splitting-off Lemma (Theorem 58) are helpful. Using these tools, we present
results analogous to Theorems 20 and 22 for the 2-ECSMP, namely Theorems 62 and 67
achieving a factor of 4/3. Unlike the results for 2-ECSSP, Theorems 62 and 67 provide no
bound on the number of graphs in the convex combination. We aimed to bound this number,
leading to Conjecture 74 and Theorem 68, which has exciting implications (see Corollaries 69
and 70). Additionally, we sought to achieve a convex combination using simple graphs, even
in graphs with parallel edges, as posed in Conjecture 75. A proof of this conjecture, combined
with Theorem 33 yields a partial answer to Conjecture 36. Computational experiments
support these two conjectures.
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