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Resumo

Um grafo conexo sem lacos é 2-aresta-conexo se, apos a remocao de qualquer uma de
suas arestas, o grafo que se obtém é conexo. Diversos problemas em otimizacao combinatoria
consistem em, dado um grafo com custos nas arestas, encontrar um subgrafo gerador de menor
custo que satisfaz certas restricoes de conexidade. O problema do subgrafo 2-aresta-conexo
minimo (2-ECSSP, sigla em inglés) é um problema desse tipo. Ele pode ser formulado como
um problema de otimizacao linear inteira, cujo objetivo é selecionar arestas de menor custo
total que satisfazem a restricao de que todo corte do grafo dado é coberto por ao menos duas
das arestas selecionadas. Trata-se de um problema NP-dificil.

Essa dissertagao discute algoritmos para trés variantes do 2-ECSSP, que encontram
solugoes inteiras arredondando solugoes meio-inteiras da correspondente relaxacao linear.
Essa familia de solugoes geralmente induz o maior gap de integralidade para diversas variantes
do 2-ECSSP.

Primeiramente, investigamos o 2-ECSSP meio-inteiro com custos irrestritos. Desenvol-
vemos um 5/3-arredondamento inédito no qual acreditamos ser o primeiro com um fator
melhor que 2. Além disso, desenvolvemos uma redugao que nos permite restringir a entrada
a grafos 4-aresta-conexos com grau no maximo 5.

Em seguida, estudamos o problema de aumento de conexidade de emparelhamentos (um
subproblema do 2-ECSSP) no qual os custos das arestas sdo 0 ou 1 e as arestas de custo
zero definem um emparelhamento. Discutimos uma melhor-que-2-approximacao proposta
em 2022 por Bamas, Drygala e Svensson, apresentamos uma prova completa do resultado e
determinamos um fator de aproximacao aprimorado. Além disso, respondemos conjecturas
propostas e apresentamos experimentos computacionais para embasar nossas descobertas.

Por fim, discutimos o problema do multisubgrafo 2-aresta-conexo minimo (2-ECSMP),
uma variante do 2-ECSSP na qual é permitido selecionar multiplas cépias da mesma
aresta. Discutimos um resultado de Boyd et al. publicado em 2022, que propoe um
4/3-arredondamento para o 2-ECSMP meio-inteiro. Utilizando as técnicas propostas pelos
autores, desenvolvemos resultados inéditos sobre decomposicao de grafos 4-regulares 4-aresta-
conexos. Por fim, propomos duas conjecturas sobre os resultados de decomposi¢ao, sugerindo

caminhos para novas pesquisas.

Palavras Chave: conexidade de grafos, algoritmos de aproximacao, subgrafo 2-aresta-conexo,

aumento de conexidade em emparelhamentos, gap de integralidade.
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Abstract

A connected loopless graph is 2-edge-connected if it remains connected after the removal
of at most one of its edges. Many combinatorial optimization problems seek, for a given
graph with costs on its edges, a spanning subgraph satisfying certain connectivity constraints.
The minimum 2-edge-connected spanning subgraph problem (2-ECSSP) is a problem of this
type. It can be formulated as an integer linear program that selects edges of minimum total
cost satisfying the restriction that every cut of the given graph is covered by at least two of
the selected edges. This problem is known to be NP-hard.

This thesis develops rounding algorithms for three variants of 2-ECSSP, focusing on
rounding half-integral solutions of the corresponding linear relaxation. This family of solutions
often yields the largest known integrality ratio for various subproblems of 2-ECSSP.

The first problem we investigate is the half-integral 2-ECSSP with unrestricted costs.
We develop a novel 5/3-rounding that, to the best of our knowledge, is the first one with a
factor better than 2. Moreover, we design a reduction scheme, restricting the problem to
4-edge-connected graphs with maximum degree at most five.

Then, we study the matching augmentation problem (MAP), a subproblem of 2-ECSSP
in which the edge costs are either 0 or 1 and the zero cost edges define a matching. We survey a
better-than-2-approximation, obtained in 2022 by Bamas, Drygala, and Svensson, presenting
a comprehensive proof of their result and determining an improved factor. Additionally, we
address conjectures posed in their work and present computational experiments to support
our findings.

Finally, we discuss the 2-edge-connected spanning multisubgraph problem (2-ECSMP), a
variation of 2-ECSSP in which multiple copies of the same edge can be selected. We survey
a recent work by Boyd et al. on a 4/3-rounding for the half-integral 2-ECSMP and leverage
their techniques to prove novel decomposition theorems for 4-regular 4-edge-connected graphs.
Finally, we pose two conjectures concerning extensions of the decomposition results, suggesting
new research directions.

Keywords: graph connectivity, approximation algorithms, 2-edge-connected spanning sub-

graph, matching augmentation, integrality ratio.
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CHAPTER 1

Introduction

Network design problems are among the most fundamental classes of combinatorial
optimization problems. Typically, one is given a graph with non-negative edge costs and
is tasked with finding a minimum cost network that meets a specified requirement. These
problems hold significant theoretical interest and also have many practical applications.
Among them, we mention the Steiner tree, vehicle routing and facility location problems.
This work focuses on problems in which the goal is to find a minimum-cost network with
edge-connectivity requirements, known as survivable network design problems. Since most of
these problems are NP-hard, substantial efforts have been devoted to designing approximation
algorithms for them.

We assume that in all problems on networks G' = (V, E) the edge costs ¢ € QF are always
non-negative (even if not explicitly stated). Moreover, the cost of a set of edges (resp. a
subgraph of G) refers to the sum of the costs of the edges in the set (resp. in the subgraph).

One of the most general problems in survivable network design is the GENERALIZED
STEINER NETWORK PROBLEM (GSNP), which is defined as follows.

THE GENERALIZED STEINER NETWORK PROBLEM (GSNP)
Input: A graph G = (V, E), edge costs ¢ € QF, and a vector r € ZV*V.
Objective: Find a spanning subgraph H C G of minimum cost such that for each u,v € V'

there are r, , edge-disjoint uv-paths in H.

In an influential work, Jain [46] developed an iterated rounding algorithm with an
approximation ratio of 2 for GSNP, which remains unmatched as the best ratio to date.
Nevertheless, it is worth mentioning that particular subclasses of survivable network problems
had algorithms with the same or better approximation factors before the publication of Jain’s
work (see [30, 36, 53]). This work investigates several subproblems of GSNP, focusing on
obtaining better-than-2-approximations for them.

First, we examine a special case of GSNP, the k-EDGE-CONNECTED SPANNING SUB-
GRAPH PROBLEM (k-ECSSP). For this variant, the connectivity requirements between each

pair of vertices is a fixed positive constant k.

THE k-EDGE-CONNECTED SPANNING SUBGRAPH PROBLEM (k-ECSSP)
Input: A graph G = (V, E) and edge costs ¢ € QF.

Objective: Find a k-edge-connected spanning subgraph H C G of minimum cost.

1



2 1. INTRODUCTION

It is easy to see that k-ECSSP is NP-hard, as the optimum solution for 2-ECSSP with
uniform costs in a Hamiltonian graph is a Hamiltonian circuit. Fernandes [27] showed that
k-ECSSP does not admit a PTAS unless P=NP, even for k = 2.

There is a simple 2-approximation for k-ECSSP with uniform costs. Let G = (V, E) be a
k-edge-connected graph and H C G a spanning subgraph initially containing no edges. While
H is not k-edge-connected, repeatedly add the edges of a maximum forest of G — H to H.
This results in a spanning subgraph H with at most k(|V| — 1) edges. The approximation
ratio 2 follows immediately from the fact that, by simply summing the degrees of each vertex,
any k-edge-connected spanning subgraph of G has at least k|V|/2 edges.

For uniform costs (also known as the cardinality case), Khuller and Raghavachari [52]
were the first to develop a better-than-2-approximation for the k-ECSSP. The current best
ratio is 1 + 1/(2k) + O(1/k?), obtained by Gabow and Gallagher [32]. Surprisingly, as k
increases, the ratio tends to 1. For general costs, no result improving on the three-decade-old
2-approximation by Khuller and Vishkin [53] is known.

In this thesis, we investigate the 2-EDGE-CONNECTED SPANNING SUBGRAPH PROBLEM.
For uniform edge costs, several significant results have improved upon each other. The first
algorithm to breach the factor 2 is a 3/2-approximation published in 1994 by Khuller and
Vishkin [53]. Subsequent results [14, 44, 64, 71] culminated in a 4/3 approximation. In
2023, Garg, Grandoni, and Jabal Ameli [33] found a 1.32-approximation, later improved to
a (1.3 + e)-approximation by Kobayashi and Noguchi [54]. For the case in which the costs
are either 0 or 1 (also known as the forest augmentation problem), Grandoni, Jabal Ameli,
and Traub [38] obtained a better-than-2-approximation in 2022. For general costs, the
2-approximation of Khuller and Vishkin [53] remains the best known. On the other hand,
when some extra information is provided, one can do better.

We may formulate 2-ECSSP as an integer linear optimization problem over the 2-edge-
connected polytope (2EC polytope), with the following linear relaxation:

Minimize Z Cee
e€E

subject to x(6(5)) >2 for@# S CV, LPec (G, c)
r € [0,1]%.
Given a half-integral® solution, Cheriyan, Jordan, and Ravi [17] found a 4/3-rounding” when

the integral edges (those with integral values) form a connected spanning subgraph (also

known as the tree augmentation problem). An instance for which a half-integral solution

A vector 2 € RY is half-integral if = € {0,1/2,1}V.
2A p-rounding is a polynomial-time algorithm that, given a fractional solution, obtains an integral solution
whose cost is within p times the cost of the fractional one.
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is optimum is a half-integral instance. In Chapter 3, we propose a 5/3-rounding for any
half-integral vector.

One of the most extensively studied subproblems of k-ECSSP is the WEIGHTED CON-
NECTIVITY AUGMENTATION PROBLEM (WCAP). In this context, a link refers to an element
that is not part of the vertex set V' or the edge set E, but, similar to an edge, it is mapped

to an element of (‘2/)

THE WEIGHTED CONNECTIVITY AUGMENTATION PROBLEM (WCAP)
Input: A graph G = (V, E), aset L C (‘g) of links, and link costs ¢ € Q.
Objective: Find F' C L of minimum cost such that G + F'is (k'(G) + 1)-edge-connected.

There is a straightforward reduction from WCAP to k-ECSSP. Given an instance
(G = (V,E), L,c) of WCAP, create a new graph H = (V, E U L) with edge costs ¢ € QFYL
defined as ¢, = ¢, if e € L, and ¢, = 0, otherwise. Then, the set of links F' C L contained in
an optimum solution for (k(G) + 1)-ECSSP on H is also an optimum solution to WCAP.

We call the unweighted version of WCAP by CAP. Furthermore, WCAP can be seen
as a cut-covering problem, in which the set of links to be added must cross each minimum
cut of the graph to augment its edge-connectivity. A classical result in graph theory states
that if a graph has odd edge-connectivity, WCAP specializes to the case in which G is a
tree, called by WEIGHTED TREE AUGMENTATION PROBLEM (WTAP).

THE WEIGHTED TREE AUGMENTATION PROBLEM (WTAP)

Input: A tree T = (V, E), a set L C (‘2/) of links, and link costs ¢ € QF.

Objective: Find F C L of minimum cost such that 1"+ F' is 2-edge-connected.

The unweighted version of WTAP is called TAP. Both problems received plenty of
attention throughout the last 30 years. Recently, the development of many new techniques
resulted in a long list of improvements (see [9, 25, 26, 39, 56, 59, 61]), with the best result for
TAP being a 1.393-approximation obtained by Cecchetto, Traub, and Zenklusen [10], and
the best for WTAP being a (1.5 + ¢)-approximation obtained by Traub and Zenklusen [69].
In 2023, Traub and Zenklusen [67] unified the approximation ratio for WTAP and WCAP.

The natural generalization of WTAP is the WEIGHTED FOREST AUGMENTATION
ProBLEM (WFAP).

THE WEIGHTED FOREST AUGMENTATION PROBLEM (WFAP)
Input: A forest F' = (V, E), a set L C (‘2/) of links, and link costs ¢ € Q.
Objective: Find Z C L of minimum cost such that F' + 7 is 2-edge-connected.

It is not hard to see that the problems WFAP and 2-ECSSP are equivalent. As mentioned
before, Grandoni, Jabal Ameli, and Traub [38] found a better-than-2-approximation for FAP.
Their work builds upon techniques developed for 2-ECSSP, WTAP, and MAP. The
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MATCHING AUGMENTATION PROBLEM (MAP) is a particular case of FAP in which the

input forest is a matching (i.e., every component has at most one edge).

THE MATCHING AUGMENTATION PROBLEM (MAP)
Input: A graph G = (V, E) and a matching M C E.
Objective: Find a 2-edge-connected spanning subgraph H C G minimizing |E(H) \ M|.

Concerning the number and size of connected components, MAP and TAP are opposite
subcases of FAP. Cheriyan et al. [12] breached the factor 2 barrier for MAP in 2020, with
the current state of the art being a 13/8-approximation obtained by Garg, Hommelsheim,
and Megow [34]. Combinatorial algorithms for MAP follow a similar framework for finding
cheap 2-edge-connected spanning subgraphs (see [11, 12, 34, 44]). Initially, the algorithm
constructs a minimum cost 2-edge-cover® of the graph, a natural lower bound for the 2-edge-
connected spanning subgraph. Subsequently, it executes a series of glueing steps to merge
the 2-edge-connected components into a single component.

A recent result by Bamas, Drygala, and Svensson [2] follows a different approach. Their
algorithm involves rounding an extreme vector solution of LPypc(G, XM). While this yields
only a factor slightly better than 2, it also provides a bound on the integrality ratio® of
LP,gc(G, xM). Their approach is elegantly simple: they find a depth-first search (DFS) tree
in the graph defined by the support of the solution and then augment the edge-connectivity.
The proof cleverly leverages properties of extreme vectors of the 2-edge-connected polytope.
Remarkably, their algorithm achieves a 3/2-rounding for any half-integral vector without
requiring it to be an extreme vector. In Chapter 4, we present their algorithm, refining their
analysis for an improved ratio. Additionally, we discuss some conjectures made by these
authors regarding the algorithm’s approximation ratio, accompanied by experimental results.

If we modify the 2-ECSSP to allow selecting multiple copies of an edge, the result is
another problem in survivable network design known as the 2-EDGE-CONNECTED SPANNING
MULTISUBGRAPH PROBLEM (2-ECSMP).

THE 2-EDGE-CONNECTED SPANNING MULTISUBGRAPH PROBLEM (2-ECSMP)
Input: A multigraph G = (V, E) and edge costs ¢ € QF.

Objective: Find a 2-edge-connected spanning multisubgraph H C G of minimum cost.

Considering that we can select multiple copies of an edge, we can always treat the input
as the metric completion of a network. In the metric completion, the graph is complete, and
the cost of an edge does not exceed the cost of a minimum path between its endpoints. This

scenario is also referred to as the metric case.

3A 2-edge-cover of a graph is a subset of edges in which every vertex is incident to at least two edges.
4The integrality ratio is the maximum ratio between an integer solution and its linear relaxation over all
instances.
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When the input graph is 2-edge-connected and the costs are uniform, any parallel edge
(i.e., an edge for which two copies were selected) of a 2-edge-connected subgraph is replaceable
by a distinct edge crossing the cut defined by the parallel edges. Since the instance is
2-edge-connected, such a replacement always exists. Hence, 2-ECSSP and 2-ECSMP are
equivalent in this case. Therefore, 2-ECSMP is also NP-hard and does not admit a PTAS
unless P = NP.

Another major problem that is related to 2-ECSMP is the TRAVELING SALESPERSON
ProsLEM (TSP).

THE TRAVELLING SALESPERSON PROBLEM (TSP)
Input: A graph G = (V, F) and edge costs ¢ € QF.
Objective: Find a spanning circuit C' C G of minimum cost.

For general costs, TSP cannot be approximated within any subexponential guarantee,
hence, efforts have been directed to the metric case and its variants.
There is a deep connection between 2-ECSMP and TSP, as one can see in the following

correspoding relaxed linear formulations:

Minimize Z Cee LPogcm(G,c) |  Minimize Z CeTe LPsus(G, ¢)

ecE eclF

subject to z(4(S)) >2 for@#SCV, subject to z(6(S)) >2 for@#SCV,
z € Rso. z(d(v)) =2 forv eV,

T € Rzo.

The left one (LPsgcy) models 2-ECSMP, the right one (LPsyp) models TSP. The
subtour elimination formulation LPgyp is commonly called by Held-Karp relaxation. Goemans
and Bertsimas [37] proved the so-called parsimonious property, which shows that, in the
metric case, the optimal values of LPygcm and LPgyp are the same.

A long-standing conjecture states that there is a 4/3-approximation for metric TSP.
For more than forty years, the Christofides-Serdjukov 3/2-approximation [18, 65] was the
state-of-the-art for this case. Recently, Karlin, Klein, and Oveis Gharan (KKO) [49, 50|
obtained a breakthrough result: a (3/2 — ¢)-approximation (with e = 1073%) for metric TSP
and 2-ECSMP. Although this is the first general result for metric TSP in a long time, in
2024, Jin, Klein, and Williamson [47] showed that the approximation guarantee of the KKO
algorithm is at least 1.375. Thus, it will not be the one to solve the four-thirds conjecture,
should that be possible.

Similarly to 2-ECSSP and MAP, for the half-integral case, there are better results for
both 2-ECSMP and TSP. For half-integral 2-ECSMP, Carr and Ravi [8] proved that for a

half-integral solution = of LPsgcy, 42/3 can be written as a convex combination of integer
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solutions but did not provide a polynomial-time algorithm to build the convex combination.
After two decades, Boyd et al. [6] obtained a polynomial-time algorithm to achieve this
combination, thus leading to a 4/3-approximation for half-integral 2-ECSMP. In Chapter 5,
we discuss the result of Boyd et al. [6], extending their techniques to prove interesting results
on the decomposition of 4-regular 4-edge-connected graphs. For half-integral metric TSP,
in 2020, Karlin, Klein, and Oveis Gharan, obtained an algorithm with a 1.49993 guarantee,
later improved to 1.4983 by Gupta et al. [41].

For the problems considered in this work, we focus on developing and analyzing algorithms
for rounding half-integral solutions. Several reasons make this particular case noteworthy.
First, half-integral solutions often have a clear combinatorial interpretation, enabling us
to leverage powerful tools from graph theory. Secondly, there are many occurrences of an
algorithm being first designed for half-integral solutions and then generalized to arbitrary ones.
This was the case with the KKO algorithm for TSP, which is a generalization of an earlier
result from the same authors restricted to half-integral instances [51]. Furthermore, the close
connections between TSP and our problem of interest also motivated us to investigate the
half-integral case. Remarkably, when establishing a lower bound for the KKO algorithm, Jin,
Klein, and Williamson [47] considered instances with a half-integral extreme vector solution.
This trend extends to all known hard instances of metric TSP; that is, every instance which
attains the best lower bound for the integrality ratio of LPgyg is half-integral. As a matter
of fact, a long-standing conjecture states that the integrality ratio of LPgyp is 4/3. In the
proof of the Boyd-Carr conjecture [5], Schalekamp, Williamson, and van Zuylen [63], even
conjectured that every instance attaining this integrality ratio exhibits half-integral extreme

vector solutions.

1.1. Previous works on 2-ECSSP and 2-ECSMP

In this subsection, we present the historical development for two of the main problems
discussed in this thesis, namely 2-ECSSP and 2-ECSMP. See Table 1 for a summary of
the results.

Regarding hardness results, in 1998, Fernandes [27] proved that neither 2-ECSSP nor
2-ECSMP admit a PTAS, unless P=NP.

For 2-ECSSP with uniform costs, the first algorithm to breach the factor 2 is a
3/2-approximation published in 1994 by Khuller and Vishkin [53]. The main idea of their
algorithm is to build a depth-first search (DFS) tree and greedily augment its edge connec-
tivity to 2. In 1998, Cheriyan, Seb6, and Szigeti [14] obtained a 17/12-approximation using
a different strategy. Their algorithm starts with an ear decomposition that minimizes the
number of even ears and, after a sequence of clever transformations, deletes every ear of size

one to obtain a cheap subgraph. Later, two distinct methods led to a 4/3-approximation.
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The earliest was first published in 2000 and was obtained by Vempala and Vetta [71], but
a complete and correct proof of this result was only published almost 20 years later by
Hunkenschroder, Vempala, and Vetta [44]. Initially, their algorithm builds a 2-edge-cover of
the graph and then augments it to a 2-edge-connected spanning subgraph. In 2014, Seb6
and Vygen [64] also used a technique based on a particular ear decomposition and matroid
optimization to obtain approximation algorithms for various central problems in survivable
network design, including a 4/3-approximation for 2-ECSSP. In 2023, Garg, Grandoni, and
Jabal Ameli [33] found a 1.32-approximation, later improved to a (1.3 + ¢)-approximation
by Kobayashi and Noguchi [54]. The last two algorithms combine ideas from [44, 64, 71].
We remark that some papers claim better approximation ratios, for which no complete and
correct proofs have ever been published. We refrain from citing them here (see Section F of
[33] for a detailed discussion). For the case in which the costs are either 0 or 1 (also known
as the forest augmentation problem), Grandoni, Jabal Ameli, and Traub [38] obtained a
better-than-2-approximation. For general costs, the best result is a 2-approximation designed
by Khuller and Vishkin [53]. The algorithm of Khuller and Vishkin is based on the weighted
matroid intersection algorithm for packing edge-disjoint arborescences.

For 2-ECSMP, in 1982 Frederickson and Ja'Ja’ [31] obtained a 3/2-approximation by
modifying the Christofides-Serdjukov algorithm for metric TSP. The first improvement to this
ratio came forty years later in a breakthrough result of Karlin, Klein, and Oveis Gharan [48]
showing a (3/2 — 1073%)-approximation using a sophisticated probabilistic analysis of the
Christofides-Serdjukov algorithm. For half-integral instances, in 2022 Boyd et al. [6] found a
4/3-approximation based on an earlier existence result obtained by Carr and Ravi [8]. For

unit costs, the problem is equivalent to 2-ECSSP.

Year
1982 \ 1994 \ 1998 \ 2000 \ 2014 \ 2022 \ 2023 \ 2023
Uni. 2-ECSSP 1.5 [53] | 1.42 [14] | 1.33 [71]* | 1.33 [64] - 1.32 [33] | 1.34¢ [54]
2-ECSMP 1.5 [31] - - - - 1.5—e [48]

TABLE 1. Best better-than-2-approximation factors for uniform 2-ECSSP and
2-ECSMP. When we do not specify a reference for the year, it means that there

was no improvement in that year. *The complete correct result for [71] was only
published in 2019 [44].

1.2. Previous works on connectivity augmentation

In this subsection, we present an account of the historical development of some variants
of the connectivity augmentation problem. First, we mention some hardness results. In
1976, Eswaran and Tarjan [24] proved that WCAP is NP-hard. Then, in 1981 Frederickson
and Ja'Ja’ [30] proved that WTAP is NP-hard even when the input graph is a tree with
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diameter 4. In 2002, Kortsarz, Krauthgamer, and Lee [55] showed that TAP does not admit
a PTAS unless P=NP.

Now, we present some results regarding approximation factors. We cite each result only
once in its most general form, i.e., a result for CAP is only mentioned once for CAP and
TAP. We mention the results in the following order: TAP, WTAP, FAP, MAP, CAP,
and WCAP. Table 2 summarises the results we mention.

For TAP, Eswaran and Tarjan [24] obtained an exact linear-time algorithm when links are
unrestricted (every link is available). The factor 2 for TAP was breached by Nagamochi [59],
who found a (1.87 + ¢)-approximation. Even et al. [25, 26] found a 1.8-approximation, later
improved to a 1.5-approximation. In 2018, Grandoni, Kalaitzis, and Zenklusen [39] obtained
a 1.458-approximation. Many results did not improve the best approximation factor at the
time they appeared, but helped understand the problem and were important in subsequent
results [9, 13, 15, 16, 56, 61].

For WTAP, the first 2-approximation was obtained by Frederickson and Ja’Ja’ [30]. Since
then, several works explored a special case of WTAP, in which the ratio of the largest to
smallest link cost is bounded by a constant (see [1, 10, 28, 39]). Only in 2021, after 40 years,
the factor 2 was beaten by Traub and Zenklusen [68, 69], who found an algorithm with factor
1+ In(2) + €, later improved to 1.5 + €.

For FAP, Grandoni, Jabal Ameli, and Traub [38] breached the factor 2 by providing a
1.99-approximation.

For MAP, in 2019 Cheriyan et al. [12] breached the factor 2 barrier by proposing a
7/4-approximation. Later, Cheriyan et al. [11] (note that it is not the same set of authors)
improved the algorithm to a 5/3-approximation. In 2023, Garg, Hommelsheim, and Megow [34]
obtained a 13/8-approximation, and Bamas, Drygala, and Svensson [2] gave a better-than-2
bound for the integrality ratio of the natural linear formulation.

In 1987, Watanabe and Nakamura [72] designed a polynomial algorithm for CAP when
every link is present. In 2020, for CAP (in its general form), Byrka, Grandoni, and Jabal
Ameli [7] obtained a 1.9-approximation, breaching the factor 2 barrier after almost 30 years.
Then, in 2021, Cecchetto, Traub, and Zenklusen [10] obtained a 1.39-approximation, unifying
the approximation factor of CAP and TAP (see Table 2).

For WCAP, until very recently, no progress was made. In 2023, Traub and Zenklusen [67]
gave a (1.5 + e)-approximation for WCAP, unifying the best known approximation factor
for WTAP and WCAP.

1.3. How to read this thesis

In this thesis, all theorems stated without a reference are original contributions. The same

does not apply to lemmas; however, the text is always clear when a lemma is not original.
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‘ Year

[ 2008 [ 2000 | 2011 | 2018 | 2019 | 2020 | 2021 | 2022 [ 2023
TAP | 1.81 [59] | 1.8 [25] | 1.5 [20] | 1.46 [39] | - ~ [1.39 [10] - -
WTAP| - - - - - T 1768 | 1.5%€ [69] -
MAP - - - (L2 - | 166 [11] - 1.625 [34]
FAP - - - - - - - 1.99 [38] -
CAP - - - - ~ (191 [7] | 1.39 [10] - -
WCAP | - - - - - - - - 1.5+¢ [67]

TABLE 2. Best better-than-2-approximation factors for connectivity augmentation
problems. When we do not specify a reference for the year, it means that there was
no improvement in that year.

This thesis contains both original and expository sections. In the expository sections, we
mention the source of the original result at the beginning. Furthermore, we always present
theorems in a self-contained manner. While this is not true for lemmas, we provide the
necessary context to understand a lemma within the same section in which it appears.

Graphs in this thesis may have parallel edges but do not have loops. Usually, when a
graph G and a vector = € Popc(G) are mentioned in the same context, we consider that the
edges of G are restricted to the support of x.

This thesis is divided into five chapters. Rounding algorithms for 2-ECSSP are discussed
in Chapters 3 and 4. Rounding algorithms for 2-ECSMP and some novel structural results
for 4-regular 4-edge-connected graphs are discussed in Chapter 5.

In Chapter 3, we develop a 5/3-rounding for half-integral solutions of the LPsg¢ (see
Theorems 20 and 22). Moreover, we develop a reduction scheme that reduces the half-
integral 2-ECSSP to 4-edge-connected graphs with maximum degree 5 (see Theorem 33).
Additionally, we include two brief expository sections. In Section 3.1, we present a clearer proof
of an intricate result by Roskind and Tarjan [62] on finding & edge-disjoint maximum forests
of a graph. In Section 3.2, we present a slight generalization of a result by Cheriyan, Jordan,
and Ravi [17] on rounding half-integral solutions of WTAP. Finally, we pose Conjecture 30,
which aligns with the four-thirds conjecture for TSP and 2-ECSMP, and present supporting
computational results.

Chapter 4 predominantly presents expository content. We present a comprehensive
description of the Bamas, Drygala, and Svensson Algorithm for MAP along with minor
enhancements to achieve a clearer proof and a slightly improved approximation ratio. Sec-
tion 4.3 contains computational results addressing conjectures posed in [2] and offers insights
on improving the algorithm. Finally, the results of computational experiments to ascertain
the integrality ratio of MAP for small instances are presented in Section 4.3.

Chapter 5 also presents both original and expository results. In the first three sections, we

introduce the splitting-off operation, use it to prove the parsimonious property, and discuss
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the results and techniques presented in Boyd et al. [6] for the half-integral 2-ECSMP. In
Section 5.4, we prove several novel decomposition theorems for 4-regular 4-edge-connected
graphs using the Lovasz splitting-off Lemma. The main results of this section are Theorems 68
and 73. Notably, Theorem 68 leads to a simple 3/2-approximation for the half-integral uniform
2-ECSSP and 2-ECSMP. Finally, in Section 5.5, we pose Conjectures 74 and 75, which
we believe are exciting topics of research, and present some supporting computational

experiments.



CHAPTER 2

Preliminaries

The terminology used in this text is relatively standard. However, to make this text
self-contained, we present the terminology and state the main classical theorems used in this
thesis. We assume a standard mathematical background from the reader and familiarity with
topics from graph theory and analysis of algorithms, such as complexity classes, polynomial
and strongly polynomial algorithms, and standard graph algorithms.

We recommend additional books for readers interested in the topics mentioned in this
chapter. For graph theory, Diestel [22]; for linear optimization and polyhedral theory,
Grotschel, Lovédsz, and Schrijver [40]; for integer optimization, Conforti, Cornuéjols, and
Zambelli [19]; for combinatorial optimization and related tools, Cook et al. [20] and Frank [29];

and, for approximation algorithms, Shmoys and Williamson [66].

2.1. Sets and vectors

The set of integers is denoted by Z, of rationals by Q, and of reals by R. For each of
these sets, we may add the subscript > 0 (resp. > 0) to indicate the set of positive (resp.
non-negative) numbers belonging to that set. For a set V, we write R‘Z/O as a shortening of
(Rx0)Y. For two sets U and V, the notation U" stands for the set of tuples indexed by the
elements of V' in which the entries are elements of U. For two sets U and V', we write V C U
when V is a subset of U, and write V C U when V is a proper subset of U. For U,V C RY,
we define U+ V ={u+v:uelUwveV}

A family (or a collection) is a set that may contain multiple copies of the same element
(but each copy is considered distinct).

Often, for elements v, u € V| we denote the pair {u,v} by uv, and the singleton set {v} by
v. For a positive integer k, we denote the set of positive integers up to k by [k] = {1,2,...,k}.
For a finite set V, we denote the set of all subsets of V' by 2", and the set of all subsets of V/
of size k by (‘2) A laminar family on a finite set V' is a set L of subsets of V', such that for
every Ly, Ly € L one of the following holds

L1 QLQ or ngLl or Llﬂ[@:@.

Laminar families have the following property.

Lemma 1. Let £ be a laminar family on a finite set V. Then, |£] < 2|V|— 1.
11
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We say that P = {Uy,Us,...,U,} is a partition of a set U into r non-empty parts if
U = UjejU; and U; N U; = @ for distinct 4, 5 € [r].

A vector x € UV can be seen as a function o : V — U, where V is the domain and U is the
codomain of x. We say that x is integral when U C Z, half-integral when U C Z + {0, 1/2},
and 6-cyclic for some 6 € (0,1) when U = {0,0,1 — 0,1}. We denote by 1 the vector for
which all entries are one and call it the all-ones vector. For v € V| we write z, as a shortening
of x(v) and refer to z, as a component of x. A component x, is fractional if x, ¢ Z. A vector
is fractional if it contains a fractional component.

For z € RY, we define the support of x as supp(x) = {v €V :x, # 0}. For S CV, we
define x(S) = Y cq Ts.

For a finite set V and S C V, the characteristic vector of S, denoted by x°, is defined as
1, ifves;

Xy =
0, otherwise.
A matriz X € RV is a vector indexed by U x V. A matrix is square if U = V. A submatriz
is a vector X[U’, V'] € RV*V" for U’ C U and V' C V such that X[U’, V'], = Xy, for each
we U and v € V'. For u € U, the tuple X, == (Xy,, Xuws, - -+ » Xuy,) denotes the u-th row
of X where each v; € V. For v € V, the column vector X? denotes a column of X, defined
analogously.

For a vector x € RV, we define z|; as the restriction of = to the elements of L C V. For
disjoint sets A and B with a € R4 and b € R? we define ¢ := a @ b as an element of RAYB
such that ¢, = a. if e € A and ¢, = b, if e € B. For two vectors x,y € RV, we say that x <y

if x, <y, for each v € V| we also say that y dominates x.

2.2. Graph theory

A graph is a pair G = (V, E) of disjoint finite sets V and F together with a map E — (‘2/)
The set V' is the verter set of GG, and E is the edge set of G. We mostly ignore the map and
write e = uv for a pair of distinct u,v € V, i.e., we consider that F is a collection containing
unordered pairs of distinct vertices. We observe that here, graphs do not contain edges of
the form vv, also known as loops. The order of a graph is the cardinality of the vertex set.
For an edge e = uwv € E, we say that u and v are the endpoints of e, that e joins u and v,
and that v and v are adjacent. Two edges are parallel if they have the same endpoints. A
graph is simple if it does not contain parallel edges. When referring to a graph named G, the
notation V(G) and E(G) are used to refer to its vertex set and edge set respectively. For
a vector z € R¥ we write 2(G) as a shortening of x(E(G)). We also do the analogous for

vectors in RV,
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For S C V, we define E(S) = {uv € E : u,v € S}. For ' C E, we define V(F') = {v €
Vivw e F}. For W C V, we define 6p(S,W) ={uw e F:ue S5oe W} f W =25, we
write dr(S) as a shortening of §7(5,S). We denote the number of edges joining two sets
S and W by dp(S,W) = |0p(S,W)|. We define the degree of a set S with respect to a set
F C E as dp(S) = [0p(5)|. Whenever F' = E, we omit the operator subscript. We say that
§(S) is a cut of G. For vertices s € S and t € S, we say that 6(S) is a st-cut of G. If d(v) = k
for each v € V', we say that the graph is k-reqular.

A graph H is a subgraph of G if V(H) C V(G) and E(H) C E(G); we denote this by
H C G. We say that H is spanning if V(H) = V(G). We write d(H) as a shortening
of §(V(H)). For a subset of vertices U C V, we define G[U| = (U, E(U)). For a set W
of vertices, we define G+ W = (VUW,E) and G — W = (V\ W, E(G[V \ W])). For
a subset of edges FF C E, we define G[F]| .= (V(F),F). For a set L of edges, we define
G+L=VUV(L),EUL)and G- L= (V,E\L).

A path P in a graph G is a subgraph of G with vertex set V(P) = {vg, vy, ..., v} and
edge set E(P) = {vovy,v109, ..., vk_10;}. We also refer to a path by its natural sequence of
vertices P = (vg, v1,...,v;). We say that vy and vy are the endpoints of P, that P connects
vy and v, and that P is a vovi-path. We denote by P(v;,v;) the subpath of P connecting
v; and v;. For two internally disjoint paths P, = (vo, v1,...,v;) and Po = (Vg, Ugt1, - - -, Uy)
sharing a common endpoint, the concatenation operation P; - Py = (vg, ..., U, ..., v,) results
in a path connecting vy to v,. If vy = v,., the result of the operation is a circuit. A circuit C'
in GG is a subgraph defined by a sequence C' = (vg, vy, ..., vx) where vy = vy, the subsequence
(vo,v1, ..., k1) is a path, and vx_jv; € E.

A circuit (resp. path) in a graph is Hamiltonian if it is spanning. A graph is Hamiltonian
(resp. traceable) if it contains a Hamiltonian circuit (resp. path).

A graph G = (V, E) is connected if for each pair of vertices u,v € V' there is a uv-path
in G. A maximal connected subgraph of a graph is a component. A graph is acyclic if it does
not contain a circuit. An acyclic graph is a forest. A connected acyclic graph is a tree. In the
context of trees and forests, vertices with degree one are called leaves, vertices with degree
two are inner vertices, and vertices with degree three or more are branching vertices. For a
forest F' and vertices u,v € V(F) we denote the path connecting u to v in F' by Pp(uv) (this
is defined as the empty set if there is none).

A rooted tree is a pair (T = (V, E),r), where T is a tree and r € V is the root of T. In a
rooted tree with root r, a vertex u is a descendant of a vertex v if v is in the unique ur-path
in 7. In this case, we also say that v is an ancestor of u. A vertex u (resp. v) is a direct
descendant (resp. ancestor) of v (resp. u) if u and v are adjacent. For each vertex v in a tree
T with root r, we denote by T, the subtree of T rooted at v (thus T'=T,). If e is an edge
of T, the forest T'— e has two connected components S, Sy C V. The set of edges §(.57) is
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called a tree cut. The upper-end of an edge of a rooted tree is the endpoint closest to the
root, and the lower-end is the one furthest from the root.

A graph G = (V| E) is k-connected if it has more than k vertices and, for every S C V
with |S| < k, we have that G — S is connected. Similarly, we say that G is k-edge-connected if,
for every F C E with |F| < k, we have that G — F' is connected. We define the connectivity
of a graph G as the largest k such that G is k-connected, and we denote this parameter by
k(G). Similarly, we define edge-connectivity of G and denote this parameter by x'(G). Note
that G is k-edge-connected if and only if d(S) > k for each S C V. A cut vertez of a graph
G is a vertex v such that G — v has more components than G. A bridge of a graph G is an
edge e such that G — e has more components than G. A k-edge-connected component is a
maximal k-edge-connected subgraph of G.

We have the following result on edge-connectivity.

Theorem 2 (Tutte [70], Nash-Williams [60]). A graph contains k edge-disjoint spanning
trees if and only if, for every partition of its vertex set into r parts, it has at least k(r — 1)

edges crossing the parts.
Theorem 2 has the following consequence.
Theorem 3. Every 2k-edge-connected multigraph has k edge-disjoint spanning trees.

For a graph G = (V,E) and H C G an H-path is a path intersecting H only in its
endpoints. An H -circuit is a circuit intersecting H only in a single vertex. An H-ear is either
an H-path or an H-circuit. An ear decomposition of a graph G = (V, E) is a partition of E
into H-ears Py, P, ..., P, where P, is a single vertex and each P, is an H-ear of U;;%Pj. A
result of Whitney [73] shows that a graph is 2-edge-connected if and only if it has an ear
decomposition.

For a graph G = (V, E) and W C V, the contraction of W results in a graph G’ = (V', E')
where V' = (V\W)U{w}, w ¢ V,and E' = {wv € £ : u,v € W} U {uw : wv € E,u €
W,v € W}. We denote G’ by G/W. For aset F' C E, we denote by G//F the graph obtained
by contracting the connected components of G[F]. The subdivision of an edge uv replaces uv
by a path P = (u,w,v) where w ¢ V.

A graph in which each pair of vertices is adjacent is a complete graph. For a finite set V',
we define the complete graph with vertex set V as Ky . For a graph G = (V, E) with edge
costs ¢ € R, the metric completion of G is the complete graph Ky together with edge costs
d e R(2) where the cost of each edge uv € @) is the cost of a minimum wv-path in G.

A matching M C FE is a subset of edges which do not share endpoints.

2.2.1. Directed graphs. A directed graph (or digraph) is a pair D = (V, A) of disjoint
finite sets V' and A together with a map A — V x V. The set V is the vertex set of D, and
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A is the arc set of D. We mostly ignore the map and use that an arc a = (u, v) for a pair of
distinct u,v € V. For S C V and F C A, define §%(S5) == {(u,v) € F : v € S,u € S} and
6944(S) == {(u,v) € F :u € S,v € S}. We denote the indegree of a set by d#(S) = [67(S)]
and the outdegree by d3*(S) = |6%*(S)|. A vertex with indegree zero is a source, and one
with outdegree zero is a sink. We define directed path and directed circuit analogously to

their undirected counterparts.

2.2.2. Hypergraphs. A hypergraph is a pair H = (V, ), where V is a finite set, called
vertex set of H and &£ is a collection of subsets of V', called hyperedge set of H. For X C V', we
define 6(X) ={Fe&:FNX # @, FNX # @} and d(X) := |6(X)|. We define the rank
of the hypergraph as rank(H) := maxgcg|FE|. For an £ C 2", we say that H is a k-cover of
Lif d(L) > k for each L € L. We say that an element L € L is tight if d(L) = k. We say

that a k-cover H is minimal if the removal of any hyperedge does not result in a k-cover.

2.3. Polyhedral theory and linear optimization

An optimization problem is a triple (U, f, o) where U is a set, f : U — RU {—o00, +00} is
a function, and a € {+1, —1}. We say that U is the set of solutions and f is the objective
function. We write @ = +1 (resp. a = —1) to indicate a mazimization (resp. minimization)
problem. A vector u € U is a solution for the problem. In this thesis, we deal mostly
with minimization problems. We define the optimum value of a minimization problem as
opt(U, f,—1) == inf,cyy f(u), and whenever this value is finite, we define the set of optimum
solutions as U* = {u € U : f(u) = opt(U, f,—1)}. If U = &, we say that the problem is
infeasible. If opt(U, f, —1) is not finite, we say that the problem is unbounded.

This text focuses on the case in which U is a polyhedron. A subset P C R¥, where F is a
finite set, is a polyhedron if there is a system of linear inequalities Ax < b for some matrix A
and vector b such that

P={zcR¥: Az <b}.
A polytope is a bounded polyhedron. A linear optimization problem is an optimization
problem (P, f,«) , where P is a polyhedron and f is a linear function. We define the following
problem on polyhedra.

STRONG OPTIMIZATION PROBLEM FOR POLYHEDRA
Input: A polyhedron P C RV and a vector ¢ € RY.

Objective: Find a vector x € P minimizing c'z or assert that P is empty.

The term strong (in opposition to the weak version) concerns the precision of the com-
putations. In the weak optimization problem for polyhedra one accepts a solution within a

tolerance of € € R.
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We often present a linear minimization problem as:
Minimize ¢'x
subject to Az < b,
x € Rzo.
A maximization problem is presented similarly. We say that the inequalities in Ax < b are
the restrictions (or constraints) of the problem. An integer linear optimization problem is a
linear optimization problem with the additional restriction that the solutions must be integral.

Different from linear optimization problems, there is no known method to solve integer linear

optimization problems in polynomial time.

A vector y € RY is a conver combination of vectors x',22%,... 2" € RY if there are
coefficients Aj, Ag, ..., A\, € Ry such that
Yy = Nzt and Z A= 1.
i€[r] i€lr]

An extreme vector x € P is a vector that cannot be written as a convex combination of
other vectors in P. A polyhedron is integral if every extreme vector is integral. A well-known
result in linear optimization states that when an optimum solution exists, there is one that is
an extreme vector of P. There is a polynomial-time algorithm that finds an integer solution
for a linear optimization problem over an integral polyhedron.

The problems addressed in this thesis involve linear formulations with an exponential
number of constraints. We briefly discuss a method for solving such problems. We define the

following problem on polyhedra.

STRONG SEPARATION PROBLEM FOR POLYHEDRA

Input: A polyhedron P C RV and a vector = € RY.

Objective: Determine whether x € P, and, if not, find a and b such that a"z > b and
a"y < b for each y € P.

A remarkable result by Grotschel, Lovasz, and Schrijver [40] shows that the strong
optimization problem for polyhedra is equivalent to the strong separation problem for
polyhedra. This equivalence follows as a consequence of the ellipsoid method for convex
optimization. In their work, Grotschel, Lovasz, and Schrijver define the algorithms in terms
of oracles, which are subroutines designed to solve auxiliary problems. Given a strongly
polynomial-time oracle, defined as an oracle for which the required memory is polynomially
bounded by the input size and the number of arithmetic operations is polynomially bounded
by the number of tokens of the input, by addressing the strong separation problem, one can

solve the strong optimization problem.
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Recall GSNP defined in the introduction (Chapter 1). This problem as well as others
that we will consider in this thesis can be formulated as a linear optimization problems of
the following form:

Minimize Z Cee
ecl

subject to z(6(5)) > f(S), for@#SCV, LPgsnp (G, 1, K, €)
x € [0, k)"

where f(S) = max,g 5w We denote the associated polytope by Pasxe (G, 7, k). Given a
vector x € RE . to solve the separation problem for Pgsnp (G, 7, k), one merely needs to check
whether the value of the minimum cut between each pair of vertices in (G, z) satisfies the
inequalities. If not, there is a set S C V such that 27 x%®¥) < f(9), which defines a separating
hyperplane. Of course, one may check if x € [0, k]¥ by iterating through the components of z.
Since finding a minimum cut can be done in strongly polynomial time, by the equivalence
between optimization and separation, an extreme vector that is an optimum solution of

LPgsnp (G, 1, k, ¢) can obtained in polynomial time.

2.3.1. Totally unimodular matrices. A matrix A is totally unimodular if the deter-
minant of every square submatrix of A is equal to —1,0, or 1. We have the following relation

between integer polyhedra and totally unimodular matrices.

Theorem 4 (Hoffman and Kruskal [43]). Let A be an integral matrix. The polyhedron
{z : Az < b,z > 0} is integral for every integral b if and only if A is totally unimodular.

Ghouila-Houri gave a useful characterization of totally unimodular matrices. An equitable
row-bicoloring of a matrix A € RV*V is a partition U;, Us of U such that
YA - > Aje{-1,01}".
€Uy j€eU2

We have the following theorem.

Theorem 5 (Ghouila-Houri [35]). A matrix A is totally unimodular if and only if every

subset of rows of A admits an equitable row-bicoloring.

Lemma 6. Let A € RV*Y be a totally unimodular matrix. Then, the following holds

i) A" is totally unimodular;

ii) [ATx"] is totally unimodular for each v € V.

2.3.2. Integrality ratio. The integrality ratio (or integrality gap) of a formulation is
the maximum ratio between the optimum value of an integer formulation and its linearly

relaxed counterpart over every possible instance of the problem. For an instance (P, c) of a
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linear optimization problem, we define the integrality ratio of the instance as

opt(IP(P,c))
opt(LP(P,¢c))
Let Z be the set of all instances of the problem. We define the integrality ratio of the

[Pratio(LP, P, c) :=

formulation as

[Pratio(LP) := sup IPratio(LP, P,c).
(P,e)eT

We also define the integrality ratio of a family of instances analogously.

2.4. Approximation and rounding algorithms

A p-approximation algorithm for an optimization problem is a polynomial-time algorithm
that computes a solution whose cost is within p times the optimum. We say that p is the
approximation guarantee (factor or ratio) of the algorithm. We use p < 1 for maximization
problems and p > 1 for minimization problems. Moreover, p can be a function of the size of
the instance, not necessarily a constant.

In this thesis, we present rounding algorithms. A p-rounding is a polynomial-time
algorithm that, given a fractional solution of a linear optimization problem, obtains an
integral solution whose cost is within p times the cost of this fractional solution. Here, we
always consider rounding algorithms for half-integral solutions of the corresponding linear
optimization problem.

It should be noted that a p-rounding that rounds every vector of a polyhedron (or
the extreme ones) is also a p-approximation. But in general a p-rounding may not be a
p-approximation.

A rounding algorithm upper bounds the integrality ratio of the corresponding linear
formulation, since it transforms fractional solutions into integer solutions.

A polynomial-time approximation scheme (PTAS) for a minimization problem is a family
of algorithms A, where for each fixed ¢ € Ry, A. is a (1 + ¢)-approximation for the problem.
The definition for maximization problems is equivalent.

Finally, we have the following result proved by Jain.

Theorem 7 (Jain [46]). Let (G = (V, E),r,¢) be an instance of GSNP. Then, there is a
polynomial-time algorithm which finds a spanning subgraph H C G such that

C(H) <2 Opt(LPGSNp(G, T, 1, C))
Moreover, H is contained in the support of an optimum linear solution.

2.5. Matroid theory

A matroid is a pair M = (E,T) where F is a finite set and Z C 2F that satisfies the

following properties:
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i) @ el
ii) If X’ € X € Z then X' € Z,
iii) If X,Y € Z with |Y| > | X|, then there is a e € Y\ X such that X U {e} € Z.

We say that E is the ground set of M and Z is the set of independent sets of M. The
sets in 2 \ T are called dependent. The properties (i), (ii), and (iii) are called independence
azioms, with (ii) being called hereditary property and (iii) being called the exchange property.

One compelling reason to study (or recognize) matroids is that, given a procedure which
checks if J U {e} is dependent for each J € 7 and e € F, one can find a maximum cardinality

element of Z using the following simple greedy algorithm.

Algorithm 1: Cardinality greedy algorithm for matroids
Input: A matroid M = (E, 7).
Output: A maximum cardinality element J of Z.
J— o
for each e e F do
if JU{e} €Z then
L | J+ Ju{e}

S

5. return J

We have the following theorem.

Theorem 8 (Edmonds [23]). Given a matroid M = (E,Z), Algorithm 1 finds a maximum
cardinality element of Z.

2.6. The 2-edge-connected spanning subgraph polytope

Finally, we introduce problem-specific tools that are used throughout this thesis. Unlike
other sections of this chapter, we may provide proof of some results. For a graph G = (V, E),

the 2-edge-connected spanning subgraph polytope is defined as
Porc(G) == {x € [0,1)¥ : (6(5)) > 2 for each @ # S C V'}.

The following lemma allows us to restrict our attention to 2-connected graphs.
Lemma 9. Let G = (V, E) be a 2-edge-connected graph that is not 2-connected and
G =V, Ey),Gy = (Vo, Ey),...,G, = (V,, E,) be the 2-connected components of G. Then:

i) x € Popc(G) implies that x|, € Papc(Gy) for each i € [r];

ii) z; € Popc(G;) for each i € [r] implies that z1 @ xo @ -+ - @ &, € Papc(G).

PROOF. Since each E; defines a 2-connected component, F; N E; = & for each distinct
i,7 € [r]. Then, d¢,(S) = dc(S) for each S C V; for i € [r]. To prove (i), note that for each
i € [r] it holds that x| (dg,(S)) = ©(6c(S5)) > 2 for each S C V..
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Moreover, let y == 21 ® xo @ - -+ ® z,. To prove (ii), note that for S C V it holds that
Y(06(5)) = Eiepy i(d6,(S N 5;)) = 2 (since S # V). O

The following lemma allows us to contract vertex sets preserving edge-connectivity.

Lemma 10. Let G = (V| E) be a 2-edge-connected graph. Then, G/W is 2-edge-connected
for each W C V.

PrROOF. Let G' = (V' E') .= G/W and S’ C V. Let w € V' be the vertex created while
contracting W. If w € S, let S :== (S"\w) UW C V. Then, 0¢(5") = d(5). If w ¢ S, it
holds that d¢(S") = dg(S’). Therefore, G’ is 2-edge-connected. O

We show that the subdivision operation preserves 2-edge-connectivity.

Lemma 11. Let G = (V| E) be a 2-edge-connected graph and uwv € E. Then, the graph G’

obtained by the subdivision of uv is 2-edge-connected.

PROOF. Let G’ = (V', E’) and w € V' be the new vertex created during the subdivision.
Let S Cc V. If u,v € S, then |6¢(S")| > [0q(S")|. If u € §" and v € S, then either
I (S') = 0¢(S") — uv + uw or ¢ (S") = d¢(5") — uv + vw. In either case |6/ (S")| > |0¢(5”)].

The remaining cases are analogous to one of the above cases. U

Finally, we bound the size of an extreme vector solution of Popc(G).

Lemma 12. Let G = (V| E) be a 2-edge-connected graph. Then, there is a 2-edge-connected
spanning subgraph H C G such that |E(H)| < 2|V| — 3.

PRrooOF. The proof follows directly from considering an ear decomposition of G and

discarding the ears of size 1. 0

Theorem 13 (Theorem 11.27 of [66]). Let (G = (V, E),r,c¢) be an instance of GSNP and
x € Pasnp(G, 7, 1) be an extreme vector. Then, there is a laminar family £ on the vertex set
V such that 2*(6(S)) = f(S) for each S € L and |[L|=|{e € E:0 <z} < 1}|.

Theorem 14. Let G = (V, E) be a graph and z* € Popc(G) be an extreme vector. Then,

the number of fractional edges is at most 2|V| — 1.

Proor. Follows directly combining Theorem 13 with Lemma 1. 0



CHAPTER 3

The 2-edge-connected spanning subgraph problem

In this chapter, we investigate THE 2-EDGE-CONNECTED SPANNING SUBGRAPH PROBLEM
(2-ECSSP), which is defined as follows.

THE 2-EDGE-CONNECTED SPANNING SUBGRAPH PROBLEM (2-ECSSP)
Input: A graph G = (V, F) and edge costs ¢ € QF.

Objective: Find a 2-edge-connected spanning subgraph H C G of minimum cost.

The problem 2-ECSSP is NP-hard since, for a Hamiltonian graph with uniform costs,
the minimum cost 2-edge-connected spanning subgraph is a Hamiltonian circuit. Moreover,
Fernandes [27] showed that 2-ECSSP does not admit a PTAS unless P = NP.

In 1994, Khuller and Vishkin [53] designed the first 2-approximation for 2-ECSSP, which
is still the best-known guarantee for the problem. In 2022, Grandoni, Jabal Ameli, and
Traub [38] found a better-than-2-approximation for the case of 0/1 costs. In 2023, Kobayashi
and Noguchi [54] found a (1.3 + ¢)-approximation for any fixed positive e for the case of
uniform costs.

Given a graph G = (V, E) and edge costs ¢ € QF, we may formulate 2-ECSSP as an
integer linear optimization problem with the following linear relaxation:

Minimize Z Cele
c€E

subject to z(6(5)) >2 for @ #SCV, LPorc(G, )
z €[0,1)%.

We denote the associated polytope by Popc(G), the 2-edge-connected spanning subgraph
polytope. As discussed in the previous chapter, an optimum solution of LPsgc(G, ¢) can be
obtained in polynomial time. We refer to the problem of rounding a half-integral solution
of LPorc(G, ¢) as the half-integral 2-ECSSP. Also, when a vector x is given, we always
consider that the edges of G are restricted to supp(z), even if this is not explicitly stated.

In this chapter, we develop a 5/3-rounding for half-integral vectors of Popc(G). We first
obtain a slightly stronger result, which shows that, for any half-integral vector of x € Popc(G),
the vector 5z /3 dominates a convex combination of integral vectors. We build our result on
top of a seminal work of Cheriyan, Jordan, and Ravi [17] on the half-integral weighted tree
augmentation problem (WTAP). To apply their algorithm, we extend a particular set of

21
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edge-disjoint spanning forests into edge-disjoint spanning trees using an algorithm obtained
by Roskind and Tarjan [62], and results concerning the existence of edge-disjoint spanning
trees on highly edge-connected graphs of Tutte [70] and Nash-Williams [60]. Finally, we also
show how to restrict the half-integral 2-ECSSP to a family of instances for which the graph
is 4-edge-connected with maximum degree at most 5.

This chapter is organized as follows. First, we introduce an algorithm for finding &
edge-disjoint spanning forests of a graph with the maximum number of edges. Next, we
present a seminal result by Cheriyan, Jordan, and Ravi on half-integral WTAP. Then, we
prove our main result on dominating convex combinations of integral vectors of Popc(G) and
derive the rounding algorithm as a corollary. Additionally, we provide a simplified proof of
the rounding algorithm, yielding an improved running time. Then, we state and prove the

reduction theorem. Finally, we discuss some conjectures and computational results.

3.1. Finding edge-disjoint spanning trees of a graph

Before developing an algorithm for the half-integral 2-ECSSP we first discuss an algorithm
to find k edge-disjoint maximum spanning forests of a graph proposed by Roskind and
Tarjan [62]. Even though we maintain the same overall strategy of the original work, we
propose an alternative perspective to their algorithm by rewriting the augmentation procedure
as a minimum length dipath problem in an auxiliary digraph.

Throughout this section, let G = (V, E) be a graph, k be a positive integer, and Z C 2%
be a set such that J € Z if J can be partitioned into k edge-disjoint spanning forests (here
we allow parts to be empty). We prove that (E,Z) is a matroid.

Lemma 15. (E,7) is a matroid.

PROOF. It is clear that Z contains the empty set and is hereditary. Let Jy, Js € Z with
|Jo| > |J1]. For i € [2], let F}, Fi, ..., F} be a partition of J; into k edge-disjoint spanning
forests such that 3 ;c;|E(F}) N E(F7)| is maximized. There must be a j € [k] such that
|E(F?)| > |E(F})|. Hence, by the choice of the partition, there is an edge e € E(F})\ E(F})
such that F 4 e is a forest and e ¢ J;. Therefore, .J; U {e} is independent. O

Given Lemma 15, to solve the problem, we need to find the largest J € Z and partition it
into k edge-disjoint forests. To find .J, we use the matroid greedy algorithm (see Algorithm 1)
which also builds a partition of J into k£ edge-disjoint spanning forests. Therefore, what
remains to be discussed is, given J € Z and ey € E'\ J, how to test if J U {eg} is independent.

For i € Zsg, define i+ == (i mod k) + 1. Let J € Z, ¢g € E'\ J, and F\, Fy, ..., F}
be a partition of J into k edge-disjoint spanning forests. We say that a sequence of edges
(eo,€1,...,e0) with e;11 € E(Fj1) and £ € Zxg is a swap sequence if ejy € E(Pr,, (e;)) for

each j € [( — 1] U {0} and e, joins different components of F,.. Hence, F;; +e; —e;41 is a
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forest, and we can safely carry on the edge swaps to augment J. We say that a swap sequence
is minimal there is no ¢ > j + 1 such that e; € E(Pr,, (¢;)). We define a swap operation by
iteratively conducting the sequence of swaps, i.e., the swap operation between (Fy, Fy, ..., F})
and (eo,e1,...,er) produces a tuple (F|, F}y, ..., F}) such that
R-F+ Ua- U a
irit=j iri=j+

We have the following lemma.

Lemma 16. Let ([, Iy, ..., Fy) be k edge-disjoint forests and (eg, e1, ..., €;) be a minimal
swap sequence. Then, the result of the swap operation (F7, Fy, ..., F]) is a sequence of k

edge-disjoint forests with an additional edge e.

PROOF. Since (eg, €1, ...,e¢) is a minimal swap sequence, the circuits of Fj + U4 je;
are edge-disjoint. Moreover, each circuit contains exactly one edge in U;;4—;1e;. Therefore,

Fi=F;+ U e— U eisaforest for each j € [k] and U E(F))\ U E(F;) =¢. U
=) G+=j+ i€k] i€[k]

Lemma 16 shows that J U {eg} is independent if there is a swap sequence starting at e.
Notice that, whenever there is a swap sequence, there is a minimal one. However, using a
swap sequence that is not minimal may not produce a forest (see Figure 1(a) and (d)).

It remains to be proved that if there is no swap sequence, J U {eg} is dependent. We
develop an algorithm that either finds a minimal swap sequence or a certificate that J U {eq}
is dependent. We reduce the problem of finding a minimal swap sequence to the minimum
length dipath problem. Consider a digraph D = (E, W) such that the vertex set of D is the
edge set of G and the arc set of D is given by

W ={(e;,e;) € Ex E:ej € E(Pp, (&)}

Lemma 17. A minimum length dipath connecting ey to a sink in D is a minimal swap

sequence.

ProOF. Consider that e, is a sink in D reachable from ey. Let Q = (e, e1,...,€es) be a
minimum length dipath connecting ey and e,. Since @ is minimum, for each i € [¢(]U{0} there
is no j > i+ 1 such that (e;, e;) € W, hence, by the definition of W, there is no j > i+ 1 such
that e; € E(Pp,, (e;)). Finally, since e, is a sink, there is no path connecting the endpoints of

ep in Fyo. Therefore is a minimal swap sequence. O
74 l+ ) p q

Figure 1 contains an example illustrating the construction of the auxiliary digraph. Now,
we show that if there is no sink reachable from ey in D, then J U {ep} is dependent. For each
i € [k], define S; C V as the set of endpoints of the edges in E(F;) reachable from e in D.

We have the following lemma.

Lemma 18. If there is no sink reachable from ¢y in D, then the following holds:
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1) 51252:"':Sk;
ii) F;[S;] is a tree for each i € [k].

PROOF. Let e be reachable from ey in D and ¢ € [k] be such that e € E(F;). Since e is

not a sink in D, we have that
V(Pr.(€)) C Siv. 1)
Moreover, the endpoints of e are connected in Fj, [S;].

To prove (i), let i € [k] and u € S;. Let uw € E(F;) be any edge reachable from ey (this
edge exists since u € S;). By (1), it holds that v € S;;. Hence, S; C S;; for each i € [k].
Therefore, it holds that

S=5=5=---=5,.

Moreover, the endpoints of zy := ¢y are contained in S.

To prove (ii), let @ = (eg, €1, ...,€ep) be any dipath in D. We prove by induction on ¢ that
each vertex in V(Q) is reachable from x in Fy, [Sp].

If ¢ =1, it follows directly from applying (1) to eg. Consider that ¢ > 1 and let j := ¢ — 1.
By induction hypothesis, the vertices in V' (Q(eo, €;)) are reachable from z in F;[S;1]. Now,
apply (1) to each edge in F;;[S;+]. We obtain that the vertices in V(Q(eg,€e;)) are also
reachable from z in Fyy[S;;]. Let pq == e; and rs .= e,. By applying (1) to e;, we obtain
that r, s are reachable from p, q in Fy,[Se;|. Therefore, r, s are reachable from x in Fy, [Spy].

By applying the property above to each dipath starting at eg in D, we conclude that
F;[S;] is connected for each i € [k]. O

By Lemma 18, when there is no swap sequence, the endpoints of ey are contained in a set
S C V where Y, | E(F;[S])| = k(]S| — 1), which implies that J U {eq} is dependent since
any independent set has at most k(|S| — 1) edges incident to each S.

Lemmas 17 and 18 suggest an O(k|V|) algorithm to test if J U {eyg} is dependent. Since
the matroid greedy algorithm may call this routine for each edge of G, this results in an
overall complexity of O(k|V||E|).

A simple observation improves the running time to O(k?|V|?). We call a set of vertices
for which no more edges with both endpoints incident to it can be added to J by prohibited
set. When the algorithm fails to augment J, it finds a prohibited set S. Hence, at first, there
are |V| prohibited sets, each containing a distinct vertex of G. Whenever the procedure fails
to augment J, the endpoints of ey are contained in two different prohibited sets (otherwise,
the augmentation procedure would not have been called), which can be merged (to see this,
notice that the union of those sets induces a tree in each of the k forests). Since there can be
at most |V| merges before no other edge can be added to J and at most k(|V| — 1) edges can
be added to J, the augmentation procedure is called at most O(k|V|) times, resulting in a
total running time of O(|E| + k?|V|*) = O(k?*|V']?). We have the following theorem.
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F1GURE 1. Example of an augmentation step of the k edge-disjoint forest
algorithm. (a) Example of an instance. Continuous edges belong to F7; dashed
edges belong to Fy; dotted edge is eg. (b) Auxiliary digraph for the instance
in (a). Green dashed edges represent a dipath that is also a minimal swap
sequence for which the swap operation results in (¢); blue dotted edges represent
a dipath that is not a minimal swap sequence, for which the swap operation
results in (d). (c) Result of the augmentation of (a) using the minimum swap
sequence (eq, e7, €5). (d) Result of the augmentation using a non-minimal swap
sequence (e, €5, €3, €2, €4). Notice that F} is not a forest since e, ez, and e;
induce a circuit.

Theorem 19 (Roskind and Tarjan [62]). Given a graph G = (V, E) and a positive integer
k, there is an O(Kk?|V|?) algorithm that finds k edge-disjoint spanning forests such that
altogether they have the maximum number of edges.

3.2. A 5/3-rounding for the half-integral 2-ECSSP

In this section, we present a 5/3-rounding for the half-integral 2-ECSSP. The following
is a fundamental result.

Theorem 20. Given a graph G = (V, E) and a half-integral vector x € Pygc(G), there is
an O(|V']?) algorithm that finds a collection Hy, Ho, ..., Hg of 2-edge-connected spanning
subgraphs of GG such that

Theorem 20 shows that 5z/3 dominates a convex combination of integral vectors of

Popc(G). We obtain a 5/3-rounding as a consequence of Theorem 20.

Corollary 21. Given a graph G = (V, E), edge costs ¢ € QF, and a half-integral vector
x € Popc(G), there is an O(]V[?) algorithm that finds a 2-edge-connected spanning subgraph
H C @ such that

c(H) < 5cTa.

wot
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PROOF. Let Hy, Hy, ..., Hg be a collection of 2-edge-connected spanning subgraphs of G
guaranteed by Theorem 20. Then, for each edge e € E, we have that

Summing up the inequality above for each edge of F, we obtain that

6

Le(H)) < é Colo.
Z 6 ) 3

=1 eck
Note that the expression on the left-hand side is the average of the costs of the six spanning

subgraphs. Thus, the cheapest subgraph in the collection has the desired property. 0

Later, we extend Corollary 21 to the following theorem.

Theorem 22. Given a graph G = (V, E), edge costs ¢ € QF, and a half-integral vector
T € Popc(@G), there is an O(min(|V|?, |E|log|E|)) algorithm that finds a 2-edge-connected
spanning subgraph H C G such that

c(H) < 2c'a.

wlot

To the best of our knowledge, Theorems 20 and 22 are the first results improving on the
factor 2 for half-integral 2-ECSSP. In the next subsection, we discuss a result of Cheriyan,
Jordén, and Ravi [17], which provides the first steps to prove Theorem 20.

3.2.1. A 4/3-rounding for the half-integral WTAP. In this section, we cover a
seminal result obtained by Cheriyan, Jordan, and Ravi (CJR) [17] on rounding half-integral
solutions of THE WEIGHTED TREE AUGMENTATION PROBLEM (WTAP), which is defined as

follows.

THE WEIGHTED TREE AUGMENTATION PROBLEM (WTAP)

Input: A tree T = (V,E), a set L C (‘2/) of links, and link costs ¢ € QF.

Objective: Find F C L of minimum cost such that 1"+ F' is 2-edge-connected.

A rooted tree can be represented as a laminar family in which each set is the vertex set
of a subtree. We state a slightly generalized version of the original theorem of CJR using
hypergraphs (the original theorem was restricted to graphs). Although we do not use this
version to its fullest potential, we believe it is a fine addition to the theorem.

An inclusionwise minimal set of a family is a set for which no subset is contained in the
family, and we usually refer to it just by minimal element. A minimum element is a minimal

element with the smallest possible cardinality. Laminar families have the following property.

Lemma 23 (Lemma 1 of [17]). Let £ be a laminar family on a finite set V', and H = (V, )

be a minimal k-cover of £. Then, £ contains an inclusionwise minimum tight element.
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PROOF. Suppose not. Let L; € £ be a minimal tight element (there is one since H is
minimal and £ is laminar). Then, L; contains at least two disjoint non-tight elements Lo

and L3 of L. Hence, there is no £ € £ with E C Ly, since H — F would be a k-cover of L.
Then, every hyperedge covering Lo or L3 also covers Ly. Therefore, L is not tight. 0

The following theorem slightly generalizes Proposition 2 of [17].

Theorem 24. Let £ be a laminar family on a finite set V', and ‘H = (V,€) be a minimal
k-cover of L. Then, there is a partition of £ into rank(#)(k — 1) + 1 parts such that:

i) each element of L is covered by hyperedges of at least k different parts,
ii) each v € V with d(v) = k is covered by hyperedges belonging to different parts.

Moreover, this partition can be built in time O(rank(#) min(k*|V |, k|V|?)).

PROOF. We build the partition using induction on ¢ := |£|. If £ = 1, since H is minimal,
it holds that |€| = k, and we assign each hyperedge to a different part.

Now, let ¢ > 1 and suppose that the statement holds for laminar families with size at
most ¢ — 1. By Lemma 23, there is a tight inclusionwise minimum element U € L. Let u' be

the element obtained by contracting U in V. Define
V= (VAU) UA{u'},
L= L\{U},
F=(E\SU)U{(E\U)U{}: E€sU)}

Note that (V', F) is a k-cover of L. Let 7/ C F be such that H' = (V', F’) is a minimal
k-cover of L.

By induction hypothesis, there is a partition of F’ into rank(H')(k — 1)+ 1 parts satisfying
(i) and (ii). Since U is tight in H, we have dy/(u’) < k, and hence, each hyperedge incident
to u' in H’ belongs to a different part. Now, expand the element u' to the set U, creating a
new set &' C & of the expansion of the hyperedges in F' maintaining the same partition.

What remains to be done is to distribute the hyperedges in £ \ £ between the parts
so that (i) and (ii) are satisfied. If £\ & = @, we are done by induction. Otherwise, we
repeat the following procedure while there is a hyperedge E € £\ €. Let W C E be a set of
vertices incident to E that have degree smaller than k in £’. By the choice of U, it holds
that dg/(U) = Uyepde (u). Hence

de(U)+ > de(w) < rank(H)(k —1).
weW\U

Since &’ is partitioned into rank(?)(k — 1) 4+ 1 parts, there is a part that is not incident to
any vertex in W U U. Assign E to that part and update £'. Therefore, at the end of the

procedure, (i) and (ii) are satisfied.
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Finally, we present a high-level discussion of the running time. By Lemma 1, it holds that
|£] < 2|V, and |E| < k|L] < 2Ek|V|. By keeping the laminar family in a tree-like structure, one
may find an element u € £ to contract with amortized running time O(|L| + |€]) = O(k|V ).

To achieve the running time O(krank(H)|V|?), for each L € L, iterate through each
hyperedge in € and check if it covers L with total running time O(rank(#)|£|). For each
E € §(L) with an assigned partition, mark this partition as blocked. Then, for each E € 6(L)
not assigned to a partition, assign a partition and block the assigned partition. After this
process, unblock each partition. This step can be implemented in O(|€|) leading to a total
running time of O(|L|(rank(H)|E] + |€])) = O(rank(H)k|V|?).

To achieve the running time of O(rank(#)k?|V|), notice that, when updating the cover
for each contracted element of L € L, one assigns at most k hyperedges to a partition per
step, since d(L) = k at each step. Moreover, one can keep a list of the partitions incident to
each v € V in total amortized time O(rank(H)|E|) = O(rank(H)k|V|). To assign E € §(L)
to a partition, iterate through the hyperedges incident to the elements of £ N L and mark
their partitions. This can be done in O(rank(#)k). By repeating this for each element of L,
one achieves a running time of O(k|L|krank(H) + |V| + |€]) = O(rank(H)k?|V]). O

Now, we show how we can transform the polyhedral problem into a combinatorial one
and use Theorem 24 to derive a result similar to Theorem 20.
Let G = (V, E) be a graph and = € Popc(G) be a half-integral vector. Denote by

I(z) ={e€ E:z, =1},

J(z)={e€ E:x.=1/2}.
the sets of integral (recall that we ignore edges e with z. = 0) and half coordinates of z,
respectively. Let Gy = (V,I(x)) be a spanning subgraph of G restricted to the integral
edges. Suppose that Gy, is connected. Let T'= (U, W) be the tree obtained by contracting
the 2-edge-connected components of Gy and Z C J(z) be the set of half-edges with

endpoints in different 2-edge-connected components of G(,). Take r € U as the root of T'.
Then 7 :={V(T,) CU :v € U\ {r}} is a laminar family. We have the following lemma.

Lemma 25. 7 is a 2-cover of T.

PROOF. Let S € T. By the definition of 7, it holds that |dr(S) N I(z)] = 1. Since
x(8(S)) > 2, we have that |d7(S) N Z| > 2. Therefore, Z is a 2-cover of 7. O

Hence, by Theorem 24, J(z) may be partitioned into three sets C7, Cy, and Cj, such that
C; UCj is a 1-cover of T for each distinct 7,5 € [3]. Let

Hl = [(Qj)UOlUCQ, HQ = [(x‘)UClLJCg, and H3 = I(l’)UCQUCg
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It is clear that each of Hy, Hs, and Hj is a 2-edge-connected spanning subgraph of GG such
that

3 1, ifee I(x);
> %Xfl = (@) for each e € F.
i=1 2/3, otherwise.

Therefore, since x is half-integral,

M < iz

W=
LIk

3
i=1
This finishes the proof of the following adaptation of the CJR Theorem.
Theorem 26 (Cheriyan, Jordan, and Ravi [17] (adapted)). Given a graph G = (V, E) and a
half-integral vector x € Popc(G), if Gy (y) is connected, there is an O(|V| + |E|) algorithm
that finds a collection Hy, Ho, and Hj of 2-edge-connected spanning subgraphs of GG such that
3
> " < 5w
i=1

The proof of the following corollary follows the same framework as the one for Corollary 21.

Corollary 27. Given a graph G = (V, E), edge costs ¢ € QF, and a half-integral vector
r € Popc(G), if Gy is connected, there is an O(|V| + |E|) algorithm that finds a 2-edge-
connected spanning subgraph H of GG such that
c(H)< Y, ce+g Y e <iclm
e€l(z) e€d(z)

3.2.2. Building convex combinations. Given Theorem 26, it is natural to ask how to
extend the result to the case where G, is not connected (also known as the half-integral
weighted forest augmentation problem). In this section, we prove Theorem 20. The intuition
behind the proof is that, when Gy, is not connected, we round a suitable set of half edges to
apply Theorem 26. We show that there are two disjoint sets Ji, Jo C J(x) such that Gryuy,
is connected for each ¢ € [2]. We combine both convex combinations to obtain the desired

result. The main lemma of this section is the following.

Lemma 28. Given a graph G = (V, E) and a half-integral vector x € Popc(G), if G/I(x)
has k edge-disjoint spanning trees, then there is a O(k?|V|?) algorithm that finds a collection
Hy, Hy, ..., Hs of 2-edge-connected spanning subgraphs of G such that

3k
X <3+ )

PROOF. Let F, Fy, ..., F} be the edge sets of the k edge-disjoint spanning trees of G/I(x).
Then, for each i € [k], the graph G; = (V, E;) = Gy + F; is connected (since the vertices of
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G/I(z) are connected components of Gj,). Define a vector z* € Popc(G) such that

; 1, ifeel(x)UF;

Z = for each e € F.
z., otherwise.

That is, to construct z°, we round up the entries of z| ;- By Theorem 206, there is a collection

Hi, Hi, and H} of 2-edge-connected spanning subgraphs of G such that
1, ifeel(x)UF;
%Xfi‘i‘%Xf;‘*'%ngS if e € J(z)\ Fy; foreacheec E.

2
3
0, otherwise.

Since Fi, Fy, ..., F} are disjoint, by averaging the k expressions above, we find that for each
e € UF_| F; the sum of its coefficients is at most % + (%)% = % + 3%@ We obtain that
1, if e € I(z);
k3 : 2, 1 k )
Hi s+ = ifee U, Fp;
ixej < 3 3k . =1 i for each e € E.
i=1 j=1 3 ifee J(x)\ U Fi;
0, otherwise.

By adjusting the coefficient for the half edges, we obtain the desired result
3k u
1 H; 4, 2

Finally, by Theorem 19, we may find the spanning trees in O(k?|V|?) time. For each
i € [k], we apply Theorem 26 to (G, z;) to obtain the convex combinations, with a running
time of O(k|E|). Therefore, the procedure has a total running time of O(k?|V|?). O

Given Lemma 28, what remains is to give a lower bound on the number of edge-disjoint

spanning trees of G/I(z). We have the following observation.

Lemma 29. Let G = (V, E) be a graph and = € Popc(G) a half-integral vector. Then,
G/I(z) is a singleton or 4-edge-connected.

PRrROOF. Let G' = (V' E') == G/I(x) and 2’ := x|,. Note that the cuts of G’ are precisely
the cuts of G that do not contain edges of I(z). Hence, '(6¢/(S")) > 2 for each S’ C V', by
the feasibility of x.

If |V| = 1, we are done. Otherwise, since every edge of E’ is a half edge and 2/ (0¢/(S")) > 2
for each S” C V', we obtain that |dg/(S”)| > 4, which implies that G’ is 4-edge-connected. [

We are ready to prove Theorem 20.
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Proor or THEOREM 20. If Gy, is connected, the result follows from Theorem 26.
If not, by Lemma 29 and Theorem 3, G/I(z) is 4-edge-connected and thus contains 2
edge-disjoint spanning trees. The result follows by applying Lemma 28 with k& = 2. U

The approach used in the proof of Theorem 20 has some limitations. It is based on
Theorems 26 and 3, both tight. Figure 2 contains a tight example for Theorem 26. To see
that Theorem 3 is tight, note that Kj is 4-edge-connected and has two edge-disjoint trees.

We believe that different techniques are required to improve the ratio shown in Theorem 20.

OO

(a) (b) ()

FIGURE 2. (a) Half-integral instance with 4/3 ratio. Dashed edges e have
¢. = 0; continuous edges e have ¢, = 1. (b) Half-integral solution . Continuous
green edges e have ¢, = 1 and =, = 1/2; dashed blue edges e have ¢, = 0 and
z. = 1. This instance is a tight example for Theorem 26. (c) Integral solution
x. Continuous blue edges e have ¢, = 1 and x, = 1; dashed blue edges e have
ce=0and z, = 1.

The example above has the following implication.
Proposition 30. The integrality ratio of the half-integral 2-ECSSP is at least 4/3.

PROOF. See Figure 2. An integral solution (Figure 2(c)) must pick at least two edges
from the triangle {2,3,4}. Since there is an optimum half-integral solution (Figure 2(b)) that
costs 1.5, the result follows. O

3.2.3. A simpler rounding algorithm. In this section, we prove that Theorem 22
holds with a running time of O(|E|log|E]). This, together with Corollary 21, finishes the
proof of Theorem 22. This proof is simpler than the one of Theorem 20 since it does not
depend on finding edge-disjoint spanning trees. The main idea is to find a minimum spanning
tree in G restricted to the edges of supp(x) and then apply Corollary 27. First, we prove
the following lemma, which shows that the cost of a solution bounds the cost of a minimum

spanning tree.

Lemma 31. Let G = (V, E) be a graph with edge costs ¢ € QF. Let 2 € Pyrc(G) be a
vector. Then, for any minimum spanning tree 7" C (V,supp(x)) it holds that ¢(T) < c¢'x.
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PROOF. First, consider the following linear optimization problem:

Minimize Z Coe

eck

subject to z(§(S)) >1 for@#S CV, LPust(G, )
r € 1[0,1)%.
From Jain’s algorithm (Theorem 7), we know that there is a spanning tree 7" C (V, supp(x))

such that
c(T) < 20pt(LPyst(G, ).

Since = € Popc(G), we have that z/2 € Pysr(G). Hence,

o(T) < 20pt(LPust(G,0)) <2 cde=ca. 0
eck

We are now ready to prove Theorem 22.

PROOF OF THEOREM 22. Let T' = (U, W) be a minimum spanning tree of G/I(x). Then,
Gy + W is connected. Let z € Pypc(G) with

1, ifeel(z)ulW;
Ze = for each e € F.
Z., oOtherwise.

Then, by Corollary 27, there is a 2—edge—connected spanning subgraph H C G such that

c(H)< > e Z Ce

ecl(z) eEJ (2)
)+ Z ce—l—— Z Ce
ecl(x eGJ (2)
< ze(W) + Z Ce + Z Ce
eel(ﬂc) eeJ(x)
< (W) + Zce:ve
eEE

By Lemma 31, ¢(W) < c"z. Hence ¢(H) < fc'z + 3¢z = 3cTa.
Finally, running times in Corollaries 21 and 27 together with the fact that a minimum

spanning tree can be found in O(]E|log(|E|)) concludes the proof of the theorem. O

By Lemma 12 and Theorem 14, we may assume that the number of edges in the support
of an extreme vector optimum solution is linear regarding the number of vertices, which

yields the following improved running time.

Corollary 32. Given a graph G = (V, E) with edge costs ¢ € QF, and an optimum
half-integral solution x* of LPogc (G, ¢), there is an O(|V|log(|V])) algorithm that finds a
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2-edge-connected spanning subgraph H C G such that
c(H) < 2Tz,
We are not aware of any tight examples for our algorithm. Bamas, Drygala, and Svens-

son [2] extended Proposition 30 by finding an instance that has a half-integral solution x,

with G disconnected, for which the integrality ratio is 4/3, as shown in Figure 3.

FIGURE 3. (a) A half-integral instance with 4/3 ratio. Continuous edges
e have ¢, = 1; dashed edges e have ¢, = 0. (b) A half-integral solution x.
Continuous green edges e have ¢, = 1 and z, = 1/2; dashed blue edges e have
¢e =0 and z. = 1. (c) An integral solution z. Continuous blue edges e have
c. = 1 and z, = 1; dashed blue edges e have ¢, =0 and z, = 1.

3.3. Reducing half-integral vectors to the almost uniform case

In this section, we discuss a result that could hopefully lead to an improvement of
Theorem 20. This result shows that we can restrict the half-integral 2-ECSSP to instances

(G, ) such that G’ :== 2z is a 4-edge-connected graph with maximum degree at most 5, i.e.,
z(6(v)) < 2.5, foreachvelV. (2)

It is natural to ask if (2) can be added as a restriction of LPypc (G, ¢) without changing the
optimum value. Figure 4(a) provides an example that this cannot be done. Notice that for
each v; € {vs, vy, V5, vg, v} it must hold that x,,, + 4,4, > 1. Hence, either z(d(vy)) > 3 or
x(6(ve)) > 3. We have the following theorem.

Theorem 33. Given a graph G = (V, E) and a half-integral vector x € Pogc(G), there is a
graph G’ = (V' E’), and a half-integral vector 2’ € Pogc(G’) such that
(6 (V") < 2.5 for each v' € V.

Moreover, there is a function ¢ : V' — V such that, given a collection Hi, H, ..., H, of

2-edge-connected spanning subgraphs of G' and coeflicients «a, A1, ... A, € R> such that

> Ay <z’ and =1,

i€[r] i€[r]
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for each j € [r], there are 2-edge-connected spanning subgraphs H; := ¢(H}) of G such that

Z MxHi < ar and Z A= 1.

1€[r] i€[r]

Finally, G’, 2/, and ¢ can be obtained in polynomial time. In particular, |V'| = O(|V|?).

@\./@ 5 N
l- A )

S ar S a0

FIGURE 4. (a) Instance with an optimum half-integral solution where the
maximum degree of the graph induced by supp(z) (for any half-integral solution
x) is at least three. Green edges {vivs, v9v7} have zero cost; remaining edges
have unit cost. Continuous edges e have z, = 1; dashed edges e have z, = 1/2;
dotted edges e have x, = 0. (b) Example of a bad blow-up where z’ is not
feasible. (c) Example of a feasible blow-up and its construction.

Let (G, ) be an instance of half-integral 2-ECSSP. To prove Theorem 33, we replace
each vertex v € V with z(§(v)) > 3 by a circuit, denoted by v'. The edges inside v! are
half-edges. We recover the original instance by contracting each blow-up. The main challenge
of this section is to find a way to distribute the edges of dg(v) between the vertices of v' so
that G’ is 2-edge-connected and 2’ € Pygc(G’) (see Figure 4(b) and (c) for an example).

Throughout this section, let G = (V| E') be a graph and x € Pypc(G) be a half-integral
vector. Let v € V with z(dg(v)) > 3. We denote by 6™ (v") the edges with both endpoints in
v" 