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Abstract

Machine learning is evidenced as a research area with the main purpose of develop-
ing computational methods that are capable of learning with their previously acquired
experiences. Although a large amount of machine learning techniques has been pro-
posed and successfully applied in real systems, there are still many challenging is-
sues, which need be addressed. In the last years, an increasing interest in techniques
based on complex networks (large-scale graphs with nontrivial connection patterns)
has been verified. This emergence is explained by the inherent advantages provided
by the complex network representation, which is able to capture the spatial, topological
and functional relations of the data. In this work, we investigate the new features and
possible advantages offered by complex networks in the machine learning domain. In
fact, we do show that the network-based approach really brings interesting features
for supervised, semisupervised, and unsupervised learning. Specifically, we reformu-
late a previously proposed particle competition technique for both unsupervised and
semisupervised learning using a stochastic nonlinear dynamical system. Moreover,
an analytical analysis is supplied, which enables one to predict the behavior of the
proposed technique. In addition to that, data reliability issues are explored in semisu-
pervised learning. Such matter has practical importance and is found to be of little
investigation in the literature. With the goal of validating these techniques for solving
real problems, simulations on broadly accepted databases are conducted. Still in this
work, we propose a hybrid supervised classification technique that combines both low
and high orders of learning. The low level term can be implemented by any classifi-
cation technique, while the high level term is realized by the extraction of features of
the underlying network constructed from the input data. Thus, the former classifies
the test instances by their physical features, while the latter measures the compliance
of the test instances with the pattern formation of the data. Our study shows that the
proposed technique not only can realize classification according to the semantic mean-
ing of the data, but also is able to improve the performance of traditional classification
techniques. Finally, it is expected that this study will contribute, in a relevant manner,
to the machine learning area.

Keywords: particle competition, competitive learning, unsupervised learning, semi-
supervised learning, supervised learning, data clustering, data classification, high level
classification, random walks, complex networks.
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Resumo

Aprendizado de máquina figura-se como uma área de pesquisa que visa a desen-
volver métodos computacionais capazes de “aprender” com a experiência. Embora
uma grande quantidade de técnicas de aprendizado de máquina foi proposta e apli-
cada, com sucesso, em sistemas reais, existem ainda inúmeros problemas desafiantes
que necessitam ser explorados. Nos últimos anos, um crescente interesse em técni-
cas baseadas em redes complexas (grafos de larga escala com padrões de conexão não
triviais) foi verificado. Essa emergência é explicada pelas inerentes vantagens que a
representação em redes complexas traz, sendo capazes de capturar as relações espa-
ciais, topológicas e funcionais dos dados. Nesta tese, serão investigadas as possíveis
vantagens oferecidas por redes complexas quando utilizadas no domínio de apren-
dizado de máquina. De fato, será mostrado que a abordagem por redes realmente
proporciona melhorias nos aprendizados supervisionado, semissupervisionado e não
supervisionado. Especificamente, será reformulada uma técnica de competição de
partículas para o aprendizado não supervisionado e semissupervisionado por meio
da utilização de um sistema dinâmico estocástico não linear. Em complemento, uma
análise analítica de tal modelo será desenvolvida, permitindo o entendimento evolu-
cional do modelo no tempo. Além disso, a questão de confiabilidade de dados será
investigada no aprendizado semissupervisionado. Tal tópico tem importância prática
e é pouco estudado na literatura. Com o objetivo de validar essas técnicas em proble-
mas reais, simulações computacionais em bases de dados consagradas pela literatura
serão conduzidas. Ainda nesse trabalho, será proposta uma técnica híbrica de classi-
ficação supervisionada que combina tanto o aprendizado de baixo como de alto nível.
O termo de baixo nível pode ser implementado por qualquer técnica de classificação
tradicional, enquanto que o termo de alto nível é realizado pela extração das caracterís-
ticas de uma rede construída a partir dos dados de entrada. Nesse contexto, aquele
classifica as instâncias de teste segundo qualidades físicas, enquanto que esse estima a
conformidade da instância de teste com a formação de padrões dos dados. Os estudos
aqui desenvolvidos mostram que o método proposto pode melhorar o desempenho
de técnicas tradicionais de classificação, além de permitir uma classificação de acordo
com o significado semântico dos dados. Enfim, acredita-se que este estudo possa gerar
contribuições relevantes para a área de aprendizado de máquina.

Palavras-chave: competição de partículas, aprendizado competitivo, aprendizado não
supervisionado, aprendizado semissupervisionado, aprendizado supervisionado, agru-
pamento de dados, classificação de dados, classificação em alto nível, caminhadas
aleatórias, redes complexas.

xi



xii



Contents

Acknowledgements vii

Abstract ix

Resumo xi

Contents xiii

List of Figures xvii

List of Symbols xxi

1 Introduction 1
1.1 Objectives . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 4
1.2 Motivations . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 8
1.3 Organization of the Remainder of the Document . . . . . . . . . . . . . . 12

2 Fundamental Concepts 15
2.1 Complex Networks . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 15

2.1.1 Basic Concepts of Graphs . . . . . . . . . . . . . . . . . . . . . . . 16
2.1.2 Evolution Line and Historical Trends . . . . . . . . . . . . . . . . 18
2.1.3 Complex Network Models . . . . . . . . . . . . . . . . . . . . . . 20
2.1.4 Community Detection . . . . . . . . . . . . . . . . . . . . . . . . . 25
2.1.5 Complex Network Measures . . . . . . . . . . . . . . . . . . . . . 29

2.2 Machine Learning . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 34
2.2.1 Overview of Machine Learning . . . . . . . . . . . . . . . . . . . . 35
2.2.2 Network-based Unsupervised Learning . . . . . . . . . . . . . . . 36
2.2.3 Network-based Supervised Learning . . . . . . . . . . . . . . . . 44
2.2.4 Network-based Semisupervised Learning . . . . . . . . . . . . . . 52

2.3 Chapter Remarks . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 61

3 Unsupervised Stochastic Competitive Learning in Complex Networks 63
3.1 Model Description . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 64

3.1.1 A Brief Overview of the Model . . . . . . . . . . . . . . . . . . . . 64
3.1.2 Deriving the Competitive Transition Matrix of the Dynamical

System . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 65
3.1.3 Defining the Stochastic Nonlinear Dynamical System . . . . . . . 74

xiii



xiv Contents

3.1.4 Setting up the Initial Conditions of the Dynamical System . . . . 75
3.1.5 Detailing the Algorithm . . . . . . . . . . . . . . . . . . . . . . . . 75
3.1.6 Discovering the Computational Complexity . . . . . . . . . . . . 77
3.1.7 Method for Determining the Optimal Number of Particles . . . . 80
3.1.8 Method for Detecting Overlapping Structures . . . . . . . . . . . 83

3.2 Empirical Analysis of the Technique . . . . . . . . . . . . . . . . . . . . . 84
3.2.1 Parameter Sensitivity Analysis . . . . . . . . . . . . . . . . . . . . 84
3.2.2 Convergence Analysis . . . . . . . . . . . . . . . . . . . . . . . . . 88
3.2.3 Impact Analysis of Different Similarity Functions in the Network

Formation Step . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 92
3.3 Theoretical Analysis of the Technique . . . . . . . . . . . . . . . . . . . . 95

3.3.1 Mathematical Analysis . . . . . . . . . . . . . . . . . . . . . . . . . 95
3.3.2 The Proposed Competitive System Generalizes Multiple Inde-

pendent Random Walks . . . . . . . . . . . . . . . . . . . . . . . . 107
3.3.3 A Numerical Example . . . . . . . . . . . . . . . . . . . . . . . . . 109

3.4 Computer Simulations . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 113
3.4.1 Computational Complexity Analysis . . . . . . . . . . . . . . . . . 114
3.4.2 Simulations on Artificial Data . . . . . . . . . . . . . . . . . . . . . 114
3.4.3 Simulations for Community Detection on Artificial and Real-World

Networks . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 117
3.4.4 Simulations for Data Clustering on Artificial and Real-World Data

Sets . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 120
3.4.5 Simulations for Detecting Overlapping Vertices and Communities 126

3.5 Application: Handwritten Digits and Letters Clustering . . . . . . . . . . 132
3.5.1 Motivation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 132
3.5.2 The Network Formation Technique . . . . . . . . . . . . . . . . . 133
3.5.3 Brief Information of the Handwritten Digits and Letters Data Sets 134
3.5.4 Determining the Optimal Number of Particles and Clusters . . . 135
3.5.5 Handwritten Data Clustering . . . . . . . . . . . . . . . . . . . . . 135

3.6 Chapter Remarks . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 140

4 Semisupervised Stochastic Competitive Learning in Complex Networks 143
4.1 Model Description . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 144

4.1.1 A First Glimpse at the Differences of the Semisupervised and the
Unsupervised Versions . . . . . . . . . . . . . . . . . . . . . . . . . 144

4.1.2 Familiarizing with the Environment . . . . . . . . . . . . . . . . . 145
4.1.3 Deriving the Competitive Transition Matrix of the Dynamical

System . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 145
4.1.4 The Initial Conditions of the System . . . . . . . . . . . . . . . . . 146
4.1.5 Discovering the Computational Complexity . . . . . . . . . . . . 147

4.2 Theoretical Results . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 148
4.2.1 Mathematical Analysis . . . . . . . . . . . . . . . . . . . . . . . . . 148
4.2.2 A Numerical Example . . . . . . . . . . . . . . . . . . . . . . . . . 152
4.2.3 Validation of the Theoretical Results . . . . . . . . . . . . . . . . . 155

4.3 Computer Simulations . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 156
4.3.1 Parameter Sensitivity Analysis . . . . . . . . . . . . . . . . . . . . 156
4.3.2 Simulations on Synthetic Data Sets . . . . . . . . . . . . . . . . . . 159
4.3.3 Computer Simulations on Benchmarked Data Sets . . . . . . . . . 163



Contents xv

4.4 Application: Detection and Prevention of Error Propagation via Com-
petitive Learning . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 173
4.4.1 Motivation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 175
4.4.2 Detecting Incorrectly Labeled Vertices . . . . . . . . . . . . . . . . 176
4.4.3 Preventing the Label Propagation from Incorrectly Labeled Vertices179
4.4.4 The New Competitive Learning System . . . . . . . . . . . . . . . 180
4.4.5 Understanding the Properties and Dynamics of the New Model . 181
4.4.6 Computer Simulations . . . . . . . . . . . . . . . . . . . . . . . . . 190

4.5 Chapter Remarks . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 197

5 Supervised High Level Data Classification in Complex Networks 199
5.1 Motivation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 200
5.2 Model Description . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 203

5.2.1 Glimpsing over the Fundamentals behind the Model . . . . . . . 203
5.2.2 Deriving the Hybrid Classification Framework . . . . . . . . . . . 207

5.3 Some Possible Ways of Composing the High Level Classifier . . . . . . . 210
5.3.1 High Level Classifier using a Mixture of Complex Network Mea-

sures . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 211
5.3.2 High Level Classifier using Tourist Walks . . . . . . . . . . . . . . 213

5.4 Computer Simulations using the High Level Classifier as a Mixture of
Complex Network Measures . . . . . . . . . . . . . . . . . . . . . . . . . 218
5.4.1 Illustrative Examples . . . . . . . . . . . . . . . . . . . . . . . . . . 218
5.4.2 Simulations on Real-World Data Sets . . . . . . . . . . . . . . . . 230
5.4.3 Application: Handwritten Digits Recognition . . . . . . . . . . . 234

5.5 Computer Simulations using the High Level Classifier based on Tourist
Walks . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 236
5.5.1 Illustrative Examples . . . . . . . . . . . . . . . . . . . . . . . . . . 236
5.5.2 Parameter Sensitivity Analysis . . . . . . . . . . . . . . . . . . . . 240
5.5.3 Simulations on Real-World Data Sets . . . . . . . . . . . . . . . . 245
5.5.4 Application: Handwritten Digits Recognition . . . . . . . . . . . 247

5.6 Chapter Remarks . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 249

6 Conclusions 253
6.1 Concluding Remarks . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 253
6.2 Publications during the Doctorate Period . . . . . . . . . . . . . . . . . . 257
6.3 Scientific Contributions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 258
6.4 Future Works . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 261

Bibliography 265



xvi Contents



List of Figures

1.1 A network which presents four well-defined communities. . . . . . . . . 4

2.1 An example of random networks of Erdös and Rényi. (a) A network con-
structed by means of the random approach proposed by Erdös e Rényi;
and (b) plot of the average degree distribution in a network consisting
of V = 6 000 and p = 0.01. . . . . . . . . . . . . . . . . . . . . . . . . . . . 21

2.2 Network behavior as we increase the parameter p, which is responsible
for the relocation frequency of the edges. . . . . . . . . . . . . . . . . . . 23

2.3 Schematic of a scale-free network. . . . . . . . . . . . . . . . . . . . . . . 24
2.4 Schematic of a random clustered network. . . . . . . . . . . . . . . . . . . 26
2.5 Illustration of a tourist walk with µ = 1. The red (dark gray) and green

(light gray) dots represent visited and unvisited sites, respectively. The
dashed lines indicate the transient part of the walk, whereas the contin-
uous lines, the attractor of the walk. . . . . . . . . . . . . . . . . . . . . . 34

2.6 Schematic of the three paradigms of the machine learning area. (a) un-
supervised learning (a clustering task is presented in the figure); (b)
semisupervised learning (a semisupervised classification task is displayed
in the figure); and (c) supervised learning (a supervised classification
task is depicted in the figure). . . . . . . . . . . . . . . . . . . . . . . . . . 37

2.7 An example of data set where semisupervised learning techniques would
lead to more robust results than supervised learning techniques. The
dotted line denotes the decision boundary that would be probably out-
put by a supervised learning method. The continuous line displays the
same information for a semisupervised learning algorithm. . . . . . . . . 53

2.8 Motivation for the research on network-based semisupervised methods. 56
2.9 Process of coalescence of vertices s and r. After the merge, s consumes r

and becomes a super-vertex. All neighbors of r are connected to s during
this procedure. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 61

3.1 A typical situation where the red (dark gray) particle, presently located
at vertex 1, has to choose a neighbor to visit in the next iteration. . . . . . 68

3.2 Illustration of the reanimation scheme. . . . . . . . . . . . . . . . . . . . . 70
3.3 Illustration of the reanimation procedure in a typical situation. . . . . . . 72
3.4 A flowchart of the methodology to iterate the stochastic dynamical sys-

tem φ. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 76

xvii



xviii List of Figures

3.5 Determination of the optimal number of particles K in random clustered
networks. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 82

3.6 Determination of the optimal number of particles K (the actual number
of clusters) in real-world data sets. . . . . . . . . . . . . . . . . . . . . . . 82

3.7 Cluster detection accuracy vs. parameter λ. . . . . . . . . . . . . . . . . . 86
3.8 Cluster detection accuracy vs. parameter ∆. . . . . . . . . . . . . . . . . . 87
3.9 Scatter plot of artificial databases constituted by two groups. . . . . . . . 90
3.10 Convergence analysis of the particle competition algorithm when 〈R(t)〉

is used. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 90
3.11 Convergence analysis of the particle competition algorithm when |N(t+

1)− N(t)|∞ is used. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 92
3.12 An arbitrary network constructed with the purpose of obtaining the

largest reachable or feasible entry of N(t) for a given t. . . . . . . . . . . 101
3.13 Comparison of the consumed time of the proposed technique and the

Modularity algorithm. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 115
3.14 A simple network with 11 vertices distributed into 2 unbalanced com-

munities. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 115
3.15 Behavior of N̄(t) as the system progresses in time (t). . . . . . . . . . . . 116
3.16 Illustration of an artificial community detection process via particle com-

petition. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 117
3.17 Another illustration of an artificial community detection process via par-

ticle competition. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 118
3.18 GN’s community detection benchmark results obtained by the proposed

technique. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 119
3.19 Comparison of three community detection algorithms using the bench-

mark of Lancichinetti et. al. . . . . . . . . . . . . . . . . . . . . . . . . . . 120
3.20 Community detection result of the Zachary’s karate club network by

using the proposed method. . . . . . . . . . . . . . . . . . . . . . . . . . . 121
3.21 Data clustering of toy data sets with different cluster shapes. . . . . . . . 122
3.22 Result of the calculation of the overlapping index for all vertices in the

Zachary’s “karate club” network. . . . . . . . . . . . . . . . . . . . . . . . 128
3.23 Dolphin Social Network observed by Lusseau. . . . . . . . . . . . . . . . 129
3.24 Hugo’s sprawling novel of crime and redemption in post restoration en-

titled Les Misérables. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 130
3.25 American College Football network. . . . . . . . . . . . . . . . . . . . . . 131
3.26 The Scientific Collaboration Network data set. . . . . . . . . . . . . . . . 132
3.27 Determination of the optimal number of particles K (the optimal number

of clusters) in real-world data sets. . . . . . . . . . . . . . . . . . . . . . . 136
3.28 A broad set of samples of that were classified as being member of the

cluster representing the pattern “2”. . . . . . . . . . . . . . . . . . . . . . 139
3.29 A broad set of samples of that were classified as being member of the

cluster representing the pattern “5”. . . . . . . . . . . . . . . . . . . . . . 139
3.30 A broad set of samples of that were classified as being member of the

cluster representing the pattern “6”. . . . . . . . . . . . . . . . . . . . . . 139
3.31 A broad set of samples of that were classified as being member of the

cluster representing the pattern “8”. . . . . . . . . . . . . . . . . . . . . . 139

4.1 A reanimation schematic of an exhausted particle. . . . . . . . . . . . . . 147



List of Figures xix

4.2 Comparison of the theoretical and empirical distributions. . . . . . . . . 157
4.3 Classification accuracy vs. λ. . . . . . . . . . . . . . . . . . . . . . . . . . 158
4.4 Classification accuracy vs. ∆. . . . . . . . . . . . . . . . . . . . . . . . . . 158
4.5 Illustration of an artificial classification process through competitive par-

ticle walking. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 160
4.6 Evolutional behavior of the average class domination level imposed by

the particles in the network. . . . . . . . . . . . . . . . . . . . . . . . . . . 161
4.7 A simple networked data set. . . . . . . . . . . . . . . . . . . . . . . . . . 162
4.8 Evolutional behavior of the average domination level imposed by the 3

particles in the network. . . . . . . . . . . . . . . . . . . . . . . . . . . . . 162
4.9 Data Classification of toy data sets. . . . . . . . . . . . . . . . . . . . . . . 164
4.10 PCA projection of the benchmarked data sets. . . . . . . . . . . . . . . . . 169
4.11 Another networked data example. . . . . . . . . . . . . . . . . . . . . . . 177
4.12 Minimum number of times that a particle must get exhausted in order

to (4.23) and (4.24) to hold. . . . . . . . . . . . . . . . . . . . . . . . . . . . 179
4.13 Accuracy rate vs. α. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 183
4.14 Accuracy rate vs. τ. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 185
4.15 Synthetic networks with different strategies for labeling the training set. 188
4.16 Behavior of the accuracy rate of the model vs. the proportion of mis-

labeled instances (q), when random clustered networks with constant
mixture are used. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 190

4.17 First critical point vs. network mixture zout/〈k〉. . . . . . . . . . . . . . . . 192
4.18 Behavior of the classification error as the proportion of wrongly labeled

vertices increases on two real-world data sets. . . . . . . . . . . . . . . . 194

5.1 A simple example of a supervised data classification task where there
exists a class with a clear pattern, in this case, the red (“circle") class. . . 200

5.2 Illustration of the graph formation technique consisting in a combina-
tion of the k-nearest neighbor and the ε-radius techniques. . . . . . . . . 205

5.3 Overview of the two phases of the supervised learning. . . . . . . . . . . 205
5.4 A high level data classification using a synthetic data set. . . . . . . . . . 219
5.5 Another example of high level classification in a synthetic data set. . . . 222
5.6 Behavior of the decision boundaries as ρ varies in the toy data of Fig. 5.5. 223
5.7 Behavior of the decision boundaries as ρ varies for a multiclass problem. 224
5.8 Analysis of the minimum value of the compliance term, ρmin, that clas-

sifies the triangle-shaped item as members of the red or “circle" class. . . 225
5.9 Impact analysis of the compliance term on the model’s accuracy rate

when Gaussian distributions are employed. . . . . . . . . . . . . . . . . . 228
5.10 An analysis of the impact of the compliance term ρ on three different

traditional low level techniques applied to the MNIST database. . . . . 235
5.11 A high level data classification task using tourist walks. . . . . . . . . . . 239
5.12 Minimum value of the compliance term using tourist walks, ρmin, that

results in the correct classification of the test instances. . . . . . . . . . . 240
5.13 Analysis of accuracy rate vs. the compliance term with three distinct

high level classifiers based on tourist walks. . . . . . . . . . . . . . . . . . 242
5.14 Behavior of the transient and cycle lengths of the Iris data set. . . . . . . 244
5.15 Accuracy rate vs. µc for 3 different values of the compliance term ρ. . . . 245



xx List of Figures

5.16 A detailed analysis of the impact of the compliance term ρ on different
traditional low level techniques applied to the MNIST database when
the high level is based on tourist walks. . . . . . . . . . . . . . . . . . . . 249

5.17 Illustration of the pattern formation impact in a subset of samples ex-
tracted from the MNIST data set. . . . . . . . . . . . . . . . . . . . . . . . 250

5.18 Transient and cycle lengths and the corresponding variations due to the
insertion of a test instance. . . . . . . . . . . . . . . . . . . . . . . . . . . . 252



List of Symbols

Notation Description

t Index for time.

i, j Indices for vertices in the network.

k Index for a particle in the network.

u Index for a network measure plugged into the high level classifier.

V Number of vertices.

E Number of edges.

aij The edge weight from vertex i to j.

λ Counterweights the amount of preferential and random walks

performed by all particles.

ρ Compliance term used for calibrating the decisions of the

low and high level classifiers.

n Number of data items (instances) in a learning process.

l Number of labeled data items (instances) in a learning process.

u Number of unlabeled data items (instances) in a learning process.

L Number of possible classes (labels).

µc Critical memory length of the tourist walks.

ωmin Minimum energy that a particle can have.

ωmax Maximum energy that a particle can have.

∆ Fraction of gained/lost energy depending on which

type of vertex a particle visits.

xxi



xxii List of Figures

Notation Description

m Number of network measures plugged into the network-based

high level classifier.

α(u) Weight for the uth network measure plugged into the

network-based high level classifier.

N(k)
i (t) Number of visits that vertex i has received from particle k up to time t.

p(k)(t) Location of the kth particle in the network at time t.

E(k)(t) Particle k’s energy at time t.

S(k)(t) Indicator of the state of the kth particle: active or exhausted at time t.

F(j)
i Hybrid framework’s decision for the ith test instance towards class j.

L(j)
i Low level classifier’s decision for the ith test instance towards class j.

H(j)
i High level classifier’s decision for the ith test instance towards class j.

∆G(j)
i (u) uth network measure’s variation when i is inserted into class j.

∆T(j)
i (u) Transient length’s variation when test instance i is inserted into class j.

∆C(j)
i (u) Cycle length’s variation when test instance i is inserted into class j.

p(j) Size proportion of class j.

P
(k)
transition(t) Particle k’s transition matrix at time t.

P
(k)
rand Particle k’s random walk matrix (time-invariant).

P
(k)
pref(t) Particle k’s preferential walk matrix at time t.

P
(k)
rean(t) Particle k’s reanimation matrix at time t.

X Set of raw, vector-based data items.

Xtraining Training set of data items.

Xtest Test set of data items.

V Set of vertices in the network.

Vu Set of unlabeled vertices in the network.

Vl Set of labeled vertices in the network.

Q Set of wrongly labeled vertices in the network.

E Set of edges in the network.

K Set of particles inserted into the network.

L Set of possible labels (classes).

It Set containing all irreducible fractions satisfying

Lemma 3 at time t.

Mt Set of all N(t) whose every entry is in It.



CHAPTER

1
Introduction

Human beings are born with the fascinating gift of learning. With the aid of such
ability, they absorb and assimilate knowledge throughout their entire life. In an at-
tempt to simulate such notorious characteristic in a computational environment, the
research area entitled machine learning arose, which aims at developing computational
methods that are capable of “learning” with accumulated experiences (Bishop, 2007;
Duda et al., 2000; Mitchell, 1997). Based on the computational data representation ob-
tained from a wide range of domains, the learning machine techniques can, in an auto-
matic manner, generate models apt to organize the existing knowledge or, yet, mimic
the behavior of a human expert. Generally speaking, these techniques are tradition-
ally classified in two paradigms: supervised and unsupervised learning (Bishop, 2007;
Duda et al., 2000). In the supervised learning, the goal is to deduce concepts regard-
ing the data from the labeled instances; i.e., the learning process tries to construct a
mapping function conditioned to the provided training set. When the labels comprise
discrete values, then the problem is denominated classification, whereas when the val-
ues are continuous, regression. On the other hand, in the unsupervised learning, the main
task consists in grouping the data, based on some similarity criterion. The learning
process, in this case, is guided by the provided data, since no prior knowledge about
the existing classes is required (Mitchell, 1997).

Supervised learning requires a labeled data set for training. However, the task of
manual labeling is, in the majority of the cases, a cumbersome and expensive process,
which usually involves the work of human experts. In order to soften this shortcom-
ing, the area denominated semisupervised learning was proposed, whose main distinct
characteristic resides in the fact that both the labeled and the unlabeled data are used
in the prediction process by means of, for example, a propagating process. Frequently

1
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in real-world situations, the data sets consist of a great amount of unlabeled data and a
few labeled data. In this way, semisupervised learning can considerably reduce human
experts’ efforts. Moreover, empirical results have shown that the usage of unlabeled
data can improve the performance of the classifier (Chapelle et al., 2006; Singh et al.,
2008).

Competition is a natural process observed in nature and in many social systems
that have limited resources, such as water, food, mates, territory, recognition, etc.
Competitive learning is an important machine learning approach which is widely em-
ployed in artificial neural networks to realize unsupervised learning. Early develop-
ments include the famous Self-Organizing Map (SOM - Self-organizing Map) (Koho-
nen, 1990), Differential Competitive Learning (Kosko, 1991), and Adaptive Resonance
Theory (ART - Adaptive Resonance Theory) (Carpenter and Grossberg, 1987; Grossberg,
1987). From then on, many competitive learning neural networks have been proposed
(Allinson et al., 2001; Amorim et al., 2007; Athinarayanan et al., 2002; Jain et al., 2010;
Kaylani et al., 2010; López-Rubio et al., 2009; Lu and Ip, 2009; Meyer-Bäse and Thümm-
ler, 2008; Príncipe and Miikkulainen, 2009; Tan et al., 2008) and a wide range of appli-
cations has been considered. Some of these include data clustering, data visualization,
pattern recognition, and image processing (Bacciu and Starita, 2008; Chen et al., 2005;
Deboeck and Kohonen, 2010; do Rêgo et al., 2010; Liu et al., 2008; Wang et al., 2009; Xu
and II, 2005). Without a doubt, competitive learning neural networks represent one
of the main successes of the neural network theory development. However, at least
two problems remain: (i) The constructed network is usually small, in such a way that
competition occurs among a small number of neurons. Consequently, the model may
not exhibit high robustness for data processing. (ii) There is not a direct connection
between the input data and the trained competitive learning neural network. When a
large data set is mapped into a network with a small number of neurons, it becomes
hard to see the correspondence between the original data and the trained neural net-
work. This is one of the reasons why neural networks sometimes are considered as
“black box" systems.

A random walk is a mathematical formalization of a trajectory that consists of tak-
ing successive random steps (Pearson, 1905). It has been used to describe many natural
phenomena and it has also been applied to solve a wide range of engineering prob-
lems. Some of these include graph matching and pattern recognition (Gori et al., 2005),
image segmentation (Grady, 2006), neural network modeling (Jiang and Wang, 2000;
Liang et al., 2009), network centrality measure (Noh and Rieger, 2004), network parti-
tion (Zhou, 2003a), construction and analysis of communication networks (Zeng et al.,
2010; Zhong et al., 2008).

Over the last decade, there has been an increasing interest in network research,
with the focus shifting away from the analysis of small graphs to the consideration of
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large-scale graphs, called complex networks. Such networks have emerged as a unified
representation of complex systems in various branches of science. In general, they are
used to model systems which have a nontrivial topology and are composed of a large
amount of vertices (Albert and Barabási, 2002; Barrat et al., 2008; Newman, 2003b).
Machine learning and data mining techniques using complex networks have triggered
increased attention. This is because networks are ubiquitous in nature and everyday
life, since many data sets are artlessly represented by them. Examples include the
Internet, the World Wide Web, biological neural networks, social networks (between
individuals and among companies and organizations), food webs, metabolic networks
and distribution (such as the bloodstream, postal delivery routes and distribution of
electric energy), etc. Many other kinds of data sets can be transformed into network
representations. For instance, a set of items described by feature (or attribute) vectors
can be transformed into a network by simply connecting each sample to its k near-
est neighbors. In addition, the complex network representation unifies the structure,
dynamics, and functions of a system which it represents. It does not only describe
the interaction among vertices (structure) and the evolution of such interactions (dy-
namics), but also reveals how the structure and dynamics affect the overall function
of the network (Newman, 2010). For example, it is well known that there is a strong
connection between the structure of protein-protein interaction networks and protein
functions (Palla et al., 2005). The main motivation of graph theory research is the ability
to describe the topological structure of the original system. In the machine learning do-
main, it has been shown that the topological structure is quite useful to detect clusters
of arbitrary forms in data clustering (Fortunato, 2010; Karypis et al., 1999).

The networks with complex topologies, in the mid-60, were traditionally described
in accordance with the model proposed by (Erdös and Rényi, 1959), known as Random
Graphs. In 1998, Watts and Strogatz discovered that, given a regular network, the mean
value of its shortest paths could be drastically reduced by means of randomly modi-
fying a small quantity of the network’s links (Watts and Strogatz, 1998). The resulting
network is referred to as Small-World Network. In 1999, Barabási and Albert concluded
that many real-world networks share a vertex degree distribution following a power
law: P(k) ∼ k−γ, in which k is the number of links emanating from an arbitrary vertex
and γ is the scale exponent (Barabási and Albert, 1999). This heterogeneous distribu-
tion models the existence of a small group of vertices that present a high quantity of
links. These networks are nominated Scale-Free Networks.

One of the striking phenomena of complex networks is the presence of communities.
The notion of community in networks is straightforward: each community is defined
as a subgraph whose vertices are densely connected within itself, but sparsely con-
nected with the rest of the network. Figure 1.1 shows a network with the presence
of four well-defined communities. Within the figure, it is clear to visualize that there
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exists several connections among the vertices of the same community, while this quan-
tity is scarce in the case of vertices of different communities. Community detection
in complex networks has turned out to be an important topic in graph mining and
data mining (Danon et al., 2005; Fortunato, 2010; Newman and Girvan, 2004). In graph
theory, community detection corresponds to graph partition, which has been shown
to be an NP-complete problem (Fortunato, 2010). For this reason, a lot of efforts has
been spent to develop efficient but suboptimal solutions, such as the spectral method
(Newman, 2006a), the technique based on the “betweenness” measure (Newman and
Girvan, 2004), modularity optimization (Newman, 2004), community detection based
on the Potts model (Reichardt and Bornholdt, 2004), synchronization (Arenas et al.,
2006), information theory (Fortunato et al., 2004), and random walks (Zhou, 2003a).
For a recent review of this topic, see (Fortunato, 2010).

Figure 1.1: A network which presents four well-defined communities. The different vertices’
colors or formats denote the communities to which each of them belong.

1.1 Objectives

This project brings as its main goal the development of new machine learning
techniques based on complex networks. In this work, the three branches of the ma-
chine learning area are going to be tackled and investigated, i.e., the unsupervised, the
semisupervised, and the supervised learning areas. Behind the aforementioned goal,
the main concerns that this work tries to address are threefold:

• The development of new machine learning computational methods are expected,
whenever possible, to be equipped with an underlying mathematical framework,
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which is responsible for characterizing the behavior of these techniques in a con-
cise and formal manner. We believe that this is an important step to better under-
stand the dynamics of the models and, as a consequence, to better enable one to
perceive the potentialities and the shortcomings offered by them. Nonetheless,
whenever it is possible, empirical studies are likewise conducted to consolidate
and to confirm the validity of our analytical predictions;

• The design of these machine learning techniques, in contrast to traditional meth-
ods, are expected to provide alternative and novel ways to solve the challenging
problems posed by the machine learning area, such as novel and efficient algo-
rithms modeled for the tasks of clustering and classification. In other words, we
intend to investigate the new features and possible advantages offered by com-
plex networks in the machine learning domain. In fact, we do show that the
network-based approach really brings interesting features for machine learning;

• Having in mind the possibility of utilizing the methods described herein in real-
world applications, we also take into account the design of techniques that are
complementary in terms of accuracy rate and computational complexity. In prac-
tical terms, we must not build a technique that can provide excellent accuracy
rates at the cost of high computational complexity. Conversely, a technique with
low computational power is useless if its prediction power is not honorable.
Therefore, we seek in-between solutions over these two extremes.

The specific goals and a brief summary of each topic comprising the current project
are discussed as follows:

• With regard to the unsupervised learning area1:

I. Competitive learning is an important machine learning approach which is
widely employed in artificial neural networks. In view of this, we aim at
proposing and developing an alternative unsupervised learning technique
based on particle competition in complex networks. The model consists of
several particles walking within the network and competing with each other
to occupy as many vertices as possible, while attempting to reject intruder
particles. The particle’s walking rule is composed of a stochastic combina-
tion of random and preferential movements. The model has been applied
to solve community detection and data clustering problems. As we will
see in Chapter 3, computer simulations reveal that the proposed technique

1Works related to this topic have been published in the IEEE Transactions on Neural Networks and
Learning Systems (Silva and Zhao, 2012a), the Journal of Mathematical Imaging and Vision (Silva et al.,
2012c), and submitted to the Information Sciences.
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presents high precision of community and cluster detections, as well as low
computational complexity;

II. The particle competition model is constructed under a stochastic nonlinear
dynamical system. With this respect, we provide an analytical analysis of the
model, deriving probabilistic expressions that are able to predict the model’s
behavior as time progresses. A numerical validation confirms the theoretical
predictions. In addition, we show that the model generalizes the process of
single random walks to multiple interacting random-preferential walks in a
competitive way. Such generalization is realized by calibrating the parame-
ters of the model;

III. A convergence analysis of the particle competition model is supplied.
Therein, we show that the model does not converge to a fixed point, but
instead it is confined within a certain region with a finite diameter. Further-
more, an upper bound of this region is estimated. In practical terms, we
conclude that the particle competition model does not present asymptotic
stability, but instead it presents structural stability. In our opinion, this char-
acteristic is not a disadvantage, because it is more similar to several real-
world systems on account of the noises and other uncontrolled variables
presented by the real environment;

IV. In order to better enable the usage of the proposed model, a detailed param-
eter analysis is conducted;

V. An efficient method for estimating the most likely number of clusters is pro-
posed. It uses an internal evaluator index that monitors the information
generated by the competition process itself. Under some assumptions, we
show that the cluster number determination process may not increase the
model’s complexity order. Since the determination of the actual number of
clusters is an important issue in data clustering, our method also presents a
contribution to this topic;

VI. A fuzzy index for detecting overlapping cluster or community structures
in the network is proposed. As opposed to the majority of methods that
calculate overlapping indices, our index calculation process is embedded
within the competition process. As a consequence, we show that it also does
not increase the model’s complexity order.

VII. We apply the particle competition model in several real-world data sets in
community detection and clustering tasks. Finally, we delve into an appli-
cation of handwritten digits grouping and show that the model can supply
reasonable results.
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• With regard to the semisupervised learning area2:

I. We extend the particle competition model to the semisupervised learning
area for classification tasks, as we will see in Chapter 4. In this case, gen-
erally, a small quantity of items is labeled. For each labeled item, a particle
representing it is put into the network. A new factor in this technique is the
possibility of cooperation among particles representing the same label. In
practical terms, the particles of the same class cooperate among them, while
the particles of different classes compete with each other to propagate class
labels to the whole network;

II. Similarly to the unsupervised learning case, a mathematical analysis is also
performed;

III. The reliability of the labels is a crucial factor in a semisupervised learning
environment, because mislabeled samples may propagate wrong labels to a
portion of or even the entire data set. Here, we address the error propaga-
tion problem originated by these mislabeled samples by presenting detec-
tion and prevention processes embedded within the competitive model. We
show that this mechanism may be perfectly applied to autonomous systems,
which can deeply suffer from these mislabeled vertices. The parameters in-
volved in this detection and prevention process are also carefully analyzed.

• With regard to the supervised learning area3:

I. A hybrid framework composed of a convex combination of low and high
level classifiers is proposed, as we will see in Chapter 5. Traditional super-
vised data classification considers only physical features (e.g., distance or
similarity) of the input data. Here, this type of learning is called low level
classification. On the other hand, the human (animal) brain performs both
low and high orders of learning and it has facility in identifying patterns
according to the semantic meaning of the input data. Data classification that
considers not only physical attributes but also the pattern formation is here
referred to as high level classification. The idea behind introducing this resides
in the fact that data items often have patterns or organizational features that
are left hidden within the numerous relationships among them. These, in
turn, are not very well explored by traditional low level classifiers. The high

2Works related to this topic have been published in the IEEE Transactions on Neural Networks and
Learning Systems (Silva and Zhao, 2012b) and accepted for publication in the Neural Networks (Silva
and Zhao, 2012f).

3Works related to this topic have been published in the IEEE Transactions on Neural Networks and
Learning Systems (Silva and Zhao, 2012d) and submitted to the IEEE Transactions on Pattern Analysis
and Machine Intelligence.
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level term precisely comes into play to fill in this gap. As we will see, in gen-
eral terms, both classifiers are necessary to provide good results. Therefore,
one alone may not yield the best results, but the synergy between both may
boost the accuracy rate in some cases.

II. Motivated by the intrinsic ability to describe topological structures among
the data items, we propose two types of high level classifiers, all of which
running in a networked environment. As a common goal, both realize the
prediction scheme by extracting the features of the underlying network con-
structed from the input data. The high level classifiers are comprised of:

(a) We use the well-known assortativity, clustering coefficient, and average
degree. We show that the combination of these three measures can cap-
ture from local to global characteristics of the network, when utilized
with a good low level classifier.

(b) We apply a weighted combination of tourist walks with different mem-
ory lengths. For this end, we use the variations of the transient and cycle
lengths of tourist walks for each value of the tourist’s memory. We show
that this is able to capture complex patterns of the network and is able
to provide reasonable accuracy rates when utilized in conjunction with
a good low level classifier.

III. An interesting phenomenon uncovered in this work is that, as the class
configuration’s complexity increases, such as the mixture among different
classes, a larger portion of the high level term is required to get correct clas-
sification. This feature confirms that the high level classification has a special
importance in complex situations of classification.

IV. The hybrid framework is employed in a real-world application, where it is
capable of identifying variations and distortions of handwritten digits im-
ages. As a result, it supplies an improvement in the overall pattern recogni-
tion rate.

1.2 Motivations

The main motivation that surrounds this project comes from the fact that complex
networks are powerful tools for several disciplines of science, including modeling and
application of machine learning in data analysis. Due to the high complexity and ver-
satility of this approach, there is still a large space for exploration. By virtue of this, our
primary objective here is to incorporate these powerful tools into tasks of the unsuper-
vised (data clustering or community detection), the semisupervised (semisupervised
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classification), and the supervised learning (supervised classification and regression)
areas, all of which pertaining to the machine learning area, with the goal of obtaining
more robust systems. Sustained by the main goal, new machine learning techniques
will be constructed under some motivations and inspired by the gaps encountered in
the literature. In the next, we succinctly describe them.

One strong argument for delving into the process of particle competition is that
it is very similar to many social and natural processes, such as: competition among
animals, territorial exploration by humans (animals), election campaigns, among oth-
ers. Furthermore, the random-preferential movement incorporated into the particles’
movement policy can substantially improve the classification rate, as will be seen in
the Chapters 3 and 4. This model corroborates the importance of the randomness role
in evolutionary systems whose primary function is to prevent, in an automatic man-
ner, the particles from falling into local traps. Besides that, it supplies, for the particles,
the ability to explore unknown territories. Therefore, a certain amount of randomness
is essential for the learning process. This randomness is charged with representing the
state “I do not know” and lends itself as an effective “explorer of new features.”

The particle competition model was originally proposed by (Quiles et al., 2008),
where only a particle competition procedure was introduced without any formal defi-
nition. This technique displays at least two salient advantages in comparison to many
other recent community detection techniques (Boccaletti et al., 2007; Danon et al., 2007;
Newman and Girvan, 2004; Reichardt and Bornholdt, 2004; Zhou, 2003b):

• The mechanism of particle competition not only provides a community detection
technique, but also presents a general scheme for competitive machine learning;

• The technique provides high community detection accuracy and, at the same
time, low computational complexity.

In this project, a rigorous definition is provided, in which the particle competition
is formally molded from a stochastic nonlinear dynamical system. Moreover, we not
only will provide definitions for the particle competition in the unsupervised learning
area, but also will extend and develop new mechanisms to adapt the same model for
semisupervised learning tasks. One of these new mechanisms is the introduction of
cooperation among particles. In short terms, particles of the same class proceed in the
network in a cooperative manner to propagate their labels, while particles of different
classes compete with each other to determine the class borders. Given that the model
of several interacting particles corresponds to many natural and artificial systems, the
study of this topic stands as an important task. Moreover, little investigation has been
done in the literature for such kinds of systems and, in the few available works, several
assumptions are taken to conduct the mathematical formalities (Chau and Basu, 2011;
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Cooper et al., 2009). For example, Cooper et al. (2009) analyze the problem of multi-
ple random walks in regular graphs. Chau and Basu (2011) also explores these kinds
of systems, but with a focus on intermittently connected networks. Therefore, due to
relative scarcity of theory for such models, this work (the model definition per se) is
an important step to understand and to dominate these systems. Another interesting
feature is that the model has a local label-spreading fashion, i.e., due to the competitive
mechanism, each particle only visits a portion of vertices potentially belonging to the
current particle or its teammates. This can be roughly understood as a “divide-and-
conquer" effect embedded in the competitive-cooperative scheme. In this way, many
long-range redundant operations are avoided. As a result, the proposed method has
a lower computational complexity order. Since the underlying network is constructed
directly from the input data set, the correspondence between the input data and the
processing result (the final network) is maintained. Consequently, the “black box" ef-
fect can be avoided at a large extent.

Traditional techniques of graph-based semisupervised learning involve minimiz-
ing a cost function and the number of matrix multiplications. Thus, the computational
complexity of these techniques is usually of the order O(V3) or higher (Belkin and
Niyogi, 2003; Belkin et al., 2004; Zhou et al., 2004), where V is the number of vertices.
Even though methods for enhancing matrix multiplication have been extensively stud-
ied (c.f. the generalized iterated matrix-vector multiplication technique, GMIV-M, pro-
posed by (Kang et al., 2011)), the minimization of the cost function, which is usually
based on a regularization framework, slows down the whole process (Zhou et al., 2004).
It is expected that the models generated based on competition of particles will be more
efficient, which is important to treat large-scale databases. Therefore, the particle com-
petition method in the semisupervised environment is going to be an endower to this
direction, i.e., trying to fill in this gap in terms of the computational complexity.

Most of the traditional community detection methods aim at assigning each vertex
to a single community (Fortunato, 2010). However, in real networks, vertices are often
shared among communities (Fortunato, 2010). For example, in the language network
composed of words as vertices, the word “Bright” might be a vertex member of sev-
eral communities, such as communities representing words related to the following
subjects: “Light,” “Astronomy,” “Color,” “Intelligence,” and so on (Palla et al., 2005).
In a social network, each person naturally belongs to the communities of the company
where he/she works and also to the community of his/her family at the same time.
Therefore, uncovering overlapping community structure is important not only for net-
work mining, but also for data analysis in general, once a data set is transformed into a
network (Evans and Lambiotte, 2009; Lancichinetti et al., 2009; Nicosia et al., 2009; Palla
et al., 2005; Shen et al., 2009; Sun et al., 2011; Zhang et al., 2007). A salient drawback of
the majority of these techniques resides in the fact that the detection of the overlap-
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ping characteristics of the input network is performed as a separated or dedicated
process apart from the standard community detection technique. In this way, addi-
tional computational time is required. As a result, the whole process may have high
computational complexity. As we will see, the particle competition technique detects
overlapping cluster structures using the competition process itself, i.e, the detection
procedure is already embedded into the model. As a result, we will verify that our
method does not increase the model’s complexity order. Considering that the deter-
mination of overlapping vertices is an important issue in community detection (Palla
et al., 2005), our method also presents a contribution to this topic.

The quality of the training data is a fundamental issue in semisupervised learning
because, in this case, less labeled data is available and errors (wrong labels) may eas-
ily be propagated to a portion of or the entire data set. Though this is an important
topic, it has not received much attention from researchers and there are still few works
devoted to the study of semisupervised learning from imperfect data (Amini and Gal-
linari, 2003, 2005; Hartono and Hashimoto, 2007). In this work, we will also treat the
problem of error propagation in semisupervised learning using the particle competi-
tion method. Usually, in supervised or semisupervised learning, the input label infor-
mation of the training data set is supposed to be completely reliable. However, in real
situations, this is not always true and mislabeled samples are commonly found in the
data sets due to instrumental errors, corruption from noise, or even human mistakes
in the labeling process. For example, in a medical diagnostic system, the diagnostic
results in the training set provided by doctors may be wrong. If these kinds of wrong
labels are used to further classify new data (in the supervised learning case) or are
propagated to the unlabeled data (in the semisupervised learning case), some severe
consequences may occur. This situation becomes more critical in autonomous learn-
ing, where no external or minimal external intervention is involved. Thus, if the prior
knowledge presented to the autonomous learning system contains errors, the perfor-
mance of the learning system will get worse and worse because of the error propaga-
tion. Therefore, considering and designing mechanisms to prevent error propagation
is important in the machine learning study and especially in the autonomous learning.
Specifically, the prevention of error propagation can benefit the learning systems from
two orthogonal aspects:

i. Improvements of the performance of the learning system, i.e., the system can
learn from errors;

ii. Avoidance of a system’s catastrophe by limiting the spreading of wrong labels
(input and generated errors).

In this work, we present a novel mechanism to prevent error propagation in gen-
eral semisupervised learning using the particle competition model. To our knowl-
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edge, many semisupervised learning techniques have been proposed (Chapelle et al.,
2006), but the great majority considers that the label information of the labeled subset
is totally correct, i.e., there is no error prevention mechanism. In this way, the pro-
posed mechanism together with the analysis and numerical simulations presented in
this work also make a clear contribution to general machine learning and especially to
autonomous learning research.

In the field of supervised learning, techniques that predict using physical features
but not the class pattern formation are called low level classification techniques. Usu-
ally, the data items are not isolated points in the attribute space, but instead tend to
form certain patterns. The human (animal) brain performs both low and high orders
of learning and it has facility in identifying patterns according to the semantic meaning
of the input data. However, this kind of task, in general, is still cumbersome to be as-
sessed by computers. Supervised data classification which not only considers physical
attributes but also pattern formation is here referred to as high level classification. Moti-
vated by the fact that the topological properties of the networks have been shown to be
quite useful in data analysis and have not received much attention by the community,
in this work, we propose a hybrid classifier as an endower to fill in this gap. Specifi-
cally, we propose a hybrid classification technique which combines the low and high
levels of learning. Generally speaking, the low level classification can be implemented
by any traditional classification technique. On the other hand, the high level classifica-
tion exploits the complex topological properties of the underlying network constructed
from the input data. As we will see, improvements of the low level classification can
be achieved by the combination of the two levels of learning. The contributions of our
work in the supervised learning area are twofold:

i. Proposal of a customizable hybrid framework that encompasses a low and a high
level classifier;

ii. Definition of two network-based high level classifiers.

Even though the proposed high level classifiers are simple, they are able to enhance
the accuracy rate of low level classifiers in a significant manner. Nonetheless, this
serves as a motivation for further investigation of this branch of the machine learning
area.

1.3 Organization of the Remainder of the Document

The remainder of this thesis is organized as follows. In Chapter 2, we elucidate
the fundamental concepts that make way for the understanding of the developments
derived from this work. With this respect, we review the basic definitions of the com-
plex network and machine learning area. Once the elementary theory is presented,
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we present the results derived from this work in Chapters 3, 4, and 5. Specifically, in
Chapter 3, we explore the unsupervised learning domain by proposing a novel parti-
cle competition model. Several experiments and mathematical investigations are per-
formed, as well as a real-world application (handwritten digits and letters clustering).
In Chapter 4, the particle competition model is extended to the semisupervised learn-
ing domain. Likewise the previous chapter, we also display many experiments and
mathematical investigations, as well as another real-world application (detection and
prevention of mislabeled vertices). In Chapter 5, we delve into the supervised learning
domain by proposing a hybrid framework that derives its decision based on a convex
combination of low and high level classifiers. The proposed model is analyzed in an
empirical way and significant results are obtained. A real-world application (hand-
written digits recognition) is supplied. Enclosing this thesis, in Chapter 6, we draw the
main conclusions of this work. Moreover, the scientific contributions derived from this
project are listed, as well as possible future works. Lastly, we show the main papers
that have been published during the Doctorate period.



14 Chapter 1 - Introduction



CHAPTER

2
Fundamental Concepts

In this chapter, we present the fundamental concepts of complex networks and ma-
chine learning, which are related to the development of this thesis. For each of these
branches, we supply examples of state-of-art methods, focusing on the potentialities
and the shortcomings of each one of them. This enables one to better select the ad-
equate method over the myriad of available techniques for the problem at his/her
hands. In addition, we motivate the application of the complex networks theory into
the machine learning domain, by elencating the principal advantages that a network
representation of the data offers over a raw, vector-based representation, and by dis-
playing how this data representation improves the overall performance of machine
learning techniques. Since in here we deal with machine learning techniques that work
in a networked environment, we restrict ourselves, when explaining the latter, to tech-
niques that rely on networks to produce results (network-based techniques). Of course,
in this case, we first supply an overall glimpse of the wide machine learning area and,
afterwards, we adequately situate where the techniques that we are interested in re-
side.

2.1 Complex Networks

We start out by presenting the main concepts of networks. Afterwards, we delve
into the evolution line and findings of complex networks. Following that, we discuss
the main types and measures proposed in the complex networks literature. Then, we
present the topic of community detection, which is a closely related task to data clus-
tering. Finally, we review some well-known network measures.

15
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2.1.1 Basic Concepts of Graphs

In this section, we present the main terminology of the graphs or networks theory.
First, in this thesis, the words graphs and networks are used interchangeably. In the
following, we present the formal definition of a graph (Bollobas, 1998; Diestel, 2006;
Gross and Yellen, 1999).

Definition 1. Graph: A graph G is defined as a pair 〈V , E〉, where V is a finite nonempty set
of vertices and E is the set of edges between the vertices E ⊆ {(u, v) | u, v ∈ V}. Some special
graphs are defined as follows:

• Undirected Graph: When the relation E is symmetric, meaning that ∀(u, v) ∈ E ⇒
(v, u) ∈ E , it is said that the graph is undirected. In other terms, when there is an edge
linking vertices u to v, so there will be a link from v to u.

• Directed Graph (Digraph): When the relation E satisfies the following restriction:
∃(u, v) ∈ E | (v, u) /∈ E , it is said that the graph is directed (digraph). In other
terms, these kinds of graphs must have at least an arbitrary edge linking u to v, with an
absence of the oppose link.

• Graph with no self-loops: When the relation E is irreflexive, meaning that ∀v ∈
V , (v, v) /∈ E , the graph is said to be free of self-loops. This means that there is no way of
traveling to the same vertex in a single transition.

• Graph with self-loops: When the relation E satisfies the following restriction ∃v ∈
V , (v, v) ∈ E , the graph is said to have self-loops. This means that one can travel back to
the same vertex through an edge without leaving it.

There is a special type of graph known as weighted graph, whose definition is given
as follows. Note that, for this type of graph, the same graph categories discussed in
Definition 1 can be applied to it (Chung, 1997; Godsil and Royle, 2001).

Definition 2. Weighted Graph: A weighted graph G is defined as a triple 〈V , E ,W〉, where
V and E are the sets of vertices and edges, respectively, andW is a matrix composing the edge
weights. For example, the entry W(u, v) = k, (u, v) ∈ E , fixes as k the weight of the edge
linking vertices u to v. If (u, v) /∈ E ⇒W(u, v) = 0.

Remark 1. When W is a binary matrix, then the weighted graph reduces to an unweighted
graph, which is the special graph supplied in Definition 1.

In the next, some common terms are introduced, which will be used throughout
this thesis (Bollobas, 1998; Chung, 1997; Diestel, 2006; Godsil and Royle, 2001; Gross
and Yellen, 1999).
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Definition 3. Adjacent Vertices: Two vertices are called adjacent if they share a common
edge, in which case the common edge is said to join the two vertices. An edge and a vertex on
that edge are called incident. In digraphs, it may occur that vertex v is adjacent to u, but the
opposite is not true, in the case that only a directed edge from u to v is present.

Definition 4. Neighborhood of a Vertex: The neighborhood of a vertex v ∈ V in a graph
G is the set of vertices adjacent to v. The neighborhood is denoted by N(v). Note that the
neighborhood does not include v itself.

Definition 5. Degree (Valency) of a Vertex: The degree of a vertex v is the total number
of vertices adjacent to v. The degree of a vertex v is denoted by k(v). We can equivalently
define the degree of a vertex as the cardinality of its neighborhood and say that, for any vertex
v, k(v) = |N(v)|.

Remark 2. In a directed graph, it is important to distinguish between in-degree and out-degree.
Recall that any directed edge has two distinct ends: an origin (beginning) and a destination
(end). Each destination is counted separately. In relation to a specific vertex, the sum of origin
endpoints counts toward the out-degree and the sum of destination endpoints counts toward
the in-degree.

Definition 6. Graph Path: We write a path P as an ordered list of edges: P =

{(v1, v2), (v2, v3), . . . , (vk, vk+1)}, such that no vertex and no edge is repeated. The first ver-
tex of the first edge of a path is the path’s origin and the second vertex of the last edge is the
path’s destination. Both path’s origin and destination are called endpoints of the path. The
length of a path is given by the cardinality of the sequence P, i.e., |P|. Moreover, P is a path in
G only if every entry of P is in E .

Definition 7. Circuit: A circuit is a path which ends at the vertex it begins. Therefore, a
self-loop is a circuit of length one.

Definition 8. Cycle: A cycle is a circuit in which no vertex, except the first, appears more
than once.

Definition 9. Distance between vertices: The distance d(u, v) between two vertices u ∈ V
and v ∈ V is the length of the shortest path from u to v, considering all possible paths in G
from u to v. The distance between any vertex and itself is 0. If there is no path from u to v, then
d(u, v) = ∞.

Definition 10. Diameter: The diameter of G is the length of the largest distance in G.

Definition 11. Vertex Eccentricity: The eccentricity of v1 ∈ V is the largest distance from
v1 to any other vertex v ∈ V\{v1}.

Definition 12. Clique: A clique in an undirected graph is a subset of vertices such that every
two vertices in the subset are connected by an edge.
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Definition 13. Graph Component: A graph component is a subgraph in which any two
vertices are connected to each other by paths, and which is connected to no additional vertices
in the remainder of the graph.

Definition 14. Connected Graph: A graph is connected if there is a path connecting every
pair of vertices. Therefore, a connected graph has always a single component.

Definition 15. Regular Graph: A graph is regular if all the vertices of G have the same degree.
In particular, if the degree of each vertex is k, G is said to be k-regular.

Definition 16. Complete Graph: A complete graph is a graph in which every two distinct
vertices are joined by exactly one edge. The complete graph with n vertices is denoted by Kn.

Definition 17. Null Graph: A null graph is a graph containing no edges. The null graph
with n vertices is denoted by Nn.

Definition 18. Bipartite Graph: A bipartite graph is a graph whose set of vertices V can be
split into two subsets, in such a way that each edge of the graph joins a vertex in the first set to
a vertex in the second set.

Definition 19. Tree Graph: A tree is a connected graph which has no cycles.

Definition 20. Spanning Tree: If G is a connected graph, the spanning tree in G is a subgraph
of G which includes every vertex of G and is also a tree graph.

2.1.2 Evolution Line and Historical Trends

The study of networks began with the development of the graph theory, inaugu-
rated by Leonhard Euler in 1736 with the solution of the seven bridges problem of
Königsberg, today Kaliningrad, Russia. The problem, much discussed at the time,
recorded that there were seven bridges crossing the river Pregel, with two intermediate
islands. The residents desired to know whether it was possible to cross all these seven
bridges, without repetition, and return to the starting point. Euler demonstrated, in an
analytical manner, for the Russian Academy of Sciences in St. Petersburg, that it was
not possible to complete such a walk. For this end, he made use of a graphical repre-
sentation consisting of points and curves connecting these points. It was the beginning
of the formal representation of a graph or network, known until today, with vertices
and edges. Thereafter, several researchers began studying this branch of research in
search of new theories and applications (Newman, 2003b).

In fact, the first major step in the study of complex networks was driven by Paul
Erdös and Alfréd Réyni, who analyzed a certain type of network, called random net-
works, in their work published in 1959. This investigation opened doors to a novel area
of study - the theory of random networks -, which represents a mixture of the graph
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and probabilistic theories to generate and analyze large-scale graphs (Erdös and Rényi,
1959).

Following the chronology, in 1967, Stanley Milgram decided to accept the challenge
posed by Frigyes Karinthy, which, inspired by the conjectures of Guglielmo Marconi
at 1909, dared one to find another person which could not be transitively connected
by using at most five intermediate people (Milgram, 1967). And it was exactly because
of this problem that the concept denominated separation in six degrees was born, which
was the first seed for the study of the small-world networks. To address this challenge,
Milgram conducted experiments in order to try to discover the probability of any two
arbitrary people to know each other. For this, letters were sent to random people living
in predetermined regions of the United States, whose inner content dealt with infor-
mation about any other arbitrary person. If the person referred to in the letter was
known by the reader, then he/she would mail the letter for the recipient. On the other
hand, if he/she did not know, then the letter should be sent to someone else known.
At the end of experiment, Milgram found that the average number of referrals of one
person to another reached 5.5 people. He was, therefore, empirically discovering the
property of small world, which states that even though there are millions of vertices
interconnected in a social network, the average distance between them is only a small
amount, in the example, 5.5 people (Milgram, 1967).

Despite of the findings of Milgram, it was only in the late 90s that surveys on this
field were retaken. In 1998, Watts and Strogatz found that the average shortest paths
in a network can be drastically reduced by a random alteration of few links, starting
from a regular network (Watts and Strogatz, 1998). The resulting network is called
small-world networks, which, as we have seen, had already been empirically discov-
ered by Milgram. In 1999, Barabási and Albert discovered that many real networks
have a degree distribution of vertices that obeys a power law: P(k) ∼ k−γ, where k is
the number of connections of a randomly chosen vertex and γ is a scaling exponent
(Barabási and Albert, 1999). This heterogeneous distribution describes the existence of
a small number of vertices that has a large number of connections. Such networks are
called scale-free networks.

Driven by the technological advances and also by the increasing number of data
to be jointly analyzed, the complex networks area has emerged as a unifying topic in
complex systems and is present in various branches of science (Bornholdt and Schus-
ter, 2003). Structurally, complex networks are represented by a graph G = 〈V , E〉,
where V represents the set of vertices and E , the set of edges. According to Albert et al.
(2004), complex networks are models for systems in general, by virtue of having a non-
trivial topology, besides being composed of a large number of vertices. Among some
examples, which the network representation is perfectly plausible, these include: the
Internet (Faloutsos et al., 1999), the World Wide Web (Albert et al., 1999), biological neural
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networks (Sporns, 2002), social networks among individuals (Scott, 2000) and between
companies and organizations (Mizruchi, 1982), food webs (Montoya and Solée, 2002),
metabolic networks (Jeong et al., 2000) and distribution as the bloodstream (West et al.,
1999), postal delivery routes and distribution of electricity (Albert et al., 2004), etc. In
accordance with Strogatz (2001), some inherent characteristics in this type of network
are:

• The structural complexity - which translates into the difficulty of network visual-
ization;

• The evolution - which marks the constant changes in the network structure due to
the inclusion and removal of vertices and connections (Dorogovtsev and Mendes,
2003);

• The diversity of connections - because these connections between vertices can rep-
resent many variations, such as capacity, length, width and direction; and

• The dynamical nature - which affects, at a large scale, the states of a network, as
can be construed as traffic information (Zhao et al., 2007), occurrences of failures
in communications (Zhao et al., 2004, 2005, 2007), similarity relations between
vertices, the distribution of functions (Newman, 2003b), among others.

2.1.3 Complex Network Models

With the expectation of studying topological properties that are linked to real net-
works, several network models have been proposed. Some of these models even have
inspired an extensive study due to its features of great interest. As examples of im-
portant categories of networks, one can list: random networks, small-world networks,
clustered random networks and scale-free networks. In the next sections, we review
these models in detail.

Random Networks

In the article dated back to 1959, Erdös and Rényi (1959) showed a model which
is able to generate random networks consisting of V vertices and E edges. Starting
from V vertices completely disconnected (no edges in the network), the network is
built from the gradual addition of L edges randomly created, in a such a way that self-
looping is avoided. Another similar model sets V vertices in a network, and there is
a probability p > 0 of connecting each possible pair of vertices. The latter model is
widely recognized as the model of Erdös and Rényi. Figure 2.1a depicts an example of
this type of network. Note that no spacial relation between the vertices is used. In this
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(a) (b)

Figure 2.1: An example of random networks of Erdös and Rényi. (a) A network constructed by
means of the random approach proposed by Erdös e Rényi; and (b) plot of the average degree
distribution in a network consisting of V = 6 000 and p = 0.01.

network formation, we merely create edges in a uniform probabilistic way, regardless
of the similarity between vertices.

Since, for each vertex i ∈ V of the network (a total of V), there are V − 1 different
possibilities of connections with other vertices, it follows that the cardinality of the
sample space, |Ω|, which quantifies the maximum number of feasible edges between
the vertices, is given by:

|Ω| = N(N − 1)
2

, (2.1)

where the division by 2 comes from the fact that we are considering that the graph is
undirected, i.e., the edges are always bidirectional in relation to both linked vertices.
In general, the presence of these two edges represents the occurrence of the same prob-
abilistic event, on account of the inherent coupling (bidirectionally). Having in mind
that an arbitrary edge will be present in a random network with probability p and will
be absent with probability 1− p, and remembering that there are (V−1

k ) ways of choos-
ing k vertices over V− 1 in total, and pk denotes the joint probability of these k vertices
to possess exactly k connected vertices, then (V−1

k )pk provides the probability of these
k vertices to have exactly k another interconnected vertices. However, in this analysis,
it should be imposed that there are no more edges beyond these k, i.e., for the reminis-
cent quantity of vertices, V − 1− k, the complementary probabilistic event of existing
edges, that is, (1− p)(V−1−k), must happen. In view of this reasoning, the degree dis-
tribution follows a Binomial distribution with parameters Binomial(V − 1, p), whose
equation is governed by the following expression:
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P(k) =
(

V − 1
k

)
pk(1− p)(V−1)−k. (2.2)

Given that V → ∞ and p � 1, one can show that a Binomial distribution param-
eterized with Binomial(N − 1, p) asymptotically approximates a Poisson distribution
with parameter Poisson(λ) (Meyn and Tweedie, 2009), with the following linking con-
dition:

(N − 1)p = λ. (2.3)

Recapitulating from the probability theory that the mean, µ, and the variance, σ2,
of a Poisson(λ) are given by µ = σ2 = λ, one can note that, from the observation of the
network in Figure 2.1b, which has been built with the parameters V = 6 000 e p = 0.01
using a Binomial distribution, the aforementioned distribution really approximates the
Poisson distribution with mean (peak) around λ = (N − 1)p = (6 000− 1)0.01 ≈ 60.

Moreover, the average shortest path 〈l〉 is small in these types of network. This
quantity increases proportionally to the logarithm of the network size, i.e., 〈l〉 ∼ ln(N)

ln(〈k〉) ,
where 〈k〉 is given by the mean value of the Poisson distribution (mean degree), mean-
ing that 〈k〉 = λ = (N − 1)p, provided that V → ∞ and p� 1 (Costa et al., 2007).

The big discovery of Erdös and Rényi was that many important properties of a
random network may be unveiled as one modifies the parameters of a Binomial(N −
1, p), i.e., for values of the connecting probability p larger than a critical probability
pc, almost all random networks present a specific property Q with probability 1, while
the random networks do not present the property if p ≤ pc. For example, if p is
larger than a certain value of pc, the random networks can present a single connected
component. But, for values below this critical threshold, the random networks no
longer present a single component, but instead several unconnected subgraphs. Many
other interesting properties have been discussed in the literature and many of them are
visited in Newman (2003b).

Small-World Networks

Many real-world networks exhibit the small-world property, i.e., most vertices can
be reached by other by means of a small number of intermediate steps (edges). This
characteristic is found, for example, in social networks, where virtually everyone in
the world can be reached by a short chain of people (Watts, 2003; Watts and Strogatz,
1998).

In order to build a network that presents the small-world property, one can use the
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following network formation process:

• Initially, the network is regular, comprising V vertices, as shown in the left-most
network in Fig. 2.2, in which each vertex connects to its k nearest neighbors in
each direction, totalizing 2k connections;

• Then, each edge is randomly relocated, i.e., given an arbitrary vertex i ∈ V , we
randomly choose one of its original 2k connections. The selected edge, say linking
vertices i and j ∈ V , is randomly relocated, such that the destination from j is
switched to another vertex u ∈ V , j 6= u, with probability p.

When p = 0, no rearrangements are performed and, therefore, the network will
continue to be regular. Conversely, when p → 1, all edges are effectively relocated
(Watts and Strogatz, 1998). Figure 2.2 brings a schematic of the behavior of the param-
eter p, responsible for the relocation frequency of the edges. Note that, for small values
of p, the resulting network is virtually a regular one. As p increases (but still remains
small), the property of small-world becomes apparent. When p = 1, the network turns
out to be random. In this case, the peak of the degree distribution, following this ap-
proach, is situated close to 2k (Watts, 2003; Watts and Strogatz, 1998).

Figure 2.2: Network behavior as we increase the parameter p, which is responsible for the
relocation frequency of the edges.

The immediate implication for networks that have the property of small world is
that the transport of any information, given that it was generated at any arbitrary ver-
tex of the network, is very fast. For example, the viral contagion: given that a person
has contracted some virus, which is living in an environment conducive to their mul-
tiplication and spread, then it is expected that, in a short time, many people will be
infected by this virus because of its rapid transportation over these types of networks.
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Scale-Free Networks

In a study conducted by Albert and Barabási, they noticed that some networks
have a small number of vertices with large degree, while most of them have very small
degrees (Barabási and Albert, 1999). With this observation in mind, in 1999, they pro-
posed a new type of network denominated scale-free networks, in which the distribu-
tion degree obeys a power-law, as follows:

P(k) ∼ k−γ, (2.4)

where γ is a scaling exponent. Analytically, it can be shown that this network model,
whose procedure is going to be studied in the following, evolves into a scale-invariant
state, which follows a power law with exponent γ = 3, regardless of the initial set of
vertices (Barabási and Albert, 1999). Note that, by setting a fixed value for γ, as the
degree k grows, the number of vertices having degree k decreases. Thus, it is expected
that P(k) will have a large value for low values of k and a small value for large values
of k, which is consistent with the observation found by Barabási and Albert.

Figure 2.3 shows an illustrative network which shares the scale-free properties.
Note that there are very few vertices with high degree, while the great majority (termi-
nal vertices) has low degree.

Figure 2.3: Schematic of a scale-free network. The hubs (vertices with high degrees) have been
evidenced. Note that there are very few vertices with high degrees, while the great majority
(terminal vertices) has low degrees.
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Random Clustered Networks

Some real-world networks, such as social and biological ones, present modular
structures (Girvan and Newman, 2002). These networks or communities consist of
sets of vertices that satisfy a simple rule: vertices belonging to the same community
have many interconnecting edges, while vertices of different communities have few
edges interconnecting the other communities. A model for generating such communi-
ties was proposed by Girvan and Newman (2002). This agglomerative method groups
V initially isolated vertices into M communities. This is managed by creating a link be-
tween two vertices with probability pin, if they belong to the same community, or with
probability pout, if they belong to distinct communities. The values for pin and pout can
be arbitrarily chosen to control the number of intracommunity and intercommunity
links, zin and zout, respectively, for an arbitrary average network degree 〈k〉.

A high value of pin and a low value of pout refer to a network with well-defined
communities, i.e., there is a high concentration of edges confined within each com-
munity and very few edges interconnecting different communities. Conversely, a low
value of pin and a high value of pout contribute to the appearance of communities
highly connected with each other, i.e., they become highly mixed. On the basis of these
parameters, we are able to define the fraction of intracommunity links zin/〈k〉 and, like-
wise, the fraction of intercommunity links zout/〈k〉. The quantity zout/〈k〉 defines the mix-
ture of the communities, i.e., as zout/〈k〉 increases, the communities become more mixed
and harder to be identified. As we will further see in Section 2.1.4, these quantities
are usually employed to compare different competing techniques using the Girvan-
Newman’s benchmark, which adopts the random clustered networks discussed here.

Empirically, pout � pin must be satisfied in order to guarantee the presence of
communities in the network. Figure 2.4 illustrates a network with four well-defined
communities. Observe that the communities in this figure are well-defined, since the
number of edges connecting the vertices of the same community is much larger than
the number of edges interconnecting different communities.

2.1.4 Community Detection

In this section, we provide an overall view of the concepts and techniques revolv-
ing around community detection, as well as a brief description of the state-of-art re-
lated techniques. In addition, we present some broadly accepted community detection
benchmarks.

Relevant Concepts

Modern science related to networks brought a substantial advance in understand-
ing complex networks. One of the features evident and prominent in complex net-
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Figure 2.4: Schematic of a random clustered network. Each community is distinguished by a
unique color or format.

works is the presence of communities. The notion of community is straightforward:
each community is defined as a subgraph whose vertices are densely interconnected,
and, at the same time, these vertices have few links with the remainder of the net-
work. The community detection in complex networks has become an important topic
in graphs and data mining (Danon et al., 2005; Fortunato, 2010; Newman and Girvan,
2004). In graph theory, the community detection corresponds to the graph partitioning
problem, which has been shown to be an NP-complete problem (Fortunato, 2010).

The study of community detection is very important for the understanding of vari-
ous phenomena in complex networks (Gulbahce and Lehmann, 2008). Modular struc-
ture introduces important heterogeneities in complex networks. For example, each
module can have different local statistics (Newman, 2006a); some modules may have
many connections, while other modules may be sparse. When there is large variation
among communities, global values of statistical measures can be misleading. The pres-
ence of modular structure may also alter the way in which dynamical processes (e.g.
spreading processes and synchronization (Arenas et al., 2006))) unfold on the network.
In biological networks, communities correspond to functional modules in which mem-
bers of a module function coherently to perform essential cellular tasks. Both metabolic
networks (Ravasz et al., 2002) and protein phosphorylation networks (Jin and Pawson,
2012), for example, are modular structures.

A promising computational approach to discover functions of genes and proteins
is to identify functional modules in biological networks. Since modules are sets of
genes or proteins that perform biological processes together, it is possible to classify
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proteins with unknown functions by determining what module they belong to (Palla
et al., 2005). Correct identification of functional modules also has important biotechno-
logical and drug design applications. In many cases, the deletion of a certain function
may be necessary and this can be achieved by removing the entire functional module.

Several distinct ways of detecting modules in complex networks have been pro-
posed (Fortunato, 2010). One popular approach considers communities as sets of adja-
cent motifs (Palla et al., 2005), other methods are inspired by information theory (Ros-
vall and Bergstrom, 2007), message passing (Frey and Dueck, 2007), or Bayesian prin-
ciples (Hofman and Wiggins, 2008; Newman and Leicht, 2007). A widely used class of
algorithms is based on the optimization of a quantity called modularity (Newman and
Girvan, 2004).

Another important aspect related to community structure is the hierarchical organi-
zation displayed by most networked systems in the real world (Fortunato, 2010). Real
networks are usually composed of communities including smaller communities, which
in turn include smaller communities, and so on. The human body offers a paradig-
matic example of hierarchical organization: it is composed by organs, organs are com-
posed by tissues, tissues by cells, etc. Another example is represented by business
firms, who are characterized by a pyramidal organization, going from the workers to
the president, with intermediate levels corresponding to work groups, departments
and management. The generation and evolution of a system organized in interrelated
stable subsystems are much quicker than the unstructured system, because it is much
easier to assemble the smallest subparts first and use them as building blocks to get
larger structures, until the whole system is assembled. In view of these examples, it
is clear that the study of community presence in networks plays an important role in
understanding various concepts presented in various branches of science.

Another important concept in this field of study is the detection of overlapping
vertices (Fortunato, 2010). These vertices are defined as members of more than one
community or class at the same time (Palla et al., 2005). For example, in a network of
semantic association concepts (Kiss et al., 1973), the term “Brilliant” may be a mem-
ber of several classes, such as the one representing the concepts related to “Light,” to
“Astronomy,” “Color,” and so on (Palla et al., 2005). In a social network, each person
naturally belongs to the company where he/she works and also to the group represent-
ing the members of his/her family. Given this scenario, the discovery of overlapping
vertices and communities is important for data analysis in general.

Overview of the State-of-Art Techniques

Given that the task of accurately solving a problem of community detection is NP-
complete, many efforts have been expended towards the development of approximate
and efficient solutions. Some of these include the spectral method (Newman, 2006b),
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the betweenness-based technique (Newman and Girvan, 2004), modularity optimiza-
tion (Newman, 2004), detection of communities based on the Potts model (Reichardt
and Bornholdt, 2004), synchronization (Arenas et al., 2006), information theory (Fortu-
nato et al., 2004), and random walks (Zhou, 2003a). It is worth citing that Fortunato
(2010) presents a recent review on this topic.

Regarding the techniques which aim at detecting overlapping vertices and com-
munities, various methods have been proposed in the literature (Evans and Lambiotte,
2009; Lancichinetti et al., 2009; Nicosia et al., 2009; Palla et al., 2005; Shen et al., 2009; Sun
et al., 2011; Zhang et al., 2007). In Zhang et al. (2007), the authors combine the idea of
the modularity function Q, spectral relaxation, and fuzzy C-Means clustering method
in order to build a new modularity function based on a generalized Newman and Gir-
van’s Q function, which is an approximation mapping of the network’s vertices into
the Euclidean space. In Palla et al. (2005), the community structure is uncovered by
means of a k-clique percolation and the overlaps among communities are guaranteed
by the fact that one vertex can participate in more than one clique. However, the k-
clique percolation method gives rise to an incomplete cover of the network, i.e., some
vertices may not belong to any community. In addition, the hierarchical structure may
not be revealed for a given k. In Lancichinetti et al. (2009), it is presented an algorithm
that concomitantly finds both overlapping communities and the hierarchical structure
based on a fitness function and a resolution parameter. Recently, Evans and Lambiotte
(2009) proposed a method to recognize the overlapping community structure by parti-
tioning a graph built from the original network. A salient drawback of the majority of
these techniques resides in the fact that the detection of the overlapping characteristics
of the input network is performed as a separated or dedicated process apart from the
standard community detection technique. In this way, additional computational time
is required. As a result, the whole process may have high computational complexity.

In the Section 2.2.2, where we deal with Machine Learning , we will again talk about
community detection when dealing with network-based unsupervised techniques.

Community Detection Benchmarks

In this section, we will discuss about two community detection benchmarks, which
are frequently used for comparing different competing techniques. In Chapter 3, we
will employ both types of benchmarks with the goal of comparing different algorithms.

Girvan-Newman’s Benchmark: The Girvan-Newman’s benchmark has been pro-
posed by (Girvan and Newman, 2002). This agglomerative method groups V initially
isolated vertices into M communities. This is managed by creating a link between
two vertices with probability pin, if they belong to the same community, or with prob-
ability pout, if they belong to distinct communities. The values of pin and pout can be
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arbitrarily chosen to control the number of intracommunity and intercommunity links,
zin and zout, respectively, for an arbitrary average network degree 〈k〉. On the basis of
these parameters, we are able to define the fraction of intracommunity links zin/〈k〉 and,
likewise, the fraction of intercommunity links zout/〈k〉. The quantity zout/〈k〉 defines the
mixture of the communities, i.e., as zout/〈k〉 increases, the communities become more
mixed and harder to be identified.

The benchmark works by varying the mixture of the communities, i.e., zout/〈k〉, for
a fixed network comprising V vertices and M communities. For each run, the com-
munity detection accuracy is registered. After all the runs have been properly per-
formed, a curve is formed on a two-dimensional plot. This curve serves the purpose
of comparing the community detection performance of a control algorithm in relation
to competing techniques.

Benchmark of Lancichinatti et al.: The Girvan-Newman’s benchmark suffers from
several caveats, among them we can list: (i) all vertices of the network have essen-
tially the same degree, (ii) the communities are of the same size, and (iii) the network
is small. Motivated by the fact that real-world networks are characterized by hetero-
geneous distributions of vertex degree, whose tails often decay as power laws, the
authors in (Lancichinetti et al., 2008) have recently proposed a benchmark that gener-
ates networks such as to overcome the mentioned problems. The constructed networks
assume that both degree and community size distributions follow a power law func-
tion, with exponents γ and β, respectively. Typical values of real-world networks are:
2 ≤ γ ≤ 3 and 1 ≤ β ≤ 2. Moreover, a mixing parameter µ is employed to interconnect
communities in the following manner: each vertex shares a fraction 1− µ of its links
with the other vertices of the same community and a fraction µ with the vertices of
other communities.

The benchmark process consists in varying the mixing parameter µ and evaluating
the normalized mutual information index, which is a similarity measure of partitions
borrowed from the information theory (Danon et al., 2005) that measures the mutual
dependence of different random variables.

2.1.5 Complex Network Measures

In this section, we review some measures that have been proposed in the complex
networks literature. Special attention is going to be given for some of these measures,
since they will be used in our project later on, specifically for the definition of the
hybrid classifier, introduced in Chapter 5.
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Assortativity

The assortativity measure numerically translates the preference for vertices of a net-
work to attach to others that are similar or different regarding the vertex’s degree in a
structural sense (Newman, 2003a). Assortativity is often operationalized as a correla-
tion among vertices. The assortativity coefficient r is essentially the Pearson correlation
coefficient of degree between pairs of linked vertices. Hence, positive values of r in-
dicate a correlation between vertices of similar degree, while negative values indicate
relationships between vertices of different degrees (Newman, 2002). In general, r lies
between −1 and 1. When r = 1, the network is said to have perfect assortative mixing
patterns, while at r = −1 the network is completely disassortative.

Many studies have been conducted and some conclusions have been drawn on
some types of real-world networks. For example, social networks often have appar-
ent assortative mixing. On the other hand, the technological and biological networks
frequently appear to be disassortative (Newman, 2002).

The assortativity may be calculated for each existing component j of the network,
which possesses a subset of edges Uj. Consider that u represents an edge, iu, ku indicate
the degrees of the vertices at each end of the edge u. Also, suppose that there are
E = |E | links in the network. Then, the assortativity of component j is given by:

r(j) =
E−1 ∑u∈Uj

iuku −
[

E−1 ∑u∈Uj
1
2 (iu + ku)

]2

E−1 ∑u∈Uj
1
2 (i

2
u + k2

u)−
[

E−1 ∑u∈Uj
1
2 (iu + ku)

]2 . (2.5)

Clustering Coefficient

The clustering coefficient measure quantifies the degree to which local vertices in
a network tend to cluster together. Evidence suggests that in many real-world net-
works, and in particular social networks, vertices tend to create tightly knit groups
characterized by a relatively high density of ties (Watts and Strogatz, 1998). Several
generalizations and adaptations of such measure have been proposed in the literature
(Latapy et al., 2008; Opsahl and Panzarasa, 2009). Here, we define the measure origi-
nally proposed by Watts and Strogatz (Watts and Strogatz, 1998). The local clustering
coefficient of a vertex in a graph quantifies how close its neighbors are to being a clique
(complete graph). Mathematically speaking, the local clustering coefficient of vertex i
that is member of the component j is given by:

CC(j)
i =

2|euk|
k(j)

i

(
k(j)

i − 1
) , (2.6)
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where |euk| the number of links shared by the direct neighbors of vertex i (number of
triangles formed by vertex i and any of its two neighbors) and k(j)

i is the degree of
vertex i of component j. By (2.6), we see that CC(j)

i ∈ [0, 1]. Having calculated the
local clustering coefficient of all vertices that belong to the component j, we are able to
define the component’s average clustering coefficient as:

CC(j) =
1
nj

nj

∑
i=1

CC(j)
i , (2.7)

where nj symbolizes the number of vertices in component j and CC(j) ∈ [0, 1]. Roughly
speaking, the clustering coefficient tells how well-connected the neighborhood of the
vertex is. If the neighborhood is fully connected, the clustering coefficient is 1 and a
value close to 0 means that there are hardly any triangular connections in the neigh-
borhood.

Average Degree

The degree of a vertex is defined as the number of links emanating from it and the
average network degree is the average value of the degrees of the vertices in a given
network. The average degree of an arbitrary component representing class j is given
by:

〈k(j)〉 = 1
nj

nj

∑
i=1

k(j)
i , (2.8)

where k(j)
i indicates the degree of vertex i of the component j.

Betweenness

The betweenness, considered as a centrality-based measure, measures the extent
to which a vertex lies on the shortest paths between every pair of vertices in a net-
work (Freeman, 1977, 2004; Newman, 2010). Suppose we have a network in which
the vertices exchange messages among themselves. Let us initially make the simple
assumption that every pair of vertices in the network exchanges a message with equal
probability per unit time and that messages always take the shortest (geodesic) path
of the network, or one of such paths, chosen at random, if there are several. Then, let
us ask the following question: if we wait a suitably long time until many messages
have passed between each pair of vertices, how many messages, on average, will have
passed through each vertex en route to their destination? The answer is that, since
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messages are passing down each geodesic path at the same rate, the number passing
through each vertex is simply proportional to the number of geodesic paths the vertex
lies on (Newman, 2010). This number of geodesic paths is what it is called betweenness
index.

Given this definition, it follows that vertices with high betweenness may have con-
siderable influence within a network by virtue of their control ability over information
passing between others. The vertices with the highest betweenness in our message-
passing scenario are the ones through which the largest number of messages pass, and
if those vertices get to see the messages in question as they pass, or if they get paid
for passing the messages along, they could derive a lot of power from their position
within the network. The vertices with the highest betweenness are also the ones whose
removal from the network will most disrupt communications between other vertices
because they lie on the largest number of paths taken by messages. In real-world sit-
uations, of course, not all vertices exchange communications with the same frequency,
and in most cases, communications do not always take the shortest path, due to, for
example, political or physical reasons.

Mathematically, let ηi
st be 1 if vertex i lies on the geodesic path from s to t and 0 if it

does not or if there is no such path (because s and t lie in different components of the
network). Then the betweenness centrality xi is given by (Newman, 2010):

xi = ∑
s,t∈V

ηi
st. (2.9)

Perhaps, the greatest drawback of this measure is its computational complexity,
since one must find all the geodesic paths between every pair of vertices in a network.

Modularity

The modularity measure quantifies how good a particular division of a network
is (Clauset et al., 2004; Newman, 2006a) and was designed to measure the strength
of division of a network into modules (also called groups, clusters or communities).
For networks with the presence of communities, it ranges from 0, representing total
randomness of the network, to 1, which indicates completely separated communities
of the network. Mathematically, it is described as:

Q =
1

2E ∑
i,j

(
ei,j −

kik j

2E

)
δ(ci, cj) , (2.10)

where E represents the total number of edges in the network; ki stands for the degree
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of the vertex i; δ(x, y) indicates the Kronecker’s Delta, which produces 1 if x = y and
0, otherwise; and eij characterizes the fraction of edges that join vertices in community
i to j.

The main idea of modularity is to calculate the fraction of edges that fall within
the given groups minus the expected value if edges were distributed at random. For
a given division of the network’s vertices into some modules, modularity reflects the
concentration of vertices within modules compared with a random distribution of links
between all vertices, regardless of modules.

Tourist Walks

A tourist walk can be conceptualized as a walker (tourist) aiming at visiting sites
(data items) in a d-dimensional map, representing the data set. At each discrete time
step, the tourist follows a simple deterministic rule: it visits the nearest site which has
not been visited in the previous µ steps. In other words, the walker performs partially
self-avoiding deterministic walks over the data set, where this self-avoiding factor is
limited to the memory window µ− 1. This quantity can be understood as a repulsive
force emanating from the sites in this memory window, which prevents the walker
from visiting them in this interval (refractory time). Therefore, it is prohibited that a
trajectory to intersect itself inside this memory window. In spite of being a simple rule,
it has been shown that this kind of movement possesses complex behavior when µ > 1
(Lima et al., 2001).

The tourist’s behavior heavily depends on the data set’s configuration and the start-
ing site. In computational terms, the tourist’s movements are entirely realized by
means of a neighborhood table. This table is constructed by ordering all the data items
in relation to a specific site. This procedure is performed for every site of the data set.

Each tourist walk can be decomposed in two terms: (i) the initial transient part of
length t and (ii) a cycle (attractor) with period c. Figure 2.5 shows an illustration of a
tourist walk with µ = 1. In this case, one can see that the transient length is t = 3 and
the cycle length, c = 6.

Considering the attractor or cycle period as a walk section that begins and ends at
the same site of the data set may lead one to think that, once the tourist visits a specific
site, a new visit to it would configure an attractor. Nevertheless, this is a very simple,
and likely to fail, approach for attractors’ detection. In fact, during a walk, a site may
be re-visited without configuring an attractor. Besides, the tourist’s finite memory µ

allows some steps of the walk to be repeated without configuring an attractor. For
instance, if we had chosen a µ = 6 for the walk in Fig. 2.5, the re-visit performed by
the tourist on the site 4 would have not configured an attractor, since the site 5 would
still be forbidden to be visited again; hence, the tourist would be compelled to visit
another site. This characteristic enables sophisticated trajectories over the data set, at
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Figure 2.5: Illustration of a tourist walk with µ = 1. The red (dark gray) and green (light gray)
dots represent visited and unvisited sites, respectively. The dashed lines indicate the transient
part of the walk, whereas the continuous lines, the attractor of the walk.

cost of also increasing the difficulty of detecting an attractor.

In the majority of the works related to tourist walk (Kinouchi et al., 2002; Lima et al.,
2001; Stanley and Buldyrev, 2001), the tourist may visit any other site other than the
ones contained in its memory window. As µ increases, there is a significant chance that
the walker will begin performing large jumps in the data set, since the neighborhood
is most likely to be already visited in its entirety within the time frame µ. As we will
show in this thesis, in the context of classification, this is an undesirable characteristic
that can be simply avoided by using a graph representation of the input data. In this
way, the walker is only permitted to visit vertices, represented now by the sites, that are
in its connected neighborhood (link). With this modified mechanism, it is most prob-
able that, for large values of µ, depending on the network configuration, the walker
will get trapped within a vertex, not being able to further visit other vertices of the
neighborhood. In this scenario, we say that the walk only had a transient part and the
cycle period is null (c = 0).

2.2 Machine Learning

The second main topic of this thesis is Machine Learning, which will be presented
here, with the focus on network-based methods. Firstly, some basic concepts are pro-
vided. Following that, we present the three main paradigms of the machine learning
area: unsupervised, semisupervised, and supervised learning. For each of them, we
discuss the state-of-art network-based techniques, supplying in-depth detail for the
most representative techniques, for the sake of completeness.
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2.2.1 Overview of Machine Learning

Machine learning aims at developing computational methods that are capable of
“learning” with accumulated experiences (Bishop, 2007; Duda et al., 2000; Mitchell,
1997). Traditionally, there are two fundamental types of learning in machine learning.
The first is entitled unsupervised learning, whose main task consists in revealing the in-
trinsic structure embedded in the data. The learning process, in this case, is guided
by the provided data, since no prior knowledge about the existing classes is required
(Mitchell, 1997). Fundamentally, it can be said that the problem of unsupervised learn-
ing consists in estimating the density function which generated the data distribution
under analysis (Chapelle et al., 2006). Among the main tasks of unsupervised learn-
ing, one can highlight: clustering (Girvan and Newman, 2002; Karypis et al., 1999;
Newman, 2006a,b), outlier detection (Liu et al., 2004; Lu et al., 2003), dimensionality
reduction (Lim and Park, 2009), association (Piatetsky-Shapiro, 1991), among many
others. In a clustering task, we expect to find groups in which data items in the same
group are very similar to each other, while data items pertaining to different groups
are expected to be dissimilar. In this case, the resemblance or similarity of different
data items is judged according to an adopted similarity function (Mitchell, 1997). In
outlier detection, the goal is to find data items that differ, at a large extent, from the
majority of the other data items, i.e., from the original generated distribution (Liu et al.,
2004). In dimensionality reduction, the objective is to dispose the data items over a
lower dimensional space in relation to its original distribution, so as to simplify the
relationships among the data items (Lim and Park, 2009). In association, one seeks to
generate rules that relate subsets of predictive attributes (Piatetsky-Shapiro, 1991).

The second type of learning is referred to as supervised learning, whose objective
is to deduce concepts regarding the data, based on the presented labeled instances,
which is commonly denoted as the training set. With this respect, the learning process
tries to construct a mapping function conditioned to the provided training set. Of-
ten, the learners are tested using unseen data items that compose the so-called test set.
When the labels comprise discrete values, then the problem is denominated classifica-
tion, whereas when the values are continuous, regression (Bishop, 2007).

The main difference of both learning paradigms, i.e., supervised and unsupervised
learning, lies in the fact that the first explores the external information of the training
set, which is available at the training stage, in order to induce the hypothesis of the
classifier. For example, in a classification task, this external information is materialized
in the learning process by the form and values of the labels. In this case, the goal is
to create a predictive function that can successfully generalize from this training set,
when applied to unknown data (test set). On the other hand, unsupervised learning
seeks behaviors or trends in the data, trying to group them in a way that similar data
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tend to be agglomerated together and dissimilar data tend to stay on distinct groups.
Note that, in this case, no external information is used.

Besides these two well-defined areas, a new machine learning area has recently re-
ceived attention from the researchers, which is denominated semisupervised learning.
This new paradigm has been proposed in order to combine the strengths of each learn-
ing paradigm. In a typical semisupervised classification, few data are labeled, while
most of them are unlabeled. The goal is to propagate the labels from the labeled exam-
ples to the unlabeled examples. Therefore, a semisupervised task utilizes both infor-
mation from the training and the test sets to make predictions.

For didactic purposes, Fig. 2.6a shows a clustering task in unsupervised learning.
Note that no external information is available a priori, and the clustering is performed
by using similarity or topological information of the data. In Fig. 2.6b, it is illustrated
a semisupervised classification in semisupervised learning. Note now that some data
already possess labels (external information) beforehand, while most of them do not
have. The classifier will propagate these labels to the remaining unlabeled data. Fi-
nally, in Fig. 2.6c, a supervised classification in supervised learning is displayed. Ini-
tially, the classifier is trained by solely using information from the training set, which
is always fully labeled. In the next phase, called classification phase, the classifier is
used to predict class labels of unseen data items.

2.2.2 Network-based Unsupervised Learning

Unsupervised learning methods are guided exclusively by the intrinsic structure
of the data items throughout the learning process, i.e., without any sort of external
knowledge. In the following, we present such paradigm with the focus on network-
based approaches.

Mathematical Formalization and Fundamental Assumptions

The unsupervised learning can be defined as follows (Alpaydin, 2004; Bishop, 2007;
Gan, 2007; Jain et al., 1999; Mitchell, 1997). Let X = {x1, x2, . . . , xn} be a data set, where
n is the total number of data items involved in the learning process. Then, xi is a d-
dimensional vector, where each of the entries is called a feature or descriptor, which
has the role to qualitatively or quantitatively describe the data item. Typically, it is
assumed that the points are independently and identically distributed in accordance
with a common distribution. In the unsupervised learning, no professors or external
sources are used, i.e., no labels are provided throughout the learning process. There-
fore, it is valid to say that no training phase is involved in this type of learning. As a
consequence, the algorithm must be guided by the data distribution itself to infer use-
ful knowledge or trends. For example, in the data clustering or community detection
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(a)

(b)

(c)

Figure 2.6: Schematic of the three paradigms of the machine learning area. (a) unsupervised
learning (a clustering task is presented in the figure); (b) semisupervised learning (a semisuper-
vised classification task is displayed in the figure); and (c) supervised learning (a supervised
classification task is depicted in the figure).
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tasks, the objective is to find subgroups of data items or vertices, such that the con-
stituents or members of the same subgroup are more similar than different groups, i.e.,
one seeks groups {X1, . . . ,Xk}, in such a way that ∪k

i=1Xi = X .
Clustering results differ according to the assumptions made about the data. Some

of these forms include (Bishop, 2007; Gan, 2007):

• The process, which generated the data, has some analytical form: the methods are bi-
ased towards finding clusters with a pre-defined form (similar with estimation).
For example, K-Means seeks circular-shaped clusters (MacQueen, 1967). This
bias will surely be reflected on the final results yielded by the classifier and will
limit its power of detection.

• Neighbors have the same category: the algorithms rely on local information to infer
their decisions. For example, the k-NN clustering decides in accordance with the
neighborhood (Hastie et al., 2009).

• Data are produced in some “hierarchical” organization: the techniques that fall into
this category are the hierarchical techniques, including the divisive and agglom-
erative ones. For practical methods of the former, the community detection based
on continuously removing edges with the maximum betweenness (Newman and
Girvan, 2004) and the bisecting K-Means (Kashef and Kamel, 2009) are represen-
tative examples. As good examples of the latter, one can cite the simple-link (Jain
et al., 1999; Mitchell, 1997), complete-link (Alpaydin, 2004; Jain et al., 1999), and
modularity greedy optimization (Clauset et al., 2004).

• Data fall into clusters according to some preferred directions: the methods of this type
deal with the transformation of the original data into a modified space, usually
with a different number of dimensions. Examples include the principal compo-
nent analysis (PCA) (Jolliffe, 2002), independent component analysis (ICA) (Jol-
liffe, 2002), and spectral graph algorithms (Chung, 1997).

Overview of the Techniques

One of the most common tasks of unsupervised learning is data clustering. For-
mally, data clustering aims at discovering the natural groups of a set of patterns, points,
or objects by means of a similarity measure (Bishop, 2007; Gan, 2007; Jain, 2010; Jain
et al., 1999; Xu and II, 2005). Each cluster is a collection of data items which are sim-
ilar between them and are dissimilar to the objects belonging to other clusters. Data
clustering is vital in several exploratory pattern-analysis, grouping, decision-making,
and machine-learning situations. Some of them include data mining, document re-
trieval, image segmentation, bioinformatics, and pattern classification (Cinque et al.,
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2004; Duda et al., 2001; Husek et al., 2006; Jain, 2010; Jain et al., 1999). Unfortunately,
in the majority of such tasks, only a little prior information is available about the data.
In this way, advances in the methodology to automatically understand, process, and
summarize the data are required. Nowadays, this becomes even more critical by virtue
of the exponential increase in both the volume and the variety of data (Jain, 2010; Xu
and II, 2005). In this scenario, the decision-maker must perform as few assumptions
about the data as possible. It is under these practical restrictions that the clustering
procedure is specially appropriate for the exploration of inter-relationships among the
data points to make an assessment (perhaps preliminary) of their structure (Jain, 2010;
Jain et al., 1999). Data clustering algorithms are generally divided in two types: hi-
erarchical or partitional (Berkhin, 2002; Duda et al., 2001; Jain, 2010). The former finds
successive clusters using previously established clusters, whereas the latter determines
all clusters at once. Hierarchical algorithms can be agglomerative (“bottom-up”) or di-
visive (“top-down”). Agglomerative algorithms begin with each element as a separate
cluster and merge them into successively larger clusters. Divisive algorithms begin
with the whole set and proceed to divide it into successively smaller clusters. Two-
way clustering, co-clustering or bi-clustering are the names for clusterings where not
only the objects are clustered but also the features of the objects, i.e., if the data is rep-
resented in a data matrix, the row and columns are clustered simultaneously (Bishop,
2007; Gan, 2007; Xu and II, 2005). In both approaches, the algorithms may be further
categorized in network-based algorithms or non network-based algorithms.

In relation to partitional methods, several techniques have been studied in the lit-
erature. Without doubt, the most well-known one and the pioneer in the field is the
K-Means method (MacQueen, 1967). Even though it suffers from several caveats, such
as the strong dependence of the performance of the algorithm on the initial conditions
of the system and the inherent bias to find only circular-shaped clusters, it has been fur-
ther enhanced and studied by the community until today. Some methods, which have
improved on the basic idea of K-Means, have been proposed, such as the K-Medoids
and Fuzzy C-Means (Alpaydin, 2004; Gan, 2007; Jain et al., 1999).

With regard to hierarchical methods, the most well-known techniques are the
single-link and the complete-link (Alpaydin, 2004). Among other traditional tech-
niques, we can also include average-Link and the Ward methods (Mitchell, 1997).
These algorithms differ in the way that the similarity of the groups is calculated. For
example, in the single-link, the similarity is established by finding the minimum dis-
tance between every pair of vertices of two any given groups. On the other hand, the
complete-link technique finds the similarity based on the maximum distance of two
examples of different clusters, rather than the minimum (Gan, 2007).

In general, hierarchical algorithms are commonly more robust than partitional-
based algorithms (Jain et al., 1999). For instance, the single-link method is able to find
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groups very apart from each other, concentric groups, and chain-like groups that the
K-Means technique would have trouble with. However, hierarchical algorithms often
take more time in order to process the data items, which may invalidate their employ-
ment in large-scale data sets.

Network-based Approaches

In this section, we shift our attention to network-based unsupervised methods. In
essence, data clustering can be considered as a community detection problem once a
network is constructed from the original data set. In this case, each vertex corresponds
to a data item and the connections are established by using a certain similarity mea-
sure. It is worth remembering that, in the Section 2.1.4, the notion of communities has
already been introduced. Here, we focus on state-of-art techniques.

The clusters in a community detection task are often denominated communities.
As we have seen, the notion of community in networks is straightforward: each com-
munity is defined as a subgraph whose vertices are densely connected within itself,
but sparsely connected with the rest of the network. Community detection in complex
networks has turned out to be an important topic in graph mining and data mining
(Danon et al., 2005; Fortunato, 2010; Newman and Girvan, 2004). In graph theory,
community detection corresponds to graph partition, which has been shown to be a
NP-complete problem (Fortunato, 2010). For this reason, a lot of efforts has been spent
to develop efficient but suboptimal solutions, such as the spectral method (Newman,
2006b), the technique based on the “betweenness” measure (Newman and Girvan,
2004), modularity optimization (Newman, 2004), community detection based on the
Potts model (Reichardt and Bornholdt, 2004), synchronization (Arenas et al., 2006), in-
formation theory (Fortunato et al., 2004), and random walks (Zhou, 2003a). For a recent
review of this topic, see (Fortunato, 2010).

In the following, we present two representative techniques of this paradigm. Specif-
ically, a special insight is given for the technique proposed in Quiles et al. (2008), since,
in this project, we will develop new techniques that, in essence, are inspired by this
method.

1. Community Detection using Particle Competition: The technique proposed by
Quiles et al. (2008) has served as an inspiration for one of the main developments in
this work. In general, this technique relies on the competition among the particles in a
networked environment. These particles navigate in the network with the purpose of
dominating new vertices, while also trying to defend their previous dominated terri-
tory.

A particle, denoted by ρj, is mathematically expressed by two scalar variables: (i)
ρv

j (t) - which represents the vertex vi being currently visited by particle ρj at time t -
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and (ii) ρω
j (t) ∈ [ωmin, ωmax] - which indicates the exploration potential of particle ρj

at time t. The update rules that govern the movement and the exploration potentials
of the particles are given by:

ρv
j (t + 1) = vi, (2.11)

ρω
j (t + 1) =


ρω

j (t) if vρ
i (t) = 0

ρω
j (t) + (ωmax − ρω

j (t))∆ρ if vρ
i (t) = ρj 6= 0

ρω
j (t)− (ρω

j (t)−ωmin)∆ρ if vρ
i (t) 6= ρj 6= 0

, (2.12)

where ∆ρ controls the exploration level variation that each particle gains or loses, de-
pending on the nature of the vertex which it visits. Specifically, if it visits an already
dominated vertex, then the particle’s exploration level is strengthened; otherwise, it is
decremented.

Each vertex vi in the network is represented by three scalar variables: (i) vρ
i (t),

which defines the proprietary particle of the vertex vi at time t; (ii) vω
i (t), which in-

dicates the level of domination imposed by particle ρj on vertex vi at time t; and (iii)
vγ

i (t), which symbolizes whether the vertex vi is being visited by any of the particles
at time t. With the help of these variables, the dynamical behavior of the vertices is
governed by the following set of equations:

vρ
i (t + 1) =

 vρ
i (t) if vγ

i (t) = 0

ρj if vγ
i (t) = 1 and vω

i (t) = ωmin
, (2.13)

vω
i (t + 1) =


vω

i (t) if vγ
i (t) = 0

max{ωmin, vω
i (t)− ∆v} if vγ

i (t) = 1 and vρ
i (t) 6= ρj

ρω
j (t + 1) if vγ

i (t) = 1 and vρ
i (t) = ρj

, (2.14)

where ∆v denotes the exploration level fraction lost by a vertex, if a rival particle visits
it.

The detection algorithm begins by putting K particles into random vertices. At the
beginning of the dynamical process, each particle ρj and each vertex vi have their po-
tentials set to ρω

j (0) = ωmin and vω
i (t) = ωmin, respectively. At each iteration, each

particle travels to a neighboring vertex, in accordance with a movement policy con-
sisted in a combination of deterministic and random walks. In the former, the particle
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randomly visits the neighbors of the currently visited vertex, while, in the latter, the
particle prefers to visit vertices that are being dominated by the same particle. In the
following, we illustrate the cases which may occur when a particle is on the process of
choosing the next vertex to visit:

1. If the visited vertex vi does not belong to a particle: vρ
i (t) = 0, the vertex starts to

be dominated by the visiting particle, i.e., vρ
i (t) = ρj. The particle’s potential ρj is

not altered and the vertex’s potential vi receives the particle’s potential: vω
i (t) =

ρω
j (t);

2. If the visited vertex is dominated by the same particle, the visiting particle’s
potential, ρj, is incremented and vi receives the new potential of the particle:
vω

i (t) = ρω
j (t);

3. If the visited vertex belongs to a rival particle, then the particle’s and the vertex’s
potentials are weakened. If the particle’s potential ρω

j (t) reaches a value lower
than ωmin, then this particle is reset to a new randomly chosen vertex. If the
potential of the vertex vω

j (t) reaches a value lower than ωmin, then the vertex
becomes no longer owned by the previous particle, i.e., it regresses to the free,
non-dominated state: vω

j (t) = 0.

Thus, the vertex’s level of domination increases if it is visited by the same particle
that dominates it at the present moment. On the other hand, during the visit of a ri-
val particle, the domination level imposed by the current dominating particle on that
vertex is weakened. If this domination is not strong enough, the particle loses its dom-
ination over that vertex. In an extensive period of time, it is expected that each particle
will dominate a community in the network.

The model proposed in Quiles et al. (2008) has two salient features: (i) high com-
munity detection rates and (ii) low computational complexity. However, in its original
work, only a procedure of particle competition is effectively introduced, without any
formal definition. This precludes any further analyses or predictions on the model’s
behavior. As it will be seen later on, one of the main contributions of this research is to
present a rigorous model of particle competition via a stochastic competitive dynami-
cal system.

2. Modularity Greedy Algorithm: This algorithm has been proposed by (Clauset et al.,
2004). In its essence, the method attempts to maximize the modularity, whose defini-
tion has been given in Section 2.1.5, by utilizing a greedy strategy at each time step.
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Specifically, the matrix responsible for quantifying the potential increment of the mod-
ularity is denoted by ∆Q, whose mathematical expression is given by:

∆Qij =

 1
2E −

kikj
(2E)2 , if i and j are connected

0, otherwise
, (2.15)

where ∆Qij indicates the corresponding increment in the network modularity, in the
case that the communities i and j are chosen to be merged at the current time step.

In the algorithm proposed by (Clauset et al., 2004), at each step, two communities,
say i and j, are merged, in such a way that it causes the biggest increment (or the least
decrement) of the modularity at a particular step. In the initial configuration, each
vertex is a community itself. If one wants to stop the merges when the network con-
figuration reaches its maximum modularity, one can use the stop criterion as follows:
once a negative increment is encountered in this greedy process, the maximum global
value associated to the modularity has been reached and subsequent merges will only
monotonically decrease the modularity of the network. Therefore, by looking at the
signal of ∆Qij at each iteration is sufficient to know when to stop merging. In addition,
no restrictions on the communities to be merged are specified by the original model.

A major advantage of the proposed method is its nonparametric nature: no param-
eter tuning phase is necessary. Moreover, it has been shown that the modularity greedy
algorithm always reaches its maximum value by the procedure that we have described.
As we have seen, once this value is reached, subsequent merges will only decrease the
modularity value. However, it has been shown that modularity suffers from a resolu-
tion limit and, therefore, it is unable to detect very small communities (Arenas et al.,
2008; Fortunato and Barthelemy, 2007; Kumpula et al., 2007; Lancichinetti and Fortu-
nato, 2011). Roughly speaking, the modularity compares the number of edges inside a
cluster with the expected number of edges that one would find in the cluster if the net-
work were a random network with the same number of vertices and where each vertex
keeps its degree, but edges are otherwise randomly attached. This random null model
implicitly assumes that each vertex can get attached to any other vertex of the network.
Such assumption is however unreasonable if the network is very large, as the horizon
of a vertex includes a small part of the network, ignoring most of it. Moreover, this
implies that the expected number of edges between two groups of vertices decreases
if the size of the network increases. So, if a network is large enough, the expected
number of edges between two groups of vertices in the modularity’s null model may
be smaller than one. If this happens, a single edge between the two clusters would be
interpreted by modularity as a sign of a strong correlation between the two clusters,
and optimizing modularity would lead to the merge of the two clusters, independently
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of the clusters’ features. So, even weakly interconnected complete graphs, which have
the highest possible density of internal edges, and represent the best identifiable com-
munities, would be merged by the modularity optimization process if the network is
sufficiently large. For this reason, optimizing modularity in large networks would fail
to resolve small communities, even when they are well defined. This bias is inevitable
for methods like modularity optimization, which rely on a global null model.

2.2.3 Network-based Supervised Learning

Algorithms that exclusively utilize external information in order to induce their
hypotheses are considered supervised learning methods. In this section, we deal with
supervised learning, with a focus on network-based techniques.

Mathematical Formalization and Fundamental Assumptions

The mathematical formulation of a supervised learning task is reported as fol-
lows (Bishop, 2007; Mitchell, 1997). Consider that it is given a training set denoted
here as Xtraining = {(x1, y1), . . . , (xl, yl)}, where the first component of the ith tuple
xi = ( f1, . . . , fd) denotes the attributes of the d-dimensional ith training instance. The
second component yi ∈ L = {L1, . . . , LL} characterizes the class label or target associ-
ated to that training instance. The goal here is to learn a mapping x 7→ y. Usually, the
constructed classifier is checked by using a test set Xtest = {xl+1, . . . , xl+u}, in which
labels are not provided. In this case, each data item is called test instance. For an un-
biased learning, the training and test sets must be disjoint, i.e., Xtraining ∩ Xtest = ∅.
Usually, n = l + u denotes the total number of data items in the learning process.

In the supervised learning scheme, there are two phases of learning: the training
phase and the classification phase (Bishop, 2007). In the training phase, the classifier is
induced or trained by using the training instances (labeled data) inXtraining. In the clas-
sification phase, the labels of the test instances in Xtest are predicted using the induced
classifier.

In order to the classifier to generalize well, some assumptions are often required for
the data sets under analysis in the process of learning. Some of them include (Bishop,
2007; Mitchell, 1997):

• The test set may not be biased towards the training set in order to this estimation
to be valid, albeit must be sampled from the same distribution that generated
the data from the training set. This assumption makes clear that, since the clas-
sifier has been trained in accordance with the distribution of the training set, it
is fair enough that it will be capable of efficiently inferring unseen examples of
that same distribution. In practice, however, this assumption is often violated to



2.2 - Machine Learning 45

a certain degree. Strong violations will clearly result in poor classification rate
accuracies;

• The training set must be a representative sample in relation to the distribution or
population that generated it. Since the hypothesis that the classifier induces is
based upon the training set, then if it is not a representative sample of the distri-
bution, the classifier will probably be deceived and, hence, predict in accordance
with another distribution, possibly different from the real one, which satisfies the
biased training set.

Overview of the Techniques

The techniques are divided into the following groups:

• Decision trees: A decision tree consists of vertices and branches that serve the
purpose of breaking a set of samples into a set of covering decision rules. In
each vertex, in its original inception, a single test or decision is made to obtain
a partition. The starting vertex is usually referred to as the root vertex. In the
terminal vertices or leaves, a decision is made on the class assignment. In each
vertex, the main task is to select an attribute that makes the best partition between
the classes of the samples in the training set (Quinlan, 1992);

• Rule induction: One of the most expressive and human readable representations
for learned hypothesis is sets of IF-THEN rules. In these kinds of rules, the IF part
contains conjunctions and disjunctions of conditions composed by the predictive
attributes of the learning task, and the THEN part contains the predicted class for
the samples that satisfy the IF clause (Quinlan, 1987);

• Artificial Neural Networks: Neural networks are interconnected groups of neu-
rons that use a mathematical or computational model for information processing
based on a connectionistic approach. In most cases, an artificial neural network is
an adaptive system that changes its structure based on external or internal infor-
mation that flows through the network. In more practical terms, neural networks
are nonlinear statistical data modeling or decision making tools. They can be
used to model complex relationships between inputs and outputs or to find pat-
terns in data. The neural net, ignorant at the start, will, through a “learning”
process, become a model of the dependencies between the descriptive variables
and the behavior to be explained. The key part in developing neural nets is the
architecture that will be used (how many layers, thresholds utilized by the neu-
rons, etc.) and the learning algorithm (back-propagation, etc.) (Haykin, 2008);
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• Bayesian networks: Bayesian networks constitute a probabilistic framework for
reasoning under uncertainty. From an informal perspective, bayesian networks
are directed acyclic graphs, where the vertices are the random variables and the
edges specify the dependence assumptions that must be held between the ran-
dom variables. Bayesian networks are based upon the concept of conditional
independence among variables. Once the network is constructed, it is used as an
efficient device to perform probabilistic inference. This probabilistic reasoning
inside the net can be carried out by exact methods, as well as by approximate
methods (Korb and Nicholson, 2010). A special case of bayesian networks is
when no dependences on the predictive variables exist. In this case, the classifier
is best known as Naïve Bayes (Neapolitan, 2003);

• Statistical Learning Theory: Maybe the most well-known technique of this type of
learning is the Support Vector Machines (SVM), which is based on the principle
of structural risk minimization. Originally, it was worked out for linear two-class
classification with margins, where margin means the minimal distance from the
separating hyperplane to the closest data points. SVM learning machine seeks for
an optimal separating hyperplane, where the margin is maximal. An important
and unique feature of this approach is that the solution is based only on those
data points that are at the margin. These points are called support vectors. The
linear SVM can be extended to a nonlinear one when first the problem is trans-
formed into a feature space using a set of nonlinear basis functions. In the feature
space - which can be very high dimensional - the data points can be separated lin-
early. An important advantage of the SVM is that it is not necessary to implement
this transformation and to determine the separating hyperplane in the possibly
very-high dimensional feature space, instead a kernel representation can be used,
where the solution is written as a weighted sum of the values of a certain kernel
function evaluated at the support vectors (Vapnik, 1995);

• Instance-based learning: Instance-based learning has its root in the study of the
Nearest Neighbor algorithm. The simplest form of nearest neighbor or, more
generally, k-Nearest Neighbor (k-NN) algorithms, simply stores the training in-
stances and classifies a new instance by predicting that it has the same class as
its nearest stored instance or the majority class of its k nearest stored instances,
according to some distance measure. The essence of this learning method resides
in the form of the similarity function that computes the distances from the new
instance to the training instances (Cover and Hart, 1967);

• Network-based methods: The inference is done by means of a network constructed
from the training set. Up to now, there are still few network-based supervised
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learning techniques (Hasan et al., 2006). A detailed study will be conducted in
the next section.

Network-based Approaches

Network-based unsupervised and semisupervised learning techniques have been
extensively studied in the literature (Chapelle et al., 2006; Jain, 2010). However, there
are still few reported network-based supervised learning techniques (Bertini Junior
et al., 2011). With this respect, there is still a great space for the proposal and dis-
covery of new ways of supervised learning in networked environments. Presumably,
several network-based semisupervised inductive methods, such as those presented in
Refs. (Belkin et al., 2006; Chen et al., 2009; Sindhwani et al., 2005) can be converted into
a supervised learning scheme when a reasonable number of labeled instances is pro-
vided. However, these methods are aimed at considering unlabeled instances during
the training phase, and a graph-based approach is employed to model the data into a
manifold, in order to first propagate the labels to all unlabeled instances. Thus, if the
majority of instances in the data set is labeled, a regular supervised approach, using
labeled instances only, would be preferable (Bertini Junior et al., 2011).

Another type of network-based classification approach refers to relational classi-
fication. Such type of data differs from typical data because it violates the instance-
independence assumption, which means that the class label of an instance might not
depend only on its own attributes, but also on the labels of its neighbors (Macskassy
and Provost, 2003). This kind of data is usually presented in a graph form (also termed
within-network data) with some of the vertices labeled and the rest unlabeled. The
task is to infer the labels for the unlabeled vertices. Relational classification techniques
can be applied to solve a wide range of problems, for example, discovering molecular
pathways in a gene expression (Segal et al., 2003) and classification of linked scientific
research papers (Lu and Getoor, 2003), link prediction (Liben-Nowell and Kleinberg,
2007), among others. For example, in link prediction on social networks (Barabási et al.,
2002; Dorogovtsev and Mendes, 2003; Hasan et al., 2006; Liben-Nowell and Kleinberg,
2007), the specific problem is to predict the likelihood of a future association between
two vertices, knowing that there is no association between the vertices in the current
state of the graph (Hasan et al., 2006). The problem has a wide variety of further ap-
plications: recommender systems, identification of probable professional or academic
associations in scientific collaboration networks or e-commerce sites, identification of
structures of criminal networks and structural analysis in the field of microbiology or
biomedicine etc. All these demand for much more efficient and versatile approaches
for link prediction and thereby making it an important and scientifically attractive re-
search topic. Another application that is also related to relational classification is de-
fined as the detection of small connection subgraphs that best capture the relationship
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between two vertices in a social network (Faloutsos et al., 2004). In the same referenced
work, the authors also proposed an efficient algorithm based on electrical circuit laws
to find the connection subgraph from large social networks. It has also been shown
that a connection subgraph can be used to effectively compute several topological fea-
ture values for the supervised link prediction problem, especially when the network is
very large (Hasan et al., 2006).

State-of-the-art approaches to spread labels along the graph consider inferring the
labels of interrelated vertices in a jointly manner is known as collective inference (Mc-
Dowell et al., 2009). This kind of inference can significantly reduce classification error
when compared to traditional inference techniques (Jensen et al., 2004). Collective in-
ference methods may use both data attributes and data relational features to perform
classification. Traditionally, vector-based methods have treated data items as indepen-
dent, which makes it possible to infer class membership on an instance per instance
basis. With networked data, the class membership of one data item (vertex) may have
an influence on the class membership of a related vertex. Furthermore, vertices not di-
rectly linked may be related by chains of links, which suggests that it may be beneficial
to infer the class memberships of all vertices simultaneously. Collective inferencing
in relational data makes simultaneous statistical judgments regarding the values of an
attribute or attributes for multiple entities in a graph for which some attribute values
are not known (McDowell et al., 2009).

In the literature, some algorithms have been proposed that may only employ collec-
tive inference on specific phases of the learning process. For example, one may employ
a local classifier, such as Naïve Bayes or relational probability trees, to predict labels
for each unlabeled vertex and further use a collective inference algorithm, such as ICA
(Lu and Getoor, 2003) or Gibbs sampling (Jensen et al., 2004), to restate the class labels
to all the vertices to be used at the next iteration. Such kinds of methods are called
local classifier-based methods. Another kind of approach, called global formulation-
based methods, does not use a separate local classifier, but it uses the entire algorithm
for the training and inference, also using relational and non-relational data. Such ap-
proach conducts training with the objective of optimizing a global objective function.
Examples of these algorithms include loopy belief propagation and relaxation labeling
(Sen et al., 2008). In search of a unification on relational data classification by means of
utilizing networks, Macskassy and Provost (2007) proposed a general framework. The
framework builds a model considering three components: a local classifier inducer,
which makes use of a training set to estimate probability distribution over the classes;
a relational classifier, which also aims to estimate a probability distribution but now
considering the neighboring relations in the graph; and a collective inference compo-
nent, which further refines the class predictions.

While collective inference presents some advantages, in some cases, inferring la-
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bels collectively leads to uncertainties that may actually lead to lower classification
accuracies when compared to non-relational approaches. For example, an incorrectly
predicted label may influence the predictions of its neighbors in future iterations, pos-
sibly cascading this error through long chains of vertices (McDowell et al., 2009). On
one hand, there is a tendency to represent data by networks; on the other hand, some
approaches consider transforming network data into raw, vector-based data in order
to apply classical methods, such as SVM and neural networks. This kind of method
requires extracting features from the networked data in order to construct a trainable
vector-based set. The task of feature extraction from a given relational data can be di-
vided according to the presence or absence of labels in the vertices, and named label-
dependent and label-independent extraction, respectively. The former uses both graph
structure and label information throughout the neighboring vertices and the latter ex-
clusively considers the graph structure (McDowell et al., 2009). An approach to esti-
mate the similarity between edges in a graph or between two graphs as a whole is
graph kernel. Briefly, these kinds of methods use a kernel to establish a similarity mea-
sure on graphs. The main difficulty in this approach is to define a kernel that is suitable
for the graph structure and reasonably efficient to be evaluated.

In the following, we present two representative network-based supervised learning
techniques.

1. Classification using k-associated graphs: This technique has recently been pro-
posed by (Bertini Junior et al., 2011). The basis of the k-associated graphs lies on rep-
resenting the training set as a graph (network), more specifically a directed graph re-
ferred to as k-associated graph. Such a graph is built from a vector-based data set by
abstracting data items to vertices and similarities to edges. After a k-associated graph
is constructed for a given k, the purity measure for every component in the graph is
computed and is used to determine the optimal graph for classification, both on the
training and the test phases. A k-associated graph is constructed using a modified ver-
sion of the k-nearest neighbor technique. In the proposed modification, since we are
dealing with supervised classification, a specific vertex from a determined class is only
permitted to connect with vertices from the same class. This simple rule generates class
components in the overall network.

The purity is defined for each component (isolated subgraph) in the graph as fol-
lows: given a parameter k, which is used to construct the networks using the k-nearest
neighbor technique, then, a vertex can, at most, receive 2k connections. In an undi-
rected graph, this is always true because if vertex j is one of the k-nearest neighbors
of i, then the reciprocal is true. However, in the technique proposed in (Bertini Junior
et al., 2011), the networks are considered as digraphs, i.e., directed graphs. Therefore,
it is expected that each vertex will have degrees ranging from k to 2k. It is under these
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circumstances that the purity measure has been defined. It quantifies the proportion of
edges that has effectively been created with vertices from the same class over the total
number of possible vertices, 2k. In mathematical terms, the purity φ of component α,
φα, is defined as:

φα =
Dα

2k
, (2.16)

where Dα denotes the average degree of component α. In general, a purity value close
to 1 indicates that a large portion of edges are among vertices in the component, re-
sulting in high compactness of the component, while lower values reveal high mixing
between components of different classes. It is for this reason why φα is called a purity
measure for the component α. Normalized purity measure can also be seen as the a
priori probability of connections within a component. This property is exploited by the
classifier to define the classes of the test instances.

In the referred technique, one can note that the parameter k plays a key role in the
process of learning in the training phase. By virtue of this, the authors of (Bertini Ju-
nior et al., 2011) have developed a procedure for estimating the value k for each of the
components. It is intuitive that some graphs may have better components than oth-
ers according to the purity measure. Rarely, a graph obtained by a unique value of
k produces the best configuration of vertices into components for a given data set. A
single value of k produces components with nearly the same size, therefore structure
and purity are restrained to only one possible value of k at a time. Consequently, it
would be better to allow multiples values of k to represent the same data space in or-
der to best fit the data regarding to component size and purity. Bearing this in mind,
a suggestive idea is to obtain a graph with the best organization of data into compo-
nents with different and localized k, i.e., each component has its own optimal k. As a
result, all components reach their respective highest purity. Such a graph is called the
k-associated optimal graph.

For obtaining the optimal k-associated graph, the rationale is to increase k while
keeping the best components found so far starting from the 1-associated graph. For
each k and component, the purity measure is calculated and it is used to compare
between components of different k-associated graphs formed within different values
of k. The component with the highest purity value is maintained, while the others are
discarded.

Once the optimal k-associated graph has been properly obtained, then the classifi-
cation phase begins. In this phase, the authors use a Bayes classifier in order to predict.
Specifically, the a priori probabilities are calculated using a normalized purity value
of each of the class components, rather than the traditional size proportions that we
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encounter in the literature.

A great potentiality of this technique is its nonparametric nature, which eliminates
the step of parameter tuning. However, since it must create a network from a vector-
based data set, then its time complexity is at least of the order of O(V2).

2. Network Learning Toolkit: This work has been introduced in (Macskassy and
Provost, 2007). This is a within-networked technique, rather than an across-network
method. In essence, the toolkit is composed of three terms, each of which capturing
different concepts of the data items, as follows:

1. Non-relational (“local”) model: This component consists of a (learned) model,
which uses only local information - namely information about (attributes of) the
data items, whose target variable is to be estimated. The local models can be used
to generate priors that comprise the initial state for the relational learning and col-
lective inference components. They also can be used as one source of evidence
during collective inference. These models typically are produced by traditional
machine learning methods;

2. Relational model: In contrast to the non-relational component, the relational model
makes use of the relations in the network as well as the values of attributes of
related entities, possibly through long chains of relations. Relational models also
may use local attributes of the data items;

3. Collective inferencing: The collective inferencing component determines how the
unknown values are estimated together, possibly influencing each other, as de-
scribed above.

Depending on the choices of each of the three aforementioned components, one can
get new kinds of classifiers, some of which are already known in the community. For
example, using a Naïve Bayes classifier as the local model, a Naïve Bayes Markov Ran-
dom Field classifier for the relational model, and relaxation labeling for the inferencing
method forms the system used by Chakrabarti et al. (Macskassy and Provost, 2007).

It is worth registering that the collective inferencing component can exploit rela-
tional autocorrelation, which is a widely observed characteristic of relational data. This
phenomenon may reveal that a variable for one instance is highly correlated with the
value of the same variable on another instance. By making inferences about multiple
data instances simultaneously, collective inference can significantly reduce classifica-
tion error in some cases.

The importance of NetKit is threefold: (i) it generalizes several existing methods
for classification in networked data, thereby making comparison to existing methods
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possible; (ii) it enables the creation and use of many new algorithms by its modular-
ity and extensibility; and (iii) it enables the analysis/comparison of individual compo-
nents and configurations. These contributions are welcomed by the literature, because,
since then, there has been no systematic study of machine learning methods for within-
network classification that compares various algorithms on several data sets.

2.2.4 Network-based Semisupervised Learning

Algorithms that are able to learn using only a few labeled examples have aroused
the interest of the Artificial Intelligence community. Semisupervised learning aims,
among other features, to reduce the work of human expert in the labeling process.
This feature is quite interesting especially when the labeling process is expensive and
time consuming, for example, in video indexing, classification of audio signals, text
categorization, medical diagnostics, genome data, among others (Chapelle et al., 2006).

Motivations

Semisupervised learning is a relative new area in relation to unsupervised and su-
pervised learning; therefore, it is important to better understand the reason behind its
creation. From an engineering standpoint, it is clear that the collection of labeled data
is much more intensive and costly in relation to the collection encompassing the unla-
beled data. However, the main purpose of semisupervised learning goes way beyond
a purely utilitarian tool. So debatable, most natural learning (human and animal) oc-
curs in a semisupervised regime basis. On the world in which we live, living beings
are in a constant exposure to a flow of natural stimuli. Such stimuli include unlabeled
data that are easily noticeable. For example, in a context of recognition and phono-
logical acquisition, a child is exposed to many acoustic sounds. Many of these sounds
are not familiar to the child. A positive feedback by part of another person is the main
source of labeled data. In many cases, a small amount of feedback is sufficient to allow
the child to master the acoustic-phonetic mapping of any languages (Belkin et al., 2005,
2006).

The human has ability to learn unsupervised concepts - for example, clusters and
categories of objects -, suggesting that unlabeled data could be satisfactorily used for
learning natural invariance to form categories and to construct classifiers. In many
pattern recognition tasks, humans only have access to a small amount of labeled pat-
terns. Therefore, the success of human learning in environments with little knowledge
indubitably happens with the effective use of large sets of unlabeled data to extract
information that is useful for generalization purposes. Consequently, if the goal is to
know how natural learning is processed, there is a need to think in terms of semisu-
pervised learning (Belkin et al., 2004, 2006).
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Another motivation for studying semisupervised learning is intrinsically linked to
improving the accuracy of the models. In a recent study conducted by Singh et al.
(2008), it was shown that, by means of a finite sample analysis, if the distribution com-
plexity under consideration is too high to be learned by n labeled data, but it is small
enough to be learned by m � n unlabeled data, then the semisupervised learning is
able to improve the performance of a typical fully supervised task. As an example,
consider Fig. 2.7, where the dark circles denote labeled data, while light circles, un-
labeled data. Applying a fully supervised algorithm to this problem, most likely the
decision boundary would be established in the surroundings of the dotted line. On
the other hand, applying a semisupervised learning algorithm, the decision boundary
would probably be fixed around the continuous line. In this example, supervised al-
gorithms would not be able to efficiently classify the unlabeled examples. In contrast,
semisupervised methods, with the aid of the unlabeled data used in the training pro-
cess, would output higher accuracy rates. This is exactly what happens in the figure,
which confirms that, in this particular occasion, the semisupervised classifier reflects
more faithfully the distribution of the classes.

Figure 2.7: An example of data set where semisupervised learning techniques would lead to
more robust results than supervised learning techniques. The dotted line denotes the decision
boundary that would be probably output by a supervised learning method. The continuous
line displays the same information for a semisupervised learning algorithm.

Mathematical Formulation and Hypotheses

Semisupervised learning can be defined as follows (Chapelle et al., 2006). Let
X = {x1, x2, . . . , xn} be a data set, divided into two parts: Xl = {x1, x2, . . . , xl}, where
l < n, and Xu = {xl+1, . . . , xn}. Consider that L = {L1, L2, . . . , LL} is a set that en-
compasses all possible label outputs. Since the label set is discrete, this task is referred
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to as semisupervised classification (the same reasoning can be applied to regression).
The labels of the subset Xu are not known a priori. Normally, l � u, i.e., the great
majority of data items does not possess labels. As we have already stressed, this often
happens because the task of manual labeling is cumbersome and often is performed by
a human expert. Based on these definitions, semisupervised learning can be used in
data classification tasks, when the labeled examples are used in the process of labeling
unlabeled examples, but also in clustering tasks. In the latter case, the labeled sam-
ples are responsible for guiding the process of forming clusters (Chapelle et al., 2006),
subjected to restrictions imposed by the labeled instances.

It is worth mentioning that, for the proper functioning of semisupervised learning
techniques, some assumptions about the data consistency are essential (Wang et al.,
2008). Typically, a semisupervised learning method relies on one or more of the fol-
lowing assumptions (Chapelle et al., 2006):

• Cluster Assumption: Points that belong to the same high-density region, i.e., are
located in the same group, are plausible candidates for belonging to the same
class;

• Smoothness Assumption: Points that are near in the attribute space are probable
candidates of being members of the same class. This assumption forces that the
decision function yielded by the classifier should be smoother in high-density
regions than in locations with low density. This analysis is in line with the cluster
assumption and both, hence, complement each other.

• Manifold Assumption: This idea is based upon the premise that a set of data in a
high-dimension space may be, approximately, reduced to a smaller space (mani-
fold data) via a nonlinear mapping function. This hypothesis is usually employed
to soften the curse of dimensionality problem, which is related to the fact that the
volume of the space increases exponentially with the number of dimensions, and
an exponentially larger number of examples would be needed for constructing
induction classifiers with the same accuracy power.

The way that the semisupervised learning algorithms treat these assumptions rep-
resents one of the fundamental differences among them.

Overview of the Techniques

Traditionally, the semisupervised learning methods are divided into the following
categories:

• Generative Models: The inference via generative models involves the estimation
of a conditional density. The Expectation Maximization technique is the most
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known technique pertaining to this approach (Nigam et al., 2000). Besides that,
a myriad of techniques proposed so far in the literature can be encountered in
Alpaydin (2004); Chapelle et al. (2006); Gärtner (2008); Zhu and Goldberg (2009);

• Cluster-and-label Models: The inference is done based on the results obtained by a
clustering task subjected to some restrictions regarding the pre-labeled data set.
Some representative methods are given in Dara et al. (2002); Demiriz et al. (1999).

• Low Density Region Separation Models: The inference is based on the development
of decision boundary functions, such that each decision boundary is created as
far as possible from the high-density regions. Undoubtedly, the most known
method of this approach is the Transductive SVM (Cortes and Vapnik, 1995; Vap-
nik, 1998). More related techniques can be found in Alpaydin (2004); Chapelle
et al. (2006); Cortes and Vapnik (1995); Zhu and Goldberg (2009);

• Network-based Models: The inference is done by using a network. This is approach
is the focus of this thesis and is going to be studied in the next section.

Network-based Approaches

During the last years, the most active area of research in the field of semisuper-
vised learning has been related to methods based on graphs or networks. The com-
mon point of the techniques that use this approach lies in the fact that they use the
data items as the vertices of the network, while the links between the data items de-
pend on the chosen similarity function and the labels of the vertices (Chapelle et al.,
2006). An advantage of using networks for data analysis is the ability to reveal the
topological structure of the data set. For example, consider a semisupervised classi-
fication problem, as shown in Fig. 2.8a, in which the distribution of the data has the
shape of bananas and only two pre-labeled data items are provided (distinguished by
the colors or formats). The outcome of the SVM technique is given in Fig. 2.8b, while
the result of the k-nearest neighbor (k-NN) technique is shown in Fig. 2.8c. Both tech-
niques use vector-based data set. The ideal classification, in this case, is given in Fig.
2.8d. As we can see, both algorithms were unable to correctly find the classes. The use
of networks in this type of problem may reveal the topological structure of the data,
thus allowing the detection of classes and groups with arbitrary shapes (Karypis et al.,
1999; Zhou et al., 2004).

Network-based semisupervised learning begins by constructing a network with the
input vector-based data. Once the network is built, the learning process consists in as-
signing a label for every non-labeled vertex in the test set. The inference is done by
using the edges that interconnect the vertices of the network (Chapelle et al., 2006). It is
extremely important to mention that, in contrast to the traditional techniques that make
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Figure 2.8: Motivation for the research on network-based semisupervised methods. (a) Initial
semisupervised classification task. (b) Result obtained by the SVM method. (c) Result achieved
by the k-NN technique. (d) Ideal result. This figure has been extracted from Zhou et al. (2004).

use of attribute-value tables to conduct their analyzes on the data, network-based tech-
niques directly use the neighborhood information to analyze the data. As explained in
Zhu (2005a), this may generate more robust and efficient classifiers.

In general, network-based methods can be characterized as transductive techniques
(Zhu, 2005b), i.e., the algorithm aims to obtain a value for each non-labeled vertex
without the need to generate (induce) a global generalizing function. Among the main
advantages of these techniques, one may highlight (Chapelle et al., 2006; Zhu, 2005b):

• Clusters of various forms can be effectively detected;

• Learning process does not make decisions explicitly based on distance functions;

• Representation of data sets with multiple classes is facilitated;

• Some problems are naturally represented by networks, for example: protein-
protein interaction networks, blood mainstream, among others.

Many semisupervised learning techniques, such as Transductive SVM, can iden-
tify data classes of well-defined forms, but usually fail to identify classes of irregu-
lar forms. Thus, assumptions on the class distributions have to be made (Chapelle
et al., 2006). Unfortunately, such information is usually unknown a priori. In order to
overcome this problem, graph-based methods have been developed in the last years,
like Mincut (Zhu et al., 2003), Local and Global Consistency (Zhou et al., 2004), Local
Learning Regularization (Wu and Schölkopf, 2007), Local and Global Regularization
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(Wang et al., 2008), Manifold Regularizer (Belkin et al., 2006), Semisupervised Modu-
larity (Silva and Zhao, 2012c), D-Walks (Callut et al., 2008), random walk techniques
(Grady, 2006; Szummer and Jaakkola, 2001), and label propagation techniques (Wang
and Zhang, 2008; Zhu and Ghahramani, 2002). However, most of the graph-based
methods share the same regularization framework, differing only in the particular
choice of the loss function and the regularizer (Belkin et al., 2004, 2005; Blum and
Chawla, 2001; Joachims, 2003; Zhou et al., 2004; Zhu et al., 2003), and most of them have
cubic order of computational complexity (O(n3)). This factor makes their applicability
limited to small- or middle-sized data sets (Zhu, 2005a). As data sets get larger and
larger, the development of efficient semisupervised learning methods is still necessary.

For the sake of completeness, we discuss two of the aforementioned techniques in
detail.

1. Local and Global Consistency: This method has been proposed by Zhou et al. (2004)
and may be considered as the responsible for leveraging and pioneering the research in
network-based semisupervised learning techniques. This method considers the gen-
eral problem of learning from labeled and unlabeled data by means of the construction
of a classification function that is sufficiently smooth with respect to the intrinsic struc-
ture that is revealed by both types of data.

Before delving into the specific concepts of such technique, it is valid to register
some key points that this technique shares with other methods based on energy mini-
mization. In general, such techniques aim at minimizing a cost expression, consisting
essentially of two distinct functions:

1. Loss Function: it leads the algorithm to penalize decisions that flip the labels of
pre-labeled vertices. Practically, to minimize this term, it is enough to prevent
the change of pre-labeled vertices;

2. Regularizer Function: it is responsible for modeling the cost of propagating la-
bels to unlabeled vertices. Given that many algorithms rely on the smoothness
assumption, this function must be smooth in dense regions of the network.

The technique considers a set of matrices M with dimensions n× L, all of which
with non-negative entries. A matrix F = [FT

1 , . . . , FT
n ]

T ∈ M corresponds to the classi-
fication of the data items X , such that, for each unlabeled data item xi, we designate a
label in accordance with the expression yi = arg max

j∈L
Fij. One can think F as a vectorial

function that attributes, for each unlabeled data xi, the maximum value of Fj, j ∈ L.
In addition, it is defined the matrix Y with dimensions n× L, such that Yij = 1 if xi is
labeled as yi = j ∈ L, and Yij = 0, otherwise. The algorithm evolves as follows:
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1. Generate the affinity matrix W, which is given by Wij = exp(
‖xi−xj‖2

2σ2 ) if i 6= j,
and Wii = 0, otherwise;

2. Construct the matrix S = D−
1
2 WD−

1
2 , in which D is a diagonal matrix with each

entry (i, i) equivalent to the sum of the ith row of W;

3. Iterate F(t + 1) = αSF(t) + (1− α)Y until it converges, where α ∈ (0, 1);

4. Consider that F∗ denotes the limit of the sequence {F(t)}. Then, label each unla-
beled vertex xi following the formula: yi = arg max

j∈L
F∗ij .

Moreover, the authors have analytically shown that the sequence = = {F(t)} con-
verges and assumes the following closed formula:

F∗ = lim
t→∞

F(t) = (I − αS)−1Y.EEE (2.17)

Still in Zhou et al. (2004), the authors have found a regularization framework that
satisfies the aforementioned dynamics. In this framework, one aims at minimizing a
cost or energy expression. The encountered expression, here written as C(F), is given
as:

C(F) =
1
2

 n

∑
i=1,j∈L

Wij

∥∥∥∥∥ 1√
Dii

Fi −
1√
Djj

Fj

∥∥∥∥∥
2

+ µ
n

∑
i=1
‖Fi −Yi‖2

 , (2.18)

where µ > 0 is a regularizer parameter. In this case, the optimal values for the classifi-
cation function become:

F∗ = arg min
F∈=

C(F). (2.19)

The first term in (2.18) enforces a smoothness decision of the classifier, meaning
that a good classification function must not have large derivatives in high-density ar-
eas. This is exactly the definition of a regularizer function. The second term symbolizes
the adjustment restriction, revealing that a good classification function also must not
exchange the labels from already labeled data. In this case, this definition perfectly fits
into the description of a loss function. The counterweight between these two conflict-
ing quantities is given by the positive constant µ.

The advantage of this technique is its simplicity. As one can see, the propaga-
tion is done by utilizing a linear update rule and convergence issues have been fully
described, enabling one to understand the dynamics of such model in the long run.
However, the algorithm suffers from some drawbacks: since the propagation is done
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utilizing a linear function, nonlinear characteristics of the data may pass unseen by the
algorithm. Moreover, since a matrix inversion is involved to find the optimal solution,
the algorithm requires O(V3) to run, which is unfeasible for large-scale networks.

2. Semisupervised Modularity Method: This algorithm has recently been proposed
by (Silva and Zhao, 2012c) and is inspired by the modularity greedy algorithm, origi-
nally described in (Clauset et al., 2004; Newman, 2006a). In the algorithm proposed in
the latter, at each time step, two communities, say i and j, are merged, in such a way
that occurs the biggest increment (or least decrement) of the modularity at a particular
step. In the initial configuration, each vertex is a community itself. If one wants to
stop the merges at the network configuration with maximum modularity, one can use
an easy stop criterion as follows: once a negative increment is encountered, the maxi-
mum global value associated to the modularity is reached and subsequent merges will
monotonically decrease the modularity of the network. No restrictions on the commu-
nities to be merged are specified by the original model.

In order to adapt the modularity greedy algorithm for the context of semisuper-
vised learning, we make the following modifications:

I. Initially, we have l labeled vertices in the network. The task consists of propa-
gating their labels to the unlabeled vertices. Once an unlabeled vertex receives a
label, it cannot be changed.

II. At each step, we merge the communities (at the beginning, each community en-
compasses only one vertex) in such a way that the modularity is maximized.
However, such merging is subjected to some constraints: in light of mimicking
the propagation of labels in the network, a merging will only occur if at least one
of the communities to be merged has been labeled before. Suppose that communi-
ties ci and cj have been selected to be merged, each of which carrying the labels cl

i
and cl

j (let ∅ denote the no label class), then one of the following four cases occurs:

Case 1. The merging does not occur if cl
i 6= cl

j, provided that cl
i 6= ∅ and cl

j 6= ∅. This
case represents a clash between two different classes that have been previ-
ously labeled.

Case 2. The merging occurs if cl
i 6= ∅ and cl

j = ∅, or cl
i = ∅ and cl

j 6= ∅. This case
represents the traditional label propagation from a labeled community to an
unlabeled one. cl

j receives the label from cl
i in the first case and cl

i receives the
label from cl

j in the second case.

Case 3. The merging occurs if cl
i = cl

j, provided that cl
i 6= ∅ and cl

j 6= ∅. In this case,
the merging process just puts two communities of the same class together,
maximizing the modularity.
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Case 4. The merging does not occur if cl
i = cl

j = ∅, since no label is being propagated.

If the merging does not occur, then other two communities, which result in the
second highest entry of the ∆Q, are selected to be potentially merged, i.e., the Step II is
repeated, and so on, until a valid merging takes place.

Keeping in mind that the modularity algorithm tries to maximize the number of
edges among vertices of the same community, while also attempts to minimize the
same quantity amongst distinct communities, the dynamics of the proposed procedure
will propagate labels so as to maintain the cluster assumptions, such as smoothness
and proximity. In this way, the modified modularity greedy algorithm performs the
work of propagating the labels in an optimized manner, provided that the network
is strongly connected among vertices of the same class and weakly connected among
vertices of distinct classes.

For the stop criterion of this algorithm, it simply needs to be run until no unlabeled
vertex remains, regardless of the value of the modularity, since we are not looking for
a good network division, but an ordered way of labeling vertices. The mechanism of
maximizing the modularity does this job for us. The convergence is guaranteed to
happen and a proof has been provided in (Silva and Zhao, 2012c).

Additionally, in an attempt to make feasible the semisupervised algorithm to work
on large-scale networks, a network reduction technique has also been proposed in the
same paper. Let ϕ(i) ∈ [0, 1] denote the proportion of reduction to be performed over
the class pertaining to label i ∈ L. Then, the reduction is done by the following proce-
dure, step-by-step:

I. Randomly choose pairs of pre-labeled vertices r ∈ Ψi(t) and s ∈ Ψi(t) to coalesce.
In this process, r is removed from the network and s is entitled as a super-vertex,
by virtue of the fact that it is representing more than one vertex in the network.
In this process, all the links that are connected to r are redirected to s. Suppose a
connection between w and s already exists and w is also a neighbor of r, then we
strengthen the connection between w and s by adding the weight from the former
edge (w, r) to (w, s). Figure 2.9 illustrates this idea. This is done until |Ψi(t +
∆t)| = (1− ϕ(i))|Ψi(t)|, where ∆t > 0 is a parameter bounded by the upper limit
provided by the convergence proof previously supplied. Essentially, |Ψi(t + ∆t)|
denotes the size of Ψi in a future time that can be reached in a finite number of
steps. If ϕ(i) = 1, then we deliberately continue to merge until |Ψi(t + ∆t)| = 1,
i.e., until only one element remains of that class.

II. All the self-loops, brought into the network by the reduction process, are re-
moved. This prevents the modified modularity greedy algorithm from trying to
merge a certain community with itself.
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Figure 2.9: Process of coalescence of vertices s and r. After the merge, s consumes r and be-
comes a super-vertex. All neighbors of r are connected to s during this procedure.

III. This process of reduction is performed for every class i ∈ L that exists in the
network.

In general, at the end of the reduction process it is expected the network to shrink,
because (V − L) + ∑i∈L |Ψi(t + ∆t)| = (V − L) + ∑i∈L [1− ϕ(i)]|Ψi(t)| ≤ V, since
0 ≤ ϕ(i) ≤ 1 and thus ∑i∈L [1− ϕ(i)]|Ψi(t)| ≤ L. If the proportion of labeled vertices
is high, then this will greatly reduce the network, provided that ϕ(i), ∀i ∈ L, is high.
Usually, the quantity of labeled vertices is low, because the task of labeling is generally
expensive and cumbersome.

The main advantage of the aforementioned technique is that it does not require any
kinds of parameters in order to work. Considering that the task of parameter tuning
often takes a considerable time to complete and that lots of traps are involved in this
investigation, such as the presence of local maxima, an expert may be needed such as
to set feasible initial kickoff values for the parameters tuning procedure. Undoubtedly,
this positive characteristic is very welcomed in a learning process. A major drawback
of the aforementioned technique is that it suffers from the inherent resolution problem
that the modularity greedy algorithm presents (see Section 2.1.5 for details). This often
leads to bad results when there is the presence of classes with very distinct sizes.

2.3 Chapter Remarks

In this chapter, we have reviewed the area of complex networks, showing the ad-
vantages inherent to their use, such as the ability to take into account the topological
features of the data. Such a feature is important, since it gains independence of the
model from particular physical measures, such as similarity functions. In addition, we
have reviewed the concepts of community and overlapping vertices detection, as well
as some state-of-art techniques. Afterwards, two network-based benchmarks have
been discussed that are usually used in the literature for comparison matters. Finally,
some important network measures have been presented.

Moreover, we have also delved into the machine learning area, with a focus on
network-based techniques. We have first seen a glimpse of the overall organization
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that the literature gives for the machine learning. Then, we started to discuss each
paradigm of learning in detail, i.e., unsupervised, semisupervised, and supervised
learning. We have focused on network-based techniques, because they serve as a nat-
ural bridge for the use of complex-network aspects in the learning process. Addition-
ally, we have presented several state-of-art techniques, providing the potentialities and
shortcomings of each one of them.

In the next chapters, we will merge together these two macro-areas with the pur-
pose of modeling computational algorithms that infer decisions in networked environ-
ments in the three paradigms of learning.



CHAPTER

3
Unsupervised Stochastic Competitive

Learning in Complex Networks

This chapter treats the issue of solving unsupervised learning tasks, such as cluster-
ing, using complex networks. As we have already drawn attention to, we here present
a new type of competitive learning mechanism based on a stochastic nonlinear dynam-
ical system, which runs in a networked environment. Specifically, a set of particles
is randomly released into the vertices of a network. As time progresses, they move
across the network in accordance with a convex stochastic combination of random and
preferential walks, which will be detailed in the further sections. Straightforward ap-
plications are in community detection and data clustering. In essence, data clustering
can be considered as a community detection problem once a network is constructed
from the original data set. In this case, each vertex corresponds to a data item and the
connections are established by using a certain similarity measure. Considering such
applications, the competitive walking process reaches a dynamics equilibrium when
each community or data cluster is dominated by a single particle.

As we will see, the competitive mechanism is formally modeled via a stochastic
nonlinear dynamical system. Moreover, empirical and analytical analyses are sup-
plied so as to better enable one to fully understand the potentialities and shortcomings
of the model. Given that the models of interactive walking processes correspond to
many natural and artificial systems, and due to the relative lack of theory for such sys-
tems, we can argue that the analytical analysis provided herein is an important step to
understand such systems.

Once the fundamental idea and the model definition are properly presented, we
enrich this chapter by providing several applications of the proposed technique in var-
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ious interesting problems indicated in the literature. These include the creation of an
efficient method for estimating the most likely number of clusters or communities in a
data set by using an evaluator index. Such index exploits the domination level infor-
mation generated by the competition process itself. As a result, if we take into account
that the number of clusters is far less than the quantity of data items, the cluster num-
ber determination process does not increase the model’s complexity order. Since the
determination of the actual number of clusters is an important issue in data clustering
(Sugar and James, 2003; Wang et al., 2009), our method also presents a contribution to
this topic. Following the same line, an index for detecting overlapping cluster struc-
tures is also proposed, which, under some assumptions, may also not increase the
model’s computational complexity due to its embedded nature within the competitive
process. With all these tools at hand, we finalize this chapter by exploiting the ap-
plication of handwritten digits and letters clustering. Therein, we will verify that the
competition process is able to satisfactorily cluster several variations and distortions of
the same handwritten digits and letters into their corresponding cluster.

3.1 Model Description

In this section, the proposed competitive learning technique is presented in detail.

3.1.1 A Brief Overview of the Model

Consider a graph G = 〈V , E〉, where V = {v1, . . . , vV} is the set of vertices and
E = {e1, . . . , eE} ⊂ V × V is the set of links (or edges). In the proposed competitive
learning model, a set of particles K = {1, . . . , K} is inserted into the vertices of the net-
work in a random manner. Each particle can be conceptualized as a flag carrier with its
main objective being to conquer new vertices, while defending its current dominated
vertices. In this case, a competition process will naturally take place amongst the par-
ticles. When a particle visits an arbitrary vertex, it strengthens its own domination
level on that vertex and, simultaneously, weakens the domination levels of all other
rival particles on the same vertex. It is expected that this model, in a broad horizon of
time, will end up uncovering the communities in the network in such a way that each
particle dominates a community.

A particle in this model can be, at any given time, in two possible states: active
or exhausted. Whenever the particle is active, it navigates in the network according
to a combined behavior of random and preferential walking. The random walking
term is responsible for the adventuring behavior of the particle, i.e., it randomly visits
vertices without taking into account their domination levels. The preferential walking
term is responsible for the defensive behavior of the particle, i.e., it prefers to reinforce
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its owned territory rather than visiting a vertex that is not being dominated by that
particle. So as to make this process suitable, each particle carries an energy term with
it. This energy increases when the particle is visiting an already dominated vertex by
itself, and decreases whenever it visits a vertex that is being owned by a rival particle.
If this energy drops under a minimum allowed value, the particle becomes exhausted
and is teleported back to a safe ground, which is one of the vertices dominated by the
present particle. At the next step, the exhausted particle will be possibly recharged
by visiting the vertices dominated by itself. With this confinement mechanism, we
expect to restrain the acting region of each particle and, thus, reduce long range and
redundant visits in the network.

3.1.2 Deriving the Competitive Transition Matrix of the Dynamical

System

In this model, each particle k ∈ K can perform two distinct types of movements:
(i) a random movement term, modeled by the matrix P

(k)
rand, which allows the particle

to venture throughout the network, without accounting for the defense of the pre-
viously dominated vertices; and (ii) a preferential movement term, modeled by the
matrix P

(k)
pref, which is responsible for inducing the particle to reinforce the vertices that

are owned by itself, i.e., the particle prefers visiting its dominated vertices, instead of a
randomly selected one. In order to model such dynamics, consider the stochastic vec-
tor p(t) = [p(1)(t), p(2)(t), . . . , p(K)(t)], which denotes the localization of the set of K
particles presented to the network. Its kth-entry, p(k)(t), indicates the location of parti-
cle k in the network at time t, i.e., p(k)(t) ∈ V , ∀k ∈ K. It is desirable to find a transition
matrix that governs the probability distribution of the movement of the particles to the
immediate future state: p(t + 1) = [p(1)(t + 1), p(2)(t + 1), . . . , p(K)(t + 1)].

With the intent of keeping track of the current states of all particles, we intro-
duce the following stochastic vector: S(t) = [S(1)(t), . . . , S(K)(t)], where the kth-entry,
S(k)(t) ∈ {0, 1}, indicates whether the particle k is active (S(k)(t) = 0) or exhausted
(S(k)(t) = 1) at time t. When it is active, the movement policy consists of a combined
behavior of randomness and preferential movements. When it is exhausted, the parti-
cle switches its movement policy to a new transition matrix, here referred to as P

(k)
rean(t).

This matrix is responsible for taking the particle back to its dominated territory, in or-
der to reanimate the corresponding particle by recharging its energy. We call this the
reanimation procedure. After the energy has been properly recharged, the particle can
again perform the combined random-preferential movement in the network. In brief,
S(t) acts as a switch that determines the movement policy of all particles at time t.
With all this information in mind, we are able to define the transition matrix associated
to the particle k as:
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P
(k)
transition(t) , (1− S(k)(t))

[
λP

(k)
pref(t) + (1− λ)P

(k)
rand

]
+ S(k)(t)P(k)

rean(t), (3.1)

where λ ∈ [0, 1] indicates the desired fraction of preferential movement that all parti-
cles in the network will perform. Specifically, P

(k)
transition(i, j, t) indicates the probability

that particle k performs a transition from vertex i to j at time t. It is worth noting that
(3.1) is a convex combination of two transition matrices (the first term is itself a com-
bination of two transition matrices, too). Since the sum of the coefficients is unitary,
the resulting matrix is guaranteed to be another transition matrix. We now define each
matrix that appears in (3.1) in a detailed manner.

The derivation of the random movement matrix is straightforward, since this ma-
trix only depends on the adjacency matrix of the graph, which is previously known. In
this way, each entry (i, j) ∈ V × V of the matrix P

(k)
rand is given by:

P
(k)
rand(i, j) ,

ai,j

∑V
u=1 ai,u

, (3.2)

where ai,j denotes the (i, j)th-entry of the adjacency matrix A of the graph. Note that
(3.2) resembles the traditional Markovian matrix for a single random walker, here sym-
bolized as a particle (Çinlar, 1975). In addition, note that matrix P

(k)
rand is time-invariant

and it is the same for every particle in the network; therefore, whenever the context
makes it clear, we drop the superscript k for convenience. In short, the probability of
an adjacent neighbor j to be visited from vertex i is proportional to the edge weight
linking these two vertices.

In order to assist in the derivation of the matrix associated to the preferential move-
ment term, P

(k)
pref(t), for a given particle k ∈ K, we introduce the following stochastic

vector:

Ni(t) , [N(1)
i (t), N(2)

i (t), . . . , N(K)
i (t)]T, (3.3)

where dim(Ni(t)) = K× 1, T denotes the transpose operator, and Ni(t) stands for the
number of visits received by vertex i up to time t by all particles scattered throughout
the network. Specifically, the kth-entry, N(k)

i (t), indicates the number of visits made by
particle k to vertex i up to time t. Then, the matrix that contains the number of visits
made by every particle in the network to all the vertices is defined as:
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N(t) , [N1(t), N2(t), . . . , NV(t)]T, (3.4)

where dim(N(t)) = V × K. Let us also formally define the domination level vector of
vertex i, N̄i(t), according to the following stochastic vector:

N̄i(t) , [N̄(1)
i (t), N̄(2)

i (t), . . . , N̄(K)
i (t)]T, (3.5)

where dim(N̄i(t)) = K× 1 and N̄i(t) denotes the relative frequency of visits of all par-
ticles in the network to vertex i at time t. In particular, the kth-entry, N̄(k)

i (t), indicates
the relative frequency of visits performed by particle k to vertex i at time t. Similarly
to the previous case, this notation is extended to all the vertices constituting the net-
work by defining the domination level matrix that sustains all the domination levels
imposed by every particle in the network to all the vertices as:

N̄(t) , [N̄1(t), N̄2(t), . . . , N̄V(t)]T, (3.6)

where dim(N̄(t)) = V × K. Mathematically, each entry of N̄(k)
i (t) is defined as:

N̄(k)
i (t) ,

N(k)
i (t)

∑K
u=1 N(u)

i (t)
. (3.7)

In view of this, we can define P
(k)
pref(i, j, t), which is the probability of a single par-

ticle k to perform a transition from vertex i to j at time t, using solely the preferential
movement term, as follows:

P
(k)
pref(i, j, t) ,

ai,jN̄
(k)
j (t)

∑V
u=1 ai,uN̄(k)

u (t)
. (3.8)

From (3.8), it can be observed that each particle has a different transition matrix
associated to its preferential movement and that, unlike the matrix related to the ran-
dom movement, it is time-variant with dependence on the domination levels of all the
vertices (N̄(t)) in the network at time t. It is worth mentioning that the approach taken
here to characterize the preferential movement of the particles is defined as the visiting
frequency of each particle to a specific vertex. This means that, as more visits are per-
formed by a particle to a determined vertex, there will be a higher chance for the same
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particle to repeatedly visit the same vertex. Furthermore, it is important to emphasize
that (3.8) produces two distinct features presented by a natural competitive model: (i)
the strengthening of the domination level of the visiting particle on a vertex; and (ii)
the consequent weakening of the domination levels of all other particles on the same
vertex.

For didactic purposes, we now summarize and consolidate the key concepts intro-
duced so far in a simple example given in the following.

Figure 3.1: A typical situation where the red (dark gray) particle, presently located at vertex
1, has to choose a neighbor to visit in the next iteration. The probability that the red particle
will visit a specific vertex is proportional, besides the random term, to the domination level
that the same particle imposes on that vertex. For illustration purposes, we have provided the
domination level vector for each vertex. In this example, there are two particles, red (dark gray)
and blue (gray), which is not shown). The beige (light gray) color denotes vertices that are not
being dominated by any particles in the system at time t.

Example 1. Consider the network portrayed in Fig. 3.1, where there are two particles, namely
red (dark gray) and blue (gray), and four vertices. For illustration purpose, we only depict the
location of the red (dark gray) particle, which is currently visiting vertex 1. In this example, we
will make clear how the role of the domination level plays in the determination of the resulting
transition probability matrix. Within the figure, we also didactically supply the domination
level vector of each vertex at time t. Note that the ownership of the vertex (in the figure, the color
of the vertex) is set according to the particle that is imposing the highest domination level on that
specific vertex. For instance, in vertex 1, the red (dark gray) particle is imposing a domination
of 60%, and the blue (gray) particle, only 40%. Our goal here is to derive the transition matrix
of the red particle in agreement with (3.1). Suppose at time t, the red particle is active, therefore,
S(red)(t) = 0, and, consequently, the second term of the convex combination in (3.1) vanishes.
Let λ = 0.8. On the basis of (3.2), the random movement term of the red particle is given by:
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P
(red)
rand =


0 1/3 1/3 1/3

1 0 0 0

1 0 0 0

1 0 0 0

 , (3.9)

and the preferential movement matrix at the immediate posterior time t + 1, according to (3.8),
is given by:

P
(red)
pref (t + 1) =


0 0.57 0.07 0.36

1 0 0 0

1 0 0 0

1 0 0 0

 . (3.10)

Finally, the transition matrix associated to the red particle is determined by a weighted
combination of the random (time-invariant) and the preferential matrices at time t + 1, given
that the particle is active (see (3.1)). Numerically,

P
(red)
transition(t + 1) = 0.2


0 1/3 1/3 1/3

1 0 0 0

1 0 0 0

1 0 0 0

+ 0.8


0 0.57 0.07 0.36

1 0 0 0

1 0 0 0

1 0 0 0



=


0 0.52 0.12 0.36

1 0 0 0

1 0 0 0

1 0 0 0

 . (3.11)

Therefore, the red particle, which is currently in vertex 1, will have a bigger chance to visit
vertex 2 (52% chance of visiting) than others. This behavior can be controlled by refining the λ

parameter. A high value induces the particle to perform preferential movements, i.e., it will keep
visiting its owned vertices in a frequent manner. On the hand, a low value provides a higher
weight to the random movement term, making each particle resembles a traditional Markov
walker as λ→ 0 (Çinlar, 1975). In the extreme case, i.e., λ = 0, the mechanism of competition
is turned off and the model reduces to multiple non-interactive random walks. In this way, our
model generalizes the theory of random walks, according to the parameter λ.

Now we define each entry of P
(k)
rean(t) that is responsible for teleporting an ex-



70 Chapter 3 - Unsupervised Stochastic Competitive Learning in Complex Networks

hausted particle k ∈ K back to its dominated territory, with the purpose of recharging
its energy (reanimation process). Suppose that particle k is visiting vertex i when its en-
ergy is completely depleted. In this situation, the particle must regress to an arbitrary
vertex j of its possession at time t, according to the following expression:

P
(k)
rean(i, j, t) ,

1{
arg max

m∈K

(
N̄(m)

j (t)
)
=k
}

∑V
u=1 1

{
arg max

m∈K

(
N̄(m)

u (t)
)
=k
} , (3.12)

where 1{.} is the indicator function that yields 1 if the argument is logically true and 0,

otherwise. The operator arg max
m∈K

(.) returns an index M, where N̄(M)
u (t) is the maximal

value among all N̄(m)
u (t) for m = 1, 2, . . . , K. A careful analysis of the expression in

(3.12) reveals that the probability of returning to an arbitrary vertex j that is dominated
by the particle k follows a uniform distribution. In other words, (3.12) only results in
nonzero transition probabilities for vertices j that are being dominated by particle k
at time t, regardless of the existence of a connection between i and j in the adjacency
matrix. Figure 3.2 illustrates how the reanimation scheme takes place. If no vertex
is being dominated by particle k at time t, we deliberately put it in any vertex of the
network in a random manner (uniform distribution).

Figure 3.2: Illustration of the reanimation scheme. The red (dark gray) particle has gotten
exhausted by virtue of visiting a vertex dominated by a rival particle. As a consequence, its
energy has completely depleted. In order to reanimate the particle, it is teleported back to one
of its owned vertices. In the next iterations, with a relatively significant probability, its energy
will be renewed, since the neighborhood is dominated by the same particle.

Next, the energy update rule of the particles is discussed. First, we define the
parameters ωmin and ωmax, which characterize the minimum and maximum energy
levels, respectively, that a particle may possess. Moreover, it is useful to introduce
the stochastic vector: E(t) = [E(1)(t), . . . , E(K)(t)], where the kth-entry, E(k)(t) ∈
[ωmin, ωmax], ωmax ≥ ωmin, denotes the energy level of particle k at time t. In view
of these definitions, the energy update rule is given by:
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E(k)(t) =

min(ωmax, E(k)(t− 1) + ∆), if owner(k, t)

max(ωmin, E(k)(t− 1)− ∆), if � owner(k, t)
(3.13)

where owner(k, t) =

(
arg max

m∈K

(
N̄(m)

p(k)(t)
(t)
)
= k

)
is a logical expression that essen-

tially yields true if the vertex that particle k visits at time t (i.e., vertex p(k)(t)) is being
dominated by it, but yields false otherwise; dim(E(t)) = 1× K; ∆ > 0 symbolizes the
increment or decrement of energy that each particle receives at time t. The first expres-
sion in (3.13) represents the increment of the particle’s energy and it occurs when par-
ticle k visits a vertex p(k)(t) which is dominated by itself, i.e., arg max

m∈K

(
N̄(m)

p(k)(t)
(t)
)
= k.

Similarly, the second expression in (3.13) indicates the decrement of the particle’s en-
ergy that happens when it visits a vertex dominated by rival particles. Therefore, in this
model, particles will be given a penalty if they are wandering in rival territory, so as to
minimize aimless navigation of the particles in the network. With this mechanism, we
expect to improve the cluster and community detection rates of the algorithm.

Now we advance to the update rule that governs S(t), which is responsible for
determining the movement policy of each particle. As we have stated, an arbitrary
particle k will be transported back to its domain only if its energy drops under the
threshold ωmin. With that in mind, it is natural that each entry of S(k)(t) must moni-
tor the current energy value of its corresponding particle k. If this energy ever drops
under a given threshold, the switch must be enabled. Analogously, if the particle still
has an energy value greater than this threshold, then the switch should be disabled.
Mathematically, the kth-entry of S(t) can be written as:

S(k)(t) = 1{E(k)(t) = ωmin}, (3.14)

where dim(S(t)) = 1× K. Specifically, S(k)(t) = 1 if E(k)(t) = ωmin and 0, otherwise.
The upper limit, ωmax, has been introduced to prevent any particle in the network from
increasing its energy to an undesirably high value and, therefore, taking a long time
to become exhausted even if it constantly visits vertices from rival particles. In this
way, the community and cluster detection rates of the proposed technique would be
considerably reduced.

In the following, we apply the remaining key concepts introduced so far in a concise
and simple example.

Example 2. Consider the network depicted in Fig. 3.3. Suppose there are two particles, namely,
red (dark gray) and blue (gray), each of which located at vertices 17 and 1, respectively. As both
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Figure 3.3: Illustration of the reanimation procedure in a typical situation. There are two parti-
cles, namely red (dark gray) and blue (gray), located at vertices 17 and 1, respectively, at time
t. The network encompasses 20 vertices. As both particles are visiting vertices whose own-
ers are rival particles, their energy will drop. In this example, suppose both energy levels of
the particles reach the minimum possible value, ωmin. The vertex color represents the parti-
cle that is imposing the highest domination level at time t. The beige (light gray) denotes a
non-dominated vertex.

particles are visiting vertices whose owners are rival particles, their energy will drop. Consider,
in this case, that both particles have reached the minimum allowed energy, i.e., ωmin, at time t.
Therefore, according to (3.14), both particles are exhausted. Consequently, S(red)(t) = 1 and
S(blue)(t) = 1, and the transition matrix associated to each particle will only have the second
term in the convex combination of (3.1). According to the mechanism of the dynamical system,
these particles will be teleported back to their owned territory, in order to have their energy
properly recharged, no matter if there is a physical connection or not between the vertices.
This teleportation will take place on account of (3.12). In view of this scenario, the following
transition matrix holds for the red (dark gray) particle at time t:

P
(red)
transition(i, j, t) =

1
9

, ∀i ∈ V , j ∈ {v1, v2, . . . , v9}, (3.15)

P
(red)
transition(i, j, t) = 0, ∀i ∈ V , j ∈ V \ {v1, v2, . . . , v9}, (3.16)

and the transition matrix associated to the blue (gray) particle at time t is written as:

P
(blue)
transition(i, j, t) =

1
8

, ∀i ∈ V , j ∈ {v13, v14, . . . , v20}, (3.17)

P
(blue)
transition(i, j, t) = 0, ∀i ∈ V , j ∈ V \ {v13, v14, . . . , v20}. (3.18)

One can verify that, given that the particle is exhausted, it does not matter where the particle
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is at the present moment, it will teleport back to its territory (set of dominated vertices). The
determination of which of the dominated vertices to visit follows a uniform distribution, i.e.,
each owned vertex has an equal chance to be visited by the exhausted particle. This confinement
mechanism prevents aimless navigation of the particle in the network, as it will be confirmed
by the computer simulations in the following sections.

Once defined the collection of matrices associated to each particle, we couple all
of them into a single representative transition matrix denominated Ptransition(t) which
models the transition of p(t) to p(t + 1). Given the current system’s state at time t,
one can see that p(k)(t + 1) and p(u)(t + 1) are independent for every pair (k, u) ∈
K × K, k 6= u. Another way of looking at this fact is that, given the immediate past
position of each particle, it is clear that, via (3.1), the next particle’s location is only
dependent on the topology of the network (random term) and the domination levels
of the neighborhood (preferential term). In this way, Ptransition(t) can be written as:

Ptransition(t) = P
(1)
transition(t)⊗ . . .⊗P

(K)
transition(t), (3.19)

where⊗ denotes the Kronecker tensor product operator. In this way, (3.19) completely
specifies the transition distribution matrix for all the particles in the network.

Essentially, when K ≥ 2, p(t) will be a vector and we would no longer be able to
conventionally define the row p(t) of matrix Ptransition(t). Owing to this, we define an
invertible mapping f : VK 7→ N. The function f simply maps the input vector to a
scalar number that reflects the natural ordering of the tuples in the input vector. For
example, p(t) = [1, 1, . . . , 1, 1] (all particles at vertex 1) denotes the first state; p(t) =

[1, 1, . . . , 1, 2] (all particles at vertex 1, except the last particle, which is at vertex 2) is
the second state; and so on, up to the scalar state VK. Therefore, with this tool, we can
fully manipulate the matrix Ptransition(t).

* * *

Remark 3. The matrix Ptransition(t) in (3.19) possesses dimensions VK×VK, which are unde-
sirably high. In order to save up space, one can use the individual transition matrices associated
to each particle (therefore, we maintain a collection of K matrices), as shown in (3.1), each of
which with dimensions V ×V, to model the particles’ transition dynamics with no loss of gen-
erality, by using the following method: once every transition of the collection of K matrices has
been performed, one could concatenate the new particle positions to assemble the stochastic vec-
tor that denotes the particles’ localization, p(t+ 1), in an ordered manner. With this technique,
the spatial complexity would not surpass O(KV), provided that we implement the matrices in
a sparse mode.

* * *
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3.1.3 Defining the Stochastic Nonlinear Dynamical System

In light of the results obtained in the previous section, we are ready to enunciate
the proposed dynamical system, which models the competition of particles in a given
network. The internal state of the dynamical system is denoted as:

X(t) =


p(t)

N(t)

E(t)

S(t)

 , (3.20)

and the proposed competitive dynamical system is given by:

φ :



p(k)(t + 1) = j, j ∼ P
(k)
transition(t)

N(k)
i (t + 1) = N(k)

i (t) + 1{p(k)(t+1)=i}

E(k)(t + 1) =

min(ωmax, E(k)(t) + ∆), if owner(k, t)

max(ωmin, E(k)(t)− ∆), if � owner(k, t)

S(k)(t + 1) = 1{E(k)(t+1)=ωmin}

(3.21)

The first equation of system φ is responsible for moving each particle to a new ver-
tex j, where j is determined according to the time-varying transition matrix in (3.1). In
other words, the acquisition of p(t + 1) is performed by generating random numbers
following the distribution of the transition matrix P

(k)
transition(t). The second equation

updates the number of visits that vertex i has received by particle k up to time t; the
third equation is used to maintain the current energy levels of all the particles inserted
in the network; and the fourth equation indicates whether the particle is active or ex-
hausted, depending on its actual energy level. Note that system φ is nonlinear. This
occurs on account of the indicator function, which is nonlinear.

Observe that system φ can also be written in matrix form as:

φ′ :



p(t + 1) = fp, fp ∼ Ptransition(t)

N(t + 1) = fN(N(t), p(t + 1))

E(t + 1) = fE(N(t + 1), p(t + 1))

S(t + 1) = fS(E(t + 1))

, (3.22)

where fp, fN(.), fE(.), and fS(.) are suitable stochastic matrix functions, whose entries
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have been defined in (3.21). An important characteristic of system φ, which will be
extensively used later, is its Markovian property (see Proposition 1).

3.1.4 Setting up the Initial Conditions of the Dynamical System

In order to run the system φ, initial conditions of the variables should be defined.
First, the particles are randomly inserted into the network, i.e., the values of p(0) are
randomly set. The initial positions of the particles do not affect the community detec-
tion or data clustering results, because each of them will be confined into a different
community or cluster due to the competitive nature of the technique. This will occur
even if they are put together at the beginning.

Each entry of matrix N(0) is initialized according to the following expression:

N(k)
i (0) =

2, if particle k is generated at vertex i

1, otherwise
. (3.23)

Since a fair competition amongst the particles is desired, we place isonomy in their
initial energy values, i.e., all particles k ∈ K start out with the same energy level given
by:

E(k)(0) = ωmin +

(
ωmax −ωmin

K

)
. (3.24)

Lastly, all particles are set to the active state at the beginning of the process:

S(k)(0) = 0. (3.25)

3.1.5 Detailing the Algorithm

In order to facilitate the understanding of how the proposed stochastic dynamical
system evolves in time, Fig. 3.4 depicts a flowchart with the main tasks that must be
processed in the proposed technique. In the first block, “Set Initial Conditions,” we
need to initialize the system state X(0), which is composed of a joint distribution of
N(0), p(0), E(0), and S(0). After that, the system runs and the “Stop Criterion” logi-
cal statement is checked at each iteration. For a specific iteration, each particle needs
to move to a next vertex according to the transition matrix and its current position.
This is exactly done by the inner loop starting from the “k < K” logical statement. In-
side this loop, we generate the time-variant transition matrix associated to particle k
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(“Calculate Transition Matrix of Particle k” block) and we move the particle to a next
vertex according to this matrix (“Particle k Visits Another Vertex” block). When all
particles have properly made their movements, the inner loop ceases and we update
the remaining system variables, i.e., N(t), E(t), and S(t), for some t ≥ 1 (“Update
Remaining System Variables” block). After that, we have completely assembled the
system state X(t) and we can either move forward to a next iteration or, instead, if
the stop criterion has been met, supply N̄(t) to the user (“Return Domination Level
Matrix” block).

Figure 3.4: A flowchart of the methodology to iterate the stochastic dynamical system φ.

Algorithm 1 summarizes all the steps to iterate the system φ. Essentially, the al-
gorithm accepts the data set (data) and four user-defined parameters: the number of
particles (K), the desired fraction of preferential movement (λ), the energy that each
particle gains or loses (∆), and a stopping factor (ε). Usually, good results can be ob-
tained by selecting λ ∈ [0.2, 0.8] and ∆ ∈ [0.1, 0.4]. ε can be set to an arbitrary small
value. In all simulations in this section, we simply use ε = 0.05. The empirical de-
termination of the aforementioned values is going to be investigated in the following
sections. Observe that, in Step 22, we utilize the matricial max-norm ‖.‖∞ to test the
termination criterion. Such operator yields the maximum absolute row sum of the
matrix. Note that the stopping criterion can also be defined in terms of a maximum
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number of allowed iterations. The only parameter that needs to be calibrated accord-
ingly to each input data set is the number of particles K, whose determination will be
described later.

Algorithm 1 The Particle Competition Algorithm.
1: procedure PARTICLECOMPETITION(K, data, λ, ∆, ε)
2: A← BUILDGRAPH(data)
3: p(0)← GENERATEPARTICLESATRANDOM(A)
4: Prnd ← CALCULATERANDOMMATRIX(A): Use (3.2)
5: N(0)← CALCULATEINITIALN(p(0)): Use (3.23)
6: N̄(0)← CALCULATENBAR(N(0)): Use (3.7)
7: E(0)← CALCULATEINITIALE(K): Use (3.24)
8: S(0)← CALCULATEINITIALS(): Use (3.25)
9: t← 1

10: repeat
11: for k = 1 to K do
12: P(k)

pref(t)← CALCULATEPPREF(N(t− 1),p(t− 1)): Use (3.8)

13: P(k)
rean(t)← CALCULATEPREAN(N(t− 1),p(t− 1)): Use (3.12)

14: P(k)
tran(t)← SETPTRAN(λ, Prnd,P(k)

pref(t),P
(k)
rean(t)): Use (3.1)

15: p(k)(t)←CHOOSENEXTVERTICES(P(k)
tran(t),p

(k)(t− 1))
16: end for
17: N(t)← UPDATEN(N(t− 1), p(t)): Use 1st eq. in (3.21)
18: N̄(t)← CALCULATENBAR(N(t)): Use (3.7)
19: E(t)← UPDATEE(∆, E(t− 1), N̄(t), p(t)): Use 2nd eq. in (3.21)
20: S(t)← UPDATES(E(t)): Use 3rd eq. in (3.21)
21: t← t + 1
22: until ‖N̄(t)− N̄(t− 1)‖∞ < ε
23: return N̄(t)
24: end procedure

3.1.6 Discovering the Computational Complexity

The whole algorithm for data clustering (Algorithm 1) can be divided into two
parts: (i) Step 2: network construction from the input data set; (ii) Steps 3 to 23: defi-
nition of the community detection algorithm. The following list provides a computa-
tional complexity analysis of each step of the algorithm:

• Step 2: Construction of the graph from the input data set. It has complexity order
O(V2), since the distance matrix must be evaluated;

• Step 3: Generation of K particles in a random manner (uniform distribution). This
has complexity order O(K);

• Step 4: In this step, we must visit every link of the network. Thus, its complexity
order is O(E), where E denotes the number of links;

• Steps 5 and 6: An assignment is made for each of the K×V entries of N(0) and N̄(0),
respectively. Hence, these steps have complexity order O(KV);
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• Steps 7 and 8: A simple assignment is performed for each of the K entries of E(0) and
S(0). In this way, the complexity order is O(K);

• Step 12: Suppose that 〈k〉 is the average vertex degree of the network, it follows that
this can be performed in O(〈k〉);

• Step 13: We maintain a hashtable to store the vertices that are being owned by each
particle. In this way, it takes constant time to find out a vertex dominated by an
exhausted particle, i.e., O(1);

• Step 14: Scalar multiplication with each neighbor of the vertex that particle k is visit-
ing. This is finished in O(〈k〉) time;

• Step 15: Particle k chooses the next vertex to visit. We use a cumulative probability
function, whose probability density function follows the distribution calculated in
Step 14, and, by generating a random number following a uniform distribution r ∼
U(0, 1), we perform the transition to a next vertex. Therefore, as the transition matrix
possesses arbitrary probability distribution, this is done in O(〈k〉) time;

• Steps 17 and 18: Update matrices N(t) and N̄(t). Considering that at most K different
vertices will be visited at any given time, then it is guaranteed that at most K rows
of the matrices N(t) and N̄(t) will be changed. So, this update can be done inO(K2)

time, on account that each of the K rows has K entries;

• Steps 19 and 20: Completed in O(K) time.

Since Steps 12 to 15 repeat K times, it follows that this block has complexity order
O(K〈k〉). The complexity order of the next block, defined by Steps 17 to 21, is deter-
mined by Step 17 or 18, i.e., O(K2). Therefore, the community detection algorithm
without the “repeat" loop has complexity order O(K〈k〉+ K2).

Now we estimate the number of iterations of the “repeat" loop. Consider a network
with some completely separated communities and suppose that each community has
a single particle. The ownership of each vertex can be determined by a single visit of
the particle; thus, the number of iterations of the main loop is certainly O(V) = c1V,
where c1 is a positive constant proportional to the fraction of random movement per-
formed by the particles. If the communities are connected in a well-defined manner
(there are few intercommunity connections), the ownership of each vertex can be de-
termined by a small number of visits. Then, in order to have all V vertices dominated
by the particles, the number of iterations is again O(V) = c2V, where c2 is a positive
constant satisfying c2 > c1. Following the same reasoning, we conclude that the num-
ber of iterations required for all vertices to be completely dominated by the particles
is O(V) = cV, where c is a constant whose magnitude increases with the portion of
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intercommunity links. Therefore, we have estimated that the main loop repeats cV
times.

In summary, the community detection algorithm (Algorithm 1 without Step 2) has
complexity order O(K〈k〉V + K2V). Some specific cases can be observed:

• If the network is sparse, i.e., 〈k〉 � V, the community detection part runs inO(K2V)

time;

• If the average degree 〈k〉 is proportional to V (a highly connected network), the com-
munity detection part runs in O(KV2) time;

• Since the quantity of particles inserted in the network is usually small and many
real-world networks are sparse, i.e., K � V and 〈k〉 � V, it is reasonable to assume
that the community detection algorithm has linear complexity order (O(V)) in the
majority of the cases.

For the data clustering problem, we must transform the vector-based data set into
a graph. This task is done by Step 2: building the adjacency matrix from the input
data set, which takes O(V2) time. Thus, the computational complexity of the whole
algorithm is O(V2 + K〈k〉V + K2V). Two particular situations can be pointed out:

• For sparse networks, the complexity of the proposed algorithm for data clustering is
dominated by Step 2. In this case, the complexity order is O(V2);

• If the network is dense, then the computational complexity of the proposed tech-
nique is dominated by the main loop of the algorithm. In this way, the complexity
order becomes O(KV2).

For the sake of completeness, we compare several representative community de-
tection techniques with the proposed technique in Table 3.11. For an extensive list, see
Table 1 in (Danon et al., 2005) and Table 1 in (Fortunato, 2010).

Regarding the data clustering techniques, Table 3.2 outlines the computational com-
plexity of our algorithm, along with some representative techniques developed so far.

Based on the analysis and comparisons of Tables 3.1 and 3.2, we conclude that the
proposed community detection technique has the lowest computational complexity or-
der compared to all other techniques developed so far. With respect to data clustering

1It is worth noting that the community detection technique with the lowest order of computational
complexity developed so far is the Voltage Drop Approach (Wu and Huberman, 2004), which has time
complexity O(V + L), i.e., it is linear O(V) for sparse networks and O(V2) for non-sparse networks.
Thus, this technique has the same complexity order of our method. We have not put the Voltage Drop
Approach in Table 3.1 because it is not a representative community detection technique, due to the
following drawbacks: (i) the number of communities must be known a priori; and (ii) the technique
needs to know at least one vertex, whose community label is known, for each community of the graph.
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tasks, the proposed technique has a reasonable complexity order (it is not the lowest
one), mainly by virtue of the network formation step.

Table 3.1: Time complexity of community detection techniques.

Technique Time Complexity Ref.

Betweenness O(V2E) (Girvan and Newman, 2002)
Extremal Optimization O(V2 log(V)) (Duch and Arenas, 2005)

Modularity
O(V log2(V)) - Sparse Network, (Newman and Girvan, 2004)
O((V + E)V) - Non-sparse Network (Clauset et al., 2004)

Spectral Approach O(V2) (Capocci et al., 2004)
Overlapping Community O(exp(V)) (Palla et al., 2005)

Proposed Technique
O(K2V) - Sparse Network,

-O(KV2) - Non-sparse Network

3.1.7 Method for Determining the Optimal Number of Particles

In this section, we present a method for determining the optimal number of parti-
cles to be inserted into the network. In order to do so, an evaluator index that monitors
the information generated by the competitive model itself is employed. To this end,
the average maximum domination level 〈R(t)〉 ∈ [0, 1] will be utilized, which is given
by the following expression:

〈R(t)〉 = 1
V

V

∑
u=1

max
m∈K

(
N̄(m)

u (t)
)

, (3.26)

where N̄(m)
u (t) indicates the domination level that particle m is imposing on vertex u

at time t (see (3.7)) and max
m∈K

(
N̄(m)

u (t)
)

yields the maximum domination level imposed

on vertex u at time t. For a given network which presents some communities, say K
communities, if we add exactly K particles, each of them will dominate a community;
thus, a particle will not interfere much in the acting region of the other particles. As
a consequence, 〈R(t)〉 will be large. In the extreme case, if each vertex is completely
dominated by a single particle, 〈R(t)〉 reaches 1. However, if we add more than K par-
ticles, inevitably it will occur that more than one particle shares the same community.
In this case, they will dispute the same group of vertices. By virtue of that, one will
lower the domination levels imposed by the other particles, and vice versa. As a result,

2V is the number of data items, K is the number of clusters, M is the data dimension, and I is the
number of iterations.

3The Modularity Greedy Algorithm, originally proposed only for community detection tasks, has
been, here, adapted for data clustering tasks. The first step is to construct a network using the k-NN
approach. After that, we apply the algorithm described in (Clauset et al., 2004).
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Table 3.2: Time complexity of data clustering techniques.

Technique Time Complexity Ref.

CHAMELEON O(V2) (Theodoridis and Koutroumbas, 2008)

Expectation Maximization2 O(K2 IVM) (Dempster et al., 1977)
Fuzzy C-Means2 O(IVM) (Bezdek, 1981)

Optimized K-Means2 O(IVM) (Khan, 2004)

Modularity3 O(V2) - Sparse Network, (Clauset et al., 2004)
O((V + E)V) - Non-sparse Network (Clauset et al., 2004)

Particle Swarm O(V2) (Shanmugam et al., 2010)

Proposed Technique
O(V2) - Sparse Network,

-O(KV2) - Non-sparse Network

〈R(t)〉 will be low. Conversely, if we insert in the network a quantity of particles less
than the number of clusters (K), a strong competition will also occur amongst the par-
ticles. In this case, they will attempt to dominate more than one community at once.
Again, 〈R(t)〉 will be low. Therefore, this scenario suggests that the actual number of
clusters can be estimated by checking the maximum value of 〈R(t)〉.

If we apply this evaluator index to assess how many communities or clusters a data
set possess, we have to independently run the stochastic dynamical system several
times. In practical terms, the number of particles must vary from 2 until K′ particles,
where K′ is a slightly larger constant than K, which here denotes the actual number of
communities or clusters in the data set. In this way, for community detection tasks, the
complexity order of the proposed algorithm would approximately become O(K3V)

for sparse networks and O(K2V2) for densely connected networks. Regarding data
clustering tasks, it would approximately become O(KV2) for sparse networks and
O(K2V2) for dense networks. Having in mind that the number of clusters is small,
i.e., it is far less than the number of data items (K � V), this checking process may not
change the complexity order of the proposed community detection and data clustering
algorithms.

We may now proceed to empirically test our measure in random clustered net-
works with different numbers of communities. In Fig. 3.5a, we show the community
detection rate Ψ reached by our algorithm for networks presenting 5, 10, and 15 com-
munities, respectively, whereas Fig. 3.5b reveals the corresponding 〈R(t)〉 achieved
each of the three corresponding scenarios. One can see that the maximum 〈R(t)〉 oc-
curs exactly when the number of particles is equal to the number of communities in
the network. Moreover, we can empirically verify that after this maximum has been
reached, subsequent insertions of more particles will only decrease the community de-
tection rate and the average maximum domination level.

In order to further verify our method, Fig. 3.6 shows the application of this eval-
uator index on real-world data sets (UCI), namely Iris (3 classes), Credit Approval (2
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Figure 3.5: Determination of the optimal number of particles K in random clustered networks.
(a) Correct community detection rate reached by the algorithm vs. K. Networks with 5 (160
vertices), 10 (320 vertices), and 15 (480 vertices) communities are used. (b) 〈R(t)〉 vs. K. The
corresponding 〈R(t)〉 for the networks in (a). The constructed networks have the following
characteristics: 〈k〉 = 15, and zout/〈k〉 = 0.3. Results are averaged over 20 simulations.

classes), Vowel (11 classes), and Letter Recognition (26 classes) data sets. One can ver-
ify that the maximum 〈R(t)〉 happens precisely when the number of particles exactly
matches the number of classes (clusters) in the problem. This confirms that 〈R(t)〉 is
a good measure for determining the optimal number of particles as well as estimating
the actual number of clusters of a data set.
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Figure 3.6: Determination of the optimal number of particles K (the actual number of clusters)
in real-world data sets. In all these simulations, we have used the k-nearest neighbor network
formation technique with k = 4. The number of classes that each data set originally possesses
is: (i) Iris: 3, (ii) Credit Approval: 2, (iii) Vowel: 11, and (iv) Letter Recognition: 26. Results are
averaged over 20 simulations.
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3.1.8 Method for Detecting Overlapping Structures

The competitive process carries a rich set of information throughout time. With the
aid of such information, we are going to derive a measure that detects overlapping
structures or vertices in a given network. For this matter, it is worth noticing that the
domination level matrix N̄(t) can be used to indicate whose vertices are members of
just one or several groups or communities in the following way: if the maximum dom-
ination level imposed by an arbitrary particle k on a specific vertex i is much greater
than the second maximum domination level imposed by another particle on the same
vertex, then we can conclude that this vertex is being strongly dominated by particle k
and no other particle is influencing it in a relevant manner. Therefore, the overlapping
nature of such vertex is minimal. On the other hand, when these two quantities are
similar, then we can infer that the vertex in question holds an inherently overlapping
characteristic. In light of these considerations, we can mathematically model this be-
havior as follows: let Mi(x, t) denote the xth greatest domination level value imposed
on vertex i at time t. In this way, the overlapping index of vertex i, Oi(t) ∈ [0, 1], is
given by:

Oi(t) = 1− (Mi(1, t)−Mi(2, t)) , (3.27)

i.e., the overlapping index Oi(t) measures the gap between the two greatest domina-
tion levels imposed by any pair of particles in the network on vertex i. Succinctly, when
this gap is high, a strong domination is taking place on that vertex and, hence, Oi(t)
yields a low value. On the other hand, when the competition is fiercely occurring on
vertex i, some domination levels imposed on that vertex are expected to reside, some-
what, near each other. Consequently, the gap between the two greatest domination
levels is hoped for being low, producing a large value for the overlapping index Oi(t).

Now, we take a tour to assess the impact of the routine that detects overlapping
vertices in the particle competition algorithm. Equation (3.27) is only applied in the
final iteration of the dynamical process in an independent manner. Analyzing this
equation, we see that a linear scan over the vertices is necessary. Furthermore, the
calculations that are performed on a vertex are simple: we need to find the 2 largest
domination levels imposed on it. We can encounter this in O(K) time, since there are
K entries for each vertex. In view of this, the time complexity of only the overlapping
index is O(KV).

In summary, the task of detecting overlapping vertices in communities becomes
O(K2V) + O(KV) = O(K2V) and in data clustering becomes O(KV2) + O(KV) =

O(KV2). In this way, the detection of overlapping vertices does not increase the time
complexity of the model, which is very interesting in real-world applications.



84 Chapter 3 - Unsupervised Stochastic Competitive Learning in Complex Networks

For the sake of completeness, we compare representative overlapping cluster detec-
tion techniques with our proposed technique in Table 3.32. We can infer from this table
that the proposed overlapping cluster detection technique has the lowest complexity
order compared to all other techniques developed so far.

Table 3.3: Time complexity of well-known overlapping cluster detection techniques.

Technique Time Complexity Ref.

Fuzzy C-Means Clustering4 O(Eφh + Vφ2h + φ3h) (Zhang et al., 2007)

EAGLE5 O(V2s) - Sparse Network (Shen et al., 2009)
O(exp(V)) - Non-sparse Network (Shen et al., 2009)

Extended Modularity6 O(CV2) (Nicosia et al., 2009)
Fitness-Function Optimization O(V2) (Lancichinetti et al., 2009)

Overlapping Community O(exp(V)) (Palla et al., 2005)

Proposed Technique
O(K2V) - Sparse Network

-O(KV2) - Non-sparse Network

3.2 Empirical Analysis of the Technique

In this section, we aim at providing guidelines for using the proposed technique
and we also dive into the problem of whether the proposed technique really converges.
This material serves as a gist and as a motivating tool to use the particle competition
method.

3.2.1 Parameter Sensitivity Analysis

The proposed competitive model requires a set of parameters to work. In this sec-
tion, we will show the impact of each one of them, except for the K (number of parti-
cles) and the ε (termination criterion) parameters. The parameter K, which determines
the number of particles put into the network, will be derived using the heuristic for es-
timating the actual number of clusters or communities presented in Section 3.1.7. The
left-off parameter, i.e., ε, will receive a special attention in the following section, where
we will discuss, by means of a convergence analysis, several natural approaches for
terminating the algorithm. Moreover, we will reveal the reason behind why we have
selected the matricial max-norm criteria for terminating the algorithm in detriment to

4h is the number of iterations until the system converges. Essentially, the complexity of the algorithm
is dominated by the calculation of the φ greatest eigenvalues.

5s is the number of join operations to be performed. In brief, the step responsible for defining the
cliques is the most time-consuming one.

6C is the number of communities in the network. The critical point of this algorithm is the evaluation
of the Q-fitness function.
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the other approaches. Following the conclusion of this mathematical reasoning, we
supply guidelines for the termination criteria ε.

Impact of the λ Parameter

The parameter λ is responsible for counterweighting the proportion of preferen-
tial and random walks performed by all particles in the network. Here, we study the
parameter λ by making use of the networks generated by the method proposed in
(Lancichinetti et al., 2008), which has the following interesting characteristics: (i) the
vertices of the network may possess different degrees and (ii) the communities are,
in general, unbalanced. This was devised because real-world networks are character-
ized by heterogeneous distributions of vertex degree, whose tails often decay as power
laws. The constructed networks assume that both degree and community size distri-
butions follow a power law function, with exponents γ and β, respectively. Typical
values of real-world networks are: 2 ≤ γ ≤ 3 and 1 ≤ β ≤ 2. Moreover, a mixing
parameter µ is employed to interconnect communities in the following manner: each
vertex shares a fraction 1− µ of its links with the other vertices of the same commu-
nity and a fraction µ with the vertices of other communities. The generated networks
have V = 10 000 vertices and 〈k〉 = 15. The benchmark process consists in varying the
mixing parameter µ and in evaluating the resulting accuracy.

Figures 3.7a to 3.7d display how the cluster detection accuracy of the model be-
haves as we vary λ from 0 (pure random walks) to 1 (pure preferential walks) in the
networks constructed using the methodology described in (Lancichinetti et al., 2008)
with different values of γ and β. As one can verify from the figure, this parameter
is sensible to the outcome of the technique. Oftentimes, the optimal cluster detection
accuracy is reached when a mixture of random and preferential walks occurs. Using a
conservative approach, for 0.2 ≤ λ ≤ 0.8, the model gives good accuracy results when
applied to networks with communities.

Impact of the ∆ Parameter

The parameter ∆ is responsible for updating the energies of the particles, according
to which type of vertex they are visiting. We will apply the same networks utilized
in the previous analysis. Figures 3.8a to 3.8d portray the cluster detection accuracy
achieved by the algorithm for distinct values of ∆. We can conclude that, for interme-
diate values of ∆, namely 0.1 ≤ ∆ ≤ 0.4, the model is not sensitive to ∆. In contrast
to that, as ∆ gets higher and higher, the performance of the technique is reduced. This
happens because the particles get exhausted as soon as they visit a vertex from the ri-
val particles, because, in light of (3.13), the minimum energy ωmin tends to be reached
faster. In this way, it is inviable for the particles to switch the ownership of already
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Figure 3.7: Cluster detection accuracy vs. parameter λ. We fix ∆ = 0.15. Taking into account
the steep peek that is verified and the large negative derivatives that surround it, one can see
that the parameter λ is sensible to the overall model’s performance. Results are averaged over
30 simulations. (a) γ = 2 and β = 1; (b) γ = 2 and β = 2; (c) γ = 3 and β = 1; and (d) γ = 3
and β = 2.

conquered vertices. We can conceive this phenomenon as an artificial “hard labeling.”
On the other hand, for too small ∆ values, the particles are free to travel around the
network with no energy penalties, i.e., they will rarely get exhausted. Therefore, all
vertices in the network will be in constant competition and no class borders will be es-
tablished and consolidated. In sum, ∆ is not a very sensitive parameter for the model’s
performance, because the interval of ∆ that yields reasonable results is significantly
large.

Impact of the ωmin and the ωmax Parameters

The parameters ωmin and ωmax are used to limit the minimum and maximum en-
ergy levels of the particles in the network. These parameters need not to be analyzed,
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Figure 3.8: Cluster detection accuracy vs. parameter ∆. We fix λ = 0.6. Taking into account
the large steady region that is verified, one can see that the parameter ∆ is not sensible to the
overall model’s performance if one correctly uses it. Results are averaged over 30 simulations.
(a) γ = 2 and β = 1; (b) γ = 2 and β = 2; (c) γ = 3 and β = 1; and (d) γ = 3 and β = 2.

since they are simply defining an interval and can be derived using ∆. Say that we
have an interval [0− 1] and another [0− 10]. We could use a ∆ ten times larger in the
second case and we would have the same behavior for the algorithm. In view of that,
we standardize these by simply using ωmin = 0 and ωmax = 1.

Impact of the K Parameter

The parameter K, which quantifies the number of particles in the network, is the
most sensitive parameter for the model’s performance. Hence, its correct determina-
tion, or at least estimation, must be made with care. The heuristic presented for esti-
mating the actual number of clusters or communities in the prior sections is a perfect
candidate for deriving a proper value for the K parameter. In order to minimize the
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error, we choose a K, named Kcandidate, such as to maximize the the measure 〈R(t)〉,
〈R(t)max〉, as follows:

Kcandidate ∈ N : 〈R(t)〉 = 〈Rmax(t)〉 (3.28)

= arg max
K∈N

1
V

V

∑
u=1

max
m∈K

(
N̄(m)

u (t)
)

(3.29)

∝ arg max
K∈N

V

∑
u=1

max
m∈K

(
N̄(m)

u (t)
)

. (3.30)

The reasoning behind this strategy is that, as we expect a dynamics equilibrium to
be reached when each particle owns a specific cluster, it is of our best interest to choose
the number of particles to be exactly equal to the number of clusters or communities
in a data set.

Concluding Remarks and Guidelines Pervading the Parameters Selection

We have seen that ∆ is not very sensitive to the model’s performance, since the clus-
ter detection accuracy remains steady for a large interval of ∆. We have also shown that
ωmin and ωmax may not be considered primary parameters, because they are directly
influenced by ∆. Finally, we have shown that the algorithm is somewhat sensitive to
λ. Moreover, we have checked that K is very sensitive to the model’s performance.
Therefore, there are two important parameters to be calibrated, even though the λ pa-
rameter’s influence is far less than K’s. Usually, λ can be set to lie within [0.2, 0.8]
(mixture of random and preferential walk) and K can be fairly well estimated using
the provided heuristic.

Bearing in mind all this examination, unless specified otherwise, we always fix
∆ = 0.1, ωmin = 0, and ωmax = 1. Moreover, the ε parameter that is related to the
termination criterion of the algorithm will also be investigated in the following sec-
tions. As we will see there, ε ≤ 0.05 provides reasonable results for the technique.

3.2.2 Convergence Analysis

One can wonder if the proposed particle competition model really converges, since
the particles are always wandering around the vertices of the network in accordance
with the combined random and preferential movement rules. This is a pertinent ques-
tion and, in this section, we conduct an empirical analysis of the convergence of the
model in an attempt to better understand its dynamics in the long run. One of our
main concerns here is to elaborate on how we have derived the termination criterion
used in Line 20 of Algorithm 1. For this purpose, we will investigate two natural ways
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of terminating the proposed algorithm and we will show that the most suitable strat-
egy is the one presented in Algorithm 1.

As an illustrative and meaningful example, consider the synthetic data sets shown
in Figs. 3.9a to 3.9c. All of them are composed of two groups: the red or “circle” and
the green or “square” groups. One can note that Fig. 3.9a shows a well-posed artificial
data set, since the groups can be clearly distinguished in the geometrical space. Figure
3.9b displays a data set with somewhat well-posed groups, since a small region of each
group overlaps with each other. Now, Fig. 3.9c depicts a rather difficult problem where
the groups are not well-posed, because the overlapping region is constituted by a large
portion of each group. In the latter, the clustering task is extremely difficult since the
smoothness and cluster assumptions do not hold. This is reflected on the performance
of the algorithms, which cannot, in their great majority, perform well in these kinds of
data sets, since they basically rely on these hypotheses.

Now, we will investigate how the 〈R(t)〉 measure, which was previously intro-
duced in Section 3.1.7, behaves as the proposed competitive dynamical system pro-
gresses in time. The simulation results with regard to the synthetic data sets given in
Figs. 3.9a to 3.9c are depicted in Figs. 3.10a to 3.10c, respectively. In all these plots, we
have explicitly indicated two important characteristics: (i) ts, which is the time to reach
the “almost-stationary” state of the model and (ii) the diameter of the region in which
the almost-stationary state is confined within. Note that, since the competition is al-
ways taking place, the model will never reach a perfect stationary state. Rather, it will
float around a quasi-stationary state because of the constant visits that the particles per-
form on the vertices of the network. These fluctuations are expected, since the random
walk behavior of the particles, which is denoted by the second term in (3.1), compels
the particles to venture through vertices that are not dominated by themselves. Now,
if one chooses walks with no random behavior, i.e. only with preferential movements,
these fluctuations would be eliminated, since the adventurous behavior of the particles
would cease to exist. In this case, only the defensive behavior would be used by par-
ticles. As we will verify in the following sections, the model does not get good results
when λ = 1 (only preferential walks), since the particles are obliged to keep visiting
already dominated vertices, instead of broadening its region of dominance by visiting
new non-dominated vertices.

One can see by Figs. 3.10a to 3.10c that the time to reach the almost-stationary state
ts lingers to be established as the overlapping region of the groups gets larger. From
Fig. 3.10a to 3.10c, we have that ts is given by 150, 430, 650, respectively. An argument
that explain this phenomenon is that, since the groups’ borders become difficult to be
properly distinguished, the competition among the particles in this overlapping region
will fiercely be taking place across time. As a consequence, the regions of dominance of
each particle will take longer to be consolidated and established. Another interesting
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(a) (b) (c)

Figure 3.9: Scatter plot of artificial databases constituted by two groups. The data was derived
from two bidimensional Gaussian distributions with varying mean and unitary covariance. (a)
Well-posed groups; (b) Somewhat well-posed groups; (c) Not well-posed groups.
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Figure 3.10: Convergence analysis of the particle competition algorithm when 〈R(t)〉 is used.
The algorithm is run against the binary artificial databases, as one can see in Fig. 3.9. Here, we
inspect how the 〈R(t)〉 measure varies as time progresses. Results obtained on (a) well-posed
groups (Fig. 3.9a); (b) somewhat well-posed groups (Fig. 3.9b); (c) not well-posed groups (Fig.
3.9c.)

phenomenon is that the diameter of the confinement region of 〈R(t)〉 grows larger
as the mixture of the groups gets heavier. By Figs. 3.10a to 3.10c, the diameters of
such regions are given by 0.06, 0.07, 0.08. This is expected by the same reasons we
have stated before: the overlapping region is hard to be conquered by the particles
since it is being constantly visited by rival particles. Therefore, 〈R(t)〉 will vary in this
region, because the particle dominating each vertex will probably be changing before
ts is reached.

Next, we assess the behavior of |N̄(t + 1)− N̄(t)|∞, which is the second candidate
for our termination criterion, for the same synthetic data sets displayed in Figs. 3.9a
to 3.9c. Figures 3.11a to 3.11c provide the corresponding simulation results. Interest-
ingly, in the three cases under analysis, the variation of the N̄(t + 1) in relation to N̄(t)
(taking the max-norm) seems to reduce as time evolves. This happens because, as time
progresses, the total number of visits performed by all particles always increases, since
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each particle must visit at least a vertex in any given time. Now, looking at (3.7), which
provides how the dominance level is calculated, we can see that the denominator al-
ways increases faster than the numerator; therefore, it provides an upper limit for N̄(t).
In view of this, the variations from one iteration to another, i.e., |N̄(t + 1) − N̄(t)|∞,
tend to vary less and less. This explains the empirical behavior that we can verify in
Figs. 3.11a to 3.11c. Analytically, we can verify that, when the particles start to walk,
i.e., when t = 1, the maximum variation of |N̄(t + 1)− N̄(t)|∞ is given by:

| N̄(1)− N̄(0) |∞≤ c
(

2
V
− 1

V + 1

)
, (3.31)

where c is a real positive constant which depends on the level of competitiveness,
which in turn is directly proportional to λ. Such upper limit expression translates
the maximum variation that occurs from time t = 0 to t = 1, which happens when,
at t = 0, a vertex is not receiving any visits, but, at time t = 1, it is being visited by
exactly one particle. Generalizing this equation for an arbitrary t, |N̄(t + 1)− N̄(t)|∞
is always bounded by the following expression:

| N̄(t + 1)− N̄(t) |∞≤ c
(

t + 2
V + t

− t
V + t + 1

)
, (3.32)

which demonstrates that, as the previous case, for any t ≤ ∞, the proposed model
presents fluctuations around a quasi-stationary state. From this analysis, it is clear
that the |N̄(t + 1) − N̄(t)|∞ is a much more well-behaved indicator than the 〈R(t)〉
measure. This explains the reason why we have chosen it as the termination criterion
of the proposed algorithm.

In either cases, we can see that the proposed model generally does not converge to
a fixed point. Better stated, it only converges to a fixed point in two peculiar situations:

1. When the communities or groups are completely isolated from each other, and
each community group exactly owns a single particle;

2. When only the preferential walking rule is applied for the particles, i.e., when
λ = 0.

As we can see, these two special situations cannot be very well established in real
situations. The first situation is unfeasible in real-world problems, since communities
do overlap and, more, we do not know their localizations prior to the clustering task.
Therefore, one could not possibly put exactly a single particle in each community. The
second situation is not welcomed since, as we have already emphasized, the model
does not provide good clustering results when λ = 0.
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Figure 3.11: Convergence analysis of the particle competition algorithm when |N(t + 1) −
N(t)|∞ is used. The upper theoretical limit is shown in the blue curve when c = K. The
algorithm is run against the binary artificial databases, as one can see in Fig. 3.9. Here, we
inspect how the |N(t + 1)− N(t)|∞ measure varies as time progresses. Results obtained on (a)
well-posed groups (Fig. 3.9a); (b) somewhat well-posed groups (Fig. 3.9b); (c) not well-posed
groups (Fig. 3.9c.)

Whenever these two very particular situations are not satisfied, the model instead
oscillates within a finite region, whose amplitude depends on the structure of the net-
work. As a consequence, the diameter of this region indirectly depends on the compe-
tition level among the particles, which is translated by the value of parameter λ. That
is, a wider region corresponds to a more mixed network. In light of that, the proposed
model does not present asymptotic stability, but instead it presents structural stability.
In our opinion, this characteristic is not a disadvantage, because it is more similar to
several real-world systems on account of the noises and other uncontrolled variables
presented by the real environment.

Next, we will quantitatively investigate the performance of the elected termina-
tion criterion, i.e., |N̄(t + 1) − N̄(t)|∞ in binary random clustered networks, whose
construction methodology has been discussed in Section 2.1.4. Table 3.4 shows the ac-
curacy of the model, as well as from which iteration | N̄(t + 1)− N̄(t) |∞≤ 0.05 starts
to be satisfied in random clustered networks with varying sizes and mixtures. One can
see that the model’s performance is size-invariant, since it achieves similar outputs
when different network sizes are used. Moreover, we see that the termination criterion
takes longer as the mixture of the classes grows, confirming our previous analysis.

3.2.3 Impact Analysis of Different Similarity Functions in the Network

Formation Step

In this section, we will analyze the impact of choosing different similarity functions,
when constructing the network, on the model’s performance. It is worth noting that,
on one hand, since the proposed method only relies on the already constructed net-
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Table 3.4: Number of iterations to satisfy | N̄(t+ 1)− N̄(t) |∞≤ 0.05 and the accuracy achieved
by the algorithm considering the elected termination criterion in random clustered networks
with varying sizes and mixtures.

V Mixture Accuracy (%) Number of Iterations to satisfy
| N̄(t + 1)− N̄(t) |∞≤ 0.05

10
0

0.1 100.0 381
0.2 100.0 498
0.3 100.0 705
0.4 96.4 1 140
0.5 88.7 1 962

1
00

0

0.1 100.0 3 739
0.2 100.0 5 103
0.3 100.0 6 877
0.4 96.6 9 830
0.5 88.5 16 393

10
00

0

0.1 100.0 29 984
0.2 100.0 53 627
0.3 100.0 73 753
0.4 96.6 91 847
0.5 88.6 169 635

work to evolve in time, the inner mechanism of the algorithm is unchanged, because
it does not depend on similarity functions, as it derives its decision using the already
established network topology. On the other hand, the adjacency matrix of the network
will change, because the network construction techniques, such as k-nearest neighbors,
do rely on the selected similarity function. In view of that, we are able to conclude that
the particle competition algorithm is indirectly impacted by the similarity function on
data clustering tasks, because different networks are supplied if one applies different
similarity functions on the network construction step. However, in community de-
tection tasks (network is provided), the method does not depend on any similarity
functions.

Formally, a similarity measure is defined as a mathematical function which reflects
the strength of relationship between two data items. Conversely, a dissimilarity mea-
sure deals with the level of divergence between two data items and is often categorized
as a distance. Some of the most well-known distances are given in Table 3.5. For a com-
prehensive list, see (Cha, 2007). Say that d is the dissimilarity between two data items,
then s = 1− d is defined as their similarity.

Now, with these concepts at hand, we will investigate the cluster detection accuracy
of the model when applied to several data sets from the UCI Machine Learning Repos-
itory (Frank and Asuncion, 2010). A meta-description of the considered data sets is
supplied in Table 3.6. For a detailed description, one can refer to (Frank and Asuncion,
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Table 3.5: Some well-known dissimilarity (distance) functions. v = (v1, . . . , vd) and w =
(w1, . . . , wd) are d-dimensional data items.

Denomination Expression

Euclidean distance dEuc = |v− w|2
Cosine distance dCos =

v·w
|v||w|

Jaccard distance dJac =
v·w

|v|2+|w|2−v·w
Dice distance dDic =

|v−w|2
|v|2+|w|2

2010). Observe that, as we are interested in clustering matters (unsupervised learning),
the available information about the class labels has been used only for evaluation of the
results (cluster detection accuracy or ground truth).

Table 3.6: Meta-description of the UCI data sets used in the experiments of testing the impact
of different similarity functions on the model’s performance.

# Instances # Dimension # Classes

Breast Cancer 699 9 2
Glass 214 9 6

Image Segmentation 2 310 20 7
Ionosphere 351 34 2

Iris 150 4 3
Vowel 90 10 11
Wine 178 13 3

Nursery 12 960 9 5

The computer simulations results are reported in Table 3.7 for the UCI data sets
described in Table 3.6. One can see that, on one hand, the Euclidean distance has con-
sistently given the best average cluster detection accuracy and the Dice distance seems
to provide a smaller standard deviation. On the other hand, the cosine distance did
not perform well. It is worth stressing that, while the Euclidean Distance measures
the actual distance between the two points of interest (straight line), the cosine can
be thought of as measuring their apparent distance as viewed from the origin. An-
other way to think of cosine similarity is as measuring the relative proportions of the
various features or dimensions - when all the dimensions between two vectors are in
proportion (correlated), you get maximum similarity. The Euclidean, Jaccard and Dice
distances are more concerned with absolutes, which explains why these measures have
given a similar cluster detection accuracy. Having in mind that, if the cosine similarity
is used in the network construction, the resulting network may not reflect well the raw
data, because it may not satisfy the cluster and smoothness assumptions, since it in-
vestigates the angle between the data items. Therefore, there could be two data items
very far away from each other, but aligned with respect to the origin. In this situation,
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the cosine similarity would accuse the objects to be very similar. In clustering tasks,
this would seriously flaw the cluster discovery process, since the network would not
be contemplating well the reality of the data relationships (Cha, 2007). However, it is
worth addressing that this particular characteristic is very welcomed in some situa-
tions, such as in natural language processing.

Table 3.7: Clustering accuracy results when different similarity functions are used to construct
the network. The results are averaged over 30 runs.

Euclidean Cosine Jaccard Dice
Distance Distance Distance Distance

Breast Cancer 95.90± 0.74 86.85± 0.89 92.49± 0.76 93.22± 0.69
Glass 52.92± 6.56 44.18± 5.88 46.03± 6.06 50.46± 5.45

Image Segmentation 67.73± 1.36 66.73± 1.73 67.55± 1.58 67.71± 1.31
Ionosphere 75.01± 2.98 69.93± 3.37 73.11± 3.19 74.96± 2.72

Iris 89.57± 2.27 85.84± 2.51 88.00± 2.55 88.72± 2.18
Vowel 47.52± 1.45 46.53± 1.72 47.55± 1.80 48.10± 1.22
Wine 74.49± 1.62 71.14± 1.54 73.73± 1.61 73.67± 1.51

Nursery 45.41± 2.29 44.16± 2.51 44.83± 2.44 45.46± 2.09

3.3 Theoretical Analysis of the Technique

In this section, a mathematical analysis of the competitive system is supplied. Also,
we show that the competitive system reviewed in the previous section reduces to mul-
tiple independent random walks when a special situation occurs.

3.3.1 Mathematical Analysis

Primarily, it is of utter importance to determine the transition probability function
of system φ, i.e., P(X(t + 1) | X(t)), before any rigorous analysis is taken. Note that
the marginal probability of the system’s state P(X(t)) can be written in terms of a
joint probability of each of the components of the system’s state, meaning P(X(t)) =

P(N(t), p(t), E(t), S(t)). In fact, using this fact and applying the Product Rule, one has:
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P(X(t + 1) | X(t)) = P(N(t + 1), p(t + 1), E(t + 1), S(t + 1) | N(t), p(t), E(t), S(t))

= P(S(t + 1) | N(t + 1), p(t + 1), E(t + 1), N(t), p(t), E(t), S(t))

× P(N(t + 1), p(t + 1), E(t + 1) | N(t), p(t), E(t), S(t))

= PS(t+1)P(E(t + 1) | N(t + 1), p(t + 1), N(t), p(t), E(t), S(t))

× P(N(t + 1), p(t + 1) | N(t), p(t), E(t), S(t))

= PS(t+1)PE(t+1)P(N(t + 1) | p(t + 1), N(t), p(t), E(t), S(t))

× P(p(t + 1) | N(t), p(t), E(t), S(t))

= PS(t+1)PE(t+1)PN(t+1)Pp(t+1).

(3.33)

where PS(t+1) = P(S(t + 1) | N(t + 1), p(t + 1), E(t + 1), X(t)), PE(t+1) = P(E(t + 1) |
N(t + 1), p(t + 1), X(t)), PN(t+1) = P(N(t + 1) | p(t + 1), X(t)), and Pp(t+1) = P(p(t +
1) | X(t)). Next, the algebraic derivation of these four quantities is explored.

Discovering the Pp(t+1) Factor

Observing that the stochastic vector p(t + 1) is directly evaluated from Ptransition(t)
given in (3.19), which in turn only requires p(t) and N(t) to be constructed (X(t) is
given), then the following equivalence holds:

Pp(t+1) = P(p(t + 1) | X(t)) = Ptransition(N(t), p(t)). (3.34)

Here, we have used Ptransition(N(t), p(t)) to emphasize the dependence of the tran-
sition matrix on N(t) and p(t).

Discovering the PN(t+1) Factor

In this case, taking a close look at PN(t+1) = P(N(t + 1) | p(t + 1), X(t)), we can
verify that, besides the previous state X(t), known additional information is supplied,
which is the knowledge about p(t + 1). By a quick analysis of the update rule given
in the second expression of system φ, it is possible to completely determine N(t + 1),
since p(t + 1) and N(t) are known. Owing to that, the following equation holds:

PN(t+1) = P(N(t + 1) | p(t + 1), X(t))

= 1{N(t+1)=N(t)+QN(p(t+1))},
(3.35)
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where QN(p(t + 1)) is a matrix with dim(QN) = V × K and dependent on p(t + 1),
whose (i, j)th-entry is given by:

QN(p(t + 1))(i, k) = 1{p(k)(t+1)=i}, (3.36)

The argument in the indicator function shown in (3.35) is essentially the first ex-
pression of system φ, but in a matrix notation. In brief, (3.35) will result in 1 if the
computation of N(t + 1) is correct, given p(t + 1) and N(t), i.e., it is in compliance
with the dynamical system rules; and 0, otherwise.

Discovering the PE(t+1) Factor

For the third term, PE(t+1), we have knowledge of the previous state X(t), as well
as of p(t + 1) and N(t + 1). By (3.7), we see that N̄(t + 1) can be directly calculated
from N(t + 1), i.e., having knowledge of N(t + 1) permits us to evaluate N̄(t + 1),
which, probabilistically speaking, is also a given information. In light of this, together
with (3.13), one can see that E(t + 1) can be evaluated if we have information of E(t),
p(t + 1), and N̄(t + 1), which we actually do. On account of that, PE(t+1) can be surely
determined and, analogously to the calculation of the PN(t+1), is given by:

PE(t+1) = P(E(t + 1) | N(t + 1), p(t + 1), X(t))

= 1{E(t+1)=E(t)+∆×QE(p(t+1),N(t+1))},
(3.37)

where QE (p(t + 1), N(t + 1)) is a matrix with dim(QE) = 1× K and dependence on
N(t + 1) and p(t + 1). The kth-entry, k ∈ K, of such matrix is calculated as:

Q(k)
E (p(t + 1), N(t + 1)) = 1{owner(k,t+1)} − 1{�owner(k,t+1)}. (3.38)

Note that the argument of the indicator function in (3.38) is essentially (3.13) in a
compact matrix form. Indicator functions were employed to describe the two types
of behavior that this variable can have: an increment or decrement of the parti-
cle’s energy. Suppose that particle k ∈ K is visiting a vertex that is being domi-
nated by itself, then only the first indicator function in (3.38) will be enabled; hence,
Q(k)

E (p(t + 1), N(t + 1)) = 1. Similarly, if particle k is visiting a vertex that is being
dominated by a rival particle, then the second indicator function is enabled, yielding
Q(k)

E (p(t + 1), N(t + 1)) = −1. This behavior together with (3.37) is exactly the ex-
pression given by (3.13) in a compact matrix form.
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Discovering the PS(t+1) Factor

Lastly, for the forth term, PS(t+1), we have knowledge of E(t+ 1), N(t+ 1), p(t+ 1),
and the previous internal state X(t). By a quick analysis of (3.14), one can verify that
the calculation of the kth-entry of S(t + 1) is completely characterized once E(t + 1) is
known. In this way, one can surely evaluate PS(t+1) in this scenario as follows:

PS(t+1) = P(S(t + 1) | E(t + 1), N(t + 1), p(t + 1), X(t))

= 1{S(t+1)=QS(E(t+1))}, (3.39)

where QS(E(t+ 1)) is a matrix with dim(QS) = 1×K and has dependence on E(t+ 1).
The kth-entry, k ∈ K, of such matrix is calculated as:

Q(k)
S (E(t + 1)) = 1{E(k)(t+1)=ωmin}. (3.40)

The Transition Probability Function

Substituting (3.34), (3.35), (3.37), and (3.39) into (3.33), we are able to encounter the
transition probability function of the competitive dynamical system:

P(X(t + 1) | X(t)) = 1{N(t+1)=N(t)+QN(p(t+1))}

× 1{S(t+1)=QS(E(t+1))}

× 1{E(t+1)=E(t)+∆QE(p(t+1),N(t+1))}

×Ptransition(N(t), p(t))

= 1{Compliance(t)}Ptransition(N(t), p(t)),

(3.41)

where Compliance(t) is a logical expression given by:

Compliance(t) = [N(t + 1) = N(t) + QN(p(t + 1))]

∧ [S(t + 1) = QS(E(t + 1))] ∧ [E(t + 1) =

E(t) + ∆QE(p(t + 1), N(t + 1))] , (3.42)

i.e., Compliance(t) encompasses all the rules that have to be satisfied in order to all the
indicator functions in (3.41) produce 1. If all the values provided to (3.41) are in com-
pliance with the dynamics of the system, then Compliance(t) = true and the indicator
function 1{Compliance(t)} yields 1; otherwise, if there is at least one measure that does
not satisfy the system, then, from (3.42), the chain of logical AND will produce false.
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As a consequence, Compliance(t) = false and the indicator function 1{Compliance(t)} in
(3.41) yields 0, resulting in a zero-valued transition probability.

Discovering the Distribution P(N(t))

With the transition probability function derived in the previous section, we now
turn our attention to determining the marginal distribution P(N(t)) for a sufficient
large t. First, the Markovian property of system φ is demonstrated as follows.

* * *

Proposition 1. {X(t) : t ≥ 0} is a Markovian process.

Proof. We seek to infer that system φ is completely characterized by only the acquain-
tance of the present state, i.e., it is independent of all the past states. Having that in
mind, the probability expression to make a transition to a specific event Xt+1 (a set
with an element representing an arbitrary next state) in time t + 1, given the complete
history of the state trajectory, is denoted by:

P (X(t + 1) ∈ Xt+1 | X(t), ..., X(0)) =

P

pt+1 :


fN(N(t), pt+1)

fE(N(t + 1), pt+1)

fS(E(t + 1))

 ∈ Xt+1 | X(t), ..., X(0)

 .
(3.43)

Noting that the determination of pt+1 only depends on N(t) and p(t), then:

P

pt+1 :


fN(N(t), pt+1)

fE(N(t + 1), pt+1)

fS(E(t + 1))

 ∈ Xt+1 | X(t), ..., X(0)

 =

P

pt+1 :


fN(N(t), pt+1)

fE(N(t + 1), pt+1)

fS(E(t + 1))

 ∈ Xt+1 | X(t)

 =

P (X(t + 1) ∈ Xt+1 | X(t)) . (3.44)

Therefore, in view of (3.44), {X(t) : t ≥ 0} is a Markovian process, since it only
depends on the present state to specify the next state and, hence, the past history of the
system’s trajectory is irrelevant.

* * *
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The strategy to calculate the distribution P(N(t)) is to marginalize the joint dis-
tribution of the system’s states, i.e., P(X(0), . . . , X(t)), with respect to N(t) (a com-
ponent of X(t)). Mathematically, using Proposition 1 on this joint distribution
P(X(0), . . . , X(t)), we get:

P(X(0), . . . , X(t)) = P(X(t) | X(t− 1))

× P(X(t− 1) | X(t− 2))

× . . .× P(X(1) | X(0))P(X(0)). (3.45)

Using the transition function that governs system φ, as illustrated in (3.41), to each
shifted term in (3.45), we get:

P(X(0), . . . , X(t)) = P(X(0))
t−1

∏
u=1

[
1{Compliance(u)}Ptransition(N(u), p(u))

]
, (3.46)

where P(X(0)) = P(N(0), p(0), E(0), S(0)). But, we are interested in know-
ing the marginal distribution N(t) as t → ∞. We can obtain it from
the joint distribution calculated in (3.46), summing over all the possible val-
ues of random variables with no relevance in the analysis, i.e., N(t −
1), . . . , N(0), p(t), . . . , p(0), E(t), . . . , E(0), S(t), . . . , S(0). In doing so, it is worth study-
ing the limits of N(t) for an arbitrary t, because the domain that an entry of N(t) can
take is [1, ∞). With this study, we expect the find the reachable values of every entry of
matrix N(t) for any t. In this way, values which exceed these limits are guaranteed to
happen with probability 0. Lemma 1 precisely supplies this analysis.

* * *

Lemma 1. The maximum reachable value of N(k)
i (t), ∀(i, k) ∈ V ×K, t ∈ N, is:

N(k)
imax

(t) =


⌈

t+1
2

⌉
+ 1, if t ≥ 0 and aii = 0

t + 2, if t ≥ 0 and aii > 0
. (3.47)

Proof. The proof is based on encountering the particle’s trajectory that increases N(k)
i (t)

in the quickest manner. In this situation, we suppose particle k is generated in vertex
i; otherwise, the maximum theoretical value would never be reached in view of the
second expression in (3.23). For the sake of clarity, consider two specific cases, both
depicted in Fig. 3.12: (i) networks without self-loops and (ii) networks with self-loops.
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Figure 3.12: An arbitrary network constructed with the purpose of obtaining the largest feasible
entry of N(t) for a given t. (a) a network without the presence of self-loops; (b) a network with
self-loops.

For the first case, ∀i ∈ V : aii = 0. By hypothesis, particle k starts in vertex i at t = 0.
The quickest manner to increase N(k)

i (t) happens when particle k visits a neighbor of
vertex i and immediately returns to vertex i. Repeating this trajectory until time t,
N(k)

i (t) precisely matches the first expression in (3.47).
For the second case, ∃i ∈ V : aii > 0. By hypothesis, particle k starts in vertex i at

t = 0. It is clear that the quickest manner to increase N(k)
i (t) occurs when particle k

always travels through the self-loop for all t. In view of this, the maximum value that
N(k)

i (t) can reach is given by the second expression in (3.47). The “+2” factor appears
because the particle initially spawns at vertex i, according to the second expression in
(3.23).

* * *

In what follows, we analyze the properties of the stochastic vector E(t). The upper
limit of the kth-entry of E(t) is always ωmax. Thus, provided that ωmax < ∞, the upper
limit is always well-defined. However, this entry does not only accept integer values
in-between ωmin and ωmax. Lemma 2 provides all reachable values of E(t) within this
interval.

* * *

Lemma 2. The reachable domain of E(k)(t),∀k ∈ K, t ∈ N, is:

DE ,
{

ωmin +
ωmax −ωmin

K
+ n∆, n = {−bnic, . . . , bnmc}

}
∪
{

ωmin + n∆, n =

{
1, 2, . . . ,

⌊
ωmax −ωmin

∆

⌋}}
∪
{

ωmax − n∆, n =

{
1, 2, . . . ,

⌊
ωmax −ωmin

∆

⌋}}
, (3.48)
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where ni =
ωmax−ωmin

K∆ ≥ 0 and nm = ωmax−ωmin
∆

(
1− 1

K

)
≥ 0.

Proof. We divide this proof in three main steps, namely the three sets that appear in the
expression in the caput of this lemma. The first set accounts for supplying all values
that are multiples of ∆ with the offset E(k)(0) = ωmin +

(ωmax−ωmin
K

)
, ∀k ∈ K (see (3.24)).

The minimum reachable value is given when n = ni:

ni =

(
ωmin +

ωmax−ωmin
K

)
−ωmin

∆
=

ωmax −ωmin

K∆
, (3.49)

whereas the maximum reachable value is given when n = nm:

nm =
ωmax −

(
ωmin +

ωmax−ωmin
K

)
∆

=
ωmax −ωmin

∆

(
1− 1

K

)
. (3.50)

After some time, the particle k might reach one of the two possible extremes of
energy value: ωmin or ωmax. On account of the max(.) operator in (3.13), it is also
necessary to list all multiple numbers of ∆ with these two offsets. The second and
thrid sets precisely fulfill this aspect when the offsets are ωmin and ωmax, respectively.
Once the particle enters one of these sets, it never leaves them. Hence, all values have
been properly mapped.

* * *

Lastly, the upper limit of an arbitrary entry of S(t) is 1, since it is a boolean-
valued variable. Observing now that P(X(0), . . . , X(t)) = P(N(0), p(0), E(0), S(0),
. . . , N(t), p(t), E(t), S(t)), we marginalize this joint distribution with respect to N(t) as
follows:

P(N(t)) = ∑
∼N(t)

P(X(0), . . . , X(t)), (3.51)

where∼ N(t) means that we sum over all the possible values of X(0), . . . , X(t), except
for N(t) which is inside X(t) = [N(t) p(t) E(t) S(t)]T. Using (3.46) in (3.51), we are
able to obtain P(N(t)) as follows:

P(N(t)) = ∑
∼N(t)

P(X(0))
t−1

∏
u=1

[
1{Compliance(u)}Ptrans(N(u), p(u))

]. (3.52)

Expanding (3.52) using Lemmas 1 and 2, we have:
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P(N(t)) =
V

∑
p(1)(0)=1

V

∑
p(2)(0)=1

. . .
V

∑
p(K)(0)=1

. . .
V

∑
p(K)(t)=1

×
N(1)

1max (0)

∑
N(1)

1 (0)=1

N(2)
1max (0)

∑
N(2)

1 (0)=1

. . .
N(K)

Vmax (0)

∑
N(K)

V (0)=1

. . .
N(K)

Vmax (t−1)

∑
N(K)

V (t−1)=1

× ∑
E(1)(0)∈DE

∑
E(2)(0)∈DE

. . . ∑
E(K)(0)∈DE

. . . ∑
E(K)(t)∈DE

×
1

∑
S(1)(0)=0

1

∑
S(2)(0)=0

. . .
1

∑
S(K)(0)=0

. . .
1

∑
S(K)(t)=0P(X(0))

t−1

∏
u=1

[
1{Compliance(u)}Ptrans(N(u), p(u))

]. (3.53)

The summations in the first line of (3.53) account for passing through all possible
values of p(0), . . . , p(t). The summations in the second line are responsible for passing
through all reachable values of N(0), . . . , N(t − 1), where the upper limit is set with
the aid of Lemma 1. The third line supplies the summation over all possible values of
E(0), . . . , E(t), in which it is utilized the set DE defined in Lemma 2. Lastly, the forth
line summations cover all the values of S(0), . . . , S(t). Note that the logical expression
Compliance(u) and the transition matrix inside the productory are built up from all
these summation indices previously fixed.

* * *

Remark 4. An interesting feature added by this theoretical analysis is that the particle com-
petition model can also accept uncertainty revolving around its initial state, i.e., P(X(0)) =

P(N(0), p(0), E(0), S(0)). In other terms, the particles’ initial locations can be conceptualized
as a true distribution itself.

* * *

Discovering the Distribution of the Domination Level Matrix P(N(t))

The distribution of the domination level matrix N̄(t) is the fundamental informa-
tion needed to group up the vertices. First, one can observe that positive integer mul-
tiples of N(t) compose the same N̄(t). Therefore, the mapping N(t) → N̄(t) is not
injective; hence, not invertible. Below, an illustrative example shows this property.

* * *
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Example 3. Consider a network with 3 particles and 2 vertices. At time t, suppose that the
stochastic process is able to produce two distinct configurations for N(t), as follows:

N(t) =

[
1 1 1

1 2 3

]
,

N′(t) =

[
2 2 2

2 4 6

]
.

(3.54)

Then, the setups in (3.54) applied to (3.7) make clear that both configurations yield the same
N̄(t) given by:

N̄(t) =

[
1/3 1/3 1/3

1/6 1/3 1/2

]
. (3.55)

In view of this, the mapping N(t)→ N̄(t) cannot be injective nor invertible.

* * *

Before proceeding further with the deduction of how to calculate N̄(t) from N(t),
let us present some helpful auxiliary results.

* * *

Lemma 3. For any given time t, the following assertions hold ∀(i, k) ∈ V ×K:
(a) The minimum value of N̄(k)

i (t) is:

N̄(k)
imin

(t) =
1

1 + ∑u∈K \ {k} N(u)
imax

(t)
. (3.56)

(b) The maximum value of N̄(k)
i (t) is:

N̄(k)
imax

(t) =
N(k)

imax
(t)

N(k)
imax

(t) + (K− 1)
. (3.57)

Proof. (a) According to (3.7), the minimum value occurs if three conditions are met: (i)
particle k is not initially spawned at vertex i; (ii) particle k never visits vertex i; and
(iii) all other K− 1 particles u ∈ K \ {k} visit vertex i in the quickest possible manner,
i.e., they follow the trajectory given in Lemma 1. In this way, vertex i will be visited

∑u∈K \ {k} N(u)
imax

(t) times by the other particles. However, having in mind the initial
condition of N(0) shown in the second expression of (3.23), we must add 1 to the total



3.3 - Theoretical Analysis of the Technique 105

number of visits received by vertex i. By virtue of that, it is expected that the total
number of visits to be 1+ ∑u∈K \ {k} N(u)

imax
(t). In view of this scenario, applying (3.7) to

this configuration yields (3.56).
(b) The maximum value happens if three conditions are satisfied: (i) particle k ini-

tially spawns at vertex i; (ii) particle k visits i in the quickest possible manner; and (iii)
all other particles u ∈ K \ {k} never visit i. In this scenario, it is hoped that vertex i
will receive N(k)

imax
(t) + (K− 1) visits, where the second term in the summation is due to

the initialization of N(0), as the second expression in (3.23) reveals. This information,
together with (3.7), implies (3.57).

* * *

Remark 5. If the network does not have self-loops, then (3.56) reduces to:

N̄(k)
imin

(t) =
1

1 + (K− 1)N(k)
imax

(t)
. (3.58)

* * *

The following Lemma provides all reachable elements that an arbitrary entry of
N̄(t) can have.

* * *

Lemma 4. Denote num/den as an arbitrary irreducible fraction. Consider that the set It retains
all the reachable values of N̄(k)

i (t), ∀(i, k) ∈ V ×K, for a fixed t. Then, the elements of It are
composed of all elements satisfying the following constraints:

(a) The minimum element is given by the expression in (3.56).

(b) The maximum element is given by the expression in (3.57).

(c) All the irreducible fractions within the interval delimited by (a) and (b) such that:

I. num, den ∈ N∗;
II. num ≤ N(k)

imax
(t);

III. den ≤ ∑u∈K N(u)
imax

(t).

Proof. (a) and (b) Straightforward from Lemma 3; (c) Firstly, we need to remember that
N(k)

i (t) may only take integer values. According to (3.7), N̄(k)
i (t) = num/den is a ratio

of integer numbers. As a consequence, num and den must be integers and clause I is
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demonstrated. In view of (3.7), num only registers visits performed by a single particle.
Therefore, the upper bound of it is established by Lemma 1, i.e., N(k)

imax
(t). Hence, clause

II is proved. Looking at the same expression, observe that den registers the number of
visits performed by all particles. Again, using Lemma 1 proves clause III.

* * *

Another interesting feature of the set It is elucidated in the following Lemma.

* * *

Lemma 5. Given t ≤ ∞, the set It indicated in Lemma 4 is always finite.

Proof. In order to demonstrate this lemma, it is enough to verify that each set appearing
in the caput of Lemma 4 is finite.

(a) are (b) are scalars, hence, they are finite sets. (c) Clause I indicates a lower bound
for the numerator and the denominator. Clauses II and III reveal upper bounds for the
numerator and denominator, respectively. Also from clause I, it can be inferred that the
interval delimited by the lower and upper bounds is discrete. Therefore, the number
of irreducible fractions that can be made from these two limits is finite.

As all the sets are finite for any t, since It is the union of all these subsets, it follows
that It is also finite for any t.

* * *

Lemma 4 supplies the reachable values of an arbitrary entry of N̄(t) by means of
the definition of the set It. Next, we simply extend this notion to the space spawned
by the matrices N̄(t) with dimensions V × K, in such a way that each entry of it must
be an element of It as follows:

Mt , {N̄ : N̄(k)
i (t) ∈ It, ∀(i, k) ∈ V ×K}. (3.59)

In light of all these previous consideration, we can now provide a compact way of
determining the distribution of N̄(t). Following the aforementioned strategy, P(N̄(t))
can be calculated by summing over all multiples of uN(t), u ∈ {1, . . . , t} such that
f (uN(t)) = N̄(t), where f is the normalization function defined in (3.7). On account
of this, we have:

P
(

N̄(t) = U : U ∈ Mt

)
=

t

∑
u=1

P
(

f (uN(t)) = U
)

, (3.60)
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where the upper limit provided in summation of (3.60) is taken using a conservative
approach. Indeed, the probability for events such that N(k)

i (t) > N(k)
imax

(t) is zero. By
virtue of that, we can stop summing whenever any entry of matrix uN(t) exceeds this
value. We have omitted this observation from (3.60) for the sake of clarity.

As t → ∞, P(N̄(t)) provides enough information for grouping the vertices. In
this case, they are grouped accordingly to the particle that is imposing the highest
domination level. Since the domination level is a continuous stochastic variable, the
output of this model is fuzzy.

3.3.2 The Proposed Competitive System Generalizes Multiple Inde-

pendent Random Walks

In this section, we will demonstrate the following interesting property: when λ = 0
and ∆ = 0, the competitive mechanism among the particles and the reanimation fea-
ture are turned off, and the system reduces to multiple independent random walkers
(Çinlar, 1975). Conversely, when λ > 0, the competitive mechanism among the parti-
cles is enabled and the combination of random-preferential interacting walks occurs.
In this case, the reanimation feature is presented depending on the choice of ∆.

* * *

Proposition 2. If λ = 0 and ∆ = 0, then system φ reduces to the case of multiple independent
random walks.

Proof. It is noteworthy to state that, when λ = 0, the influence of the matrix denoting
the preferential movement, Ppref(t), is taken away. Indeed, when λ = 0, the coupling
between N(t) and p(t) ceases to exist, because the calculation step of Ppref(t) (respon-
sible for the coupling) can be skipped. Moreover, if ∆ = 0, then the particles can never
get exhausted. In view of these characteristics, the dynamical system φ can be easily
described by a traditional Markovian process given by:

p(t + 1) = p(t)Ptransition, (3.61)

where Ptransition = Prand ⊗ Prand ⊗ . . . ⊗ Prand and p(t) is an enumerated state en-
compassing all the particles, as described before. Here, the independence among the
particles is demonstrated by showing that the generated N(t) by system φ is exactly
the same as the one produced by the potential matrix of the Markov Chains Theory
(Çinlar, 1975). In other words, N(t) can be implicitly calculated from the stochastic
process {p(t) : t ≥ 0}.

First, it is useful to find a closed expression for N(t) in terms of N(0). This can be
easily done if we iterate the matrix equation N(t + 1) = N(t) + Q, where Q is as given



108 Chapter 3 - Unsupervised Stochastic Competitive Learning in Complex Networks

in (3.36). In doing so, we get:

N(t) =


1 · · · 1

1 · · · 1
... . . . ...

1 · · · 1

+
t

∑
i=0


1{p(1)(i)=1} · · · 1{p(K)(i)=1}
1{p(1)(i)=2} · · · 1{p(K)(i)=2}

... . . . ...

1{p(1)(i)=V} · · · 1{p(K)(i)=V}

. (3.62)

Since this process is stochastic, it is worth determining the expectation of the num-
ber of visits N(t) given the particle’s initial location p(0). Noting that E[1{A}] = P(A),
we have:

E[N(t) | p(0)] =


1 · · · 1

1 · · · 1
... . . . ...

1 · · · 1

+
t

∑
i=0


Pi(p1(0), 1) · · · Pi(pK(0), 1)

Pi(p1(0), 2) · · · Pi(pK(0), 2)
... . . . ...

Pi(p1(0), V) · · · Pi(pK(0), V)

, (3.63)

where Pi(pj(0), 1) denotes the (pj(0), 1)-entry of Ptransition to the ith-power. But, from
the Markov Chains Theory, we have that the so-called truncated potential matrix (Çin-
lar, 1975) is given by:

Rt(v, k) ,
t

∑
i=0

Pi
transition(v, k). (3.64)

By virtue of (3.64), each entry of the matrix equation in (3.63) can be rewritten as:

E[N(j)
i (t) | p(0)] = 1 + Rt(pj(0), i). (3.65)

From (3.65), we can infer that each particle does perform an independent random
walk according to a Markov Chain. Thus, we are able to conclude that, for λ = 0 and
∆ = 0, all the states of system φ follow a traditional Markov Chain process, except for
a constant, as demonstrated in (3.65).

* * *

The Proposition 2 states that system φ reduces to the case of multiple random walks
when λ = 0 and ∆ = 0, i.e., we could think that there is a blind competition among
the participants. Alternatively, when 0 < λ ≤ 1, some orientation is given to the
participants, in the sense of defending their territory and not only keep adventuring
through the network with no strategy at all. In either case, the reanimation procedure
is enabled depending on the choice of ∆.
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3.3.3 A Numerical Example

For the sake of clarity, we provide here how to use the theoretical results supplied
in the previous section. We limit the demonstration for a single iteration, which is the
transition from t = 0 to t = 1. In order to do so, a simple example composed of a trivial
3-vertex regular network, identical to the one in Fig. 3.12a is analyzed. For the referred
example, suppose there are K = 2 particles into the network, i.e., K = {1, 2}. Let the
particle 1 be spawned at vertex 1, and the particle 2, at vertex 2. Suppose also that we
have a certainty about the initial locations of the particles at t = 0, i.e.:

P(X(0)) = P

N(0) =


2 1

1 2

1 1

 , p(0) = [1 2] , E(0), S(0)

 = 1, (3.66)

i.e., there is an 100% chance (certainty) that the particles 1 and 2 will be generated at
vertices 1 and 2, respectively. Observe that N(0), E(0), and S(0) are chosen such as to
satisfy (3.23), (3.24), and (3.25), respectively. Otherwise, the probability should be 0, in
view of (3.41). It is worth to emphasize that the competitive model accepts uncertainty
about the initial location of the particles, in a way that we could specify different proba-
bilities to each particle to spawn at different locations. This characteristic is not present
in (Quiles et al., 2008), in which it must be fixed a certain position for each particle.

From Fig. 3.12a we can deduce the adjacency matrix A of the graph and, there-
fore, determine the transition matrix associated to the random movement term for one
particle (which is the same to the other particle). Then, applying (3.2), we get:

Prand =


0 0.50 0.50

0.50 0 0.50

0.50 0.50 0

 . (3.67)

Given N(0), we can readily establish N̄(0) with the aid of (3.7):

N̄(0) =


0.67 0.33

0.33 0.67

0.50 0.50

 . (3.68)

Using (3.8) we are able to calculate the matrices associated to the preferential move-
ment policy for each particle in the network as:
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P
(1)
pref(0) =


0 0.40 0.60

0.57 0 0.43

0.67 0.33 0

 , (3.69)

P
(2)
pref(0) =


0 0.57 0.43

0.40 0 0.60

0.33 0.67 0

 . (3.70)

In order to ease the calculations, let us take λ = 1, so that (3.19) reduces to
Ptransition(0) = P

(1)
pref(0)⊗ P

(2)
pref(0) at time 0, which will be a matrix with dimensions

9× 9 given by:

Ptransition(0) =



0 0 0 0 0.228 0.172 0 0.342 0.258

0 0 0 0.160 0 0.240 0.240 0 0.360

0 0 0 0.132 0.268 0 0.198 0.402 0

0 0.325 0.245 0 0 0 0 0.245 0.185

0.228 0 0.342 0 0 0 0.172 0 0.258

0.188 0.382 0 0 0 0 0.142 0.288 0

0 0.382 0.288 0 0.188 0.142 0 0 0

0.268 0 0.402 0.132 0 0.198 0 0 0

0.221 0.449 0 0.109 0.221 0 0 0 0



.

(3.71)

Since in the initial condition depicted in (3.66) the particles 1 and 2 start out at
vertices 1 and 2, respectively, the enumerated scalar state for the matters of calculat-
ing p(t + 1) will be (1, 2) → 2. Hence, we turn our attention to the second row of
Ptransition(0) which will completely characterize the transition probabilities for the next
state of the dynamical system. A quick analysis of it shows that, out of the 9 possible
“next states” of the system, only 4 are plausible (the remaining states have probability
0 to be reached), which are:

P

N(1) =


2 2

2 2

1 1

 , p(1) =
[

2 1
]

, E(1), S(1) | X(0)

 = 0.160, (3.72)
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P

N(1) =


2 1

2 2

1 2

 , p(1) =
[

2 3
]

, E(1), S(1) | X(0)

 = 0.240, (3.73)

P

N(1) =


2 2

1 2

2 1

 , p(1) =
[

3 1
]

, E(1), S(1) | X(0)

 = 0.240, (3.74)

P

N(1) =


2 1

1 2

2 2

 , p(1) =
[

3 3
]

, E(1), S(1) | X(0)

 = 0.360, (3.75)

where X(0) is as given in (3.66). Equations (3.72)-(3.75) match our intuition if we take
a careful look at Fig. 3.12a: self-looping is not allowed, so the state space that is prob-
abilistically possible of happening can only be these previous 4 states. In other terms,
starting from vertex 1, there are only two different choices that the particle can make:
either visit vertex 2 or 3. The same reasoning can be applied when we start at vertex
2. Since it is a joint distribution, we multiply these factors, which totalizes 4 differ-
ent states. Furthermore, as we have fixed λ = 1, it is expected that the transition to
be heavily dependent on the domination levels of the neighboring vertices. In this
case, strongly dominated vertices constitute repulsive forces that act against rival par-
ticles. With this respect, the preferential or biased behavior of these particles will never
adventure in these type of vertices. This is exactly symbolized in (3.75) (denotes the
transition probability (1, 2)→ (3, 3)), which possess the highest probability of happen-
ing, in account of vertex 3 to be a neutral vertex at time 0, as opposed to the remaining
two vertices.

* * *

Remark 6. Alternatively, we could have used the collection of two matrices 3× 3, as given in
(3.69) and (3.70) with no loss of generality. Here, we clarify this concept by calculating a single
entry of Ptransition(0) using this methodology. Consider we are to calculate the probability
according to (3.72), i.e., particle 1 performs a transition from vertex 1 to vertex 2 and particle
2 executes a transition from vertex 2 to vertex 1. For the former case, according to the particle
1’s transition matrix (see (3.69)) we have P

(1)
pref(0)(1, 2) = 0.40. Likewise, for the last case

(see (3.70)), we have P
(2)
pref(0)(2, 1) = 0.40. Remembering that p(0) = [1 2] in a scalar form

corresponds to the second state of Ptransition and p(1) = [2 1] corresponds to the forth state,
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then Ptransition(0)(2, 4) = P
(1)
pref(0)(1, 2) × P

(2)
pref(0)(2, 1) = 0.40× 0.40 = 0.16, which is

equal to the corresponding entry of the matrix in (3.71).

* * *

Before doing the calculation of the marginal distribution P(N(1)), we are required
to fix an upper limit for an arbitrary entry of the matrix N(1). This is readily evalu-
ated from (3.47), which results in N(k)

imax
(1) = N(k)

imax
(1) = 2, ∀(i, k) ∈ V × K, imply-

ing that we are only needed to take all numerical combinations for the matrix N(0)
such that each entry may only take the values {1, 2}, since larger values will yield
probability 0 according to Lemma 1. Moreover, we need to iterate through every
feasible value of every entry of E(0) and E(1). In order to do so, we fix ∆ = 0.25,
ωmin = 0, and ωmax = 1. With that, we are able to make use of Lemma 2, which
yields E(t) ∈ {0, 0.25, 0.5, 0.75, 1}. The limits of the remaining system variables S(0)
and S(1) are straightforward. In the present conditions, we have enough information
to calculate the marginal distribution P(N(1)), according to (3.53):

P

N(1) =


2 2

2 2

1 1


 = 1× 0.160 = 0.160, (3.76)

P

N(1) =


2 1

2 2

1 2


 = 1× 0.240 = 0.240, (3.77)

P

N(1) =


2 2

1 2

2 1


 = 1× 0.240 = 0.240, (3.78)

P

N(1) =


2 1

1 2

2 2


 = 1× 0.360 = 0.360. (3.79)

As the last goal, our task is to determine the distribution P(N̄(1)). According to
the specified steps in the previous section, we need to find all irreducible fractions that
lie within the interval [0, 1] with the constraints derived in the previous section. This
means that we only have to consider entries of matrix N̄(t) that contain elements of I ;
the remainder N̄(t) are infeasible and, thus, occur with probability 0. In view of the
constraints previously enumerated, I = {1/4, 1/3, 1/2, 2/3, 3/4}. Observing that we have
the complete distribution of N(1), it is an easy task to apply (3.60), as follows:
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P

N̄(1) =


1/2 1/2

1/3 2/3

1/2 1/2


 = 0.160, (3.80)

P

N̄(1) =


2/3 1/3

1/2 1/2

1/3 2/3


 = 0.240, (3.81)

P

N̄(1) =


1/2 1/2

1/3 2/3

2/3 1/3


 = 0.240, (3.82)

P

N̄(1) =


2/3 1/3

1/3 2/3

1/2 1/2


 = 0.360. (3.83)

It is noteworthy to reinforce that the mapping between the probabilities of N(t)
and N̄(t) is not bijective: in this special simple case that we are studying, we did not
have distinct N(t) that could generate the same N̄(t), but as t increases, this is likely
to happen quite frequently. This process is repeated until a sufficiently large t or until
the system converges to a quasi-stationary state of N̄(t), as discussed in the empirical
section.

3.4 Computer Simulations

In this section, we present simulation results in order to assess the effectiveness
of the proposed competitive model. Unless specified otherwise, for all simulations
hereon, Table 3.8 outlines the parameters used by our technique.

Table 3.8: Standard parameters used by the proposed technique.

Parameter Value

λ 0.6
∆ 0.07

ωmin 0
ωmax 1

ε 0.05
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3.4.1 Computational Complexity Analysis

In this section, some experimental tests are performed to verify the time complexity
analysis developed in Section 3.1.6. Here we suppose that a network is already given,
i.e., Step 2 is not executed. Moreover, we consider that the number of clusters is far less
than the quantity of data items, i.e., K � V. Without considering Step 2, we divide the
simulations into two cases: (i) using networks with a constant 〈k〉 � V, in which the
algorithm is expected to run in linear time order (O(V)); and (ii) using networks with
〈k〉 = 0.15V, i.e., 〈k〉 proportional to the number of vertices V. In this case, we expect
our algorithm to run in quadratic time order (O(V2)).

In order to conduct our analysis, the Girvan and Newman’s benchmark will
be employed (Danon et al., 2005), which has been studied in Section 2.1.4. A set
of random clustered networks is generated with increasing network sizes (V =

{1 000, 2 000, . . . , 10 000}). Using these networks, the community mixture zout/〈k〉 is
incremented, and the community detection accuracy is registered. The time is quanti-
fied in an Intel Core 2 CPU 6700 with 4GB of RAM. We compare the time consumed
by our method and by the modularity algorithm, which has become a benchmark in
the literature. The results in the case of 〈k〉 � V are shown in Figs. 3.13a and 3.13b
with medium (zout/〈k〉 = 0.2) and high (zout/〈k〉 = 0.4) community interconnections, re-
spectively. By inspecting these figures, with regard to our technique, we notice that
the processing time increases linearly as a function of the network size. On the other
hand, Figs. 3.13c and 3.13d indicate the consumed time in the case of 〈k〉 = 0.15V with
medium (zout/〈k〉 = 0.2) and high (zout/〈k〉 = 0.4) community interconnections, respec-
tively. In this case, the processing time of both techniques is a quadratic function of the
network size. In brief, both behaviors empirically confirm our analysis.

3.4.2 Simulations on Artificial Data

In this section, we provide simulations performed on simple examples with the
purpose of illustrating how the proposed algorithm behaves.

In the first experiment, we study the temporal evolution of matrix N̄(t) for a net-
work consisting of V = 11 vertices split into 2 unbalanced communities, as depicted
in Fig. 3.14. K = 2 particles are inserted into the network at the initial positions
p(0) = [2 3]. Figure 3.15a shows the evolutional behavior of the average domination
level N̄(t) imposed by particle 1 on vertices 1 to 4 (representing the cyan or light gray
community in Fig. 3.14) and on vertices 5 to 11 (representing the red or dark gray com-
munity in Fig. 3.14). The same quantities are calculated for particle 2 and are shown in
Fig. 3.15b. Note that, as t increases, the average domination level N̄(t) splits into two
groups, which correctly identify the 2 communities of the given network. Specifically,
from Fig. 3.15a, we can verify that particle 1 dominates vertices 1 to 4, due to the fact
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Figure 3.13: Comparison of the consumed time of the proposed technique and the Modularity
algorithm. 〈k〉 = 16 in (a) and (b), whereas 〈k〉 = 0.15V in (c) and (d). M = 4 communities.
(a) and (c) zout/〈k〉 = 0.2. (b) and (d) zout/〈k〉 = 0.4. Each point in the trace is averaged over 20
realizations. The error bars represent the maximum and minimum values.

Figure 3.14: A simple network with 11 vertices distributed into 2 unbalanced communities.
Vertices 1 to 4 compose a community (cyan or light gray) and vertices 5 to 11 comprise another
community (red or dark gray).
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Figure 3.15: Behavior of N̄(t) as the system progresses in time (t). The input network is de-
picted in Fig. 3.14. (a) Average domination levels of particle 1 on vertices 1 to 4 and on vertices
5 to 11; (b) Average domination levels of particle 2 on the same group of vertices.

that the average domination level on these vertices approaches 1, whereas the average
domination level of particle 1 on vertices 5 to 11 decays to 0. Considering Fig. 3.15b,
we can use the same logic to confirm that particle 2 dominates vertices 5 to 11.

As our next introductory simulation, we investigate the technique’s dependency
on the particles’ initial locations for a community detection task. Consider Fig. 3.16a,
where there are clearly M = 4 communities. The black stars represent vertices that
do not have an owner. K = 4 particles are inserted in a random manner (following a
uniform distribution), namely the red or circle-shaped, the blue or square-shaped, the
green or diamond-shaped, and the magenta or triangle-shaped particles. The owner-
ship of a vertex is given by its color or shape. Figure 3.16b shows the ownership of the
vertices after 300 iterations, Fig. 3.16c, after 800 iterations, and Fig. 3.16d, after 1700
iterations, when all 4 communities have been properly discovered. In order to see the
outcome of the algorithm for the worst possible scenario, consider Fig. 3.17a, where
we have purposefully inserted all the particles in the same community. The network
used is the same as the previous simulation. Figure 3.17b illustrates the ownership of
the vertices after 300 iterations, Fig. 3.17c, after 800 iterations, and Fig. 3.17d, after
2000 iterations. One can see that the algorithm again can correctly identify all the 4
communities. These simulations confirm that the community detection performance
of the proposed technique does not depend on the initial locations of the particles.
This feature is due to the intuitive fact that the particles separate in time as a result
of the competition and reanimation mechanisms, even if they are put together at the
beginning.
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Figure 3.16: Illustration of an artificial community detection process via particle competition.
The total number of vertices is V = 128, M = 4 equally sized communities, 〈k〉 = 16, and
zout/〈k〉 = 0.3. K = 4 particles are inserted in a random manner. Snapshot of the network when:
(a) t = 0; (b) t = 300; (c) t = 800; and (d) t = 1700.

3.4.3 Simulations for Community Detection on Artificial and Real-

World Networks

In this section, we evaluate the performance of the proposed particle competition
algorithm on networked data, i.e., the network formation step is not processed. For
this end, we make use of two widely employed benchmarks for evaluating the robust-
ness of community detection algorithms: the Girvan and Newman’s (GN) benchmark
(Danon et al., 2005) and the benchmark of Lancichinetti et. al. (Lancichinetti et al., 2008),
both of which were introduced in Section 2.1.4.

With respect to the GN’s benchmark, Fig. 3.18 shows this analysis. Observe that
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Figure 3.17: Illustration of an artificial community detection process via particle competition.
The total number of vertices is V = 128, M = 4 equally sized communities, 〈k〉 = 16, and
zout/〈k〉 = 0.3. K = 4 particles are purposefully inserted in the same community. Snapshot of the
network when: (a) t = 0; (b) t = 300; (c) t = 800; and (d) t = 2000.

the proposed technique reaches high community detection rates, even for high values
of zout/〈k〉 (highly mixed communities). Furthermore, from a comparison between the
results shown in Fig. 2 of (Danon et al., 2005), where it depicts the outcome of 9 differ-
ent representative community detection techniques with the same experimental setup,
and our result shown in Fig. 3.18, one can verify that our technique has outperformed
the betweenness, extremal optimization, and modularity techniques (shown in Table
3.1), among other techniques not discussed here. Moreover, if we compare the pro-
posed technique using the same benchmark with the method in (Quiles et al., 2008)
(see Fig. 8 of (Quiles et al., 2008)), which is a closely related work, we can also conclude
that our technique has obtained better results. In brief, we are able to infer that the
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proposed particle competition method has certainly achieved one of the highest com-
munity detection rates among all the techniques under comparison with regard to the
GN’s benchmark.
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Figure 3.18: GN’s community detection benchmark results obtained by the proposed tech-
nique. The constructed networks’ configurations are: V = 128, M = 4 equally sized communi-
ties, and 〈k〉 = 16. For each point in the trajectory, 200 independent runs are performed. The
error bars indicate the standard deviations.

In what concerns the second benchmark, the benchmark of Lancichinetti et al., we
fix γ = 2 in all the related simulations. Figures 3.19a and 3.19b reveal the outcome
of the modularity technique, the closely related technique developed in (Quiles et al.,
2008), and the proposed technique when we utilize β = 1 and β = 2, respectively. The
threshold µ = 0.5 (dashed vertical line in the plot) marks the border beyond which
communities are no longer defined in a strong sense, which means that each vertex
has more neighbors in other communities than in its own (Fortunato, 2010). Over-
all, our technique has obtained better results than the modularity algorithm and the
technique defined in (Quiles et al., 2008). A salient feature presented in the proposed
scheme, but not implemented in (Quiles et al., 2008), is the mixture of random and
preferential movement that each active particle performs during the same time step.
In other words, the resulting transition distribution is given by a convex combination
of these two movement types, as (3.1) reveals. On the other hand, in (Quiles et al., 2008),
a particle is only allowed to make either a random or a preferential walk during each
iteration. When the mixture parameter µ reaches high values, the technique developed
in (Quiles et al., 2008) starts to fail in correctly detecting communities. Therefore, we
can infer that this probabilistic mixture of random-preferential walks is more robust.

Next, we apply our technique to a real-world data set named Zachary’s “karate
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Figure 3.19: Comparison of three community detection algorithms using the benchmark of
Lancichinetti et. al. The modularity method, the algorithm developed in Quiles et. al. (cf.
(Quiles et al., 2008)), and the proposed technique are utilized. The constructed networks’ con-
figurations are: V = 10 000 and 〈k〉 = 15. γ = 2. (a) β = 1. (b) β = 2. For each point in the
trajectory, 30 independent runs are performed. The error bars indicate the standard deviations.

club” network (Zachary, 1977). This is a well-known network from the social science
literature, which has become a benchmark test for community detection algorithms.
This network exhibits the pattern of friendship among 34 members of a club at an
American University in the 1970s. The members are represented by vertices and an
edge exists between two members if they know each other. Shortly after the formation
of the network, the club dismembered in two as the consequence of an internal dis-
pute, making it an interesting problem for detecting communities. Figure 3.20 shows
the outcome of the simulation. The red (dark gray) and blue (gray) colors denote the
communities detected by the algorithm. Only the vertex 3 (the yellow or light gray
vertex) is incorrectly grouped to the red (dark gray) community. Indeed, it is a mem-
ber of the blue (gray) community, as defined by the real problem. In the literature,
the vertices 3 (e.g., see (Girvan and Newman, 2002)) and 10 (e.g., see (Newman, 2004))
are often misclassified by many community detection algorithms. This happens be-
cause the number of edges that they share between the two communities is the same,
i.e., they are inherently overlapping, making their clustering a hard problem. In our
technique, the overlapping vertex 10 is correctly classified.

3.4.4 Simulations for Data Clustering on Artificial and Real-World

Data Sets

In order to measure the performance of the proposed method, we have conducted
clustering experiments on both artificial and real-world data sets. Regarding the ex-
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Figure 3.20: Community detection result of the Zachary’s karate club network by using the
proposed method. The red (dark gray) and blue (gray) colors denote the detected communities.
Only the yellow or light gray vertex (vertex 3 in the original database) is incorrectly grouped.

periments on artificial data, we make use of some toy data sets with different data
distributions, which are automatically generated via PRTools (Duin, 2000). For all
simulations taken on artificial data, we have arbitrarily chosen the k-nearest neighbor
graph formation technique with k = 7, i.e., each data item is represented by a vertex
and each vertex is connected to its 7 nearest neighbors determined by the Euclidean
distance among the data items. The initial locations of the particles are randomly cho-
sen from a uniform distribution. The first data set consists of 300 samples equally di-
vided into two banana-shaped classes. The result obtained by the Optimized K-Means
(Khan, 2004) is exhibited in Fig. 3.21a, whereas Fig. 3.21b shows the results obtained
by the proposed technique. The second data set is composed of 300 samples equally
divided into two Highleyman classes. The result achieved by the Optimized K-Means
is depicted in Fig. 3.21c, while Fig. 3.21d indicates the outcome encountered by the
proposed technique. The third data set comprises 600 samples equally separated into
two Lithuanian classes. The result attained by the Optimized K-Means is portrayed in
Fig. 3.21e, whereas Fig. 3.21f reveals the result acquired by the proposed technique.
All results obtained by our algorithm seem to be consistent to the logical structures of
the data sets, on the contrary of Optimized K-Means algorithm, which can only detect
spherical regions. A comparison to the CHAMELEON (Karypis et al., 1999) technique
is also made for these same data sets. The numerical results for the three techniques
are summarized in Table 3.9. It can be observed that our algorithm has obtained better
cluster detection accuracies than the techniques under comparison in the majority of
the cases.

Now, we apply the proposed model to solve data clustering tasks on real-world
data sets ranging from handwritten digits (Lecun’s Modified NIST - see (LeCun et al.,
1998)) to several well-known data sets available from the UCI Machine Learning
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Figure 3.21: Data clustering of toy data sets with different cluster shapes. Data with the same
color or format represent the same cluster. The left and right panels report the result obtained
by the Optimized K-Means and the proposed technique, respectively. (a) and (b) banana-
shaped clusters; (c) and (d) Highleyman clusters; (e) and (f) Lithuanian clusters.
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Table 3.9: Data clustering accuracy for the distributions given in Fig. 5.13. The result is aver-
aged over 20 runs.

CHAMELEON Optimized Proposed
K-Means Technique

Banana-shaped 97.00± 0.00 58.33± 6.39 97.67± 0.31
Highleyman 69.50± 0.00 61.73± 3.16 74.51± 2.03

Lithuanian 93.67± 0.00 43.48± 1.63 91.99± 2.92

Repository (Frank and Asuncion, 2010). Some metadata about the considered data sets
are given in Table 3.10. For a detailed description, refer to (LeCun et al., 1998) for the
Modified NIST (MNIST) data set, and (Frank and Asuncion, 2010) for the remaining
data sets. Observe that, as we are interested in clustering matters (unsupervised learn-
ing), the available information about the class labels has been used only for evaluation
of the results (data clustering accuracy).

Table 3.10: Databases’ metadata description.

# Instances # Dimension # Classes

Breast Cancer 699 9 2
Car Evaluation 1 728 6 4

Credit Approval 690 15 2
Contraceptive Method 1 473 9 3

Glass 214 9 6
Image Segmentation 2 310 20 7

Ionosphere 351 34 2
Iris 150 4 3

Vowel 90 10 11
Wine 178 13 3

Nursery 12 960 9 5
Letter Recognition 20 000 16 26

Modified NIST (MNIST) 10 000 784 10

Our algorithm is compared to a set of well-known techniques in optimal conditions,
namely: the agglomerative hierarchical CHAMELEON algorithm (Karypis, 2003), Ex-
pectation Maximization algorithm with a Gaussian parametric family (Dempster et al.,
1977), Fuzzy C-Means (Bezdek, 1981), K-Means with optimized center initialization
(Khan, 2004), the adapted Modularity Greedy algorithm (Clauset et al., 2004), and Par-
ticle Swarm Optimization algorithm (van der Merwe and Engelbrecht, 2003). Among
all these techniques, CHAMELEON and Modularity Greedy algorithm are determin-
istic algorithms, while the others are stochastic ones.

Regarding the proposed algorithm, the following configuration has been set for all
simulations in this section: (i) all particles are randomly inserted into the network fol-
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lowing a uniform distribution; and (ii) for all graph-based techniques, we have used
the k-nearest neighbor graph formation technique with optimized k for each algorithm.
The optimization is performed using the genetic algorithm available in the Global Op-
timization Toolbox of MATLAB with its default parameters. The parameters of the
proposed algorithm are optimized over the following ranges: 0.5 ≤ λ ≤ 0.8 and
1 ≤ k ≤ 30. The other parameters are fixed according to Table 3.8. The optimiza-
tion process consists of selecting the best combination of these two parameters which
achieves the highest data clustering accuracy.

The simulation results are reported in Table 3.11. In this table, we have also pro-
vided the average rank of each algorithm, which is calculated as follows: (i) for each
data set we rank the algorithms according to their average performance (average data
clustering accuracy), i.e., the best algorithm is ranked as 1st, the second best one is
ranked as 2nd, and so on; and (ii) for each algorithm, the average rank is given by the
average value of its ranks scored on all the data sets. In order to examine the results
in a statistical manner, we use an adaptation of (Demšar, 2006) for clustering tasks.
The methodology described therein assigns a rank to each algorithm on each data set
according to its final accuracy reached. After this step, the average rank of each algo-
rithm is then evaluated and a Friedman Test is applied to the resulting average rank
values of each algorithm. The Friedman Test is used to check whether the measured
ranks are significantly distinct from the mean value of the ranks. In this case, the mean
value of the ranks is 4, because there are 7 algorithms. The null-hypothesis considered
here is that all the algorithms are equivalent, so their ranks should be the same. For
all the future tests, we fix a significance level of 0.05. For our experiments, accord-
ing to (Demšar, 2006), we have that N = 13 and k = 7, resulting in a critical value
given by F(6, 72) ≈ 2.23, where the two arguments are derived from the degrees of
freedom defined as k− 1 and (N − 1)(k− 1), respectively. In our case, we get a value
FF ≈ 8.05 that is higher than the critical value, so the null-hypothesis is rejected at a
5% significance level.

As the null hypothesis is rejected, we are able to advance to post hoc tests which aim
at verifying the performance of our algorithm in relation to others. For this task, we
opt to use the Bonferroni-Dunn Test, with the proposed technique fixed as the control
algorithm. According to (Demšar, 2006), one should not make pairwise comparisons
when we test whether a specific method is better than others. Basically, the Bonferroni-
Dunn Test quantifies whether the performance between an arbitrary algorithm and the
reference is significantly different. This is done by verifying whether the correspond-
ing average ranks of these algorithms differ by at least a critical difference (CD). If
they do differ that much, then it is said that the better ranked algorithm is statistically
superior to the worse ranked one. Otherwise, they do not present a significant dif-
ference for the problem at hands. Thus, if we perform the evaluation of the CD for
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our problem, we encounter CD = 2.24. The average rank of the proposed method is
2.38. By virtue of that, if any rank does lie in the interval 2.38± 2.24, the control algo-
rithm and the compared algorithms are statistically equivalent. We conclude that our
algorithm is superior to Expectation Maximization, Fuzzy C-Means, and Optimized
K-Means under the terms previously stated. However, the other pairwise compar-
isons to the control algorithm do not surpass the CD, meaning that the differences
among them are statistically insignificant. Therefore, the proposed algorithm presents
no significant difference to CHAMELEON, Particle Swarm Optimization and Modu-
larity Greedy Optimization algorithms for the given significance level. Nonetheless,
the proposed technique has obtained the best performance (the best average rank) in
relation to the other techniques.

Through the analysis of the shortcomings and advantages of the competing tech-
niques and the proposed technique, we find that CHAMELEON is the only technique
which realizes its clustering task in two steps: at the first step, it splits the network
constructed from the original data set into very small subnetworks; at the second
step, it merges these small sub-networks into larger ones, producing data clusters.
The first step can be understood as a preparation process where well-defined small
groups are formed. Once this is done, the possibility that these well-defined groups
are wrongly split at the merging step is largely reduced. Such a preparation step is es-
pecially useful when the input data set is large or the groups are highly mixed. Thus,
CHAMELEON is suitable for large data set clustering. However, such a processing
introduces additional computational time. Moreover, CHAMELEON cannot handle
outliers, since its prediction is based on two internal indices (closeness and intercon-
nectivity). In this scenario, these indices would be seriously flawed. Another short-
coming of CHAMELEON is its termination criterion, which generally requires some
domain knowledge. This feature, in turn, is commonly unknown a priori. This lim-
itation is present because CHAMELEON is an agglomerative hierarchical algorithm
and it is hard to know when to stop merging clusters or communities. If one wants
to get good clustering results, high-processing efficiency, and, at the same time, wants
to know the reasonable number of clusters presented in the data set, the technique
proposed in this work would be a good choice.

3.4.5 Simulations for Detecting Overlapping Vertices and Communi-

ties

In this section, we give a number of examples with the purpose of assessing the
effectiveness of the proposed technique with regard to detecting overlapping vertices.
The ground truth (true group of each data item) of every used networked data set can
be viewed by referring to its original papers that are cited here. By comparing the
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results obtained by the proposed method and the results obtained by classical over-
lap vertex measures (Fortunato, 2010; Fu and Wang, 2003), we see that the proposed
technique is, in general, consistent to the classic vertex overlapping measures. In some
situations, the proposed measure can get better results.

Zachary’s Karate Club Network

First, we apply our technique to the Zachary’s “karate club” network (Zachary,
1977), database in which we have already conducted some experiments in the previ-
ous section. As we have seen, only vertex 3 was incorrectly grouped. In the literature,
the vertices 3 (e.g., see (Girvan and Newman, 2002)) and 10 (e.g., see (Newman, 2004))
are often misclassified by many community detection algorithms. This happens be-
cause the number of edges that they share between the two communities are the same;
i.e., they are inherently overlapping, making their clustering a hard problem. In our
technique, the overlapping vertex 10 is correctly classified. Now, we apply our over-
lapping index, as indicated in (3.27), on every vertex of the Zachary’s “karate club”
network. The result is shown in Fig. 3.22. One can see that the highest overlapping
indices are exactly yielded by the vertices 3 and 10, which confirm our previous analy-
sis. Moreover, the vertices 9, 14, 20, 29, and 32 also present a high level of overlapping
characteristics.

Next, we will show that our model’s performance does not depend on the initial
locations of the particles. First, we put two particles into the vertex 17. Then, we put
one at the vertex 17 and another at the vertex 27. The obtained results are very similar
to the ones obtained in Fig. 3.22. In our model, the results do not depend on the order
of presentation of data items due to the following factors:

1. In traditional neural networks, such as SOM, the data items are presented to the
neural network one by one. In view of that, the order of presentation is very im-
portant (Wang, 1997). However, in our model, the whole data set is transformed
into a graph at the same time, i.e., the constructed graph contains all the data
items of a given data set. In this way, the clustering or the overlapping detection
process do not depend on the data presentation order;

2. Due to the combined nature of random and preferential walking and the reani-
mation procedure of particles, the proposed model also does not depend on the
initial positions of the particles. This point is confirmed by many computer sim-
ulations that here we describe. One example to show this feature is given by Fig.
3.22, where the same result is obtained from two quite different initial conditions.
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Figure 3.22: Result of the calculation of the overlapping index for all vertices in the Zachary’s
“karate club” network.

Dolphin Social Network

Continuing our analysis on overlapping vertices in complex network, in the next,
we investigate a non-human social network named Dolphin Social Network (Lusseau,
2003), which is composed of 62 bottlenose dolphins living in Doubtful Sound, New
Zealand. In this case, we consider that the dolphins are the vertices, whereas edges
between dolphin pairs are established by observation when there is a statistically sig-
nificant frequent association between them. Figure 3.23 indicates the community de-
tection outcome of the proposed technique, along with the 5 most overlapping vertices
depicted in larger sizes. In this case, the number of particles that maximizes 〈R(t)〉 is
K = 2, which corresponds to the division of the real problem indicated by Lusseau.
The communities are identified by the vertices’ colors, in this case, blue (gray) and red
(dark gray). The split into two groups seems to match the known division of the dol-
phin community, except for the dolphin “PL,” which is a member of the blue (gray)
community. Lusseau reports that, for a period of about two years during observation
of the dolphins’ behavior, the dolphins segregated into two communities, apparently
by virtue of the disappearance of the dolphins located on the boundary between the
communities. When some of these dolphins later reappeared, the two halves of the
network joined together once more. Surprisingly, these border dolphins are the ones
that the algorithm captured as being the 5 most overlapping vertices, as we can verify
in Fig. 3.23 from the larger vertices, i.e., “DN63,” “Knit,” “PL,” “SN89,” and “SN100.”
As Lusseau draws attention to, developments of this kind illustrate that the dolphin
network is not merely a scientific curiosity but, like human social networks, is closely
tied to the evolution of the community. Nonetheless, we see that the complex networks
are able to describe these types of problems in a natural and concise manner.
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Figure 3.23: Dolphin Social Network observed by Lusseau. K = 2 and λ = 0.6. The 5 vertices
with the highest overlapping structure are depicted with larger sizes.

Les Misérables Novel Network

Now we study the community structure of the interactions network between ma-
jor characters comprising the Victor Hugo’s sprawling novel of crime and redemption
in post restoration France, denominated Les Misérables. Using the list of 77 character
appearances by scene, compiled by Knuth (Knuth, 1993), the network was constructed
in a way that vertices represent characters and an edge between two vertices repre-
sents co-appearance of the corresponding characters in one or more scenes (Newman,
2006a). In this case, the quantity 〈R(t)〉 is maximized when K = 6. Figure 3.24 shows
the outcome of our technique, along with the 10 most overlapping vertices portrayed
in larger sizes. The communities clearly reflect the subplot structure of the book. As
one can expect, the protagonist Jean Valjean and his nemesis, the police officer Javert,
are captured as being the 2 most overlapping vertices of the network, since they are
central to the Hugo’s play and form the hubs of communities composed of their re-
spective adherents. The other detected overlapping vertices are the characters that
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co-appear in multiple scenes, each of which with a different group of characters, as we
can verify from the structure of the book.

Figure 3.24: Hugo’s sprawling novel of crime and redemption in post restoration entitled Les
Misérables. K = 6 and λ = 0.6. The 10 vertices with the highest overlapping structure are
depicted with larger sizes.

American College Football

In order to further verify the effectiveness of our overlapping index measure, we
have opted to use another well-known data set named US College American Football
(Girvan and Newman, 2002). In this case, the vertices in the graph represent each
of the 117 teams and edges represent regular season games between the two teams
they connect. Games are more frequent between members of the same conference than
between members of different conferences; therefore, we expect that a structure with
the presence of communities to be established. Figure 3.25 portrays the outcome of
the algorithm, where the 15 vertices with the highest overlapping index are depicted
with larger sizes. One can note that the majority of these overlapping vertices are also
commonly misclassified by community detection techniques (see, for instance, (Girvan
and Newman, 2002)), since they naturally belong to more than one community; i.e.,
these teams normally compete with rival teams from different conferences.
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Figure 3.25: American College Football network. K = 13 and λ = 0.6. The 15 vertices with the
highest overlapping structure are depicted with larger sizes.

Scientific Collaboration Network

For our next representative network, we assess the performance of the proposed
technique on a collaboration network of scientists (Newman, 2006a). This network was
constructed by gathering the names of authors which are present in the lengthy bibliog-
raphy of Ref. (Newman, 2003b) and cross-referencing with the Physics E-print Archive
at arxiv.org, specifically the condensed matter section of the archive where, for histor-
ical reasons, most papers on networks have appeared. Each of the 379 authors, which
are seem in both repositories, are the vertices of the network, and an existing edge
between two authors indicates coauthorship of one or more papers appearing in the
archive. It is worth observing that the collaboration on any topic by a group of authors
is a reasonable indicator of acquaintance; thus, this can be considered, to some extent,
a social relationship network. Figure 3.26 reveals the outcome of the proposed tech-
nique applied only to the largest component of the network of collaborations between
physicists who conduct research on networks. Comparing to the result given in (New-
man, 2006a), we can verify that the algorithm can satisfactorily detect the communities
in the underlying network. Furthermore, the 10 vertices with the largest overlapping
index are depicted in larger sizes. One can see that these vertices, in the majority of
times, are the authors that have coauthored with other physicists of different commu-
nities detected by the algorithm in a frequent manner. For instance, among the 10 most
overlapping vertices, we can inspect that “Fortunato, S.” coauthored with two physi-
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cists of his own detected community and one from another community; “Frauenfelder,
H.” coauthored with one of his community and one of another community. In brief,
these 10 vertices share the common feature that they naturally belong to more than one
community, since they receive a reasonable quantity of edges from other communities.

Figure 3.26: The Scientific Collaboration Network data set. Only the largest component is
depicted. K = 16 and λ = 0.6. The 10 vertices with the highest overlapping structure are
depicted with larger sizes.

3.5 Application: Handwritten Digits and Letters Cluster-

ing

In this section, we provide an application of data clustering for the competitive
method for three real-world data sets based on handwritten digits and letters, which
are the USPS, the MNIST, and the Letter Recognition data sets.

3.5.1 Motivation

Handwriting recognition is the ability of a computer to receive and interpret intel-
ligible handwritten input from sources such as paper documents, photographs, touch-
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screens, data sets, and other devices (Liu et al., 2002; Theodoridis and Koutroumbas,
2008). Ideally, the handwriting recognition systems should be able to read and un-
derstand any handwriting (Bishop, 2007). Handwriting recognition has been one of
the most fascinating and challenging research areas in the field of image processing
and pattern recognition in the recent years (Pradeep et al., 2011). It contributes im-
mensely to the advancement of an automation process and can improve the inter-
face between man and machine in numerous applications (Bishop, 2007; Theodoridis
and Koutroumbas, 2008). In general, handwritten recognition is classified into off-
line or on-line. In the first case, the writing is obtained by an electronic device and
the captured writing is completely available as an image to the handwritten recogni-
tion method. In the second case, the coordinates of successive points are available by
means of a function dependent on time, i.e., the complete image is not given (Pradeep
et al., 2011; Theodoridis and Koutroumbas, 2008). In summary, several research works
have been proposed (Govindan and Shivaprasad, 1990; Mori et al., 1992; Pradeep et al.,
2011) in an attempt to reduce the processing time of both off-line and on-line methods,
while, at the same time, providing higher recognition accuracy. Due to the high com-
plexity that this topic offers, it still has a wide range of problems to be addressed, such
as the efficient recognition of images that are distorted or suffered a nonlinear transfor-
mation (Bishop, 2007; Duda et al., 2001; Theodoridis and Koutroumbas, 2008). In view
of these complexities, we will attempt to utilize complex networks to help in the task
of handwritten digits and letters recognition by taking advantage of the topological
characteristics of the constructed network of patterns in a competitive way.

3.5.2 The Network Formation Technique

In a graph-based data representation, the images (data items) are represented by the
vertices, while the relationships between them are given by the links. A link connecting
two vertices (images) holds a weight that numerically translates the similarity between
them. Each image can be represented by a “square" matrix η× η. For rectangle images,
a pre-processing is required to transform it into a square image. We conventionally set
the pixels’ values range to lie within the interval [0, 1] by normalization. Thus, an
arbitrary data item (image) xi can be seen as a matrix with dimensions η × η, where
each pixel xi

(u,j) ∈ [0, 1], ∀(u, j) ∈ {1, . . . , η} × {1, . . . , η}.
In order to construct the network, we are required to establish a similarity measure.

The traditional pixel-per-pixel distance is rather insufficient in terms of reliably repre-
senting data, since such measure is very sensitive to rotations and scale modifications.
With the purpose of overcoming this difficulty, we propose a measure based on the
eigenvalues that each image inherently carries with it. First of all, we remove the mean
associated to each data item (image), so that we have a common basis of comparison.
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After that, we calculate the φ greatest eigenvalues of the image. Efficient methods have
been developed for finding the leading eigenvalues of real-valued asymmetric matri-
ces (Goldhirsch et al., 1987; Tsai et al., 2010). The magnitudes of the eigenvalues are
related to the variations that the image possesses; hence, it is a natural carrier of in-
formation (Jolliffe, 2002). The greater its value, more information about the image it
conveys. By virtue of that, a good choice is to only extract the greatest φ < η eigen-
values and drop the smaller values, since these do not transport too much information
about the image. Also, in order to give more emphasis to the largest eigenvalues, a
weight is associated to each one so that the larger an eigenvalue is, the larger will be
its associated weight.

Consider that we are to compare the similarity between two images, say xi and xj,
in relation to the φ largest eigenvalues. We firstly sort the φ eigenvalues of each image
as: |λ(1)

i | ≥ |λ
(2)
i | ≥ . . . ≥ |λ(φ)

i | and |λ(1)
j | ≥ |λ

(2)
j | ≥ . . . ≥ |λ(φ)

j |, where |λ(k)
i | marks

the kth eigenvalue of the ith data item. In this case, the dissimilarity ρ (or, equivalently,
the similarity 1− ρ) between image i and j is given by:

ρ(i, j) =
1

ρmax

φ

∑
k=1

β(k)
[
|λ(k)

i | − |λ
(k)
j |
]2

(3.84)

where ρ ∈ [0, 1], ρmax > 0 is a normalization constant, β : N∗ → (0, ∞) indicates a
monotonically decreasing function that can be arbitrary chosen by the user.

3.5.3 Brief Information of the Handwritten Digits and Letters Data Sets

The data sets in which the proposed model will be tested against are given in the
following:

• USPS Data Set: Comprised of 9298 images of handwritten digits. The digits 0
to 9 have 1553, 1269, 929, 824, 852, 716, 834, 792, 708, and 821 samples respec-
tively. The USPS digits data were gathered at the Center of Excellence in Docu-
ment Analysis and Recognition (CEDAR) at SUNY Buffalo, as part of a project
sponsored by the US postal Service. For more details about this data set, refer to
(Hull, 1994). Each image has dimensions of 16× 16 pixels, with 256 grey levels
per pixel. We will employ the weighted eigenvalue similarity measure as studied
before. Instead of using 16 eigenvalues, we will only work with the 4 greatest
ones. In this case, the β function, as shown in (3.84), will be fixed as an expo-
nential decreasing function with a time constant fixed at τ = 3 and a scaling
factor given by 16, i.e., β(x) = 16 exp( x

3 ). Since, this function is mapped into
the interval (0, ∞) and is a monotonically decreasing function, it follows that this
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β function meets all the aforementioned requirements. Specifically in this situa-
tion, we have that the weights associated to each eigenvalue are: β(1) = 11.46,
β(2) = 8.21, β(3) = 5.89, and β(4) = 4.22.

• MNIST Data Set: Originally composed of images with dimensions 28× 28. We
will only use the public set composed of 10 000 vertices. Moreover, we will make
use of the dissimilarity measure based on the first 4 eigenvalues of each image
out of 28 eigenvalues. The same β function employed in the USPS data set will
be used here.

• Letter Recognition Data Set: Composed of characteristic vectors with 16 entries.
There are 20 000 vertices.

Since none of these data sets are in a network form, the methodology is divided
into two general steps: the network formation and the data clustering tasks. In the
first, we use the k-nearest neighbor network formation technique with k = 3 after we
apply a pre-processing step. In this pre-processing, we standardize the data such as
to have zero mean and unitary standard deviation. As for the distance measure, we
either use the proposed weighted eigenvalue dissimilarity (for the first two data sets
above) or the reciprocal of the Euclidian similarity (for the last one). The reason behind
not using the weighted eigenvalue on the third data set is because the samples are not
provided as images, but as image descriptors. Since the latter is formed by merely
scalars, we cannot apply the proposed dissimilarity measure. In the second step, the
data clustering algorithm based on particle competition is applied. As we are dealing
with unsupervised learning, we do not use any external information, such as labels or
exogenous knowledge. Instead, we limit ourselves to discovering explicit or implicit
relationships among the data by the mechanism of particle competition.

3.5.4 Determining the Optimal Number of Particles and Clusters

Figures 3.27a, 3.27b, and 3.27c show the determination of the optimal K for the
USPS, MNIST, and Letter Recognition data sets, respectively. One can verify that 〈R(t)〉
is maximized exactly when the number of particles is equal to the number of clusters
in the network, confirming the effectiveness of such heuristic.

3.5.5 Handwritten Data Clustering

Here, we report the cluster detection accuracy reached by our algorithm in detail,
along with the data clustering accuracy of a selected set of competing techniques. For
the calculation of the cluster detection accuracy, we set that the ideal result is that each
cluster represents a “digit" (in the USPS and MNIST data set) or a “letter" (in the Letter
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(a) (b) (c)

Figure 3.27: Determination of the optimal number of particles K (the optimal number of clus-
ters) in real-world data sets. The number of classes that each data set originally possesses are:
(a) The USPS data set has 10 clusters (each cluster corresponding to a number from “0” to “9”);
(b) The MNIST data set has 10 clusters (each cluster corresponding to a number from “0” to
“9”); and (c) The Letter Recognition data set has 26 clusters (each cluster corresponding to a
letter from the English alphabet (“A” to “Z”)). 20 independent runs are performed and the
average value is reported.

Recognition data set). Particularly, Table 3.12 supplies details about the algorithms that
we have chosen for comparison matters. We have used the genetic algorithm available
in the Global Optimization Toolbox of MATLAB with its default parameters in order
to optimize the parameters of our algorithm. In our case, we have optimized λ over
the range 0.2 ≤ λ ≤ 0.8. This optimization process is conducted in a way to choose
the best λ for which the data accuracy reaches its maximum value. By doing this, we
get that the optimal values of λ for the USPS, MNIST, and Letter Recognition data sets
to be 0.58, 0.60, 0.60, respectively. The number of particles to be inserted is determined
accordingly to the previously analysis that we have shown, i.e., with the aid of the
〈R(t)〉 measure. We choose the number of particles that maximizes this quantity. By
looking at Figs. 3.27a (USPS), 3.27b (MNIST), and 3.27c (Letter Recognition), we are
able to conclude that the maximum value of 〈R(t)〉 is attained when the number of
particles is 10, 10, and 26, respectively.

Table 3.12: Description of the competing state-of-art data clustering techniques.

Technique Reference

Gaussian Mixture Model (GMM) (Bishop, 2007)
K-Means (MacQueen, 1967)

Locally Consistent Gaussian Mixture Model (LCGMM) (Liu et al., 2010)
Spectral clustering algorithm with normalized cut (Ncut) (Shi and Malik, 1997)

Ncut Embedding All (NcutEmbAll) (Ratle et al., 2008)
Ncut Embedding Maximum (NcutEmbMax) (Ratle et al., 2008)

Table 3.13 reports the data clustering accuracy reached by our method and the
aforementioned competing algorithms. Some of these results are readily extracted
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Table 3.13: Data clustering accuracy reached by the proposed technique and the competing
methods listed in Table 3.12. For the stochastic methods, such as the particle competition
method, thirty independent runs were performed and the corresponding mean is provided.

USPS MNIST Letter Recognition Avg. Rank

LCGMM 73.83 73.60 93.03 2.33
GMM 67.30 66.60 91.24 5.33

K-Means 69.80 53.10 87.94 6.33
NCut 69.34 68.80 88.72 5.67

NCutEmbAll 72.72 75.10 90.07 3.67
NCutEmbMax 72.97 75.63 90.59 2.67

Proposed Technique 80.46 74.53 91.37 2.00

from (Ratle et al., 2008) and (Liu et al., 2010). For more information about the parame-
ters used in the competing techniques, see the aforementioned references. Within this
table, we have provided the Average Rank of each algorithm, which is calculated as
follows: (i) for each data set we rank the algorithms according to their average perfor-
mance (average data clustering accuracy), i.e., the best algorithm is ranked as 1, the
second best one is ranked as 2, and so on; (ii) for each algorithm, the Average Rank is
given by the average value of its rank achieved in all the data sets. As we can verify
by looking at the Average Rank column, our algorithm has reached one of the best po-
sitions, showing the effectiveness of the proposed technique. In order to examine the
results in a statistical manner, we utilize an adaptation of (Demšar, 2006) for clustering
matters. The methodology described therein assigns a rank to each algorithm on each
data set according to its final accuracy reached. After this step, the average rank of
each algorithm is then evaluated and a Friedman Test is applied to the resulting av-
erage rank values of each algorithm. The Friedman Test is used to check whether the
measured average ranks are significantly distinct from the mean rank, in this case 4.0,
because there are seven data clustering techniques. The null-hypothesis considered
here is that all the algorithms are equivalent, so their ranks should be equal. Hereon,
for all the future tests, we fix a significance level of 0.10. For our experiments, accord-
ing to (Demšar, 2006), we have that N = 3 and k = 7, resulting in a critical value
given by F(6, 12) = 2.33, where the two arguments are derived from the degrees of
freedom defined as k− 1 and (N − 1)(k− 1), respectively. In our case, we get a value
FF ≈ 4.00 that is higher than the critical value, so the null-hypothesis is rejected at a
10% significance level. Thus, we conclude that the algorithms at hand present statisti-
cal difference, i.e., they are statistically different from the mean rank. Nonetheless, one
can see that our algorithm has obtained the best average rank in relation to the other
algorithms for these three data sets.

As the null hypothesis is rejected, we are able to advance to post hoc tests which aim
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at verifying the performance of our algorithm in relation to others. For this task, we opt
to use the Bonferroni-Dunn Test, with the proposed technique fixed as the control algo-
rithm. According to (Demšar, 2006), one should not make pairwise comparisons when
we test whether a specific method is better than others. Basically, the Bonferroni-Dunn
Test quantifies whether the performance between an arbitrary algorithm and the ref-
erence is significantly different. This is done by verifying whether the corresponding
average ranks of these algorithms differ by at least a critical difference (CD). If they do
differ that much, then it is said that the better ranked algorithm is statistically superior
to the worse ranked one. Otherwise, they do not present a significant difference for the
problem at hands. Thus, if we perform the evaluation of the CD for our problem, we
encounter CD = 4.22 when the significance level is 10%. The average rank of the pro-
posed method is 2.00. By virtue of that, if any rank does lie in the interval 2.00± 4.22,
the control algorithm and the compared algorithms are statistically equivalent. We
conclude that our algorithm is superior to K-Means for this set of databases. However,
the other pairwise comparisons to the control algorithm do not surpass the CD, mean-
ing that the differences among them are statistically insignificant. Nonetheless, the
proposed technique has obtained the best performance (the best average rank) in rela-
tion to the other techniques and also presents reasonable computational complexity as
we have previously addressed.

In order to further verify the robustness of the proposed technique, we inspect the
samples that compose a same cluster. Specifically, Figs. 3.28, 3.29, 3.30, and 3.31 show
some samples of the clusters representing the pattern “2”, “5”, “6”, and “8”, respec-
tively, of the MNIST data set. These samples are captured using the following strategy:
we compute the vertices that compose the maximum geodesic distance of the cluster
representing each pattern (cluster diameter). Now, we select a representative subset of
vertices composing the cluster diameter trajectory for illustrative purposes. In these
figures, samples that are adjacent are more similar than those distant from one to an-
other. On the basis of this analysis, we conclude that the graph representation has
successfully captured several variations of the these number patterns each of which in
a single representative cluster, showing the robustness of the proposed model.

Lastly, we intend to study the overlapping characteristics of the MNIST data set.
In order to do so, we report in Table 3.14 seven of the most overlapping vertices en-
countered by the proposed technique. For each sample, we provide the domination
level imposed by each particle on that vertex. Clearly, we can see that the majority of
the samples are frequently visited by more than 1 particle in the network; hence, its
overlapping trait. These vertices are commonly misclassified by the majority of the
clustering techniques (LeCun et al., 1998). For instance, the first row shows a “0” sam-
ple that is often visited by particles 0 and 6, each of which imposing 0.37 and 0.40 of
domination level, respectively. One can see that the samples in the rows 2, 3, 4, and 6
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(a) (b) (c) (d) (e) (f) (g)

Figure 3.28: A broad set of samples of that were classified as being member of the cluster
representing the pattern “2”. Note that samples that are adjacent are similar with regards to
the weighted eigenvalue dissimilarity function. The transitions from the sample (a) to (g) were
captured from the maximum geodesic distance between two vertices in the cluster representing
pattern 2. In this case, the diameter of such cluster is 17. We have only provided 7 representa-
tive samples above.

(a) (b) (c) (d) (e) (f) (g)

Figure 3.29: A broad set of samples of that were classified as being member of the cluster
representing the pattern “5”. Likewise the previous figure, adjacent samples are more similar
to each other than distance samples.

(a) (b) (c) (d) (e) (f) (g)

Figure 3.30: A broad set of samples of that were classified as being member of the cluster
representing the pattern “6”. Likewise the previous figure, adjacent samples are more similar
to each other than distance samples.

(a) (b) (c) (d) (e) (f) (g)

Figure 3.31: A broad set of samples of that were classified as being member of the cluster
representing the pattern “8”. Likewise the previous figure, adjacent samples are more similar
to each other than distance samples.

are correctly classified, in spite of having a big uncertainty revolving around its true
group, since the overlapping index of these samples occurred to be 0.94, 0.96, 0.89, and
0.97, respectively. Therefore, these overlapping indices are on the verge of reaching the
maximum possible value, in the case, 1, empirically confirming its high overlapping
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characteristics.

3.6 Chapter Remarks

The work explored in this chapter, which has been published in the IEEE Trans-
actions on Neural Networks and Learning Systems (Silva and Zhao, 2012a), has received
featured comments as “CIS Publication Spotlight” in the IEEE Computational Intelli-
gence Magazine, page 12, August 2012 (Liu et al., 2012). The application of the same
algorithm for handwritten digits and letters clustering published in SIBGRAPI 2011
(Silva et al., 2011a) has rendered the award of one of the Best Papers of the referred
conference (SIBGRAPI, 2011).

Table 3.14: List of some samples of the MNIST data set that are classified as possessing high
overlapping characteristics. For every sample, the domination level imposed by all K = 10
particles on that sample is reported. The algorithm groups or classifies a sample according
to particle that enforced the highest domination level (in bold). 10 independent runs were
performed and the mean value is informed.

Domination Levels of each particle

Sample 0 1 2 3 4 5 6 7 8 9 Real
Class

0.37 0.02 0.01 0.01 0.01 0.02 0.40 0.01 0.12 0.03 “0”

0.39 0.01 0.02 0.02 0.02 0.07 0.03 0.01 0.33 0.10 “0”

0.04 0.19 0.31 0.01 0.02 0.02 0.03 0.27 0.03 0.08 “2”

0.01 0.03 0.01 0.45 0.01 0.02 0.01 0.34 0.10 0.02 “3”

0.02 0.05 0.02 0.01 0.31 0.10 0.02 0.02 0.09 0.36 “4”

0.02 0.01 0.01 0.01 0.03 0.38 0.35 0.01 0.16 0.02 “5”

0.01 0.01 0.03 0.05 0.44 0.06 0.02 0.05 0.07 0.26 “9”

In this chapter, a rigorous definition of a new model for competitive learning in
complex networks has been proposed, whose foundations were biologically inspired
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by the competition process taking place in many nature and social systems. In this
model, several particles navigate in the network to explore their territory and, at the
same time, attempt to defend their territory from rival particles. If a particle frequently
visits a specific vertex, it occurs that the domination level of the visiting particle on that
vertex is strengthened; simultaneously, the domination levels of all the other particles
on the same vertex are weakened. Finally, each particle is confined in a community of
the network.

The proposed model is nonlinear and stochastic. Owing to the mathematical for-
mality that the model was built upon, we have been able to conduct a theoretical and
empirical analyses to better study the evolutional behavior of the model. A conver-
gence analysis has shown that the model presents structural stability of the dynamical
system rather than asymptotic stability, which is a welcomed characteristic, since it
better describes the uncertainty that revolves around real-world problems, which have
noise and uncontrolled variables. In addition, due to this analysis, we have found that
the model is a generalization of the process of single independent random walkers in a
network. Specifically, we have shown that the model’s behavior acts as multiple inter-
acting walkers in a network. The interaction is molded in a competitive way, by using
a probabilistic convex combination of random and preferential walks. Such general-
ization is realized by calibrating the values of the parameter λ and ∆ of the system.
If λ = 0, the proposed model reduces to multiple non-interacting random walks; but,
when λ > 0, the competitive mechanism is turned on.

Furthermore, we have deduced a new measure for detecting overlapping struc-
tures and for estimating the number of actual clusters or communities in a network,
whose calculations are embedded into the model’s own algorithm. This permits their
calculation to be performed in an efficient way.

Simulations have been carried out with the purpose of quantifying the robustness
of the proposed technique on artificial and real-world data sets for the tasks of data
clustering and community detection. Computer simulations have revealed that the
proposed model works well for community detection and for data clustering tasks.
Finally, an application on handwritten digits and letters recognition has been provided
and high clustering accuracies have been obtained. Moreover, we have analyzed the
composition of the clusters formed in the MNIST data set and have verified that, within
a specific cluster, several variations of the same pattern can be encountered, confirming
the robustness of the model. More importantly, this work is an attempt to provide an
alternative way to the study of competitive learning.
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CHAPTER

4
Semisupervised Stochastic Competitive

Learning in Complex Networks

This chapter treats the issue of semisupervised classification in complex networks
by adapting and enhancing the particle competition algorithm that we have described
in the previous chapter. Specifically, this enhancement will be achieved by introducing
the idea of cooperation among the particles and by changing the inner mechanism
of the original algorithm so as to fit it in a semisupervised environment. In contrast
to the unsupervised learning model, where the particles are randomly spawned in
the network because no prior analysis of the groups is available, the semisupervised
learning version does have some external knowledge by definition. This knowledge is
represented by the labeled data items, usually offered as a small fraction of the whole
data set. In this scenario, the objective is to propagate the labels from the labeled set to
the unlabeled set. Likewise the previous chapter, here we also provide a mathematical
formalization of the model, as well as a theoretical analysis. A great portion of this
analysis is based on the model that we have studied in the last chapter. A validation is
also presented linking the numerical and theoretical results.

Once the basic concepts are properly presented, we will deal with the interesting
problem of learning with imperfect data. In this case, the labeled data set is not to-
tally reliable, because the external professor may incorrectly label data items. We will
further enhance the model to be able to tackle this task by providing mechanisms to
detect and to prevent wrongly labeled data. For this end, only the information gener-
ated by the competitive process itself is considered. Therefore, these mechanisms are
embedded within the model. Afterwards, we show that the modified model can really
provide good results even in environments where the reliability of the data is small. In-
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vestigations and analyses of these introduced mechanisms are going to be presented,
so as to one better understand the potentialities and shortcomings of the proposed
model. Critical points, which are recognized by the points where the accuracies down-
fall in a quick manner, reveal that the model can withstand a noisy environment in a
satisfactory manner, provided that the the fraction of correctly labeled vertices is the
majority. This is intuitive and confirms that the competitive model, as time progresses,
by a kind of “natural selection,” makes the majority overwhelms the minority using
the topology of the network.

4.1 Model Description

In this section, we deal with the description of the semisupervised version of the
particle competition model in detail.

4.1.1 A First Glimpse at the Differences of the Semisupervised and

the Unsupervised Versions

As we have seen, in the machine learning theory, the semisupervised learning dif-
fers from the unsupervised learning by the fact that the former has some external
knowledge incorporated into the beginning of the learning process, by means of pre-
labeled data items. Having this concept at mind, the main difference of the semisu-
pervised version of the method resides in the fact that each particle now represents a
labeled data item, and its main goal is to spread the label of its represented vertex by
visiting and dominating the neighborhood in a competitive way. Naturally, in this case,
each particle is always a representative of a labeled vertex, which we denominate as its
home vertex. In the reanimation procedure of a particle, it no more randomly chooses
a dominated vertex to properly recharge its energy level; rather, it always regresses
to its home vertex, which is always strongly dominated by it, in order to become ac-
tive again. As we will see, the introduction of this modification leads the model to
work in a local label-spreading fashion basis, since each particle is probabilistically
bounded within a small region of the network. As a consequence, due to the competi-
tive mechanism, each particle only visits a portion of vertices potentially belonging to
the current particle, while it is not allowed to visit those vertices definitely occupied
by other particles. This concept can be roughly conceived as a “divide-and-conquer"
effect embedded into the competitive-cooperative scheme.

Revolving around this new model, it may occur that, if there are more than one
labeled data item with the same label, then the corresponding representative particles
will act together as a team. This happens because they are propagators of the same
labels; hence, it is natural to think that they will join together and will work as a team.
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In this way, several teams compete with each other to establish their class borders,
while cooperating with its teammates.

4.1.2 Familiarizing with the Environment

In the semisupervised learning scheme, consider that L = {L1, L2, . . . , LL} denotes
the set of possible discrete classes that can be predicted by the semisupervised classi-
fier. A set of data items X = {x1, . . . , xl, xl+1, . . . , xl+u} is supplied, where each entry is
a d-dimensional vector in the form xi = {xi1, . . . , xid}. The first l data items are initially
labeled and compose the labeled set Xl. For each xi ∈ Xl, a label ci ∈ L is given. The
remaining data items comprise the unlabeled data set Xu and no labels are known for
these items. The objective is to propagate the labels from Xl to Xu, while preserving
the data distributions. In practice, the proportion of unlabeled data items far surpasses
the proportion of labeled data items, such that u� l is satisfied in several occasions.

Since the particle competition model is a network-based technique, a network for-
mation technique must be employed to transform the vector-based data. For this end,
the data are mapped into a graph G using a network formation technique g : X 7→
G = 〈V , E〉, where V = Vl ∪ Vu = {1, . . . , V} is the set of vertices and E is the set of
edges. In addition, Vl and Vu indicate the data items in Xl and Xu which have become
vertices, respectively. Each vertex in V represents a data item in X . The edges in E
may be created using the ε-radius, the k-nearest neighbors (k-NN) graph formation
techniques, or any techniques that may be convenient for the problem at hand. In the
original versions, the ε-radius technique creates a link between two vertices if they are
within a distance ε, while the k-NN sets up a link between vertices i and j if i is one of
the k nearest neighbors of j or vice versa.

4.1.3 Deriving the Competitive Transition Matrix of the Dynamical

System

In this section, we focus on the technical differences of the unsupervised and
semisupervised learning transition matrices. If any part of the method has not been
expressly indicated here, then it means that it is identical to the unsupervised transi-
tion matrix derived in Section 3.1.2.

The transition matrix takes exactly the same form as the unsupervised version,
which, for convenience, we remember as follows:

P
(k)
transition(t) , (1− S(k)(t))

[
λP

(k)
pref(t) + (1− λ)P

(k)
rand

]
+ S(k)(t)P(k)

rean(t). (4.1)

Basically, the technical differences are reflected on how each of these matrices com-
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prising the transition matrix are defined. Specifically, the random and preferential
terms do not suffer any modifications. However, the reanimation matrix must be
adapted in order to the algorithm to work in a local label-spreading fashion basis, as
well as to comport the idea of home vertex that we have previously described. First, it
worth remembering that each entry of P

(k)
rean(t) is responsible for indicating the proba-

bility of teleporting an exhausted particle k ∈ K back to its dominated territory. Here,
we always transport the particle back to its home vertex, which is the vertex that par-
ticle k represents. Suppose that particle k is visiting vertex i when its energy becomes
completely depleted. In this particular occasion, this transportation will obey the fol-
lowing distribution:

P
(k)
rean(i, j, t) ,

1, if j = vk

0, otherwise
. (4.2)

where vk indicates the home vertex of particle k, which is essentially the vertex that
particle k is representing in the competitive process. Therefore, matrix Prean(t) will
only have a non-zero entry for each particle at any given time t, which is the j-entry
that is exactly the particle’s home vertex vk. In computational terms, this can greatly
enhance the process of obtaining the next vertex that particle k will visit. For didactic
purposes, Fig. 4.1 portrays a simple scenario of a reanimation taking place. In this
case, the red or dark gray particle, since it is visiting a vertex dominated by a rival
particle, will have its energy penalized. Supposing that its energy has been completely
depleted, then the particle will become exhausted. Under these circumstances, the
reanimation of such particle will occur, which will compel the particle to travel back to
its home vertex to be properly recharged. Even though this is a simple mechanism, we
have assessed that it can greatly increase the performance of the particle competition
model, because it does not let particles go wander very far from their origins.

4.1.4 The Initial Conditions of the System

In order to run system φ, we need a set of initial conditions. Firstly, the particles’
initial position vector p(0) is user-controllable. The initial positions of the particles do
not affect the classification process, due to the reanimation process. Usually, the parti-
cles are spawned in their home vertices. Secondly, in order to adapt such model to the
semisupervised scheme, we perform a customized initial condition on the matrix N(0).
For those initially labeled vertices, we fix their owner to be the particle that is gener-
ated there in the following manner: as the ownership is represented by the maximum
actual domination level imposed on that vertex, we simply force the number of visits
of the representative particle to its home vertex to be infinity at the beginning; thus,
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Figure 4.1: A reanimation schematic of an exhausted particle. The square-shaped vertices de-
note pre-labeled vertices, whereas the circle-shaped ones, unlabeled vertices. Two different
classes are possible: the red or dark gray and the blue or gray classes. We fill in the vertex
with the color of the particle which is imposing the highest domination level. The continuous
edges represent the topology of the network, and the dotted line represents the only available
path for the exhausted red or dark gray particle, which is always its home vertex, i.e., the red
or dark gray squared-shaped vertex. The yellow or light gray glowing emanating from the
particles symbolizes their current energy. As the particles gets more energized, the higher will
be its glowing power in the drawing.

making impossible owner switching over that home vertex, which is what we want.
Usually, more than one particle (a team) is generated to represent a set of pre-labeled
examples of the same class. Each of them tries to dominate vertices independently.
The cooperation among the particles of the same team happens only at the end of the
process. In order to do so, for each vertex, we sum up the domination levels of all
particles of the same team on it to obtain the aggregated domination level. In view of
this scheme, we have that each entry of N(0) is given by:

N(k)
i (0) =

∞, if particle k represents vertex i

1 + 1{p(k)(0)=i}, otherwise
, (4.3)

where we apply (4.3) to every (i, k) ∈ V × K. Note that the scalar 1 was used in the
second expression of (4.3) in order to unlabeled and not visited vertices at time 0 to
have their calculation well-defined, according to (3.7).

4.1.5 Discovering the Computational Complexity

In the semisupervised learning version, we must always construct the network
from the vectorized data. Such a task always runs in O(V2) time complexity order.
From the time complexity analysis that we have investigated in Section 3.1.6, we have
seen that the proposed particle competition model runs roughly in linear time com-
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plexity order. Since these two steps are performed in a serial manner, then the semisu-
pervised particle competition algorithm always runs in O(V2) time complexity order,
because of the network formation step. However, if a networked data is supplied to
the algorithm, then the semisupervised particle competition algorithm runs in linear
time, i.e., O(V).

4.2 Theoretical Results

In this section, we supply an analysis of the proposed model, as well as a validation
of the theoretical results. It is worth noting that only the main analytical differences
in relation to theoretical analysis previously conducted on Section 3.3 (unsupervised
version) are provided.

4.2.1 Mathematical Analysis

Since the dynamical system of the unsupervised and semisupervised version are
virtually the same, differing only on the initial distributions of the particle locations,
the transition probability function ought to remain the same. In view of this, we rewrite
it for convenience matters as follows:

P(X(t + 1) | X(t)) = 1{N(t+1)=N(t)+QN(p(t+1))}

× 1{S(t+1)=QS(E(t+1))}
× 1{E(t+1)=E(t)+∆QE(p(t+1),N(t+1))}

×Ptransition(N(t), p(t))

= 1{Compliance(t)}Ptransition(N(t), p(t)).

(4.4)

Following the reasoning applied in the analytical analysis of the unsupervised dy-
namical system, we are required to set the feasible upper and lower limits of each
stochastic variable. The limits for p(t), E(t), S(t) derived in the unsupervised version
are integrally valid for the semisupervised learning version.

Having in mind these considerations, we now derive these limits for the stochastic
variable N(t). The new initialization step indicated in (4.3) takes into account both
labeled and unlabeled vertices, which invalidates Lemma 1 that only previews the
existence of unlabeled vertices. Given this fact, we reformulate the aforementioned
Lemma in the following.

* * *

Lemma 6. The maximum reachable value of N(k)
i (t), ∀(i, k) ∈ V ×K, t ∈ N, is:
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• If i ∈ Vu:

N(k)
imax

(t) =


⌈

t+1
2

⌉
+ 1, if t > 0 and aii = 0

t + 2, if t > 0 and aii > 0
; (4.5)

• If i ∈ Vl:

N(k)
imax

(t) = ∞. (4.6)

Proof. With regard to unlabeled vertices, i.e., which belong to Vu, the proof supplied
in Lemma 1 can be invoked ipsis litteris. This is valid because the movement policy of
each particle has remained the same in relation to the original unsupervised learning
version.

With regard to labeled vertices, i.e., which belong to Vl, this quantity can be inferred
in a straightforward manner through the initial conditions of the system. According
to (4.3), if i is a pre-labeled vertex and k is its representative particle, then N(k)

i (t) =

∞, ∀t ≥ 0.

* * *

Since the upper and lower limits of the stochastic variable N(t) have changed, it
is natural that the analysis of N̄(t) ought to suffer modifications, too. Similarly to the
previous case, Lemma 3 presented in the original version of the algorithm may only be
applied to unlabeled vertices. In view of this, we reformulate this Lemma as follows:

* * *

Lemma 7. The following assertions hold ∀(i, k) ∈ V ×K:

• If i ∈ Vu:

(a) The minimum value of N̄(k)
i (t) is:

N̄(k)
imin

(t) =
1

1 + ∑u∈K \ {k} N(u)
imax

(t)
. (4.7)

(b) The maximum value of N̄(k)
i (t) is:
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N̄(k)
imax

(t) =
N(k)

imax
(t)

N(k)
imax

(t) + (K− 1)
. (4.8)

• If i ∈ Vl:

(a) The minimum value of N̄(k)
i (t) is:

N̄(k)
imin

(t) = 0. (4.9)

(b) The maximum value of N̄(k)
i (t) is:

N̄(k)
imax

(t) = 1. (4.10)

Proof. With regard to unlabeled vertices, the proof supplied in Lemma 3 can be invoked
ipsis litteris.

With regard to labeled vertices, equation (4.9) can be reached as follows: consider
that particle k is not a representative from the labeled vertex i. However, by the initial
conditions shown in (4.3), since vertex i is labeled by hypothesis, ∃k′ ∈ K : N(k′)

i (t) =
∞, ∀t ≥ 0. Now, as k does not represent i, via (4.3) again, we know that N(k)

i (t) may
only take on finite values ∀t ≥ 0. Finally, applying (3.7) using this setup yields (4.9).
Equation (4.10) can be achieved as follows: consider that particle k now represents the
labeled vertex i. In this case, N(k)

i (t) = ∞. Considering that a labeled vertex may only

be represented by one kind of particle, then all the remaining entries of N(k′)
i (t), k′ ∈

K, k′ 6= k are finite. Using (3.7) under these circumstances, we arrive at (4.10).

* * *

The final step before calculating the marginal distribution of the vertices’ domina-
tion levels, i.e., P(N̄(t)), is to find all the possible irreducible fractions that an arbitrary
entry of N̄(t) can assume. Lemma 4 fails to provide us with enough information about
the labeled vertices, since it only delimits the irreducible fractions for unlabeled ver-
tices. Next, a reformulation of such Lemma is provided.

* * *
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Lemma 8. Denote num/den as an arbitrary irreducible fraction. Consider that the set It retains
all the reachable values of N̄(k)

i (t), ∀(i, k) ∈ V ×K, for a fixed t. Then, the elements of It are
composed of all elements satisfying the following constraints:
(i) With regard to unlabeled vertices:

(a) The minimum element is given by the expression in (3.56).

(b) The maximum element is given by the expression in (3.57).

(c) All the irreducible fractions within the interval delimited by (a) and (b) such that:

I. num, den ∈ N∗.
II. num ≤ N(k)

imax
(t)

III. den ≤ ∑u∈K N(u)
imax

(t)

(ii) With regard to labeled vertices:

(a) 0, if particle k does not represent vertex i.

(b) 1, if particle k represents vertex i.

Proof. Regarding item (i): Straightforward from Lemma 4.

Regarding item (ii): (a) As vertex i is labeled, ∃u ∈ K : N(u)
i (t) = ∞. In view

of (3.7) and (4.3), we obtain N̄(k)
i (t) = 0; (b) Similarly, using (3.7) and (4.3), we get

N̄(k)
i (t) = 1.

* * *

Finally, the expression for calculating the domination matrix distribution remains
the same as the one derived in the unsupervised version of the algorithm. In the fol-
lowing, we reiterate it for convenience:

P
(

N̄(t) = U : U ∈ Mt

)
=

t

∑
u=1

P
(

f (uN(t)) = U
)

. (4.11)

As t→ ∞, P(N̄(t)) provides enough information for classifying the unlabeled ver-
tices. In this case, they are labeled according to the team of particles that is imposing
the highest domination level. Since the domination level is a normalized stochastic
variable, the output of this model is fuzzy.
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4.2.2 A Numerical Example

In this section, we provide how the theoretical results supplied in the previous sec-
tion can be used. We limit the demonstration for a single iteration, namely for transi-
tion from t = 0 to t = 1. In order to do so, a simple example composed of a trivial
3-vertex regular network, identical to the one in Fig. 3.12a, is analyzed. In this net-
work, vertex 1 has been labeled as pertaining to class 1 and vertex 2, to class 2, i.e.,
V = {1, 2, 3}, VL = {1, 2}, and L = {1, 2}. Clearly, vertex 3 possesses overlapping
characteristics in relation to classes 1 and 2. We will theoretically show this behav-
ior through this illustrative example. Consider the arbitrary initial settings: we insert
K = 2 particles into the network, i.e., K = {1, 2}. Let the particle 1 represent vertex
1 (i.e., it will propagate the label of vertex 1) and particle 2, vertex 2. Suppose also
that we have a certainty about the locations of the particles at t = 0, which satisfy the
following distribution:

P

N(0) =


∞ 1

1 ∞

1 1

 , p(0) = [1 2] , E(0), S(0)

 = 1, (4.12)

i.e., there is an 100% (certainty) that the particles 1 and 2 are generated at vertices 1
and 2, respectively. Observe that N(0), E(0), and S(0) are chosen such as to satisfy
(4.3), (3.24), and (3.25), respectively; otherwise the probability should be 0, in view of
(4.4).

From Fig. 3.12a we can deduce the adjacency matrix A of the graph and, there-
fore, determine the transition matrix associated to the random movement term for one
particle (which is the same to the other particle). Then, applying (3.2), we get:

Prand =


0 0.50 0.50

0.50 0 0.50

0.50 0.50 0

 . (4.13)

Given N(0), we can readily establish N̄(0) with the aid of (3.7):

N̄(0) =


1 0

0 1

0.50 0.50

 . (4.14)

Using (3.8) we are able to calculate the matrices associated to the preferential move-
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ment policy for each particle in the network:

P
(1)
pref(0) =


0 0 1

0.67 0 0.33

1 0 0

 , (4.15)

P
(2)
pref(0) =


0 0.67 0.33

0 0 1

0 1 0

 . (4.16)

In order to ease the calculations, let us take λ = 1, so that (4.1) reduces to
Ptransition(0) = P

(1)
pref(0)⊗ P

(2)
pref(0) at time 0, which will be a matrix with dimensions

9× 9. Instead of building this matrix, we will make use of Remark 3 to build the next
particles localization vector p(1) with the collection of two matrices 3× 3, as given in
(4.15) and (4.16). Note that, in the special case when λ = 1, the preferential movement
matrix is the transition matrix itself, provided that all the particles are active, which
indeed are at time 0, according to (3.25). For the first particle, one can see from (4.15)
that, starting from vertex 1 (row 1), there can only be one next possible localization for
particle 1, namely vertex 3. For the second particle, starting from the vertex 2 (row 2),
one can state that the next localization of particle 2 can only be vertex 3, too. With that
in mind, we have that:

P

N(1) =


∞ 1

1 ∞

2 2

 , p(1) = [3 3] , E(1), S(1) | X(0)

 = 1, (4.17)

where X(0) is given by (4.12). Furthermore, as we have fixed λ = 1, it is expected that
the transition will be heavily dependent on the domination levels of the neighborhood
vertices. Therefore, given that the labeled vertices constitute strong repulsive forces
that act against rival particles, the preferential or biased behavior of these particles will
never adventure in these type of vertices. This provides a natural explanation for the
reason that the state p(1) = [3 3] is the only possible next particles localization vector.

Before doing the calculation of the marginal distribution P(N(1)), we are required
to find an upper limit for an arbitrary entry of a specific unlabeled vertex of the matrix
N(1). This is readily evaluated from (4.5), which results in N(j)

imax
(1) = 2, ∀i ∈ V ,

implying that we are only needed to take all numerical combinations of the matrix
N(0) such that each entry may only take the values {1, 2}, since larger values would
yield probability 0 according to Lemma 6. Moreover, we need to iterate through every
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feasible value of every entry of E(0) and E(1). In order to do so, we fix ∆ = 0.25,
ωmin = 0, and ωmax = 1. With that, we are able to make use of Lemma 2, which
yields E(t) ∈ {0, 0.25, 0.5, 0.75, 1}. The limits of the remaining system variables S(0)
and S(1) are straightforward. In the present conditions, we have enough information
to calculate the marginal distribution P(N(1)), according to (3.53):

P

N(1) =


∞ 1

1 ∞

2 2


 = 1× 1 = 1. (4.18)

As the last goal, our task is to determine the distribution P(N̄(1)). According to
the specified steps in the previous section, we need to find all irreducible fractions
that lie within the interval [0, 1] with the constraints derived in the previous section.
This means that we only have to consider entries of matrix N̄(t) that contain elements
of It; the remainder N̄(t) are infeasible and, thus, occur with probability 0. In view
of the constraints previously enumerated, It = {0, 1/4, 1/3, 1/2, 2/3, 3/4, 1}. It is worth
commenting that the labeled vertices (vertices 1 and 2) can only assume the values
{0, 1} ⊂ It, as we have previously stated. Observing that we have the complete distri-
bution of N(1), it is an easy task to apply (3.60), as follows:

P

N̄(1) =


1 0

0 1

0.5 0.5


 = 1. (4.19)

It is noteworthy to reinforce that the mapping between the probabilities of N(t)
and N̄(t) is not bijective: in this special simple case that we are studying, we did not
have distinct N(t) that could generate N̄(t), but as t increases, this is likely to happen
quite frequently. This process is repeated for a sufficiently large t or until the system
converges to a quasi-stationary state N̄(t). A detailed look at the system’s behavior
that we have derived suggests that (4.19) holds for every t ≥ 1, and particles 1 and 2
will visit vertex 3 with period 2. Hence, this shows the overlapping nature of vertex
3, as it can be naturally stated only by the topological structure of the graph. Ideally,
for networks with presence of distinct classes, N̄(t) will change. Specifically, the N̄(t)
with the highest probability will be the one responsible for unveiling the most probable
classification of each vertex in the given network.
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4.2.3 Validation of the Theoretical Results

In this section, we will show that the theoretical results presented in the previous
section approximate the empirical behavior of the stochastic competitive model for a
large number of independent runs of the algorithm. In order to do so, we will utilize
the network shown in Fig. 3.3, i.e., V = {v1, . . . , v20}. We label two vertices, namely
v6 with the red or dark gray label and v18 with the blue or light gray label. We insert
two particles K = {1, 2}, where particle 1 is initially located at vertex v6 and will be the
carrier and the propagator of the red or dark gray label, whereas particle 2 is initially
placed at vertex v18 and will be responsible for propagating the blue or light gray label.

For the empirical evaluation, since the proposed competitive model is stochastic,
in order to estimate the empirical domination level matrix N̄(t), we will run the algo-
rithm 10 000 times in an independent manner. For each run, we iterate the system until
t = 1 000 and store the domination levels imposed by every particle in the network on
every vertex, i.e., we maintain the matrix N̄(1000) generated by the stochastic dynam-
ical system for all the 10 000 runs. Once we have calculated all the matrices N̄(1 000)
associated to all the 10 000 independent runs, we build up V × K histograms, in which
each histogram represents an entry of N̄(1000), and populate it according to the value
N̄(k)

i (1 000),∀(i, k) ∈ V ×K, reached at every run. For example, we put all the domina-
tion levels imposed by the red or dark gray particle on the vertex v1, i.e., N̄(red)

1 (1 000),
in a histogram for each run. Since the domination levels are continuous values in the
interval [0− 1], we discretize the interval [0− 1] using bins with 0.01 width each, i.e.,
100 bins. At the end, we normalize each histogram by dividing by the number of in-
dependent runs (10 000), so we have an estimated probability of the domination level
matrix on that vertex for a specific particle. We do this process for every particle and
vertex in the network.

Regarding the theoretical evaluation of the network in Fig. 3.3, we use the same
parameters as the empirical evaluation, so we can compare the validity of our results
previously shown. In order to get the theoretical distribution of the domination level
matrix N̄(1 000), we directly apply (3.60). With that, we are able to evaluate the prob-
ability of occurring a specific domination level matrix N̄(1 000). Since we can not plot
the probability distribution of this matrix, on account of being in the space V × K + 1,
we marginalize the distribution on three specific vertices, so as to be able to graphi-
cally demonstrate the resulting distribution. We perform this process on vertices v4 (a
member of the red or dark gray class), v11 (a vertex in the border of both classes), and
v16 (a member of the blue or light gray class). Figure 4.2 shows the estimated proba-
bility distribution of the domination level imposed by the red or dark gray particle on
these three vertices (blue or light gray curve) and also depicts the obtained theoretical
distribution (red or dark gray curve). As one can see by Fig. 4.2a, v4 is almost com-
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pletely dominated by the red or dark gray particle, since the domination level imposed
by this particle approximates 1 (and, consequently, the domination level imposed by
the blue or light gray particle on the same vertex decays to 0). Figure 4.2b confirms the
overlapping nature of v11, since the domination level of both particles red or dark gray
and blue or light gray are almost the same, and Fig. 4.2c indicates that the red or dark
gray particle has little domination on v16 (therefore, the blue or light gray particle has
almost complete domination on this vertex). These curves must be interpreted in the
following manner: take Fig. 4.2a for instance, there is an approximately 34% chance
that the domination level imposed by the red or dark gray particle on v4 to be 0.88 if
we start the system at time t = 0 and stop evolving it at t = 1000. Other values are
possible, but with rarer chances. As we can visually verify, the theoretical results have
approximately matched the results obtained by the empirical computer simulations,
confirming our theoretical analysis.

4.3 Computer Simulations

In this section, the performance of the algorithm will be tested against several types
of distributions of data items. Additionally, a study on the parameters of the model is
described. This investigation is important because it enables one to better understand
in which situations the proposed algorithm is a good candidate and when it is not.

4.3.1 Parameter Sensitivity Analysis

We start out this section by analyzing the behavior of the parameter λ, which is
responsible for counterweighting the proportion of preferential and random walks
performed by all particles in the network. In this section, we will study its impact
on random clustered networks, whose construction has already been described in the
previous section. We set ∆ = 0.07, ωmin = 0, and ωmax = 1. Figure 4.3 shows how
the accuracy of the model behaves as we vary λ from 0 (pure random walks) to 1 (pure
preferential walks). As one can verify from the figure, this parameter is sensible to the
outcome of the technique. Usually, the optimal accuracy is reached when a mixture of
random and preferential walks occurs. Specifically, for 0.2 ≤ λ ≤ 0.8, the model gives
good accuracy results.

Another important parameter that needs to be addressed is ∆. It is responsible
for updating the energy of the particles, according to which type of vertex a specific
particle is visiting. We will apply the same networks as used in the previous analysis,
and we will fix λ = 0.6, ωmin = 0, and ωmax = 1 for this simulation. Figure 4.4 portrays
the accuracy reached by the algorithm for varying values of ∆. We can see that for
intermediate values of ∆, namely 0.05 < ∆ < 0.4, the model is not sensitive. However,
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Figure 4.2: Comparison of the theoretical and empirical distributions of three distinct vertices,
namely, v4, v11, and v16. The curves have suffered minor filtering (smoothing), so as to become
more readable. (a) One can see that the most probable domination level that the red or dark
gray particle will impose on v4 is approximately 0.88 with 34% probability, (b) on v11 is 0.53
with 47% probability, and (c) on v16 is 0.14 with 33% probability.

as the value gets higher and higher, the performance of the technique is reduced. This
happens because the particles get exhausted as soon as they visit a vertex from the
rival particle. In this way, it becomes hard for the particles to change the ownership of
previously conquered vertices. We can understand this process as an artificial “hard
labeling.” On the other hand, for ∆ too low, the particles are free to travel around the
network with no energy penalties, i.e., they will rarely get exhausted. Therefore, all
vertices in the network will be in constant competition and no class borders will be
established.

It is worth stressing that ωmin and ωmax need not to be analyzed, since they are
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Figure 4.3: Classification accuracy vs. λ. In these simulations, N = 1000, there are 4 equal
sized classes, 〈k〉 = 16, and zout/〈k〉 = 0.4. ∆ = 0.07. Each point in the trace is averaged by 100
realizations. The error bars represent standard deviations.

simply defining an interval. Furthermore, ∆ is not a sensitive parameter, because the
interval of ∆ to get good results is very large. In view of all parameter sensitivity
examination, in the following simulations, we will always fix ∆ = 0.07, ωmin = 0, and
ωmax = 1.
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Figure 4.4: Classification accuracy vs. ∆. In these simulations, N = 1000, there are 4 equal
sized classes, 〈k〉 = 16, and zout/〈k〉 = 0.4. λ = 0.6. Each point in the trace is averaged by 100
realizations. The error bars represent standard deviations.
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4.3.2 Simulations on Synthetic Data Sets

In order to facilitate the understanding of how the proposed technique works, we
will first look at two simple semisupervised classification problems. Afterwards, we
will look at more elaborated problems, where the classes have irregular forms.

A Simple Balanced Two-class Problem

Here, we design a synthetic data set with two simple classes, each of which with
50 vertices. We have inserted into the network 2 particles, each one representing a
class. With this simple data set, we are able to closely observe the behavior of the
proposed algorithm. Figure 4.5a shows the initial configuration of the network, where
the colored (shades of light gray) dots symbolize labeled samples. The black (dark
gray) dots denote unlabeled data. The ownership of any vertex is given by the particle
which has the highest domination level over that vertex. For this simulation, we use
λ = 0.6. According to (4.3), the vertices that are initially labeled have their ownership
fixed to their corresponding representative particles. As the dynamical system evolves,
the particles will visit the vertices of the network in agreement with the probability
distribution given by the matrix Ptransition(t). Figure 4.5b shows the ownership of each
vertex after 100 iterations, Fig. 4.5c depicts the ownership state after 200 iterations, and
Fig. 4.5d reveals the quasi-stationary state of the algorithm N̄(t), which is reached after
300 iterations. We now take a closer look at the evolutional behavior of the average
domination level of the vertices that belong to the same class. Figure 4.6a provides
the average domination level imposed by the particle representing the initially blue
(labeled vertex at the class in the left in Fig. 4.5a) labeled vertex on the vertices 1 to 50
(blue class) and 51 to 100 (red class), whereas Fig. 4.6b displays the same information
for the particle representing the initially red (labeled vertex at the class in the right in
Fig. 4.5a) labeled vertex. Clearly, as time progresses, one can see that the classes are
unmistakeably separated by the competitive system.

A Simple Unbalanced Three-class Problem

Here, we investigate the performance of the algorithm when applied to a network
consisted of V = 15 vertices split into 3 unbalanced communities, as depicted in Fig.
4.7. K = 3 particles are inserted into the network at the initial positions p(0) = [2 8 15],
meaning the first particle (representing the red or “circle” class) starts at vertex 2, the
second particle (representing the blue or “square” class) starts at vertex 8, and the third
particle (representing the green or “triangle” class) starts at vertex 15. All the remain-
ing vertices in the network are initially unlabeled (in the figure, they are colored for the
sake of easily identifying the classes). The competitive system is iterated until t = 1 000
and the predicted label for each of the unlabeled vertices is given by the particle’s la-
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Figure 4.5: Illustration of an artificial classification process through competitive particle walk-
ing. The total number of vertices is V = 100. Vertices 1 to 50 are present in the left and vertices
51 to 100, in the right. (a) A snapshot of the initial configuration: there are two previously
labeled vertices (red and blue vertices) and K = 2 particles, each one representing a labeled
vertex. The black dots represent unlabeled data. The particles have been spawned at their rep-
resentative labeled vertex. (b) A snapshot at iteration 100. (c) A snapshot at iteration 200. (d) A
snapshot at iteration 300.

bel that is imposing the highest domination level. Figures 4.8a, 4.8b, and 4.8c show the
evolutional behavior of the domination levels imposed by the three particles on the red
or “circle” class, the blue or “square” class, and the green or “triangle” class, respec-
tively. Specifically, from Fig. 4.8a, we can verify that red or “circle” particle dominates
vertices 1 to 4 (red or “circle” class), due to the fact that the average domination level
on these vertices approaches 1, whereas the average domination levels of the other two
rival particles decay to 0. Considering Figs. 4.8b and 4.8c, we can use the same logic
to confirm that the blue or “square” particle completely dominates the vertices 5 to 10
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Figure 4.6: Evolutional behavior of the average class domination level imposed by the particles
in the network. (a) Average class domination level imposed by particle 1. (b) Average class
domination level imposed by particle 2.

(blue or “square” class) and the green or “triangle” particle dominates vertices 11 to 15
(green or “triangle” class).

Data Sets with Irregular Forms

Now we proceed to test the proposed technique on data classes with arbitrary forms
of distributions. In order to do so, we make use of some toy data sets with different
data distributions, which are automatically generated by PRTools (Duin, 2000). For all
simulations taken on artificial data, we have arbitrarily chosen the k-nearest neighbor
graph formation technique with k = 5, i.e., each data item is represented by a vertex
and each vertex is connected to its 5 nearest neighbors determined by the Euclidean
distance among the data items. For each 50 vertices that are unlabeled, we randomly
choose one amongst them and label it. For each labeled vertex, we generate one rep-
resentative particle. Note that in this case, there could be more than 1 particle repre-
senting the same team. The first data set, as shown in Fig. 4.9a, consists of 600 samples
equally divided into two banana-shaped classes. The result is exhibited at Fig. 4.9b.
The second data set, which can be seen at Fig. 4.9c, is composed of 600 samples equally
divided into two Highleyman classes. The corresponding outcome is provided at Fig.
4.9d. The third data set, as depicted by Fig. 4.9e, comprises 550 samples separated into
two Lithuanian classes of sizes 250 and 300 vertices. The corresponding result is sup-
plied in Fig. 4.9f. The forth data set, as can be visualized in Fig. 4.9g, is made up of 800
samples equally divided into four 2D Gaussian-distributed classes. Its corresponding
outcome is portrayed in Fig. 4.9h. All results seem to be visually satisfactory, according
to the provided inputs, reinforcing the robustness of the technique to detect arbitrary
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Figure 4.7: A simple networked data set. The red or “circle” class is composed by vertices 1
to 4, the blue or “square” class comprises the vertices 5 to 10, and the green or “triangle” class
encompasses the vertices 11 to 15. Initially, only the vertices 2 (red or “circle” agent), 8 (blue or
“square” agent), and 15 (green or “triangle” agent) are labeled.

(a) (b)

(c)

Figure 4.8: Evolutional behavior of the average domination level imposed by the 3 particles
in the network on: (a) the red or “circle” class (vertices 1 to 4), (b) the blue or “square” class
(vertices 5 to 10), and (c) the green or “triangle” class (vertices 11 to 15).
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form of class distributions.

4.3.3 Computer Simulations on Benchmarked Data Sets

In this section, we provide external comparable results by using well-know data
sets, which have become benchmarks in the machine learning community. We start out
by the broad accepted data sets of the UCI Machine Learning Repository. Afterwards,
we delve into the recent network-based benchmark proposed by Lancichinatti et. al.
(Chapelle et al., 2006).

UCI Machine Learning Repository

In this section, computer simulations on real-world data sets gathered from the UCI
Machine Learning Repository are presented. A brief meta-information of the 14 real-
world data sets that are going to be studied here is supplied in Table 4.1. For a detailed
description, refer to (Frank and Asuncion, 2010).

Table 4.1: Brief meta-information of the UCI data sets used in the semisupervised learning
process.

Data Set # Instances # Dimensions # Classes

Heart 303 75 2
Heart-Statlog 270 13 2

Ionosphere 351 34 2
Vehicle 946 18 4

House-Votes 435 16 2
Wdbc 569 32 2

Clean1 476 168 2
Isolet 7 797 617 26

Breast Cancer 569 32 2
Australian 690 14 2

Diabetes 768 8 2
German 1 000 20 2

Optdigits 5 620 64 10
Sat 6 435 36 7

With respect to the experimental setup, for each data set, 10 examples are randomly
selected to compose the labeled set and the remainder of the examples are left unla-
beled. The labeled sets are designed in such a way that each class retains, at least, a
labeled example. The experiments are repeated 30 times for each labeled set and the
average test error and standard deviations are recorded. The error estimative is quan-
tified by using a hold-out technique in the evaluation process. Also, for the purpose of
comparing the performance of different algorithms, we use two competitive semisu-
pervised data classification techniques: Transductive SVM (TSVM) and Low Density
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Figure 4.9: Data Classification of toy data sets with: (a) 600 samples equally divided into two
banana-shaped classes; (b) 600 samples equally divided into two Highleyman classes; (c) 550
samples divided into two Lithuanian classes of sizes 250 and 300 vertices; (d) 800 samples
equally divided into four Gaussian-distributed classes. Data with the same color represent
the same class. The black dots depict unlabeled vertices. The colored dots in the left column
represent previously labeled data.
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Separation (LDS). For a description and the default parameters used, one can refer to
(Chapelle et al., 2006).

Regarding the proposed technique, a graph formation technique must be em-
ployed. For this end, the k-nearest neighbor technique with k = 3 is utilized. The
following parameters are fixed for all the data sets in this section: λ = 0.6, ∆ = 0.07,
ωmin = 0, and ωmax = 1. Usually, the model provides good results when λ is within
the interval [0.2, 0.8], meaning that a combination of random-preferential walk is re-
sponsible for producing better results.

The simulation results are reported in Table 4.2. In this table, the average rank of
each algorithm is provided, whose calculation method is described in the following:

i. For each data set, the algorithms are ranked according to their average perfor-
mance, i.e., the best algorithm (the smallest test error) is ranked as 1st, the second
best one is ranked as 2nd, and so on;

ii. For each algorithm, the average rank is given by the average value of its ranks
scored on all the data sets.

With the purpose of examining these simulation results in a statistical manner, the
procedure outlined in (Demšar, 2006) is adopted. Basically, the methodology com-
prises two steps:

• First Step: A Friedman test is applied to check whether the algorithms under
comparison are significantly distinct from each other. Such a test is used to detect
differences in treatments across multiple test attempts. Instead of doing pairwise
comparisons, this test aims at discovering whether all the techniques present any
statistical difference. The procedure involves ranking each row together, then
considering the values of ranks by columns. It basically compares a statistic de-
scriptor in relation to a critical value taken from an F-distribution. Note that this
descriptor is global: if its value surpasses this critical value, then it is said that
the set of algorithms presents statistical difference in their performances. The
null hypothesis here is that all algorithms present similar performances. How-
ever, with such test, we do not know which of these techniques are superior to
the others. Thus, the second step, which utilizes the Bonferroni-Dunn test, is
introduced to fulfill this gap;

• Second Step: In the case that the performances of the involved algorithms are
different, then we apply post hoc tests by using the Bonferroni-Dunn test, with
the objective to verify whether the performance of the control algorithm is really
superior to the others. In this case, the technique proposed in this paper is set
as the control algorithm. Basically, the Bonferroni-Dunn Test quantifies whether
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the performance between an arbitrary algorithm and the reference is significantly
different. This is done by verifying whether the corresponding average ranks of
these algorithms differ by at least a critical difference (CD). If they do differ that
much, then it is said that the better ranked algorithm is statistically superior to
the worse ranked one. Otherwise, they do not present a significant difference for
the problem at hands.

The reason behind choosing this particular suite of statistical tests is that, as
(Demšar, 2006) draws attention to, a set of non-parametric statistical tests is more con-
venient when comparing a set of classifiers over multiple data sets, which is the case
of the Friedman Test. In addition, it has been shown that the non-parametric tests
are more likely to reject the null-hypothesis, which hints at the presence of outliers
or violations of assumptions of the parametric tests. Moreover, the Friedman test is
appropriate in these circumstances because it assumes some, but limited commensu-
rability. It is safer than parametric tests, since it does not assume normal distributions
or homogeneity of variance. As such, it can be applied to compare classification ac-
curacies, error ratios or any other measure for evaluation of classifiers, including even
model sizes and computation times. However, the Friedman test can only provide
global information, i.e., it does not point which of the algorithms are statistically su-
perior to the others. With this in mind, we have used the Bonferroni-Dunn test to
statistically perform these pairwise comparisons, given that the set of algorithms as
a whole present a statistical significance. It has been shown that this filtering before
using the Bonferroni-Dunn test leads to more robust statistical conclusions (Demšar,
2006).

In our experiments in the UCI data sets, we fix a significance level of 0.05. For our
experiments, according to (Demšar, 2006), we have that N = 14 and k = 3, resulting
in a critical value given by F(2, 26) ≈ 3.37, where the two arguments are derived from
the degrees of freedom defined as k− 1 and (N − 1)(k− 1), respectively. In our case,
we get a value FF ≈ 5.32 that is higher than the critical value, so the null-hypothesis is
rejected at a 5% significance level.

As the null hypothesis is rejected, one can advance to post hoc tests which aim
at verifying the performance of the proposed algorithm in relation to others by em-
ploying the Bonferroni-Dunn Test. In this context, the control algorithm is fixed as the
proposed technique. Thus, if we perform the evaluation of the CD for our problem, we
encounter CD ≈ 0.8. The average rank of the proposed method is 1.6. By virtue of that,
if any rank does lie in the interval 1.6± 0.8, the control algorithm and the compared
algorithms are statistically equivalent. We conclude that our algorithm is superior to
Transductive SVM for the simulations performed on these data sets. However, the
comparison of the LDS to the control algorithm does not surpass the CD, meaning that
the differences among them are statistically insignificant. Nonetheless, the proposed
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technique has obtained the best performance (the best average rank) in relation to the
other techniques.

Table 4.2: Test errors (%) with 10 labeled training points and the corresponding average rank
and standard deviation of each technique.

Data Set TSVM LDS Proposed
Technique

Heart 27.4± 10.4 22.9± 9.6 21.3± 9.9
Heart-Statlog 26.1± 5.9 21.7± 6.1 20.5± 5.4

Ionosphere 23.9± 8.2 24.1± 10.9 24.7± 9.0
Vehicle 36.8± 7.8 33.7± 8.5 31.8± 8.8

House-Votes 16.0± 5.3 11.6± 4.0 11.4± 3.7
Wdbc 11.1± 3.7 15.0± 8.7 11.9± 5.1

Clean1 46.7± 4.8 43.2± 3.7 40.2± 2.9
Isolet 13.3± 9.5 8.0± 11.4 12.7± 8.8

Breastw 11.1± 8.8 9.6± 7.6 10.5± 9.4
Australian 31.4± 11.4 34.0± 14.5 31.6± 12.2

Diabetes 34.2± 4.6 33.8± 4.8 32.1± 4.6
German 36.5± 5.1 35.3± 4.2 35.9± 4.3

Optdigits 8.6± 7.6 3.6± 11.1 5.4± 8.9
Sat 13.5± 10.8 5.8± 14.2 9.3± 10.1

Average Rank 2.6 1.9 1.6

Network-based Benchmark of Chapelle et. al.

In order to measure the performance of the proposed method, we have carried out
experiments to 7 standard semisupervised data sets in the transductive setting, i.e.,
the test set coincides with the set of unlabeled points. Each data set was constructed
in an attempt to create situations that correspond to certain assumptions that semisu-
pervised learning algorithm usually are based on, which are: smoothness assumption,
cluster assumption, and the manifold assumption. The other 4 data sets are derived
from real data. Since it is important to know the characteristics of the data sets which
we are dealing with, we provide an overall summary of the data characteristics as fol-
lows:

• g241c (1 500 points, 241 attributes, 2 classes): This data set has been artificially
generated such that the cluster assumption holds, but the manifold assumption
does not. The data set consists of 2 Gaussian-distributed classes, each of which
with different means and unitary variance. Figure 4.10a shows the PCA projec-
tion of this data set on a two-dimensional space.

• g241d (1 500 points, 241 attributes, 2 classes): This data set has been artificially
generated such that neither the cluster nor manifold assumption holds, but the
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smoothness assumption does. This data set contains 2 classes, each of which
represented by two Gaussian-distributed classes. The means of each Gaussian are
distinct, but the variance is unitary for all 4 Gaussian-distributed classes. Figure
4.10b shows the PCA projection of this data set on a two-dimensional space.

• Digit1 (1 500 points, 241 attributes, 2 classes): This data set has been artificially
generated such that the manifold assumption holds but the cluster assumption
does not. It comprises artificial images of the digit “1” with different orientations
and distortions. Figure 4.10c shows the PCA projection of this data set on a two-
dimensional space.

• USPS (1 500 points, 241 attributes, 2 classes): This data set has been designed
such as the cluster and manifold assumptions hold. Specifically, it is composed
of handwritten digits. There are two classes: digits “2” and “5” are one class
and the remainder of the digits is another class. Figure 4.10d shows the PCA
projection of this data set on a two-dimensional space.

• COIL (1 500 points, 241 attributes, 6 classes): The data in this database only satis-
fies the manifold assumption. It is made of color images of 100 different objects
taken from different angles. Figure 4.10e shows the PCA projection of this data
set on a two-dimensional space.

• BCI (400 points, 117 attributes, 2 classes): The set of items in this database only
satisfies the manifold assumption. It is originated from a research toward the
development of a brain computer interface. Specifically, a single person performs
a set of trials, in which of each he guesses the movements either with the left or
right hands (classes). Figure 4.10f shows the PCA projection of this data set on a
two-dimensional space.

• Text (1 500 points, 11 960 attributes, 2 classes): The manifold assumptions holds
for this data set. It consists of randomly permuted texts. The main task here
is separated the word ibm (positive class) from the rest (negative class). Figure
4.10g shows the PCA projection of this data set on a two-dimensional space.

For each aforementioned data set, we consider 10 and 100 labeled vertices. In this
way, it is ensured that exists at least 1 labeled vertex for each class in each config-
uration. For each data set and each quantity of labeled vertices (10 or 100 in these
simulations), we generate 12 distinct non-biased label sets. For each of the 12 label
sets, the model runs 100 times independently. Finally, the test error of each data set is
calculated by averaging these 12× 100 = 1200 runs.

For comparison matters, we have conducted experiments against a selected set
of semisupervised techniques, whose simulations results were integrally taken from
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Figure 4.10: PCA projection of the benchmarked data sets. (a) g241c; (b) g241d; (c) Digit1; (d)
USPS; (e) COIL; (f) BCI; and (g) Text.
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(Chapelle et al., 2006), except for the LGC, LP, and LNP techniques. For the sake of
clarity, we supply a summary about each of these techniques in Table 4.3. In brief, the
configurations of the competing techniques are (Chapelle et al., 2006):

• SVM: An RBF kernel is used. For the case where there are 10 labeled instances
per partition, the width σ is set to d/3, where d is the estimated average distance
between every point in the training set with its 10 nearest neighbors.

• MVU + 1-NN: In this spectral method, a number of k nearest neighbors is chosen
and the manifold dimensionality is estimated accordingly. k is fixed to 3. After
the dimensionality reduction step is completed, an 1-NN classifier to predict the
unlabeled vertices is applied.

• LEM + 1-NN: This is another spectral method with the same configuration as the
MVU, except for the k parameter, which is fixed at 12.

• QC + CMR: A fully connected graph with an RBF kernel is used. For the case
where there are 10 labeled instances per partition, the width σ is set to d/3, where
d is the estimated average distance between every point in the training set with
its 10 nearest neighbors. In relation to the partitions containing 100 labeled in-
stances, the σ is estimated by a cross-validation method on the first split (the
other splits use the same σ).

• Discrete Reg.: It is used the energy function with p = 2 and µ = 0.05.
The graph is constructed using the k-nearest neighbor technique with weights
on the edges given by exp

(
−γ||xi − xj||2

)
. The values of k and γ are se-

lected by a ten-fold cross-validation process over the sets {5, 10, 20, 50, ∞} and
{1/64, 1/16, 1/4, 1, 4, 16, 64}, respectively.

• TSVM: An RBF (Radial Basis Function) kernel is used, where its width σ is chosen
as the median of the pairwise distances. C is fixed at 100.

• SGT: The hyperparameters are C = 3200, d = 80, and k = 100.

• Cluster-Kernel: The resulting kernel is the product of two other kernels: (i) korig is
a standard RBF and (ii) kbag is the product obtained by running the k-means al-
gorithm repeated times. The k is obtained by a ten-fold cross-validation process.

• Data-Dep. Reg.: Here, it is used k-nearest neighbor regions, centered at each data
point as induced by the default Euclidean distance metric. For each region, in
order to optimize k, experiments using ten-fold cross-validation processes are
run. Data points pertaining to the training set that are disconnected from the
graph are treated as errors. The weight of the labeled training data against the
unlabeled data (parameter λ in the model) is set to 0.
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• LDS: ρ is fixed using a standard ten-fold cross-validation process. The other hy-
perparameters are fixed at their default values according to (Zeng et al., 2010)

• Laplacian RLS: The kernel used is of the form: K̃(x, z) = K(x, z) − kT
x(I +

rLpG)−1Lpkz, where K(x, z) is an RBF kernel with width given by the mean norm
of the feature vectors in the data set, [kx]i = K(xi, x), G is the Gram matrix, L is
the normalized graph Laplacian, and r is a constant.

• CHM (normed): This method is used to improve the performance of a supervised
base classifier. The simulations are carried out using SVM as its base classifier
with a RBF kernel.

• LGC: As suggested by the authors in (Zhou et al., 2004), α = 0.99. Moreover, σ is
optimized in the interval 0 ≤ σ ≤ 100.

• LP: The parameter σ is optimized in the interval 0 ≤ σ ≤ 100.

• LNP: As suggested by the authors in (Wang and Zhang, 2008), α = 0.99. The
parameter k is optimized in the interval 1 ≤ k ≤ 100.

Table 4.3: Selected techniques for comparison purposes.

Abbreviation Technique Ref(s).

MVU + 1-NN Maximum Variance Unfolding (Sun et al., 2006; Weinberger and Saul, 2006)

LEM + 1-NN Laplacian Eigenmaps (Belkin and Niyogi, 2003)

QC + CMR Quadratic Criterion and Class Mass Regularization (Belkin et al., 2004; Delalleau et al., 2005)

Discrete Reg. Discrete Regularization (Zhou and Schölkopf, 2006)

TSVM Transductive Support Vector Machines (Joachims, 2003; Vapnik, 1998)

SGT Spectral Graph Transducer (Joachims, 2003)

Cluster-Kernel Cluster Kernels (Chapelle et al., 2003)

Data-Dep. Reg. Data-Dependent Regularization (Corduneanu and Jaakkola, 2006)

LDS Low-Density Separation (Chapelle et al., 2006)

Laplacian RLS Laplacian Regularized Least Squares (Sindhwani et al., 2005)

CHM (normed) Conditional Harmonic Mixing (Burges and Platt, 2006)

LGC Local and Global Consistency (Zhou et al., 2004)

LP Label Propagation (Zhu and Ghahramani, 2002)

LNP Linear Neighborhood Propagation (Wang and Zhang, 2008)

Regarding the proposed algorithm, we will utilize the following configuration. For
comparison purposes, we have used the k-NN graph formation technique with the best
value of k in the discretized interval k ∈ {1, 2, . . . , 10} and have also used the best value
of ∆ in the discretized interval λ ∈ {0.2, 0.21, . . . , 0.8}. The number of particles inserted
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in the model is equal to the number of labeled examples. We set the initial positions of
each particle at its representative labeled vertex. The values obtained for the proposed
method are averaged by 100 realizations on each of the 12 label configurations. The
results obtained from theses techniques against the aforementioned databases for 10
initially labeled vertices are reported in Table 4.4, whereas the results for 100 initially
labeled vertices are supplied in Table 4.5. In both tables, we have provided the Average
Rank of each algorithm, which we have already described in the previous experiment.

A careful analysis of Tables 4.4 and 4.5 shows that our technique had a satisfactory
result in comparison to the other techniques. Specifically, for the case of few labeled
vertices (10 labeled vertices), our technique reached better results relatively to the other
techniques than to the case of 100 initially labeled vertices. This is an attractive charac-
teristic, provided that the task of vertex labeling is often expensive and cumbersome,
which generally involves the work of a human expert.

Again, in order to examine the results in a statistical manner, we use an adaptation
of the suite of statistical tests presented by (Demšar, 2006) and (Chatfield, 2009) in
Tables 4.4 and 4.5. However, since in this case there are some missing results in the
table, we will utilize the Skillings-Mack Test, rather than the Friedman Test (it is equal
to the Friedman Test when there are no missing values in the table). For our tests here,
we fix a significance level of 0.10. According to (Demšar, 2006) and (Chatfield, 2009),
we have that N = 7 and k = 17, resulting in a critical value given by F(16, 96) ≈ 1.55,
where the two arguments are derived from the degrees of freedom defined as k− 1 and
(N − 1)(k− 1), respectively. With respect to Table 4.4, we get a value FF ≈ 1.58 which
is higher than the critical value, so the null-hypothesis is rejected at a 10% significance
level. On the other hand, regarding Table 4.5, we get a value FF ≈ 0.17, which is
not higher than the critical value, hence, we cannot reject the null-hypothesis at a 10%
significance level.

As the null hypothesis is rejected for the data presented in Table 4.4 (only 10 labeled
examples), we are able to advance to post hoc tests which aim to verify the performance
of our algorithm in relation to others by using the Bonferroni-Dunn Test, with the con-
trol algorithm fixed as the proposed technique. Thus, if we perform the evaluation of
the CD for the problem at hand, we encounter CD = 4.86. The average rank of the pro-
posed method is 5.29. By virtue of that, if any rank does lie in the interval 5.29± 4.86,
the control and the compared algorithm are statistically the same. Indeed, we conclude
that our algorithm is superior to SVM, Discrete Reg., TSVM, and Cluster-Kernel for the
set of databases under analysis. However, the other pairwise comparisons to the con-
trol do not surpass the CD, meaning that the difference among them are statistically
insignificant for the given significance level. Nonetheless, the proposed technique has
obtained the best performance (the lowest average rank) in relation to the other tech-
niques for the only 10 labeled examples case.
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Table 4.4: Test errors (%) with 10 labeled training points and the corresponding average rank
of each technique.

g241c g241d Digit1 USPS COIL BCI Text Avg. Rank

1-NN 47.88 46.72 13.65 16.66 63.36 49.00 38.12 9.86
SVM 47.32 46.66 30.60 20.03 68.36 49.85 45.37 14.14
MVU + 1-NN 47.15 45.56 14.42 23.34 62.62 47.95 45.32 9.86
LEM + 1-NN 44.05 43.22 23.47 19.82 65.91 48.74 39.44 10.00
QC + CMR 39.96 46.55 9.80 13.61 59.63 50.36 40.79 7.86
Discrete Reg. 49.59 49.05 12.64 16.07 63.38 49.51 40.37 10.86
TSVM 24.71 50.08 17.77 25.20 67.50 49.15 31.21 10.86
SGT 22.76 18.64 8.92 25.36 - 49.59 29.02 6.50
Cluster-Kernel 48.28 42.05 18.73 19.41 67.32 48.31 42.72 10.86
Data-Dep. Reg. 41.25 45.89 12.49 17.96 63.65 50.21 - 9.83
LDS 28.85 50.63 15.63 17.57 61.90 49.27 27.15 8.43
Laplacian RLS 43.95 45.68 5.44 18.99 54.54 48.97 33.68 6.14
CHM (normed) 39.03 43.01 14.86 20.53 - 46.90 - 7.20
LGC 45.82 44.09 9.89 9.03 63.45 47.09 45.50 7.29
LP 42.61 41.93 11.31 14.83 55.82 46.37 49.53 5.57
LNP 47.82 46.24 8.58 17.87 55.50 47.65 41.06 7.43
Proposed Method 43.89 46.47 8.10 15.69 54.18 48.00 34.84 5.29

As our last experiment, we provide a simulation using a large-scale multiclass data
set, namely the Letter Recognition Data Set from the UCI Machine Learning Reposi-
tory. This data set comprises 20 000 samples of the 26 capital letters from the English
alphabet, using different fonts and random distortions. The black and white images
were converted into 16 primitive numerical attributes (descriptors). We apply two
representative graph-based algorithm for comparison matters (LP and LNP using the
same parameters as before). Each algorithm is executed using three distinct randomly
selected labeled subset sizes, 1%, 5%, and 10%. Table 4.6 reports the test errors for this
data set. Again, we see that our method can get good results compared to the others.

4.4 Application: Detection and Prevention of Error Prop-

agation via Competitive Learning

In this section, we will tackle the problem of learning with imperfect data, i.e., some
of the labeled samples are incorrectly labeled, via the competitive model described in
the previous section.
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Table 4.5: Test errors (%) with 100 labeled training points and the corresponding average rank
of each technique.

g241c g241d Digit1 USPS COIL BCI Text Avg. Rank

1-NN 43.93 42.45 3.89 5.81 17.35 48.67 30.11 9.00
SVM 23.11 24.64 5.53 9.75 22.93 34.31 26.45 9.14
MVU + 1-NN 43.01 38.20 2.83 6.50 28.71 47.89 32.83 11.86
LEM + 1-NN 40.28 37.49 6.12 7.64 23.27 44.83 30.77 12.14
QC + CMR 22.05 28.20 3.15 6.36 10.03 46.22 25.71 7.50
Discrete Reg. 43.65 41.65 2.77 4.68 9.61 47.67 24.00 8.21
TSVM 18.46 22.42 6.15 9.77 25.80 33.25 24.52 8.71
SGT 17.41 9.11 2.61 6.80 - 45.03 23.09 4.67
Cluster-Kernel 13.49 4.95 3.79 9.68 21.99 35.17 24.38 6.79
Data-Dep. Reg. 20.31 32.82 2.44 5.10 11.46 47.47 - 7.17
LDS 18.04 23.74 3.46 4.96 13.72 43.97 23.15 6.00
Laplacian RLS 24.36 26.46 2.92 4.68 11.92 31.36 23.57 4.93
CHM (normed) 24.82 25.67 3.79 7.65 - 36.03 - 9.10
LGC 41.64 40.08 2.72 3.68 45.55 43.50 46.83 10.00
LP 30.39 29.22 3.05 6.98 11.14 42.69 40.79 9.29
LNP 44.13 38.30 3.27 17.22 11.01 46.22 38.48 12.50
Proposed Method 24.92 29.11 3.11 4.82 10.94 41.57 27.92 7.00

Table 4.6: Test errors (%) obtained for the Letter Recognition data set.

10% Labeled 5% Labeled 1% Labeled

LP 10.94 18.99 46.94
LNP 24.22 34.08 54.61

Proposed Method 12.09 15.51 38.24
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4.4.1 Motivation

The quality of the training data is a fundamental issue in semisupervised learning,
because, in this context, less labeled data is available and errors (wrong labels) may
easily be propagated to a portion of or the entire data set. Though this is an important
topic, it has not received much attention from researchers and there are still few works
devoted to the study of semisupervised learning from imperfect data (Amini and Galli-
nari, 2003, 2005; Hartono and Hashimoto, 2007). In this section, we treat this important
topic - error propagation in semisupervised learning. Usually, in supervised or semisu-
pervised learning, the input label information of the training data set is supposed to be
completely reliable. However, in real situations, this is not always true and mislabeled
samples are commonly found in the data sets due to instrumental errors, corruption
from noise, or even human mistakes in the labeling process. For example, in a medical
diagnostic system, the diagnostic results in the training set provided by doctors may
be wrong. If these kinds of wrong labels are used to further classify new data (in the
supervised learning case) or are propagated to the unlabeled data (in the semisuper-
vised learning), some severe consequences may occur. This situation becomes more
critical in autonomous learning, where no external or minimal external intervention is
involved. Thus, if the prior knowledge presented to the autonomous learning system
contains errors, the performance of the learning system will get worse and worse be-
cause of the error propagation. Therefore, considering and designing mechanisms to
prevent error propagation is important in the machine learning study and especially in
the autonomous learning. Specifically, the prevention of error propagation can benefit
the learning systems from two orthogonal aspects:

i. Improvements of the performance of the learning system, i.e., the system can
learn from errors;

ii. Avoidance of a system’s catastrophe by limiting the spreading of wrong labels
(input and generated errors).

In this work, we present a new mechanism to prevent error propagation in gen-
eral semisupervised learning. To our knowledge, many semisupervised learning tech-
niques have been proposed (Chapelle et al., 2006), but all of them consider that the
label information of the labeled subset is totally correct, i.e., there is no error preven-
tion mechanism. In this way, the proposed mechanism together with the analysis and
numerical simulations presented in this section make a clear contribution to general
machine learning and especially to autonomous learning research.

Specifically, the mechanism for preventing error propagation is designed based on
the particle competition and cooperation model previously introduced. This study is
important for autonomous learning systems due to the following factors:



176 Chapter 4 - Semisupervised Stochastic Competitive Learning in Complex Networks

1. In many real situations, we have difficulty to get the labels of the whole data set;
however, it is easy to have the labels of some of the data items. For example, in
a robot soccer game, each robot may not know where is the correct direction to
go at each instant, but it does know know how to come back when it touches
the borderline or how to kick the ball when it is close to it, etc. Such knowledge
certainly should be taken into account by the learning system. This means that
semisupervised learning is quite a common mechanism in learning systems.

2. In real situations, wrong or conflicting information appears frequently. Thus,
a learner cannot be blind-confident on all the information or knowledge that it
has at its disposal. Humans and other animals can easily compensate for imper-
fect data in their learning process. Behavioral experiments show that animals
can successfully learn from conditioning even when they are inconsistently re-
warded. The ability of treating wrong or conflicting information is essential for
autonomous learning systems. One of the ways of treating wrongly labeled data,
and consequently preventing their propagation, is here presented.

4.4.2 Detecting Incorrectly Labeled Vertices

In order to detect possible mislabeled vertices, consider the stochastic vector D(t) =
[D(1)(t), . . . , D(K)(t)], where the kth-entry, D(k)(t), stores the number of times that par-
ticle k has become exhausted until time t. The main idea of introducing this variable is
described in the following. Consider the networked data in Fig. 4.11, in which there
are two perceivable classes, namely red or dark gray and blue or light gray. The white
vertices denote unlabeled vertices, whereas the colored or gray vertices, labeled ver-
tices. Observe that, within the region of the red or dark gray class, there is a mislabeled
blue or light gray vertex. In the competitive model, for each labeled vertex, a repre-
sentative particle is formed. In this way, the vertices in the vicinity of the mislabeled
vertices are expected to be in constant competition among the two red or dark gray
particles and the single mislabeled blue or light gray particle. Therefore, it is expected
that the blue or light gray particle will be stranded in the small region centered at the
mislabeled vertex. By virtue of the combination of random and preferential walking of
the particle, it will eventually try to venture far away from its represented vertex. Since
the surrounding region tends to be heavily dominated by the red or dark gray team,
this “false” representative particle will get exhausted very often. Hence, the number of
times that a particle becomes exhausted is a good indicator whether the vertex that it is
representing is a mislabeled one or not. If the particle is constantly getting exhausted,
it is possibly representing a mislabeled vertex. Otherwise, it is probably representing
a correctly labeled vertex.

In view of this, the update rule of each entry of D(t) is expressed by:
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Figure 4.11: A networked data example. Observe that there is a mislabeled blue or light gray
vertex within the region that is probably from the red or dark gray class.

D(k)(t) = D(k)(t− 1) + S(k)(t), (4.20)

where S(k)(t) is the boolean-valued variable which indicates whether particle k is active
or exhausted at time t. In brief, it yields 1 if particle k is exhausted at time t and 0,
otherwise. On account of that, equation (4.20) simply adds 1 or remains with the same
summation, depending on the state of particle k at the current time.

A natural question that arises from this scenario is the way one is able to quantify
when a particle is getting exhausted more times than the others. Several statistical
descriptors could be used for that end, such as the average number of times the par-
ticles have become exhausted, or even the median value of the same information. In
mathematical terms, these descriptors/thresholds are, respectively, expressed by:

〈D(t)〉 = 1
K

K

∑
u=1

D(u)(t), (4.21)

〈D(t)〉 = median
(

D(1)(t), . . . , D(K)(t)
)

. (4.22)

where median(.) returns the median value of the provided parameterized list. For sim-
plicity, we assume that the default used descriptor, unless specified otherwise, is the
mean value descriptor/threshold described in (4.21). It is worth noticing that other de-
scriptors could be easily used. In view of the statistical stochastic variable introduced
in (4.21), any particle k such that:

D(k)(t) ≥ (1 + α)〈D(t)〉, (4.23)
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holds is considered to be getting exhausted more times than the other particles. There-
fore, such a particle is a great candidate of representing an incorrectly labeled vertex.
The parameter α ∈ [−1, ∞) is a confidence value that indicates the percentage above
the average value 〈D(t)〉 that must occur in order to a particle to be conceived as a rep-
resentative of an incorrectly labeled vertex. A small α tends to classify more vertices
as incorrectly labeled ones than a large value. In the extreme case, when α → ∞, then
the model reduces to its original form, i.e., it does not detect and prevent incorrectly
labeled vertices from propagating fake labels.

However, such an approach as it is suffers from a drawback: in the beginning of the
dynamical competitive process, a very small portion of the unlabeled data is expected
to be dominated by the particles. In this way, the statistical descriptor 〈D(t)〉 together
with the expression displayed in (4.23) may not be correctly describing the real nature
of the vertices that each particle represents. Probabilistically speaking, a particle rep-
resenting a correctly labeled vertex may accidentally get exhausted at the beginning
in such a way that (4.23) holds. In an attempt to prevent this false positive, we in-
troduce a weighted function in (4.23), which penalizes when t is small and it yields
a constant and nonpenalizing value 1 when t is sufficiently large. The penalization
may be understood as a mechanism of preventing the assertion in (4.23) to produce
true. A perfect candidate function with these characteristics is a translated exponential
decaying function. In this way, the weighted version of (4.23) becomes:

(1− e−
t
τ )D(k)(t) ≥ (1 + α)〈D(t)〉, (4.24)

where τ ∈ (0, ∞) is the time constant of the exponential decaying function. Next, we
analyze the minimum number of times that a particle must get exhausted in order to
(4.24) to hold. For this end, we plot the minimum D(k)(t), denoted as D(k)

min(t), in a such
a way that (4.24) holds. Mathematically, it satisfies the following expression:

D(k)
min(t) =

(1 + α)〈D(t)〉
(1− e−

t
τ )

. (4.25)

For the sake of clarity, let us suppose that the dynamical process produces 〈D(t)〉 =
1, ∀t ≥ 0. Fix α = 0 for simplicity. In this scenario, Figs. 4.12a and 4.12b plot D(k)

min(t)
for which (4.23) and (4.24) hold when τ = 25 and τ = 250, respectively. With respect
to the unweighted version, we can observe that even when t is very small, a D(k)(t) =
1 is sufficient to (4.23) to be satisfied. Therefore, if a correctly labeled vertex, at the
beginning of the competitive process, happens to reach the “exhausted” state, it will
be pinpointed as a possible wrongly labeled vertex. On the other hand, the weighted
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Figure 4.12: Minimum number of times that a particle must get exhausted in order to (4.23)
and (4.24) to hold. In the weighted case, the decaying function penalizes D(k)(t) for small t
such as to (4.24) never be satisfied. On the other hand, for a large t, the decaying function does
not penalize D(k)(t). In the unweighted case, D(k)(t) is never penalized. (a) τ = 25 and (b)
τ = 250.

version penalizes D(k)(t) when t is small, as (4.24) reveals. Therefore, it is unlikely
that any labeled vertex will be classified as wrongly labeled for a small t. However,
for a sufficient large t, this penalization ceases and (4.24) asymptotically approximates
(4.23). In particular, when t→ ∞, one has:

lim
t→∞

(1− e−
t
τ )D(k)(t) ≥ lim

t→∞
(1 + α)〈D(t)〉 ⇒

D(k)(∞) lim
t→∞

(1− e−
t
τ ) ≥ (1 + α)〈D(∞)〉 ⇒

D(k)(∞) ≥ (1 + α)〈D(∞)〉. (4.26)

i.e., (4.24) reduces to (4.23). Finally, τ is used to control the decaying speed of the
exponential function. Looking in isolation to this function, a small τ yields a large
negative derivative for this function and a large τ produces a small negative derivative
for this function. In other words, the speed of decaying increases as τ decreases.

4.4.3 Preventing the Label Propagation from Incorrectly Labeled Ver-

tices

In the previous section, we have introduced a method for detecting possible
wrongly labeled vertices by means of using the information generated by the com-
petitive process itself. Now, once a vertex is pinpointed as a wrongly labeled one, we
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need to take actions in order to prevent it from propagating fake labels throughout
its neighborhood. For this end, in this section, it is supposed that vertex i has been
considered as a possible wrongly labeled vertex at time t, meaning that (4.24) holds.

In view of this, vertex i is going to have its stochastic vector Ni(t) altered, in such
a way to reflect how the neighborhood is being dominated at time t. Motivated by the
fact that if vertex i is considered as a wrongly labeled vertex, then its neighborhood
is probably being dominated by rival particles, we simply restart Ni(t) as the average
number of visits received by its neighbors. Mathematically, for all k ∈ K, we have:

N(k)
i (t) =

1
Vi

V

∑
j=1

ai,jN
(k)
j (t). (4.27)

An important difference from the modified model and the original model is that
the former is capable of relabeling labeled vertices, while the latter is not. This new
feature is processed when (4.27) is applied.

4.4.4 The New Competitive Learning System

In order to aggregate the detection and prevention of wrongly labeled vertices in
the original model, the dynamical system of the original particle competition model
presented in Section 4.1 is going to suffer modifications. These are given as follows.

The new internal state of the stochastic dynamical system is given by:

X(t) =



p(t)

N(t)

E(t)

S(t)

D(t)


. (4.28)

If wrong(k, t) = (1− e−
t
τ )D(k)(t) ≥ (1 + α)〈D(t)〉, then the new competitive dy-

namical system that supports detection and prevention of incorrectly labeled vertices
is given by:
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φ :



p(k)(t + 1) = j, j ∼ P
(k)
transition(t)

N(k)
i (t + 1) = 1[wrong(k,t)]

[
1
Vi

∑V
j=1 ai,jN

(k)
j (t)

]
+1[�wrong(k,t)]

[
N(k)

i (t) + 1[p(k)(t+1)=i]

]
E(k)(t + 1) =

min(ωmax, E(k)(t) + ∆), if owner(k, t)

max(ωmin, E(k)(t)− ∆), if � owner(k, t)

S(k)(t + 1) = 1[E(k)(t+1)=ωmin]

D(k)(t + 1) = D(k)(t) + S(k)(t + 1)

(4.29)

It is worth stressing that the modification of the update rule related to the number
of visits (2nd expression). Due to the new mechanism of detection and prevention
of error propagation, its expression now encompasses two terms: (i) the term which
is employed for vertices that have been detected to be wrongly labeled (first term)
and (ii) the term for vertices that are not considered wrongly labeled (second term).
Specifically, the latter is exactly the update rule of the original system. The logical
function wrong(k, t) is used to check whether the particle k is representing a wrongly
labeled vertex. Hence, these two terms are mutually exclusive.

4.4.5 Understanding the Properties and Dynamics of the New Model

In this section, we draw our attention at understanding the properties and dynam-
ics of the model. Specifically, we provide a parameter sensitivity analysis, an inves-
tigation of the influences of the initial positions of the particles and the samples, and
also how different thresholds impact the detection of incorrectly labeled vertices. It
is worth mentioning that, since the proposed technique works in a networked envi-
ronment, a network formation technique must be employed on vector-based data sets.
For this end, we utilize the k-nearest neighbor technique which sets up a link between
vertices i and j if i is one of the k nearest neighbors of j or vice versa.

Setting Up the Proposed Algorithm and Environment

In the semisupervised scheme, a set of pre-labeled examples is provided (L is the
number of labeled instances). In order to introduce labeled instances with wrong labels
(error-prone environment), we deliberately exchange the labels of some pre-labeled in-
stances randomly choosing samples from L. The proportion of changed instances is
denoted as q and the set of mislabeled samples is given by Q. For example, if q = 0.1,
then 10% of the labeled instances have their labels flipped, i.e., they turn into incor-
rectly labeled vertices.
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Parameter Sensitivity Analysis

In this section, we will investigate the sensitivity of the parameters used in the de-
tection and the prevention of mislabeled vertices, which are α and τ. Here, we apply
the networks generated by the method proposed in (Lancichinetti et al., 2008), which
has been explored in Section 2.1.4. The generated networks have V = 5 000 vertices,
〈k〉 = 8, and µ = 0.3. The benchmark process consists in varying the mixing parameter
µ and evaluating the resulting accuracy. In order to introduce an error-prone environ-
ment, a modification in this benchmark is proposed. Once the network is constructed,
we utilize a stratified uniform distribution to compose the labeled set. This labeled set
is fixed with the size of 10% of the data set’s size. Finally, we deliberately flip 30% of
the correct labels to incorrect labels (q = 0.3) in a stratified manner, so as to maintain
the proportion of labeled samples at each class.

Impact of α

The parameter α is used in the method of signalizing whether or not a vertex is
mislabeled (detection process). Equivalently, in the proposed model, this means de-
termining if its corresponding particle is propagating a wrong label. In essence, it
determines how much D(k)(t), k ∈ K, must deviate from 〈D(t)〉 in order to the cor-
responding labeled vertex to be conceived as a mislabeled one. Observe that, when
α = −1, the detection process always accuses that every labeled vertex is possibly
mislabeled, because, in accordance with (4.25), one has:

D(k)(t) ≥ lim
α→−1

(1 + α)〈D(t)〉
(1− e−

t
τ )

=⇒ (4.30)

D(k)(t) ≥ 0. (4.31)

Taking into account that the domain of D(k)(t) is the interval [0, ∞), then (4.31) is
always satisfied. Therefore, (4.27) is applied to every vertex in the network for any
t ≥ 0. In practical terms, the detection of wrongly labeled data, in this particular case,
can be treated as a prefiltering stage in which every (labeled) vertex can preliminarily
assess the validity of its label by examining its neighboring (connected) vertices and
then spot any inconsistencies. It is worth noting that this kind of strategy is one of
the most simple detection schemes in the prevention of error propagation. With this
in mind, one can see that the proposed detection method embedded into the particle
competition method generalizes this simple strategy in a competitive way. If α = −1,
the detection procedure reduces to this simple strategy of locally verifying the label
validity. Now, when α assumes larger values, the competition dynamics is incorpo-
rated to the detection scheme and nonlinear interactions are taken into account in the
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Figure 4.13: Accuracy rate vs. α. We fix τ = 40. Taking into account the steep peek that is
verified and the large negative derivatives that surround it, one can see that the parameter α
is sensible to the overall model’s performance. Results are averaged over 30 simulations. (a)
γ = 2 and β = 1; (b) γ = 2 and β = 2; (c) γ = 3 and β = 1; and (d) γ = 3 and β = 2.

detection scheme.

As we have drawn attention to, α may take on any values over the interval [−1, ∞).
Let us now theoretically analyze the behavior of the detection process for large values
of α. As α is increased, one can see that solution space of (4.25) becomes more distant
from the origin, meaning that (4.25) is more difficult to be satisfied. One the extreme
case, when α→ ∞, one has that:

D(k)(t) ≥ lim
α→∞

(1 + α)〈D(t)〉
(1− e−

t
τ )

=⇒ (4.32)

D(k)(t) ≥ ∞, (4.33)

that is only satisfied when t → ∞, which is empirically inviable. Hence, (4.33) never
holds for a finite t. As a result, the detection scheme is virtually turned off. In other
terms, the particle competition algorithm reduces to its original form proposed in Sec-
tion 4.1.
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Taking into account that analysis, Figs. 4.13a to 4.13d display how the accuracy rate
of the model behaves as we vary α from −1 to 10 in the networks constructed using
the methodology described in (Lancichinetti et al., 2008) with different values of γ and
β. As one can verify from the figures, this parameter is sensible to the outcome of the
technique. Oftentimes, the optimal accuracy rate is achieve when a mixture of random
and preferential walks occurs. Using a conservative approach, for 0 ≤ α ≤ 3, the
model gives decent accuracy results when applied to networks with communities.

Impact of τ

The parameter τ ∈ (0, ∞) is responsible for adjusting the speed of the penalizing
function, used to prevent vertices from being signalized as wrongly labeled ones at the
beginning of the stochastic process. Next, we study the behavior of the algorithm for
small and large τ in a theoretical and empirical manner.

When τ assumes small values, the exponential decaying function has large-valued
derivatives, meaning that its speed of decaying is faster compared to larger values of
τ. In the extreme case, i.e., τ → 0, one has:

D(k)(t) ≥ lim
τ→0

(1 + α)〈D(t)〉
(1− e−

t
τ )

=⇒ (4.34)

D(k)(t) ≥ (1 + α)〈D(t)〉, (4.35)

where we have used the fact that limτ→0(1− e−
t
τ ) = 1, since e−

t
τ → 0 provided that

τ → 0 and t is finite. This shows that the model’s behavior is dictated by the value of
α, which was studied in the previous section. This means that, in this special case, the
penalizing function ceases to exist, because it decays so fast to be considered relevant
in the learning process.

When τ assumes larger values, then the decaying speed of the exponential function
reduces accordingly. By virtue of that, we have that:

D(k)(t) ≥ lim
τ→∞

(1 + α)〈D(t)〉
(1− e−

t
τ )

=⇒ (4.36)

D(k)(t) ≥ (1 + α)〈D(t)〉
(1− limτ→∞ e−

t
τ )

=⇒ (4.37)

D(k)(t) ≥ ∞, (4.38)

because the denominator of (4.38) approaches 0 in a quick manner, since e−
t
τ → 1

provided that τ → ∞ and t is finite. This reveals that the detection scheme is turned
off, since there is no reachable solution for (4.38) when t remains finite. Therefore, in
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Figure 4.14: Accuracy rate vs. τ. We fix α = 0. Taking into account the large steady region
that is verified, one can see that the parameter τ is not very sensible to the overall model’s
performance if one correctly uses it. Results are averaged over 30 simulations. (a) γ = 2 and
β = 1; (b) γ = 2 and β = 2; (c) γ = 3 and β = 1; and (d) γ = 3 and β = 2.

this case, the model reduces to its original form.

Bearing in mind these considerations, Figs. 4.14a to 4.14d portray the accuracy rate
attained by the algorithm for distinct values of τ. We can conclude that, for intermedi-
ate values of τ, namely 30 ≤ τ ≤ 60, the model is not sensitive to τ when applied to
networks with communities.

Concluding Remarks and Proposed Guidelines for Parameter Selection

We have seen that α is a sensitive parameter and plays a critical role in the detection
process, since it dictates when a vertex is considered as a mislabeled one. The computer
simulations performed on networks with the presence of communities revealed that
the algorithm can supply decent accuracy rates when α ∈ [0, 3]. Moreover, we have
verified that τ is not very sensitive to the model’s performance, because its accuracy
rate remains steady for a considerable interval length. Computer experiments showed
that, when τ ∈ [30, 60], the model provides reasonable results. Besides that, we have
seen that the detection scheme may be turned off depending on the values of α and τ.
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Specifically, when α → ∞ or τ → ∞, the detection procedure is turned off. In view
of this examination, in all simulations performed on this section, we utilize α = 0 and
τ = 40. The other model’s parameters are utilized according to the suggestions given
in Section 4.3.1.

Threshold Sensitivity Analysis

During the model’s description, we have discussed about the possibility of utiliz-
ing different descriptors/thresholds in the proposed method’s detection scheme. For
example, (4.21) provides the average value descriptor, while (4.22), the median value
descriptor. With this in mind, in this section, we analyze how the accuracy rate of
the model behaves when one uses these two kinds of descriptors in artificial networks
generated by the already explained methodology detailed in (Lancichinetti et al., 2008).
Here, we fix α = 2 and β = 2 with no loss of generality, since, as we have seen in the
previous section, the model’s accuracy rate behavior is not altered for different values
of α and β (see the format of the plots in Figs. 4.13 and 4.14).

Table 4.7 displays how the accuracy rate of the model evolves as we vary the pro-
portion of labeled set (L) and the proportion of wrongly labeled vertices (q). One can
see that, when L is small, the average value descriptor has consistently supplied the
best results, while, when L is large, the median value descriptor has given the best
outcomes. This has happened on account of, when the proportion of the labeled set is
small, there is a small quantity of particles walking into the vertices of the networks.
In this scenario, the median value descriptor is not a very good option, because it is
biased toward the mid-point of the D(k)(t), k ∈ K. This might not translate well what
is really happening in the system, since the representative particles of the mislabeled
vertices normally have a much larger value than the representatives of the correctly
labeled vertices and also they are the minority. With this descriptor, practically half
of these particles would be forced to be considered as mislabeled ones, depending on
the value of α (studied in the previous section). On the other extreme, when L is large,
the average value may not be a well-behaved selection, because most of the values of
D(k)(t) are small while those values corresponding to the mislabeled data are large. In
this case, the mean of D(k)(t) (k = 1 . . . K) is biased towards the small values. As a
result, the detection scheme would accuse several particles of representatives of misla-
beled vertices, even if their corresponding D(k)(t) are not very large. Therefore, in this
case, a median value would be probably more appropriate.

In view of this analysis, one can see that, when L is small, the average value de-
scriptor is a better choice. But, when L is large, the median might be a better selection.
Considering that in real-world data sets the proportion of the labeled set is very small,
because the task of manual labeling is cumbersome and often requires the aid of a hu-
man expert, then the average value descriptor is recommended under such assump-
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tions.

Table 4.7: Comparison of different thresholds/descriptors with respect to the accuracy rate of
the model for varying L and q. Results are averaged over 100 runs.

Accuracy Rate (%)

q Average Median

L=
0.

1 0.10 91.82 89.63
0.25 81.86 86.74
0.40 81.94 79.01

L=
0.

3 0.10 94.49 92.97
0.25 87.52 87.60
0.40 79.38 77.53

L=
0.

6 0.10 94.93 95.09
0.25 86.83 87.40
0.40 79.04 80.15

L=
0.

9 0.10 97.07 98.83
0.25 88.82 90.92
0.40 79.61 81.74

Influence of the Initial Locations of the Labeled Vertices and Particles

In the competitive network, the trajectories of the particles in the network dictate
the performance of the classification and thus the quality of the correction of labels.
As a consequence, these trajectories might be different when a mislabeled particle is
placed strictly in the region of correctly labeled vertices (normally, in the center of a
class) and in the border among classes (frontier between classes). Another important
point to be discussed is the influence of the particles’ initial positions: does it influence
in the overall classification rate of the algorithm? In this section, we will further in-
vestigate these two questions using a simple synthetic two-class data set, where each
class presents 15 labeled vertices, as illustrated in Fig. 4.15. The black or “star-shaped”
vertices denote unlabeled instances, while the red or “circle-shaped” and the blue or
“square-shaped” vertices, labeled instances. In order to measure the degree of influ-
ence of the initial positions of the vertices composing the labeled set, two different
labeling strategies will be used to build up the labeled set, which are:

1. Random manner: we randomly draw 15 vertices of each class and label them (strat-
ified uniform distribution), no matter what the characteristics of the selected ver-
tices are (see Fig. 4.15a for an example);

2. Highest betweenness: we rank the 15 vertices with the highest betweenness of each
class and label them. The betweenness is a centrality measure which is defined
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(a) (b)

Figure 4.15: Synthetic networks with different strategies for labeling the training set. The k-
nearest neighbor with k = 3 is employed to build the network (the edges are not shown for
the sake of clarity). Labeled sets created using a (a) stratified uniform distribution (15 labeled
vertices for each class); (b) using the vertex betweenness centrality measure (Girvan and New-
man, 2002). In this case, we rank the 15 highest vertex betweenness values for each class. Note
that all the vertices appear in the frontier from one class to the another.

as the number of geodesic or shortest paths between every pair of vertices in the
network that passes by a determined vertex. In this manner, if a vertex usually
is contained in several shortest paths, then its betweenness value will be large.
In Girvan and Newman (2002), the authors used this measure for community
detection tasks, since these vertices are frequently the ones at the borders of the
class (see Fig. 4.15b for an example).

Table 4.8 reports the accuracy rate of the proposed model when we utilize the syn-
thetic data set depicted in Fig. 4.15 with the two labeling strategies. Within the ta-
ble, we also provide the simulation results when the particles are spawned at differ-
ent locations of the network. For example, the entry that goes by the tag [60%, 80%]

means that 60% of the red or “circle-shaped” particles are spawned within the red or
“circle-shaped” class’ region and the remainder is generated inside the blue or “square-
shaped” class’ region. Similarly, 80% of the blue or “square-shaped” particles are put
into their corresponding class, while the others 20% are inserted somewhere at the red
or “circle-shaped” class. Given the class which the particle is going to be spawned,
the vertex is arbitrary chosen using a uniform distribution. A careful investigation of
Table 4.8 reveals that, on one hand, our method is not sensitive to the particles’ initial
positions, since the accuracy rate does not vary much as one modifies the locations
where the particles are spawned. On the other hand, the initial locations of the labeled
vertices do influence in the overall accuracy rate of the model because its performance
changes when different labeling strategies are utilized.
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The reason behind the independence of the model with respect to the particles’ ini-
tial locations steams from the observation that, with a high probability, a particle will
get exhausted and, consequently, restart its walking cycle in its home vertex, as one can
see in (4.2). Once it restarts the walking, the model’s performance will only depend on
where its home vertex is localized. Hence, this also explains the reason that the model
is dependent on where the labeled vertices are in the network. In other terms, the
particles’ initial locations are merely transient to the final dynamics of the competitive
system: once they get exhausted, their transient cycles cease and the model’s perfor-
mance will only depend on the initial location of the labeled vertices. This behavior is
compelled to happen in view of the reanimation procedure inserted into the dynamics
of the model.

A final note that is worth emphasizing is the underlying assumptions that force
this transient cycle to be finite. Provided that λ < 1, then each particle’s transition
matrix will always have the random walk term not null, as one can verify from (3.1).
Considering that the random walk is responsible for the adventurous behavior of the
particle, then it will eventually visit a nondominated vertex. In this scenario, proba-
bilistic speaking, for a finite t > 0, the particle will get exhausted and the transient
cycle will finish. The moment in which this happens depends on the value of the pa-
rameter λ: when it is small, the transient cycle tends to be smaller, while, when it is
large, it takes a while to finish. Therefore, provided that λ 6= 1, the transient cycle is
guaranteed to complete in a finite t.

Table 4.8: Accuracy rate of the model when different labeling strategies are employed. The
particles’ initial locations are also reported for the different strategies. Results are averaged
over 100 runs.

Strategy Proportion of Particles in Each Class [%, %]

[100, 100] [80, 80] [60, 60] [40, 40] [20, 20] [0, 0] [100, 0]

A
cc

ur
ac

y
[%

]

q
=

0 Random 98.93 98.90 98.96 98.88 99.01 98.98 99.00
Betweenness 81.22 81.30 81.34 81.20 81.19 81.23 81.21

q
=

0.
1 Random 96.49 96.51 96.45 96.43 96.55 96.49 96.48

Betweenness 76.75 76.71 76.74 76.75 76.77 76.74 76.72

q
=

0.
2 Random 91.02 91.04 91.01 91.01 91.00 91.04 91.03

Betweenness 70.48 70.48 70.51 70.50 70.49 70.48 70.50

q
=

0.
3 Random 87.22 87.17 87.25 87.26 87.23 87.20 87.21

Betweenness 64.81 64.76 64.79 64.76 64.80 64.83 64.83

q
=

0.
4 Random 80.36 80.45 80.41 80.37 80.32 80.36 80.44

Betweenness 57.15 57.21 57.23 57.25 57.19 57.24 57.26
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Figure 4.16: Behavior of the accuracy rate of the model vs. the proportion of mislabeled in-
stances (q), when random clustered networks with constant mixture are used. The accuracy
rate behavior is displayed for three different proportions of labeled instances. The networks’
configurations are: V = 10 000, M = 16, and zout/〈k〉 = 0.3. 100 independent runs are performed
and the average value is reported.

4.4.6 Computer Simulations

In the next sections, computer simulations are performed with the goal of quanti-
fying the robustness of the modified version of the particle competition model (PCM)
in a semisupervised error-prone environment.

Computer Simulations on Synthetic Data Sets

In this section, we will study the behavior of the proposed algorithm on artificial
networks. Specifically, we will make use of Girvan-Newman’s benchmark, whose con-
struction method has already been described in Section 2.1.4. Figure 4.16 shows the
behavior of the accuracy rate of the model against the proportion of mislabeled in-
stances (q) for three different sizes of the labeled set. We can clearly spot three different
regions, separated by two critical points of interest, as follows:

• When q is small, the effect of the mislabeled vertices on the accuracy rate of the
algorithm is minimal. Visually, this is translated by the plateau region in the
plot depicted in Fig. 4.16 with basis near the 100% accuracy rate. This behavior
can be explained by the competition that happens in the dynamical system as it
evolves in time. As the grand majority of the labeled samples is correctly labeled,
the competition among the wrongly and correctly labels will greatly favors the
correctly labeled teams. In other words, the propagation of the correctly labeled
samples will literally overwhelm the propagation originated by the mislabeled
samples. As a consequence, the performance of the algorithm is slightly altered.
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• When q is intermediate, the accuracy rate largely drops at a considerable rate.
This marks the point (first critical point) in which the wrongly labeled vertices’
propagation starts to overwhelm the propagation of the correctly labeled ones.
Since the network is heterogeneous, the locations of the initial labeled samples
play an important role in characterizing when this sudden decay will begin tak-
ing scene. This empirical behavior confirms our investigation undertaken in the
previous section. Moreover, one can see that this phenomenon is also dependent
on the size of the labeled set. As the labeled set gets bigger and more representa-
tive, the more robust the algorithm will be in an error-prone environment. Visu-
ally, this can be inspected in the plot by the narrower drop-off region inbetween
these two critical points. For instance, when 50% of the data set are labeled, this
region is smaller than the one yielded when 10% of the data set are labeled.

• When q is large enough, the accuracy rate reaches another steady threshold again,
but now placed at a low accuracy rate. The beginning of this phenomenon charac-
terizes the second critical point. At this point, the propagation of wrongly labeled
vertices by misrepresented particles completely overwhelms the particles that are
spreading correctly labeled samples. The region beyond the second critical point
is of little relevance for us, since the quality of the labeled set is worse than a
mere random labeling scheme. In these special situations, one could use unsu-
pervised learning tasks and expect much better results, because they do not use
the external and misinterpreted labeling information in their learning process.

It is worth emphasizing that the locations of the first and second critical points
provide an important indicator of the robustness of the algorithm in an error-prone
environment. Specifically, as the distance between these points reduces, the higher
is the robustness of the algorithm. With that in mind, in our experiments, the pro-
posed method is considerably more robust as the size of the labeled set grows. This
is expected, since the labeled set becomes more representative and, hence, hard to be
incorrectly discovered by the competition process among the particles.

With that observation in mind, in the following computer simulation, we inspect
the occurrence of the first critical point as the network mixture zout/〈k〉 grows. First, we
provide the procedure used to detect this critical point as follows. From Fig. 4.16, we
can verify that there are 2 inflection points, which turn out to be the critical points that
we are looking for. In order to easily spot them, given the function which maps the
proportion of mislabeled samples to an accuracy rate, we take the second derivative
of it. The points in which this second derivative is null mark the inflection points.
The first critical point is the inflection point with smaller magnitude. The function
which maps q to an accuracy rate is constructed using the proposed algorithm with a
labeled set constituted by 10% of the samples in the data set. Figure 4.17 depicts the



192 Chapter 4 - Semisupervised Stochastic Competitive Learning in Complex Networks

0 0.1 0.2 0.3 0.4 0.5
0

0.1

0.2

0.3

0.4

0.5

0.6

z
out

/〈k〉

M
is

la
be

le
d 

S
am

pl
es

 (
q)

Figure 4.17: First critical point vs. network mixture zout/〈k〉. We label 10% of the samples in the
data set. The networks’ configurations are: V = 10 000, M = 16. 100 independent runs are
performed and the average value is reported.

first encountered critical points against different network mixtures. One can see that,
as the network mixture grows, the communities start to get harder to be discovered.
As a consequence, the first critical points are already verified with small proportions of
mislabeled samples (q). Finally, it is valuable to say that we have stopped the network
mixture axis at 0.50 (rather than 1), because after this point, the communities are no
longer defined in the stronger sense.

Computer Simulations on Real-World Data Sets

In this section, the proposed algorithm is applied to real-world data in an imperfect
labeled data environment. For comparison matters, a set of competing semisupervised
learning techniques is also employed, which is summarized in Table 4.9. With respect
to the model’s selection, all the parameters are tuned in accordance with the best accu-
racy rate reached the algorithms. The model selection is conducted as follows:

• D-Walks: L is selected over the discretized interval Ł ∈ {1, . . . , 10} (as suggested
by (Callut et al., 2008, Fig. 2));

• LP: σ is selected over the discretized interval σ ∈ {0, 1, . . . , 100} and α is fixed to
α = 0.99 (the same setup as (Zhou et al., 2004));

• LNP: k is evaluated over the discretized interval k ∈ {1, 2, . . . , 100}, and σ, as
well as α, are selected using the same process employed in the LP parameters
selection;

• SS Modularity: this is a nonparametric technique.
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Table 4.9: Description of some semisupervised data classification techniques used in the error
propagation analysis.

Abbreviation Technique Reference

D-Walks Discriminative Walks (Callut et al., 2008)
LP Linear Propagation (Zhou et al., 2004)
LNP Linear Neighborhood Propagation (Wang and Zhang, 2008)
SS Modularity Semisupervised Modularity (Silva and Zhao, 2012c)
Original PCM Original Particle Competition Method Section 4.1

As for the original and proposed PCMs, the data are firstly transformed into a net-
work representation using the k-nearest neighbor graph formation technique. For this
purpose, k is chosen over the discretized interval k ∈ {1, 2, . . . , 10}. For the model’s
parameter, we first discretize the interval of λ by using a step equal to 0.02, i.e.,
λ ∈ {0.20, 0.22, . . . , 0.80}, as suggested by the guidelines that we have seen. Then, the
proposed technique is run against an input data set by using each of the combinations
of the discretized values of λ and k. The result which produces the best classification
accuracy is selected. With respect to the modified version of the PCM, the parameter
selection is processed in accordance with the analysis supplied in Section 4.4.5.

We apply the LP, LNP, the original PCM and the modified PCM on two data sets
from the UCI Machine Learning Repository (Frank and Asuncion, 2010): Iris and Letter
Recognition. The former is composed of three equal-sized classes, each of which com-
prising 50 samples, totalizing 150 samples. The latter is composed of 20 000 samples
divided into 26 unbalanced classes, each representing a different letter of the English
alphabet. Thus, the Letter Recognition data set can be considered as a large-scale data
set.

Figures 4.18a and 4.18b show the behavior of the test error vs. the proportion of mis-
labeled samples q. One can verify that, as q grows, all algorithms start to produce larger
test errors. However, the proposed technique (proposed PCM) is able to outperform
all the compared algorithms, by virtue of the detection and prevention mechanisms
embedded into the competitive model. One point that is worth mentioning is, when
the environment is error-free (q = 0), then the proposed and original PCMs supply
very similar results. This is expected, since the labeled samples are hoped to lie within
densely connected groups; therefore, the owner switching mechanism introduced in
(4.25) will rarely be satisfied. The proposed PCM is able to maintain a decent accuracy
rate because of the competitive mechanism realized by the particles. In an error-prone
environment, we can conceive the algorithm as having two types of competition tak-
ing place simultaneously: competition of particles spreading correctly and incorrectly
labeled samples. Since the competition is always taking place indirectly (through the
accumulated domination levels of each vertex and particles’ movement policy), then
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Figure 4.18: Behavior of the classification error as the proportion of wrongly labeled vertices
increases on two real-world data sets. (a) Iris data set and (b) Letter Recognition Data Set. 100
independent runs are performed and the average value is reported.

these two types of label spreading are always in confront. As it is expected to one
have more correctly labeled samples than incorrectly ones, then the competition will
naturally extinct the propagation of the mislabeled samples as the system progresses
in time.

Next, the benchmark proposed in (Chapelle et al., 2006) will be used, which we
have already described in the previous sections of this chapter. The test error results,
when there are only 10 and 100 initially labeled vertices, are reported in Table 4.10 and
4.11, respectively, for 4 different proportions of mislabeled samples: 0, 0.1, 0.2, and 0.4.
One can see that, as the proportion of mislabeled samples grows, all the 3 competing
techniques start to yield high test error rates. However, the proposed technique is
able to perform in a decent manner even in an environment with 40% of mislabeled
vertices. The reason behind this is that competition is an excellent way of vanishing the
mislabeled vertices, given that the majority of the labeled samples is correctly labeled.
As stated before, the team of correctly labeled vertices completely overwhelms the
mislabeled propagators, i.e., the mislabeled particles, as the dynamical system evolves
in time.

For our statistical tests, we apply the already discussed suite of statistical tests in-
dicated by (Demšar, 2006). A significance level of α = 5% is fixed. Applying the first
step, i.e., the Friedman test, we can conclude that the ranks of the set of algorithms
presented in Tables 4.10 and 4.11 are statistically significant from the null hypothesis,
which states that the rank of the algorithms are the same. Since a statistical difference
has been spotted, we are able to apply the second step using the Bonferroni-Dunn test.
In such test, we compare the performance of the proposed algorithm (control algo-
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Table 4.10: Test error (%) obtained by the four techniques under comparison on clean and
noisy data sets extracted from the Chapelle’s benchmark. The labeled set contains only L = 10
labeled vertices.

Technique g241c g241d Digit1 USPS COIL BCI Text

q=
0

D-Walks 45.41 46.99 8.01 19.63 54.28 47.85 39.17
LP 42.61 41.93 11.31 14.83 55.82 46.37 49.53
LNP 47.82 46.24 8.58 17.87 55.50 47.65 41.06
SS Modularity 44.82 46.92 8.27 16.83 55.30 48.05 36.66
Original PCM 43.89 46.47 8.10 15.69 54.18 48.00 34.84
Proposed PCM 43.53 46.41 8.06 15.71 54.07 47.88 34.70

q=
0.

1

D-Walks 44.92 43.92 15.72 17.22 57.62 48.97 43.78
LP 44.77 44.01 17.85 19.82 58.93 47.50 49.82
LNP 48.93 49.04 20.33 22.75 61.51 48.98 44.00
SS Modularity 46.88 45.01 11.73 20.96 59.08 50.25 47.99
Original PCM 45.27 48.05 12.10 19.99 58.44 48.91 38.12
Proposed PCM 43.96 47.08 9.34 15.27 54.55 48.19 36.01

q=
0.

2

D-Walks 46.94 49.91 18.27 27.88 60.72 49.27 40.22
LP 45.11 47.28 23.20 25.44 59.72 48.39 50.74
LNP 50.53 49.79 23.24 26.86 64.90 49.25 46.67
SS Modularity 46.83 50.00 18.51 26.65 61.47 49.21 40.63
Original PCM 47.10 48.88 16.25 24.70 61.34 49.54 40.03
Proposed PCM 44.76 48.00 11.07 16.73 54.87 49.11 38.45

q=
0.

4

D-Walks 55.82 61.83 39.95 40.38 75.01 54.70 56.08
LP 57.83 60.16 41.80 49.01 76.39 55.27 58.33
LNP 58.06 59.63 46.73 47.50 81.35 55.47 56.88
SS Modularity 54.83 60.99 39.53 41.06 75.58 54.14 56.40
Original PCM 52.95 60.04 38.33 39.71 73.64 53.09 56.42
Proposed PCM 47.83 49.15 24.99 29.84 64.30 52.00 44.28
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Table 4.11: Test error (%) obtained by the four techniques under comparison on clean and noisy
data sets extracted from the Chapelle’s benchmark. The labeled set contains only L = 100
labeled vertices.

Technique g241c g241d Digit1 USPS COIL BCI Text

q=
0

D-Walks 23.95 30.03 3.17 4.66 11.39 42.00 27.55
LP 30.39 29.22 3.05 6.98 11.14 42.69 40.79
LNP 44.13 38.30 3.27 17.22 11.01 46.22 38.48
SS Modularity 23.99 30.71 3.02 5.14 10.11 43.24 27.90
Original PCM 24.92 29.11 3.11 4.82 10.94 41.57 27.92
Proposed PCM 24.90 29.03 3.10 4.71 10.89 41.54 27.86

q=
0.

1

D-Walks 25.48 30.38 4.38 6.02 13.00 44.31 28.64
LP 31.59 30.45 4.77 8.02 13.41 43.66 41.90
LNP 45.42 40.00 4.64 19.98 12.93 46.70 39.65
SS Modularity 25.97 31.06 4.02 6.13 12.72 45.02 29.32
Original PCM 25.39 30.55 4.20 6.06 12.17 42.78 28.99
Proposed PCM 24.94 29.27 3.13 4.82 11.05 41.57 28.20

q=
0.

2

D-Walks 29.94 34.09 10.11 9.09 21.64 50.35 32.96
LP 34.48 37.31 14.76 16.04 20.27 45.93 45.01
LNP 36.27 39.05 21.53 25.50 34.85 50.27 45.59
SS Modularity 31.83 38.63 17.48 11.38 29.81 52.00 39.42
Original PCM 28.73 32.19 7.77 8.15 18.00 46.11 31.73
Proposed PCM 26.37 30.61 5.22 5.40 11.39 42.01 29.14

q=
0.

4

D-Walks 49.66 53.84 48.73 34.72 40.05 56.60 41.28
LP 43.26 47.90 30.31 39.19 42.65 50.20 48.51
LNP 51.58 52.20 40.49 42.34 51.46 54.21 53.00
SS Modularity 50.37 51.11 42.26 38.29 49.87 60.81 51.29
Original PCM 39.12 42.02 27.34 28.27 35.70 48.63 39.85
Proposed PCM 29.85 33.96 9.73 10.10 16.88 44.37 32.09
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rithm) with regard to each of the competing techniques. This test provides, for each
pair of techniques, whether they are statistically significant or not. The null hypoth-
esis here is that the performance of the pair of algorithms is the same. The pairwise
comparisons are given in Table 4.12. One can see that, as q gets larger, the error detec-
tion and prevention of the modified PCM are responsible for maintaining the decent
accuracy rate. On the contrary, the other techniques, as there is no such mechanism,
suffer from the incorrectly labeled vertices and their accuracy rate drops accordingly.
We conclude that the proposed detection and prevention procedure are able to main-
tain good results in real-world data sets, since the accuracy rate difference from q = 0
and q = 0.4 is far less from the other techniques. A last note goes to the original and
modified PCM algorithms, which are able to withstand environments of considerable
noises. This happens because the competition mechanism is a perfect candidate for
vanishing mislabeled vertices by utilizing the local neighborhood in the learning pro-
cess. Since the original PCM does not admit flipping of already labeled vertices, the
mislabeled vertices continue to propagate their labels, but in a very restrictive area,
where the neighborhood is strongly dominated by other teams of particles. However,
in the modified version, once the learning process detects a possible mislabeled vertex,
it flips its label, enabling and explaining the higher accuracy rates reached in Tables
4.10 and 4.11.

Table 4.12: Analysis of whether the modified PCM is statistically superior to the competing
techniques when the Bonferroni-Dunn Test is applied. These results apply to Tables 4.10 and
4.11 (10 and 100 initially labeled vertices, respectively).

q LP LNP SS Modularity D-Walks Original PCM

0 Yes Yes No No No
0.1 Yes Yes No No No
0.2 Yes Yes Yes No No
0.3 Yes Yes Yes Yes No
0.4 Yes Yes Yes Yes Yes

4.5 Chapter Remarks

This chapter proposes a new semisupervised learning technique using a particle
competitive-cooperative mechanism. In this model, several particles, each of which
representing a class, navigate in the network to explore their territory and, at the same
time, attempt to defend their territory against rival particles. If several particles prop-
agate the same class label, then a team is formed, and a cooperation process amongst
these particles occurs.
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In this chapter, we also propose a method for detecting and preventing error propa-
gation embedded in the semisupervised learning technique. The error detection mech-
anism is realized by weighting the total number of times a particle has become ex-
hausted to a thresholded value, which is dependent and vary in time. When the dy-
namical competitive system begins, there is a penalizing factor which prevents the
detection of false positives. This has been introduced in order to diminish the depen-
dency of the proposed error propagation model on the initial locations of the labeled
samples (transient part of the dynamics). As the system evolves, this penalization
ceases to exist and the plain domination level that each vertex has is used in the error
propagation inference. Once a vertex is declared as mislabeled, the proposed technique
resets its domination levels as the average value of its neighborhood, so as to conform
to the cluster assumption that the proposed algorithm holds on to.

Computer simulations have been conducted and satisfactory results have been ob-
tained. Specifically, we have shown that, as the proportion of mislabeled samples in-
creases, the proposed method is still able to yield decent accuracy rates by virtue of
the aforementioned mechanism. In addition, we have investigated how the first criti-
cal points of the model relate to the network mixture on random clustered networks.
Finally, we have adapted the benchmark proposed in (Chapelle et al., 2006) to an error-
prone environment. In this modified version, we have tested the proposed algorithm
against state-of-art techniques. In the majority of the cases, the proposed method is
able to outperform them when a large portion of samples is mislabeled.

As many semisupervised learning techniques consider label propagation, we here
treat error propagation. This is a fundamental question in machine learning because
mislabeled samples are commonly found in the data sets due to several factors, such as
instrumental errors, corruption from noise, or even human mistakes. In autonomous
learning systems, errors are much easier to be propagated to the whole data set due to
the absence or few external intervention, which makes the situation more critical. This
work is an endower to this direction.

As a future work, it is possible to develop a new learning technique by combining
the active learning and semisupervised learning approaches. Specifically, we may use
active learning to select data instances to be labeled and then we use semisupervised
learning to really generate labels for the remainder of the data items. Due to the se-
lection process performed by the active learning, we believe the combination of both
types of learning is more resistent to errors presented in the training set.



CHAPTER

5
Supervised High Level Data Classification

in Complex Networks

This chapter treats the issue of supervised data classification by using not only
physical features of the data items, but also high level characteristics of them. It worth
reiterating that most methods in the literature ignore the high level relations among the
data, such as the formation of clear patterns in the data. In view of this gap, we present
a hybrid classifier that takes into account both types of learning. Roughly speaking, the
low level classifier may be implemented by any traditional techniques. On the other
hand, the high level classification exploits the complex topological properties of the
underlying network constructed from the input data. In the proposed framework, the
two classifiers are joined together via a linear convex combination, which is calibrated
by the compliance term. In the developed work, two different kinds of high level classi-
fiers are provided, both relying on a networked representation of the data, as follows:

• The first one comprises a weighted combination of three network measures,
namely the assortativity, the clustering coefficient, and the average degree;

• The second one is composed of two quantities that are directly derived from the
dynamics of a tourist walker, which are the cycle and the transient lengths.

Studies are going to be provided in order to show the impact of different compli-
ance terms for different types of data sets, ranging from completely well-posed classes
to highly overlapping classes. As a quick glimpse of our final results, we will see that
one must raise the influence of the decision of the high level classifier as the classes’
configurations become more complex.

199
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Once the technique is properly presented, we will further explore the effectiveness
of the model by delving into the real-world application of handwritten digits and let-
ters recognition, where we show that the high level term can really improve the accu-
racy of the model. Additionally, an illustrative network composed of manuscript digits
is going to be investigated, where we try to show the power that the compliance term
makes upon the final decision of the classifier.

5.1 Motivation

Oftentimes, the data items are not isolated points in the attribute space, but instead
tend to form certain patterns. For example, in Fig. 5.1, the test instance represented
by the “triangle" (black) is most probably to be classified as a member of the “square"
(blue) class if only physical features, such as distances among data instances, are con-
sidered. On the other hand, if we take into account the relationship and semantic
meaning among the data items, we would intuitively classify the “triangle" item as a
member of the “circle" (red) class, since a clear pattern of a “house" contour is formed.
The human (animal) brain performs both low and high orders of learning and it has
facility in identifying patterns according to the semantic meaning of the input data.
However, this kind of task, in general, is still cumbersome to be assessed by comput-
ers. Supervised data classification which not only considers physical attributes but also
pattern formation is here referred to as high level classification.
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Figure 5.1: A simple example of a supervised data classification task where there exists a class
with a clear pattern, in this case, the red (“circle") class. The goal is to classify the black “trian-
gle" data item. Traditional (low level) classifiers would have trouble in classifying such item,
since they derive their decisions merely based on physical measures.
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There are several kinds of works related to high level classification. One of them
is the co-training technique (Blum and Mitchell, 1998), which is applied to semisuper-
vised learning to process data sets with labeled and unlabeled instances. It requires
two views of the data and it assumes that each example is described using two differ-
ent feature sets that provide different, complementary information about the instances.
Co-training first learns a separate classifier for each view using the labeled examples.
The most confident predictions of each classifier on the unlabeled data are then used
to iteratively construct additional labeled training data. By considering different views
of the same data set, some kinds of data relationships determined by the predefined
views may be uncovered. Another related technique is the committee machine, which
consists of an ensemble of classifiers (Haykin, 2008). In this case, each classifier makes
a decision by itself and all these decisions are combined into a single response by a vot-
ing scheme. The combined response of the committee machine is supposed to be supe-
rior to those of its constituent experts. Since each classifier has a particular view with
respect to the input data, the combination of them may reveal relationships among
input data.

The manifold learning (Lee and Verleysen, 2007; Seung and Lee, 2000; Tenenbaum
et al., 2000) is also related to this work. It assumes that the data of interest lies on an
embedded nonlinear manifold within a higher dimensional space. Data transforma-
tions, for example, Isomap, Locally Linear Embedding, etc., are designed to reduce the
dimension of the data while preserving the local linear relationships between neigh-
bors. However, as we will show in this chapter, manifold learning cannot correctly
identify some kinds of data patterns. For example, in Fig. 5.8a, any red or “circle”
data point passing through the green or “square” class will not be correctly classified
as an element of the red or “circle” class, because each of them has many more green
or “square” neighbors than red or “circle” neighbors.

Another strongly related work is the Semantic Web (Feigenbaum et al., 2007; Shad-
bolt et al., 2006; Tim Berners-Lee and and Lassila, 2001). The idea of Semantic Web is
“an extension of the current web in which information is given well-defined meaning,
better enabling computers and people to work in cooperation" (Tim Berners-Lee and
and Lassila, 2001). Semantic Web uses ontologies to describe the semantics of the data.
Even though it is a promising idea, it still presents several difficult challenges. A key
challenge in creating Semantic Web is the semantic mapping among the ontologies, i.e.,
there are more than one ontology to describe the same data item. The difficulty resides
in encountering a map of ontologies that are semantically related. Another challenge
is the one-to-many mapping of concepts in the Semantic Web, since most techniques
are only able to induce one-to-one mapping, which does not correspond to real-world
problems.

Statistical relational learning, specifically statistical relational classification (SRC),
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is another strongly associated topic. It predicts the category of an object based on its
attributes and its links and attributes of linked objects. According to Ref. (Gallagher
et al., 2008), graph-based SRC is a within-network classification task and it can be cat-
egorized into two main groups: collective inference (Gallagher et al., 2008; Macskassy
and Provost, 2007; Skolidis and Sanguinetti, 2011; Zhang and Mao, 2008; Zhang et al.,
2011, 2006; Zhu et al., 2007) and graph-based semisupervised learning (Chapelle et al.,
2006; Silva and Zhao, 2012a,b,c; Zhu, 2005a). In both cases, the labels are propagated
from pre-labeled vertices to unlabeled vertices considering the local relationships or
certain smoothness criteria. On the other hand, the classification method introduced
here presents a different approach. It does not consider class label propagation within
the network, instead, it characterizes the pattern formation of the whole network by
exploiting its topological properties. The classification is made by checking the com-
pliance of each input data with the pattern formation of the underlying network.

Maybe the most related works to high level classification are the contextual classi-
fication techniques (Binaghi et al., 2003; Lu and Weng, 2007; Micheli, 2009; Tian et al.,
2000, 2006; Tuia et al., 2010; Williams et al., 2007), which consider the spatial relation-
ships between the individual pixels and the local and global configurations of neigh-
boring pixels for assigning classes. The underlying assumption is that the neighboring
pixels are strongly related, i.e., structures of classes are likely to be found in the pres-
ence of others. In the proposed high level classification method, the spatial information
is only used in the network construction phase. The difference between the contextual
classification and the proposed approach lies in the following factor: once the network
is constructed from the original data, the proposed classification method does not use
the spatial relation among data items anymore, but instead it exploits the topological
properties of the network in search of pattern formation. The topological properties
have been shown to be quite useful in data analysis. For example, they are applied
to detect irregular cluster forms by a data clustering or a semisupervised classification
algorithm with a unique distance measure (Karypis et al., 1999).

From the viewpoint of general high level classification, all the abovementioned ap-
proaches are quite restricted either to the types of semantic features to be extracted,
such as co-training and ensemble method, or to the types of data, such as the contex-
tual classification, which is devoted to considering spatial relationship among pixels in
image processing. To our knowledge, it is still lacking an explicit and general scheme
to deal with high level classification in the literature, which is quite desirable for many
applications, such as invariant pattern recognition. The current work presents an en-
dower to this direction.

In this chapter, a hybrid classification technique which combines the low and high
levels of learning is going to be presented. Generally speaking, the low level classi-
fication can be implemented by any traditional classification technique. On the other
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hand, the high level classification exploits the complex topological properties of the
underlying network constructed from the input data. Improvements of the low level
classification can be achieved by the combination of the two levels of learning. Fur-
thermore, as the class configuration’s complexity increases, such as the mixture among
different classes, a larger portion of the high level term is required to correctly de-
termine the pattern formation. Particularly and also intuitively, the high level term
is not required in the case where all classes are completely separated and each class
is well-posed. Finally, we show how the proposed technique is used in a real-world
application, where it is able to identify variations of handwritten digits images and,
consequently, improve the pattern recognition rate.

5.2 Model Description

In this section, the high level classification technique is presented. Specifically, Sec-
tion 5.2.1 supplies the general idea of the model and Section 5.2.2 reveals the composi-
tion of the proposed hybrid framework.

5.2.1 Glimpsing over the Fundamentals behind the Model

The proposed classifier works in the supervised learning scheme. In this way, con-
sider that it is given a training set denoted here as Xtraining = {(x1, y1), . . . , (xl, yl)},
where the first component of the ith tuple xi = ( f1, . . . , fd) denotes the attributes of
the d-dimensional ith training instance. The second component yi ∈ L = {L1, . . . , LL}
characterizes the class label or target associated to that training instance. The goal here
is to learn a mapping x 7→ y. Usually, the constructed classifier is checked by using
a test set Xtest = {xl+1, . . . , xl+u}, in which labels are not provided. In this case, each
data item is called test instance. For an unbiased learning, the training and test sets
must be disjoint, i.e., Xtraining ∩ Xtest = ∅.

In the supervised learning scheme, there are two phases of learning: the training
phase and the classification phase. In the training phase, the classifier is induced or
trained by using the training instances (labeled data) in Xtraining. In the classification
phase, the labels of the test instances in Xtest are predicted using the induced classifier.
Below, these two phases are presented in detail.

Training Phase

In this phase, the data in the training set are mapped into a graph G using a network
formation technique g : Xtraining 7→ G = 〈V , E〉, where V = {1, . . . , V} is the set
of vertices and E is the set of edges. Each vertex in V represents a training instance
in Xtraining. As it will be described later, the pattern formation of the classes will be
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extracted by using the complex topological features of this networked representation.
Therefore, the network construction is vital for the prediction produced by the high
level classifier.

The edges in E are created using a combination of the ε-radius and k-nearest neigh-
bors (k-NN) graph formation techniques. In the original versions, the ε-radius tech-
nique creates a link between two vertices if they are within a distance ε, while the
k-NN sets up a link between vertices i and j if i is one of the k nearest neighbors of
j or vice versa. A recent study showed the dramatic influences of these two different
graph formation techniques on clustering and classification techniques (Maier and von
Luxburg, 2009). Both approaches have their limitations when sparsity or density is a
concern. For sparse regions, the k-NN forces a vertex to connect to its k nearest vertices,
even if they are far apart. In this scenario, one can say that the neighborhood of this
vertex would contain dissimilar points. Equivalently, improper ε values could result
in disconnected components, subgraphs, or isolated singleton vertices.

In this work, the network is constructed using these two traditional graph forma-
tion techniques in a combined form. The neighborhood of a training vertex xi is given
by:

Ntraining(xi) =

ε-radius(xi, yxi), if |ε-radius(xi, yxi)| > k

kNN(xi, yxi), otherwise
(5.1)

where yxi denotes the class label of the training instance xi, ε-radius(xi, yxi) returns the
set {xj, j ∈ V : d(xi, xj) < ε ∧ yxi = yxj}, and kNN(xi, yxi) returns the set containing
the k nearest vertices of the same class as xi. Note that the ε-radius technique is used
for dense regions (|ε-radius(xi)| > k), while the k-NN is employed for sparse regions.
With this mechanism, it is expected that each class will have a unique and single graph
component. Below, we present a simple contextual example showing the proposed
network formation technique.

Example 4. Consider the scatter plot in Fig. 5.2, where the task is to determine to which
neighbors the central red (dark gray) class vertex will connect. Consider that k = 2 and ε

is the radius illustrated in the figure. As there are 3 > k vertices in the ε-neighborhood, the
area depicted in the figure is considered as a dense region and the modified ε-radius technique
is employed. In this way, the central red (dark gray) vertex is connected to the other three red
(dark gray) vertices reached by this radius.

For the sake of clarity, Fig. 5.3a shows a schematic of how the network looks like
for a three-class problem when the training phase is completed. In this case, each class
holds a representative component. In the figure, the surrounding circles denote these
components: GC1 , GC2 , and GC3 .
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Figure 5.2: Illustration of the graph formation technique consisting in a combination of the k-
nearest neighbor and the ε-radius techniques. In the depicted network, there are two classes:
the red (dark gray) and the blue (light gray) classes. Since k = 2, the local region is considered
as densely populated. Thus, the ε-radius technique is employed. As the centralized vertex
belongs to the red (dark gray) class, it is only permitted to be linked to other red (dark gray)
class vertices. In this case, no connection will be established between it and the two blue (light
gray) vertices.

ℊc1 

ℊc2  

ℊc3 

(a)

ℊc1
′  

ℊc2
′  

ℊc3
′  

(b)

Figure 5.3: Overview of the two phases of the supervised learning. (a) Schematic of the network
in the training phase. (b) Schematic of how the classification inference is done.

Classification Phase

In the classification phase, the unlabeled data items in the Xtest are presented to
the classifier one by one. In contrast to the training phase, the class labels of the test
instances are unknown. In this way, we apply a mixture of the ε-radius and the k-NN
techniques, but now no information of the classes are used in order to construct the
neighborhood. The neighborhood of the test instance xi is defined as:

Nclassification(xi) =

ε-radius(xi), if |ε-radius(xi)| > k

kNN(xi), otherwise
(5.2)

meaning that the ε-radius connects every vertex within the radius ε, disregarding
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the class of the neighbor vertices. Likewise the previous case, if the region is sparse
enough, i.e., there are less than k vertices in this neighborhood, then the k-NN ap-
proach is employed. This prevents test instances from becoming singleton vertices,
provided that k > 0. Once the data item is inserted, each class analyzes, in isolation,
the impact of the insertion of this data item on its respective class component by using
a number of complex topological features. In the proposed high level model, each class
retains an isolated graph component. Each of these components calculates the changes
that occur in its pattern formation with the insertion of this test instance. If slight or
no changes occur, then it is said that the test instance is in compliance with that class
pattern. As a result, the high level classifier yields a great membership value for that
test instance on that class. Conversely, if these changes dramatically modify the class
pattern, then the high level classifier produces a small membership value on that class.
These changes are quantified via network measures, each of which numerically trans-
lating the organization of the component from a local to global fashion. As we will see,
the average degree, clustering coefficient, and the assortativity are employed for the
high level order of learning.

For the sake of clarity, Fig. 5.3b exhibits a schematic of how the classification process
is performed. The test instance (triangle-shaped) is inserted using the traditional ε-
radius technique. Due to its insertion, the class components become altered: G ′C1

, G ′C2
,

and G ′C3
, where each of them is a component surrounded by a circle in Fig. 5.3b. It may

occur that some class components do not share any links with this test instance. In
the figure, this happens with G ′C3

. In this case, we say that test instance do not comply
with the pattern formation of the class component. For the components that share at
least a link (G ′C1

and G ′C2
), each of it calculates, in isolation, the impact on its pattern

formation by virtue of the insertion of the test instance. For example, when we check
the compliance of the test instance with the component G ′C1

, the connections from the
test instance to the component G ′C2

are ignored, and vice versa.

Concurrently to the prediction made by the high level classifier, a low level classifier
also predicts the membership of the test instance for every class in the problem. The
way it predicts depends on the choice of the low level classifier. At the end, the pre-
dictions produced by both classifiers are combined via a linear combination to derive
the prediction of the high level framework (meta-learning). Once the test instance gets
classified, it is either discarded or incorporated to the training set with the correspond-
ing predicted label. In the second case, the classifier must be retrained. Note that, in
any of the two situations, each class is still represented by a single graph component.
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5.2.2 Deriving the Hybrid Classification Framework

Frequently, the data items present internal structures that form particular patterns.
These patterns can range from a class that is characterized by a simple regular net-
work to complex higher dimensional organized lattices disposed throughout the space.
These prominent and distinctive qualities that each class may inherently convey are
usually ignored by similarity measures that are, ultimately, formed by some sort of
physical distance or assumptions underlying the data distribution. In light of that, we
introduce a technique that not only can capture the physical distances among the data
(as traditional classifiers are able to), but also considers the pattern formation of the
data. In a short description, the proposed technique can be comprehended as a high
level (semantic) classifier; therefore, it is capable of processing the test set in a more
intelligent form using a mixture of local features, provided by the physical distances
among the data, and global semantic features, which are artlessly supplied by the class
patterns.

With the purpose of representing such mixture, we propose a hybrid classifier F
that consists of a convex combination of two terms:

i. A low level classifier, for instance, a decision tree, SVM, or a k-NN classifier;

ii. A high level classifier, which is responsible for classifying a test instance accord-
ing to its pattern formation with the data.

Mathematically, the membership of the test instance xi ∈ Xtest with respect to the
class j ∈ L yielded by the hybrid framework, here written as F(j)

i , is given by:

F(j)
i = (1− ρ)L(j)

i + ρH(j)
i , (5.3)

where L(j)
i ∈ [0, 1] denotes the membership of the test instance xi towards class j pro-

duced by an arbitrary traditional (low level) classifier; H(j)
i ∈ [0, 1] indicates the same

membership information yielded by a high level classifier; and ρ ∈ [0, 1] is the compli-
ance term, which plays the role of counterbalancing the classification decisions supplied
by both low and high level classifiers. Whenever L(j)

i = 1 and H(j)
i = 1, we may deduce

that the ith data item carries all the characteristics of class j. On the other hand, when-
ever L(j)

i = 0 and H(j)
i = 0, we may infer that the ith data item does not present any

similarities nor complies with the pattern formation of class j. Values in-between these
two extremes lead to natural uncertainty in the classification process and are found in
the majority of times during a classification task. It is worth noting that (5.3) is a con-
vex combination of two scalars, since the sum of the coefficients is unitary. Thus, as the
domains of L(j)

i and H(j)
i range from 0 to 1, it is guaranteed that F(j)

i ∈ [0, 1]. Therefore,
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(5.3) provides a fuzzy classification method. Moreover, it is valuable to mention that,
when ρ = 0, (5.3) reduces to a common low level classifier.

A test instance receives the label from the class j that maximizes (5.3). Mathemati-
cally, the estimated label of the test instance xi, ŷxi , is given by:

ŷxi = arg max
j∈L

F(j)
i . (5.4)

Equation (5.3) supplies a general framework for the hybrid classification process,
in the sense that various supervised data classification techniques can be brought into
play. The first term of (5.3) is rather straightforward to implement, since it can be any
traditional classification technique. The literature provides a myriad of supervised
data classification techniques. Some of these include graph-based methods, decision
trees, SVM and its variations, neural networks, Bayesian learning, among many others.
However, to our knowledge, little has been done in the area of classifiers that take into
account the patterns or organizational features inherently hidden into the relationships
among the data items. Thus, we now proceed to a detailed analysis of the proposed
high level classification term H.

Motivated by the intrinsic ability to describe topological structures among the data
items, we propose a network-based (graph-based) technique for the high level classifier
H. Specifically, the inference of pattern formation within the data is processed using
the generated network. In order to do so, the following structural constraints must be
satisfied for any constructed network:

i. Each class is an isolated subgraph (graph component);

ii. Each class retains a representative and unique graph component.

With these two network properties in mind, the pattern formation of the data is
quantified through a combination of network measures developed in the complex net-
work literature. These measures are chosen in a way to cover relevant high level as-
pects of the class component, as we will detail later. The number of measures to be
plugged into the high level classifier is user-controllable. Here, suppose that m mea-
sures, m > 0, are selected to comprise the high level classifier H. Mathematically, the
membership of the test instance xi ∈ Xtest with respect to the class j ∈ L yielded by the
high level classifier, here written as H(j)

i , is given by:

H(j)
i =

∑m
u=1 α(u)

[
1− f (j)

i (u)
]

∑g∈L∑m
u=1 α(u)

[
1− f (g)

i (u)
] , (5.5)
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where α(u) ∈ [0, 1], ∀u ∈ {1, . . . , m}, is a user-controllable coefficient that indicates the
influence of each network measure in the classification process and f (j)

i (u) is a function
that depends on the uth network measure applied to the ith data item with regard to
the class j. This function is responsible for providing an answer whether or not the
test instance xi presents the same patterns or organizational features of the class j. The
denominator in (5.5) has been introduced solely for normalization matters. Indeed, in
order to (5.5) to be a valid convex combination of network measures, the following
constraint must be satisfied:

m

∑
u=1

α(u) = 1. (5.6)

With respect to f (j)
i (u), it possesses a general closed form given by:

f (j)
i (u) = ∆G(j)

i (u)p(j), (5.7)

where ∆G(j)
i (u) ∈ [0, 1] is the variation of the uth network measure that occurs on

the component representing class j if xi joins it and p(j) ∈ [0, 1] is the proportion of
data items pertaining to the class j. Remembering that each class has a component
representing itself, the strategy to check the pattern compliance of a test instance is to
examine whether its insertion causes a great variation of the network measures repre-
senting the class component. In other words, if there is a small change in the network
measures, the test instance is in compliance with all the other data items that comprise
that class component, i.e., it follows the same pattern as the original members of that
class. On the other hand, if its insertion is responsible for a significant variation of the
component’s network measures, then probably the test instance may not belong to that
class. This is exactly the behavior that (5.5) together with (5.7) propose, since a small
variation of f (u) causes a large membership value output by H; and vice versa. For
didactic purposes, we show this important concept through a simple example, in the
following.

Example 5. Suppose a network in which there exists two equally sized classes, namely A
and B. For simplicity, let us use a single network measure to quantify the pattern formation
(m = 1). The goal is to classify a test instance xi. Hypothetically, say that ∆G(A)

i (1) = 0.7
and ∆G(B)

i (1) = 0.3. In a pattern formation view, xi has a bigger chance of belonging to class
B, since its insertion causes a smaller impact on the pattern formation formed by class B than
on the one formed by class A.

Next, we proceed to explain the role of p(j) ∈ [0, 1] in (5.7). In real-world databases,
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unbalanced classes are usually encountered. In general, a database frequently encom-
passes several classes of different sizes. A great portion of the network measures is
very sensitive to the size of the components. In an attempt to soften this problem,
we introduce in (5.7) the term p(j), which is the proportion of vertices that class j has.
Mathematically, it is given by:

p(j) =
1
V

V

∑
u=1

1{yu=j}, (5.8)

where V is the number of vertices and 1{.} is the indicator function that yields 1 if the
argument is logically true, or 0, otherwise.

In view of the introduction of this mechanism, we expect to obviate the effects of
unbalanced classes in the classification process. Again, we present a simple example
which evidences the previous concept.

Example 6. Consider a network in which there are two classes: A and B, but now A’s size is
ten times bigger than B’s. From (5.8), p(A) = 10/11 and p(B) = 1/11. Without the term p(j),
it is expected that variations of the network measures in the component A to be considerably
smaller than in component B, because of its smaller size. This occurs no matter how the test
instance xi complies with class B. By considering the term p(j), the bigger value of p(A) over
p(B) will exactly cancel out the effects of the unbalanced classes in the calculation of the net-
work measures. In this way, this will better reflect the variations that happen in each of the
components.

5.3 Some Possible Ways of Composing the High Level

Classifier

In our developed works, two different network-based high level classifiers have
been proposed. The first one makes use of a mixture of well-known network measures,
namely the assortativity, the clustering coefficient, and the average degree measures.
The second one uses the dynamical information generated by the tourist walks itself.
In the following, we present the two classifiers with the mathematical formalities. En-
closing this section, we show that both approaches are special implementations of the
general high level framework.
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5.3.1 High Level Classifier using a Mixture of Complex Network Mea-

sures

In this section, the first implementation of the high level is introduced, which is
composed of three complex network measures, which are: assortativity, clustering co-
efficient, and average degree. In spite of having chosen these measures, it is worth
emphasizing that other network measures can be also plugged into the high level clas-
sifier through (5.5). The reason why these three measures have been chosen is as fol-
lows: The degree measure figures out strict local scalar information of each vertex in
the network; the clustering coefficient of each vertex captures local structures by means
of counting triangles formed by the current vertex and any of its two neighbors; the as-
sortativity coefficient considers not only the current vertex and its neighbors, but also
the second level of neighbors (neighbor of neighbor), the third level of neighbors, and
so on. We can perceive that the three measures characterize the network’s topological
properties in a local to global fashion. In this way, the combination of these measures is
expected to capture the pattern formations of the underlying network in a systematic
manner. Below, we present the three measures and how to incorporate them into the
hybrid framework.

First Network Measure: Assortativity

The assortativity has been discussed in Section 2.1.5 (first measure). With that in
mind, we now derive ∆G(j)

i (1) using the assortativity measure. Consider that the mem-
bership of the test instance xi with respect to the class j is going to be determined. The
actual assortativity measure of the component representing class j (before the insertion
of xi) is given by r(j) (step performed in the training phase). Then, we temporarily in-
sert the data item i into component j using the explained network formation technique
(classification phase) and quantify the new component’s assortativity measure, here
denoted as r′(j). This procedure is performed for all classes j ∈ L. It may occur that
some classes u ∈ L will not share any connections with the test instance xi. Using this
approach, r(u) = r′(u), which is undesirable, since this configuration would state that
xi complies perfectly with class u. In order to overcome this problem, a simple post-
processing is necessary: for all components u ∈ L that do not share at least 1 link with
xi, we deliberately set r(u) = −1 and r′(u) = 1, i.e., the maximum possible difference.
One may interpret this postprocessing as a way to state that xi do not share any pattern
formation with class u, since it is not even connected with it.

In view of this, we are able to calculate ∆G(j)
i (1) for all j ∈ L as follows:
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∆G(j)
i (1) =

|r′(j) − r(j)|
∑u∈L |r′(u) − r(u)|

, (5.9)

where the denominator is introduced only for normalization matters. According to
(5.9), for components in which the insertion of xi result in a considerable variation of
the assortativity measure, ∆G(j)

i (1) will be large, and, consequently, by (5.7), f (j)
i (1) is

also large. In light of this, the high level classifier H produces a small membership
value, as (5.5) reveals. Conversely, for insertions that do not cause a considerable vari-
ation of the assortativity, ∆G(j)

i (1) will be small, resulting in a small f (j)
i (1). As a conse-

quence, the high level classifier H produces a large membership value. In this way, the
high level classifier favors test instances that do not impact much the organizational
and pattern features of a class.

Second Network Measure: Clustering Coefficient

The clustering coefficient has been discussed in Section 2.1.5 (second measure).
With that in mind, we motivate the use of the clustering coefficient by elencating the
following facts: components with large clustering coefficient are found to have a mod-
ular structure with a high density of local connections, while components with small
average clustering values tend to have many long-range connections, with the absence
of local structures.

The derivation of ∆G(j)
i (2) is rather analogous to the previous case, except for a

simple detail: In this case, for all components u ∈ L that do not share at least 1 link with
the test instance xi, we intentionally fix CC(u) = 0 and CC′(u) = 1, i.e., the maximum
possible difference, since CC(u) ranges from [0, 1]. In this way, we are able to define
∆G(j)

i (2) as:

∆G(j)
i (2) =

|CC′(j) − CC(j)|
∑u∈L |CC′(u) − CC(u)|

. (5.10)

Third Network Measure: Average Degree

The average degree measure has been discussed in Section 2.1.5 (third measure).
The average degree measure is relatively a simple measure, which statistically quanti-
fies the average degree of the vertices of a component. This measure by itself is weak in
terms of finding patterns in the network, since the mean value may not exactly quan-
tify the degrees of the majority of vertices in a component. However, if it is jointly
used with other measures, such as assortativity and clustering coefficient, its recogni-
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tion power significantly increases.

The derivation of ∆G(j)
i (3) is similar to the previous case, except for a simple par-

ticularity: For all components u ∈ L that do not share at least 1 link with test instance

xi, we purposefully assign 〈k′(u)〉 = max
(
〈k(u)〉 −min

i

(
k(u)i

)
, max

i

(
k(u)i

)
− 〈k(u)〉

)
,

i.e., the maximum possible difference from the mean of the component. In this way,
we are able to define ∆G(j)

i (3) as:

∆G(j)
i (3) =

|〈k′(u)〉 − 〈k(u)〉|
∑u∈L |〈k′(u)〉 − 〈k(u)〉|

. (5.11)

Again, 〈k′(u)〉 and 〈k(u)〉 represent the average degree of the component u before
and after the test instance xi is inserted, respectively.

5.3.2 High Level Classifier using Tourist Walks

In this section, we introduce a second approach for implementing the high level
classifier. Specifically, we will utilize the dynamics generated by a tourist walk released
into a network. The tourist walks have already been described in Section 2.1.5. For the
sake of clarity, we retrieve, in a synthetic manner, the principal components that are
going to be utilized in this section.

A tourist walk can be can conceptualized as a walker (tourist) aiming at visiting
sites (data items) in a d-dimensional map, representing the data set. At each discrete
time step, the tourist follows a simple deterministic rule: it visits the nearest site which
has not been visited in the previous µ steps. In other words, the walker performs
partially self-avoiding deterministic walks over the data set, where the self-avoiding
factor is limited to the memory window µ − 1. This quantity can be understood as
a repulsive force emanating from the sites in this memory window, which prevents
the walker from visiting them in this interval (refractory time). Each tourist walk can
be decomposed in two terms: (i) the initial transient part of length t and (ii) a cycle
(attractor) with period c.

Before going any further, one must know that, in the majority of the works related
to these walks (Kinouchi et al., 2002; Lima et al., 2001; Stanley and Buldyrev, 2001), the
tourist may visit any other site other than the ones contained in its memory window.
As µ increases, there is a significant chance that the walker will begin performing large
jumps in the data set, since the neighborhood is most likely to be already visited in
its entirety within the time frame µ. As we will show in this thesis, in the context of
classification, this is an undesirable characteristic that can be simply avoided by using
a graph representation of the input data. In this way, the walker is only permitted
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to visit vertices, represented now by the sites, that are in its connected neighborhood
(link). With this modified mechanism, it is most probable that, for large values of µ,
depending on the network configuration, the walker will get trapped within a vertex,
not being able to further visit other vertices of the neighborhood. In this scenario,
we say that the walk only had a transient part and the cycle period is null (c = 0).
Therefore, the tourist walks applied to a networked environment is a relatively new
approach taken here. Additionally, its utilization for discovering patterns in a network
is a totally novel scheme in the literature.

Having in mind the basic concepts revolving around tourist walks, we proceed to
explain the high level classifier based on it. In mathematical terms, its decision output
is given by:

H(j)
i =

∑
µc
µ=0

[
αt(1− T(j)

i (µ)) + αc(1− C(j)
i (µ))

]
∑g∈L∑

µc
µ=0

[
αt(1− T(g)

i (µ)) + αc(1− C(g)
i (µ))

] (5.12)

where µc is a critical value that indicates the maximum memory length of the tourist
walks, αt, αc ∈ [0, 1] are user-controllable coefficients that indicate the influence of each
network measure in the process of classification, T(j)

i (µ) and C(j)
i (µ) are functions that

depend on the transient and cycle lengths, respectively, of the tourist walk applied to
the ith data item with regard to the class j. These functions are responsible for pro-
viding an estimative whether or not the data item i under analysis possesses the same
patterns of the component j. The denominator in (5.12) has been introduced solely for
normalization matters. Indeed, in order to (5.12) to be a valid convex combination of
network measures, αt and αc must be chosen such as to satisfy αt + αc = 1.

Regarding T(j)
i (µ) and C(j)

i (µ), they are given by the following expressions:

T(j)
i (µ) = ∆t(j)

i (µ)p(j)

C(j)
i (µ) = ∆c(j)

i (µ)p(j)
(5.13)

where ∆t(j)
i (u), ∆c(j)

i (u) ∈ [0, 1] are the variations of the transient and cycle lengths
that occur on the component representing class j if i joins it and p(j) ∈ [0, 1] is the
proportion of data items pertaining to class j.

Next, we explain how to compute ∆t(j)
i (µ) and ∆c(j)

i (µ) that appear in (5.13). Firstly,
we need to numerically quantify the transient and cycle lengths of a component. Since
the tourist walks are strongly dependent on the starting vertices, for a fixed µ, we per-
form tourist walks initiating from each one of the vertices that are members of a class
component. The transient and cycle lengths of the jth component, 〈t(j)

i 〉 and 〈c(j)
i 〉, are
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simply given by the average transient and cycle lengths of all its vertices, respectively.
In order to estimate the variation of the component’s network measures, consider that
xi ∈ Xtest is a test instance. In relation to an arbitrary class j, we virtually insert xi

into component j using the network formation technique that we have seen, and re-
calculate the new average transient and cycle lengths of this component. We denote
these new values as 〈t′(j)

i 〉 and 〈c′(j)
i 〉, respectively. This procedure is performed for all

classes j ∈ L. It may occur that some classes u ∈ Lwill not share any connections with
the test instance xi. Using this approach, 〈t(k)i 〉 = 〈t′

(k)
i 〉 and 〈c(k)i 〉 = 〈c′

(k)
i 〉, which is

undesirable, since this configuration would state that xi complies perfectly with class
u. In order to overcome this problem, a simple postprocessing is necessary: For all
components u ∈ L that do not share at least 1 link with xi, we deliberately set 〈t′(j)

i 〉
and 〈c′(j)

i 〉 to a high value. This high value must be greater than the largest variation
that occurs in a component which shares a link with the data item under analysis. One
may interpret this postprocessing as a way to state that xi does not share any pattern
formation with class u, since it is not even connected to it.

With all this information at hand, we are able to calculate ∆t(j)
i (µ) and ∆c(j)

i (µ), ∀j ∈
L, as follows:

∆t(j)
i (µ) =

|〈t′(j)
i 〉 − 〈t

(j)
i 〉|

∑u∈L |〈t′(u)i 〉 − 〈t
(u)
i 〉|

∆c(j)
i (µ) =

|〈c′(j)
i 〉 − 〈c

(j)
i 〉|

∑u∈L |〈c′(u)i 〉 − 〈c
(u)
i 〉|

(5.14)

where the denominator is introduced only for normalization matters. According to
(5.14), for insertions that result in a considerable variation of the component’s transient
and cycle lengths, ∆t(j)

i (µ) and ∆c(j)
i (µ) will be high. In view of (5.13), T(j)

i (µ) and
C(j)

i (µ) are expected to be also high, yielding a low membership value predicted by
the high level classifier H(j)

i , as (5.12) reveals. On the other hand, for insertions that
do not significantly interfere in the pattern formation of the data, ∆t(j)

i (µ) and ∆c(j)
i (µ)

will be low, and, as a result, T(j)
i (µ) and C(j)

i (µ) are expected to be also low, producing
a high membership value for the high level classifier H(j)

i , as (5.12) exposes.

The network-based high level classifier quantifies the variations of the transient
and cycle lengths of tourist walks with limited memory µ that occur in the class com-
ponents when a test instance artificially joins each of them in isolation. According to
(5.12), this procedure is performed for several values of the memory length µ, ranging
from 0 (memoryless) to a critical value µc. This is done in order to capture complex
patterns of each of the representative class components in a local to global fashion.
When µ is small, the walks tend to possess a small transient and cycle parts, so that
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the walker does not wander far away from the starting vertex. In this way, the walking
mechanism is responsible for capturing the local structures of the class component. On
the other hand, when µ increases, the walker is compelled to venture deep into the
component, possibly very far away from its starting vertex. In this case, the walking
process is responsible for capturing the global features of the component. In sum-
mary, the fundamental idea of the high level classifier is to make use of a mixture of
local and global features of the class components by means of a combination of tourist
walks with different values of µ.

One may wonder how the high level classifier based on tourist walks given by (5.12)
is plugged into the hybrid framework, whose general equations are given by (5.5) and
(5.7). The following proposition links both approaches.

* * *

Proposition 3. The high level classifier based on tourist walks, whose decision equations are:

H(j)
i =

∑
µc
µ=0

[
αt(1− T(j)

i (µ)) + αc(1− C(j)
i (µ))

]
∑g∈L∑

µc
µ=0

[
αt(1− T(g)

i (µ)) + αc(1− C(g)
i (µ))

] , (5.15)

T(j)
i (µ) = ∆t(j)

i (µ)p(j)

C(j)
i (µ) = ∆c(j)

i (µ)p(j),
(5.16)

is a particular form of the generic high level framework given in:

H(j)
i =

∑m
u=1 α(u)

[
1− f (j)

i (u)
]

∑g∈L∑m
u=1 α(u)

[
1− f (g)

i (u)
] , (5.17)

f (j)
i (u) = ∆G(j)

i (u)p(j). (5.18)

Proof. First, one can see that (5.15) can be written as:

H(j)
i =

∑
2µc+2
µ=1 v(µ)(1−V(j)

i (µ))

∑g∈L∑
2µc+2
µ=1 v(µ)(1−V(g)

i (µ))
, (5.19)

where:
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v(µ) =

 αt if µ ≤ µc + 1

αc if µ > µc + 1
, (5.20)

and

V(j)
i (µ) =

 T(j)
i (µ) if µ ≤ µc + 1

C(j)
i (µ) if µ > µc + 1

, (5.21)

are piecewise functions defined over the domain {1, . . . , 2µc + 2}. In view of (5.6), one
must have that:

2µc+2

∑
µ=1

v(µ) = 1⇒ (µc + 1)(αt + αc) = 1. (5.22)

Moreover, by equivalence, comparing the upper limits of the summations of (5.17)
and (5.19), one has that:

m = 2µc + 2. (5.23)

Using (5.6) on (5.22), one has:

(µc + 1)(αt + αc) =
2µc+2

∑
µ=1

v(µ) = 1 =
m

∑
u=1

α(u) =
2µc+2

∑
u=1

α(u). (5.24)

Therefore, by polynomial equivalence, one can take:

α(u) = v(u) =

 αt if u ≤ µc + 1

αc if u > µc + 1
. (5.25)

Using the same reasoning, we have that:

f (j)
i (u) = V(j)

i (u) =

 T(j)
i (u) if u ≤ µc + 1

C(j)
i (u) if u > µc + 1

. (5.26)
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Finally, by looking at (5.16) and (5.18), we can infer that the tourist walk based clas-
sifier can be coupled into the hybrid framework by taking 2µc + 2 network measures,
such that the first µc + 1 are the transient lengths with increasing memory lengths, each
of which weighted by αt, and the remaining µc + 1 are cycle lengths with increasing
memory lengths, each of which weighted by αc. In view of this, the high level classifier
based on tourist walks is, in fact, a particular implementation of the generic high level
classifier.

* * *

5.4 Computer Simulations using the High Level Classifier

as a Mixture of Complex Network Measures

In this section, computer simulations are conducted in order to assess the effective-
ness of the proposed high level classification model. Here, we utilize the combination
of the assortativity, clustering coefficient, and the average degree measures to compose
the high level term. Specifically, Section 5.4.1 provides simulations on artificial data
sets and a detailed analysis of how the model behaves for different compliance terms,
whereas Section 5.4.2 supplies the performance of the proposed model on real-world
data sets. In all simulations, the similarity measure used in the network construction
is given by the reciprocal of the Euclidean distance.

5.4.1 Illustrative Examples

For the sake of clarity, in this section, the influences of the three complex network
measures in the decision produced by the high level classifier are set to be the same, i.e.,
α(1) = α(2) = α(3) = 1/3, according to (5.5). Note that the constraint imposed by (5.6)
is satisfied. Mainly, we will focus on particular situations where low level classifiers
would have trouble in correctly classifying the data items in the test set. Therefore, this
section serves as a tool for better motivating the usage of the proposed model.

In accordance with (5.1), the network in the training phase is constructed using
a combination of modified versions of the ε-radius and the k-NN graph formation
techniques. Here, we set k = 1 and ε = 0.05. The same parameters are used in the
classification phase (see (5.2)). With respect to the low level classifier, a fuzzy SVM
classifier is employed (Lin and Wang, 2002), whose optimization method criterion is
defined as the Karush-Kuhn-Tucker violation fixed at 10−3 (the same condition used in
(Hsu and Lin, 2002)). In our first example, 4 independent runs are performed, each of
which using a different kernel with an optimized parameter configuration. The used
kernels are: Linear, Radial Basis Function (RBF), Sigmoid, and Polynomial (Vapnik,
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Figure 5.4: A high level data classification using a synthetic data set. The big triangle-shaped
data item is to be classified. There are 2 classes in the problem: A sparse hollow rounded class
(“circle" or red class) and a condensed opaque rounded class (“square" or green class).

1998). Say that v and u are two data items, then the aforementioned kernels have the
following formula:

i. Linear: u · v;

ii. RBF: exp(−γ ‖ u− v ‖2);

iii. Sigmoid: tanh(γu · v + c);

iv. Polynomial: (c + u · v)d.

Additionally, the cost of the regularizer parameter C must be fixed. The param-
eters are optimized over the sets: γ = {24, 23, . . . , 2−10}, c = {10, 9.5, . . . ,−10},
d = {10, 9, . . . , 1}, and C = {212, 211, . . . , 2−2}. The optimization process consists in
taking every combination of parameters in the sets previously shown. The best model
is the one that yields the smallest error. The error is estimated using a stratified ten-fold
cross-validation.

As an introductory example, consider the toy data set depicted in Fig. 5.4, where
there are two classes, namely the red or “circle" (23 vertices) and the green or “square"
(276 vertices) classes. Consequently, the proportions of vertices of each class are
p(red) = 7.69% and p(green) = 92.31%. Clearly, the red class carries a perceivable pat-
tern, which, geometrically speaking, is a “circle" disposed throughout the space. On
the other hand, the green class shows no clear pattern (well-defined pattern). The task
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is to classify the big “triangle" data item in either of these two classes. In this simula-
tion, we show that the obtained results are not satisfactory if we only apply the fuzzy
SVM with several well-known kernels. Even though the kernel function is responsible
for spawning the data items into a higher space through a nonlinear transformation,
the data items in this and the next simulations may only be distinguished by using
semantic knowledge, i.e., the pattern formation of the classes. It is worth stressing that
special kernels could be designed in order to solve specific data distributions, but they
would be totally peculiar for the problems at hand. So, their usability is constrained
to a very few real situations. On the other side, as it will be stressed throughout this
work, the proposed technique captures the pattern formation of the classes in a general
manner. Table 5.1 shows the classification results of the triangle-shaped data item in
Fig. 5.4 for all the four employed kernels. By inspecting the estimated membership
value section of the table, one can confirm that, while the low level classifier always
decides favorable to the green class, the high level classifier, due to the strong pattern
exhibited by the red class, decides favorable to it. The final prediction is given by a
weighted combination of the decisions of the low and high level classifiers for three
different compliance terms: ρ = 0 (pure SVM), ρ = 0.5 (equal weight for the decision
of the SVM and the high level classifier), and ρ = 0.8 (a high weight for the high level
classifier and a low weight for the SVM). We can clearly see that a pure SVM decision
(ρ = 0), no matter which kernel is used, is not able to correctly classify the data item
shown in Fig. 5.4. However, if the final decision of the classifier is based on a mix-
ture of the SVM and the high level classifier, one can verify that correct results can be
obtained. As ρ increases, the proposed classifier tends to put the triangle-shaped data
item in the red or “circle” class, by virtue of the strong compliance that it forms with
the data item.

Now, we move on to an interesting analysis of the decision boundaries delineated
by the proposed technique on structured data. This example serves as the gist of how
the proposed classifier draws its decisions. Consider the toy data set illustrated in Fig.
5.5, in which there are 2 classes: a red or “circle" (35 vertices) and a green or “square"
(120 vertices). The network construction in the training and classification phases re-
mains the same as the previous example. The fuzzy SVM with RBF kernel (C = 100
and γ = 2−2) is adopted for the low level classifier. By inspection of the figure, the
red or “circle" class also shows a strong clear pattern: a grid or lattice, whereas the
green or “square" class does not indicate any clear patterns. The goal is to classify
the triangle-shaped data items (test set) one by one only using the information of the
training set (fully supervised learning). Figures 5.6a, 5.6b, and 5.6c exhibit the decision
boundaries of the two classes when ρ = 0, ρ = 0.5, and ρ = 0.8, respectively. When
ρ = 0, only the prediction of the fuzzy SVM is used by the proposed technique. In
this case, one can see that the five data items are not correctly classified. Notice that
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Figure 5.5: Another example of high level classification in a synthetic data set. The toy data
set comprises two classes: a well-structured two-dimensional lattice class (“circle" or red class)
and a condensed opaque squared class (“square" or green class)

the decision boundaries are established near the red or “circle” class by virtue of the
large amount of green or “square” items in the vicinity. Now, when ρ = 0.5, the SVM
and the high level classifier predictions are used in the same intensity. In this case, the
decision borders are dragged toward the green or “square” class, because of the strong
pattern that the red or “square” class exhibits. When ρ = 0.8, the decision derived by
the high level classifier is so strong that is capable of pushing the decision boundaries
inside the high density area of the green or “square” class. This happens on account
of the strong pattern that the red or “square” class shows. In the two former cases, the
proposed technique can successfully classify the triangle-shaped data items. In sum-
mary, the concept of classification is altered depending on the value of the compliance
term. A small compliance term makes the decisions be derived from traditional as-
sumptions about the data items, such as proximity or cluster assumptions. When a
large compliance term is used, the concept that the proposed classifier tries to uncover
is the patterns that the classes show. As the pattern of a class gets more structured and
easier to be evidenced, the wider will be decision boundaries delineated by that class.

Let us now consider a multiclass problem. Consider the toy data set shown in Fig.
5.7a, where, visually, we see four classes: the red or “circle,” the purple or “star,” the
blue or “square,” and the green or “diamond” classes. The network construction in the
training and classification phases remains the same as the previous example. Again,
the fuzzy SVM with RBF kernel (C = 2 and γ = 24) is used for the low level classifier.
Figures 5.7b and 5.7c display the corresponding results when ρ = 0 and ρ = 0.2, re-
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Figure 5.6: Behavior of the decision boundaries as ρ varies in the toy data of Fig. 5.5. Decision
boundaries when (a) ρ = 0; (b) ρ = 0.5; and (c) ρ = 0.8.

spectively. From Figs. 5.7b, we see that the decision boundaries of the blue or “square”
class invade the red or “circle” class. As a consequence, almost all the red or “cir-
cle” instances will be wrongly classified. A similar situation occurs with the other two
classes, where the decision boundaries of the green or “diamond” class partially in-
vade the purple or “star” class. On the other hand, when ρ = 0.2 (a small portion of
high level classification is taken into consideration), we see that the decision bound-
aries are well-located, which means that most of the class instances can be correctly
classified.

Next, we will study problematic classification situations, where a low level clas-
sifier can be deceived if it only considers the density in the surroundings to perform
predictions. In this context, we will encounter the minimum required compliance term,
ρmin, for which the proposed technique can satisfactorily avoid such traps. Consider
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(a) (b)
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Figure 5.7: Behavior of the decision boundaries as ρ varies for a multiclass problem. (a) Scatter
plot of the toy data set. Decision boundaries when (b) ρ = 0; and (c) ρ = 0.2.

the classification problems arranged in Figs. 5.8a and 5.8b, where the test sets are: a
perfect straight line and a noisy line, respectively. In each figure, there are two classes
in the problem: the red or “circle" class (7 vertices) representing a strong pattern of a
segment of line and a condensed rectangular class outlined by the green or “square"
class (100 vertices). The network formation parameters in the training and classifica-
tion phases are set to k = 1 and ε = 0.07 (this radius covers, for any vertex in the
straight line, 2 adjacent vertices, except for the vertices at each end). The fuzzy SVM
with RBF kernel (C = 28 and γ = 24) is adopted as the low level classifier. The task is
to classify the 8 test data items depicted by the big “triangles." In this case, after a data
item in the test set is classified, it is incorporated to the training set with the predicted
label and the low and high level classifiers are retrained. The orientation is set from
left to right. The aligned graphics embedded in Figs. 5.8a and 5.8b show the mini-
mum compliance terms required for the test instances to be classified as members of
the red class. For the first one, ρ = 0 suffices, i.e., the fuzzy SVM technique is enough
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Figure 5.8: Analysis of the minimum value of the compliance term, ρmin, that classifies the
triangle-shaped item as members of the red or “circle" class. If a smaller value of ρ is chosen,
then the test data items are classified as members of the green or “square” class. The orien-
tation was set from left to right. Whenever a data item is classified, it is incorporated to the
corresponding most similar class. Traditional techniques would definitely fail to correctly clas-
sify the straight line that diametrically crosses the densely connected component pertaining to
the green or “square" class. (a) A test set encompassing a perfect straight line. (b) A test set
encompassing a noisy “straight” line.

to produce the right prediction. However, from the second to the seventh, nonzero
ρmin are required. Specifically, as the perfect or noisy line diametrically crosses the
condensed region pertaining to the green or “square” class, ρmin → 1. In this situation,
if one expects to find pattern formation within the data, one cannot establish its deci-
sion based on the low level classifier, because it would erroneously decide favorable
to the green or “square" class due to the high deceiving density of samples in the re-
gion. From this scenario, one can see that the fuzzy SVM or its variations classify the
test instances that are deep within the densely rectangular green or “square” class as
members of the green or “square” class. This holds even if nonlinear transformations
to map the data into higher space are employed. This happens because there is no gen-
eral way to separate the test instances and the mass of green or “square” neighbors by
using class topologies. Here, the pattern formation can help in solving this hard prob-
lem. Moreover, it is worth mentioning that even manifold learning techniques, such as
Isomap, Laplacian eigenmaps, Locally-Linear Embedding techniques, are not able to
correctly map the same items, since they generally attempt to find a nonlinear trans-
formation which fits the data into a lower dimensional space (manifold assumption),
always preserving the local relationships. In other words, data items, which are close
in the original space, tend to stay even closer in the resulting reduced dimension. In
the case of Figs. 5.8a and 5.8b, this would make the problem even harder to be solved.
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In brief, a high level order of learning is required to successfully classify these types of
data items. The proposed high level classifier is an attempt to fill this gap. Figure 5.8b
presents the detection of a “noisy" straight line, which illustrates the robustness of the
proposed technique.

In order to give a clear idea of how the complex network measures vary, Table 5.2
reports the variations of the three network measures employed by the high level classi-
fier and the corresponding prediction for ρ = 0 and ρ = 0.95, when the first 5 left-most
triangle-shaped data items in Fig. 5.8a are classified. A careful look at Table 5.2 corrob-
orates the importance that the proportion of vertices plays in the inference process, as
it is responsible for counterbalancing the nominal variations of each network measure
against the size of the component. In this case, the small variations that occur due to
the insertion of a new data item in the green or “square” class are amplified by the
high value of p(green). Conversely, the sizable variations that take place in the red or
“circle” class by virtue of the addition of a new data item are softened by the low value
of p(red).

Table 5.2: Snapshot of the measures captured in the contextual classification task of the big
“triangle" data items in Fig. 5.8a. The items are enumerated from left to right (orientation). The
left-most “triangle” data item is the item 1 and so forth, up to the fifth item (number 5). Bolded
values in the two right-most columns emphasize the final classification of the algorithm for
ρ = 0 and ρ = 0.95.

Item Class Calculated Network Measures Final Decision

Assortativity Clustering Coeff. Mean Degree ρ = 0 ρ = 0.95
r(.) r′(.) ∆G(.)

i (1) CC(.) CC′(.) ∆G(.)
i (2) 〈k(.)〉 〈k′(.)〉 ∆G(.)

i (3)

1 Red 0.9519 0.9597 0.00007 0.0000 0.0000 0.00007 1.7143 1.7500 0.00007 1.0000 1.0000
Green 0.5626 0.5626 1.00007 0.6745 0.6745 1.00007 9.5489 9.5489 1.00007 0.0000 0.0000

2 Red 0.9597 0.9653 0.4095 0.0000 0.0000 0.0000 1.7500 1.7778 0.3377 0.1973 0.7518
Green 0.5626 0.5707 0.5905 0.6745 0.6651 1.0000 9.5489 9.4944 0.6623 0.8027 0.2482

3 Red 0.9653 0.9695 0.3936 0.0000 0.0000 0.0000 1.7778 1.8000 0.3735 0.0036 0.7406
Green 0.5626 0.5691 0.6064 0.6745 0.6696 1.0000 9.5489 9.5116 0.6265 0.9964 0.2594

4 Red 0.9695 0.9728 0.3070 0.0000 0.0000 0.0000 1.8000 1.8182 0.3897 0.0289 0.7544
Green 0.5626 0.5701 0.6930 0.6745 0.6705 1.0000 9.5489 9.5204 0.6103 0.9711 0.2456

5 Red 0.9728 0.9755 0.4794 0.0000 0.0000 0.0000 1.8182 1.8333 0.8718 0.0004 0.6480
Green 0.5626 0.5655 0.5206 0.6745 0.6719 1.0000 9.5489 9.5511 0.1282 0.9996 0.3520

As a last analysis in this experimental section, the behavior of the accuracy rate
achieved by the proposed technique on Gaussian-distributed classes for varying values
of ρ will be studied. Firstly, a series of multiple Gaussian toy data sets are generated

7Since no edge is shared from the data item to the green or “square” class, we set the network mea-
sure variations regarding the insertion of the data item 1 to their maximum value (as explained in the
previous section).
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via PRTools (Duin, 2000). Each class is constructed with a distinct mean and spatial
correlation and has 500 vertices. The error estimation is done using the stratified ten-
fold cross-validation fifty times. The network construction parameters for the training
phase are set to k = 3 and ε = 0.05. The same k and ε are utilized in the classification
phase. The fuzzy SVM with RBF kernel (C = 22 and γ = 21) is adopted as the low
level classifier.

Observing all the aforementioned steps, we advance to our first experiment in
which there are two completely separated classes in the space, as the scatter plot in Fig.
5.9a exhibits. By a quick analysis of it, one can infer that any efficient low level clas-
sifier can achieve high accuracy rates, given the well-behaved classes. This aspect can
be exactly observed in Fig. 5.9b which shows the accuracy rate of the proposed tech-
nique for various values of ρ. Specifically, for ρ = 0 (only the usage of the traditional
classifier), almost no wrong labels are assigned. As we increase the compliance term,
more weight is given for the outcome of the high level classifier and, consequently, less
relevance is given for the decision derived by the traditional low level classifier. By Fig.
5.9b, one can notice that the classification remains steady at practically 100%, provided
that ρ ≤ 0.8. For values greater than this, the classification rate starts to monotonically
decrease, as ρ increases. We have checked the vertices that have been misclassified
when ρ = 1 and have found that they are situated in their entirety in the class borders.
This is predictable, since the two classes are similar and, hence, the network measures
associated to each representative component are almost equivalent. Arguments such
that there is no mixture between the classes and the spatial correlations of both classes
are similar reinforce this phenomenon. Therefore, it is natural that the high level clas-
sifier will become confused in classifying these data items under such conditions, as
the pattern formation of both classes are similar or insignificant. This example shows
that only the high level classifier is insufficient to get good classification results.

Now let us examine the problem of classification illustrated in Fig. 5.9c, where the
two classes now slightly collide with each other. As a result of this phenomenon, a
conflicting region is constituted. The data items which reside in this region are most
likely to be misclassified by a pure traditional classifier. Bearing in mind these consid-
erations, let us proceed our attention to Fig. 5.9d, which displays the accuracy rate of
the proposed technique for various values of ρ. One can see that a mixture of tradi-
tional low level and high level classifiers does supply a boost in the classification rate.
Specifically, for ρ = 0, 74% of the vertices in average are correctly classified, whereas
with a little influence of the high level classifier that we have developed, it increases
to 79% in average (ρ = 0.22). Likewise the previous example, as ρ increases after this
peek, the accuracy rate monotonically decreases by the same reasons we have stated
before. The overlapping region of both classes impacts the network construction. In
this way, the representative class components become slightly different. These argu-
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Figure 5.9: Impact analysis of the compliance term on the model’s accuracy rate when Gaussian
distributions are employed. (a) Two integrally separated classes. (b) Impact of ρ on the network
of Fig. 5.9a. (c) Two classes slightly mixed. (d) Impact of ρ on the network of Fig. 5.9c. (e) Two
classes heavily mixed. (f) Impact of ρ on the network of Fig. 5.9e. (g) Two classes, one with
data items condensed in a small area and another class with data items scattered throughout a
significant big area. (h) Impact of ρ on the network of Fig. 5.9g.
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ments explain that a little relevance to the high level classifier decision, in this specific
case, can cause the classification rate to increase.

We now proceed to inspect the classification problem proposed in Fig. 5.9e. In this
particular situation, the two classes heavily collide with each other. Due to that, the
two classes become almost indistinguishable. In consequence of the network forma-
tion technique, two very distinct and representative components will arise from these
two classes. In this special scenario, the two components that comprise the network are
expected to possess different network properties, i.e., some structural pattern is hoped
for emerging. Indeed, taking a careful view in Fig. 5.9f, which depicts the accuracy rate
reached against various values of ρ, one can state that the accuracy rate keeps increas-
ing until a high value of the compliance term, namely ρ = 0.62, where it achieves 53%,
against 49% when ρ = 0. This phenomenon is precisely explained by the structural
patterns that each component provides, in which merely traditional classifiers would
not be able to capture. Therefore, a heavy weight on the high level classifier decision
is responsible for this significant increase in the classification rate.

As our last Gaussian distribution problem, consider Fig. 5.9g, where, in this case,
the correlation matrix of the green or “square" class is thrice the correlation matrix of
the red or “circle" class, i.e., the former becomes more scattered than the latter. This
supplies a natural way of building class patterns, where the average physical distance
among the data contributes to the definition of the class. Additionally, this is reinforced
by the way the network is formed. In fact, Fig. 5.9h, which illustrates the accuracy
rate reached against various values of ρ, precisely shows this phenomenon. Classi-
fiers solely based on similarity measures would generally misclassify all the green or
“square" vertices that are situated in the condensed region of the red or “circle" class.
A high value of the compliance term ρ can overcome this problem, giving more rel-
evance to the patterns that each component possesses and less influence on physical
distances among the data. Indeed, we can observe that the highest classification rate is
reached when ρ = 0.80 with 92% of the vertices correctly classified against 79%, when
ρ = 0. A cautious investigation shows that for ρ = 0, practically all green or “square”
vertices inside the red or “square” class’ region are indeed misclassified, as we have
stated. However, for ρ = 0.80, the majority of these vertices can be correctly classified.

In summary, we end this section by pointing out the key points that we have in-
ferred from these synthetic Gaussian distributed examples:

• When the classes are strictly separated, no aid from the high level classifier is
necessary, i.e., ρ = 0 is enough;

• When the classes slightly collide, ρ > 0 is required and its magnitude increases
with the mixture;

• When the classes show clear patterns, ρ = 1 suffices. The classifier will be able
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to correctly complete the patterns associated to one or more classes, even in the
situations where the data items invade some other class’ region.

• In general, neither the individual low level term nor the high level term by them-
selves produce the best accuracy rate results.

5.4.2 Simulations on Real-World Data Sets

In this section, the proposed framework is tested against several well-known UCI
data sets. A succinct meta-information of the selected data sets is given in Table 5.3.
For a detailed description, one can refer to (Frank and Asuncion, 2010). Concerning
the numerical attributes, the used similarity measure is the reciprocal of the Euclidean
distance. For the categorical examples, the overlap similarity measure is employed
(Boriah et al., 2008). All predictive attributes are standardized such as to present zero
mean and unitary standard deviation.

Table 5.3: Meta-information of the data sets.

# Samples # Dimensions # Classes

Yeast 1 484 8 10
Teaching 151 5 3

Pima 768 9 2
Zoo 101 16 7

Wine 178 13 3
Iris 150 4 3

Glass 214 9 6
Vehicle 846 18 4
Letter 20 000 16 26

The high level classifier is composed of a weighted combination of the three com-
plex network measures described before, namely assortativity, clustering coefficient,
and average degree. Instead of using a brute force method to find the weights of
each network measure in (5.5), they are heuristically tuned with the aid of the Par-
ticle Swarm Optimization technique (PSO) (Kennedy and Eberhart, 1995). In the PSO
technique, a particle swarm is modeled via particles in a multidimensional space, each
of which with its own position and velocity. These particles navigate in this space (so-
lution space) trying to find the best candidate solution with regard to a quality func-
tion. At each time step, the particle swarm optimization concept consists in changing
the velocity of each particle toward the best candidate solution in the vicinity. Here,
the system is initialized with a random population of particles and the optimization
criterion is set to be the accuracy of the model. The accuracy is estimated using a
stratified ten-fold cross-validation method. The solution space is discretized as fol-
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lows: α(i) ∈ {0.1, 0.2, . . . , 1.0}, ∀i ∈ {1, 2, 3}, subjected to ∑3
u=1 α(u) = 1. Accord-

ing to the rule-of-thumb indicated in (Shi and Eberhart, 1998), we set ω = 0.7298,
ϕ1 = ϕ2 = 1.49618 for PSO. The parameter optimization results are given in Table
5.4. Each row indicates the best weighting combination of the three complex network
measures. For instance, take the Yeast data set, the high level classifier supplies the
best performance when the weights of the assortativity, clustering coefficient, and av-
erage degree are 0.4, 0.4, and 0.2, respectively. The network in the training phase is
constructed using ε = 0.03 and k = 3. However, in the classification phase, only k is
maintained as the same and ε is optimized over the set {0.01, 0.02, . . . , 0.1}.

Table 5.4: Weighting factors of each network measure used in the first implementation of the
high level classifier.

Assortativity Clustering Average
(α(1)) Coefficient (α(2)) Degree (α(3))

Yeast 0.4 0.4 0.2
Teaching 0.6 0.1 0.3

Pima 0.4 0.4 0.2
Zoo 0.5 0.1 0.4

Wine 0.6 0.3 0.1
Iris 0.6 0.2 0.2

Glass 0.3 0.2 0.5
Vehicle 0.4 0.3 0.3
Letter 0.3 0.5 0.2

With respect to the low level classifiers, the following techniques are used: Bayesian
networks (Neapolitan, 2003), the weighted version of the k-NN algorithm (Hastie et al.,
2009), a fuzzy C4.5 method (Olaru, 2003), multilayer perceptrons (MLP) (Rumelhart
et al., 1988), and the fuzzy multiclass SVM (M-SVM) (Abe and Inoue, 2002; Lin and
Wang, 2002). Every parameter of the low level classifier will be optimized using
the best combination of parameters discussed as follows. The only parameter of the
Bayesian networks technique is the maximum allowed number of parent attributes
that an attribute can depend on. For instance, if all attributes cannot depend on any
other attributes (independence assumption), then we have the Naïve Bayes classifier.
If just one parent is allowed per each attribute, we have the Boosted Augmented Naïve
Bayes classifier, and so on. Here, we simply make the most generic choice: every at-
tribute can depend on every other attribute of the data set. In the weighted k-NN,
the classification process is performed by using the sum of the weights between the
sample to be labeled and its k neighbors. Specifically, the weight between two sam-
ples xi and xj is defined as the reciprocal of the Euclidean distance. For the fuzzy
C4.5 algorithm, the parameter setup is taken integrally from (Olaru, 2003). For the
MLP technique, three parameters are optimized, namely (i) the number of layers in the
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model, which is optimized over the set {1, 2, 3, 4, 5, 6, 7}; (ii) the learning rate, which
is optimized over the interval {0.05, 0.1, 0.2, 0.3, 0.4, 0.5, 0.6}, and (iii) the momentum
term, whose optimization is restricted to the set {0, 0.1, 0.2, 0.3, 0.4, 0.5, 0.6}. Lastly, re-
garding the fuzzy SVM algorithm, we have opted to utilize the one-against-one multi-
class version, in which (L

2) distinguished binary classifiers (every pair of classes) are
trained and the decision is set by a voting scheme. In order to avoid ties, the output
of each SVM correspond to real-valued decision functions (fuzzy). As Hsu draws at-
tention to, the one-against-one SVM is preferable over others multiclass methods and
yields the best results among them (Hsu and Lin, 2002). By virtue of the computa-
tional complexity of the one-against-one multiclass version of the SVM technique, we
reduce the search-space for the optimization process by fixing a single well-known
kernel, namely the RBF kernel, previously considered in the synthetic examples. The
stopping criterion for the optimization method is defined as the Karush-Kuhn-Tucker
violation to be less than 10−3. For each data set, the model selection is performed
by considering the kernel parameter γ ∈ {24, 23, 22, . . . , 2−10} and the cost parameter
C ∈ {212, 211, 210, . . . , 2−2}. We have chosen a wide range of possible values for the cost
parameter because it is responsible for creating soft margins and is usually welcomed
in problems where the classes are almost linearly separable (after the application of the
kernel transformation). A low value creates hard margins, whereas a big value, flexible
margins.

Table 5.5 reports the results of the proposed technique with the five different low
level classifiers explained before. The results obtained by each algorithm are averaged
over a hundred runs using the stratified ten-fold cross-validation process. For each
data set, two types of results are depicted: (i) “Pure” row: shows the accuracy rate
when ρ = 0, along with the parameters of the low level classifier inside the parenthe-
ses; (ii) “Best” row: indicates the best accuracy rate reached when we use both low
and high level classifiers. In this case, inside the parentheses are reported the ε in the
classification phase and the best compliance term ρ that achieved the highest accuracy
rate. Take the first entry for instance, the pure low level classifier Bayesian Networks
achieved an accuracy rate of 57.8± 2.6 (ρ = 0). However, if we utilize a ρ = 0.21 acting
together with a high level classifier whose ε used in the classification phase is ε = 0.06,
the accuracy rate is refined, achieving 63.7± 2.2. One can see that the proposed method
can satisfactorily improve the classification accuracy rates in the majority of the cases.
It should be mentioned that the results obtained by only using the traditional clas-
sification techniques are already optimized; thus, the increasing of the classification
accuracy over these optimized results is in general hard to be obtained. In this sense,
the proposed technique presents a significant advantage in general classification prob-
lems.
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5.4.3 Application: Handwritten Digits Recognition

In this section, we show that the high level learning provided by the proposed
technique can indeed help in solving real-world problems, specifically those pertaining
to the Pattern Recognition area. In this context, the proposed technique is applied to
the recognition of handwritten digits, such as those available from the MNIST data set.

It is worth registering that we have employed the same weighted eigenvalue-based
network formation technique as in Section 3.5, when we dealt with the same applica-
tion, but in another perspective, which is clustering, rather than recognition.

Description of the MNIST Data Set

Handwriting digits recognition is a well accepted benchmark for comparing pattern
recognition methods. In this study, our model is applied to the Modified NIST (MNIST)
data set (LeCun et al., 1998), which comprises a training set of 60 000 samples and a test
set of 10 000 samples. This data set is almost balanced with regard to the size of the 10
existing classes, each of which representing a digit. Similarly to LeCun et al. (1998), a
pre-processing step is conducted. In this respect, the gray-level images (samples) are
reduced to fit in a 20× 20 pixel box, while preserving their aspect ratio.

Configurations of the Low Level Classifiers

Below, we detail the three low level classifiers that are going to be used in the fol-
lowing computer simulations. For more details about the setup and architectural char-
acteristics of the first two techniques, one can refer to (LeCun et al., 1998).

• A Perceptron neural network: each input pixel value contributes to a weighted sum
for each output neuron. The output neuron with the highest sum (including the
contribution by virtue of the bias applied to that neuron) marks the class of the
input character.

• A k-nearest neighbor classifier: we set the similarity as the reciprocal of the Eu-
clidean distance and k = 3.

• A network-based ε-radius classifier: the ε-radius network formation technique is
employed with a dissimilarity measure given by a weighted sum of the φ = 4
greatest eigenvalues, as described in the previous section. In all simulations, k =

3 and ε = 0.014 for the both steps (classification and network formation).

Experimental Results

Figure 5.10 shows the accuracy rate reached by the three discussed techniques
against several values of ρ on the MNIST data set. Our main goal here is to reveal
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that a proper mixture of traditional and high level classifiers is able to increase the
overall accuracy rate of the predicting model. Investigating this figure, one can see
that the perceptron neural network achieved 88% of classification rate when only a
traditional classifier (ρ = 0) is employed. A little increase of the compliance term,
in the case, ρ = 0.25, is responsible for a boost in the accuracy rate. In particular, it
achieves almost 91% of correctly labeled test instances. With regard to the k-nearest
neighbor algorithm, for a pure traditional classifier, we have obtained 95% of accuracy
rate, against 96% when ρ = 0.2. In the ε-radius classifier, we have obtained 98.49% of
correctly classified data items for ρ = 0, against 99.06% when ρ = 0.2. Finally, this ex-
periment indicates that the optimal compliance term might be intrinsic to the data set,
since, for three completely distinct low level classifiers, the maximum accuracy rate is
achieved in the surroundings of ρ = 0.225. A proof of this conjecture is left as future
work.
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Figure 5.10: An analysis of the impact of the compliance term ρ on three different traditional
low level techniques applied to the MNIST database.

Table 5.6 reports two samples (the first two rows) that are easily classified and four
samples (the last four rows) that are hard to be correctly classified by only using tradi-
tional techniques. Each entry of the Estimated Membership Values section is composed
of two values: the top-most is the fuzzy output of the linear classifier and the bottom-
most is the fuzzy output of the high level classifier. The Final Prediction section of
this table indicates the outcome when only the linear classifier is applied (ρ = 0) and
when a mixture of it and the high level classifier is employed (ρ = 0.2). For the sake of
completeness, the samples shown in this table have been taken from the test set of the
MNIST data set and have the following IDs, from the top to the bottom-most: 52, 54,
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5594, 7171, 4301, and 7427. From these classification results, we see that the proposed
technique is able to correctly identify patterns with considerable distortions. This is
because the high level classification examines not only the similarity between the test
digit and the training digits (training set), but also exploits the digits presenting inter-
mediate variations to form a pattern for each digit via the networked representation of
the data.

5.5 Computer Simulations using the High Level Classifier

based on Tourist Walks

In this section, we assess the performance of the high level classifier composed by
the dynamical information generated from the tourist walks. Specifically, Section 5.5.1
provides simulations on artificial data sets in order to better motivate the proposed
model; Section 5.5.2 supplies a parameter sensitivity analysis of the model; Section
5.5.3 presents test results obtained from real-world data sets; and Section 5.5.4 explores
a real-world recognition task. The error estimation method in these simulations is set
to be the stratified ten-fold cross-validation.

5.5.1 Illustrative Examples

For the sake of clarity, in this section, the weights given for the transient and cycle
lengths are the same, i.e., αt = αc = 0.5. Moreover, the critical tourist walk length µc

is set as being the size of the smallest class in the problem. As before, here we will
mainly focus on particular situations where low level classifiers would have trouble in
correctly classifying the data items in the test set.

As an introductory example, we revisit the networked data set shown in Fig. 5.11,
which comprises 2 classes, a red or “circle" (35 vertices) class and a blue or “square"
(160 vertices) class. In view of that, the proportion of vertices pertaining to each class
is: p(red) = 17.95% and p(blue) = 82.05%. As we have deducted in the previous sec-
tions, while the red (“circle") class carries a perceivable pattern, which, geometrically
speaking, is a grid or lattice disposed in a two-dimensional space, the blue (“square")
class does not indicate any clear patterns. Again, in this particular situation, we will
see that the results produced by the SVM by itself are not satisfactory, since it predicts
using traditional assumptions of the data. In this case, the fuzzy SVM attempts to push
the support vectors away from the large ammounts of green or “square” data items in
the surroundings.

Table 5.7 reports the classification results of the test instances for all the 4 kernels.
For each kernel, the final prediction is given for three different values of the compliance
term ρ: ρ = 0 (pure SVM), ρ = 0.5 (equal weight for the decision of the SVM and the
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Figure 5.11: A high level data classification task. A well-structured and organized two-
dimensional lattice (grid) class (henceforth, referred to as “circle" or red class) and a condensed
opaque squared class (called “square" or blue class).

high level classifier), and ρ = 0.9 (a high weight for the high level classifier and a low
weight for the SVM). We can clearly see that a pure SVM with well-known kernels is
not able to correctly classify the data items shown in Fig. 5.11. However, if we make
our final decision based on a mixture of the SVM and the high level classifier, one can
verify that correct results can be obtained. Except for the Linear kernel, for which the
algorithm derives a wrong classification decision even with the help of the high level
classifier (ρ = 0.5), we can conclude from the table that all other kernels are capable of
supplying the correct answer when ρ ∈ {0.5, 0.9}.

Now, consider the classification problem arranged in Fig. 5.12. Here, we are going
to empirically calculate the minimum required compliance term ρmin for which the
data items from the test set are classified as members of the red or “circle” class. In the
figure, one can see that there is a segment of line representing the red or “circle" class
(9 vertices) and also a condensed rectangular class outlined by the blue or “square"
class (1000 vertices). The network formation in the training and classification phases
use k = 1 and ε = 0.07. The fuzzy SVM technique with RBF kernel (C = 22 and
γ = 2−1) is employed as the traditional low level classifier. The task is to classify the
14 test instances depicted by the big triangle-shape items from left to right. After a
test instance is classified, it is incorporated to the training set with the corresponding
predicted label. The graphic embedded in Fig. 5.12 shows the minimum required
value of ρmin for which the triangle-shaped items are classified as members of the red
or “circle” class. This graphic is constructed according to the triangle-shaped element
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Figure 5.12: Minimum value of the compliance term, ρmin, that results in the correct classifi-
cation of the missing test instances. Traditional techniques would definitely fail to correctly
classify the straight line that diagonally crosses the densely connected component pertaining
to the blue or “square" class.

that is exactly at the same position with respect to the x-axis in the scatter plot drawn
above. For example, the second triangle-shaped data item can be correctly classified
if one chooses ρ ≥ ρmin ≈ 0.37. The third and forth data items would require at least
ρmin = 0.81 and ρmin = 0.96, respectively, and so on. Specifically, as the straight line
crosses the condensed region of the blue or “square” class, ρ → 1, since one cannot
establish its decision based on the low level classifier, because it would erroneously
decide favorable to the blue or “square" class.

5.5.2 Parameter Sensitivity Analysis

In this section, we will perform several simulations with the goal of better under-
standing the influence of each parameter in the model.

Influence of the Compliance Term for Different High Level Classifiers

In this section, we study the influence of the compliance term ρ for three different
types of high level classifiers, as follows: (i) one constructed solely using the compo-
nent’s cycle length; (ii) one built exclusively using the component’s transient length;
and (iii) the best weighted combination of these two measures. The optimization pro-
cess is conducted by finding αt × αc ∈ {0, 0.1, . . . , 1} × {0, 0.1, . . . , 1} (search space),
subjected to αt + αc = 1, which results in the highest accuracy rate of the model. Here,
we show that, in general, the transient and cycles lengths are not correlated. The ob-
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jective of this section is to make this point clear and demonstrate that, when they act
together, they are able to produce better accuracy rates. In order to conduct these tests,
classes with Gaussian distributions are used, as we have seen before. The network in
the classification phase is constructed with k = 1 and ε = 0.05. The same configuration
is employed in the classification phase. The similarity measure is simply given by the
reciprocal of the Euclidean measure. For the traditional classifier, the fuzzy SVM with
RBF kernel is employed with C = 24 and γ = 2−2. Finally, this process is repeated 100
times and the mean and the corresponding standard deviation of the accuracy rate, for
each value of ρ, is reported.

Consider Fig. 5.13a, where the classes are completely separated from each other.
Figure 5.13b depicts the accuracy rate of the proposed classifier vs. ρ for the three
types of high level classifiers discussed before. The best weighted combination of the
cycle and transient lengths is αc = 0.6 and αt = 0.4. One can see that the high level
classifier constructed by the combination of the transient and cycle lengths is able to
outperform the other high level classifiers constructed using only one of these mea-
sures. In addition, when ρ = 0 (only the usage of the traditional classifier), almost
no wrong labels are assigned. On the other hand, as ρ increases, the accuracy rate of
the proposed technique starts to monotonically decrease. This is predictable, since the
two classes are similar; hence, the network measures associated to each representative
component are almost equivalent.

Next, let us examine the problem of classification illustrated in Fig. 5.13c, where
the two classes slightly collide with each other. As a result of this phenomenon, a
conflicting region is constituted. The data items which reside in this region are most
likely to be misclassified by a pure traditional classifier. Similarly to the previous case,
Fig. 5.13d which displays the accuracy rate of the model. In this case, the best weighted
combination of transient and cycle lengths is αt = 0.7 and αc = 0.3. One can see that a
mixture of low level and high level classifiers does supply a boost in the accuracy rate
of the model. Specifically, the highest accuracy rate occurs when ρ ∈ {0.15, 0.2}. The
region of coalescence of both classes influences in the network construction, in such a
way that the representative components of each class become slightly different. These
arguments explain that a little relevance to the high level classifier decision can cause
the accuracy rate to increase, since the network measures describing each component
are slightly distinct.

We now proceed to inspect the classification problem proposed in Fig. 5.13e. In this
particular situation, the two classes heavily collide with each other. Due to that, the
two classes become almost indistinguishable. In consequence of the network forma-
tion technique, two very distinct and representative components will arise from these
two classes. In this special scenario, the two components that comprise the network
are expected to be possess different network properties, i.e., some unique structural
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Figure 5.13: Analysis of accuracy rate vs. the compliance term with three distinct high level
classifiers. (a) Two integrally separated classes. (b) Impact of ρ on the network of Fig. 5.13a. (c)
Two classes slightly mixed. (d) Impact of ρ on the network of Fig. 5.13c. (e) Two classes heavily
mixed. (f) Impact of ρ on the network of Fig. 5.13e.

pattern for each class is hoped for emerging. Figure 5.13f depicts the accuracy rate
reached by the classifier against various values of ρ. The best weighted combination
here is αt = 0.2 and αc = 0.8. One can see that the accuracy rate keeps on increasing
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until a high value of the compliance term, namely ρ = 0.65, where it achieves 65%,
against 54% when ρ = 0 for the high level classifier consisted of a combination of the
transition and cycle lengths.

In view of these scenarios, we can conclude that the high level classifier comprising
the combination of the transient and cycle lengths is better than the high level clas-
sifier consisted of only one of these measures acting in isolation. This confirms our
hypothesis that they are orthogonal and, hence, do not correlate with each other.

Influence of the Critical Memory Length

As we have seen, the high level classifier makes its prediction by using combina-
tions of several tourist walks with increasing memory lengths: {0, 1, . . . , µc}. A natural
question that arises is: is it really necessary to perform tourist walks with µ ranging
from 0 to the number of vertices in a component? In this section, we will empirically
show that usually it is not necessary to perform all these computations.

For the tests performed in this section, we will use the well-known Iris data set from
the UCI Machine Learning Repository. This data set is composed of 3 classes, each of
which with 50 samples. For the traditional classifier, the fuzzy SVM with RBF kernel
will be employed (C = 2−2 and γ = 23). The network in the training and classification
phases is constructed using k = 1 and ε = 0.03. For the weight parameters of the high
level classifier, the highest accuracy happens when αc = 0.6 and αt = 0.4.

Let us first understand why a smaller value of µc is sufficient, i.e., we do not need to
fix it as the class component’s size. Consider Figs. 5.14b and 5.14c, where it is depicted
the transient and cycle lengths of the Iris data set. With respect to the transient length
behavior, we can see that, as µ increases, the transient length also increases. However,
when µ is sufficiently large, the components’ transient lengths settle down in a flat
region. On the other hand, the cycle length behavior is rather interesting, which can be
roughly divided in three different regions: (i) for a small µ, it is directly proportional
to µ; (ii) for intermediate values of µ, it is inversely proportional to µ; and (iii) for
sufficiently large values of µ, it also settles down in a steady region. One can interpret
these results as follows:

• When µ is small, it is very likely that the transient and cycle parts will also be
small, because the memory of the tourist is very limited. We can conceive this as
a walk with almost no restrictions;

• When µ assumes an intermediate value, the transient length keeps increasing
but the cycle length reaches a peak and starts to decrease afterwards. This peak
characterizes the topological complexity of the component and varies from one to
another. Hence, this is the most important region for capturing pattern formation
of the class component by using the topological structure of the network.
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Figure 5.14: Behavior of the transient and cycle lengths of the Iris data set. (a) Scatter plot of
the Iris data set using a two-dimensional PCA reduction. (b) Transient lengths vs. µ. (c) Cycle
lengths vs. µ.

• When µ is large, the tourist has a greater chance of getting trapped in a vertex
of the graph, once all the neighborhood of the visited vertex is contained in the
memory window µ. In this scenario, the transient length is expected to be very
high and the cycle length, null. This phenomenon explains the steady regions
in Figs. 5.14b and 5.14c. In this region, we can say that the tourist walks have
already covered all the global aspects of the class component, and increasing the
memory length µ will not capture any new topological features or pattern forma-
tions of the class. In this scenario, it is said that the tourist walks have completely
described the topological complexity of the class component (saturation). In view
of this, the calculation of tourist walks is redundant.

This analysis suggests that the accuracy of the high level classifier will not change
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given that we choose a µc residing near these steady regions. In order to check this,
Fig. 5.15 reveals the behavior of the high level classifier for different values of µc. We
have used three distinct compliance terms, namely ρ ∈ {0, 0.05, 0.6}. When ρ = 0, only
the low level classifier is used, in such a way that the value of µc is irrelevant, since the
high level term is disabled. With respect to the other cases, when µc ≥ 20, the model
provides the same accuracy rates, confirming our prediction that, once it reaches the
steady region of the transient and cycle lengths, subsequent increases of µc will not
change the accuracy of the model. In practical terms, fixing the critical length µc as
10− 30% of the component’s size is enough to get satisfactory results.
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Figure 5.15: Accuracy rate vs. µc for 3 different values of the compliance term ρ. The mean of
a stratified ten-fold cross validation is reported.

5.5.3 Simulations on Real-World Data Sets

In this section, we will apply the proposed framework to the well-known UCI data
sets that we have seen in the previous section (see Table 5.3). It is worth stating that
the configurations of the low level classifiers are unaltered in relation to Section 5.4.2.

Here, the high level classifier is composed of the best weighted combination of tran-
sient and cycle lengths. The optimization process is done by encountering αt × αc ∈
{0, 0.1, . . . , 1} × {0, 0.1, . . . , 1} (search space), subjected to αt + αc = 1, which result
in the highest accuracy rate of the model. The critical memory length is fixed to
µc = 0.3nmax, where nmax indicates the size of the largest component. The parame-
ter optimization results are given in Table 5.8. Each row indicates the best weighting
combination of the transient and cycle lengths.

Here, we will deal with two kinds of high level classifiers: (i) one in which the
tourist walks are performed in a network constructed from the vector-based data set
and (ii) one in which the tourist walks are realized in a lattice, i.e., the tourist is free
to visit any other data site apart from the ones in the memory window µ. In the latter
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Table 5.8: Weighting factors for the transient and cycle lengths used to train the high level
classifier.

Data Set Transient Cycle
Length Length

Yeast 0.40 0.60
Teaching 0.50 0.50

Zoo 0.30 0.70
Wine 0.40 0.60
Iris 0.40 0.60

Glass 0.50 0.50
Vehicle 0.60 0.70
Letter 0.40 0.60

case, it is expected that the walker will perform long jumps in the data set once the
memory length µ assumes large values. It will be verified that such mechanism is not
very welcomed in classification tasks. Furthermore, this serves as a strong argument
for the employment and introduction of network-based high level classifiers.

Table 5.9 reports the results obtained by the proposed technique on the data sets
listed in Table 5.3. The results of each algorithm are estimated over an average of a
hundred runs using a stratified ten-fold cross-validation process. Also, for each result,
three different types of results are indicated as follows:

• “Pure” row: only the low level classifier is utilized (ρ = 0). In this case, inside
the parentheses are indicated the best parameters obtained from the optimization
process for each technique;

• “Networkless” row: a mixture of low and high level classifiers is employed. The
value inside the parentheses indicates the best compliance term ρ. The high level
classifier is constructed using the best weighted combination of transient and cycle
lengths with the weights respecting Table 5.8. Moreover, the tourist walks are per-
formed in a networkless environment, i.e., the tourist can visit any other site (data
item) apart from those contained in the memory window µ.

• “Network” row: the same setup as before, but the tourist walks are conducted on a
networked environment. In this case, the tourist can only visit vertices (items) that
are in the neighborhood and not in the memory window µ. Here, the network in
the training phase is built using k = 1 and ε = 0.03. The values inside the paren-
theses exhibit: the ε used in the classification phase and the best compliance term ρ,
respectively.

For the sake of clarity, take the first entry of Table 5.9. The pure low level classifier
Bayesian Networks achieved an accuracy rate of 57.8± 2.6 (ρ = 0). However, if we
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use the proposed technique in a networkless environment, the accuracy rate is refined,
achieving 58.6± 2.3 when ρ = 0.04. Now, when the proposed technique is used in a
network environment, the accuracy rate reaches 66.3± 2.6 when ρ = 0.28. In general,
the proposed technique is able to boost the accuracy rates of the data sets under anal-
ysis. Furthermore, we can see that the networked high level classifier can outperform
the networkless version.

5.5.4 Application: Handwritten Digits Recognition

In this section, we revisit the application of handwritten digits recognition to assess
the performance of the high level based on tourist walks. The same data set will be
used, which is the MNIST. Additionally, here we will illustrate a pattern-based network
and show how the mechanism of the high level works. We construct the network
by gathering some handwritten digits from the MNIST data set. All the low level
classifiers’ configurations remain the same for simplicity matters.

Figure 5.16 shows the performance of these techniques acting together with the
high level classifier in a networked environment. Our main goal here is to reveal that
a mixture of traditional and high level classifiers is able to improve the accuracy rate.
For example, the linear neural network reached 88% of accuracy rate when only a tra-
ditional classifier is applied. A small increase in the compliance term is responsible for
increasing the accuracy rate to 91% (ρ = 0.2). Regarding the k-nearest neighbor algo-
rithm, for a pure traditional classifier, we have obtained 95% of accuracy rate, against
97.6% (ρ = 0.25). For the proposed weighted eigenvalue measure, we have obtained
98% of accuracy rate when ρ = 0, against 99.1% when ρ = 0.2. It is worth noting that
the enhancement is significant. Even in third case, the improvement is quite welcomed,
because it is a hard task to increase an already very high accuracy rate. Moreover, one
can see that maximum compliance term is intrinsic to the data set, since, for three
completely distinct low level classifiers, the maximum accuracy rate is reached in the
surroundings of ρ = 0.225.

Figures 5.17a and 5.17b illustrate how the digit classification is carried out by us-
ing simple networks containing a small number of digits ‘5’ and ‘6’, randomly drawn
from the MNIST data set. Firstly, let us consider the Fig. 5.17a, where the digits ‘5’
with brown boxes and the digits ‘6’ with blue boxes represent the training set. The task
now is to classify the test instance represented by the digit with a red box. If only the
low level classification is applied, the test digit is probably to be classified as a digit
‘6’, because it has more neighbors of digit ‘6’ than that of ‘5’. On the other hand, if we
also consider high level classification, the test digit can be correctly classified as a digit
‘5’, because it complies more with the pattern formed by the training digits ‘5’ than to
the one formed by digits ‘6’. More specifically, if the test digit is put into the class ‘5’,
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Figure 5.16: A detailed analysis of the impact of the compliance term ρ on different tradi-
tional low level techniques applied to the MNIST database. One can see that a mixture of the
proposed traditional and high level techniques does give a boost in the accuracy rate in this
real-world data set.

it just extends the already formed “line" pattern. As a consequence, the inclusion of
the test digit into the class ‘5’ generates small variations of the component’s measures.
However, if the test digit is inserted into the class ‘6’, larger variations of the compo-
nent’s measures occur, since cycles are formed in the component (before insertion of
the test digit, there is no cycle in the component). Figures 5.18a and 5.18b show the
transient and cycle lengths, as well as the corresponding variations as a function of µ,
when the test digit is inserted into the component of digit ‘5’. We see that the varia-
tions are very small, indicating the strong compliance of the test digit with the pattern
formed by training digits ‘5’. On the other hand, Figs. 5.18c and 5.18d show the same
information, when the test digit is put into the component of digit ‘6’. Here, we see
that larger variations occur, which means that the test digit does not conform to the
pattern formed by the component of digits ‘6’. As a result, the test instance is correctly
classified as a digit ‘5’. The same reasoning can be applied to the digits network shown
in Fig. 5.17b. In this case, the transient and cycle lengths, as well as the corresponding
variations, are shown in Figs. 5.18e - 5.18h, when the test digit is inserted into the com-
ponent of digit ‘5’ or ‘6’, respectively. In this situation, the test instance is classified as
a digit ‘6’.

5.6 Chapter Remarks

In this work, we have proposed a novel combination of low and high level clas-
sifiers, which can be considered as a general framework, to perform supervised data
classification. The low level term classifies test instances according to their physical
features, while the second term measures the compliance with the pattern formation
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(a)

(b)

Figure 5.17: Illustration of the pattern formation impact in a subset of samples extracted from
the MNIST data set. The training instances are displayed by the brown (digit 5) and blue (digit
6) colors. The test instances are indicated by a red color (bigger sizes). Insertion of a test
instance whose real class is: (a) the digit 5 and (b) the digit 6.

of the training data, by means of exploiting the complex topological properties of the
network. Besides the novel definition of this hybrid classifier, we have proposed two
simple implementations for the high level term, both running in a networked environ-
ment. In the first one, the high level classifier is composed of three complex network
measures: the average degree, clustering coefficient, and assortativity. The reason why
these measures have been chosen is that they characterize the network from a local to
global fashion. In the second implementation, we have utilized the complex dynamics
generated by a tourist walker released in a network. Specifically, we have composed
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the high level term by taking a linear weighted combination of the tourist’s transient
and cycle lengths for different values of the tourist’s memory, up to a critical value.
Likewise the previous implementation, the motivation behind taking combinations
of the transient and cycle lengths for different memory values is that it can capture
from local (small memory window) to global (large memory window) aspects of the
network. The main contribution of this work is the proposal of a new classification
scheme, which has the ability to perform high level classification according to the se-
mantic meaning or the pattern formation of the data, as well as two simple implemen-
tations of the high level term.

Several experiments are conducted on synthetic and real-world data sets, so that we
can better assess the performance of the proposed framework. A quite interesting fea-
ture of the proposed technique is that the high level term influence has to be increased
in order to get correct classification as the class configuration’s complexity increases.
This suggests that the high level term is specially useful in complex situations of clas-
sification.

We have also explored the application of handwritten digits recognition and have
found that the hybrid model can really improve the accuracy rates of traditional clas-
sifiers in certain conditions. In addition, we have confirmed that the high level term in
isolation generally does not perform very well. However, when utilized together with
a good low level classifier, it can really boost the performance of the latter.
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Figure 5.18: Transient and cycle lengths and the corresponding variations due to the insertion
of a test instance. With regard to Fig. 5.17a: (a) and (b) transient and cycle lengths of the brown
class (digit 5) and their variations by virtue of the insertion of the red instance (test instance);
(c) and (d) same information for the blue class (digit 6). With regard to Fig. 5.17b: (e) and (f)
transient and cycle lengths of the brown class (digit 5) and their corresponding variations due
to the insertion of the red instance (test instance) with respect to the brown class; (g) and (h)
same information for the blue class (digit 6).



CHAPTER

6
Conclusions

Complex networks have emerged as a unified representation of complex systems
in various branches of science. In this work, we have explored how complex networks
are able to enhance the learning process of machine learning techniques. The main
motivation of merging these two areas of science is that the complex network repre-
sentation has the ability to describe the topological structure of the original system.
In the developed work, we have tackled the three main paradigms of the machine
learning theory: unsupervised, semisupervised, and supervised learning. In all the
approaches, the proposed techniques can satisfactorily improve the prediction power
of the techniques in a consistent manner.

6.1 Concluding Remarks

In the unsupervised learning domain (Chapter 3), a novel particle competition
model has been proposed. The model’s description has been inspired by the prior
work of Quiles et al. (2008), where only a procedure or sequence of steps to perform
particle competition is presented, without any formal definition. The procedure of par-
ticle competition not only provides a community detection technique, but also presents
a general scheme of competitive learning. Moreover, the method provides high com-
munity detection accuracy and, at the same time, low computational complexity. In
its general form, the particles’ movement policy is composed of a convex combination,
which is weighted by the parameter λ, of two distinct components: the random and
the preferential terms. The former induces the adventurous behavior of the particles,
in the sense that it forces the particles to randomly choose the neighbors to visit, re-
gardless of the domination levels registered by them. On the other hand, the latter
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is responsible for the defensive behavior of the particles, in the sense that it favors the
particles to revisit their already dominated vertices. The combination of them, in accor-
dance with our computer simulation results, has revealed that the particle competition
model can output decent cluster accuracy rates in both artificial and real-world data
sets.

The absence of a mathematical formalization in the model of Quiles et al. (2008)
precludes any further theoretical analysis, such as the prediction of the method’s be-
havior for data with different natures. In contrast to that, in this project, extensive em-
pirical and analytical investigations have been conducted in the competitive model,
which has been rigorously described by a stochastic nonlinear dynamical system. An
interesting feature uncovered by our mathematical analysis is that the proposed com-
petitive model generalizes the classical model of multiple independent random walks,
which is a particular form of the proposed particle competition model when λ = 0
and ∆ = 0. Whenever these parameters differ from zero, complex nonlinear dynamics
caused by particle interactions may be encountered in each of the particles’ navigation
trajectories. More formally, the particles no longer can wander free in an independent
way; instead, each one indirectly interacts with each other by means of the domina-
tion levels imposed on the network’s vertices. This interaction may be conceived as
a settle-down force, which compels the dynamical system to reach a quasi-stationary
state (small fluctuations around a fixed point) in the long run. One can think of this as
a strategy performed by each of the particles: to conquer a dense subgraph (commu-
nity) and stay defensive on it, not letting any competitors invade its territory. As the
interaction among the particles grows stronger, which can be performed by increasing
λ, the lesser will be the fluctuations around this imaginary fixed point. As revealed by
our convergence analysis, the proposed model does not present asymptotic stability,
but instead it presents structural stability. In our opinion, this characteristic is not a
disadvantage, because it is more similar to several real-world systems on account of
the noises and other uncontrolled variables presented by the real environment.

With regard to the same unsupervised learning model, we have also presented an
efficient method for estimating the most likely number of clusters or communities in a
data set by using a proposed internal evaluator index. Such index exploits the domi-
nation level information generated by the competition process itself. As a result, if we
take into account that the number of clusters is far less than the quantity of data items,
the cluster number determination process does not increase the model’s complexity
order. Since the determination of the actual number of clusters is an important issue
in data clustering, our method also presents a contribution to this topic. Following
the same line, an index for detecting overlapping cluster structures is also proposed
which, under some assumptions, may also not increase the model’s computational
complexity due to its embedded nature within the competitive process. Several com-
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puter simulations have been presented, both on well-known complex networks and on
benchmarked data sets.

Still in the unsupervised model, not only have we dealt with community detec-
tion tasks, but also we have delved into data clustering tasks. In this case, the raw,
vector-based data is transformed into a network and, then, the proposed technique is
applied. In this context, the application of handwritten digits and letters clustering
has been explored, and high clustering accuracies have been obtained. Moreover, we
have analyzed the composition of the clusters formed in the MNIST data set and have
verified that, within a specific cluster, several variations of the same pattern can be en-
countered. This is expected because these variations can be captured via long chains of
edges between vertices (patterns) of the same cluster. In view of this, we can confirm
the robustness of the model on account of its network representation.

In the semisupervised learning domain (Chapter 4), we have extended and devel-
oped new mechanisms to adapt the particle competition model for semisupervised
learning tasks. One of these new mechanisms is the introduction of cooperation among
particles. In short, particles of the same class proceed in the network in a cooperative
manner to propagate their labels, while particles of different classes compete with each
other to determine the class borders. Another interesting feature observed in the com-
puter simulations is that the model has a local label-spreading fashion, i.e., due to
the competitive mechanism, each particle only visits a portion of vertices potentially
belonging to it or its teammates. This can be roughly understood as a “divide-and-
conquer" effect embedded in the competitive-cooperative scheme. In this way, many
long-range redundant operations are avoided. As a result, the proposed method has
a lower computational complexity order. Likewise the previous case, we have also
developed a theoretical analysis of the semisupervised model and estimated proba-
bilities for the marginal distributions have been analytically evaluated. In addition,
we have studied a simple example, where we show that the theoretical analysis really
approximates the empirical behavior of the model.

Furthermore, we have also investigated a new mechanism to prevent error propa-
gation in general semisupervised learning. To our knowledge, many semisupervised
learning techniques have been proposed, but the majority of them considers that the
label information of the labeled subset is supposed to be completely reliable. How-
ever, in real situations, this assumption is not always true and mislabeled samples are
commonly found in the data sets due to instrumental errors, corruption from noise,
or even human mistakes in the labeling process. Thus, there is a necessity to develop
error prevention mechanism in semisupervised learning technique. In this way, the
proposed mechanism together with the analysis and numerical simulations presented
in this thesis also make a clear contribution to general machine learning and especially
to autonomous learning research. This topic has practical importance because the qual-
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ity of the training data is a fundamental issue in semisupervised learning, since usually
few labeled data are available and errors (wrong labels) may easily be propagated to a
portion of or the entire data set. Specifically, the error propagation prevention mecha-
nism can benefit the learning systems from two aspects: (i) improving the performance
of the learning system, i.e., the system can learn from errors; and (ii) avoiding catastro-
phe of the system by limiting the spreading of wrong labels. The detection of possible
wrongly labeled vertices is conducted by using a dynamical stochastic variable that
is inferred from the own competitive process. Once a vertex is accused of possibly
misleading the learning process (mislabeled), a corrective procedure is applied to it in
order to correct its label by using the current local information. In addition, analyti-
cal and empirical analyses on how the parameters influence the model’s performance
have been carried out. Computer simulations revealed that the model can withstand
strong noises from the environment by means of the interactive competitive process
performed by the particles.

In the supervised learning domain (Chapter 5), we have proposed a novel hybrid
framework that is composed of a low and high level classifiers. The former is rep-
resented by techniques that use physical features of the input data, while the latter
exploits the class pattern formation in the learning process. Usually, the data items are
not isolated points in the attribute space, but instead tend to form certain patterns. The
human (animal) brain performs both low and high orders of learning and it has facility
in identifying patterns according to the semantic meaning of the input data. However,
this kind of task, in general, is still cumbersome to be assessed by computers. This is
exactly what the second term, the high level classifier, tries to capture, i.e., it not only
considers physical attributes of the input data, but also the pattern formation in the
inference process. Both classifiers are combined by utilizing a convex combination,
weighted by what we call the compliance term. The literature provides a myriad of
low level classifiers, such as the linear discriminator, neural networks, SVM, decision
trees, among many others; however, little can be found that deal with high order of
learning. Having this gap in mind, we have also proposed two simple network-based
high level classification methods, where each of the classifiers attempts to exploit the
complex topological properties of the underlying network constructed from the input
data. In the first classifier, we have used the well-known assortativity, clustering coef-
ficient, and average degree for conducting the high order of learning. We have shown
that the combination of these three measures can capture from local to global charac-
teristics of the network. In the second, we have applied a weighted combination of
tourist walks with different memory lengths. For this end, we have used the variations
of the transient and cycle lengths of tourist walks for varying values of the tourist’s
memory. We have confirmed that it is able to capture complex patterns of the network
and is able to provide reasonable accuracy rates when utilized in conjunction with a
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good low level classifier.
Still in the supervised learning, we have applied the hybrid framework to the ap-

plication of handwritten digits and letters recognition using a real-world data set. We
have seen that improved results can be obtained if one utilizes a mixture of the low and
high level classifiers, rather than one in isolation. A quite interesting feature observed
in these simulations is that, in the proposed technique, the high level term influence
has to be increased in order to get correct classification as the class configuration’s com-
plexity increases. However, in simple situations where the cluster assumption holds,
a low level classifier may perform better. This suggests that the high level term is spe-
cially useful in complex situations of classification.

6.2 Publications during the Doctorate Period

During the doctorate period, several research results have been obtained and a se-
ries of papers have been published. The main results have been published in the IEEE
Transactions on Neural Networks and Learning Systems (Silva and Zhao, 2012a,b,d), which
is one of the leading scientific journals with impact factor 2.952 currently. The complete
list is shown as follows:

• Eight publications in international journals (see (Cupertino et al., 2012a; Silva and
Amancio, 2012; Silva and Zhao, 2012a,b,c,d,f; Silva et al., 2012c)):

1. Thiago C. Silva and Liang Zhao (2012), “Stochastic Competitive Learning
in Complex Networks,” IEEE Transactions on Neural Networks and Learning
Systems, 23(3):385-398 8.

2. Thiago C. Silva and Liang Zhao (2012), “High Level Classification in Com-
plex Networks,” IEEE Transactions on Neural Networks and Learning Systems,
23(6):954-970.

3. Thiago C. Silva and Liang Zhao (2012), “Network-Based Stochastic Semisu-
pervised Learning,” IEEE Transactions on Neural Networks and Learning Sys-
tems, 23(3):451-466.

4. Thiago C. Silva and Liang Zhao (2012), “Detecting and Preventing
Error Propagation via Competitive Learning,” Neural Networks, DOI:
10.1016/j.neunet.2012.11.001.

5. Thiago C. Silva and Liang Zhao (2012), “Semisupervised Learning Guided
by the Modularity Measure in Complex Networks,” Neurocomputing,
78(1):30-37.

8This work has received the award of CIS Publication Spotlight of the IEEE Transactions on Neural
Networks and Learning Systems in the IEEE Computational Intelligence Magazine (Liu et al., 2012).
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6. Thiago C. Silva, Liang Zhao and Thiago H. Cupertino (2012), “Hand-
written Data Clustering using Agents Competition in Networks,” Journal
of Mathematical Imaging and Vision, DOI: 10.1007/s10851-012-0353-z.

7. Thiago C. Silva and Diego R. Amancio (2012), “Word sense disambigua-
tion via high order of learning in complex networks,” Europhysics Letters,
98(5):58001.

8. Thiago H. Cupertino, Thiago C. Silva, and Liang Zhao (2012), “Classifica-
tion of Multiple Observation Sets via Network Modularity,” Neural Comput-
ing and Applications, DOI: 10.1007/s00521-012-1115-y.

• Eleven publications in international and national conferences (c.f. (Araújo et al.,
2010; Cupertino et al., 2012b; Silva and Zhao, 2012e,g, 2011a,b,c; Silva et al.,
2011a,b, 2012a,b)).

6.3 Scientific Contributions

The product of this project has rendered several contributions to the machine learn-
ing community, in the three paradigms of learning. These results have been obtained
by utilizing the fact that complex networks are able to describe the topological struc-
ture of the data, permitting one to detect clusters and classes in different sizes, shapes
and densities in a consistent form, and, therefore, improve the learning process of a
machine learning task.

In relation to the unsupervised learning area, we can enunciate the following con-
tributions:

1. A particle competition model has been designed, which relies on a stochastic
nonlinear dynamical system to perform the learning process;

2. An analytical analysis of the model has been performed. Since the model of in-
teracting particles corresponds to many natural and artificial systems, the study
of this topic stands as an important task. Due to the scarcity of theories for such
models, this work is an important step to understand these kinds of systems. In
addition, we have shown that the proposed system is a generalization of the case
of multiple independent random walks;

3. A convergence analysis of the model has been conducted. Interestingly, we have
seen that the model does not present asymptotic stability, but instead it presents
structural stability. In our opinion, this characteristic is not a disadvantage, be-
cause it is more similar to several real-world systems on account of the noises
and other uncontrolled variables presented by the real environment;
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4. The proposed technique may run in linear time complexity when applied to
sparse networks, which is more efficient in relation to what the literature offers
until now;

5. Several computer simulations have been performed, both on synthetic and real-
world data sets. The application of the proposed technique on known network-
based benchmarks has confirmed the effectiveness of the technique;

6. Parameter selection guidelines have been studied, which enable one to better
tune the algorithms for his/her needs;

7. An embedded evaluator index for estimating the most likely number of clusters
or communities in a data set has been proposed. We have shown that, under
some circumstances, its employment may not increase the model’s time com-
plexity;

8. An embedded evaluator index for detecting the overlapping characteristics of
the clusters and vertices has been designed. Likewise the previous item, this
may also not increase the model’s time complexity;

9. We have shown that the particle competition model may capture various distor-
tions of handwritten digits and letters in the same cluster. This is made possible
by virtue of the long chains of edges linking vertices (patterns) in the same cluster
or community.

In what concerns the semisupervised learning domain, the following contributions
have been made:

1. A network-based semisupervised learning technique has been proposed, which
is an extension of the previous unsupervised particle competition model. A co-
operative scheme has been introduced to enable teams of particles to cooperate
with each other;

2. An analytical analysis of the model has also been performed, permitting the un-
derstanding of the complex dynamics of the competitive model. An example
linking the theoretical and the empirical approaches confirms our results;

3. An interesting feature is that the model has a local label-spreading fashion,
i.e., due to the competitive mechanism, each particle only visits a portion of
vertices potentially belonging to the current particle or its teammates. This
can be roughly understood as a “divide-and-conquer" effect embedded in the
competitive-cooperative scheme. In this way, many long-range redundant oper-
ations are avoided. As a result, the proposed method has a lower computational
complexity order;
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4. An efficient mechanism for detecting and preventing error propagation has been
presented. Since this topic is of little investigation in the literature and the prop-
agation of mislabeled vertices can provoke a disaster in the learning process, it
turns out to be an important study;

5. Guidelines of parameter selection have been offered for the new stochastic dy-
namical variables introduced in the error propagation prevention scheme. We
have made analytical and empirical analyses of the behavior of the technique for
different parameter values;

6. We have shown that the error propagation prevention scheme can withstand en-
vironments with heavy noises. Moreover, we have seen that the competitive pro-
cess among the particles is the principal actor of vanishing the mislabeled ver-
tices, when these are presented as the minority of the labeled instances;

7. Several computer simulations have been performed, both on artificial and real-
world data sets, including simulations performed on network-based semisuper-
vised benchmarks.

Finally, with regard to the supervised learning paradigm, the following contribu-
tions can be listed:

1. A hybrid framework has been proposed to link both the low and high levels of
learning. The low level classifier takes into account the classical assumptions of
the classifiers, such as the cluster or smoothness assumptions. On the other hand,
the high level term exploits the complex properties of a network constructed from
the input data to infer its decision by measuring how test instances comply with
the training instances;

2. Since few studies have been done to develop high level classifiers, we have pro-
posed two network-based techniques to realize this objective. In the first tech-
nique, we have used three network measures, namely, assortativity, clustering
coefficient, and average degree, to perform the high order of learning. We have
shown that the combination of these three measures can capture from local to
global characteristics of the network. In the second technique, we have applied
a weighted combination of tourist walks with different memory lengths. For this
end, we have used the variations of the transient and cycle lengths of tourist
walks for varying values of the tourist’s memory. In this way, it is able to capture
complex patterns of the network and is able to provide reasonable accuracy rates
when utilized in conjunction with a good low level classification technique;
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3. Improvements of the low level classification can be achieved by the combination
of the two levels of learning. Furthermore, as the class configuration’s complex-
ity increases, such as the mixture among different classes, a larger portion of the
high level term is required to correctly determine the pattern formation. Particu-
larly and also intuitively, the high level term is not required in the case where all
classes are completely separated and each class is well-posed;

4. A real-world application has been explored, where the proposed hybrid frame-
work is able to identify variations of handwritten digits images and, conse-
quently, improve the pattern recognition rate;

5. Even though the high level techniques are simple, the work that we have shown
here makes clear that the hidden organization of patterns within data sets can be
effectively used to improve the accuracy rate of classification tasks.

6.4 Future Works

With regard to the particle competition model, several extensions could be made,
including:

1. One could use different quantities of particles to enable hierarchical cluster-
ing. For example, as more particles are introduced into the network, more fine-
grained the clusters will be. As this quantity is decremented, the clusters are
joined together to compose larger clusters (agglomerative approach). Similarly,
one could start out by using small quantities of particles and then increase this
value (divisive approach);

2. Each particle may only perform a movement, i.e., travel through a link, at each
time step (iteration). We believe that, using a local strategy, the particles could
perform more movements at each time step, depending on the circumstances of
the region which it is visiting. This could help the model to get more robust
cluster accuracy rates (unsupervised learning) or classification accuracy rates
(semisupervised learning);

3. The particle competition model could be extended to the supervised learning
domain. In this case, one could classify the test instances by using the information
generated in the training phase, such as the domination level of the test instance’s
neighboring vertices;

4. The particles perform movements in accordance with a stochastic combination
of random and preferential terms, weighted by a fixed parameter λ. One could
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think of using varying λ, i.e., λ(t). A simple idea would to let λ small in the start
(so the random walks would initially prevail), then start to increase its value as
time progresses (so the preferential walks would predominate in the long run).
This strategy would eliminate the quasi-stationary state of model, turning it into
a fixed point, since, in the long-run, the particles would no longer have the ad-
venturous behavior, which is performed by the random term;

5. The particle competition model could be applied to data stream problems, where
the networks evolve as time progresses. One could use summarized informa-
tion generated from the competition process to efficiently cluster new incoming
instances;

6. Another interesting idea is to use an adaptive quantity of particles in the net-
work. The model starts out by putting several particles into the network. By
using a specific measure, one could eliminate particles that are not being effec-
tive enough. For example, if a particle is getting exhausted very often, this is a
signal that a fierce competition in the network is taking place. With this respect,
this is a good indication that there are more particles in the network than commu-
nities. Ideally, this measure would settle down when the number of the particles
is somewhat equal to the number of communities. We believe this would bring
complex and interesting behavior in the stochastic dynamical processes.

In relation to the hybrid classification technique, the following extensions could be
investigated:

1. The high level classification could be extended by the addition of new net-
work measures, such as degree entropy, component spectrum, average edge reci-
procity, matching indices, among many others (see (Costa et al., 2007) for details
about these measures);

2. As we have described, the network formation technique is critical to make the
proposed method working. In this aspect, new network formation techniques
could be developed, possibly by using adaptive ε and k in the training and clas-
sification phases;

3. A major drawback of the proposed model is its time complexity. For each test
instance, we need to recalculate the variations of its insertion in all the class com-
ponents. A good idea would be to use sample strategies when classifying test
instances. This would enable the treatment of large-scale networks;

4. One could think of using complex network synchronization theories when de-
signing the high level classifier. With this respect, each vertex could be considered
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as an oscillator. When a test instance is inserted, we could quantify its compliance
by checking with which class it synchronizes;

5. New real-world applications could be explored.
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