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ABSTRACT

VERRI, F. A. N. Collective dynamics in complex networks for machine learning. 2018. 95
p. Tese (Doutorado em Ciências – Ciências de Computação e Matemática Computacional) –
Instituto de Ciências Matemáticas e de Computação, Universidade de São Paulo, São Carlos –
SP, 2018.

Machine learning enables machines to learn automatically from data. In literature, graph-based
methods have received increasing attention due to their ability to learn from both local and global
information. In these methods, each data instance is represented by a vertex and is linked to
other vertices according to a predefined affinity rule. However, they usually have unfeasible
time cost for large problems. To overcome this problem, techniques can employ a heuristic
to find suboptimal solutions in a feasible time. Early heuristic optimization methods exploit
nature-inspired collective processes, such as ants looking for food sources and swarms of bees.
Nowadays, advances in the field of complex systems provide powerful tools to assess and to
understand dynamical systems. Complex networks, which are graphs with nontrivial topology,
are among these theoretical tools capable of describing the interplay of topology, structure,
and dynamics of complex systems. Therefore, machine learning methods based on complex
networks and collective dynamics have been proposed. They encompass three steps. First,
a complex network is constructed from the input data. Then, the simulation of a distributed
collective system in the network generates rich information. Finally, the collected information
is used to solve the learning problem. The coordination of the individuals in the system permit
to achieve dynamics that is far more complex than the behavior of single individuals. In this
research, I have explored collective dynamics in machine learning tasks, both in unsupervised and
semi-supervised scenarios. Specifically, I have proposed a new collective system of competing
particles that shifts the traditional vertex-centric dynamics to a more informative edge-centric
one. Moreover, it is the first particle competition system applied in machine learning task that has
deterministic behavior. Results show several advantages of the edge-centric model, including the
ability to acquire more information about overlapping areas, a better exploration behavior, and a
faster convergence time. Also, I have proposed a new network formation technique that is not
based on similarity and has low computational cost. Since addition and removal of samples in
the network is cheap, it can be used in real-time application. Finally, I have conducted analytical
investigations of a flocking-like system that was needed to guarantee the expected behavior in
community detection tasks. In conclusion, the result of the research contributes to many areas of
machine learning and complex systems.

Keywords: Machine learning, Collective dynamics, Complex networks, Semi-supervised learn-
ing, Unsupervised learning.





RESUMO

VERRI, F. A. N. Dinâmica coletiva em redes complexas para aprendizado de máquina.
2018. 95 p. Tese (Doutorado em Ciências – Ciências de Computação e Matemática Computaci-
onal) – Instituto de Ciências Matemáticas e de Computação, Universidade de São Paulo, São
Carlos – SP, 2018.

Aprendizado de máquina permite que computadores aprendam automaticamente dos dados.
Na literatura, métodos baseados em grafos recebem crescente atenção por serem capazes de
aprender através de informações locais e globais. Nestes métodos, cada item de dado é um
vértice e as conexões são dadas uma regra de afinidade. Todavia, tais técnicas possuem custo de
tempo impraticável para grandes grafos. O uso de heurísticas supera este problema, encontrando
soluções subótimas em tempo factível. No início, alguns métodos de otimização inspiraram suas
heurísticas em processos naturais coletivos, como formigas procurando por comida e enxames
de abelhas. Atualmente, os avanços na área de sistemas complexos provêm ferramentas para
medir e entender estes sistemas. Redes complexas, as quais são grafos com topologia não
trivial, são uma das ferramentas. Elas são capazes de descrever as relações entre topologia,
estrutura e dinâmica de sistemas complexos. Deste modo, novos métodos de aprendizado
baseados em redes complexas e dinâmica coletiva vêm surgindo. Eles atuam em três passos.
Primeiro, uma rede complexa é construída da entrada. Então, simula-se um sistema coletivo
distribuído na rede para obter informações. Enfim, a informação coletada é utilizada para
resolver o problema. A interação entre indivíduos no sistema permite alcançar uma dinâmica
muito mais complexa do que o comportamento individual. Nesta pesquisa, estudei o uso de
dinâmica coletiva em problemas de aprendizado de máquina, tanto em casos não supervisionados
como semissupervisionados. Especificamente, propus um novo sistema de competição de
partículas cuja competição ocorre em arestas ao invés de vértices, aumentando a informação do
sistema. Ainda, o sistema proposto é o primeiro modelo de competição de partículas aplicado
em aprendizado de máquina com comportamento determinístico. Resultados comprovam várias
vantagens do modelo em arestas, includindo detecção de áreas sobrepostas, melhor exploração
do espaço e convergência mais rápida. Além disso, apresento uma nova técnica de formação de
redes que não é baseada na similaridade dos dados e possui baixa complexidade computational.
Uma vez que o custo de inserção e remoção de exemplos na rede é barato, o método pode ser
aplicado em aplicações de tempo real. Finalmente, conduzi um estudo analítico em um sistema
de alinhamento de partículas. O estudo foi necessário para garantir o comportamento esperado
na aplicação do sistema em problemas de detecção de comunidades. Em suma, os resultados da
pesquisa contribuíram para várias áreas de aprendizado de máquina e sistemas complexos.

Palavras-chave: Aprendizado de máquina, Dinâmica coletiva, Redes complexas, Aprendizado
semissupervisionado, Aprendizado não supervisionado.
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CHAPTER

1
INTRODUCTION

Human beings possess a learning capability far beyond other animals. The reasons behind
such ability bring several questions to the scientific community. Formally, learning is the process
of developing new and enhancing existing abilities. A learning theory is a conceptual model
to describe how people learn (MOWRER, 1960). In Psychology, traditional theories attempt to
explain learning as a process of acquiring, evaluating, and applying experience. Although such
theories provide a full description of the individual learning process, most of them fail to address
the sudden shifts in the environment – which people barely control. Learning is cyclical and
continuous. Individuals connect to a network to share and access new information, modifying not
only their beliefs but also the network itself; once they share their understandings, they find more
new information. Recent theories study these dynamic properties of learning. Connectivism, for
instance, model the structure of knowledge as a network and learning as a process of pattern
recognition (ALDAHDOUH; OSÓRIO; CAIRES, 2015).

Learning, however, is not restricted to animals. Machines can obtain knowledge from
experience too. Machine learning is the science that enables machines to learn automatically from
data. Learning methods have been successfully applied in astronomy (BANERJI et al., 2010;
DEVINE; GOSEVA-POPSTOJANOVA; MCLAUGHLIN, 2016), health care (SAU; BHAKTA,
2017; MERTZ, 2018), driving assistance (MA; XIE; BROWN, 2018), robotics (AGRIOMALLOS
et al., 2018), seismology (REYNEN; AUDET, 2017), and many other industry and scientific
fields (HAYKIN, 2009). One specific task machines can learn is the assignment of labels to
given input values (BISHOP, 2006). Depending on the information provided in the input data,
the label-assignment tasks are divided into data clustering and data classification.

Data classification, or simply classification, is the problem of categorizing inputs using
labels that belong to a discrete set. In this scenario, the labels are called classes. To perform
classification, learning systems count on a training set comprising data whose labels are known
totally (supervised) or partially (semi-supervised).
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Figure 1 – Different label information in learning problems. Each point corresponds to a data sample in a
bidimensional Euclidean space. Samples whose label information is unknown are depicted in
gray. Every other color represents a class (label).

Data clustering or clustering is the unsupervised equivalent of classification. That means
that no label information is provided for the input data. Labels, in this case, indicate which group
or cluster the input belongs to. Since the notion of a cluster is not precisely defined, clustering
systems group data according to some similarity definition. For example, data can be grouped
based on their distance, distribution, or density.

Figure 1 illustrates the possible scenarios according to the input label information. In the
supervised case, the goal is to build a model, called classifier, that output the classes of unseen
samples, generalizing the acquired knowledge. In the second case, semi-supervised, the goal is
either to build a classifier (induction) or to propagate the labels to the input unlabeled samples
(transduction). In the last case, with no label information, input samples are grouped by some
similarity rule in an unsupervised manner.

Semi-supervised classification lies in the semi-supervised learning (SSL) paradigm. SSL
is an important research field since, in real-world applications, one usually has partial knowledge
on a given data set. For example, a credit card provider cannot be sure about the legitimacy of
every transaction, but it can assume that some are frauds; in the genetics field, one certainly does
not know the functions of all genes, but the functions of some of them are known. Sometimes,
although one has a complete or almost complete knowledge of a data set, labeling it by hand is
lengthy and expensive. So it is often necessary to restrict the labeling scope. SSL methods are
capable of exploiting both unlabeled and labeled data to solve the problem.

Many semi-supervised learning techniques have been developed, including generative
models (NIGAM et al., 2000), discriminative models (LOOG; JENSEN, 2015), clustering and
labeling techniques (WAGSTAFF et al., 2001), multi-training (ZHOU; LI, 2005), low-density
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separation models (VAPNIK, 1998), and graph-based methods (SILVA; ZHAO, 2012c; CHENG;
PAN, 2014; ZHANG et al., 2015). In the graph-based methods, each data instance is represented
by a vertex and is linked to other vertices according to a predefined affinity rule. The labels
are propagated from a few labeled vertices to the whole graph using a particular optimization
heuristic (BELKIN; NIYOGI; SINDHWANI, 2006).

Graph-based methods have received increasing attention due to their ability to learn from
both local and global information. Many of them estimate a function on the graph that maps each
vertex into a label. The estimated function satisfies two objectives at the same time: it is close to
the known labels on the labeled nodes, and it should be smooth on the whole graph (ZHU, 2005).

From the point of view of mathematical optimization, those graph-based techniques
are regularization frameworks where the first term is a loss function and the second term is
a regularizer (ZHU, 2005). Although there are many optimization methods to deal with this
problem, exact solvers usually have unfeasible computational cost for large graphs. An alternative
is relying on a heuristic to find suboptimal solutions in a feasible time.

Several dynamic processes that exhibit complex and self-organizing behavior exist in
nature (JENSEN, 1998). They often minimize a cost inherently, without the need for a global
controller. For example, ants minimize the distance between their nest and a food source using a
decentralized pheromone strategy (DORIGO; BIRATTARI, 2010); birds organize themselves to
reduce air resistance and to save energy with no leader (KENNEDY, 2006); evolution itself is a
process that adapts species to their environment without global orchestration (BÄCK, 1996).

An interesting characteristic of such collective systems is that patterns emerge without
external control. At the macroscopic level, the group of individuals displays a robust and
coherent pattern. However, at the microscopic level, the individuals react stochastically to
the partial information provided by neighboring individuals (MOUSSAID et al., 2009). The
coordination and interaction of the individuals in the system permit to achieve dynamics that is
far more complex than the behavior of single individuals. Such phenomenon is called emergence

(HOLLAND, 1999).

Early heuristic optimization methods, such as genetic algorithms (GA) (KRAMER,
2017) and ant colony optimization (ACO) (DORIGO; BIRATTARI, 2010), exploit these nature-
and bio-inspired processes by simulating a simplified version of them. The simulation is often
performed by an agent-based model (ABM), that is, a computational model for the actions and
interactions of autonomous agents with the intent to assess their effects on the system as a whole.

Nowadays, advances in the field of complex systems give us powerful tools to assess
and to understand dynamical systems better than via ABM simulations. Complex networks are
among the theoretical tools that have been receiving a lot of attention in the scientific commu-
nity. Complex networks are (usually large-scale) graphs with nontrivial topology (NEWMAN;
BARABÁSI; WATTS, 2006). They are a powerful tool to describe the interplay of topology,
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structure, and dynamics of complex systems (NEWMAN; BARABÁSI; WATTS, 2006; NEW-
MAN, 2010). Therefore, they provide a groundbreaking strategy to understand the behavior of
many real-world systems. Networks are also an important mechanism for data representation
and analysis (SILVA; ZHAO, 2016). Interpreting datasets as complex networks enables us to
access the interrelational nature of data items further, since several structural and dynamical
characterization techniques for complex networks have been studied deeply.

Attaching a nonlinear collective dynamics in complex networks generates rich informa-
tion. Such a redundant and distributed processing handles the adaptability and robustness of the
learning process. The complex-network framework provides the tools to control and to analyze
the obtained information. As a result, learning models based on collective systems not only
perform as well as (or even better than) graph-based SSL methods, but also overcome their high
computational cost. While the computational complexity of graph-based techniques are usually
at cubic order (ZHU; GOLDBERG; KHOT, 2009), collective distributed ones are subquadratic
(SILVA; ZHAO, 2016). Common strategies to reduce the complexity by sacrificing part of the
available information, such as using a set of sparse prototypes derived from the data (ZHANG et

al., 2015), are not needed when complex network approaches are used.

The use of collective dynamics is not restricted to SSL problems. Since clustering is
a special case of SSL – considering that the number of labeled instances goes to zero – few
adaptations are needed in these techniques to deal with unsupervised problems. Since the
input data is converted into a complex network, the clustering task is equivalent to the task of
community detection in graphs. Formally, communities are groups of densely connected vertices,
while connections between different communities are sparser (FORTUNATO, 2010). Finding
the optimal partition is an NP-hard problem in most cases (FORTUNATO, 2010), thus making
interesting the use of heuristics to find out suboptimal solutions in feasible time. Methods based
on collective dynamics excel in such task as well (SILVA; ZHAO, 2016).

Learning techniques that extract information from collective dynamics in complex net-
works have been applied in image segmentation (ZHAO; MACAU, 2001; ZHAO, 2003; DAMI-
ANCE; ZHAO; CARVALHO, 2004), community detection (QUILES et al., 2008; MORARESCU;
GIRARD, 2011; BREVE; ZHAO, 2013) and network characterization (ARENAS; DÍAZ-
GUILERA; PÉREZ-VICENTE, 2006), semi-supervised classification (SILVA; ZHAO, 2012b;
CUPERTINO; GUELERI; ZHAO, 2014; URIO; VERRI; ZHAO, 2016), data clustering (CU-
PERTINO; HUERTAS; ZHAO, 2013), and robotics (PFEIFER; LUNGARELLA; IIDA, 2007).

Besides the advances in machine learning based on graphs or complex networks, one
subject that has received little attention is the network formation step. All of those methods
require that the input dataset is in a graph format. When the input data does not comply with this
requirement, an additional network formation step is mandatory; and such step is as important as
the learning model itself (ZHU, 2005; SILVA; ZHAO, 2016). A good balance between the (time
and memory) computational cost and the amount of information kept is essential.
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Most of the strategies transform each input sample into a vertex and connect them
based on a similarity (or distance) strategy. The two most used approaches are the k-nearest-
neighbors graph, that connects each sample to the k most similar ones, and the ε-radius graph,
that connects each sample to all other with distance less than (or equal to) ε (SILVA; ZHAO,
2016). Alternatives include combinations of both methods (SILVA; ZHAO, 2012a), directed and
weighted approaches (NETO; ZHAO, 2013), and nontrivial distribution of the edges according
to some heuristic (JEBARA; WANG; CHANG, 2009; BERTINI et al., 2011). Given the problem-
specific nature of this step, there is much room for exploration.

1.1 Objectives

My goal is to study learning models based on complex networks and collective dynamics.
My hypothesis is that the theory of complex systems provides better understanding of these
machine learning models. Such understanding enables both the improvement of the existing
methods and the development of new methods that overcome common problems in the field.

During my investigations, I tackled three specific topics:

∙ Improvements in particle competition methods and the study of edge-centric approaches.

∙ Proposal of a bipartite-network formation method and the adaptation of collective learning
methods in such networks.

∙ Analytical studies on a flocking-like system and its application in community detection
problems.

1.2 Motivations

The motivations and hypotheses for the study of the aforementioned topics are discussed
in this section.

1.2.1 Particle competition

Competition is a dynamic process observed in many biological and social systems that
have limited resources, such as water, food, mates, territory, fame, etc. Competitive learning is an
important learning approach that has been applied mostly in the field of neural networks and in
unsupervised tasks. Early contributions are self-organizing maps (KOHONEN, 1998), stochastic
competitive learning (KOSKO, 1991), and adaptive resonance theory (GROSSBERG, 1987).
Recent approaches based on complex networks and collective systems (QUILES et al., 2008;
SILVA; ZHAO, 2012b) address two main limitations of the early methods: the lack of robustness
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for data processing, caused by the limited size of the network; and the lack of correspondence
between the original data and the network, acting as “black box” systems.

The newer methods deal with a wide range of unsupervised and semi-supervised applica-
tions (SILVA; ZHAO, 2016). However, models in the literature concern vertex dynamics, that is,
how each vertex changes its state. Intuitively, vertex dynamics is a rough modeling of a network
because each vertex can have several edges. A problem with the data analysis in this approach is
the overlapping nature of the vertices, where a data sample can belong to more than one class.
Therefore, it is interesting to know how each edge changes its state in the competition process to
acquire detailed knowledge of the dynamical system. My hypothesis is that edge-centric particle
competition systems exhibit better behavior for the application in machine learning.

Moreover, particle competition models are inherently stochastic. As a result, learning
methods based on them are not deterministic and can output different solutions for the same
inputs in different runs. In order to guarantee an (almost-)stable learning, one needs to run the
algorithm several times and average the results. Thus, the further analytical study of such systems
may provide insights to find out deterministic evolutions with the same desired properties. The
premise is that such deterministic version exists and maintains itself useful in machine learning
problems.

1.2.2 Network formation

Methods based on complex networks assume the input data is represented by a graph. As
in other machine learning techniques, the quality of the input graph contributes greatly to acquire
knowledge (ZHU, 2005). Naïve network formation techniques usually depend on a neighborhood
parameter and on a distance metric. Choosing a metric is often a simple task that depends on the
domain of application. However, it is not trivial to choose the neighborhood parameter. Although
some researches propose heuristics to estimate good neighborhoods (TENENBAUM, 2000;
JEBARA; WANG; CHANG, 2009), it is hard to achieve a sparse and yet expressive network.
Moreover, all existing methods rely on the awareness of some notion of similarity between
samples. Calculating such metric may be costly.

Therefore, there is much room for improvement in this step, particularly regarding new
methods with low computational cost and with intuitive parameters. We assume that new methods
of network formation can be developed without the need of relying on the similarity of the input
samples. Also, that the existing dynamical systems can be adapted to retrieve information from
the new kinds of networks.

1.2.3 Flocking systems

Flocking and swarm behavior are phenomena present in many ecological collective
systems, from bacteria to large animals such as fish, birds, and bats. These systems are usu-
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ally modeled by the dynamics of self-propelled particles (NAGAI et al., 2015). In computer
science, it finds application in optimization (KENNEDY, 2006), robotics (HAYES; DORMIANI-
TABATABAEI, 2002), and distributed computing (UPADHYAYA, 2013).

Gueleri et al. (2014) use an explicit dynamical system based on the flocking formation
of certain living species like birds and fishes to solve SSL problems. Although the technique
achieves considerable accuracy scores and has low computational cost, no mathematical analysis
is performed on the system’s characteristics. Moreover, the researchers argue that the richness of
this self-organizing model is quite robust and may be used in other machine learning tasks.

Consequently, deeper studies of this dynamical system should be performed to get a
better understanding of its potentialities and limitations.

1.3 Outline
In the next chapters, my major contributions to the area of machine learning based on

complex networks and complex systems are exposed.

In Chapters 2 and 3, two papers on particle competition are presented. The first one
introduces a new learning system for semi-supervised classification that employs collective and
distributed dynamics. In the proposed process, particles compete for edges instead of vertices. As
a result, more information is retrieved with the same time complexity. Moreover, the evolution
function of the system is deterministic, and it is proved to be associated with the evolution of
the expected values of the stochastic counterpart. Thus, the novel learning method is also stable,
reducing the time cost of the model. The second paper studies the differences between edge-
and vertex-centric approaches. It concludes that the edge-centric approach is preferred in many
machine learning contexts.

In Chapters 4 and 5, contributions on network formation are shown. The first paper
proposes a novel network formation technique that produces bipartite networks, called feature–
sample networks. A system inspired by the collective random motion of particles is proposed to
exploit the network and to solve positive-unlabeled (PU) learning problems. The second contri-
bution consists in the enhancement of feature–sample networks by retrieving more information
in a nonlinear manner.

In Chapter 6, a paper on the use of flocking systems to solve community detection
problems is presented. A new community-detection method is developed. Such method em-
ploys a collective dynamics of aligning particles to decide whether each edge is intra- or
inter-communities. The behavior of a collective system is characterized analytically, so the
functioning, the potentialities and the shortcomings of the method are exposed.

Finally, in Chapter 7, I summarize my contributions to the field, discussing their impacts
and limitations. Future research directions are addressed as well.
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CHAPTER

2
NETWORK UNFOLDING MAP BY

VERTEX-EDGE DYNAMICS MODELING

c○ 2018 IEEE. Reprinted, with permission, from Filipe A. N. Verri, Paulo R. Urio, Liang
Zhao, “Network Unfolding Map by Vertex-Edge Dynamics Modeling”, IEEE Transactions on
Neural Networks and Learning Systems, 2018.

Contribution statement

F.A.N. Verri conceived the Labeled Component Unfolding system and devised the
deterministic version. F.A.N. Verri and P.R. Urio designed the Network Unfolding Map learning
model and analysed the results. F.A.N. Verri developed the mathematical analysis. P.R. Urio
implemented both stochastic and deterministic models. F.A.N. Verri revised the implementations.
P.R. Urio conducted the experiments that resulted in Figures 1, 3, 6, and 7, and Tables 2, 3, and
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Network Unfolding Map by Vertex-Edge Dynamics
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Abstract—The emergence of collective dynamics in neural
networks is a mechanism of the animal and human brain for
information processing. In this paper, we develop a computational
technique using distributed processing elements in a complex net-
work, which are called particles, to solve semi-supervised learning
problems. Three actions govern the particles’ dynamics: gener-
ation, walking, and absorption. Labeled vertices generate new
particles that compete against rival particles for edge domination.
Active particles randomly walk in the network until they are ab-
sorbed by either a rival vertex or an edge currently dominated by
rival particles. The result from the model evolution consists of sets
of edges arranged by the label dominance. Each set tends to form
a connected subnetwork to represent a data class. Although the
intrinsic dynamics of the model is a stochastic one, we prove there
exists a deterministic version with largely reduced computational
complexity; specifically, with linear growth. Furthermore, the
edge domination process corresponds to an unfolding map in such
way that edges “stretch” and “shrink” according to the vertex-
edge dynamics. Consequently, the unfolding effect summarizes
the relevant relationships between vertices and the uncovered
data classes. The proposed model captures important details of
connectivity patterns over the vertex-edge dynamics evolution,
in contrast to previous approaches which focused on only vertex
or only edge dynamics. Computer simulations reveal that the
new model can identify nonlinear features in both real and
artificial data, including boundaries between distinct classes and
overlapping structures of data.

Index Terms—Complex networks, nonlinear dynamical sys-
tems, semi-supervised learning, particle competition.

I. INTRODUCTION

SEMI-SUPERVISED learning (SSL) is one of the machine
learning paradigms, which lies between the unsupervised

and supervised learning paradigms. In SSL problems, both
unlabeled and labeled data are taken into account in class or
cluster formation and prediction processes [1], [2]. In real-
world applications, we usually have partial knowledge on a
given dataset. For example, we certainly do not know every
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movie actor except a few famous ones; in a large-scale social
network, we just know some friends; in biological domain,
we are far away from completely obtaining a figure of the
functions of all genes, but we know the functions of some
of them. Sometimes, although we have a complete or almost
complete knowledge of a dataset, labeling it by hand is lengthy
and expensive. So it is necessary to restrict the labeling scope.
For these reasons, partially labeled datasets are often encoun-
tered. In this sense, supervised and unsupervised learning can
be considered as extreme and special cases of semi-supervised
learning. Many semi-supervised learning techniques have been
developed, including generative models [3], discriminative
models [4], clustering and labeling techniques [5], multi-
training [6], low-density separation models [7], and graph-
based methods [8]–[10]. Among the approaches listed above,
graph-based SSL has triggered much attention. In this case,
each data instance is represented by a vertex and is linked
to other vertices according to a predefined affinity rule. The
labels are propagated to the whole graph using a particular
optimization heuristic [11].

Complex networks are large-scale graphs with nontrivial
topology [12]. Such networks introduce a powerful tool to
describe the interplay of topology, structure, and dynamics
of complex systems [12], [13]. Therefore, they provide a
groundbreaking mechanism to help us understand the behavior
of many real systems. Networks also turn out to be an
important mechanism for data representation and analysis [14].
Interpreting data sets as complex networks grant us to access
the inter-relational nature of data items further. For this reason,
we consider the network-based approach for SSL in this
work. However, the above-mentioned network-based approach
focuses on the optimization of the label propagation result
and pays little attention to the detailed dynamics of the
learning process itself. On the other hand, it is well-known
that collective neural dynamics generate rich information,
and such a redundant processing handles the adaptability
and robustness of the learning process. Moreover, traditional
graph-based techniques have high computational complexity,
usually at cubic order [15]. A common strategy to overcome
this disadvantage is using a set of sparse prototypes derived
from the data [10]. However, such a sampling process usually
loses information of the original data.

Taking into account the facts above, we study a new type of
dynamical competitive learning mechanism in a complex net-
work, called particle competition. Consider a network where
several particles walk and compete to occupy as many vertices
as possible while attempting to reject rival particles. Each
particle performs a combined random and preferential walk by
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choosing a neighbor vertex to visit. Finally, it is expected that
each particle occupies a subset of vertices, called a community
of the network. In this way, community detection is a direct
result of the particle competition. The particle competition
model was originally proposed in [16] and extended for the
data clustering task in [17]. Later, it has been applied to semi-
supervised learning [18], [19] where the particle competition is
formally represented by a nonlinear stochastic dynamical sys-
tem. In all the models mentioned above, the authors concern
vertex dynamics—how each vertex changes its state (the level
of dominance of each particle). Intuitively, vertex dynamics
is a rough modeling of a network because each vertex can
have several edges. A problem with the data analysis in this
approach is the overlapping nature of the vertices, where a data
item (a vertex in the networked form) can belong to more than
one class. Therefore, it is interesting to know how each edge
changes its state in the competition process to acquire detailed
knowledge of the dynamical system.

In this paper, we propose a transductive semi-supervised
learning model that employs a vertex–edge dynamical sys-
tem in complex networks. In this dynamical system, namely
Labeled Component Unfolding system, particles compete for
edges in a network. Subnetworks are generated with the edges
grouped by class dominance. Here, we call each subnetwork
an unfolding. The learning model employs the unfoldings to
classify unlabeled data. The proposed model offers satisfactory
performance on semi-supervised learning problems, in both
artificial and real dataset. Also, it has shown to be suitable
for detecting overlapping regions of data points by simply
counting the edges dominated by each class of particles.
Moreover, it has low computational complexity order.

In comparison to the original particle competition models
and other graph-based semi-supervised learning techniques,
the proposed one presents the following salient features:

a) Particle competition dynamics occurs on nodes as well
as on edges: The inclusion of the edge domination model
can give us more detailed information to capture connectivity
pattern of the input data. This is because there are much more
edges than vertices even in a sparse network. Consequently,
the proposed model has the benefit of granting essential infor-
mation concerning overlapping vertices. Computer simulations
show the proposed technique achieves a good classification
accuracy and it is suitable for situations with a small number
of labeled samples.

b) In the proposed model, particles are continuously
generated and removed from the system: Such a feature con-
trasts to previous particle competition models that incorporate
a preferential walking mechanism where particles tend to
avoid rival particles. As a consequence, the number of active
particles in the system varies over time. It is worth noting
that the elimination of preferential walking mechanism largely
simplifies the dynamical rules of particle competition model.
Now, the new model is characterized by the competition of
only random walking particles, which, in turn, permits us
to find out an equivalent deterministic version. The original
particle competition model is intrinsically stochastic. Then,
each run may generate a different result. Consequently, it has
high computational cost. In this work, we find out a deter-

ministic system with running time independent of the number
of particles, and we demonstrate that it is mathematically
equivalent to the stochastic model. Moreover, the deterministic
model has linear time order and ensures stable learning. In
other words, the model generates the same output for each run
with the same input. Furthermore, the system is simpler and
easier to be understood and implemented. Thus, the proposed
model is more efficient than the original particle competition
model.

c) There is no explicit objective function: In classical
graph-based semi-supervised learning techniques, usually, an
objective function is defined for optimization. Such function
considers not only the label information, but also the semi-
supervised assumptions of smoothness, cluster, or manifold.
In particle competition models, we do not need to define an
objective function. Instead, dynamical rules which govern the
time evolution of particles and vertices (or edges) are defined.
Those dynamical rules mimic the phenomena observed in
some natural and social systems, such as resource competition
among animals, territory exploration by humans (or animals),
election campaigns, etc. In other words, the particle competi-
tion technique is typically inspired by nature. In such kind of
technique, we have focused on behavior modeling instead of
objective modeling. Certain objectives can be achieved if the
corresponding behavioral rules are properly defined. In this
way, we may classify classical graph-based semi-supervised
learning techniques as objective-based design and the particle
competition technique as behavior-based design.

The remainder of this paper is organized as follows. The
proposed particle competition system is studied in Section II.
Our transductive semi-supervised learning model is repre-
sented in Section III. In Section IV, results of computer sim-
ulations are shown to assess the proposed model performance
on both artificial and real-world datasets. Finally, Section V
concludes this paper.

II. LABELED COMPONENT UNFOLDING SYSTEM

In this section, we give an introduction to the Labeled
Component Unfolding (LCU) system—a particle competition
system for edge domination—explaining its basic design.
Whenever pertinent, we go into detail for further clarification.

A. Overview

We consider a complex network expressed by a simple,
unweighted, undirected graph G = (V, E), where V is the
set of vertices and E ⊆ V × V is the set of edges. If two
vertices are considered similar, an edge connects them. The
network contains |V| = l + u vertices that can be either
labeled or unlabeled data points. The set L = {v1, . . . , vl}
contains the labeled vertices, where a vertex vi ∈ L has a
label yi ∈ {1, . . . , C}. We also use the terms label and class
synonymously—if a vertex is labeled with c, we say this vertex
belongs to class c. The set U = {vl+1, . . . , vl+u} contains the
unlabeled vertices. We suppose that l� u. Thus, we have that
L ∩ U = ∅ and V = L ∪ U . The network is represented by
the adjacency matrix A = (aij) where aij = aji = 1 if vi is
connected to vj . We denote (i, j) as the edge between vertices
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vi and vj . For practical reasons, we consider a connected
network, and there is at least one labeled vertex of each class.

In this model, particles are objects that flow within the
network while carrying a label. Labeled vertices are sources
for particles of the same class and sinks for particles of other
classes. After a particle is released, it randomly walks the
network. There is equal probability among adjacent vertices
to be chosen as the next vertex to be visited by the particle.
Consider that a particle is in vi, it decides to move to vj with
probability

aij
deg vi

with deg vi denoting the degree of vi.
In each step, at the moment that a particle decides to move

to a next vertex, it can be absorbed (removed from the system).
If a particle is not absorbed, we say that it has survived and
it remains active; and if it survives, then it continues walking.
Otherwise, the particle is absorbed and ceases to affect the
system. The absorption depends on the level of subordination
and domination of a class against all other classes in the edges.

To determine the level of domination and subordination of
each class in an edge, we take into account the active particles
in the system. The current directed domination ñcij(t) is the
number of active particles belonging to class c that decided
to move from vi to vj at time t and survived. Similarly,
the current relative subordination σ̃cij is the fraction of active
particles that do not belong to class c and have successfully
passed through edge (i, j), regardless of direction, at time t.
Mathematically, we define the latter as

σ̃cij :=





1−
ñcij + ñcji∑C
q=1 ñ

q
ij + ñqji

if
∑C
q=1 ñ

q
ij + ñqji > 0,

1− 1

C
otherwise.

The survival of a particle depends on the current relative
subordination of the edge and the destination vertex. If a
particle decides to move into a sink, it will be absorbed with
probability 1. If the destination vertex is not a sink, its survival
probability is

1− λσ̃cij(t)
where λ ∈ [0, 1] is a parameter for characterizing the compe-
tition level.

A source generates particles according to its degree and the
current number of active particles in the system. Let ñc(t)
be the number of active particles belonging to class c in the
system at time t, a source generates new particles if ñc(t) <
ñc(0).

Let Gc = {vi|vi ∈ L and yi = c} be the set of sources for
particles that belong to class c, the number of newly generated
particles belonging to class c in vi at time t follows the
distribution{

B(ñc(0)− ñc(t), ρci ) if ñc(0)− ñc(t) > 0,
B(1, 0) otherwise,

where

ρci :=





deg vi∑
vj∈Gc deg vj

if vi ∈ Gc,

0 otherwise,

and B(n, p) is a binomial distribution. In other words, if the
number of active particles is fewer than the initial number of
particles, ñc(0), each source performs ñc(0)−ñc(t) trials with
probability ρci of generating a new particle.

Therefore, the expected number of new particles belonging
to class c in vi at time t is

{
ρci (ñc(0)− ñc(t)) if ñc(0)− ñc(t) > 0,
0 otherwise.

We are interested in the total number of visits of particles
of each class to each edge. Thus, we introduce the cumulative
domination δ̃cij(t) that is the total number of particles belong-
ing to class c that passed through edge (i, j) up to time t.
Mathematically, this is defined as

δ̃cij(t) :=
t∑

τ=1

ñcij(τ) . (1)

Using the cumulative domination, we can group the edges
by class domination. For each class c, the subset Ec(t) ⊆ E is

Ec(t) :=

{
(i, j)

∣∣∣∣arg max
q

(
δ̃qij(t) + δ̃qji(t)

)
= c

}
.

We define the subnetwork

Gc(t) := (V, Ec(t)) (2)

as the unfolding of network G according to class c at time t.
We interpret the unfolding as a subspace with the most
relevant relationships for a given class. We use the available
information in these subnetworks for the study of overlapping
regions and for semi-supervised learning.

B. An Illustrative Example

One iteration of the system’s evolution is illustrated by
Figure 1. The considered system contains 22 active particles at
time t and 20 at time t+ 1. In an iteration, each particle moves
to a neighbor vertex, without preference. The movement of a
particle is indicated by an arrow. An interrupted line indicates
an edge in which the coming particle is absorbed. A total of
6 particles are absorbed during this iteration, and the sources
have generated 4 new particles.

At time t, for example, one of the red particles passing
through edge (1, 3) is absorbed due to a current edge dom-
inance of 0.5 in that edge (one red particle and one green
particle). Conversely, all green particles that moved through
edge (5, 7) remain active at time t+ 1. Since there is no rival
particle (red particle) passing through this edge, the updated
value of the current edge dominance is 1 and 0 for green and
red classes, respectively.

In edge (2, 4), one red and two green particles chose to pass
through. One green particle is absorbed without affecting the
new current level of dominance. Since one particle of each
class successfully passed through edge (2, 4), the new current
level of dominance on this edge is 0.5. The same occurs for
edge (4, 7) where no particles have passed through and, thus,
the current level of dominance is set equally among all classes.
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Fig. 1. Illustration of one iteration of the system’s evolution. The network
consists of 7 vertices and 10 edges; each color represents a label of a particle
or a source. The first and the third networks depict the cumulative domination
before and after the iteration. The cumulative domination is the number of
visits of particles to an edge since the initial state. In the second network,
particles are depicted in small circles. Active particles at time t are depicted in
dashed borders, whereas active particles at time t+ 1 are in full borders. An
arrow indicates a particle movement, while an interrupted line indicates that
the particle has been absorbed when trying to move through an edge. Particles
without an adjacent arrow are generated by the sources at time t+ 1.

In edges (2, 5) and (3, 6), particles have tried to move into
a source of rival particles (sinks). These particles are absorbed
independently from the current level of dominance.

Our edge-centric system can measure the overlapping nature
of the v4 by counting the edges dominated by each class, while
a vertex-centric approach would have lost such information.

C. Mathematical Modeling

Formally, we define the Labeled Component Unfolding
system as a dynamical system X̃(t). The state of the system
is

X̃(t) :=




ñc(t) =
[
ñci (t)

]
i

∆̃c(t) =
(
δ̃cij(t)

)
i,j


 , (3)

where ñc(t) is a vector, and each element ñci (t) is the number
of active particles belonging to class c in vi at time t.
Furthermore, ∆̃c(t) is a matrix whose elements δ̃cij(t) are
given by Equation (1).

Let g̃ci (t) and ãci (t) be, respectively, the number of parti-
cles generated and absorbed by vi at time t. The evolution
function φ̃ of the dynamical system is

φ̃ :





ñci (t+ 1) = ñci (t) +
∑

j

(
ñcji(t+ 1)− ñcij(t+ 1)

)

+ g̃ci (t+ 1)− ãci (t+ 1) .

δ̃cij(t+ 1) = δ̃cij(t) + ñcij(t+ 1) .

Intuitively, the number ñci of active particles that are in a
vertex is the total number of particles arriving, ñcji, minus
the number of particles leaving, ñcij , or being absorbed, ãci ;
additionally for labeled vertices, the number of generated
particles, g̃ci . Moreover, to calculate the total number δ̃cij of
visits of particles to an edge, we simply add up the number
ñcij at each time. Values ñcij , g̃

c
i , and ãci are obtained stochas-

tically according to the dynamics of walking, absorption, and
generation.

The initial state of the system is given by an arbitrary
number ñci (0) of initial active particles and

{
ñcij(0) = 0 ,

δ̃cij(0) = 0 .

To achieve the desirable network unfolding, it is necessary
to average the results of several simulations of the system with
a very large number of initial particles ñci (0). Thus, the com-
putational cost of such a simulation is very high. Conversely,
we provide an alternative system X(t) that achieves similar
results in a deterministic manner. More details will follow.

D. Alternative Mathematical Modeling

Consider the dynamical system

X(t) :=




nc(t) =
[
nci (t)

]
i

N c(t) =
(
ncij(t)

)
i,j

∆c(t) =
(
δcij(t)

)
i,j


 , (4)

where nc(t) is a row vector whose elements nci (t) give the
population of particles with label c in each vertex vi at time t.
These values are associated to the number of active particles
ñci of system X̃ . The elements ncij(t) and δcij(t) of the sparse
matrices N c(t) and ∆c(t) are related to the current directed
domination, ñcij , and the cumulative domination, δ̃cij , respec-
tively. In other words, ncij(t) gives the number of particles of
class c that moved from vi to vj at time t, while δcij(t) gives
the total number up to time t.

The system X is a nonlinear Markovian dynamical system
with the deterministic evolution function

φ :





nc(t+ 1) = nc(t)× P c(X(t)) + gc(X(t))

N c(t+ 1) = diagnc(t)× P c(X(t))

∆c(t+ 1) = ∆c(t) +N c(t+ 1) ,
(5)

where diagv is a square matrix with the elements of vector
v on the main diagonal and × stands for the vector-matrix
product.
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The function P c(X(t)) of the system X at time t gives a
square matrix whose elements are

pcij(X(t)) :=





0 if vj ∈ L and yj 6= c ,
aij

deg vi

(
1− λσcij(X(t))

)
otherwise,

(6)
where

σcij(X(t)) :=





1−
ncij(t) + ncji(t)

S
if S > 0,

1− 1

C
otherwise,

with S =
C∑

q=1

nqij(t) + nqji(t). (7)

Given that we know the initial state X(0) of the system,
the function gc(X(t)) of the system X at time t returns a
row vector where the i-th element is

gci (X(t)) := ρci max{0, 1 · nc(0)− 1 · nc(t)} , (8)

where 1 is a row vector whose elements are 1, and · stands
for the inner product between vectors.

The initial state of the system X is given by an arbitrary
population size1 nci (0) of initial active particles and

{
ncij(0) = 0 ,

δcij(0) = 0 .

If the initial number of particles in each vertex in system X̃
is proportional to the initial population size in system X , we
provide evidence that the unfolding result tends to be the same
for both systems—represented by Equation (3) and Equa-
tion (4), respectively—, as ñci (0)→∞ for all c ∈ {1, . . . , C}
and i ∈ {1, . . . , |V|}.

E. Mathematical Analysis

In the previous subsections, we modeled two possibly
equivalent systems, X and X̃ . In this section, we present
mathematical results that prove the equivalence of the two
systems under certain assumptions.

Theorem 1. Systems X and X̃ are asymptotically equivalent
if the following conditions hold:

E
[
σ̃cij(t)

]
→ 1−

E
[
ñcij(t)

]
+ E

[
ñcji(t)

]
∑C
q=1 E

[
ñqij(t)

]
+ E

[
ñqji(t)

] and

E[g̃ci (t+ 1)]→ ρci max{0, ñc(0)− E[ñc(t)]} as

ñci (0)→∞,

for all i, j ∈ V , t > 0, and c ∈ {1, . . . , C}, we have

nci (t) = κE[ñci (t)] , ncij(t) = κE
[
ñcij(t)

]
, and

δcij(t) = κE
[
δ̃cij(t)

]
,

1In system X , vector nc(t) describes the quantity of particles in each
vertex. Since X has multiplicative scaling behavior, nc(t) is not necessarily
composed only of integer values; nc(t) values can be a discrete distribution
of particles. See Section II-E5 for more details.

for some k > 0 constant.

In order to prove Theorem 1, we study the following
mechanisms of the particle competition system:

1) Particle motion and absorption: In the proposed system,
each particle moves independently from the others. Particle’s
movement through an edge affects the absorption of rival par-
ticles only in the next iteration. Such conditions are favorable
to naturally regard the system’s evolution in terms of the
distribution of particles over the network. Next, we present
a formal model for particle movement.

Let Iij(p, t+ 1) be a discrete random variable that is 1 if
particle p was in vi at time t and moved into vj at time t+ 1;
and it is 0 otherwise. Since each particle in a vertex moves
independently, we can write this probability in terms of a
particle’s class; that is, Icij(t + 1) = Iij(p, t + 1) for any
particle p that belongs to class c and is in vi at time t.

The probability Pr
[
Icij(t+ 1) = 1

]
is affected by the move-

ment decision of a particle and whether it was absorbed after
the decision. By formulation, in dynamical system X̃ the
conditional probability, given that σ̃cij(t) = ξ, is

Pr
[
Icij(t+ 1) = 1

∣∣σ̃cij(t) = ξ
]

=





0 if vj ∈ L and yj 6= c ,
aij

deg vi
(1− λ · ξ) otherwise.

That is, when a particle tries to move into a sink, the survival
probability is zero. Otherwise, a particle only reaches vj if it
chooses to move into the vertex and it is not absorbed.

Let fσ̃c
ij(t)

be the probability density function of the random
variable σ̃cij . Hence, the probability Pr

[
Icij(t+ 1) = 1

]
is

∫ ∞

−∞
Pr
[
Icij(t+ 1) = 1

∣∣σ̃cij(t) = ξ
]
fσ̃c

ij(t)
(ξ) dξ

=

∫ ∞

−∞

aij
deg vi

(1− λ · ξ) fσ̃c
ij(t)

(ξ) dξ

=
aij

deg vi

(∫ ∞

−∞
fσ̃c

ij(t)
(ξ) dξ − λ

∫ ∞

−∞
ξfσ̃c

ij(t)
(ξ) dξ

)

=
aij

deg vi

(
1− λE

[
σ̃cij(t)

])
,

if vj ∈ U or vj ∈ L ∧ yj 6= c . Otherwise, it is zero.
Furthermore, σ̃cij is convex with fixed values of ñqij , ñ

q
ji for

all q 6= c. Thus, with the Jensen’s inequality [20], we have

E
[
σ̃cij(t)

]
≥ 1−

E
[
ñcij(t)

]
+ E

[
ñcji(t)

]
∑C
q=1 E

[
ñqij(t)

]
+ E

[
ñqji(t)

] . (9)

2) Particle generation: In dynamical system X̃ the ex-
pected number of particles belonging to class c generated at
vi at time t+ 1 is

E[g̃ci (t+ 1)] =
∞∑

η=0

E[g̃ci (t+ 1)|ñc(t) = η] Pr[ñc(t) = η] .

The conditional expectation E[g̃ci (t+ 1)|ñc(t) = η] is, by
formulation,

ρci ·max{0, ñc(0)− η} ,
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and thus, E[g̃ci (t+ 1)] is

ρci

∞∑

η=0

max{0, ñc(0)− η}Pr[ñc(t) = η]

= ρci E[max{0, ñc(0)− ñc(t)}] .

Since max{0, x} is convex for all x ∈ R and according to
Jensen’s inequality, we have

E[g̃ci (t+ 1)] ≥ ρci max{0, ñc(0)− E[ñc(t)]} . (10)

3) Expected edge domination: At the beginning of sys-
tem X̃ we have

δ̃cij(0) = 0

and, for t ≥ 0,

E
[
δ̃cij(t+ 1)

]
= E

[
δ̃cij(t) + ñcij(t+ 1)

]

= E
[
δ̃cij(t)

]
+ E

[
ñcij(t+ 1)

]
. (11)

Given that ñci (t) = η is known and since each particle in
a vertex moves independently, the number of particles that
successfully reaches vj at time t+ 1 is

ñcij(t+ 1) =

η∑

k=1

Iij(pk, t+ 1) ,

where pk is a particle that belongs to class c and is in vi.
Then, the expected value E

[
ñcij(t+ 1)

]
is

∞∑

η=0

E
[
ñcij(t+ 1)

∣∣ñci (t) = η
]

Pr[ñci (t) = η]

=
∞∑

η=0

Pr[ñci (t) = η] ·
η∑

k=1

E[Iij(pk, t+ 1)]

=
∞∑

η=0

Pr[ñci (t) = η] ·
η∑

k=1

Pr[Iij(pk, t+ 1) = 1]

=

∞∑

η=0

ηPr[ñci (t) = η] · Pr
[
Icij(t) = 1

]
.

Finally,

E
[
ñcij(t+ 1)

]
= E[ñci (t)] Pr

[
Icij(t) = 1

]
(12)

for all t ≥ 0, c = {1, . . . , C}, and i, j ∈ {1, . . . , |V|}.
4) Expected number of particles: We know the number of

particles at the beginning of system X̃(t), so

E[ñci (0)] = ñci (0)

and, for all t ≥ 0, the expected value E[ñci (t+ 1)] is

E[ñci (t)] +
∑

j

(
E
[
ñcji(t+ 1)

]
− E

[
ñcij(t+ 1)

])

+ E[g̃ci (t+ 1)]− E[ãci (t+ 1)] .

However, the expected number of particles that were ab-
sorbed in vi is the expected number of particles in vi minus

the expected number of particles that survived when moving
away. Thus, E[ñci (t+ 1)] can be written as

E[ñci (t)] +
∑

j

(
E
[
ñcji(t+ 1)

]
− E

[
ñcij(t+ 1)

])

+ E[g̃ci (t+ 1)]−


E[ñci (t)]−

∑

j

E
[
ñcij(t+ 1)

]

 .

And, finally

E[ñci (t+ 1)] =
∑

j

E
[
ñcji(t+ 1)

]
+ E[g̃ci (t+ 1)] , (13)

for all t ≥ 0, c = {1, . . . , C}, and i ∈ {1, . . . , |V|}.
5) Scale invariance: The unfolding Gc(t) from system X

is invariant under real positive multiplication of the row vector
nc(0). In order to prove this property, consider the following
lemma.

Lemma 1. System X has positive multiplicative scaling
behavior of order 1. Given an arbitrary initial state X0 of
the system X , it means that

X(t) = Xt | X(0) = X0

⇐⇒ X(t) = κXt | X(0) = κX0 (14)

for all t > 0 and κ > 0.

Proof of Lemma 1: First, we show that the functions P c

are invariant to parameter scaling. Given an arbitrary system
state X(t) = Xt and κ > 0,

pcij(κXt) = pcij(Xt)

=





0 if vj ∈ L and yj 6= c ,
aij

deg vi

(
1− λσcij(Xt)

)
otherwise,

since the term σcij can be either

σcij(κXt) = 1−
κncij(t;Xt) + κncji(t;Xt)∑C
q=1 κn

q
ij(t;Xt) + κnqji(t;Xt)

= 1−
ncij(t;Xt) + ncji(t;Xt)∑C
q=1 n

q
ij(t;Xt) + nqji(t;Xt)

= σcij(Xt)

or

σcij(κXt) = σcij(Xt) = 1− 1

C
.

Now, consider two arbitrary initial states,

X0 =





nci (0) = ηi

ncij(0) = 0

δcij(0) = 0

and κX0 =





nci (0) = κηi

ncij(0) = 0

δcij(0) = 0

,

for all i, j, c. We have that,

ncij(1;κX0) = ncij(0;κX0)pcij(κX0)

= κncij(0;X0)pcij(X0) = κncij(1;X0) ,
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nci (1;κX0) =
∑

j

ncji(1;κX0) + gci (κX0)

= κ
∑

j

ncji(1;X0) + 0 = κnci (1;X0),

and

δcij(1;κX0) = δcij(0;κX0) + ncij(1;κX0) =

0 + κncij(1;X0) = κδcij(1;X0)

Thus, Relation (14) holds true for t = 1.
Assuming that Relation (14) holds true for some time t, we

show that the relation holds true for t+ 1:

ncij(t+ 1;κX0) = ncij(t;κX0)pcij(κXt)

= κncij(t;X0)pcij(Xt) = κncij(t+ 1;X0)

nci (t+ 1;κX0) =
∑

j

ncji(t+ 1;κX0) + gci (κXt)

= κ
∑

j

ncji(t+ 1;X0) + κgci (Xt) = κnci (t+ 1;X0)

since

gci (κXt) = ρci max{0, κ1 · nc(0;X0)− κ1 · nc(t;Xt)} ,

and

δcij(t+ 1;κX0) = δcij(t;κX0) + ncij(t+ 1;κX0)

= κδcij(t;X0) + κncij(t+ 1;X0) = κδcij(t+ 1;X0)

So Relation (14) indeed holds true for t+ 1.
Since both the basis and the inductive step have been

performed, by mathematical induction, the lemma is proved
for all t ≥ 0 natural.

Finally, using these studies, we may prove the theorem.
Proof of Theorem 1: By Equations (11)–(13), we have




E[ñci (t+ 1)] =
∑

j

E
[
ñcji(t+ 1)

]
+ E[g̃ci (t+ 1)] ,

E
[
ñcij(t+ 1)

]
= E[ñci (t)] Pr

[
Icij(t) = 1

]
,

E
[
δ̃cij(t+ 1)

]
= E

[
δ̃cij(t)

]
+ E

[
ñcij(t+ 1)

]
,

which is system X assuming that Inequalities (9) and (10)
tend to equality when there is a large number of particles and
κñci (0) = nci (0), for any k > 0 constant (scale invariance
property).

Remark 1. Even if the convergence of Inequalities (9)
and (10) are not true, another property that possibly makes
the two systems equivalent is the compensation over time.
At the beginning, both systems are equal; however, in the
next iteration both absorption probability (9) and generated
particles (10) are underestimated. Consequently, particles that
have survived may compensate the ones that were not gener-
ated. Furthermore, the lower the number of absorbed particles
in an iteration, the higher the absorption probability in the
next iteration. Likewise, the lower the number of generated
particles in an iteration, the higher is the expected number of
new particles in the next iteration.

III. SEMI-SUPERVISED LEARNING BY LABELED
COMPONENT UNFOLDING

Unfoldings generated by LCU system are incorpored in a
semi-supervised learning model. Consider two sets Xlabeled =
{x1, . . . , xl} and Xunlabeled = {xl+1, . . . , xl+u} such that xi ∈
RD for all i. Each data point xi ∈ Xlabeled is associated to a
label yi ∈ {1, . . . , C}. In the semi-supervised learning setting,
our goal is to correctly assign existing labels to the unlabeled
data Xunlabeled.

In short, the proposed learning model has three steps:
a) a network is constructed based on a dataset composed of
feature vectors, where vertices represent data points, and edges
represent similarity relationship; b) LCU system is applied to
obtain the unfoldings, that is, a distinct set of edges for each
class of the dataset; and c) infer labels for every data point in
Xunlabeled.

Next, each step of the proposed learning model is presented
in detail. Further to the model’s algorithm description, its
computational complexity analysis is also presented.

Since the proposed dynamical system takes place on a
complex network, the original dataset needs to be represented
in a network structure. Therefore, the first step of our learning
model is to obtain a network representation. Each data point
is associated to a single vertex of the network. Moreover,
the network must be sparse, undirected, and unweighted.
Labeled vertices correspond to the set of points in Xlabeled,
and unlabeled vertices to the set of points in Xunlabeled. Two
vertices are connected by an edge if they have a relationship
of similarity, which is determined by some metric or by
the particular problem. Any graph construction method that
satisfies such conditions may be used in this step. The k-
Nearest Neighbor (k-NN) graph construction method is one
of them.

The second step is to run system X defined by Equation (5)
using the constructed complex network as its input. Two
conditions are satisfied on the system initialization. First, no
class should be privileged. Second, during the first iterations,
all particles should be able to flow within the network with a
small probability of absorption. Thus, the initial conditions of
the system, for all i, j, and c ∈ {1, . . . , C}, are

nci (0) =
deg vi
2 |E| ,

ncij(0) = 0 ,

δcij(0) = 0 .

(15)

Since there are always particles in the system, the iteration
of system X should be stopped if the time limit has been
reached. The time limit parameter τ controls the maximum
number of iterations of the system.

At the last step, the networks Gc(τ) are used for vertex
classification. We assign a label yj ∈ {1, . . . , C} for each
unlabeled vertex vj ∈ U , with the information provided by
the networks Gc. Label yj is assigned based on the density of
edges in its neighborhood. Formally, the label for vj is

yj = arg max
c∈{1,...,C}

|E(Nc,j)| , (16)
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Algorithm 1 Semi-supervised Learning by LCU.
1: function CLASSIFIER(Xlabeled, Xunlabeled, λ, τ )
2: G← BUILDNETWORK(Xlabeled, Xunlabeled)
3: subnetworks ← UNFOLD(G, λ, τ )
4: return CLASSIFY(Xunlabeled, subnetworks)
5: end function

Algorithm 2 Labeled Component Unfolding system.
1: function UNFOLD(G, λ, τ )
2: for c ∈ {1, . . . , C} do
3: nc ← n0(G, c) . Equation (15)
4: N c ← N0(G, c)
5: ∆c ← ∆0(G, c)
6: end for
7: for t ∈ {1, . . . , τ} do
8: for c ∈ {1, . . . , C} do
9: P c ← P (G, N1, . . . , NC , λ) . Equation (6)

10: gc ← g(G, nc, t) . Equation (8)
11: N c ← diagnc × P c
12: nc ← nc × P c + gc

13: ∆c ← ∆c +N c

14: end for
15: end for
16: return SUBNETWORKS(G, ∆c) . Equation (2)
17: end function

where Nc,j is the neighborhood of vj in the unfolding Gc(τ).
We denote the number of edges in this neighborhood as
|E(Nc,j)|.

A. Algorithm

Algorithm 1 summarizes the steps of our learning model.
The algorithm accepts the labeled dataset Xlabeled, the unla-
beled dataset Xunlabeled, and 2 user-defined parameters—the
competition (λ) parameter of the system X and the time limit
parameter (τ ). Moreover, it is necessary to choose a network
formation technique.

The first step of the learning model is mapping the original
vector-formed data to a network using a chosen network
formation technique. Afterward, we unfold the network as
described in Algorithm 2. This algorithm iterates the LCU
system to produce one subnetwork for each class. Steps 2–6
initialize the system state as indicated in Equation (15). Steps
7–15 iterate the system until τ using the evolution function φ
(5). Step 16 calculates and returns the unfoldings for each
class. Back to Algorithm 1, by using the produced unfoldings,
the unlabeled data are classified as described in Equation (16).

B. Computational Complexity and Running Time

Here, we provide the computational complexity analysis
step by step.

The construction of the complex network from the input
dataset depends on the chosen method. Since |V| = |Xlabeled|+
|Xunlabeled| is the number of data samples. The k-NN method,
for example, has complexity order of O(D |V| log |V|) using
multidimensional binary search tree [21].

TABLE I
TIME COMPLEXITY OF COMMON GRAPH-BASED TECHNIQUES

DISREGARDING THE GRAPH CONSTRUCTION STEP

Algorithm Time Complexity

Transductive SVM [7] C |V|3
Local and Global Consistency [22] |V|3
Large Scale Transductive SVM [23] C |V|2
Dynamic Label Propagation [24] |V|2
Label Propagation [25] |V|2
Original Particle Competition [17] C2 |V|+ C |E|
Labeled Component Unfolding C |V|+ C |E|
Minimum Tree Cut [26] |V|

The second step is running system X defined by Equa-
tion (5). Using sparse matrices, the system initializa-
tion, steps 2–6 of Algorithm 2, has complexity order of
O(C |V|+ C |E|). The system iteration calculates τC times
the evolution function φ (5) represented in steps 8–14. The
time complexity of each part of the system evolution is
presented below.

• Step 9, computation of the matrix P c. This matrix has |E|
non-zero entries. It is necessary to calculate σcij for each
non-zero entry. Hence, this step has complexity order of
O(C |E|). However, the denominator of Equation (7) is
the same for all values of c.

• Step 10, computation of the vector gc. This vector has |L|
non-zero entries. It is also necessary to calculate the total
number of particles in the system. So, this calculation has
time complexity order of O(|L|+ |V|).

• Step 11, computation of the matrix N c. The multiplica-
tion between a diagonal matrix and a sparse matrix with
|E| non-zero entries has time complexity order of O(|E|).

• Step 12, computation of the vector nc. Suppose that 〈k〉 is
the average vertex degree of the input network; it follows
that this can be performed in O(|V| 〈k〉) = O(|E|).

• Step 13, computation of the matrix ∆c. This sparse matrix
summation has complexity order of O(|E|).

After the system evolution, the unfolding process performs
O(C |E|) operations. Thus, the total time complexity order of
the system simulation is O(τC |E|+ τC |V|). However, the
value of τ is fixed and the value of C is usually very small.

The vertex labeling step is the last step of the learning
model. The time complexity of this step depends on the
calculation of the number of edges in the neighborhood
of each unlabeled vertex in each unfolding. It can be effi-
ciently calculated by using one step of a breadth-first search
in Gc. Hence, the order of the average-time complexity is
O
(
C |U| 〈k〉2

)
≈ O(C |E|).

In summary, considering the discussion above, our learning
model runs in O(D |V| log |V|+ C |E|+ C |V|) including the
transformation from vector-based dataset to a network. Ta-
ble I compares the time complexity of common graph-based
techniques disregarding the graph construction step. Only the
proposed LCU method and Minimum Tree Cut [26] have
linear time, though the latter must either receive or construct
a spanning tree. Consequently, the Minimum Tree Cut has
a performance similar to the scalable version of traditional
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(a)

(b)

Fig. 2. Running time in seconds of iterations of the system in random
networks. (a) The input networks have 400 000 edges and many different
numbers of vertices. (b) 2 000 vertices and many different numbers of edges.

algorithms, such as those using subsampling practices.
Figure 2 depicts the running time of a single iteration

of the system varying the number of vertices and edges,
respectively. With 10 independent runs, we measure the time
for 30 iterations, totalizing 300 samples for each network
size. We set λ = 1, two classes, and 5% of labeled vertices.
Experiments were run on an Intel R© CoreTM i7 CPU 860 @
2.80GHz with 16 GB RAM memory DDR3 @ 1333 MHz.
This experiment shows that the system runs in linear time as a
function of the number of vertices and edges, which conforms
our theoretical analysis.

IV. COMPUTER SIMULATIONS

To study the stochastic system X̃ and the deterministic
version X , we present experimental analyses that concern
their equivalence. Additionally, we study the meaning of the
parameters of our learning model. After that, we evaluate the
model performance using both artificial and synthetic datasets.
Then, we show the unfolding process and the learning model
on synthetic data. Finally, we present the simulation results
for a well-known benchmark dataset and for a real application
on human activity and handwritten digits recognition.

A. Experimental Analysis

In this section, we present an experiment that assesses the
equivalence between the unfolding results of both systems with
an increasing initial number of particles in system X̃ .

The networks used for the analysis are generated by the
following model: a complex network G(y,m, p) is constructed
given a labeled vector y, a number m > 0 of edges by vertex,
and a weight p ∈ [0, 1] that controls the preferential attachment
between vertices of different classes. The resulting network
contains |y| vertices. For each vi, m edges are randomly
connected, with replacement. If yi = yj , the preferential

Fig. 3. Proportionality simulation. Lines are the correlation measure between
the cumulative domination matrices of systems X and X̃ , varying the initial
number of active particles. Values close to 1 indicate that the cumulative
domination matrices of both systems tend to be proportional.

attachment weight is 1 − p; otherwise, the weight is p. The
parameter p is proportional to the overlap between classes.

If there exists a positive constant κ such that

δ̃cij(t) = κδcij(t),

both systems generate the same unfoldings. To assess this
proportionality, both systems are simulated in 10 different
networks G(y, 3, 0.05), with |y| = 200 vertices arranged
in two classes. The system’s parameter is discretized in
λ = {0, 0.5, 1}. Varying the total number of initial particles,
we set ñci (0) = nci (0) ∼ deg vi for all c ∈ {0, . . . , C} and
i ∈ {1, . . . , |V|}.

We consider the correlation between the cumulative domi-
nation matrices of systems X and X̃ . If the two matrices are
proportional, then they must be correlated. Values of correla-
tion close to 1 indicate the cumulative domination matrices
are proportional. In Figure 3, the correlation is depicted.
As the number of initial particles increases, the correlation
approaches 1. This result suggests that both systems generate
the same unfolding when the number of initial particles grows
to infinity.

B. Parameter Analysis

The LCU model has two parameters apart from the network
construction. In this section, we discuss their meaning. To do
so, the learning model is applied in synthetic datasets whose
data items are sampled from a three dimensional knot torus
v(θ) with parametric curve

x(θ) = r(θ) cos 3θ,

y(θ) = r(θ) sin 3θ,

z(θ) = − sin 4θ,

where θ ∈ [0, 2π] and r(θ) = 2 + cos 4θ.
We sampled 500 data items uniformly along the possible

values of θ. We randomly split the data items from 2 to 10
classes so that the samples with adjacent θ belongs to the same
class. We also added to each sample a random noise in each
dimension with distribution N (0, σ) with σ = 0.25 and 0.35.
Figure 4 depicts an example of the dataset with 4 classes with
and without noise. Since the dataset has a complex form, a
small change of parameter value may generate different results.
Therefore, it is suitable to study the sensitivity of parameters.

We run the LCU model with parameters λ ∈
{0.25, 0.5, 0.75, 1} and τ = 500. Finally, 30 unbiased sets
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Fig. 4. Three dimensional knot torus dataset with 500 samples without noise
(left-hand side) and with noise (right-hand side). Colors are the classes.

Fig. 5. Average error of the proposed model for different numbers of classes
in the problem. Colors and shapes indicate the values of parameter λ.

of 40 labeled points are employed. The k-NN is used for the
network construction with k = {4, 5, . . . , 10}.

Below, we discuss each parameter of the model.

1) Discussion about the network construction parameter:
In our model, the input network must be simple (between any
pair of vertices there must exist at most one edge), unweighted,
undirected, and connected. Besides these requirements, two
vertices must be connected if their data items are considered
similar enough to the particular problem. In our experiments,
we use k-NN graph with Euclidean distance since it is proved
to approximate the low-dimensional manifold of point set [27].
The smaller the value of k, the better are the results.

2) Discussion about the system parameter: The LCU sys-
tem has only one parameter: the competition parameter λ.
This parameter defines the intensity of competition between
particles. When λ = 0, particles randomly walk the network,
without competition. As λ approaches to 1, particles are more
likely to compete and, consequently, to be absorbed. Figure 5
depicts the average error of our method with different values
of λ. Based on the figure, our model is not sensitive to λ. In
general, we suggest setting λ = 1 because of better and more
consistent classification than other values.

3) Discussion about the system iteration stopping parame-
ter: The time limit parameter τ controls when the simulation
should stop; it must be at least as large as the diameter of the
network. That way, it is guaranteed every edge to be visited
by a particle. Since the network diameter is usually a small
value, the simulation stops in few iterations.

(a)

(b)

Fig. 6. Unfoldings generated by the proposed system at time t = 100 on
Highleyman dataset. Edges are colored according to the dominating class at
the time. Light gray edges stand for edges presented in the original network
but not in the unfolding. (a) Vertex position is imposed by the original data
points and blue squares represent vertices connected in both unfoldings. (b)
Vertex position is not imposed by the original data points and color of the
vertices are the result of the classification.

C. Simulations on Artificial Datasets

For better understanding the details of the LCU system, in
this subsection we illustrate it using two synthetic datasets.
Each dataset has a different class distribution—banana shape
and Highleyman. (The datasets are generated using the
PRTools framework [28].) The banana shape dataset is uni-
formly distributed along specific shape, and then superimposed
on a normal distribution with the standard deviation of 1 along
the axes. In Highleyman distribution, two classes are defined
by bivariate normal distributions with different parameters.
Because the datasets are not in a network representation, we
use k-NN graph construction method to transform them into
respective network form. In the constructed network, a vertex
represents a datum, and it connects to its k nearest neighbors,
determined by the Euclidean distance. We set λ = 1 for the
simulation.

Firstly, the technique is tested on the Highleyman dataset.
Each class has 300 samples, of which 6 are labeled. (We set
k = 10 for the k-NN algorithm.) We can observe that the
labeled data points of the green class form a barrier to samples
of the red class. The unfoldings Gred(100) and Ggreen(100) are
presented in Figure 6a. In this figure, blue squares represent
vertices that are connected by edges of both unfoldings.
Besides of the labeled data of green class forming a barrier, the
constructed subnetworks are still connected—there is a single
component connecting all the vertices of the subnetwork. It
is better visualized in Figure 6b. In this figure, the same
unfoldings are presented, but the positions of the vertices
are not imposed by the original data. Furthermore, colors
of vertices in the figure indicate the result of classification.
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(a) (b)

(c) (d)

Fig. 7. System evolution on a banana-shaped distribution dataset. Red and
green colors represent the two classes. Unlabeled points are black ones;
labeled vertices are represented by larger and colored points. Edges are colored
according to the dominating class at current iteration, where a light gray point
stands for a vertex, which is not dominated yet. (a) The network representation
of the dataset at the beginning of the system. (b) and (c) System iteration at
time 4 and 20, respectively. (d) The result of the dataset classification.

The overlapping data can be identified by the vertices that
belong to two or more unfoldings. This result reveals that
the competition system in edges provide more information
than the competition in vertices since it can identify the
overlapping vertices as part of the system, that is, without
special treatments or modifications.

The last synthetic dataset has 600 samples equally split
into two classes. In Figure 7a, the initial state of the system
is illustrated, where the dataset is represented by a network.
(The network representation is obtained by setting k = 4 for
the k-NN–graph construction.) At this stage, the edges are
not dominated by any of the classes. Starting from this state,
labeled vertices (sources) generate particles that carry the label
of the sources. Though the particles are not shown, Figures 7b
and 7c are snapshots of the system evolution—at time 4 and
20—where each edge is colored by its dominating class at that
iteration. In these illustrations, a solid red line stands for an
edge (i, j) that δred

ij +δred
ji > δgreen

ij +δgreen
ji , while a dashed green

line stands for the opposite. When δred
ij + δred

ji = δgreen
ij + δgreen

ji ,
an edge is drawn in a solid light gray line. As expected, edges
close to sources are dominated initially, and farther edges are
progressively dominated. At time 20, Figure 7c, every edge
has been dominated, and the edge domination does not change
anymore. Figure 7d shows dataset classification following the
system result. In this example, with 1% of points in the labeled
set, the technique can correctly identify the pattern formed by
each class. Both results are satisfactory, reinforcing the ability
of the technique of learning arbitrary class distributions.

TABLE II
TEST ERRORS (%) WITH STANDARD DEVIATION AND THE BEST

PARAMETERS

10 labeled k λ 100 labeled k λ

g241c 42.90 ± 4.33 10 0.25 30.03 ± 2.18 10 0.875
g241n 46.94 ± 3.93 9 0 36.08 ± 6.32 9 0
Digit1 4.93 ± 2.63 5 0.75 1.51 ± 0.31 6 0.625
USPS 15.65 ± 3.81 3 1 8.36 ± 2.92 3 1
COIL 59.96 ± 6.13 3 0.625 13.73 ± 2.91 3 0
BCI 47.56 ± 1.80 9 1 34.68 ± 2.26 3 0.25
Text 29.71 ± 3.53 9 0.875 22.41 ± 1.74 10 0.75

TABLE III
TEST ERRORS (%) WITH 10 LABELED TRAINING POINTS

g241c g241d Digit1 USPS COIL BCI Text Avg. Rank

1-NN 47.88 46.72 13.65 16.66 63.36 49.00 38.12 9.3
SVM 47.32 46.66 30.60 20.03 68.86 49.85 45.37 13.0
MVU + 1-NN 47.15 45.56 14.42 23.34 62.62 47.95 45.32 9.3
LEM + 1-NN 44.05 43.22 23.47 19.82 65.91 48.74 39.44 9.1
QC + CMR 39.96 46.55 9.80 13.61 59.63 50.36 40.79 6.9
Discrete Reg. 49.59 49.05 12.64 16.07 63.38 49.51 40.37 10.4
TSVM 24.71 50.08 17.77 25.20 67.50 49.15 31.21 10.0
Cluster–Kernel 48.28 42.05 18.73 19.41 67.32 48.31 42.72 10.1
LDS 28.85 50.63 15.63 17.57 61.90 49.27 27.15 8.0
Laplacian RLS 43.85 45.68 5.44 18.99 54.54 48.97 33.68 5.9
LGC 45.82 44.09 9.89 9.03 63.45 47.09 46.83 6.9
LP 42.61 41.93 11.31 14.83 55.82 46.37 49.53 5.1
LNP 47.82 46.24 8.58 17.87 55.50 47.65 41.06 7.1
Original Particle Competition 41.17 43.51 8.10 15.69 54.18 48.00 34.84 4.0
Labeled Component Unfolding 42.90 46.94 4.93 15.65 59.96 47.56 29.71 4.9

TABLE IV
TEST ERRORS (%) WITH 100 LABELED TRAINING POINTS

g241c g241d Digit1 USPS COIL BCI Text Avg. Rank

1-NN 43.93 42.45 3.89 5.81 17.35 48.67 30.11 11.4
SVM 23.11 24.64 5.53 9.75 22.93 34.31 26.45 8.1
MVU + 1-NN 43.01 38.20 2.83 6.50 28.71 47.89 32.83 10.6
LEM + 1-NN 40.28 37.49 6.12 7.64 23.27 44.83 30.77 10.9
QC + CMR 22.05 28.20 3.15 6.36 10.03 46.22 25.71 6.6
Discrete Reg. 43.65 41.65 2.77 4.68 9.61 47.67 24.00 7.1
TSVM 18.46 22.42 6.15 9.77 25.80 33.25 24.52 7.7
Cluster-Kernel 13.49 4.95 3.79 9.68 21.99 35.17 34.28 7.4
LDS 18.04 23.74 3.46 4.96 13.72 43.97 23.15 5.4
Laplacian RLS 24.36 26.46 2.92 4.68 11.92 31.36 23.57 4.4
LGC 41.64 40.08 2.72 3.68 45.55 43.50 56.83 9.3
LP 30.39 29.22 3.05 6.98 11.14 42.69 40.79 8.3
LNP 44.13 38.30 3.27 17.22 11.01 46.22 38.45 11.4
Original Particle Competition 21.41 25.85 3.11 4.82 10.94 41.57 27.92 5.3
Labeled Component Unfolding 30.03 36.08 1.51 8.36 13.73 34.68 22.41 6.0

D. Simulations on Benchmark Datasets

We compare our model with 14 semi-supervised techniques
tested on Chapelle’s benchmark [1]. The benchmark is formed
by seven datasets that have 1500 data points, except for BCI
that has 400 points. The datasets are described in [1].

For each dataset, 24 distinct, unbiased sets (splits) of labeled
points are provided within the benchmark. Half of the splits are
formed by 10 labeled points and the other half by 100 labeled
points. The author of the benchmark ensured that each split
contains at least one data point of each class. The result is the
average test error—the proportion of data points incorrectly
labeled—over the splits. We compare our results to the ones
obtained by the following techniques: 1-Nearest Neighbors (1-
NN), Support Vector Machines (SVM), Maximum variance
unfolding (MVU + 1-NN), Laplacian eigenmaps (LEM + 1-
NN), Quadratic criterion and class mass regularization (QC
+ CMR), Discrete regularization (Discrete reg.), Transductive
support vector machines (TSVM), Cluster kernels (Cluster-
Kernel), Low-density separation (LDS), Laplacian regularized
least squares (Laplacian RLS), Local and global consistency
(LGC), Label propagation (LP), Linear neighborhood propa-
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gation (LNP), and Network-Based Stochastic Semisupervised
Learning (Vertex Domination), The simulation results are
collected from [1], except for LGC, LP, LNP, and Original
Particle Competition that are found in [17].

For the simulation of the LCU system, we discretize the
interval of the parameter in λ = {0, 0.125, . . . , 1}. Also, we
vary the k-NN parameter k ∈ {1, 2, . . . , 10}. We tested every
combination of k and λ. Moreover, we fix τ = 1000. In
Table II, we present the results with the standard deviation
over the splits along with the best combination of parameters
that generated the best accuracy result.

The test error comparison for 10 labeled points are shown in
Table III; comparison for 100 labeled points are in Table IV.
Apart from each dataset, the last column is the average
performance rank of a technique over the datasets. A ranking
arranges the methods under comparison by test error rate in
ascending order. For a single dataset, we assign rank 1 for
the method with the lowest average test error on that dataset,
then rank 2 for the method with the second lowest test error,
and so on. The average ranking is the average value of the
rankings of the method on all the datasets. The smaller the
ranking score, the better the method has performed.

From the average rank column, the LCU technique is not
the best ranked, but it is in the best group of techniques in
both 10 labeled and 100 labeled cases.

We statistically compare the results presented in Tables III
and IV. For all tests we set a significance level of 5%. First,
we use a test based on the average rank of each method
to evaluate the null hypothesis that all the techniques are
equivalent. With the Friedman test [29], there is statistically
significant difference between the rank of the techniques

Since the Friedman test result reports statistical significance,
we use the Wilcoxon signed-rank test [29]. In this pairwise
difference test, we test for the null hypothesis that the first
technique has greater or equal error results than the second.
If rejected at a 5% significance level, then we say the first
technique is superior to the second. By analyzing results for
10 and 100 labeled points together, we conclude that our
technique is superior to 1-NN, LEM + 1-NN, and MVU + 1-
NN. Examining separately, for 10 labeled points, our method
is also superior to discrete regularization, cluster kernel, and
SVM. For 100 labeled points, it is also superior to LNP and
LGC; whereas Laplacian RLS is superior to ours.

E. Simulations on Human Activity Dataset

The Human Activity Recognition Using Smartphones [30]
dataset comprises of 10299 data samples. Each sample
matches 561 features extracted from motion sensors attached
to a person during a time window. Each person performed
six activities which are target labels in the dataset—walking
(WK), walking upstairs (WU), walking downstairs (WD),
sitting (ST), standing (SD), and laying down (LD).

We use k-NN with k = 7 for the dataset network represen-
tation once it is the smallest value that generates a connected
network. The parameters are fixed in λ = 1 and τ = 1000. We
compare our results with the ones published in [30], splitting
the problem into six binary classification tasks.

Table V summarises the results. For our technique, we
provide the precision, recall and F Score using 5%, 10%, and
20% of labeled samples. We average the results of 10 inde-
pendent labeled set for each configuration. We also provide
the original results from [30] using SVM with approximately
70% of labeled samples. Our technique performs as well as
SVM using far fewer labeled samples and using the suggested
parameter set. Such a feature is quite attractive because it may
represent a big saving in money or efforts when involving
manually data labeling in semi-supervised learning.

F. Simulations on MNIST Dataset

The MNIST dataset comprises 70,000 examples of hand-
written digits. All digits have been size-normalized and cen-
tered in a fixed-size image. In a supervised learning setting,
this dataset is split into two sets: 60,000 examples for training
and 10,000 for testing.

To adapt the dataset to a semi-supervised learning problem,
we use a setting similar to [23], [31]: the labeled input data
items are selected from the training set, and the unlabeled ones
from the test set. Although we do not use a validation set, [23]
and [31] use an additional set of at least 1,000 labeled samples
for parameter tuning.

The network representation is obtained from the images
without preprocessing. We use the Euclidean distance between
items and k = 3 to construct the k-NN network. Similarly to
the previous experiment, the value of k is the smallest value
that generates a connected network. The parameters are fixed
in λ = 0.9 and τ = 500.

Table VI compares the error rate of our method to other
semi-supervised techniques. To the best of our knowledge,
we could not find many papers with experiments under the
same semi-supervised settings for the MNIST dataset. Due
to such available results in the literature, we sought to carry
our experiments with the input as similar as possible to the
compared results. However, a single sampling with as less as
1,000 labeled samples out of a set of 60,000 images most
probably results in a biased accuracy result, we opt to average
results from 15 labeled sets for each parameter setting.

Our model performs well even without preprocessing and
validation set. This result indicates that besides the simplicity
of the constructed network, our learning system can obtain
enough knowledge from data.

V. CONCLUSION

We have presented a transductive semi-supervised learn-
ing technique based on a vertex-edge dynamical system on
complex networks. First, the input data is mapped into a
network. Then, the proposed Labeled Component Unfolding
(LCU) system runs on this network. At this stage, particles
compete for edges in the network. When a particle passes
through an edge, it increases its class dominance over the edge
while decreasing other classes’ dominance. Three dynamics—
walking, absorption and production—provide a biologically
inspired scenario of competition and cooperation. Then, labels
are assigned according to the dominant class over the edges.
As a result, the system unfolds the original network by
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TABLE V
PERFORMANCE COMPARISON IN THE HUMAN ACTIVITY RECOGNITION USING SMARTPHONES DATASET

Labeled Component Unfolding SVM
5% labeled 10% labeled 20% labeled ≈70% labeled [30]

Precision Recall F Score Precision Recall F Score Precision Recall F Score Precision Recall F Score

WK .984 ± .013 .941 ± .030 .962 ± .016 .992 ± .004 .985 ± .011 .989 ± .006 .994 ± .002 .997 ± .001 .995 ± .001 .957 .992 .974
WU .981 ± .009 .935 ± .026 .957 ± .015 .988 ± .008 .961 ± .013 .974 ± .008 .991 ± .003 .981 ± .006 .986 ± .004 .980 .958 .969
WD .987 ± .017 .901 ± .016 .942 ± .011 .994 ± .008 .918 ± .011 .955 ± .007 .998 ± .001 .945 ± .008 .971 ± .004 .988 .976 .982
ST .864 ± .034 .698 ± .049 .770 ± .022 .883 ± .015 .743 ± .039 .806 ± .020 .905 ± .014 .814 ± .015 .857 ± .006 .969 .880 .922
SD .840 ± .024 .842 ± .053 .839 ± .017 .870 ± .023 .844 ± .022 .856 ± .006 .896 ± .013 .872 ± .021 .884 ± .009 .901 .974 .936
LD .996 ± .002 .999 ± .000 .998 ± .001 .997 ± .001 .999 ± .000 .998 ± .000 .997 ± .001 .999 ± .000 .998 ± .000 1.000 1.000 1.000

TABLE VI
TEST ERRORS (%) IN THE MNIST DATASET

Method 100 labeled 1000 labeled

LCU 10.62± 1.91 6.31± 0.46
TSVM* [23] 16.81 5.65

Embed NN* [31] 16.86 8.52
Embed CNN* [31] 7.75 3.82

* The comparison is biased since the results from [23],
[31] rely on a single and unique labeled set. See text for
more details.

grouping edges dominated by the same class. Finally, we
employ the unfoldings to classify unlabeled data. Furthermore,
rigorous studies have been done on the novel LCU system.

The deterministic system implementation brings advantages
over its stochastic counterpart. The time complexity of the
deterministic one does not depend on the number of particles,
so we are benefited from better results when considering
a continuously varying number of initial particles. Besides,
the LCU system allows a stable transductive semi-supervised
learning technique with a subquadratic order of complexity.
Computer simulations show the proposed technique achieves
a good classification accuracy and it is suitable for situations
where a small number of labeled samples are available.
Another interesting feature of the proposed model is that it
directly provides the overlapping information of each vertex
or a subset of vertices.

As future works, we would like to investigate the mathe-
matical property of the LCU system on directed or weighted
networks. Besides of this, it is interesting to improve the
runtime further via network sampling methods or estimation
methods. In this way, the model will be suitable to be applied
to process large enough datasets or streaming data. Another
interesting research is to treat the labels on edges instead of
nodes in a semi-supervised learning environment.
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Abstract

We study how effectively edge-centric dynamics solve semi-supervised
learning tasks. The Edge Domination System is an algorithm to reveal
patterns and obtain information of the underlying complex network.
The algorithm consists of the simulation of a collective dynamical
system based on particle competition for the dominance of edges. In
this paper, we propose a vertex-centric version of this model and as-
sess the differences between the edge-centric model. The edge-centric
system offers better features in semi-supervised learning tasks, such
as greater exploration behavior and faster convergence.

©2016-2018 L&H Scientific Publishing, LLC. All rights reserved.

(Accepted version.)

1 Introduction

We study emergent collective behavior in dynamical systems and how it can benefit an algorithm in data
learning tasks. The study of systems with the emergence of collective dynamics has led to algorithms
based on the behavior of birds, bees, ants, bacterial colony, and many other forms of intelligence. In
these biological situations, the driving factor of interactions ultimately aims at the individuals’ survival,
which manifests in the behavior of cooperation, competition, or a compound of them. Such behaviors
often inspire machinery for solutions in optimization and learning problems and are increasingly found
in the literature [1–3].

We introduced in [4] the Edge Domination System (EDS), an algorithm that deterministically
obtains information of the underlying complex network by exploring patterns revealed by the collec-
tive dynamics of particle competition. The algorithm models particles that randomly walk a complex
network, represented by a graph, in which teams of particles dominate the edges they visited more
frequently than their rivals. Afterward, the algorithm promotes an unfolding : it breaks the network
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Email address: filipeneto@usp.br
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down in subnetworks induced by the edges and their dominant label. The unfolded networks allow
the algorithm to draw final conclusions regarding the labels of the vertices, which is the result of the
learning task.

Unlike similar approaches with particle competition [5], the edges are the resource the particles
compete for instead of the vertices. Since this approach is rather new, the advantages of edge compe-
tition are still unclear and need to be explored. We presented an initial assessment in [6], and in this
paper, we will further study the differences between the two resources of competition. We will model
a comparable algorithm of particles competing for vertices, and we will compare it with EDS, whose
particles compete for edges.

We conclude that the edge-centric dynamics is preferred over the vertex-centric, since it acquires
more information and converges faster at the same computational cost.

The remaining of this paper is organized as follows. Section 2 reviews the original EDS and in-
troduces an artificial network model to represent learning problems. The effectiveness of a simplified
version of EDS and its vertex-based counterpart are compared in Section 3. The convergence of the clas-
sification results in both systems is studied in Section 4. Section 5 compares the systems in benchmark
datasets according to convergence and classification error. Finally, Section 6 concludes the paper.

2 Study framework

In this section, we review the original Edge Domination System and propose an artificial network model.
We use this network model to represent the learning scenarios with controllable difficulty, in which we
compare EDS and its vertex-based counterpart.

2.1 Review of Edge Domination System

The Edge Domination System [4] models a process in a complex network in which teams of particles
compete to dominate the largest number of edges. The interaction network is represented by a graph
G = (V ,E ) that is simple, unweighted, and undirected. The set of vertices V = L ∪U splits vertices
in l labeled vertices, L = {v1, . . . ,vl}, and u unlabeled vertices, U = {vl+1, . . . ,vl+u}, with a total of
|V |= l +u vertices, where we suppose few labeled vertices, l� u. The problem contains C > 1 possible
labels, and each vi from the labeled set L has the label yi ∈ {1, . . . ,C}. The set of edges E ⊆ V ×V
contains an edge (i, j) if vi and vj are connected. The network is also represented by the adjacency
matrix A = (aij) where aij = aji = 1 if the edge (i, j) exists.

One team of particles exists for each possible label, totalizing C teams of particles and vertices.
All the particles randomly walk from vertex to vertex, one vertex at a time. When any particle passes
through an edge, the edge counts the visit for the particle’s team. An edge registers two values for
a team: the number of visits solely from the current time, and the cumulative number of visits since
the beginning. At any moment, the team that dominates an edge is determined by the team with the
highest number of visits. The system models no cooperation between teams, and any two particles or
vertices are rival if they belong to different teams. Particles are always bonded to the same team, but
the size of the teams vary because particles can be removed from the system, or new particles can be
generated by the labeled vertices. These rules are described below as three actions, which combine to
model the evolution rule of the system.

Walking. A particle is always in a vertex and chooses a connected vertex to move at each time,
with equal probability between the neighbors of the current vertex.

Absorption. The transitory team domination is the number of visits in an edge by teams that
occurred at the last time. In the next movement, the transitory team domination determines the success
rate of particles moving to their next vertices, or to fail and being removed from the system—the higher
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the presence of a team, the easier particles from the same team pass through the edge. Additionally,
all the labeled vertices thwart every rival particle trying to reach them, automatically removing those
particles from the system—this action characterizes such vertices as sinks.

Generation. Besides being sinks, the labeled vertices are also sources for new particles. A source
vertex generates particles for its team according to the neighborhood size and the size of the population.
This rule maintains the size of the population close to its initial size.

Every edge has transitory and cumulative values of team domination, which assist an algorithm
solving machine learning problems. An approach considers only the team that dominates each edge,
grouping the edges by the team that dominates. The algorithm unfolds the interaction network in
subnetworks by group: the unfolding of team c at time t is the subnetwork containing all the edges
dominated by team c at time t. Over the evolution of the competition process, the network’s unfoldings
change less and less until they converge to stable subnetworks that are afterward analyzed to the
machine learning task.

In [4], we proposed a system that describes the expected evolution of the particles over time. This
system models deterministic evolution rules, and it is denoted as

X(t) =




nc(t) =
[
nc

i (t)
]

i=1,...,|V |

Nc(t) =
(
nc

ij(t)
)

i, j=1,...,|V |

∆c(t) =
(
δ c

ij(t)
)

i, j=1,...,|V |




c=1,...,C

, (1)

where nc(t) is a row vector whose elements nc
i (t) describe the population of particles from team c in

each vertex vi at time t. Stored in sparse matrices, the elements nc
ij(t) ∈ Nc(t) and δ c

ij(t) ∈ ∆c(t) are the
transitory directed domination and the cumulative domination, in that order. At time t, nc

ij(t) is the
portion of particles from team c that moved from vi to v j, while δ c

ij(t) is the accumulated portion of
visits since the beginning.

The system X is a nonlinear Markovian dynamical system with the deterministic evolution function

φ :





nc(t + 1) = nc(t)×Pc(X(t))+ gc(X(t))

Nc(t + 1) = diagnc(t)×Pc(X(t))

∆c(t + 1) = ∆c(t)+ Nc(t + 1)

, (2)

where diagv is a square matrix with the elements of vector v on the main diagonal and × stands for
the vector–matrix product.

The function Pc(X(t)) of the system X at time t is a square matrix whose elements are

pc
ij(X(t)) =





0 if vj ∈L and yj 6= c ,
aij

degvi

(
1−λσ c

ij(X(t))
)

otherwise,
(3)

where

σ c
ij(X(t)) =





1−
nc

ij(t)+ nc
ji(t)

∑C
q=1 nq

ij(t)+ nq
ji(t)

if ∑C
q=1 nq

ij(t)+ nq
ji(t) > 0,

1− 1
C

otherwise.

(4)

Given that we know the initial state X(0) of the system, the function gc(X(t)) of the system X at
time t returns a row vector where the i -th element is

gc
i (X(t)) = ρc

i max{0, 1 ·nc(0)−1 ·nc(t)} , (5)
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Fig. 1 Example of network G(60,6,0.8,1). Vertices are colored according with their label and positioned according
with their associated point in the space.

where 1 is a row vector whose elements are 1, ‘·’ is the inner product between vectors, and

ρc
i =





degvi

∑vj∈G c degvj
if vi ∈ G c,

0 otherwise.

(6)

Using the cumulative domination, we group edges by team domination. For each team c, the subset
of edges E c(t)⊆ E contains the edges dominated by the team c,

E c(t) =

{
(i, j)

∣∣∣∣argmax
q

(
δ q

ij (t)+ δ q
ji (t)

)
= c
}

. (7)

We define the subnetwork
Gc(t) = (V ,E c(t)) (8)

as the unfolding of network G obtained with the edges of team c at time t.
The initial state of the system X is determined by an arbitrary population size nc

i (0) of initial active
particles and {

nc
ij(0) = 0 ,

δ c
ij(0) = 0 .

(9)

2.2 Artificial network model

To study the EDS in semi-supervised learning tasks, we introduce a model of a random network with
labeled vertices. The network model specifies a binary classification task with controllable overlap
between vertices with different labels.

The undirected random network G(n,k,q,b), as shown in Fig. 1, contains n vertices of which half
of them are labeled as positive. The other half is labeled as negative. Each vertex vi is associated with
a point xi in a bi-dimensional space. Let yi ∈ {+,−} be the label of vertex vi, the points xi such that
yi = − is uniformly distributed in the interval

[
0,b−1

]
× [0,b], and the points xj such that yj = + is in

the interval
[
(2−q)b−1,(3−q)b−1

]
× [0,b]. The two vertices vi and vj are connected if xi is within the

k -neighborhood of xj, according to the Euclidean metric, or vice-versa.
The parameter q ∈ [0,2] controls the overlapping area between the surfaces from which the points

are sampled. If q < 1, the surfaces do not overlap, and the inter-label region of the resulting network is
less dense than the intra-label. If q = 1, the density of the resulting graph is uniform along the graph.
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If q > 1, an overlapping region exists with a high density of edges. In the extreme q = 2, points with
different labels are sampled from the same surface. The parameter b > 0 controls the size of the border,
which increases the number of vertices that may have at least one connection with vertices with the
other label.

The networks G(n,k,q,b) are, thus, spatial networks with controllable border and overlap between
vertices with different labels. The border size is b and the overlapping area is max(0,q−1).

3 Effectiveness in different levels of difficulty

We look for differences and similarities between the edge-based competition system and the vertex-based
competition system. Since no study of the differences has been carried out before, we first simplify the
previously proposed model.

We slightly modify the original EDS under certain assumptions that should not impair the perfor-
mance in machine learning problems, and compare both models in the synthetic networks that provide
controllable learning scenarios (see Section 2.2).

3.1 Removal of cumulative domination

We assume two properties: the system’s unfoldings always converge, and the initial population is bal-
anced between vertices with different labels.

The assumption of unfolding convergence. With this assumption, we remove the cumulative
domination from the model and modify the unfolding strategy to use the transitory domination. In the
original model, the cumulative domination determined the unfoldings of the network. But, we observed
that after few iterations the transitory domination becomes proportional to the cumulative domination,
which allowed us to simplify the unfolding process. In fact, if the matrices Nc(t) converge for all c,

lim
t→∞

argmax
c

(
δ c

ij(t)+ δ c
ji(t)

)
= lim

t→∞
argmax

c

(
nc

ij(t)+ nc
ji(t)
)

. (10)

The same limiting unfoldings can be obtained without the accumulated domination. The convergence
of the unfoldings are analytically and experimentally studied in Section 4.

Moreover, we have verified that the unfoldings are convergent in all simulations carried out in this
paper.

The assumption of equality of the initial population. In [4], the semi-supervised learning
method based on the EDS uses an initial population of particles distributed according to the de-
grees of the vertices, without considering the team distribution. Conversely, we adopt a less restrictive
assumption of the initial condition. We assume there is no preferred label, that is, given n0 > 0,

∑
i

nc
i (0) = n0, (11)

for all labels c.
With this assumption, and relying on the scale-invariant property of the system, we simplify the

particle generation term shown in Eq. (5). The scale-invariant property means that multiplying the
initial population of particles in every vertex by a positive constant will scale the population at any
time by the same factor. Because we need to know which team dominates and not the size of each
team, we may scale any initial population to be a discrete distribution of particles while maintaining
the same resulting unfoldings—we multiply the initial population of each vertex by n−1

0 . Since the sum
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of a distribution is always 1, the size of a team’s population is also 1 at the beginning.
Under such assumptions, we prove the size of every team never exceeds 1. The population limit

enables us to drop the max function in Eq. (5).

Theorem 1. Population limit. The population’s size ∑i nc
i (t) of each label c is smaller than or equal

to 1 if the initial population is ∑i nc
i (0) = 1.

Proof. We know that

nc
i (1) = ∑

j
nc

j (0)pc
ji(X(0))≤∑

j
nc

j (0)
aji

degvj

(
1−λ

C−1
C

)

and thus

∑
i

nc
i (1)≤

(
1−λ

C−1
C

)
∑

j
nc

j (0)∑
i

aji

degvj
≤∑

j
nc

j (0) = 1.

Now, we assume ∑i nc
i (t)≤ 1 for all c and t > 1, and prove the inequality for t + 1.

nc
i (t + 1) = ∑

j
nc

j (t)pc
ji(X(t))+ gc

i (X(t))≤

∑
j

nc
j (t)

aji

degvj

(
1−λσ c

ji(X(t))
)

+ ρc
i max{0, 1 ·nc(0)−1 ·nc(t)} ≤

∑
j

nc
j (t)

aji

degvj

(
1−λσ c

ji(X(t))
)

+ ρc
i max{0, 1−1 ·nc(t)} ≤

∑
j

nc
j (t)

aji

degvj

(
1−λσ c

ji(X(t))
)

+ ρc
i

(
1−∑

k
nc

k(t)

)
, (12)

and thus

∑
i

nc
i (t + 1)≤∑

i
∑

j
nc

j (t)
aji

degvj

(
1−λσ c

ji(X(t))
)

+

(
1−∑

k
nc

k(t)

)
∑

i
ρc

i ≤

∑
j

nc
j (t)∑

i

aji

degvj

(
1−λσ c

ji(X(t))
)

+ 1−∑
k

nc
k(t)≤∑

j
nc

j (t)+ 1−∑
k

nc
k(t)≤ 1. (13)

By mathematical induction, Theorem 1 is proved for all time t and team c.

3.1.1 Edge Domination System

From the assumptions, the simplified system based on edges is

X(t) =




nc(t) =
[
nc

i (t)
]

i=1,...,|V |

Nc(t) =
(
nc

ij(t)
)

i, j=1,...,|V |




c=1,...,C

, (14)

with the evolution

φ :

{
nc(t + 1) = nc(t)×Pc(X(t))+ gc(X(t))

Nc(t + 1) = diagnc(t)×Pc(X(t)) ,
(15)

such that Pc(X(t)) is Eq. (3) and gc(X(t)) is a row vector where the i -th element is

gc
i (X(t)) = ρc

i (1−1 ·nc(t)) . (16)
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The initial state is given by an arbitrary discrete distribution nc(0) and the zero matrix Nc(0).
The unfoldings are hereafter based on the transitory domination instead of the cumulative. Thus, the
unfoldings are Gc(t) = (V ,E c(t)) such that

E c(t) =

{
(i, j)

∣∣∣∣argmax
q

(
nq

ij(t)+ nq
ji(t)
)

= c
}

. (17)

3.1.2 Vertex Domination System

From system in Eq. (14), it is straightforward to shift the competition to the vertices. We eliminate
the states that track the transitory domination in the edges and rewrite σ , Eq. (4), in terms of the
transitory domination in the vertices. The Vertex Domination System (VDS) is

X(t) =
[
nc(t) =

[
nc

i (t)
]

i=1,...,|V |
]

c=1,...,C
, (18)

with the evolution function
nc(t + 1) = nc(t)×Pc(X(t))+ gc(X(t)) , (19)

where Pc(X(t)) is Eq. (3) with

σ c
ij(X(t)) =





1−
nc

j (t)

∑C
q=1 nq

j (t)
if ∑C

q=1 nq
j > 0,

1− 1
C

otherwise,

(20)

and gc(X(t)) is a row vector where the i-th element is Eq. (16).
The initial state of the system X is given by an arbitrary discrete distribution nc(0). The concept

of unfoldings is not defined in this system.

3.2 Experimental simulations

We formulate a simple example where Edge Domination System (EDS) and Vertex Domination Sys-
tem (VDS) behave differently. With this example, we reason the differences and the impact of such
differences on semi-supervised learning tasks. Afterward, we compare the effectiveness of both systems
in artificial data.

3.2.1 Toy example

In Fig. 2(a), the vertices can be either positive or negative, and we observe the label found for the
central vertex, which has no label previously defined. With this network, one shall expect the fraction
of positive particles in the central vertex to be the same for EDS and VDS. As it indeed happens
in Fig. 3(a), both systems end with the same fraction of particles in every vertex.

However, a slight modification the network of Fig. 2(a) indicates the models are not equivalent.
Consider an additional vertex in this dataset, as shown in Fig. 2(b). The addition barely changes
the network’s topology, but the two systems behave differently for the transitory domination in the
central vertex, as shown in Fig. 3(b). In the edge-centric system, the proportion of particles in the
central vertex alternates around half positive and half negative. In the vertex-centric system, the central
vertex is dominated by positive-labeled particles. This difference in such simple example motivates us
to investigate the advantages of the edge-centric model over the vertex-centric model.
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(a) (b)

Label

Negative

Positive

Undefined

Vertex type

Unlabeled

Labeled

Fig. 2 Two networks, with (a) 9 vertices and (b) 10 vertices, are the simplest case that shows the differences
between the results from the competition processes of Edge Domination System (EDS) and Vertex Domination
System (VDS). Vertices with the same label shape either a vertical or a horizontal pattern, and each vertex
connects to its nearest neighbor. The input is the network with four vertices labeled while the remaining is
unlabeled. The central vertex has no label for reference.
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Fig. 3 Comparison of the dynamics of Edge Domination System (EDS) and Vertex Domination System (VDS).
Each line is the fraction of positive particles in one vertex over time, for input networks with (a) 9 vertices and
(b) 10 vertices. The fraction of positive particles in central vertex, which has no label defined, differs between
the two systems.

3.2.2 Classification error

We compare the classification error of the systems for increasing levels of difficulty. The input networks
are realizations of the model introduced in Section 2.2. The error is obtained from 30 independently
sampled networks G(250,k,q,b) for each k ∈ {6,8, . . . ,12}, q ∈ {0.8,0.9, . . . ,1.4}, and b ∈ {1,2,3}. We
fixed λ = 1 and the fraction of initially labeled vertices at 10%.

We start both systems with the population size

nc
i (0) =

degvi

2 |E | (21)

independently of label c. To classify an unlabeled vertex vi, we adopt the original strategy in Verri,
Urio, and Zhao [4] for the EDS at time τ = 100, yi = argmaxc |E (N c

i (τ))| , where |E (N c
i (τ))| stands

for the number of edges in the neighborhood of vi in Gc(τ). In VDS, we just consider the dominating
label of the vertex at time τ = 100, that is, yi = argmaxc nc

i (τ) .
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Fig. 4 Classification error of Edge Domination System (EDS) and Vertex Domination System (VDS) for
different G(250,k,q,b) networks with 10% of vertices initially labeled.

As shown in Fig. 4, although systems have similar results, EDS slightly outperforms VDS in some
cases, especially when the overlapping area is large, b = 3 and q > 1. As q and b increase the problem
becomes harder, and the systems obtain higher error rates. VDS performs better without overlap,
q < 1, but deteriorates faster while EDS benefit most from the increasing number of edges.

The lower error rate of EDS in problems with large overlap supports the hypothesis that EDS
system obtains more information of the border than VDS. Next, we address this hypothesis.

3.2.3 Overlap prediction error

In [4], EDS shows the ability to recognize data items of different labels sharing the same attribute
space. We question whether VDS has this capacity as well. Similar to out approach in the toy example
in Section 3.2.1, we use the fraction of positive-labeled particles in each vertex to predict the fraction
of positive-labeled neighbors of each vertex.

Let Pi be the set of positive neighbors of the vertex vi, we use the root-mean-square error

RMSE

([
n+

i (τ = 100)

n+
i (τ = 100)+ n−i (τ = 100)

]

i
,

[ |Pi|
degvi

]

i

)
, i ∈ V \L (22)

to assess the effectiveness of the overlap prediction. The error is obtained from the same networks
G(250,k,q,b) and vertices initially labeled, similar to the experiment in Section 3.2.2.

Unlike the results of the classification error, EDS consistently outperforms VDS in all cases. Figure 5
summarizes the results, showing EDS retains more information than VDS. But, the classification
mechanism proposed in [4] fails at taking advantage of the extra information.

Moreover, a vertex tends to be totally dominated by either positive or negative particles in VDS.
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Fig. 5 Comparison of the root-mean-square error of the overlap prediction obtained from Edge Domination
System (EDS) and Vertex Domination System (VDS) in different networks G(250,k,q,b), with 10% of vertices
initially labeled.

To study this property, we define the entropy hi(t) of vertex vi at time t as

hi(t) =− ∑
c∈{+,−}

nc
i (t)

n+
i (t)+ n−i (t)

log2

(
nc

i (t)
n+

i (t)+ n−i (t)

)
. (23)

At one extreme, entropy hi(t) = 0 means the vertex vi has the same population of positive and negative
particles at time t. At another extreme, entropy hi(t) = 1 indicates that only one kind of particles is
present in vertex vi at time t.

The entropy of the vertices in the VDS are extremely low, as shown in Fig. 6. Conversely, the
larger is the overlapping area, the higher the entropy is in EDS. We believe this increasing behavior
corresponds to the detection of larger borders. A high entropy also suggests that particles propagate
farther, reaching larger regions dominated by rival particles. As a result, a greater exploration behavior
emerges, and particles are more likely to benefit from the network’s topology.

4 Convergence on classification tasks

In the previous experiments, we assessed the classification accuracy of each system in learning problems,
which is an important feature to determine the effectiveness in semi-supervised learning tasks. Besides
a good accuracy, another important aspect of effectiveness is the time required for an algorithm to
solve, because the time complexity order restricts the applicability of a learning algorithm.

Two aspects determine the time necessary for both systems solving a problem. First, both VDS and
EDS have linear time complexity regarding the number of vertices in the input network. Second, the
number of iterations required for the systems to reach the convergent state. In such case, the complexity
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Fig. 6 Mean vertex entropy in Edge Domination System (EDS) and Vertex Domination System (VDS) at time
τ = 100 for different networks G(250,k,q,b) (the same networks sampled for the previous experiment) with 10%
of vertices initially labeled.

order might be much higher if the convergence time is not sublinear regarding the input. We address
the convergence of classification result in both systems at the maximum competition setting (λ = 1).

4.1 Modeling with maximum competition

Both systems are further simplified fixing the competition parameter in λ = 1. Considering two labels,
+ and −, we rewrite both systems to contain a variable explicitly related to the classification output. We
restrict the initial conditions of both systems, eliminating the conditional terms in Eq. (3) and Eq. (4).
Two requirements over the network are also necessary: every vertex should be connected with at least
one unlabeled vertex, and two labeled vertices may be connected only if they share the same label.
Mathematically, 




∑
j |vj∈V \L

aij > 0, for all i ∈ {1, . . . , |V |}, and

aij = 0 if vi,vj ∈L and yi 6= yj.

(24)

4.1.1 Edge Domination System

In EDS, the classification result depends on the unfoldings, which are convergent if

lim
t→∞

argmax
q

(
nq

ij(t)+ nq
ji(t)
)

= c (25)

for c = + or c =−. To further simplify EDS, we replace the nonzero entries of the transitory domination
matrix Nc(t) by a set of variables sij(t) that represent the probability of a positive-labeled particle
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surviving at time t given it decided to move from vertex vi to vertex vj. Let

sij(t) =
n+

ij (t)+ n+
ji (t)

n+
ij (t)+ n+

ji (t)+ n−ij (t)+ n−ji (t)
(26)

and imposing the restrictions {
nc

i (0) = 0 if vi ∈L and yi 6= c,

nc
i (0) > 0 otherwise,

(27)

∑
i

nc
i (0) = 1, and

nc
ij(0) =





0 if vi ∈L and yi 6= c,

0 if vj ∈L and yj 6= c,

1 otherwise,

(28)

we rewrite the evolution function of EDS as

φ :





n+
i (t + 1) = ρ+

i

(
1−∑

j
n+

j (t)

)
+∑

j
n+

j (t)
aji

degvj
sji(t)

n−i (t + 1) = ρ−i

(
1−∑

j
n−j (t)

)
+∑

j
n−j (t)

aji

degvj
[1− sji(t)]

sij(t + 1) =

(
n+

i (t) aij
degvi

+ n+
j (t) aji

degvj

)
sij(t)

(
n+

i (t) aij
degvi

+ n+
j (t) aji

degvj

)
sij(t)+

(
n−i (t) aij

degvi
+ n−j (t) aji

degvj

)
[1− sij(t)]

, (29)

with the initial condition

sij(0) =





0 if vi ∈L and yi =−,

0 if vj ∈L and yj =−,

1 if vi ∈L and yi = +,

1 if vj ∈L and yj = +,

0.5 otherwise.

(30)

The unfoldings Gc(t) = (V ,E c(t)) are also rewritten in terms of sij, that is,

E +(t) =
{

(i, j)
∣∣sij(t)+ sji(t) > 1

}
, and E −(t) =

{
(i, j)

∣∣sij(t)+ sji(t) < 1
}

. (31)

To find out the equations for sij(t + 1), n+
ij (t + 1), and n−ij (t + 1), we first simplify Eq. (3) under the

previous assumptions.

Lemma 2. Assuming λ = 1, the network requirements in Eq. (24) and the initial conditions in Eqs. (27)
and (28),

pc
ij(X(t)) =

aij

degvi

nc
ij(t)+ nc

ji(t)

n+
ij (t)+ n+

ji (t)+ n−ij (t)+ n−ji (t)
,

for all time t and labels c ∈ {+,−} in EDS.

Proof. Let sinkc vi be a logical function that yields true if vi is a sink for particles of team c. We
observe the evolution of nc

i (t), nc
ji(t), and nc

ij(t), in vertices vi such that sinkc vi holds true. From Eqs. (27)
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and (28), nc
i (0) = nc

ij(0) = 0, for all j. For any t ≥ 0,

nc
i (t + 1) = ∑

j
nc

j (t)pc
ji(t)+ ρc

i

(
1−∑

j
nc

j (t)

)
= 0,

nc
ji(t + 1) = nc

j (t)pc
ji(t) = 0,

since pc
ji(t) = ρc

i = 0 if vi is a sink for particle of team c, see Eq. (3). Once nc
i (t) = 0 for any time t,

nc
ij(t + 1) = nc

i (t)pc
ij(t) = 0.

For the other vertices vi and vj, such that sinkc vi and sinkc vj holds false, we show that nc
i (t), nc

ji(t)> 0
by mathematical induction. Equations (27) and (28) guarantee these inequalities for t = 0. Assuming
they hold true for t, we extend to t + 1:

nc
i (t + 1) = ∑

j
nc

j (t)pc
ji(t)+ ρc

i

(
1−∑

j
nc

j (t)

)
≥∑

j
nc

j (t)pc
ji(t) = ∑

j
nc

j (t)
aji

degvj

(
1−σ c

ji(X(t))
)

=

∑
j |¬sinkc vj

nc
j (t)

aji

degvj

(
1−σ c

ji(X(t))
)
> 0,

nc
ji(t + 1) = nc

j (t)pc
ji(t) = nc

j (t)
aji

degvj

(
1−σ c

ji(X(t))
)
> 0,

since

σ c
ji(X(t)) = 1−

nc
ij(t)+ nc

ji(t)

n+
ij (t)+ n+

ji (t)+ n−ij (t)+ n−ji (t)
< 1,

for all i, j such that ¬sinkc vi and ¬sinkc vj, and every vertex has a non-labeled neighbor.
From these results, n+

ij (t)+n+
ji (t)+n−ij (t)+n−ji (t) > 0, as a vertex cannot be a source for both positive

and negative particles. Thus, we drop the conditional in Eq. (4),

pc
ij(X(t)) =





0 if sinkc vj,

aij

degvi

nc
ij(t)+ nc

ji(t)

n+
ij (t)+ n+

ji (t)+ n−ij (t)+ n−ji (t)
otherwise.

However, nc
ij(t)+ nc

ji(t) = 0 if sinkc vj, eliminating the need of the conditional.
From Lemma 2, it is straightforward derive the simplified system. Moreover, the restriction of two

rival sinks not being connected guarantees the coherence of the initial state.

4.1.2 Vertex Domination System

Analogously to the previous simplification, we introduce to VDS a set of variables si(t) that is the
probability of a positive-labeled particle surviving at time t given it decided to move to vertex vi

independently of its origin. Let

si(t) =
n+

i (t)
n+

i (t)+ n−i (t)
(32)

52 Chapter 3. Advantages of Edge-Centric Collective Dynamics in Machine Learning Tasks



14

and considering the restriction in Eq. (27), the VDS is rewritten as





n+
i (t + 1) = ρ+

i

(
1−∑

j
n+

j (t)

)
+ si(t)∑

j
n+

j (t)
aji

degvj

n−i (t + 1) = ρ−i

(
1−∑

j
n−j (t)

)
+[1− si(t)]∑

j
n−j (t)

aji

degvj

si(t + 1) =
si(t)∑ j n+

j (t) aji
degvj

si(t)∑ j n+
j (t) aji

degvj
+[1− si(t)]∑ j n−j (t) aji

degvj

, (33)

with the initial condition

si(0) =





0 if vi ∈L and yi =−,

1 if vi ∈L and yi = +,

0.5 otherwise.

(34)

The classification mechanism adopted in this paper for VDS becomes

yi =

{
+ if si(t) > 0.5,

− otherwise.
(35)

The proof is analogous to the simplification of EDS.

4.2 Analytical study

The introduced variables sij and si are directly related to the classification results of the EDS and VDS,
respectively. Their convergence implies the convergence of the classification results.

In EDS, we show that once an edge is completely dominated by particles of the same team, its
domination level will not change anymore. Let sij(t +1) = sij(t) = sij at some time t and some i, j. Thus,

sij =

(
n+

i (t) aij
degvi

+ n+
j (t) aji

degvj

)
sij

(
n+

i (t) aij
degvi

+ n+
j (t) aji

degvj

)
sij +

(
n−i (t) aij

degvi
+ n−j (t) aji

degvj

)
[1− sij]

(36)

implies that sij = 0 and sij = 1 are fixed points.
The same holds for the vertex dominance in VDS. Let si(t + 1) = si(t) = si for some time t and for

all i. Thus,

si =
si ∑ j n+

j (t) aji
degvj

si ∑ j n+
j (t) aji

degvj
+[1− si]∑ j n−j (t) aji

degvj

(37)

implies that si = 0 and si = 1 are fixed points.

4.3 Experimental simulations

Regarding the convergence speed, we experimentally compare the time the variables sij and si take
to converge. The convergence time is obtained from 30 independently sampled networks G(n,k,q,b)
for every n ∈ {50,100, . . . ,500}, k ∈ {6,7, . . . ,10}, q ∈ {0.8,1.2}, and b ∈ {1,2,3}. We set the fraction of
initially labeled vertices at 10%.
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Fig. 7 Convergence time of variables sij in Edge Domination System (EDS) and si in Vertex Domination
System (VDS) for increasing number of edges in networks G(n,k,q,b) with 10% of vertices initially labeled.

We start both systems with population size

nc
i (0) =

{
0 if vi ∈L and yi 6= c,
∣∣V \{vj|vj ∈L and yj 6= c}

∣∣−1
otherwise,

(38)

to comply with the simplification requirements.
Figure 7 depicts the convergence time by the number of edges in the network. The convergence time

differs significantly according to the overlap of the networks.
For q = 0.8, few vertices neighbor rival vertices, resulting in less competition between rival teams.

VDS benefits from the increasing number of edges and the variables si take fewer iterations to converge
than the variables sij of EDS. We speculate that all particles generated in a source reach all the vertices
of the same team faster because the networks’ diameters are decreased by the larger number of edges.

With larger overlapping areas, q = 1.2, more competition occurs due to a larger number of edges,
causing both systems to need more time before they converge. In this case, the classification results
from EDS converge faster than those of VDS, which reinforces the discussion in Section 3.2.2.

EDS also offers a much lower deviance for the time of convergence. The variance for VDS increases
significantly compared to EDS in some cases. Nevertheless, the convergence time in both systems is
sublinear for the number of edges in the network. Machine learning models can employ the convergent
results of these systems with subquadratic time complexity order.

5 Convergence time and classification error in benchmark datasets

We explored the existence of a trade-off between convergence time and classification error when compar-
ing both systems in well-known real and artificial datasets. The Chapelle’s benchmark [7] encompasses
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Fig. 8 Convergence time and classification accuracy error of vertex-based and edge-based domination system in
datasets of the Chapelle’s benchmark.

12 datasets, each one corresponding to a different situation or domain knowledge. We arbitrarily se-
lected 7 datasets with 1500 points and 2 classes. (Two exceptions, BCI has 400 points, and COIL has 6
classes.) For each dataset, we use 12 distinct sets of 100 labeled points. The networks are obtained from
the k-Nearest Neighbors graph method, whose hyperparameter k was picked following the best-found
in [4] for the same network construction method.

Figure 8 shows the results of this experiment considering the systems with maximum competition.
EDS takes longer to converge than VDS in two datasets, g241c and g241n, which is compensated by
smaller classification errors. Conversely, in USPS, an imbalanced dataset, and COIL, a six-class dataset,
EDS converges faster while obtaining a larger classification error. In the remanining datasets—BCI,
Digit1, and Text—EDS has faster convergence and lower classification error.

Since there is no conclusive evidence of a trade-off between convergence time and accuracy, we
hypothesize the two systems are indeed different, and they depend on different characteristics of the
network’s topology, which depends on the nature of the datasets. Such dependency shall be studied in
future investigations.

6 Conclusion

We studied the advantages of an edge-centric collective dynamics in semi-supervised learning tasks.
The previously proposed Edge Domination System (EDS) [4] is a particle competition system that can
be used to solve data classification tasks. We present a similar but vertex-based version of the system,
Vertex Domination System (VDS), and studied their differences.

We showed that the original system could be simplified without impairing its performance in learning
problems. The models offer similar performance in classification and the same time complexity order.
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However, EDS not only acquires more information about the overlapping area with mixed rival vertices,
but also has better exploration behavior; see Section 3.2.3. It has advantages regarding the running
time as well. The average convergence time of the classification results in EDS is lower than in VDS.
Moreover, while the standard deviation of running time is lower in EDS, in VDS it increases with the
number of edges; see Section 4.3.

EDS is already shown to achieve good classification accuracy in real applications [4]. With maximum
competition, it usually converges faster than VDS while maintaining the same accuracy—if not better–
in most of the cases; see Section 5. Thus, the evidence points towards favoring EDS over VDS.

In future works, we will propose a new classification mechanism for EDS that takes more advantage
over the produced unfoldings. We speculate that the newer classification mechanism will increase the
classification accuracy of EDS. We also intend to estimate the expected time of convergence analytically.
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which determines the feature–sample network whose vertices
represent samples and attributes. The limiting probabilities of
a random walk in the network estimate the pertinence levels.
The results are evaluated regarding both class discrimination
and classification accuracy. Computer simulations reveal that our
model performs well in positive-unlabeled learning, especially
with few labeled samples. Notably, the outcomes compare to
the results from supervised methods, which profit from most
data labeled. Additionally, the technique has linear time and
space complexity if the input dataset is already in a sparse
representation. The low computational cost of the construction
and update of the feature–sample network allows for extensions
of the technique to several learning problems, including online
learning and dimensionality reduction.
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I. INTRODUCTION

Several machine learning techniques can learn not only from
labeled data but also from unlabeled instances. Such models
belong to the semi-supervised learning paradigm [1]. Partially
labeled datasets are plentiful because more information is
generated in our world than we can label by hand.

Many semi-supervised techniques model the input data
either as graphs or as complex networks [2]–[5]. In both
cases, each vertex usually represents a data sample, and an
edge exists if its endpoints satisfy a predefined affinity rule.
In graph-based techniques, an optimization process propagates
the labels from labeled vertices to the unlabeled ones. In tech-
niques based on complex networks, the algorithm classifies

data by exploring topological and evolution properties of a
certain collective dynamics. These methods provide a flexible
and robust learning process.

A special scenario of semi-supervised classification com-
prises only few positive-labeled and many unlabeled samples;
this problem is called positive-unlabeled (PU) learning [6]–
[8]. The goal of PU learning tasks is either to build a classifier
that discriminates positive and negative samples or to label all
unlabeled input samples at once. Techniques that accomplish
the former are inductive; while the ones that achieve the
latter are transductive. Some graph-based techniques have been
proposed [9], [10], but no complex-network approach exists.

We introduce a transductive PU learning technique based
on complex networks with steps: a) The input dataset is
converted into a sparse binary representation. (We use the
terms feature and attribute interchangeably.) b) The binary
representation models a network in which a vertex represents
either a sample or an attribute. c) A random walk process is
performed over the network taking into account the labeled
samples; this process is a discrete Markov chain with states
associated with the network’s vertices. d) The positive-class
pertinence level of each unlabeled sample is calculated from
the limiting distribution of the Markov chain. e) Unlabeled
samples are classified using the positive-class pertinence and
with knowledge of the positive-class prior probability.

The model is evaluated regarding both class discrimination
and classification accuracy. To assess how well it discriminates
positive from negative samples, we introduce a measurement
of class discrimination and a fair baseline algorithm to com-
pare with. Concerning the classification accuracy, the results
are compared with state-of-the-art techniques.

The proposed scheme excels on PU learning problems.
Compared with PU classifiers, the technique surpasses other
methods if the prior probabilities are known. Compared with
supervised classifiers, the results are similar, even though those
classifiers profit from much more labeled samples available
during the training step. The research shows potential for a
broad range of applications.

The rest of this paper is organized as follows. Sections II
and III describe the proposed model and its computational
complexity. In Section IV, computer simulations illustrate the
learning process and assess its performance. Finally, Sec-
tions V and VI discuss and conclude this paper.
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II. MODEL DESCRIPTION

Let D = {~x1, . . . , ~xN} be the dataset where each data item
~xi is either a positive or a negative sample. Examples ~xi are
positive labeled for all i ∈ P , and the remaining samples
are unlabeled. The prior probability P+ of the positive class
is known. Our goal is to estimate a positive-class pertinence
level f(~xi) of each unlabeled data ~xi, i 6∈ P , and to classify
them using the priors.

In the next subsections, we explain the steps of our learning
algorithm to solve the stated problem.

A. Conversion to the Binary Sparse Representation

In our model, the input dataset must satisfy three require-
ments: each sample is a binary feature vector, an attribute with
value 1 indicates the presence of a characteristic of that data
instance, and the similarity of two samples depends on the
number of shared characteristics but not on mismatching and
absent features. Such requirements likely cause feature vectors
to be sparse.

Most of the datasets are easily converted to this repre-
sentation. We converted datasets composed of numerical and
categorical attributes as follows: a) Replace each categorical
feature x ∈ {X1, . . . , XK} of each sample by a binary feature
vector {bk}k=1,...,K such that bk = 1 ⇐⇒ x = Xk. The
sparsity of the new features is proportional to the number
of possible categorical values K. b) Discretize numerical at-
tributes disregarding the class information. The most common
approaches are by equal interval width and by equal frequency.
c) Convert the categorical features obtained from discretization
to vectors of binary features as well.

B. Construction of the Feature–Sample Network

We derive a complex network from the binary dataset. Let
B = {~x1, . . . , ~xN} be the set where each element ~xi is a
binary feature vector (xi1, . . . , xiM ) ∈ {0, 1}M . The Feature–
Sample Network G is the bipartite complex-network whose
edges associates samples and features of the dataset D. A
simple, unweighted, undirected graph (V, E) represents such
network. The vertex set V is {v1, . . . , vN , vN+1, . . . , vN+M}
and an edge exists between sample vi and feature vN+j if
xij = 1. The adjacency matrix A = (aij) of G has elements

aij =

{
xi,j−N if 1 ≤ i ≤ N and N < j ≤ N +M ,
0 otherwise.

(1)

We suppose that G has a single connected component. If it is
false in an experiment, we consider only the largest connected
component that contains all (or most) of the labeled samples.

C. Modeling of the Random Walk Process

The next step is to perform a random walk over the network.
This random process is a discrete Markov chain with transition
matrix P = (pij), such that pij is the probability of going
from vi to vj . We model P to guarantee the existence and
uniqueness of the limiting distribution of such Markov chain.

Since the G is connect, the process is a time-homogeneous
and irreducible Markov chain. An irreducible Markov chain

has a unique stationary distribution if and only if all states are
positive recurrent [11]. Since G is undirected and finite, all
states of a random walk over G are positive recurrent. Thus,
a unique stochastic vector ~π exists such that

~πP = ~π, (2)

if pij > 0 for all aij = 1.
We also want to reach the stationary distribution ~π from

any initial distribution. The limiting distribution of a random
walk is reached independently of the initial conditions if the
irreducible Markov chain is ergodic, that is, both aperiodic
and positive recurrent [11]. Since every state of a bipartite
graph has an even period, the limiting distribution of a random
walker in G may never reach the stationary distribution. To
achieve an ergodic Markov chain, we include non-zero entries
on the main diagonal of P .

Finally, the transition probabilities are

pij =
wijνj
λνi

, (3)

where W = (wij) such that

wij =

{
1 if i = j,
βiaij otherwise,

(4)

and ~ν = (ν1, . . . , νN+M ) is the eigenvector associated with
the leading eigenvalue λ of the matrix W . The scaling factor
βi is β > 1 if ~xi is a positive-labeled sample. Otherwise, the
scaling factor is 1.

D. Estimation of the Positive-class Pertinence Level

The transition matrix P describes a system with the desired
behavior: the limiting distribution ~π is reached independently
of the initial setting; the states associated with features relevant
to the positive class will have high stationary probabilities;
and the limiting probabilities related to positive samples are
expected to be greater than the ones associated with negative
samples.

We estimate the positive-class pertinence level f(~xi) = πi
for all i 6∈ P . The stochastic vector ~π = (πi) is a eigenvector
associated with the leading eigenvalue of the matrix PT .
Alternatively, it can be calculated by iterating the system
~π(t+ 1) = ~π(t)P with any initial configuration.

E. Classification of the unlabeled samples

We classify a unlabeled sample ~xi, i 6∈ P , as positive if its
pertinence level f(~xi) is greater than a certain threshold; which
satisfies the expected number positive samples according to the
prior probability P+

The predicted class c(~xi) of an unlabeled sample ~xi is

c(~xi) =

{
+1 if f(~xi) > f ordered

d(N−|P|)P+e
−1 otherwise,

(5)

where f ordered
n is the n-th greatest value of f(~xi) for all i 6∈ P .
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Figure 1. PCA projection of the Iris dataset, with samples of species Iris
setosa (left-hand plot) and Iris virginica (right-hand plot) as the positive class.

III. TIME AND SPACE COMPLEXITY

We analyze the computational complexity of our algorithm
regarding N and D, the number of samples and features.

The conversion of the input dataset into a sparse binary
representation takes O(DN log2N). The worst case scenario
happens when all D numerical attributes must be discretized.
Since the features along all samples would need to be sorted,
the average sorting time adds up to the time complexity.

The construction of the feature–sample network takes
O(DN), since it highly sparse, and the number of edges is
limited by DN .

Both modeling the process and searching the stationary
distribution take O(DN). The two depend on the choice of
the eigenvalue algorithm and the matrix representation. With
sparse matrices and iterative algorithms – for example, the
power iteration algorithm – the time and space requirement is
proportional to DN .

In summary, our method runs in O(DN) if the input dataset
is binary, and in O(DN log2N) otherwise. Since we only
store matrices with up to DN nonzero entries, our method
has space complexity O(DN).

IV. EXPERIMENTAL SIMULATIONS

In the following subsections, we provide computer simula-
tions to illustrate the learning process and assess its perfor-
mance in real-world datasets.

A. Illustrative Example

The UCI Iris dataset [12] comprises 50 samples for each
of three species of Iris flower—Iris setosa, Iris virginica, and
Iris versicolor. Each data item contains 4 numerical features
which stand for measurements of the width and length of the
sepals and petals in centimeters.

Similarities between samples of the three classes vary
considerably. Iris setosa samples are quite distinct from the
other two species. Iris virginica and Iris versicolor samples,
on the other hand, share more similarities between themselves.
Figure 1 clarify this property, showing the first two principal
components of the PCA projection. We consider two input
setups: a) Iris setosa as the positive class and only a single
positive sample labeled; and b) Iris virginica as the positive
class and two positive samples labeled. The labeled samples
are circled in Figure 1. For both scenarios, we describe our
learning process step by step.

Table I
FEATURES OF LABELED SAMPLES SHOWN IN FIGURE 1.

Class Sepal Length Sepal Width Petal Length Petal Width

setosa 5.0 3.4 1.5 0.2
virginica 7.7 2.8 6.7 2.0
virginica 6.2 3.4 5.4 2.3

Iris setosa Iris virginica

Figure 2. Feature–sample network for Iris dataset with samples of species
Iris setosa (left-hand side) and Iris virginica (right-hand side) as the positive
class. Circles are vertices associated with samples and squares with features.
Positive samples are highlighted in orange (light).

1) Binary Sparse Representation: We convert the dataset
into a sparse binary representation; independently of the
labeled samples. Numerical attributes are discretized in 3
intervals by frequency.

The discretized representation reduce the numerical detail
while holding sufficient information for the classification task.
Tables I and II compare both representations. The first line
represent Iris setosa samples, and the remaining represent
the Iris virginica samples. The discretization intervals are
below the features names in Table II. Although the discrete
representation loses information, the sophistication of the
learning process overcomes its simplification.

2) Feature–Sample Network: With the binary representa-
tion of data and Equation (1), we construct the feature–sample
network. Figure 2 illustrates two networks for the Iris dataset.
Circles are vertices of samples, and squares are vertices of
features. The left-hand network, in which Iris setosa is the
positive class, has positive samples in light orange, and the
labeled samples are bigger. The right-hand network, in which
Iris virginica is the positive class, has the same characteristics.

Uniform Initialization π : β = 1

0.002

0.004

0.006

0 10 20 30 0 10 20 30

t

π

Figure 3. Evolution of the probability distribution with two different initial
distribution. The process is modeled from Iris dataset with one labeled sample
of class Iris setosa and β = 6. Only values associated with unlabeled samples
are shown. Solid orange lines and dashed purple lines are associated with
positive and negative samples in that order.
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Table II
SPARSE BINARY REPRESENTATION OF THE SAMPLES IN TABLE I.

Sepal Length ∈ Sepal Width ∈ Petal Length ∈ Petal Width ∈
[4.3, 5.5) [5.5, 6.4) [6.4, 7.9] [2.0, 3.0) [3.0, 3.3) [3.3, 4.4] [1.0, 3.0) [3.0, 5.0) [5.0, 6.9] [0.1, 1.0) [1.0, 1.7) [1.7, 2.5]

1 0 0 0 0 1 1 0 0 1 0 0
0 0 1 1 0 0 0 0 1 0 0 1
0 1 0 0 0 1 0 0 1 0 0 1

18.5

48
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Figure 4. (Top) Limiting distribution of the process modeled from the Iris
dataset with two labeled sample of class Iris virginica for varying β. Only
values associated with unlabeled samples are shown. Solid orange lines and
dashed purple lines are associated with positive and negative samples in that
order. (Bottom) Accuracy for varying β, which the former is the number of
positive samples among the 50 samples with greatest scores.

3) Random Walk: With the network and Equation (3), we
compute the transition matrix P . For one labeled sample of
species Iris setosa, we find the stationary distribution ~π itera-
tively, with β = 6. Independently of the initial distribution, we
should obtain the same results. Figure 3 shows the evolution of
πi(t), i such that ~xi is unlabeled, for two initial distributions
~π(0): the uniform distribution, on the left-hand plot, and the
limiting distribution of a process P given that β = 1, that is,
ignoring the labeled sample.

The probability of a random walker be in a state of unla-
beled positive samples (solid orange lines) surpasses the same
on negative samples (dashed purple lines). This behavior holds
for both initial distributions and is guaranteed independently
of the initial configuration. Starting with the limiting distri-
bution ignoring the labeled sample, the limiting probabilities
associated with positive samples clearly increase over time.

We also study the learning process for the second scenario.
For β = 1, 1.5, . . . , 20, Figure 4 shows the limiting distribution
and the accuracy, which is the number of samples of class Iris
virginica among the 50 samples with greatest scores f(~x).
Differently from the former scenario, for small β the proba-
bility of a random walker be in a state associated with positive
samples (solid orange lines) is not consistently superior to
the same on negative samples (dashed purple line). However,
for β > 11, more than 40 out of 50 samples are from the
Iris virginica class. With β = 18.5, only two samples are

Table III
UCI DATASETS ALONG THE CLASS CHOSEN TO BE THE POSITIVE ONE. P+

IS THE PROPORTION OF SAMPLES IN THE INDICATED CLASS.

Dataset Positive class P+

Breast 2010 adi 0.21
Ecoli cp 0.43
Glass building windows non float processed 0.36
Iris setosa, versicolor, virginica 0.33

Wine two 0.40

misclassified.

B. Performance Comparison

We compare our model with a baseline semi-supervised
method. Such baseline method is based on the neighborhood
graph. Both approaches not only rely on the same assumptions
for the input dataset but also use the same classification
mechanism; providing a fair comparison of the positive-class
pertinence levels.

1) Learning from the Neighborhood Graph: The k-NN
graph of a dataset D = {~x1, . . . , ~xN} is a graph where each
vertex vi, associated with sample ~xi, connects with all vertices
vj such that ~xj is within the k-neighborhood of ~xi. We use
the asymmetric binary similarity—proportional to the number
of attributes that are present in both samples—to calculate the
neighborhoods.

The positive-class pertinence level fk-NN(~xi), for all i 6∈
P , is (minj∈P lij)

−1, where lij is the length of the shortest
path between vertices vi and vj in the k-NN graph. In other
words, the positive class pertinence of a sample is inversely
proportional to the shortest distance from the associated vertex
to any labeled vertex.

2) Benchmark Datasets: Five UCI datasets [12] are used to
compare our model with the k-NN method. In each dataset, the
largest class is the positive one. In the Iris dataset, however,
the classes are of the same size, and all three possible cases
were considered. Table III presents the datasets along with
the proportion P+ of positive samples; which we use as the
positive-class prior probability.

3) Separateness: The separateness evaluates how well a
model differentiates positive from negative samples. Given
the positive pertinence f(~xi) for all unlabeled samples ~xi, the
separateness is

1

N − |P|
∑

i 6∈P
f̃(~xi)δ(~xi) (6)

where f̃ is the pertinence level of unlabeled samples normal-
ized with standard score, and δ(~xi) is +1 if ~xi is positive or
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Table IV
SEPARATENESS OF THE METHODS ON THE UCI DATASETS. FOR EACH

SETTING, THE BEST PARAMETER COMBINATION IS SHOWN.

Dataset Our method (β, m) k-NN graph (k, m)

1% labeled
Breast 2010 0.60± 0.11 (10, 5) 0.53± 0.13 (20, 4)

Ecoli 0.60± 0.12 (50, 3) 0.56± 0.07 (15, 4)
Glass 0.12± 0.14 (50, 4) 0.15± 0.14 (15, 4)

Iris (setosa) 0.91± 0.01 (20, 3) 0.75± 0.05 (20, 5)
Iris (versicolor) 0.77± 0.04 (20, 3) 0.58± 0.08 (20, 3)
Iris (virginica) 0.65± 0.01 (35, 2) 0.53± 0.29 (20, 3)

Wine 0.61± 0.06 (5, 5) 0.40± 0.19 (7, 4)

10% labeled
Breast 2010 0.65± 0.04 (15, 5) 0.54± 0.09 (19, 4)

Ecoli 0.78± 0.02 (50, 3) 0.78± 0.04 (19, 4)
Glass 0.23± 0.08 (50, 3) 0.25± 0.07 (14, 4)

Iris (setosa) 0.91± 0.00 (5, 3) 0.81± 0.04 (20, 5)
Iris (versicolor) 0.81± 0.03 (50, 3) 0.68± 0.14 (15, 3)
Iris (virginica) 0.79± 0.03 (35, 3) 0.54± 0.13 (17, 3)

Wine 0.77± 0.04 (20, 3) 0.55± 0.15 (17, 4)

−1 otherwise. The standard score normalization subtracts all
pertinence levels f by the average value and divides by the
standard deviation.

The separateness is positive when the majority of positive-
labeled samples has score above the average. Negative values
or near zero indicate failure to distinguish between positive
and negative classes.

4) Discrimination Results: To evaluate our technique, the
binary representation was created with numerical attributes
discretized in m = 2, 3, 4, 5 intervals. The parameter k ranges
from 1 to 20, and the parameter β in {5, 10, . . . , 50}. The
number of initially labeled positive samples are 1% or 10%
of positive samples.

Our method separates better in seven out of eight settings.
The results are independent of the number of labeled samples,
which are listed in Table IV along with the k-NN’s results.
The table shows the mean separateness and the standard
deviation for 20 independent sets of labeled items, with the
parameters that yield the best performance. The proposed
technique present relative low standard deviation, implying the
model is less sensible to the choice of labeled samples.

5) Classification Results: Excellent accuracy is observed
in our method for few labeled samples and the naive clas-
sification mechanism. Using the predicted class c and the
same parameter settings, Table V shows the accuracies for the
UCI datasets. Surprisingly, the k-NN method obtained better
accuracy for the Ecoli dataset besides its worse separateness.
Our method’s results compare to those acquired by recently
proposed techniques that profit from more than twice of
labeled samples [13].

C. Document Classification

We also perform tests on the Reuters-21578 ApteMod
dataset. This dataset is a collection of 10,788 documents
from the Reuters financial newswire service. Each document
belongs to one or more of the 90 categories.

Table V
ACCURACY OF THE METHODS ON THE UCI DATASETS. FOR EACH

SETTING, THE BEST PARAMETER COMBINATION IS SHOWN.

Dataset Our method (β, m) k-NN graph (k, m)

1% labeled
Breast 2010 0.91± 0.07 (5, 5) 0.88± 0.05 (20, 4)

Ecoli 0.87± 0.02 (5, 3) 1.00± 0.00 (1, 2)
Glass 0.58± 0.07 (50, 2) 0.57± 0.08 (20, 4)

Iris (setosa) 1.00± 0.00 (10, 3) 1.00± 0.00 (1, 2)
Iris (versicolor) 0.90± 0.03 (40, 3) 0.80± 0.14 (16, 5)
Iris (virginica) 0.84± 0.15 (30, 3) 0.81± 0.18 (20, 3)

Wine 0.78± 0.03 (5, 5) 0.71± 0.11 (14, 3)

10% labeled
Breast 2010 0.95± 0.02 (15, 5) 0.86± 0.05 (12, 5)

Ecoli 0.91± 0.02 (10, 3) 1.00± 0.00 (1, 3)
Glass 0.64± 0.05 (50, 3) 0.66± 0.05 (13, 4)

Iris (setosa) 1.00± 0.00 (5, 3) 1.00± 0.00 (1, 2)
Iris (versicolor) 0.93± 0.02 (40, 3) 0.91± 0.03 (20, 4)
Iris (virginica) 0.95± 0.03 (20, 3) 0.76± 0.06 (14, 3)

Wine 0.91± 0.03 (35, 4) 0.79± 0.07 (18, 4)

Table VI
AVERAGE F-SCORE ON THE REUTERS DATASET WITH DIFFERENT CLASSES

AS POSITIVE. FOR EACH SETTING, THE BEST NUMBER OF SELECTED
FEATURES D IS SHOWN. COMPARATIVE RESULTS OBTAINED FROM [14].

Positive class Our method (D) EN D SNOB MC D TBSVM

Earn 0.431 (28) 0.573 0.575 0.536
Acq 0.347 (23) 0.445 0.495 0.431

Money-fx 0.243 (8) 0.188 0.215 0.174
Grain 0.228 (4) 0.190 0.233 0.166
Crude 0.290 (4) 0.191 0.226 0.172
Trade 0.213 (12) 0.180 0.195 0.162

Interest 0.249 (5) 0.135 0.152 0.133
Ship 0.274 (5) 0.116 0.143 0.105

Wheat 0.441 (3) 0.122 0.144 0.113
Corn 0.256 (2) 0.097 0.108 0.084

Average 0.267 (5) 0.224 0.249 0.208

Our method is compared with state-of-the-art algorithms
studied in [14]. All methods are adaptations of support vector
machines. For each of the top 10 most populated categories,
we derive a learning scenario where documents that belong
to that category are treated as positive. We label 20% of the
positive samples using a biased labeling process, which labels
highly correlated documents; refer to [14] for more details.

This learning setting represents real PU learning tasks
excellently. The biased labeling process reproduces the most
common scenario where the positive examples are labeled
based on search queries – for example, searches filtered by
keywords – rather than uniformly at random [14].

For each document, we tokenize the text in words and stem
each word, obtaining 21,173 different word stems. The binary
representation of the dataset is straightforward: each stem is
a feature, and a sample document has value 1 for a stem if
it occurs in the document. Since there are many features, we
pre-select only the D most frequent stems in the set of labeled
positive samples. For all experiments, we fix β = 105; which
has been found empirically for best results.

Table VI presents the classification results. Each value is
the average F-score from 5 independent labeled seeds; except

62 Chapter 4. Random Walk in Feature–Sample Networks for Semi-Supervised Classification



Earn Acq Money-fx Grain

Crude Trade Interest Ship

Wheat Corn Average

0.3

0.4

0.5

0.3

0.4

0.5

0.15

0.20

0.25

0.10
0.15
0.20
0.25

0.15
0.20
0.25
0.30

0.15

0.20

0.15
0.20
0.25

0.10
0.15
0.20
0.25
0.30

0.2
0.3
0.4
0.5

0.1

0.2

0.3

0.20
0.22
0.24
0.26
0.28

10 20 30 10 20 30 10 20 30 10 20 30

10 20 30 10 20 30 10 20 30 10 20 30

10 20 30 10 20 30 10 20 30

Number of selected features D

F
-s

co
re

Figure 5. Average F-score and 95% confidence interval obtained by our
method over the number of selected features D. The solid horizontal lines
indicate the results of the state-of-the-art technique SNOB MC Double [14].

for our method, where we consider 20 independent random
seeds. For each topic, we indicate the best number of selected
features D.

In Figure 5, one can observe the F-score average and the
95% confidence interval obtained for our method over the
number of selected features. The horizontal lines indicate the
state-of-the-art results.

Our model has the best results for almost all categories,
except for the two most frequent topics. In average, our tech-
nique also outperforms the other methods. Both the number
of selected features and the prior probabilities play a crucial
role in the process. In future works, we shall conduct studies
to estimate their optimal values.

V. DISCUSSION

The proposed model is simple to understand, to implement¸
and efficient to solve PU learning tasks with few or several
labeled samples. Moreover, if the input dataset comes in a
sparse representation, the computational complexity is linear.
Nonetheless, three limitations will be addressed in the future.

Separateness is unsuitable for imbalanced datasets because
it normalizes the class pertinence towards the average. A
measurement that normalizes towards an estimated prior prob-
abilities might provide better results.

The optimal β is nontrivial, and a lower bound estimative
that results in greater limiting probabilities for labeled samples
should be possible.

The classification step depends on the assumption of know-
ing the positive-class prior. Such information may not feature
in real datasets.

We can also extend our technique to several other learning
problems: a) An alternative method for multi-class datasets
can be obtained with competition dynamics instead of random
walking [5]. b) Since addition and removal of samples in the
feature–sample network and updates on the eigenvalues and

eigenvectors cost little resources, the method can be adapted
to deal with concept drift, outlier detection, classification on
data streams, and active learning. c) An analysis of the limiting
probabilities for the states associated with features would lead
to new techniques for feature selection and dimensionality
reduction.

VI. CONCLUSION

We presented a PU learning system for transductive clas-
sification. We map the input data into a sparse binary rep-
resentation and, afterward, into a complex network whose
vertices represent samples and attributes. From only positive-
labeled and unlabeled instances, we model a Markov Chain
that outputs positive-class pertinence levels for the unlabeled
samples. Knowing the priori probability of the positive class,
we classify the unlabeled samples.

The model is illustrated step by step and evaluated against
a baseline method and other techniques in literature. The
proposed scheme offers high performance on PU learning
problems, even with few labeled samples. However, two
main limitations can impair its use on real applications: the
estimation of the parameter β and the class priors.

Once we address these issues, we can further explore the
feature–sample network, generalize and extend the technique
to other learning problems.
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Abstract—Data and knowledge representation are fundamental
concepts in machine learning. The quality of the representation
impacts the performance of the learning model directly. Feature
learning transforms or enhances raw data to structures that are
effectively exploited by those models. In recent years, several
works have been using complex networks for data representation
and analysis. However, no feature learning method has been
proposed for such category of techniques. Here, we present an
unsupervised feature learning mechanism that works on datasets
with binary features. First, the dataset is mapped into a feature–
sample network. Then, a multi-objective optimization process
selects a set of new vertices to produce an enhanced version of
the network. The new features depend on a nonlinear function
of a combination of preexisting features. Effectively, the process
projects the input data into a higher-dimensional space. To solve
the optimization problem, we design two metaheuristics based on
the lexicographic genetic algorithm and the improved strength
Pareto evolutionary algorithm (SPEA2). We show that the en-
hanced network contains more information and can be exploited
to improve the performance of machine learning methods. The
advantages and disadvantages of each optimization strategy are
discussed.

Index Terms—Feature learning, multi-objective optimization,
complex networks, genetic algorithm

I. INTRODUCTION

A good representation of the encoded knowledge in a
machine learning model is fundamental to its success. Several
data structures have been used for this purpose, for instance,
matrices of weights, trees, and graphs [1], [2]. Sometimes,
learning models lack a data structure to store knowledge,
storing the input as is [3].

In recent years, several works have been using complex
networks for data representation and analysis [4]–[6]. Complex
networks are graphs with a nontrivial topology that represent
the interactions of a dynamical system [7]. Advances in the
science of complex systems bring several tools to understand
such systems.

In [8], we describe how to map a dataset with binary
features into a bipartite complex-network. Such network is
called feature–sample network. Using that representation, we
solve a semi-supervised learning task called positive-unlabeled
(PU) learning [9].

When dealing with machine learning problems, we often
need to pre-process the input data. Feature learning transforms
or enhances raw data to structures that are effectively exploited
by learning models. Autoencoders and manifold learning are
examples of feature learning methods [10].

In this paper, we propose a feature learning process to
add information in feature–sample networks. In summary, we
include to the network a limited number of new vertices based
on a non-linear function of the preexisting ones. The set of new
vertices is determined by a multi-objective objective problem,
in which the goal is to maximize the number of features while
maintaining some properties of the original data. Two multi-
objective approaches are designed: a lexicographic genetic
algorithm (LGA) and an implementation of the improved
strength Pareto evolutionary algorithm (SPEA2).

We show that enhanced feature–sample networks improve
the performance of learning methods in the major machine
learning paradigms: supervised and unsupervised learning. We
also expose the pros and cons of each optimization approach.

The rest of this paper is organized as follows. Sections II
and III describe how to enhance feature–sample networks as
an optimization problem. In Section IV, computer simulations
illustrate the optimization process and assess the performance
improvements in machine learning tasks. Finally, we conclude
this paper in Section V.

II. ENHANCED FEATURE–SAMPLE NETWORKS

In this section, we describe how we enhance a feature–
sample network by adding to the network a constrained
number of new features. Connections between the samples
and each new feature depend on a nonlinear function of
a combination of preexisting features. The chosen set of
new features is the result of an optimization process that
not only maximizes the number of new features but also
distributes them along the samples. This process is similar to
the projection of the associated data into a higher-dimensional
space preserving some important characteristics of the data.

In the following subsections, we first review the feature–
sample networks, then describe the creation of new features.
Moreover, we elaborate an optimization problem to enhance
feature–sample networks.

A. Feature–sample network review

Assume as input the dataset B = {~x1, . . . , ~xN} whose
members are binary feature vectors ~xi = [xi1, . . . , xiD] ∈
{0, 1}D. The feature vectors are sparse, that is, the number of
elements with value 1 is much lower than the dimension D.

The feature–sample network G is the bipartite complex-
network whose edges connect samples and features of
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the dataset B. A simple, unweighted, undirected graph
(V, E) represents such network. The vertex set V is
{v1, . . . , vN , vN+1, . . . , vN+D} and an edge exists between
sample vi and feature vN+j if xij = 1.

B. And-features definition

According to the Cover’s Theorem [3], given a not-densely
populated space of a classification problem, the chance of it
being linearly separable is increased as one cast it in a high-
dimensional space nonlinearly.

Since we assume the input feature–sample network is
sparse, we can synthesize features nonlinearly to exploit the
properties of this theorem. One way to produce new features is
using the and operator, which is a nonlinear Boolean function.

We call and-feature the feature v that links to all samples
connected to a given set of two or more preexisting features.

Given a feature–sample network G with N samples and
D features, we can produce an and-feature v for each com-
bination W of q features such that |W| ≥ 2 and W ⊆
{vN+1, . . . , vN+D}. We call q the order of the and-feature
v. Thus, the number of possible and-features is

D∑

q=2

(
D

q

)
=

D∑

q=2

D!

q! (D − q)! = 2D −D − 1.

In the rest of this paper, we index every possible and-feature
using the parameter ~a = [a1, . . . , aD] ∈ {0, 1}D such that∑

j aj ≥ 2. Each element aj indicates a feature in the network.
The feature vN+j is part of the combination if, and only if,
aj = 1. Thus, the set W is {vN+j | aj = 1}.

Using this notation, we say that the and-feature v(~a) con-
nects to each sample vi if, and only if, (¬a1 ∨ xi1) ∧ · · · ∧
(¬aD ∨ xiD) = 1 holds.

From this discussion, we realize that enumerating every
combination has exponential cost. Moreover, once the network
is sparse, we expect that many of the and-features have no
connections.

C. Optimization problem definition

The problem of enhancing the network can be viewed as a
optimization problem. Given an input feature–sample network
G with N samples and D features, we denote G(Y) the
enhanced network from the original G by adding every and-
feature v ∈ Y . The number of features of the enhanced
network, excluding the and-features that do not connect, is
given by D(Y). Thus, G = G(∅) and D = D(∅).

Let Mmax be the maximum number allowed of generated
features, we want to

minimize
Y

D(∅)−D(Y)

subject to D(Y)−D(∅) ≤Mmax.

The disadvantage of this approach is that the and-features
might not be well distributed. Thus, while some samples may
have few new feature, others may have many. To overcome this
limitation, we introduce the disproportion ∆(G,G′) ∈ [0,∞)
between the network G and its enhanced version G′.

The disproportion is zero if the number of new connections
in each sample is proportional to its initial sparsity. In this way,
while the sparsity of each sample might change, we keep the
same shape of the degree distribution of the samples.

Let ki be the degree of the sample vi, the disproportion
between two networks is

∆(G,G′) = sd

(
k1(G′)− k1(G)

k1(G)
, . . . ,

kN (G′)− kN (G)

kN (G)

)
,

where sd is the standard deviation of the arguments.
Using the disproportion in our optimization problem, the

goal is to

minimize
Y

D(∅)−D(Y), ∆
(
G(∅),G(Y)

)

subject to D(Y)−D(∅) ≤Mmax.

III. METHODS

In this section, we study the multi-objective problem stated
in the previous section and describe how we solve it.

A. Problem study

In Section II-B, we see that the number of possible and-
features scales exponentially in the number of features D. As a
consequence, storing every possible and-feature is not feasible.

Furthermore, the number of candidate solutions is also
exponential in the number of possible new features. Precisely,
there are at the most
2D−D−1∑

m=1

(
2D −D − 1

m

)
=

2D−D−1∑

m=1

(
2D −D − 1

)
!

m! (2D −D −m− 1)!

solutions Y to explore. We can not limit the size of the set Y
by Mmax since many and-features may have no connection.

The three common approaches for solving multi-objective
optimization problems are weighted-formula, lexicographic,
and Pareto [11]. The first strategy transforms the problem into
a single-objective one, usually by weighting each objective and
adding them up. The lexicographic approach assigns a priority
to each objective and then optimizes the objectives in that
order. Hence, when comparing two candidate solutions, the
highest-priority objective is compared and, if equivalent, the
second objective is compared. If the second objective is also
equivalent between the solutions, the third one is used, and so
on. Both the weighted-formula and the lexicographic strategies
return only one solution for the problem. The Pareto methods
use different mathematical tools to evaluate the candidate
solution, finding a set of non-dominated solutions. A solution
is said to be non-dominated if it is not worse than any other
solution concerning all the criteria [11].

Since it is not trivial the difference of scale between our
objective functions, we opted to use only a lexicographic and
a Pareto method.

We design two population-based optimization algorithms.
Specifically, we consider the use of two metaheuristics:
• a lexicographic genetic algorithm (GA); and
• the improved strength Pareto evolutionary algorithm

(SPEA2) [12].
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Although the methods are different, both approaches share
many properties – individual representation, population ini-
tialization, operators of mutation, recombination and selection
– which are explained in Section III-D. The main difference
between them is the fitness evaluation.

In the GA, the individuals are ordered lexicographically,
that is, ordered primarily by the first objective function and,
in case of tie, the second objective. SPEA2, however, consider
not only the Pareto front but also the density of the solutions.

B. Lexicographic genetic algorithm review

A GA has the following steps [13]:
1: X ← INITIALPOPULATION()
2: while STOPCONDITION() = false do
3: EVALUATE(X)
4: Xnext ← ELITISM(X)
5: while |Xnext| < |X| do
6: parents ← SELECT(X)
7: children ← RECOMBINE(parents)
8: MUTATE(children)
9: Xnext ← Xnext∪ children

10: end while
11: X ← Xnext
12: end while.

In words, a random population of candidate solutions is
generated as the first step. Then, while the stop condition
is not met, the next generation of individuals comprises the
best individuals of the previous generation and the individuals
originated by recombining and mutating parents selected from
the previous generation.

In the lexicographic approach, the only difference is during
the evaluation of the candidate solution [14], where the best
individuals are decided lexicographically.

In our specific problem, a solution Y1 is better than Y2 if
• D(Y1) > D(Y1); or
• D(Y1) = D(Y1) and ∆

(
G,G(Y1)

)
< ∆

(
G,G(Y1)

)
.

C. Improved Strength Pareto Evolutionary Algorithm review

SPEA2 works similarly to a GA. The major difference is
that it keeps an archive with the candidate solutions for the
Pareto set. If the number of non-dominated solutions is greater
than the limit of the archive, some solutions are discarded.
Such operation is called truncation. The truncation operator
tries to maintain the candidate solutions uniformly distributed
along the Pareto front [12].

As indicated by the authors, we select individuals by em-
ploying binary tournament. Also, let A be the archive size, we
fix the parameter k =

√
A in the truncation operator [12].

D. Metaheuristic design

The common implementation characteristics of our meta-
heuristic is exposed in the next items.

1) Individual representation: In our problem, each solution
is a set Y of zero or more and-features. If we enumerate
every possible and-feature, the solution can also be viewed
as a binary vector with entries 1 for the present and-features.

2) Population initialization: Given µ, σ > 0, we sample,
without replacement, bMc random and-features to compose
each candidate solution Y such that M ∼ N (µ, σ). And-
features are sampled so that the probability of having order
q ≥ 2 is

q − 1

q!
.

3) Recombination operator: We use the uniform crossover
operator with two parents generating two children. In Sec-
tion III-D6, we show how to implement it efficiently using
our set representation.

4) Selection operator: The binary tournament method is
chosen to select the parent that go to the recombination step.

5) Mutation operator: We formulated the following spe-
cific mutation operator to exploit the characteristics of our
problem.

Given a candidate solution Y , we apply η ∈ {0, 1, 2, . . . }
random changes in the individual. For each change, there is a
equal probability of either
• trying to add a new and-feature; or
• trying to remove an and-feature v ∈ Y; or
• trying to modify an and-feature v ∈ Y .
When trying to add a new feature, an and-feature v is

sampled and the solution is updated to Y ∪ {v}. Note that
the candidate solution Y may not change if the and-feature
was previously present.

If trying to remove a feature, each and-feature v ∈ Y
has probability (|Y|+ 1)

−1 of being selected. In this case,
the candidate solution is updated to Y \ {v}. Note that, with
probability (|Y|+ 1)

−1, the individual do not change.
Finally, in the last case, an and-feature v(~a) ∈ Y with order

q =
∑

j aj is selected uniformly to be modified. Once the
and-feature is selected, a modified and-feature v′(~a′) will be
produced. Two cases may happen: a) with chance 1

q , an index
j′ ∈ [1, D] is selected uniformly, and ~a′ is

{
a′j′ = 1

a′j = aj ∀j 6= j′;

b) with chance q−1
q , two indexes j′ ∈ {j | aj = 1} and j′′ ∈

[1, D] are chosen uniformly. The modified and-feature is




a′j′′ = aj′

a′j′ = aj′′

a′j = aj ∀j 6∈ {j′, j′′}
The first case will include one more term into the and-

feature if aj′ = 0. The second one swaps two elements of
~a and, effectively, takes effect when aj′′ = 0. The candidate
solutions is then updated to (Y \ {v}) ∪ {v′}. The size |Y| is
never increased, and the candidate solution will be preserved
if v = v′.

6) Performance considerations: Although, we can view
both solutions and and-features as binary vectors, the set
representation is more practical because of the high space-
complexity of the problem. Moreover, there is no need to store
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entries for and-features that lack connections. Instead of just
ignoring them, we exploit the evaluation step to determine
which and-features are useless and remove them from the set.

Also, using the set representation, the crossover of the
candidate solutions Yparent

1 and Yparent
2 can be implemented

efficiently with steps
1: Ychild

1 ,Ychild
2 ← Yparent

1 ∪ Yparent
2

2: for v ∈ Yparent
1 4Yparent

2 do
3: if SAMPLEUNIFORM(0, 1) < 0.5 then
4: Ychild

1 ← Ychild
1 ∪ {v}

5: else
6: Ychild

2 ← Ychild
2 ∪ {v}

7: end if
8: end for

where 4 stands for the symmetric difference operator.
Finally, to conform to the requirements in Section III-D2,

one can sample each candidate solution Y efficiently with steps
1: v ← SAMPLEANDFEATURE()
2: Y ← {v}
3: loop
4: v ← SAMPLEANDFEATURE()
5: Y ← Y ∪ {v}
6: if SAMPLEUNIFORM(0, 1) < 1− 1

|Y| then
7: break
8: end if
9: end loop

where and-features are sampled without replacement.

IV. EXPERIMENTAL RESULTS

In this section, we present applications of our feature
learning technique in the two major categories in machine
learning: supervised and unsupervised learning.

First, we illustrate the optimization process in the famous
Iris dataset. In this example, we also conduct community
detection in the original feature–sample network obtained from
the dataset and in the enhanced one.

Then, we observe the increase of the accuracy obtained
by the k-nearest neighbors [1] classifier in other four UCI
datasets.

A. Enhanced community detection and clustering

The UCI Iris dataset [15] contains 150 samples that describe
the sepals and petals of individual Iris flowers. The flowers
are either Iris setosa, Iris virginica, or Iris versicolor. In [8],
we construct a feature–sample network from this dataset by
discretizing the features.

Figure 1 shows the generated network. Each color represents
a different class. Circles represent samples and squares, fea-
tures. We use that same network as an input to both algorithms
– using SPEA2 and the lexicographic GA.

1) Evolution of the candidate solutions: We execute the
optimization process once for each strategy. We fix the popu-
lation in 1000 individuals. For SPEA2, the archive has size 100
and, for the lexicographic GA, we keep the 100 best solutions
over the generations. In the initial population, we use µ = 10

Figure 1. Feature–sample network for Iris dataset. Circles are vertices
associated with samples and squares with features. Colors represent the
classes.
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Figure 2. Evolution of the number of and-features and disproportion along
the generations of the SPEA2 algorithm with Iris dataset as the input network.
Solid lines are the average disproportion and number of and-features of the
non-dominated solution at a given generation. Shadows cover the range of the
measurements.

and σ = 5. The recombination rate is 0.6 and the apply η = 1
random changes in each generated individual.

Figures 2 and 3 describe the obtained result. Both dispro-
portion and number of discovered and-feature are depicted
along the generations. Solid lines are the average result in the
population and shadows cover the range – from minimum to
maximum – of each measurement. The results include only the
non-dominated solutions in SPEA2 and the 100 best solutions
in the lexicographic GA.

Using both strategies, we could reach the optimal solution:
128 and-features with at least one connection and 0 dispro-
portion. However, the optimization strategies differ as to how
to achieve this.

SPEA2 tries to find as many new and-feature while keeping
the ones with lowest values of disproportion. When a larger
set of and-features with disproportion 0 is discovered, such
solution dominates every other solution found so far. Thus,
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Figure 3. Evolution of the number of and-features and disproportion along
the generations of the lexicographic GA with Iris dataset as the input network.
Solid lines are the average disproportion and number of and-features of the
best 100 solutions (elitism) at a given generation. Shadows cover the range
of the measurements.

Figure 4. Feature–sample network for Iris dataset with all possible 128 and-
features (excluding those with no connections). Circles are vertices associated
with samples and squares with features. Colors represent the classes.

we can observe “steps” in the evolution of the number of and-
features.

In the lexicographic GA, the disproportion is only con-
sidered when the number of discovered and-features is the
same. As a result, the algorithm greedily produce and-features
disregarding the disproportion until it cannot find more new
features to add. It enables a faster convergence in this case,
but it may find only solutions with high disproportion when it
is unfeasible to reach the maximum number of and-feature –
which is very common in practice. To solve this issue in larger
problems, one can set the limit in the number of discovered
features, Mmax.

The optimal enhanced feature–sample network for this
dataset is in Figure 4.

2) Community detection: Applying a greedy community
detection method [16] in both networks, we observe that the
enhanced network has modularity 12.4% (Q = 0.561) higher

Table I
UCI DATASETS ALONG WITH THE NUMBER OF SAMPLES N , FEATURES D,

AND POSSIBLE AND-FEATURE M .

Dataset N D M

Breast 2010 106 27 134,217,700
Ecoli 336 19 524,268
Glass 214 25 33,554,406
Wine 178 39 549,755,813,848

Table II
NUMBER OF AND-FEATURES AND DISPROPORTION OBTAINED BY THE

OPTIMIZATION PROCESS FOR BOTH STRATEGIES. AVERAGE AND
STANDARD DEVIATION ARE SHOWN FOR EACH MEASUREMENT.

Dataset LGA SPEA2

Breast 2010 2700± 0, 0.2± 0.03 513.3± 272.4, 0.02± 0.03
Ecoli 1900± 0, 0.13± 0.01 372.6± 268.3, 0.04± 0.04
Glass 2500± 0, 0.14± 0.01 481± 399, 0.05± 0.04
Wine 3900± 0, 0.28± 0.03 561± 452.8, 0.03± 0.02

than the input network (Q = 0.499.)
The enhanced network can also improve clustering tasks. If

comparing the expected class and the obtained communities,
the enhanced version achieves higher Jaccard index, 0.731
against 0.719.

B. Performance enhancement in supervised learning

We also apply our proposal in 4 classification tasks from
UCI [15]. Table I presents the datasets along with the number
of samples N , features D, and possible and-features M . We
highlight that it is unfeasible to list every possible combination
among the features even for small datasets. The networks are
generated as shown in [8] with 3 bins.

The optimization process is executed 15 times for each
strategy – SPEA2 and GA. We fix the population size in
1000, the archive size in 100, and the elitism 100 solutions.
For the initial population, we use µ = 50 and σ = 10. The
recombination rate is 0.6 and η = 1 mutations are performed
for each candidate solution. We limit the number of and-
feature by Mmax = 100D. The execution is stopped after
the 1000th generation.

Table II summarizes the number of and-features and dis-
proportion obtained by the optimization process. For the
lexicographic GA, we show the average and the standard
deviation of the measurements among the 100 best individuals.
For SPEA2, only the non-dominated solutions are considered.

As expected by considering the previous study (Sec-
tion IV-A,) the lexicographic GA achieved better count of
and-features – the maximum allowed –, but worse values of
disproportion. The candidate solutions of SPEA2 present wide
variation, but consistent lower disproportion.

For each one of the datasets, we take the candidate solu-
tion with highest count of and-features and with the lowest
disproportion among every solution produced. (We ignored a
few solutions with less than 100 and-features.) Such candidate
solutions, and the strategy that has found them, are indicated
in Table III.
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Table III
NUMBER OF AND-FEATURES, DISPROPORTION, AND STRATEGY OF THE

RESULTS WITH LOWEST DISPROPORTION AND HIGHEST NUMBER OF
AND-FEATURES.

Dataset Lowest disproportion Highest number of and-features

Breast 2010 513, 0.000 (SPEA2) 2700, 0.129 (LGA)
Ecoli 166, 0.011 (SPEA2) 1900, 0.114 (LGA)
Glass 416, 0.019 (SPEA2) 2500, 0.130 (LGA)
Wine 413, 0.015 (SPEA2) 3900, 0.226 (LGA)

We solve the classification problems for each one of the
datasets using the k-nearest neighbors method. As inputs we
use the interaction matrices (xij ∈ {0, 1})ij of the original
network and the enhance ones from the selected candidate
solutions. We performed 20 split validations with 70 and
80% of labeled samples for each case. We also varied k ∈
{1, 2, . . . , 20}.

The best results for each configuration are shown in Ta-
ble IV. Improvements are highlighted in bold. Using the
solution with the highest number of and-features, we improved
the classification results in all cases. Using less and-features
but with lower disproportion, we see improvements almost as
good as using higher and-feature count.

V. CONCLUSION

In this paper, we presented an unsupervised feature learning
mechanism that works on datasets with binary features. First,
the dataset is mapped into a feature–sample network. Then, a
multi-objective optimization process selects a set of new ver-
tices that correspond to new features to produce an enhanced
version of the network.

We show that the enhanced network contains more infor-
mation and can be exploited to improve the performance of
machine learning methods.

To solve the optimization problem, we opted to design
population-based metaheuristics. We used both a lexicographic
GA and the SPEA2 algorithm to find the candidate solutions.

From the experiments, we conclude that the GA produces
more new features in fewer generations. However, candidate
solutions in SPEA2, besides having less new features, also
improved the performance of machine learning methods.

This fact suggests that the disproportion is a good measure-
ment of the quality of the selected set of and-features. In future
works, we will correlate improvement and disproportion of the
solutions with the same number of features.

Furthermore, the learning techniques used – fast-greedy
community detection and k-nearest neighbors – do not take
full advantage of the new features. In subsequent studies, we
will elaborate learning models to exploit the enhanced feature–
sample network explicitly.
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Table IV
ACCURACY OF THE k-NN METHOD ON THE UCI DATASETS USING THREE DIFFERENT INPUT NETWORKS – ORIGINAL, LOWEST DISPROPORTION, AND

HIGHEST NUMBER OF AND-FEATURES. FOR EACH SETTING, THE BEST VALUE OF k IS SHOWN.

Dataset Original (k) Lowest disproportion (k) Highest number of and-features (k)

70% labeled
Breast 2010 0.62± 0.07 (1) 0.63± 0.07 (1) 0.64± 0.06 (1)

Ecoli 0.76± 0.03 (4) 0.77± 0.03 (4) 0.76± 0.04 (12)
Glass 0.66± 0.06 (7) 0.69± 0.05 (6) 0.71± 0.05 (8)
Wine 0.92± 0.03 (17) 0.93± 0.03 (3) 0.93± 0.02 (5)

80% labeled
Breast 2010 0.65± 0.11 (5) 0.62± 0.10 (4) 0.66± 0.10 (3)

Ecoli 0.77± 0.03 (6) 0.78± 0.04 (4) 0.78± 0.04 (13)
Glass 0.66± 0.07 (7) 0.69± 0.06 (6) 0.72± 0.07 (9)
Wine 0.93± 0.05 (19) 0.94± 0.05 (3) 0.94± 0.03 (3)
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Network community detection via iterative edge
removal in a flocking-like system

Filipe Alves Neto Verri, Roberto Alves Gueleri, Qiusheng Zheng, Junbao Zhang, Liang Zhao

Abstract—We present a network community-detection tech-
nique based on properties that emerge from a nature-inspired
system of aligning particles. Initially, each vertex is assigned
a random-direction unit vector. A nonlinear dynamic law is
established so that neighboring vertices try to become aligned
with each other. After some time, the system stops and edges that
connect the least-aligned pairs of vertices are removed. Then the
evolution starts over without the removed edges, and after enough
number of removal rounds, each community becomes a connected
component. The proposed approach is evaluated using widely-
accepted benchmarks and real-world networks. Experimental
results reveal that the method is robust and excels on a wide
variety of networks. Moreover, for large sparse networks, the
edge-removal process runs in quasilinear time, which enables
application in large-scale networks.

Index Terms—Community detection, modularity optimization,
flocking formation, complex networks.

I. INTRODUCTION

THE study of complex networks attracts many researches
from different areas. Networks are graphs that represent

the relationships among individuals in many real-world com-
plex systems. Each vertex is an object of study, and an edge
exists if its endpoints interact somehow [1], [2].

A community structure is commonly found in many real
networks, such as social networks [3], [4], oil-water flow
structure [5], human mobility networks [6], spatial structure
of urban movement in large cities [7], corporate elite net-
works in the fields of politics and economy [8], and many
more. Formally, communities are groups of densely connected
vertices [9], [10], [11], while connections between different
communities are sparser.

The problem of community detection is related to the graph
partition problem in graph theory. Finding the optimal partition
is an NP-hard problem in most cases [12], thus making
room for many researches to find out sub-optimal solutions in
feasible time. As a result, various approaches for community
detection have been developed, including spectral properties
of graph matrices [13], [14], particle walking and competition
in networks [1], [11], and many evolutionary or bio-inspired
processes [2].

Newman and Girvan [15] have proposed a metric called
modularity, whose purpose is to quantify how a network

F.A.N. Verri and R.A. Gueleri are with the Institute of Mathematics and
Computer Science, University of São Paulo, São Carlos, Brazil.

Q. Zheng and J. Zhang are with the School of Computer Science,
Zhongyuan University of Technology, Zhengzhou, China.
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is likely to display community structure [16]. It does not
make any assumption on a-priori knowledge of the network,
e.g., vertex labels. One of the algorithms employed in this
paper, both for comparison and for complementary stage, is
called “Cluster Fast Greed”, or just CFG, and it is based on
a greedy optimization of modularity [9], [17]. It performs
really fast, in time O(md logn), where d is the depth of the
dendrogram describing the network’s hierarchical community
structure returned by the algorithm. In cases where m ∼ n and
d ∼ logn, it runs in quasilinear time: O(n log2n). Another
algorithm employed here is the so-called “Louvain”, which is
based on the optimization of modularity too [17], [18]. The
authors advocate in favour of the computation time, which
makes the algorithm applicable on huge networks.

In this paper, we propose a bio-inspired community-
detection method that is divided in two alternating stages.
The first one is a nonlinear collective complex system that
takes inspiration from the flocking formation in nature [19].
In the second stage, we measure the misalignment of each pair
of vertices that are directly connected and remove a fraction
of edges that result the highest misalignments. Flocks are
groups of individuals that move in a coordinated fashion. This
coordinated motion emerges even in the absence of any leader,
what makes it a self-organizing phenomenon. In our model,
each vertex is an aligning particle. Therefore, each vertex
carries a velocity vector, pointing to a random direction at the
beginning and, as the process evolves, progressively turns itself
toward the same direction of its neighboring vertices. As a sim-
plification of the process, the vertices actually do not move, so
the term “velocity” is just an analogy to the direction of motion
in flocking systems. The dynamical process is suspended after
a certain number of iterations, then the second stage takes
place. The edge that connects the least aligned pair of vertices
is supposed to link distinct communities. After enough number
of removal cycles, most of the inter-community edges are
expected to be removed, thus the network becomes partitioned
into disconnected components.

Our model is evaluated using widely-accepted benchmarks
and real-world networks. It not only excels on many different
scenarios but also has very low computational cost. As a result,
the research shows potential for a broad range of applications,
including big data.

The rest of this paper is organized as follows. Sections II
and III describe the proposed model and present analytical
results of the system. In Section IV, computer simulations
illustrate the process and assess its performance. Finally,
Section V discusses and concludes this paper.
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II. MODEL DESCRIPTION

Here we present the iterative edge-removal approach in
detail. As mentioned before, the process is divided in two
alternating stages: the particle-alignment dynamical process
and the edge-removal stage itself.

A. The particle-alignment dynamical model

Given an undirected network, free of self-loops and multiple
edges, we let each vertex i ∈ {1, 2, . . . , N} be a particle in the
collective dynamical system. Therefore, each vertex carries a
velocity vector vi(t) ∈ RD, which points to some direction in
a multi-dimensional space. The vertices actually do not move
at all, so the term “velocity” is just an analogy to the direction
of motion in flocking systems, whose moving particles try to
align themselves to their neighbors, i.e., try to take the same
direction of motion.

Edges of the network define the neighborhood of each
particle i, i.e., those particles to which i can directly interact.
We denote γij = 1 if vertices i and j interact, and γij = 0
otherwise. The neighborhood is unchangeable throughout the
dynamical process, thus the interaction network is the same
all the time.

Initially, each particle i is assigned a random initial velocity
vi(0), which is a unit vector pointing to a random direction. A
three-dimensional space (D = 3) is employed for all the exper-
iments presented in this paper. However, how dimensionality
impact on the final results has to be investigated.

The nonlinear dynamical system is governed by the expres-
sion

~vi(t+ 1) =
~vi(t)

‖~vi(t)‖
+

α
1

ki

N∑

j=1

γij

(
~vj(t)

‖~vj(t)‖
− ~vi(j)

‖~vi(j)‖

)
, (1)

where ‖·‖ denotes the Euclidean norm. The nonlinearity of the
dynamical system is introduced by the velocity normalization.
Parameter t is the iteration index (time), which starts from
zero. Parameter α > 0 defines how fast the velocities are
updated. The value ki is the degree of vertex i, i.e., the number
of neighbors it has,

ki =

N∑

j=1

γij . (2)

Although the particles do not move – there is even no
position defined to them –, by using the unit vector we
enforce something analogous to the “constant-speed motion”
that each particle would perform. In addition, it enforces that
at any given time-step t, all the particles would move at the
same speed. Constant-speed motion is a property commonly
modelled in studies of self-propelled particles [19], [20]. It
is also responsible for the rotational symmetry breaking that
makes the set of particles agree on the same velocity direction.
By not enforcing such normalization, all velocities would
vanish to zero – or close to zero – due to their random initial
distribution, making opposite vectors neutralize each other.
We show in Section III that particles in the same connected

component are most likely to align. As a result, velocity
vectors of particles from different communities will converge
to the same value. However, as presented in Section IV-A,
particles in the same community tend to align from different
direction, which motivates the removal of edges some time
before the convergence.

B. The iterative edge-removal process

We define the misalignment coefficient Hij(t) as the level
of disorder in terms of velocity-vectors’ misalignment between
nodes i and j. Such index is mathematically expressed by

Hij(t) = d1

(
~vi(t)

‖~vi(t)‖
,
~vj(t)

‖~vj(t)‖

)
(3)

where d1(·, ·) is the L1 distance between vectors. In other
words, Hij(t) is just the city-block distance between the
normalized velocity vectors of the vertices i and j.

As we will see through the experiments presented in the
next section, misalignment coefficients of edges that connect
distinct communities decrease slower than those connecting
vertices inside the same community. It builds the basis of
our iterative edge-removal approach: removing the edges with
highest misalignment coefficients is likely to remove inter-
community edges, thus making the distinction between dif-
ferent communities clearer and clearer over removal cycles.
So the overall edge-removal process consists of the following
steps:

1) After assigning random initial velocity vectors to every
vertex, run the dynamical particle-aligning model, as
described in the previous section, up to some number
of time-steps. (Number of steps is discussed in Sec-
tion IV-B.)

2) Once the dynamics is interrupted, collect the misalign-
ment coefficient of each pair of interacting vertices. It is
possible to run the dynamical model (Step 1) multiple
times, using different random assignments to the set of
initial velocities. In this case, the final coefficient of each
edge can be just the summation of individual coefficients
collected after each run.

3) Remove the edges with the highest misalignment coef-
ficients, then go to Step 1 and run the dynamical model
again, but this time using the new network without the
removed edges.

Steps 1, 2, and 3, together, form what we call “cycle” or
“round”. In this paper, we study the influence of running the
dynamical model multiple times per cycle. We also study the
influence of removing different numbers of edges per cycle.

III. THEORETICAL RESULTS ON FLOCKING ALIGNMENT

We also present analytical and argumentative study of the
dynamics given by Equation (1).

A. Domain of the velocity vectors

A state at time t + 1 in which ‖~vi(t)‖ = 0 for any i is
a singularity. In order to deal with this problem, we need to
restrict the parameter α. Once α > 0 by definition, we show
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that, if α < 0.5 and ‖~vi(0)‖ = 1 for all i, then 0 < ‖~vi(t)‖ ≤
1 for all i and t > 0. Thus, for any reasonable α and the
initial conditions proposed in this paper, the velocity vectors
are nonzero vector with norm less than or equal to 1.

Given the restrictions of the parameters and initial condi-
tions, the following lemmas prove that ‖~vi(t)‖ ∈ (0, 1] for
all i at any time t, guaranteeing the expected behavior of the
model.

Lemma 1. Given that ‖~vi(0)‖ ≤ 1, for all particle i, the norm
of the velocity of every particle will not surpass 1.

Proof. For t = 0, ‖~vi(0)‖ ≤ 1 from the statement.
Assume ‖~vi(t)‖ ≤ 1 for some t. Then,

‖~vi(t+ 1)‖ =∥∥∥∥∥∥
~vi(t)

‖~vi(t)‖
+ α

1

ki

N∑

j=1

γij

(
~vj(t)

‖~vj(t)‖
− ~vi(j)

‖~vi(j)‖

)∥∥∥∥∥∥
=

∥∥∥∥∥∥
(1− α) ~vi(t)

‖~vi(t)‖
+ α

1

ki

∑

j

γij
~vj(t)

‖~vj(t)‖

∥∥∥∥∥∥
≤

(1− α)
∥∥∥∥
~vi(t)

‖~vi(t)‖

∥∥∥∥+ α
1

ki

∑

j

γij

∥∥∥∥
~vj(t)

‖~vj(t)‖

∥∥∥∥ =

(1− α) + α = 1 =⇒ ‖~vi(t+ 1)‖ ≤ 1 (4)

Thus, by induction, ‖~vi(t)‖ ≤ 1 for all i, t.

Lemma 2. Given that ‖~vi(0)‖ > 0 and α < 0.5, for all
particle i, the norm of the velocity of every particle is strictly
greater than 0 for any time t > 0.

Proof. For t = 0, ‖~vi(0)‖ > 0 from the statement.
Assume that ‖~vi(t)‖ > 0 for some t. We show by contra-

diction that ‖~vi(t+ 1)‖ > 0.
If there exists α = α0, 0 < α0 < 0.5, such that

‖~vi(t+ 1)‖ = 0, then

~0 = (1− α0)
~vi(t)
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+ α0

1
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γij
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1 ≤ α0
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1
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γij

∥∥∥∥
~vj(t)

‖~vj(t)‖
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 =

2α0 < 1 =⇒ 1 < 1. (5)

By contradiction, such α0 does not exist.
Thus, by induction, ‖~vi(t)‖ > 0 for all i, t.

B. Alignment of the velocity vectors

The core mechanism in our method is measuring small mis-
alignments between connected particles and deciding which
edge will be removed. A question that rises is whether the

velocity vectors converge to a single point or not, that is, if
the particles align or not. We show that perfect alignment of
particles in the same connected component is most likely to
happen. The system would also be in equilibrium if vectors are
in perfect opposition to each other. Such condition would need
not only very specific initial velocity vectors but also specific
network configuration, thus this case is extremely unlikely.

To perform the particle-alignment study, we use a continu-
ous approximation of the evolution equations,

d

dt
~vi(t) =

1− ‖~vi(t)‖
‖~vi(t)‖

~vi(t)+

α
1

ki

N∑

j=1

γij

(
~vj(t)

‖~vj(t)‖
− ~vi(t)

‖~vi(t)‖

)
. (6)

In the next equations, the summation indices i, j, and q
always lie in the interval [1, N ]. The intervals are dropped to
simplify the notation.

We are not interested in the evolution of the unnormalized
velocities but in their normalized forms. To improve readabil-
ity, we set

~xi(t) =
~vi(t)

‖~vi(t)‖
and (7)

zi(t) = ‖~vi(t)‖ . (8)

Thus, the governing equations of the normalized velocities
~xi(t) are




d

dt
~xi(t) = α

1

kizi(t)

∑

q

γiq

(
~xq(t)−

(
~xi(t) · ~xq(t)

)
~xi(t)

)

d

dt
zi(t) = 1− zi(t)− α

∑

q

γiq

(
1− ~xi(t) · ~xq(t)

)

(9)
where · stands for the dot product operator.

Theorem 1. The aligned state ~xi(t) = ~xj(t), for all particle
i that interacts with particle j, is stable in the sense of
Lyapunov.

Proof. We define the energy function E that reaches zero
only when the aligned state is reached, and it increases as
the velocities misalign. Let

~uij = ~xj − ~xi, (10)

the candidate Lyapunov function is

E =
1

4

∑

i

∑

j

γij ~uij · ~uij . (11)

Its derivative is

d

dt
E =

∑

i

∑

j

∂

∂~uij
E
d

dt
~uij , (12)

but
∂

∂~uij
E =

1

4
γij (2~uij) =

1

2
γij~uij , (13)
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then
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However,
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Let ~xNi
=
∑

q γiq~xq be the summation over all the
velocities of the neighbors of particle i, then
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But, given any vectors ~a,~c ∈ RD, we have ~a · ~c ≤ ‖~a‖ ‖~c‖
and ~a · ~a = ‖~a‖2,

d

dt
E = α
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1

kizi

(
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)2 − α
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Remark 1. Perfect alignment most likely happens since d
dtE

is zero only if xi and ~xNi
are codirectional, that is, when all

neighbors are either aligned or opposed to each other. While
this condition does not hold, d

dtE < 0, and the aligned state
is asymptotically stable.

IV. EXPERIMENTAL RESULTS

In this section, we present an extensive set of experimental
results conducted on different classes of computer-generated
and real-world networks.

A. Illustrative example

In this subsection, we present illustrative examples of the
application of our method. Input networks are built by em-
ploying the following methodology:

1) Given a desired average vertex degree 〈k〉des, each
vertex i randomly chooses 〈k〉des/2 vertices j to connect
to. For each j to be selected, j is taken from the same
community of i with a probability pin, or accordingly
taken from a different community with a probability
pout = 1− pin. The selection of the same vertex j twice
or more is allowed, as it is also allowed for i to connect
to itself. Also, j being selected by i does not prevent i
being also selected by j.

2) After establishing all the connections, the network is
simplified, in the sense that loops (self-connections) are
removed and multiple edges that connect the same pair
of vertices become a single, undirected edge. As a result,
the actual average degree 〈k〉 may be reduced, but for
large networks, it remains very close to the desired
degree 〈k〉des.

For comparison purpose, in Figure 1, we also show the
results of applying CFG and Louvain algorithms on a network
with 4 communities, average degree 〈k〉 ≈ 10 and pin = 0.66.
In this case, CFG achieves modularity Q = 0.33 and Louvain,
Q = 0.31. We apply our method in this network, setting
α = 0.1. In each round, we run the dynamical system until
t = 100 with 10 independent initial configurations. The most
misaligned edge per round is removed until there is no more
edges to remove. We choose the partition that yields the best
modularity. The results of the iterative edge-removal process
are better than those of CFG and Louvain, reaching Q = 0.38.

Figure 2 shows the modularity evolution over different
rounds. Since communities are defined by connected com-
ponents, the first edge-removal rounds just result in a single
community, making the modularity score be very low. Those
abrupt transitions reveal different components becoming com-
pletely disconnected from each other, i.e., they reveal those
rounds in which the last edge that links two large components
is removed. After achieving four major communities — and
consequently the highest score —, further removal starts
destroying them. Such a local optimum partition is the one
that should be returned by the proposed iterative edge-removal
method.

To further illustrate our method, we provide another sim-
ulation. We show (in Section III) that all the vertices in a
connected component will align as time tends to infinity. As a
result, one might wonder how our edge-removal strategy works
in practice. To demonstrate its effectiveness, the method is
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(a) (b)

(c)

Fig. 1. Overview of the community-detection results. The input network
has 4 communities, each one made of 200 vertices, 〈k〉 ≈ 10, and pin =
0.66. The results of applying CFG (a) and Louvain (b) algorithms on the
original network are shown. Communities are represented by different colors.
In the last figure (c), we display the results after applying 1766 rounds of
the proposed iterative edge-removal process. In this case, communities are
just different connected components. In each cycle, 10 independent runs are
performed and the most misaligned edge is removed. Only the remaining
edges are shown in (c). We set α = 0.1.
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Q

Fig. 2. Evolution of the modularity Q over the rounds of the proposed
iteration edge-removal process. The input network and learning configuration
are the same presented in Figure 1. Solid and dashed horizontal lines
correspond to the modularity achieved by CFG and Louvain, respectively.

applied on a simpler community detection problem: detecting
the 4 communities with the same size in a random clus-
tered network that comprises 800 nodes with average degree
〈k〉 = 10. Connections are randomly assigned such that every
node has probability pin = 0.9 of connecting to another node
in its community. We run our method with 3-dimensional
velocity vectors and α = 0.05. For the sake of visualization,
Figure 3 depicts the evolution of the normalized velocity vec-
tors (projected in two dimensions) in different situations. Line
colors represent communities, and the transparency decreases
in function of time t. Plot (a) depicts 1000 iterations of our
dynamical system in the original network. One can notice that
all particles are aligned, but the velocity vectors of particles
in different communities converge from different directions.
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Fig. 3. Evolution of the dynamics governed by Equation 1The particle-
alignment dynamical modelequation.2.1 in a network with 800 nodes, average
degree 〈k〉 = 10, 4 communities, and pin = 0.9. For better visualization,
even though the system has been simulated with D = 3 dimensions and 800
particles, only 200 random-selected normalized velocity vectors are shown
projected in two dimensions. 1000 system iterations are run in each plot and
the path of the velocity vectors are more opaque in the last iterations. Path
colors match the four different communities. In plot (a), no edge was removed.
In the remaining plots, 200 (b), 400 (c) and 600 (d) edges have been removed
iteratively.

This phenomenon is utterly important, since it enables us to
distinguish the communities. It also explains the difference
between our method and Kuramoto-based ones [21], [22]. In
the synchronization-based techniques, each element usually is
a fixed low dimensional dynamical system. In the Kuramoto
oscillator model, only a single real value is associated to each
node, which corresponds to the phase. Thus, nodes can only
synchronize “from two different directions”. Using three or
more dimensions in our method, we bring an infinitude of
possible directions. In the same figure, we also show three
snapshots of the edge-removal process. After running up to
t = 1000, we remove the 10 edges with highest values of
misalignment coefficient. We repeat this process until 600
edges have been removed. The evolution of the normalized
velocity vectors at t = 1, 2, . . . , 1000 after removing 200,
400, and 600 edges are illustrated in subplots (a), (b), and (c),
respectively. After the removal of 200 edges, we observe that
one of the communities disconnects from the others, becoming
a single connected component, and thus, the velocity vectors
converge to a different point. With 400 edges removed, another
community detaches. And finally, after 600 removals, each
community becomes a connected component of the network,
achieving our goal.

B. Analysis of the evolution of misalignment coefficient

In the previous section, we claimed that the misalignment
coefficients of edges connecting distinct communities become
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Fig. 4. Misalignment coefficient of the network presented in Figure 1: 4
communities, each one made of 200 vertices, 〈k〉 ≈ 10, and pin = 0.66. The
population of coefficients is obtained from 10 independent runs. Parameter
α = 0.1. Measurements are taken from a single round. Top plot: average
misalignment coefficient evolution separated between intra- (dashed line)
and inter-community (solid line) edges. Bottom plot: ratio between the
misalignment coefficient of inter- and intra-community edges.

usually higher than those connecting vertices inside the same
community. Let us now present, in Figure 4, how misalignment
coefficients change over time.

In order to reduce the dependence on the initial condition
– random assignment of velocities –, the population of mis-
alignment coefficient values is obtained from 10 independent
runs. The input network is the same for all of these runs. The
network has 800 vertices and 〈k〉 ≈ 10, what gives a total of
approximately 4000 edges.

In the top plot of Figure 4, we plot the average misalignment
coefficient H grouped by intra- and inter-edges. As we can
see, coefficients fall down quickly. Intra-edges, however, align
faster than the inter-edges. In the bottom plot, we show the
ratio between intra- and inter-edges. As expected, a greater
proportion of intra-edges have lower misalignment coefficient.
Moreover, after many iterations, the velocity vectors become
almost identical for every pair of connected vertices. At this
point, the finest machine representation of real numbers is
reached. The vertical dotted line indicates the iteration t in
which the average misalignment is lower than 10−12. Any
result beyond this point might be meaningless. Consequently,
we should always stop the system earlier.

C. Analysis of the number of removed edges

Results of removing a different number of edges per round
are presented in this section. An evaluation index is used in
order to objectively quantify the accuracy of the set of obtained
communities. Specifically, we selected the adjusted Rand index
(ARI), which is the corrected-for-chance version of the Rand
index [23]. It measures the similarity between the partition
obtained from some algorithm and a reference partition. ARI
generates values between −1 and 1. If two partitions match
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Fig. 5. ARI (solid lines) and modularity (dashed line) scores along different
rounds. The input network is exactly the same one depicted in Figure 1: 4
communities, each one made of 200 vertices, 〈k〉 ≈ 10, and pin = 0.66. Plots
are arranged according to the amount of edges removed per round: 1, 20, and
80. For all runs, we set α = 0.1 and the system runs until t = 100. The
solid horizontal line indicates the ARI score obtained by the CFG method.

perfectly each other, it results in a value 1. On the other hand, it
ensures a value close to 0 for a randomly-labelled partition or a
partition that assigns all the elements into a single group, given
that the reference partition has more than one group, of course.
Negative values stand for some anti-correlation between the
pair of partitions.

Real-world applications, however, do not provide such a
reference partition, so we also employ the modularity score.
Unlike ARI, the modularity score does not make any as-
sumption on a-priori knowledge of the network, e.g., vertex
labels. By placing the ARI score against the modularity
score, we can check for any relationship between them, i.e.,
check for a relationship between an information available in
a real application (modularity) and a robust measure based on
reference partitions (ARI).

Firstly, let us consider the same network presented in
Figure 1, with pin = 0.66. ARI and modularity scores along
different rounds are presented in Figure 5, arranged according
to the number of edges removed per round.

Even when 40 edges (≈ 1% of the total number of edges)
are removed per round, our method achieves higher ARI
score than the CFG method: 0.64 (1 edge) and 0.60 (40
edges) against 0.45. Removing fewer edges per round is
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Fig. 6. Results of removing 1, 40 and 80 edges per round on a population
of 50 different networks. Each network has 4 communities, each one made
of 200 vertices, 〈k〉 ≈ 10, and pin = 0.66. Boxes in blue are the results
of applying CFG and Louvain on the network. The remaining boxes (in red)
are obtained by applying the proposed technique removing different amounts
of edges. The partition that yields the best modularity is chosen. 10 runs per
round are performed, and parameter α = 0.1 for all simulations. We stop the
system at t = 100.

slightly better. Removing a larger fraction of the edges is less
expensive though, for it demands fewer rounds to complete.
However, we experience a significantly drop in the score if the
fraction of removed edges per round is too big (around 2%.)

Moreover, a desirable relationship is noticeable here: the
highest modularity matches relatively high ARI scores. This
result is useful for establishing when we should stop the edge-
removal process and where the optimal round is, i.e., the round
after which we are likely to find a good partition: stopping
the process just before the modularity starts decreasing and
taking such highest-modularity’s network, using the connected
components as the final set of communities. Although the
results of Figure 5 come from just one network instance, the
same overall pattern is still present in other instances, even
using different network parameters, as we are going to see in
the remaining results presented in this paper.

In Figure 6, we present a comparison between removing 1,
40, and 80 edges per round on a population of 50 different
networks. In fact, removing a smaller fraction of the edges
yields better results. In addition, the variability of results is
reduced when removing less edges per round. However, the
proposed edge-removal process leads to considerably better
results compared to the application of CFG or Louvain on the
original network.

D. Computational complexity

The edge-removal approach presented here is somewhat
similar to the edge-betweenness-based algorithm proposed by
Newman and Girvan [15]. The misalignment coefficient of an
edge measures how different the incident vertices are in terms
of their velocity vector. Edge betweenness, in turn, measures
the relevance of an edge in terms of the number of shortest
paths that include such an edge. Both concepts ultimately try to
identify edges that connect distinct communities. An important
drawback of the edge-betweenness approach is, however, its
cubic time complexity. Precisely, for a network of m edges
and n vertices, the time complexity is O(m2n), or O(n3)
for sparse networks, in which case m ∼ n [9], [12], [15],
[17]. Therefore, it is necessary to have a discussion about the
complexity of the approach proposed here.
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Fig. 7. Misalignment coefficient of a big and a dense network: both of
them with 4 communities and pin = 0.66. The big network has 2000
vertices in each community, while the dense has 200. The average degree
in the big network is 〈k〉 ≈ 10, while in the dense one, 〈k〉 ≈ 20. The
population of coefficients is obtained from 10 independent runs. Parameter
α = 0.1. Measurements are taken from a single round. Top plots: average
misalignment coefficient evolution separated between intra- (dashed line)
and inter-community (solid line) edges. Bottom plots: ratio between the
misalignment coefficient of inter- and intra-community edges.

Four variables are relevant to our time-complexity analysis:
the number n of vertices; the number m of edges; the total
amount of time-steps ttotal per run; and the number of edge-
removal rounds nrounds required to obtain an appropriate parti-
tion of the network. The dimensionality of the velocity vectors
is constant, three dimensions are employed in our experiments,
so it is not relevant to this analysis. Our hypothesis is that both
ttotal and nrounds can be invariant no matter how big the network
is.

In the case of removing just a single edge per round, nrounds
gets the order of m. However, the experiments presented in
the previous section indicate that it is still possible to obtain
satisfactory results by removing a fraction of all the edges per
round, in which case nrounds becomes constant. For instance,
removing approximately 1% of the edges per round requires
around 50 rounds to achieve good results. Also, concerning
the number of runs per round, if one decides to perform a set
of runs per round in order to reduce the influence of the initial
random configuration, the number is still relatively small and
does not scale with neither n nor m.

In order to provide evidence that supports our hypothesis
– neither ttotal nor nrounds scales with the network size –
, we present some results on bigger and denser networks.
Particularly, a network that has 10 times more vertices than
those studied in the previous section and a network that has
twice more edges while keeping the same number of vertices.

In Figure 7, we present the evolution of the coefficients
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Fig. 8. ARI (solid lines) and modularity (dashed line) scores along different
rounds. Input networks are exactly the same ones depicted in Figure 7. Plots
are arranged according to the amount of edges removed per round: ≈ 0.025%
and 1%. The exact number of edges removed per round is indicated between
parentheses. For all runs, we set α = 0.1 and the system runs until t = 80
for the dense network and t = 250 for the big network. The solid horizontal
line indicates the ARI score obtained by the CFG method.

in the first round. We notice that increasing the network
size or the density has small effects on the amount of time-
steps needed to obtain satisfactory separation. Interestingly,
the bigger network requires a little more iterations while the
denser one, a little less. Therefore we can estimate that, for
an arbitrarily large network, ttotal remains almost the same, or
at least do not scale linearly with the network size.

Furthermore, we analyse the scores along different rounds
by running up to the iteration t = 80 for the dense network and
t = 250 for the big network. Results are plotted in Figure 8.
Both the misalignment coefficient evolution and the ARI score
follow similar shapes compared with the results of smaller
networks presented in the previous sections.

Since the summation in Equation 1The particle-alignment
dynamical modelequation.2.1 takes place on the set of edges,
the time complexity for a single dynamical iteration t is O(m).
Seeing that ttotal does not scale with the network size, the entire
run still takes O(m). In addition, at the end of each round (a
single run or a small set of runs), we need to target the highest-
misaligned edges, what requires sorting the set of edges and
usually takes O(m logm). Since nrounds does not scale with
the network size either, then all the edge-removal process has
a quasilinear time complexity: O(m logm) if m� n, or just
O(n logn) for sparse networks.

However, it is important to emphasize that the cost
O(m logm) holds only from the asymptotic point of view,
when networks become very large. For small- or medium-sized
networks, the cost caused by ttotal and nrounds may become
noticeable.

0.1
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0.3

Louvain CFG 10 edges 40 edges 80 edges

A
R

I

Fig. 9. Results of removing 10, 40 and 80 edges per round on a population
of 50 different networks. Each network has 4 communities, containing 800,
400, 200, and 100 vertices, 〈k〉 ≈ 10, and pin = 0.66. Boxes in blue are the
results of applying CFG and Louvain on the network. The remaining boxes
(in red) are obtained by applying the proposed technique removing different
amounts of edges. The partition that yields the best modularity is chosen. 10
runs per round are performed, and parameter α = 0.1 for all simulations. We
stop the system at t = 250.

E. Experiments on unbalanced-communities networks

All the experiments presented so far are performed on
a class of balanced networks, whose communities have the
same size. In order to provide more-realistic examples, let us
introduce now some results on networks whose communities
have different number of vertices. These results are shown in
Figure 9.

We notice now a considerable drop in the quality of the
partitions. Still, compared to traditional algorithms like CFG
or Louvain applied to the original network, the proposed
edge-removal process performs well. The performance of
the proposed method, however, varies greatly. One possible
explanation is that the fixed number of iterations t = 250 is not
ideal. The study of heuristics for the system’s stop condition
are left for future works.

F. Experiments on Lancichinetti benchmark

Since real-world networks usually have heterogeneous de-
gree distribution, we also apply our technique on the bench-
mark of Lancichinetti et al. [24]. Such benchmark produces
networks in which both degree and community size distri-
butions follow power law functions with arbitrary exponents.
Motivated by typical values found in natural systems, we
choose exponent 2 for the degree distribution and 1 for the size
of communities. Community sizes are in [3, 80]. The generated
networks have a mixing parameter µ that controls the fraction
of links between nodes of different communities. To assess
our method, we use networks with 1000 nodes, average degree
10, and maximum degree 40. The mixing parameter µ varies
between 0.1 and 0.6.

We compare our method against CFG and Louvain in 30
independent trials. The performance is measured in terms of
the normalized mutual information index, which measures
the similarly of the predicted partition against the expected
one. Moreover, such index is suggested by the authors of the
benchmark. CFG and Louvain have no parameter, while in
our technique we set α = 0.05. For stopping criterion, we run
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Fig. 10. Comparison of the normalized mutual information index obtained
by three community detection algorithms—our proposed method, CFG and
Louvain—in the Lancichinetti et al. benchmark [24]. Results are taken from
30 independent trials for each value of the mixing parameter µ. Networks
contain 1000 nodes, average degree 10 (maximum degree 40). Degree and
community size distribution follow power law functions with exponents 2 and
1, respectively. (Community-size range is [3, 80].)

TABLE I
MODULARITY SCORE OF COMMUNITY DETECTION METHODS IN 4

CLASSIC REAL-WORLD DATASETS. OPTIMAL MODULARITY IS SHOWN FOR
COMPARISON.

Method Dolphin Football Karate Political Books

Proposed 0.529 0.605 0.419 0.527
Amiri [28] 0.515 0.597 0.417 0.518

Honghao [29] 0.529 0.605 0.420 0.527
Song [30] - 0.531 0.362 0.463

Optimal 0.529 0.605 0.420 -

the system until the maximum change in each projection v̂i,d
is less than 10−3 and remove the edge with higher misalign-
ment coefficient. We interpret each connected component as
a community. We repeat the edge-removal process until the
modularity of the partitioning starts decreasing.

Figure 10 reveals that our method performs significantly
better than CFG and Louvain. Beyond the mark µ = 0.5,
communities are no longer defined in a strong sense since
each node has more neighbors in other communities than in
its own.

G. Experiments on real-world datasets

We apply our algorithm to four well-known real-world
networks: Zachary’s karate club [25], the bottlenose dolphins
social network [26], the American College Football [27], and
the Krebs’ books on US politics1.

Table I presents the best modularity scores obtained by our
method. We set α = 0.1, 30 independent runs, and vary the
fraction of removed edges in 1%, 2%, . . . , 10%. Also, we
vary the number of iterations t ∈ [30, 70]. We compare our
results against three other bio-inspired optimization methods.

1This network is unpublished and can be found at
http://www-personal.umich.edu/∼mejn/netdata/

(Missing results have not been measured by the authors of
the original paper.) Also, the optimal value of modularity is
calculated using an exhaustive search in all possible partitions.
Modularity optimization is an NP-complete problem, and
known algorithms have exponential time complexity [15]. (We
were not able to find out the optimal partition of the political
books network.)

We observe that our method reached either optimal or
nearly-optimal modularity scores. Although the ant-colony-
based technique [29] had similar performance, our algorithm
has lower computational cost because it explores the solution
space in a greedy manner.

V. CONCLUSIONS

Throughout an extensive set of experiments presented in
this paper, we see that the proposed flocking-like dynamical
system and the iterative edge-removal process performs well in
many scenarios. The decentralized, self-organizing dynamical
model is robust, thus applicable on a wide variety of networks.

The concept of misalignment coefficient defined here is, in
some sense, similar to the concept of edge betweenness. High-
misaligned edges are supposed to link distinct communities.
However, the cost O(n3) (on sparse networks) of the method
proposed by Newman and Girvan [15] can be prohibitive
for its application in large networks. On the other hand,
we claim that our edge-removal process is asymptotically
quasilinear: O(n logn), which is quite attractive for large-
network community detection.

In further works, we will study heuristics to find out good
values of the number of iterations and removed edges per
round.
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CHAPTER

7
CONCLUSION

Learning methods based on complex networks and collective dynamics encompass three
equally important steps: network formation, information retrieval, and decision. In the first
step, a graph is constructed from the input data. Then, the simulation of a distributed collective
dynamics generates rich information about the data. Finally, the collected information is used
to solve the underlying machine-learning problem, whether it is a classification or a clustering
task. In this research, I have explored collective dynamics in machine learning tasks, both in
unsupervised and semi-supervised scenarios. My contributions cover a proposal of a network
construction method, proposals of new collective systems, the mathematical understanding of the
information generated by these dynamical systems, and applications in many machine learning
problems.

7.1 Concluding remarks

In the following subsections, each topic of the research is commented.

7.1.1 Particle competition and edge-centric dynamics

In Chapter 2, it is presented the paper that introduces a transductive SSL technique
based on an edge-centric dynamical system on complex networks. First, the input data should be
transformed using any network formation technique that produces an undirected, unweighted,
simple graph. Then, the proposed Labeled Component Unfolding (LCU) system runs on this
network. Finally, we employ the information from the system to classify unlabeled data.

In summary, the LCU system consists of particles that compete for edges in the network.
When a particle passes through an edge, it increases its class dominance over the edge while
decreasing other classes’ dominance. Three biologically inspired dynamics – walking, absorp-
tion and production – provide a scenario of competition and cooperation. Labels are assigned
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according to the dominant class over the edges, inherently unfolding the original network by
grouping edges dominated by the same class.

Rigorous studies have been performed on the LCU system to justify its deterministic
implementation. Such implementation brings advantages over its stochastic counterpart. The
time complexity of the deterministic one does not depend on the number of particles, so we
allow a stable transductive SSL technique with a subquadratic order of complexity.

Computer simulations show that the proposed technique achieves a good classification
accuracy and it is suitable for situations where a small number of labeled samples are available.
Another interesting feature of the proposed model is that it directly provides the overlapping
information of each vertex or a subset of vertices.

In Chapter 3, the paper with studies on the advantages of an edge-centric collective
dynamics in semi-supervised learning tasks is exposed. A slightly different version of the LCU,
called Edge Domination System (EDS) is a particle competition system that can be used to solve
data classification tasks. We derived a similar but vertex-based version of the system, Vertex
Domination System (VDS), and studied their differences.

The systems EDS and VDS can be simplified without impairing its performance in
learning problems. Both models offer similar performance in classification and have the same
time complexity order. EDS, however, not only acquires more information about the overlapping
area with mixed rival vertices but also has better exploration behavior. Such results confirm the
behavior of the LCU system. The edge-centric approach has advantages regarding the running
time as well. It has lower average convergence time than the vertex-centric approach. Therefore,
the evidence points towards favoring EDS over VDS.

7.1.2 Feature–sample networks

In Chapter 4, we present a transductive classification method for solving positive-
unlabeled (PU) learning problems, that is, where only a few positive-labeled and many unlabeled
samples are given as input. The learning system is based on a collective dynamic of moving
particles that runs over a bipartite network. The bipartite network, called feature–sample network,
is built using a novel network formation method that does not rely on the similarity of input
samples.

The first step of the algorithm maps the input data into a sparse binary representation and,
afterward, into a bipartite complex network whose vertices represent samples and attributes. The
existence of an edge depends on the presence of a certain feature in a certain sample. Then, a
Markov Chain that outputs positive-class pertinence levels for the unlabeled samples is produced.
Finally, we classify the unlabeled samples based on the pertinence levels and the positive-class
prior probability.

The proposed scheme offers high performance on PU learning problems, even with few
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labeled samples. The learning model itself present some major limitations, but the network
formation technique is simple and opens room for the development of new collective dynamics
in bipartite networks for machine learning.

Chapter 5 includes a paper that proposes an unsupervised feature learning mechanism
for the feature–sample networks. A multi-objective optimization process selects a set of new
vertices that correspond to new features to produce an enhanced version of the network. The
enhanced network contains more information that is exploited to improve the performance of
machine learning methods.

7.1.3 Flocking-like system for clustering

Chapter 6 consists of the paper that proposes a flocking-like dynamical system together
with an iterative edge-removal process to solve community detection problems. In the model,
each vertex is an aligning particle and carries a state. They start pointing to a random direction
and, as the process evolves, progressively turn themselves toward the same direction of their
neighbors. After some iterations, the edge (or group of edges) that connects the least aligned
pair of vertices is supposed to link distinct communities and is removed from the network.
Inter-community edges are expected to be removed, thus the network becomes partitioned into
disconnected components. These components are the discovered communities of the network.

An extensive set of experiments shows that the method performs well in many scenarios.
The decentralized, self-organizing dynamical model is robust, thus applicable to a wide variety
of networks. Moreover, mathematical analysis proves the desirable behavior of the system,
including the domain of the states and the likely alignment of the particles.

7.2 Scientific contributions

During the doctorate period, the following papers have been published, accepted or
submitted as a result of this work:

∙ Published:

1. Filipe Alves Neto, Liang Zhao, “On the data classification using complex network
entropy”, BDBComp Proceedings (Encontro Nacional de Inteligência Artificial e
Computacional), v. 1, p. 53-58, São Carlos, Brazil, 2014.

2. G. Furquim, F. A. Neto, G. Pessin, J. Ueyama, J. P. de Albuquerque, M. Clara, E. M.
Mendiondo, V. C. B. de Souza, P. de Souza, D. Dimitrova, T. Braun, “Combining
Wireless Sensor Networks and Machine Learning for Flash Flood Nowcasting”, Pro-
ceedings of the 28th International Conference on Advanced Information Networking
and Applications Workshops, v. 1, p. 67-72, Victoria, BC, Canada, 2014.
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3. Paulo Roberto Urio, Filipe Alves Neto Verri, Liang Zhao, “Semi-supervised Learning
by Edge Domination in Complex Networks”, Proceedings of the 11th International
Conference on Natural Computation, v. 1, p. 516-521, Zhangjiajie, China, 2015.

4. Paulo Roberto Urio, Filipe Alves Neto Verri, Liang Zhao, “Semi-supervised Classifi-
cation by Particle Competition in Complex Network’s Edges”, International Journal
of Pattern Recognition and Artificial Intelligence, v. 30, p. 1660006, 2016.

5. Filipe Alves Neto Verri, Liang Zhao, “Random Walk in Feature–Sample Networks
for Semi-supervised Classification”, Proceeding of the 5th Brazilian Conference on
Intelligent Systems, v. 1, p. 235-240, Recife, Brazil, 2016.

6. Paulo Roberto Urio, Filipe Alves Neto Verri, Liang Zhao, “Features of edge-centric
collective dynamics in machine learning tasks”, Proceedings of the 6th Interna-
tional Conference on Nonlinear Science and Complexity, online <https://ssl4799.
websiteseguro.com/swge5/PROCEEDINGS/>, São José dos Campos, SP, 2016.

7. Filipe Alves Neto Verri, Paulo Roberto Urio, Liang Zhao, “Network Unfolding Map
by Edge Dynamics Modeling”, IEEE Transactions on Neural Networks and Learning
Systems, v. 29, no. 2, p. 405-418, 2018.

∙ Accept for publication:

1. Filipe Alves Neto Verri, Paulo Roberto Urio, Liang Zhao, “Advantages of Edge-
Centric Collective Dynamics in Machine Learning Tasks”, Journal of Applied Non-
linear Dynamics, v. 7, no. 3, September, 2018 (special issue, not published yet).

∙ Submitted:

1. Filipe Alves Neto Verri, Roberto Alves Gueleri, Qiusheng Zheng, Junbao Zhang,
Liang Zhao, “Network community detection via iterative edge removal in flocking-
like system”, Submitted to IEEE Transactions on Evolutionary Computation, 2018.
Preprint, arXiv:1802.04186 [cs.SI], <https://arxiv.org/abs/1802.04186>.

2. Filipe Alves Neto Verri, Renato Tinós, Liang Zhao, “Feature learning in feature-
sample networks using multi-objective optimization”. Submitted to the IEEE Congress
on Evolutionary Computation, 2018. Preprint, arXiv:1710.09300 [cs.AI], <https:
//arxiv.org/abs/1710.09300>.

The resulting publications have rendered many contributions to the areas of machine
learning and complex systems. Regarding my individual ideas and achievements, I highlight the
following contributions:

1. Proposal and analytical study of a new collective system of competing particles, the
Labeled Component Unfolding (LCU) system (Chapter 2). The LCU system shifts the

https://ssl4799.websiteseguro.com/swge5/PROCEEDINGS/
https://ssl4799.websiteseguro.com/swge5/PROCEEDINGS/
https://arxiv.org/abs/1802.04186
https://arxiv.org/abs/1710.09300
https://arxiv.org/abs/1710.09300
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traditional vertex-centric dynamics to a more informative edge-centric dynamics. More-
over, it is the first particle competition system applied in machine learning task that has
deterministic behavior.

2. Idealization and part of the conduction of the analytical and experimental studies on the
differences between edge- and vertex-centric particle competition (Chapter 3). Results
show several advantages of the edge-centric model, including the ability to acquire more
information about overlapping areas, a better exploration behavior, and a faster convergence
time.

3. Proposal of a new network formation technique that is not based on similarity, called
feature–sample networks (Chapter 4). In datasets with binary features, the method is
lossless. In other words, in that case, the method does not lose information of the input
data. The formation method has low computation cost of construction and update.

4. Analytical investigation of the flocking-like system of aligning particles (Chapter 6). The
understanding of the mathematical properties of the system is needed to guarantee the
expected behavior in community detection tasks.

7.3 Future works

I list the major topics that could be investigated in future works:

1. The relationship between particle competition models and reinforced random walks (PE-
MANTLE, 2007). Reinforced random walks are a challenging topic in statistics, but some
theoretical results could give insights about the application of particle competition in
machine learning.

2. The relationship between edge-centric particle competition and edge-centric community
detection (AHN; BAGROW; LEHMANN, 2010; LIU et al., 2016). The proposed LCU
system can benefit from the study of link communities and edge label propagation.

3. Mathematical and experimental study of the convergence of LCU and VDS. Although
maximum competition systems (λ = 1) have fixed points in networks with binary labels,
the convergence is not guaranteed analytically. Stability analysis can be carried out using
either Lyapunov direct method or the Jacobian matrix of the system. Results may be further
extended to multi-label problems and for lower levels of competition (0 < λ < 1).

4. Proposal of adaptations of edge-centric systems, LCU and VDS, to work on directed
and/or weighted networks. The change of the characteristics of the input graph could lead
to unexpected differences in the dynamics.
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5. Explicit exploitation of the information retrieved by LCU and VDS. Edge-centric systems
can retrieve more information than their vertex-centric counterpart, especially about
overlapping areas. I speculate that a better designed classification mechanism will further
increase accuracy of those methods.

6. Proposal of collective systems that explicit retrieve information from bipartite networks.
Mutualistic systems (LEVER et al., 2014; JIANG et al., 2018) exhibit interesting dynamics
and have several properties that can be used for machine learning.

7. Application of feature–sample networks in real-time problems. Since addition and removal
of samples in the network is cheap, methods can be developed to deal with concept drift,
outlier detection, data stream classification, and active learning.

8. Mathematical study of alignment of communities in the flocking-like system. It is shown
that all particles align eventually, but no analytical study has been carried about the partial
and hierarchical alignment of the communities. Such study would provide better heuristics
for the stopping conditions of the system itself and the removal of edges.

9. Application of the flocking-like system in semi-supervised learning problems. The flocking-
like system can be adapted to benefit from label information, deriving new learning models.
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