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Resumo

POVEDA-CUEVAS, F. J. Aspectos sobre confinamento hibrido para um condensado de
Bose-Finstein: pressao global e compressibilidade. 2013. 113p. Tese (Doutorado em
ciéncias) - Instituto de Fisica de Sdo Carlos, Universidade de Sao Paulo, Sao Carlos,
2014.

A pressao e o volume nao podem ser definidos corretamente em um sistema nao-
homogéneo. Neste trabalho, definimos variaveis macroscopicas globais para um gas con-
finado em uma armadilha harmonica, os quais sdo andlogos a pressao e o volume. Um
sistema ultra-frio tem variaveis termodinamicas naturais como o niimero de dtomos e a
temperatura. Introduzimos um novo conjunto de variaveis globais conjugadas para carac-
terizar o sistema macroscopicamente. Construimos diferentes diagramas de fase para um
gas de Bose de " Rb aprisionado em uma armadilha harmdnica em termos dessas novas va-
riaveis globais obtidas a partir das frequéncias da armadilha e a distribuicdo da densidade
dos atomos. No6s construimos estes diagramas de fase, identificando os principais aspectos
relacionados a transicao da condensacao de Bose-Einstein em um gas aprisionado. Este
procedimento pode ser usado para explorar aspectos relacionados com a condensacao de
Bose-Einstein, tais como a compressao isotérmica relacionados com a transi¢ao de fase.
Por outro lado, estas novas quantidades termodindmicas nos permitem estudar a natu-
reza dos fendomenos quanticos como a pressao do ponto zero relacionada ao principio da

incerteza.

Palavras-chave: Condensacao de Bose-Einstein. Termodinamica. Variaveis globais. Com-
presibilidade.






Abstract

POVEDA-CUEVAS, F. J. Aspects of hybrid confinement for a Bose-FEinstein conden-
sate: global pressure and compressibility. 2013. 113p. Thesis (Doctorate) - Sao Carlos
Institute of Physics, Universidade de Sao Paulo, Sao Carlos, 2014.

The pressure and volume can not be defined correctly on a non-homogeneous sys-
tem. In this work we define macroscopic variables for a gas confined in an harmonic
trap, which are analogous to pressure and volume. An ultra-cold system has natural
thermodynamic variables as number of atoms and temperature. We introduce a new set
of global conjugate variables to characterize the system macroscopically. We measure
different phase diagrams of a " Rb Bose gas in a harmonic trap in terms of these new
global variables obtained from frequencies of trap and the density distribution of atoms.
We construct these phase diagrams identifying the main features related to the Bose-
Einstein condensation transition in a trapped gas. This procedure can be used to explore
different aspects related to Bose-Einstein condensation, such as the isothermal compres-
sibility related with the phase transition characteristics. On the other hand, these new
thermodynamic quantities allow us to study the nature of quantum phenomena as the

zero-point pressure related to the uncertainty principle.

Keywords: Bose-Einstein condensation. Thermodynamics. Global variables. Com-
pressibility.
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Chapter 1

Introduction

The Bose-Einstein condensation (BEC) is a research topic of interest that affects
several areas of physics such as thermodynamics, quantum mechanics, statistical physics,
the many-body theory, hydrodynamics, and others. This phenomenon occurs when par-
ticles following the Bose-Einstein statistics undergo a phase transition and occupy the
lower energy state of the system below a certain critical temperature. This occupation is
a macroscopic state that preserves certain quantum properties, for that reason is called
quantum degeneracy. In principle, a many body system that conserves the number of

particles may reach BEC.

Systems of dilute trapped atomic gases can reach BEC when they reach tempera-
tures of 100 nK and densities of the order of 10*® cm~=3. The condensation in such systems
requires several steps and several techniques to obtain the necessary conditions of tem-
perature and density (2] [3, 4)). Historically the gases are confined using external magnetic
fields (B 6] [7, B), electric fields (9)), or both (10). The trap potential introduces an im-
portant feature because it produces an inhomogeneous BEC system. It will be the focus

of our attention throughout this work.

Until today, different atomic species have been brought to quantum degeneracy:
alkaline species as 8"Rb (2)), **Na (3), "Li(11), 'H (12), **Rb (13), *He (14, 15), *K (16)) ,
UK (17),'3'Cs (18), non-alkaline species as '™Yb (19) , '™Yb (20), 52Cr (21), *°Ca (22),
81Sr (23), 91Dy (24) and '®®Er (25). Each species represents an advance in the field of
atomic physics and ultracold gases. This systems generate possible applications (26)); such
as quantum simulation models, especially condensed matter (26) tests of fundamental
physics through precision measurements (27, 28) and study of complex and dynamical
systems (29). Other interesting non-atomic species with BEC are: the condensate of
photons (30)), the condensate of quasi-particles (311, 32)), and liquid Helium (33)). However
the advantage of experimental control offered by atomic gases has become of great interest

in the scientific community.

Recently, one of the focuses of the study of ultracold gases is the thermodynamic
description. Several groups have focused on the determination of the thermodynamic

quantities that describe these gases (34} [35, 36)). Inhomogeneous thermodynamic systems,
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an issue that has been investigated by our group (37, 38, [39) and others groups in recent
years (40}, 4T], 35} [42]), and it will be the objective of this thesis. First, we will investigate
some of these properties in terms of global variables (I} [43)), in the transition from the
classical regime to quantum degenerate regime. One goal of this work is to show that we
can determine an equation of state for ultracold gases equivalent to pressure and volume.
Let us remember that the usual pressure and volume for a trapped gas are not completely
well defined.

Our approach is based on the theoretical definition of a global thermodynamic vari-
ables performed by Romero-Rochin (11, 43)). Parameters equivalent to the thermodynamic
pressure and volume have similar meanings: the pressure parameter is closely linked to the
mechanical equilibrium of the system while the volume parameter can be easily identified
with the spatial extent occupied by ultracold sample. Based on these interpretations it
was possible to define and measure various thermodynamic quantities, important over the
last years, in our experimental systems.

This thesis is structured as follows: Chapter 2 explains the main objectives of this
work. In Chapter 3, some we describe the theoretical fundaments that will be applied
in the subsequent chapters. The Chapter 4 shows the experimental procedure to obtain
8"Rb BEC. It explains some important details about the confinement trap, essential for the
study of thermodynamics. Chapter 5 is devoted to the determination and characterization
of the extensive variable for the harmonic potential. In Chapter 6 intensive variable is
determined and we shall construct the phase diagrams from this quantity. The zero-point
pressure parameter is shown in Chapter 7. Finally, conclusions and perspectives of this

thesis are shown in Chapter 8 and 9, respectively.
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Chapter 2

Problem Statement

The manifestations of quantum phenomena are evidently below the atomic scale.
When the number of particles in a single quantum states of the system is big enough,
we refer to this as a macroscopic state. Interestingly, for low temperatures usually occur
events called macroscopic quantum phenomena (MQPh). Several of these phenomena
have been extensively studied in the last century, such as superfluidity and superconduc-
tivity. MQPh can be observed in superfluid helium (44) and in superconductors (45, [46)),
but also in dilute quantum gases (47, 48). The superfluids and superconductors have the

ability to carry currents without dissipation.

We have a particular interest in the superfluidity effect which was discovered by
Kapitza (49) and Allen (50) in liquid Helium (*He) at low temperatures. Clearly the
macroscopic occupation of the fundamental state (BEC) is a MQPh. The anomalous
properties of superfluids with BEC were related by London in ref. (5I)). The superfluidity
is related to BEC, but it is not identical: not all BECs can be regarded as superfluids,
and not all superfluids are BECs. However, the two phenomena are certainly related. In
4He it is experimentally difficult to detect a macroscopic quantum state in contrast with

dilute trapped gases, where there is a dramatic change in the density of the cloud.

The superfluids are especially interesting from the standpoint of thermodynamics
because they exhibit both first-order and continuous phase transitions. In these type of
systems the only relevant thermodynamic variables are the temperature and the pressure.
Thereby, the abrupt viscosity drop between the phases He-I and He-II was a phenomeno-
logical description very successful with this variables. In fact, several phenomena which
are a consequences of the superfluid, as quantized vorticity, persistent currents, turbu-

lence, etc. can be explained through thermohydrodynamic description (52J).

Not all the exotic properties that are in liquid helium can be found in atomic gases.
Although a large part of the phenomena have been tested experimentally, the similarity
between the two systems is limited, since an atomic superfluid presents a different con-
finement system (indefinite frontier). This fact drastically changes the usual way to study
superfluid from the thermodynamic standpoint. Some of the most relevant features of

BEC that are not shared with liquid helium are: the system is spatially inhomogeneous,
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finite and weakly interacting. In atomic gases is also possible to tune the interaction
(practically impossible in “He), and observe collective modes in a harmonic trap poten-
tial.

There are ways to deal with the problem and it is possible to introduce thermo-
dynamic variables, for example, using local density approximation (LDA) (53, 64, 55).
However, LDA is limited because it does not have a global description of the system.
In addition, LDA requires spatial smoothness, i.e. if we introduce defects as vortices,
where the density variations are drastic, LDA no longer is useful. On these two points
the thermodynamics with global variables performed by Romero-Rochin is certainly more
natural (I, 43]).

With the previous observations, the main contribution of this thesis, actually of our
group, it is show the validity of an alternative approach, where we preserve the global
properties of the sample. Based on the thermodynamics with global variables performed
by Romero-Rochin (I} 43)), we show a more natural way to extract various thermodynamic
properties using measured parameters in the experiments. This work represents a series
of ideas that begin to mature and offer us some security en route to the correct description

of a trapped superfluid.
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Chapter 3

Fundamentals of thermodynamics

Thermodynamics is an empirical science which does not formulate hypotheses about
the structure of matter. A thermodynamic system is used to study the exchange of energy
and mass with the outside by state variables that characterize and depend on the nature
of the system itself. In particular we are interested in systems that are relaxed or at
equilibrium. There are two kind of variables, intensive (scale invariant) and extensive
variables, some of which are generally irrelevant to microscopic systems. The relation

between these quantities is a function called the equation of state.

In the literature it is common to find the thermodynamic description of a quantum
gas using global variables such as pressure and volume (56). These variables are well
defined when we consider that the gas is contained in a box of length L, whose volume is
V = L3. The pressure is the effect of the force that the gas exerts on the walls of the box,
which is a conjugated variable to volume. The potential produced by the box potential

can be considered homogeneous, because it does not depend on the position.

In experiments with ultra-cold atoms, the description does not happen anymore
by a box because the trapped gases are confined in magnetic, electrical, or both fields.
Usually, the configuration of these fields varies continuously with the position, and due to
this the gas components naturally interacting at each point in space differently, therefore

the potential is called non-homogeneous.

That pressure and volume are not the appropriate thermodynamic quantities for
a system trapped, does not mean it is not possible to find a set of global variables that
represent mechanical effects of force and displacement (associated with this force) (57).
Nevertheless the choice of these variables can not be arbitrary, since they must contain
all information on the studied system. In this chapter we will establish and identify the
most appropriate variables for a trapped gas using Romero-Rochin’s formalism (I)). We
begin by making a description of the ideal gas, and soon after we study the importance
and necessity of including the interactions. Finally with the aim to validate the globality
and extensivity volume parameter we will discuss the thermodynamic limit, which is

fundamental for the correct macroscopic interpretation of quantum gases trapped.
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3.1 Non-interacting Bose gas

Bose-Einstein condensates are obtained by experimental techniques in confining po-
tentials and we can do a harmonic approximation, which is usually valid for the low
temperature regime, i.e., the gas is nearly in the position of equilibrium close to the mini-
mum potential. We show an approach of the ideal gas through statistical mechanics. The
effects of quantum statistics are only significant when the thermal length is comparable to
the average distance between the particles (58). We will use the grand canonical ensemble,
which turns out to be the most appropriate ensemble to describe a system of bosons near
to the condensation temperature (59, [52)). Thus, we consider a gas of N bosons with mass

m, where the grand partition function is

==Tr [e(HN“N)/’“BT] , (3.1.1)

A

i is the chemical potential, kg is the Boltzmann’s constant, and 7" is the temperature. N

is the total number operator and the Hamiltonian operator is:

ﬁN:%<ﬁ?+ﬁ(r-)> (3.1.2)
-1 \2m V) -

which is well defined in the occupation number space Hy (t,p) = Hy (]\7 ) and whose
spectrum is ey. The effects of external potential U (r) strongly alter the thermodynamic
description, and to understand this fact, we do two reasonable considerations about the
potential: there must be at least a minimum and must obey the following condition:
U(r) — oo as r — oo (60). A harmonic potential satisfies these two conditions and also
happens to be a good approximation for trapped gases, this does not mean that it is not
possible to study ultracold gases in other kinds of traps (60). Our group and collaborators
have extensively explored systems that can be considered in the harmonic approximation
potential (37). So we make a direct connection to thermodynamics with a microscopic

system, using the grand thermodymical potential:
Q(p, T,V)=—kgTInZ, (3.1.3)

V is a global extensive quantity which comes from configuration space. We define the
density matriz for the grand canonical ensemble
ef(FINfuN)/kBT

) = . 3.1.4
p Tr e_(I:IN_HN)/k‘BT ( )
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The grand canonical ensemble describes an open system that interchanges particles and
energyﬂ in this form we can calculate some thermodynamic quantities from the eq. (3.1.1])
with Q (u, T, V) =

N =Tr[Np| = - <89> , (3.1.5)
M) 1y

S=Tr[plnp =— (gg) : (3.1.6)
w,V

E=Tr[Hp| =TS+ pN +Q, (3.1.7)

)
= — <av> B (3.1.8)
B

which are the number of particles, entropy, and internal energy, respectively ﬂ Usually,
the pressure and volume are the combined thermodynamic quantities appearing at last,
but it is possible to have other quantities such as magnetization and magnetic field,
polarization and electric field, etc. Il and V are called generalized variables, and their
choice can not be arbitrary, since it must contain all the information that will be studied
in the system. For a trapped gas in an external potential II and V are analogous to the

mechanical effects of force and displacement associated with this force (57).

In the search for an appropriate description, Romero-Rochin in the ref. (1)) con-
veniently studied an ideal gas confined harmonically where it can be calculated “ana-
lytically” the grand thermodynamic potential, which in principle should be the product
of two conjugate variables (43]). Particles confined in a 3D harmonic potential have a

Hamiltonian
y

Hy = 2; é {ﬁf +m? (wiilz + w?P? + wZéf)} . (3.1.9)

where p; = (p%,pY, p?), t; = (&, i, 2;)- i labels the number of particles in the eq. (3.1.2)).
We can rewrite this Hamiltonian in second quantization using the number occupation

representation

N
) | 1 1
HN:ZH[% (ﬁf+2> b, (ﬁ§+2) b w, (ﬁf+2>] (3.1.10)
=1

Thus, the grand thermodynamic potential can be obtained from eq.(3.1.1)

Qu,T,V) = —kpT > In[l = ze eematonmytuwna)/koT=Eo/ksT] (3.1.11)

NgMyNz

! There is a constraint for the grand canonical ensemble which says that the total number of particles
is the sum of the number of particles of the k-th energy level, i.e. N =3, ny.

2 In this document we will use indiscriminately the notation to mean values <O> = O, unless it is

necessary to do some specification.
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JkpT

where z = e* is the fugacity. Ey = %h(wz + wy + w,) is the zero-point energy of

fundamental state of the potential. The selfvalues of number operators are n,,n,,n, =

0,1,2, ..

We can get easily two quantities NV and II

N=> fee(e ), (3.1.12)

% _ Zln |: Eo/kBT _5/kBT:| (3113)
B

When N bosons distributed over the various quantum states; the occupation number is

proportional to the Bose-Einstein distribution

1 2
€ = = 3.1.14
fBE (8, 11) exp[(e + By — p) JkgT] — 1 es/ksT — 51’ ( )
where the energy level is € = € (ng,n,,n.). We use the notation 2/ = ze Fo/keT =

e(n=F0)/ksT — Commonly we can separate the contribution of the ground state in the

expressions for II and N

HV —e/k
kB—T——lnl—z Zln[ dee/baT] (3.1.15)

(3.1.16)

/
N=—2
1
the symbol >_? indicates that the ground state is neglected.

Before proceeding the summations to the integrals we make a brief mathematical
review. We can use a coordinate transformation from the cartesian coordiantes to pseudo-

spherical coordinates

W, = wrsinfcosp,
wyy = wrsinfsiny,
W,z = wrcosH.

2,.2

Such that there is a constraint as a sphere: w?r? = w2z? +w? y + w222,

The determinant

of Jacobian matrix is

ox s ox
or 00 Oy wg
_ | 0y oy Oy | _ 2 :
|J(r,0,0)] =] 5£ 5k o |= o oo sin 6.
0: 0z 0z py
or 00 Oy

3

In this form we simply choose w® = w,wyw;, so that |J (1,0, ¢)| is identical to Jacobian of
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the conventional spherical coordinates. Thus
w= (cumwycuz)l/?’7 (3.1.17)

which corresponds to geometric mean of the trap frequencies. Rewriting the sphere as

@0*r? = wix® + wly® + Wiz, (3.1.18)

which will be a useful relationship for upcoming deductions.

We consider the Thomas-Fermi semi-classical approximation which is valid consid-
ering that the number of particles in the system is large and the level spacing is much
smaller than the average kinetic energy of the particles. Then, we can replace sums by

integrals, such that the density of states in phase space for the harmonic oscillator is

1 Am (2m)*? [ 1 °°
ng/d%/d?’p:w de drr2m:/ de p (e),
€ 0 0 0

a volume which is in the energy range € and € + de. In this form

2

= — 1.1
2h3w3 (3.1.19)

p(e)

depends of the geometric mean.

Now we can express explicitly II and N in integral forms, neglecting the effects of
the ground state (Ey = 0)

I{I%Tg’ o0 (6/[€BT)2
m—m,- sl " d(e/kaT) (c/ksT)] [1— ze=</ksT] (3.1.21
= 0_2h3&)3V0 e/kp e/kp n|l—ze , 1.21)
where
z

Ny = 1.22
0712 (3 )

is the number of particles in the fundamental state, and

T

Iy = —kiln [1— 2] (3.1.23)

is the pressure of the fundamental state. IV is an explicit function of 1 and the integral
is a maximum value in p = 0. Typically the term In[1 — 2] can be neglected compared

with the second term of the right part of the parameter II.

The mean size of the system is restricted by the size of the effective potential, i.e.
the natural mean length a = \/%. Thus, a is related to the effective volume of the
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sample, which is spatially distributed. Using the thermal de Broglie length \qp = ,/TZZZQT,

we can establish the region where quantum effects start to be relevant to the gas that is:

3 3 —3 \ 2
kB? = (2m)° (a) <L

3,53 3
h3co g

Analogously to the gas in the box where /\3 < 1. Naturally, the ground state is highly
localized in the trap center, the condensatlon process results in a dramatic increase of
density in the center of the cloud. Note that this density increase is a feature of the
inhomogeneous gas. In homogeneous gases the density is constant and BEC manifests
itself only in the momentum space, the effects of finite size in the box are studied in the
ref. (61)).

We rewrite the eq. in terms of density in phase space

kT [
9225@34 dee?In [1 — ze~=/moT] (3.1.24)

Expanding the logarithm in a Taylor series and integrating term by term, we obtain a

closed form for €

k3T 1 1, kpT* & 2
Q__h3@3 [Z+2‘1Z +§Z ] a h3w3jzlj
On the other hand, we know that the power series
0 Zj
gn (2) = T
=17
is a Bose function defined as?h
kAT

The grand thermodynamic potential which is a consequence of the first thermody-
namic law by definition is
QO=FE—-TS — uN. (3.1.26)

Now that we know the functional form of €2 we can easily derive the thermodynamic

relations starting from egs. (3.1.543.1.7))

:<gg ;;%() (3.1.27)
5= (22) = BT 4y ()~ () g (2], (3.1.28)

39, (2) is a form of the polylogarithm function
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E=TS4 uN+Q = wgzl (2). (3.1.29)

h3w3
We know that scale transformation as the quantities F;, N, and S are proportional
to the amount of material in the system, therefore they are extensive properties. Below we
will show how in the harmonic confinement case we identify the equivalent extensive and
intensive properties using the first law of thermodynamics. The study of these parameters

as extensive and intensives quantities are well discussed in the references (43, [1)).

Thus, based on the first law we can identify the extensive variable and the intensive

variable for a harmonic potential, since:

Qp,T,V) =11V, (3.1.30)
where we identify
kTt 1
= ’;’_LS gi(2); V= = (3.1.31)

IT and V are conjugate macroscopic quantities. V is an extensive variable with units
inverse of frequency cubed, which we will call volume parameter. On the other hand, IT or
pressure parameter is a intensive variable with units of energy times frequency cubed. In
this form, the product of this variables preserves units of energy for the grand potential.
IT is closely related to mechanical equilibrium of the system while the volume parameter

can be easily identified with the spatial extent of the gas (1)).
Using the energy E and the pressure parameter Il in the eq. (3.1.29)) we obtain the

relation:

E =31V (3.1.32)

this equation is a fundamental relation for ideal gases in a harmonic potential known as

equation of state. Comparing with the homogeneous case we have 3/2 factor for the usual
3
=PV.

variables of volume and pressure, i.e. Fyo = 3

Now we can leave evidences of the macroscopic occupation of the ground state
simply rewriting eq. (3.1.20))
k3T
The critical temperature is reached when 2z’ = 1, therefore we can obtain the relation
between critical temperature and the number of atoms
3 n’ 3
15 = ———w’N. 3.1.34
¢ k}gs (1) ( )
which was calculated by first time by Bagnato, et al. in Ref. (62 63). When we do
z = 1 the Bose function is the same Riemann Zeta function, g5 (1) = ((3) =~ 1.202. T¢

corresponds to the temperature where it begins to manifest the macroscopic occupation
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of the ground state. In this form, we have

No TH*
—=1-(=), 3.1.35
N <TO > ( )
which is called as the condensate fraction of a harmonically trapped gas. The eq. (3.1.35)
shows the coexistence of the condensed state and excited states, two phases in thermal
equilibrium.

The pressure has a critical value in the transition from the absence of condensation

to coexistence of two phases, using the egs. (3.1.25) and (3.1.27) we obtain

gq (1
o = 4hg)kj‘§Tg‘§, (3.1.36)

which we call the critical pressure.

Somewhat tedious calculations lead to the general variances and covariances of the

model (58)) from egs. (3.1.5H3.1.18))

9 o A\ 2 ON
AN = (N?) — (K) :kBT<aM>TV, (3.1.37)
ANE = (%)~ (H) = kpT <‘9)w + kT (au>w, (3.1.38)
, o A OF
A*(EN)=(NH) —(N)(H) = kT (W)T,V’ (3.1.39)

We shall return later to discuss a bit about the fluctuations of the system from the point
of view of statistical mechanics and its connection with mechanical response variables in

thermodynamics.

3.2 Weakly-interacting Bose gas

By studying real gases we need to consider the interaction of particles that compose
them. In fact, for ultracold samples, it is necessary to consider the interactions and the
internal degrees of freedom of the system, which in the end shall fix two quantities: the

temperature and density of the sample. Now, the Hamiltonian for N bosons is

Hy = i (ﬁ? +U (ri)> + il V (r;;) (3.2.1)

= \2m

V (r;) is the interaction potential between the particles, we can see that when V (r;;) = 0

reproduces the ideal gas (eq. [3.1.2)).
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Initially, we start from the assumption that the particles of the gas can be considered
as hard spheres of radius a,, where a4 is known as the scattering length. The information
about the interaction between particles is introduced in this parameter. If collisions are at
low energy the scattering is dominated by s-wave collisions (64]). The effective interaction

between two atoms at r and r’ positions, commonly stated in the form

4 2
mh s, (3.2.2)
m

/dgr’ Vers(r',r) :g/d3r’5(r—r’):g:

where V.¢r is an effective contact potential.

3.2.1 Approximation for 7' — 0

We can build a many-body Hamiltonian for /N interacting bosons:

= [ @it (—W+U<Q@mw
+2/ﬁﬁ/fﬂ@unﬂw@ﬂﬂ%ﬁﬂmﬂﬁ@%) (3.2.3)

where ' (r) and ¢ (r) are creation and destruction field operators, respectively. These

operators represent fields that obey the canonical commutation relations, given by:

[0 (), 0T ()] = 6" — ),
O (), 0T (1)) = [ (r 1), § (1) = 0. (3.24)

Using a Heisenberg’s equation of motion:

A

(r,t), K| = [¢ (r,8), H — pN| (3.2.5)

S

where K = H — uN is called grand-canonical operator, operator H and N commute (65).

Now, the total number operator is defined as
N:/ﬁ@ﬁgﬁg:/ﬁm@) (3.2.6)
where 7 (r) is the density operator. The equation of motion is explicitly:

mwgﬂz@fvuvm QﬁmWWmemMme. (3.2.7)
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We assume that the external potential is independent of time, i.e. U (r,t) = U (r). We

can now express the field operators on an another base
D) =Y @ (v, ) b, O (r,8) = ®F (v, 1) b, (3.2.8)

The creation and destruction bosonic operators l;j and b, satisfy canonical commutation
relations similar to eq. . Consider the system of bosons is very close to zero
temperature, so that they tend to occupy the lower energy state or the ground state of
the system (i = 0). Using this approach, we can take the expansion in eq. as

O (r,t) ~ B (r,8) by, O (r,t) ~ &F (x, 1) b (3.2.9)

This approach is also called mean-field approximation. Substituting into the equation of
motion, we have
0 (r,t h?
z'hM = (=24 U (r) = p| P (r,t) + g|Po (r,1)]* D (r,1) . (3.2.10)
ot 2m
This equation of motion corresponds to the time dependent Gross-Pitaevskii equation. On
the other hand, we can use the ansatz ®q (r,t) = ¢ (r) for stationary problems, and we

obtain

in ) = (=T U@ n 1) 4 gl @F ). (21

independent time Gross-Pitaevskii equation (GPE). The two differential equations above
describe the dynamics of the wave function for the ground state, and will be a valid
approximation for a gas with 7" — 0, i.e. for temperatures far below the critical tem-
perature, Te. From the eq. (3.2.6) we can see that the term |¢ (r)|” is related to the
density. The term g |¢po (r)\2 represents an effective potential whose signal depends on the
constant as. If the scattering lenght is repulsive (as > 0), the effective energy increases
with the density. Otherwise, if the scattering lenght is attractive (as < 0) a collapse of

the condensate can occur (4, [11)).

For a large number of condensed atoms, the repulsive interactions lead to a lower
density in the cloud, since the atoms are pushed outwards. As a consequence, the quantum
pressure has a small influence and only contributes near the boundary surface of the
condensate, i.e. the interaction term dominates the dynamics. In this case the GPE gives

the solution .
b0 (v)|* = g (r) = g{u —U(r)}. (3.2.12)

In this form, when the quantum pressure can be ignored in the region where p < U (r),
and n, (r) = 0 outside this region, we have the Thomas-Fermi approzimation (TFA).

TFA can only be applied, when ¢ (r) varies slowly, this means the TFA fails near the
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cloud surface. On the other hand, with the boundary of the cloud given by u = U (r),

and the normalization of the density N = [ d*rn (r), the chemical potential is

15Na,\*°
“) , (3.2.13)

e

a

which is a function of the atom number. From this relation and (3.2.12f), the size for each

direction of the condensate in a harmonic trap becomes:

Wy

5 (16Na\>® &% (15R%, \'°
w( a) _ ( aN) L i=1,y, 2. (3.2.14)

a w; m2

the semi-axes R;’s is known as Thomas-Fermi radii. The aspect ratio is given by the
inverse ratio of the trap frequencies:
R
ﬁ; = ;Z, i,j =1, 2. (3.2.15)
This relation shows that all the interaction energy is transformed into kinetic energy upon
release, and anisotropy expansion is thereby further increased (47, 48)). This means that

the cloud expands faster in the direction of stronger confinement.

3.2.2 Volume, pressure and density

As shown above for the case of an ideal gas, II and V, are thermodynamic variables,
which in principle are the macroscopic parameters that characterize a inhomogeneous
system properly. Once identified these variables is pertinent to consider the fluid with
interactions and establish a direct connection between the pressure parameter and the

grand potential. Again, we start with the grand partition function defined as:
= = Tr [ R/HeT] (3.2.16)

the trace of the grand canonical operator K=Hy- uN . Using the N-body Hamiltonian
(3.2.1)) and the variable transformation (3.1.18)), we have

1 Nopz Mo N A
- Z =+ Z *mvd/gff + Z Vi (ri;) — pN . (3.2.17)
kpT i 2 i<j=1

= 2m

=="Tr |exp

We can see that the harmonic external potential was conveniently rewritten in terms of

the volume parameter V. Now, we can use the general expression (3.1.8)) and calculate
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explicity the pressure parameter:

o0 21 N 1 )
== i Sy 23520~ K/ksT |
(av)MT 3VE r[Z; My e

Now we can use the next identity
> §m@2f§ = /d% Em@%? > d(r—r). (3.2.18)

In this form

Tr [ﬁ §(r—r;) e—k/kBT] : (3.2.19)

Finally we have
m

E

in this form the pressure parameter for a weakly interacting gas is a function of the

IT d*rn (r) (wixz + w2y + w?zZ) : (3.2.20)

density and the external potential. According to Romero-Rochin, II depends entirely of
the external potential (60)). In this way, we can see that frequencies and volume parameter

can be determined experimentally and regardless of the number of atoms and temperature.

In the expression the pressure is not uniform due to the force exerted by
the confinement trap, and the density has a spatial distribution. In an experiment that
use diagnostic imaging becomes feasible to determine n (r). For equilibrium models it
is a simple matter to show that position-dependent systems are determined by density

((A(r)) = n(r)) (66, 67). It is worth noting that this density corresponds to the density

of the sample inside the trap when n (r) reached thermal equilibrium.

Experimentally, we search for measurable quantities describing the response to var-
ious external stimuli. These observables are the so-called response functions, or suscepti-
bilities. One of the most important quantities is the isothermal compressibility, which is
especially of interest in systems with a quantum component (64). One of the most inter-
esting advantages of obtaining an expression with such features as eq. is the possibility
of a direct analysis of isothermal compressibility. This topic will be boarded in a later

chapter.
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3.3 Thermodynamic limit

In a usual thermodynamic bulk system the intensive properties are independent
of surface, size, geometry, and volume effects. This means that the determination of
macroscopic observables are reduced to a mathematical problem, from the viewpoint of
statistical mechanics, where the partition function is converted from summations to inte-
grals. A system with a considerable number of particles (a large system) has a essencially
continous energy espectrum because the level spacing is very small. In this way, the right
path is to identify correctly the density of states p (¢). This can be done by invoking the

so-called thermodynamic limit:

N
N — o0, V = o0, v — const.,

where N is the number of particles and V' the volume. In this case the density n = N/V
is finite. The thermodynamic limit ensures the extensivity of quantities and entropy, free
energy, etc.

Having a large system does not mean that we can apply the thermodynamic limit
directly. A system with a rotating fluid and with the ability to reach BEC were studied
by Widom in ref. (68|, [69). Consider a rotating bucket: an ideal gas contained in a
circular-cylindrical vessel of radius R and height L rotating about its symmetry axis with
uniform angular speed Q2 = v/R. Intuitively we could consider the thermodynamic limit
as L — oo for fixed 2. But a general requirement imposed on the infinite limit by the
mathematical processes it is that the ratio of surface area to volume vanishes in the limit
(58). As a consequence the appropriate description in the thermodynamic limit: If L — oo
and R — oo, we require 2 — 0, such that QR — const. i.e. the velocity remains finite.
Fundamentally, all spatial dimensions must be scaled appropriately so that the scale no
distort the physics.

The thermodynamic limit for an ideal gas trapped in an external harmonic potential
depends essentially on the number of particles and the geometric mean of the frequencies
(70, 48). We can make a combination such that the product @*N is finite, which is
completely analogous to the bulk system. This means that the thermodynamic limit is

given as follows

N
N = o0, @® =0, V— o0, V—>const.

The volume parameter is naturally introduced.

Let us consider a physical situation a thermodynamical system with a given 7" and
NV~ = (). If we consider another system with the same 7" and N'V'~! = C, , both
systems are in the same thermodynamic state even if N # N’ and V # V’. This can be

seen directly using the critical temperature, kpTe = 0.94wN/3(62, 63): if we increase
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the number of atoms and we want to keep T constant, necessarily have to increase the
volume parameter V.

However we have a real system, the thermodynamic limit is never reached (math-
ematically), because the number of atoms that can be trapped and condensed is not
infinite. In addition, the system size is finite for an external harmonic trap. The regime
of applicability of this thermodynamic treatment is an important issue, since typical sys-
tems consist of cold atoms with 10* to 10° atoms and geometric frequencies of the order
of @ = 27 x (100Hz). If N is a macroscopic quantity @ should become small enough to
accommodate many particles (71)). Energetically, it means that fic should be smaller than
any other energy scale in the problem, i.g. the energy scale of an atomic transition (71)).
The corrections between the thermodynamic limit and taking into account the finite size

of the gas (72, [73) for an ideal Bose gas are however only a small difference
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Chapter 4

Experimental setup

In this chapter we explain briefly the sequence of the experimental process for BEC,
which will be detailed over the next few sections. A deeper description of this experi-
mental setup can be found in the refs. (74} [75). The logical sequence of this chapter is
the following: Initially we capture ~ 10% atoms in a magneto-optical trap (MOT) at a
temperature of tens of uK (76) with a pressure arround of ~ 10~'*Torr. Once loaded the
MOT with a sufficiently large number, they are transferred to a purely magnetic trap by
switching off the light and increasing the gradient. This trap is called magnetic quadrupole
trap (M'T) which is made a first step of evaporation and cooling by radiofrequency waves.
After this process, the atoms are partially transferred to optical dipole trap (OT), in a
configuration known as hybrid trap (HT), where there is an optical evaporation to achieve
quantum degeneracy (10). Worthwhile to say that this machine is the second generation

of experiments to condense successfully implemented in our laboratory.

4.1 Vaccum system

The experiment possesses a vacuum system with two chambers connected by a thin
glass transfer tube with a length of 50 cm and an inner diameter of 4 mm, in a configuration
known as a double MOT (77) (Fig. [4.1.1]). The region of the first cell is pumped by an ion
pump of 551-s71 and the second one by a ion pump of 3001-s~!. The MOT first chamber
(MOT1) consists of a rectangular glass cell with dimensions 150 x 30 x 30 mm?®. The
MOT second chamber (MOT2) is a quartz cell from Hellma company with dimensions
150 x 30 x 30 mm?, which has a high optical quality, which is important and necessary to
do diagnostic images of atoms.

The first cell has a rubidium dispenser (78]), which passes an electrical current to
produce a vapor, so that it is possible to perform MOT1 with about 10 atoms. Due to
the background vapor, the pressure in the first chamber is too high the order of 10~ Torr,
this means that the life of the trap is too short to observe condensation. For this reason,
the atoms of the first cell are transferred to a second one where the vacuum is about two

orders of magnitude lower at around 10~!* Torr. The atoms of MOT?2 shall be subjected
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to other various procedures for achieving quantum regime, this can lead to 50s (or more)

and therefore it is necessary to have such low pressures.

Figure 4.1.1 — The vacuum system has MOT1 chamber pumped by an ion pump of
551-s~! (at the top) and MOT2 chamber pumped by an ion pump of
3001-s7!(at the bottom). Source: elaborated by the author.

4.2 Hyperfine structure of 8’'Rb

Let us first make a brief introduction of the sample to be studied. We use an alkali
atom, the isotope 8’Rb, whose electronic structure is: 15228%2P®3523P%3D04524P%5S*.
STRb has 37 electrons which have only one electron in the outermost energy level (5S1).
Thus, the levels structure is simple in principle and it can be considered as a hydrogenic
atom. Rubidium has only two stable isotopes 8°Rb and 8"Rb, where the last one is almost
28% of rubidium in the natural state. We chose 8"Rb to achieve quantum degeneracy by
technical simplicity, since the scattering length of ®Rb is negative, while for 3Rb it is
positive (L3).

The principal quantum number of the last electron® Rb corresponds to level N = 5.
Therefore, the quantum number of orbital angular momentum is L = 0,...,4. If we
consider the hyperfine structure, i.e. the coupling between the angular momentum and
orbital angular momentum spin J=1+ S, where L and § are the respective operators.
We can see that the quantum number associated with this coupling is |L — S| < J < L+S.
At this point, the “ lonely” electron spin in the last layer whose quantum number is S = %,

so you can take L = 0 and L = 1 as the ground state and first excited state, respectively.
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In the ground state (L = 0) the total angular momentum is J = 1, so we call this state
as 5%Sy/2. For the first excited state (L = 1) we have J = %,% two states which we call
5?P1/2 € 5°P39. The transitions L = 0 — L = 1 are known as the D-lines, which can be

classified as:

Dy —line 5°Sip — 5°Pyj, (4.2.1)
Dg—line 5281/2 — 52P3/2.

The notation used is N@S+tVL, ;.

The coupling of J with the total nuclear angular momentum i generate the hyperfine

structure. In 8"Rb the nuclear quantum angular number is I = % The total atomic
angular momentum F is then given F=J+ I, where |J —1I| < F < J+ 1. The ground
state 5°S1o has F' = 1,2 and the first excited state has 5*Py, (D;-line) with F' = 1,2

and 5°Py/5 (Do-line) with F' =0,1,2,3 (Fig. 4.3.1).

4.3 Lasers system

The control of the frequency turns out to be important to cool the atoms. The
experiment has three diode lasers of the amplified TOPTICA Photonics model DLX110-
L with a wavelength of 780 nm. The diode laser has a line width of only 1 MHz, which is
ideal to excite selectively the hyperfine levels of the atoms 8"Rb (Fig. .

Two laser transitions 52S; 5 (F' = 2) — 5°P3/5 (F” = 3), which we call cooling 1 and
2, are used to generate the optical trapping of MOT1 and MOT?2, respectively. The cooling
frequencies have a red-detuning of approximately ~ 20 MHz. Another laser transition
52512 (F' =1) — 5*P3)5 (F" = 2) is used to pump the atoms into cooling transition of
both MOTs. Lasers can be used in other processes, besides cooling. To transfer the
atoms from the first chamber to the second one, we use the push beam from cooling 2
laser, which will have the same frequency detuning trapping. In addition, we have a beam
to image the atoms in resonance with 52S; 5 (F' = 2) — 5°P3/s (F’ = 3). Finally, we also
have two beams that select the state hyperfine F' = 2 with mpr = 2 when the atoms
are transferred to the purely magnetic trap, these beams are known as optical pumping
beams (52512 (F' = 1) — 5%P3) (F' = 2) and 5°Sy 2 (F = 2) — 52Pyo (F' = 2)).

During the course of the experiment, it is necessary to vary continuously (or sud-
denly) the frequency and power of some of the beams, or simply switch-on or switch-off (in
some process during the experimental sequence). For this reason, the beams are different
by 10 acousto-optical modulators (AOM). An AOM is a crystal in which an acoustic wave
is induced radio frequency (RF). When light enters the crystal interacts with a acoustic

wave and is diffracted. The diffracted beam has a frequency shift proportional to RF, and
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Figure 4.3.1 - Frequencies scheme in the hyperfine structure of 8’Rb, which is used
for this experimental setup. Source: elaborated by the author.

we can obtain a detuning to blue one or red one, depending on the diffraction order. The
AOMs can be disconnected within a few microseconds, or we can sweep the frequency

and amplitude quickly or slowly.

4.4 Absorption image diagnosis

Throughout the experimental sequence it is necessary to know the number of atoms
of the sample temperatures for either optimization or data collection. Optical diagnos-
tics allow us to obtain useful information on scales of BEC systems, which usually have
< 10" atoms and temperatures below 1mK. There are different light scattering meth-
ods implemented for dilute atomic gases (79)), and we use the most common one: the
absorption imaging.

Considered the most practical for our experiment, the optical absorption consists
of lighting up a sample with a collimated laser beam, resonant one with the transition
52512 (F' =2) — 5*P3)5 (F" = 3). The cloud absorbs some of the photons of the beam
leaving a dark “shadow” in the beam. Then, the beam passes through a lens system
that forms an image of the shadow. This shade corresponds to the absorption profile of
the gas and it is proportional to density profile. Experimentally, the cloud is released
from the trap and the image is made after the free expansion or time of flight (TOF); all
pictures in our experiment are made in this way. Note that this technique allows us to
count the number of atoms in the sample, measuring the temperature, and determining

the dimensions and geometry of the cloud.
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The normalized absorption image can be constructed from the three processing
images captured by the CCD camera pixelfly pco.imaging model 270XS which contains a
chip with dimension 1392 x 1024 pixels with 6.45 x 6.45 um? by pixel. To capture these
images we use a program written in LabView and developed by our group. Three images
are captured: an image beam with atoms, an image of the beam without atoms and a
dark image with no light. Taken these images to compose the normalized absorption

image illustrated in Fig. 4.4.1

Figure 4.4.1 — Scheme for normalized absorption image. We use three images: I-image
is the beam intensity with atoms, Ip-image is the beam intensity with-
out atoms e Iy-image is background without light. Source: elaborated
by the author.

The analysis of the cloud is made using the Beer-Lambert law. In this form, we
integrate along an axis and we can get the density profile of two-dimensional atomic cloud:
1 I(ya Z) _Ib (y,Z)

nap (y,2) = /dmn(w,y, z) = T | o (. 2) = 1 (4. 2) (4.4.1)

where n (z,y, z) is the three-dimensional density profile of the atomic cloud, oy is the scat-
tering cross section, I (y, z) is the intensity of the beam with atoms, I (y, z) is the beam
intensity without atoms e I (y, z) is the intensity of dark image. The profile nap (y, 2)
provide the dimensions, number of atoms and temperature.

The cloud is of order of just a few hundred micrometers in the case of degenerate
quantum sample, it is necessary to implement a set of lenses that will amplify the size of
the image (79)). In turn our experiment has conveniently two different magnifications each

with a set of lenses themselves (74). The first one is 5X magnification and the second one
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is 2X magnification, labeled as the image axes 1 and 2, respectively. The optical paths
of both axes are mutually perpendicular and differ in only 5% in the physical parameters

extracted.

4.4.1 Thermal cloud analysis

The density profile of a thermal cloud can be appropriately approximated by a usual
Gaussian distribution
(y—v0)® (2~ 20)°

ngap (Y, 2) = 1g exp l— 501 " ga1 | (4.4.2)
Yy z

The size of the cloud can be defined using two widths o, and o,. yo and z; are the
distribution centers in the image, and n¢ is the peak value of the distribution.
The total number of atoms can be calculated also from the gaussian distribution

with a simple calculation:

Ny, = /dydz naep (Y, 2) (4.4.3)
whose result is
2T
Nth = —NGg0y0. (444)
0o

This indicates that the total number of particles in a thermal cloud is directly proportional
to the product of gaussian widths. It is worth noting that there is a different method to
count the number of atoms, either of thermal or condensed clouds. The number counting
method is independent of fittings, and it works adding pixel by pixel then it multiplies a
factor giving the number of atoms. In our experiment the difference represented less than

2% then simply we use the distribution.

In the unidimensional case, we can relate the speed of expansion with temperature

by the expression %mv2 = %kBT, where m is the mass of atom and v is the expansion
velocity. The profile of the cloud ngap (v, 2) is given by expansion time t.,,. Fitting
a gaussian distribution in the profile can be achieved width as a function of expansion

do(tezp

time 0 = 0 (tesp). Therefore, the expansion velocity is given by v = =5 ) and we can
exp

calculate the temperature using:

- m(fia(t>>2

" kg \ dbey

Once the cloud expands freely, the expansion velocity is constant. Therefore, for a time
expansion te,,, the speed of expansion é v = (6 — 0°) /teyp, where ¢ is the initial width.

For a sufficiently large time expansion (greater than 10 ms), we can assume that o > ¢°.
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Then we extract the temperature of the cloud using the expression:

2
m ([ o

T=—— 4.4.
kp (tel‘p) ’ (445)

whereo is the width provided by the normalized image.

4.4.2 Condensed cloud analysis

In the case of a cloud quantum number of atoms may be calculated using a Thomas-
Fermi Distribution from eq. (3.2.12) integrated in one directionm

(v—w)  (z—20)\"
nrrap (T,y) = nremax | (1 — o 01 . (4.4.6)
y z

Similarly, integrating over all space we obtain the particle number of the cloud condensed
)
00

In this case we have that the number is directly proportional to the Thomas-Fermi radii.
The density distribution is obtained from eq. (3.2.12)) in the TFA for a pure con-
densate in a harmonic potential. For this reason in principle condensed cloud has no

temperature. However, we can estimate a mean field temperature (80)) or use the expres-

sion (3.1.35)).

4.5 Magneto-optical trap

As its name indicates, it is a trap that combines magnetic fields and light. The MOT
technique uses clouds with low densities and it is fundamentally based on the idea that
the photon transfers momentum. MOT consists of magnetic confinement for the atoms
in a potential generated by two coils in anti-Helmholtz configuration and use coherent
light to generate an optical molasses(81]). We use lasers to the atom in the cloud absorb
the highest amount of photons, so that the force associated with the interaction of the
atom with the light strongly depends on the frequency of the laser and its detuning (due
to the Doppler effect) (82, 83). When the atom approaches the light source feels a higher
frequency otherwise it feels a lower frequency.

We can use a toy model to facilitate the understanding of the operation of MOT
(84), consider a one-dimensional system (Fig. formed by a two-level atom that
has a ground state with angular momentum |F' = 0, mp = 0) and an excited state with

|F'=1,mp = 0,%1). Moreover, magnetic field that varies linearly with the position and
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Figure 4.5.1 — Scheme of a one dimensional magneto-optical trap. Source: elaborated
by the author.

spacing between the levels is AE = ugmpB, where up is the Bohr magneton, valid for
the Zeeman effect in weak magnetic field.

Assume that the atom is exposed to a pair of counterpropagating laser beams along
the z-direction with orthogonal circular polarizations and a frequency tuned below res-
onance in the region where B = 0. The zero field defines the region of origin (2 = 0).
Then for positive regions (z > 0) the atom absorbs more photons with polarization o,
since it induces a transition Amp = —1, thus suffer resultant force toward the origin.
Similarly, for negative regions (z < 0) the atom absorbs more photons with polarization
o which induces Amp = +1, so again suffer a force for the origin. The atoms remain
confined in the system due to the restoring force and colds due to dissipative character of
the spontaneous force.

In our experiment, we use six counter-propagating beams with circular polarization,
aligned in a single point forming a volume, which functions as a viscous medium. In
this region of space the viscous force is known as optical molasses. The magnetic field is
inhomogeneous for the MOT and the magnetic gradient generated with the coils is around
12G - em™L.

4.6 Magnetic trap

The quadrupole magnetic trap is capable of generating gradients of the order of
hundreds of Gauss per centimeter. We know that an atom in the presence of a magnetic
field experiences a break degeneracy of energy levels. There are two regimes for the
behavior of the hyperfine states (Fig. , the region of weak field regime known as
anomalous Zeeman effect, and strong field region known as the Paschen-Back regime. We
are interested in the regime of weak field displays, the region to the left of the dotted

line in Fig. 4.6.] We can see that some of the atoms minimize their energy in regions
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where the field is minimal and others in the maximum. Thus, it is important to select the
hyperfine levels of the atoms to be trapped in the minimum of the external potential. In
87TRb this happens for the states |2,2), |2,1), and |1, —1), in our case we select the state
hyperfine F' = 2 with mp = ZH

25

E/h (GHz)

! |
0 5000 10000 15000

Magnetic Iield (G)

Figure 4.6.1 — Structure of ground state 5281/2 of 8Rb in a magnetic field. Source:
elaborated by the author.

The MT consists of two coils whose currents circulate in opposite directions, i.e. in
anti-Helmholtz configuration. These coils have a cooper wire 2mm in diameter, 9 turns
along the radial axis 11 along the axial axis. The profile of the absolute value of the
magnetic field generated by the MT is shown in Fig. [£.6.2. We can see that MT has
a quasi-linear behavior in all directions near to the zero field. Quadrupole traps have
important advantages: The first one, it allow optical access, and the second one it allows

trapping with large number of atoms with high densities.

4.6.1 Magnetic trap transference

The MOT technique is effective to cool atoms to temperatures of the order ukK.
However it is still a temperature that is far from achieving quantum degeneracy. In fact,
the minimum temperature achieved by this technique is known as Doppler temperature
limit (85), that for our experiment is around 120 K. Using other procedures in the
sample, such as molasses optical reached temperatures even lower known as sub-Doppler
temperature (85)). Molasses consists of an abrupt shutdown of the field, together with
a detuning frequency for red (~ 60 MHz). At the end of this process, we achieved sub-
Doppler temperatures around 40 pK.

! To simplify notation in the thesis we do |F = 2, mp = 2) = [2,2)
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Figure 4.6.2 — The magnetic field generated by MT with a current of 1 A (a) along
the x-axis axial and (b) along the z-axis parallel to gravity. The points
are experimental data and the solid curve is the simulation. Source:
elaborated by the author.

After the sub-Doppler cooling, the cooling light is switched off abruptly and starts
the optical pumping process (86l). With this process it is possible to transfer the atoms into
a state that is magnetically trapped, and it is done in two steps. At first step, we transfer
the atoms to F' = 2 ground state 525, /2, turning off the light leaving the light trapping
and repumping connected by the 0.5 ms. At second step, we turn on a weak magnetic field
(~ 1 G), which breaks the level degeneracy, and we applied two beams of o-polarized light,
52512 (F' =1) — 5Py (F' = 2) and 5°Sy 2 (F = 2) — 5°Pyo (F' = 2), during 0.05 ms.
After a few cycles of absorption and emission of transfer over 95% efficiency to the ground
state |2, 2).

4.6.2 Pure magnetic trapping

When the sub-Doppler temperature is reached, and the atoms have been previously
pumped into the hyperfine state |2,2), the magnetic field is abruptly increased to a gra-
dient of 60 G - cm~!. Then, the magnetic field is ramped linearly during 500ms from
60G - cm™! to 160G - cm™!. Once the potential is maximum gradient it is highly con-
fining and we can implement the evaporative cooling technique. In this type of cooling,
the spin-polarized atoms are in strongly attractive potential, we induce a transition such
that leaves the atoms in a completely repulsive potential, and escape out of the trap.
Inducing selectively transitions, we can remove the most energetic atoms, such a way that
the atoms termalize at a lower temperature due to collisions.

In practice, we apply a wave radio-frequency (RF), which reverses the spin of the
atom releasing the hottest atoms to a not trapped state. This is possible due to the
inhomogeneity of the field, since it separates the Zeeman levels, then only the atoms

with higher energy shall reach places high field. RF effect can enter into resonance with



Chapter 4. Experimental setup 5}

the higher levels separated by inducing a transition of spin, so that the hot atoms are
removed from the trap. Cooling is continuous and frequency is constantly adjusted leaving
the system with ever lower temperatures.

The full form functional magnetic field is calculated in ref. (87), nevertheless we can

approximate the potential generated by quadrupole coils, a linear potential of the form:

where 1 = grpmppup = pp is the Bohr’s magneton for |2,2) and B!, is the gradient along
the strong direction. The disadvantage of this format of the field lies in the quadrupole
transitions Majorana losses (88). Atoms confined to pass through the center, i.e. the
region of zero magnetic field, can quickly change the selected spin state. The change spin
effect is more significant when the atoms are very cold. Thus cold atomic clouds, there
is a high probability of transitions to not-trapped states, losing significantly atoms and
therefore density. Thus, the BEC can not be done in the quadrupole magnetic trap. Our
experiment implements two RF linear ramps in MT from 20 MHz to 3.5 MHz during 65,
before we losses atoms due Majorana transitions.

An important detail for our experiments of thermodynamics is the necessity of
knowing so well about the gradient in the region of the atoms. Since B! determines the
dynamics and frequency in one of the axes of trapping. In ref. (10) and in our experiment
at the end of RF evaporation, the gradient is relaxed to the limit to compensate the
gravity, then this is ramping up leave compensate one. Note that the value around
gravity compensation is determined by the weak axis, which corresponds to B, = B/ /2.
This introduces an interesting difference in the geometry reported in ref. (10).

Fig. indicates that there is good agreement between the field of experimental
measurements and simulation, however this measure was made with the coils out of the
experiment. Our interest is to determine the gradient of the field in the region of the
atoms and to know the value. We calibrate the current passing through the quadrupole
coils and then we simulate the gradient based on the behavior of atoms. In the first step,
it’s necessary to calibrate the current source DELTA Elektronica series SM 70-40 and the
analog channel AO.0 control program. Fig. |4.6.3(a) shows the linear relation between the
current and the voltage value, this lets us know how much current is going through the
two quadrupole coils.

Using absorption imaging we know that for a current of 4.3998 A the gradiente
exactly compensates the gravity. A simulation where the separation between the coils
was 3.85 cm, so that for a current of 4.3998 A generates a gradient of 15.26 G -cm™! in the

direction of gravity. Gradient calibration as function of current is shown in Fig. [4.6.3(b).
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Figure 4.6.3 — Gradient of the magnetic trap: (a) Calibration of power supply current
as function of voltage of control analog channel, and (b) simulation of
the gradients along the strong axis and weak axis as function of the
current. Source: elaborated by the author.

4.7 Hybrid trap

Note that the potential has to be soft to suppress channel loss as Majorana transi-
tions. There are different ways to get around this problem by using different configurations
of traps reported in the literature (5] 6], [7, 89, 90, 8, 9). Our experiment produces BEC

using the HT, which is a composition of a magnetic field produced by MT and an electric
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field produced by a focused beam of OT, similar to used by Lin in Ref. (1I0). The OT has
the advantage that the atoms need not be spin polarized and can be prepared in any one
of the hyperfine ground state. However OT inherently have a smaller volume in compari-
son with a magnetic trap. The HT is a 3D trap ideal for experiments in thermodynamics,
since it allows us to control the frequency of the bottom of the potential well, and thus

allows us to control the volume of the sample.

4.7.1 Optical dipole trap

The trap for light confinement is based on the interaction of electric dipole of the
atom with the electric field of the incident light (91, 02). The frequency of this ligth is
far-detuned from the resonance transition of the atoms, in our case a red-detuned laser
with a wavelength of 1064 nm Ytterbium fiber of IPG PHOTONICS. There are many
ways to trap atoms with lasers, using blue or red detuned lasers or a combination of both.
An atom placed in a OT experiences two kinds of forces: A dipole force and a scattering
force. The scattering force originates from the associated momentum of light; usually this
force is negligible as compared to the dipole force.

The model describes the interaction of atoms and light fields has the next Hamil-
tonian (93, ©4)

Hpa = Hiy + Hiaa + Up,

A

this model is known as the dressed atom model. Hj, is the Hamiltonian for internal
degrees of freedom of atom. ﬁﬁeld is the Hamiltonian representing free oscillation modes
of the electromagnetic field. In this model the states are a direct product of atom state
and photon state |atom) ® [photon), respectively. In fact, an atom is not a pure two-level
system, but has many energy levels which interact with the light, but for simplicity we
consider the two-level model. |g,n + 1) and |e,n) represent as the ground state and the
excited state, respectively, where n is the number of photons.

The linear combination of photon and atom states allows us to diagonalize the
entire Hamiltonian by taking Up as a operator of second order perturbation. <[7 D> =
(e,n|Up|g,n + 1) reprensents a atomic transition from ground to excited state. Essen-
cially Up = P (r,t) .E (r,t) which is coupled to an external electromagnetic field E (r, )
and its induced dipole moment p (r,¢). The transition due to this interaction is proportial

to Rabi oscillation frequency Qg:

where [ (r) is the intensity of electric field which varies with the position. wy and I' are the
resonance frequency and decay width of the state, respectively. The energies are therefore

position dependent for inhomogeneous light fields. The general expression for the dipole



58 4.7. Hybrid trap

potential for transition |i) — |j) is

A 2
GlUoli)| srhe T
Uor (r) = | = S~ ()
or ; Ez - Ej 2&}8 A

where the detuning is A = w — wp. In a red detuned (A < 0) the energy of the ground
state decreases proportional to the increasing intensity of the laser, as a result, the atom
moves to the potential minimum (91J).

Clearly the spatial geometry of the potential is determined by I (r), in this manner
the simplest way to trap atoms is by focussing a red detuned single gaussian laser beam

(95). The potential generated is as follows

o Uy ox —2 (22 + 2?)
Vor (x) = T+ /ud) lwﬁ (1+ 3/2/912%)] ' (71

Uy = Uy (P, A) is function of powe laser P and detuning A. y is the direction of propaga-
tion of the beam and yg is called the Rayleigh range. wy is the beam waist size which is
determined experimentally by optics. The potential depth is usually below 1 mK, which
implies a limitation on the amount of catch compared to a magnetic trap. Nevertheless,

the capture volume can have different configurations in a controlled manner.

4.7.2 Optical trap transference

Hybrid trap basically uses the MT as a reservoir for loading directly to OT. The
process is as follows: Once the atoms are transferred to the maximum gradient of MT
we use RF evaporation temperature decrease and increase the phase space density . Dur-
ing the RF process, the beam of optical trap is switched on increases the efficiency of
evaporation (I0). The OT waist is aligned 300 ym down the quadrupole center (zero) in
the direction of gravity. The alignment of the minimum potential guarantees a harmonic

confinement in three directions.

Figure 4.7.1 — Image (a) the quadrupole trap and (b) the optical dipole trap gener-
ating (c) the hybrid trap. Source: elaborated by the author.

The gradient of the quadrupole is relaxed slowly until the magnetic field. This
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does not compensate more gravity, while the atoms are transferred to the optical trap.
Once done transfer adiabatic way, we finally evaporated in optical trap (without turning
off the magnetic field) again increasing the density in phase space. The depth of the
potential depends directly on the laser power, so we can do an evaporation changing this
depth. At this point we can achieve the density and temperature required for the quantum
degeneracy.

We have implemented a series of four ramps evaporation, so that each ramp atoms
termalize at a lower temperature due to elastic collisions. Our experiment starts with a
power of 6 W approximately and ends on the order of 40 mW focused on the region of
atoms approximately 75 ym in diameter (wy = 75um).

The functional form of the effective potential for an atom in a hybrid trap is a com-
position of the magnetic component and the optical component , including

the gravity we have:

y? 22 U 20% +2 (2 — 2)°
U(r)=uB\|a?> 4+ —+ — — ————5~exp |—
( 44 (1+9*/yn) wg (14 y°/yz)

+mg (z — z0) + Eo,

(4.7.2)
where 2z is the offset between the dipole beam trap depth and the zero-field of quadrupole
trap. Fj is the energy difference between the zero-field point absent the dipole trap and the
total trap minimum (10). In the Fig. we represent two experimental situations: Fig.
4.7.2|(a) a gradient of the magnetic field around 150 G - ecm™* and a power of 5W similar
to the initial configuration of the HT. The Fig. |4.7.2(b) shows a similar configuration
to the final stage for condensing. In this case the magnetic field is relaxed and ceases to
compensate the gravityﬂ, on the other hand the power is around 40 mW. We can see that
in profile shown in Fig. 4.7.2(b) around minimum, the potential is smooth and harmonic,
which allow us to achieve the quantum degeneracy smoothly.

The eq. helps us to establish the nomenclature of coordinates or directions
used for thesis data later (Fig. . The strong axis of the quadrupole has been labeled
with the variable x. The direction of propagation of the beam has been labeled with the
variable y. Finally, the direction of gravity will be labeled with z. The radial confinement
of OT will be in the xz-plane, while the confinement due to the magnetic field will be in

the y-direction.

4.8 8"Rb Condensate

In the late stage of evaporative cooling in the optical trap, we are able to achieve
quantum degeneracy. HT is reproducible, which is an important feature for systems such
as ours. The final en la default setting for the OT has a power of 40.4 mW with a depth of

2The gradient that compensates the gravity for the ground state |2,2) is 15.26 G - cm~!.
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Figure 4.7.2 — Hybrid trap potential for two configurations: (a) high gradient and
high power and (b) gradient relaxed to not compensate the gravity and
low power (see text). Source: elaborated by the author.

0.8 uK. The final gradient magnetic is 29.98 G-cm ™" in the strong axis, which corresponds
to a value below the gradient of gravity compensation. With these parameters we are able
to produce a BEC with a condensate fraction > 80% to a temperature of 80nkK, and a
total number of atoms 8 x 10?.

Previous experiments performed in our laboratory (96) showed the possibility of
constructing phase diagrams (37)). However, changes in the frequencies imply non-trivial
changes in the evaporating cooling, therefore this experiments have a limitation on varia-
tions of the volume parameter. The hybrid trap resolves the problem to vary the volume
parameter. As shown in Fig. geometry of the cloud condensed varies depending on
the frequency of the trap, this conclusion is derived from the eq. . Usually, the
samples are bicomponent, this means that they have a thermal part and another part con-
densed. The atomic density which describes a gas reached quantum degeneracy follows
a bimodal distribution. Experimentally the bimodal distribution is the setting of a Gaus-

sian profile (eq. (£.4.2)) and a Thomas-Fermi profile (eq. (£.4.6)). The Fig. [1.8.1] shows

different samples under different conditions of temperature and a condensed fraction with
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OT beam

r’l\l

X

Glass cell Glass cell

Figure 4.7.3 — (a) Hybrid trap 3D scheme. We see the image planes (b) yz and (c)
xz used for diagnostic and the measurements of this thesis. Source:
elaborated by the author.
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Figure 4.8.1 — Condensate clouds for different power configurations of OT: (a) 30 mW,
(b) 43mW, (c) 90mW, and (d) 400mW . The geometry of the trap
change if we change the OT laser power. Source: elaborated by the
author.

corresponding bimodal adjustments.

Images of the condensed cloud at different times of free expansion can be obtained
simply by turning off the trap in a time shorter than 50 us. The cloud displays a very
important signature revealing the Bose-Einstein: the aspect ratio inversion, which only
happens when the system presents quantum degeneracy. This change depends on the
initial conditions of the cloud inside the trap (Fig. [4.8.3)). The condensed clouds are
released from the trap, in the direction where they are more confined they expand faster.
This means that the expansion is anisotropic (Fig. 4.8.2(a)). On the other hand, the
thermal clouds expand in the same way in all directions, i.e. the expansion is isotropic
(Fig. [L53(b).

The frequencies of the hybrid trap and how these are related to the expansion

dynamics of the sample will be studied in detail in the following chapters.
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Figure 4.8.2 — This figure essentially shows the kinds of clouds obtained in our exper-

iments. For example, the condensated cloud (a) is clearly anisotropic,
where R, = 71.6um and R, = 59.1um with 8 x 10 atoms. On
the other hand, the thermal cloud (b) is totally isotropic, where
oy = 63.2 pm and o, = 63.2 um with 2.55 x 105 atoms. Source: elabo-
rated by the author.
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12 ms 15 ms 18 ms 21 ms

Figure 4.8.3 — Aspect ratio inversion for different time of flights of a condensed cloud.
Source: elaborated by the author.
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Chapter 5

Volume parameter and critical

temperature

For the experiments of thermodynamics is convenient to make a more rigorous char-
acterization of the trapping potential. This chapter aims to show how to perform this
characterization, making a complete analysis of the frequencies of our system, which lead
us to establish the volume parameter, V. Let us remember that the choice of V as a
thermodynamic quantity is not arbitrary, it meets the criteria of extensivity (97). We
measure six different volume parameters, where we varied the usual physical quantities
in the samples such as number of atoms, temperature and condensed fraction. When we

cover a broad range of parameters we will be able to construct phase diagrams (37).

We will show in subsequent sections the measure of critical temperature T, which
has a close to ideal gas behavior. The critical temperature is an essential measure to
understand the phase transition from thermal phase to quantum phase. Using new global
variables in the formalism of Romero-Rochin (37)), we clearly observe the phase transition

around T¢.

5.1 System characterization

We know that the HT allows a 3D-harmonic confinement, where the effective po-

tential for atoms (eq. [4.7.2)):

Y2 22 Us 222 4+ 2 (2 — Zo)2
U(I‘):M-le\/ﬁ_exp — +mg<Z—ZO)+E0
2 2 (1+42/y3) wg (1+y?/y)

At low temperatures we basically have a well near to the equilibrium point. In this form,

we can approximate to an harmonic trap from the HT effective potential, expanding U (r)
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until second order in a Taylor series

1 1
U) =~ §,uB;zo — Uy + Ey + <2,uB; + mg) (z — 20)

1 4U0 2[LB/x 2 1 IMB/ 2U0 2 1 4U0 2
w5 (g 1) s i ) 7 (g -

+0O (m3, v, 23) )

We consider y/yr < 1 and we can identify the frequencies as

4U; 2ubB’, B, 4U;
Wa = 02 + - y Wy = a y W = 02- (511)
mwi  m|zo 2m | zo| mwg

where the radial frequencies have a strong contribution of OT and the axial frequency

depends only of magnetic field. The principal advantage of HT is that we can easily
change the radial frequencies by varying the power laser, in this form it is possible to
change the trap geometry, i.e. the volume parameter shown in eq. . In our
experimental setup w, is approximately constant because the gradient is held fixed, but

for higher powers of OT this would no longer be true.

5.1.1 Trap frequencies

From the eq. we know that there is a direct dependence of the radial frequen-
cies with the OT power. To ensure that the experiment is reproducible, it is necessary
to make a calibration of the OT laser power as a function of voltage value in the control
program AQO.1. This measurement can be made by measuring the power in a reference
position, which will be crucial to ensure reproducibility. In the Fig. can see the

calibration laser power in Watts according to following fit

P—A2+(A1—A2){1+ (Am)p}_l. (5.1.2)

To

A; and As are the minimum and maximum powers, respectively. The values shown in
Fig. were previously fitted using all experimental points. However, we need more
accuracy at low power values, where the quantum degeneracy appears in our system, for
this reason the data were readjusted.

The reference position is located before the optical elements and dichroic one vac-
uum cell. Thus, the calibration has been considered to losses due to the dichroic
and the faces of MOT2 cell. The windows of the cell have no coating for the wavelength
1064 nm. The value of these losses reduce the power of the beam by 11%.

To measure the frequencies we apply a magnetic field pulse with extra coil placed

along the axis where we wanted to measure the frequency. When we turn on abruptly a
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Figure 5.1.1 — Optical trap power calibration. Source: elaborated by the author.

pulse of magnetic field, the dipolar mode is excited and the condensate cloud oscillates
with the frequency of the trap in the direction of applied field (47, 98, 99). The pulse
duration ranged from 5ms to 10 ms with around a magnetic field strengthl G to 5 G. The
oscillations take place inside the trap and they are very small. Our experiment does not
have enough resolution to detect this collective mode within the trap (47, 98, 99). To
solve this problem, we do a typical image of cloud with TOF and we see the changes of

the center of mass position for different waiting times, this procedure generates a graph
as shown in Fig. [5.1.2]

Once the frequencies were measured independently, we can establish a relation be-
tween the frequency and the parameters of the trap. From eq. we know that w,
and w, strongly depend on the power and w, on the gradient. Thus, the calibration
serves us to find a relation between the radial frequencies and OT power. On the other
hand, the gradient is kept fixed, and it is independent of the power, therefore we expect

a constant behavior. Thus, we can use a fit as
_ d -
w; = 2 (a,- +b;(P —¢;) ) . i=1,Y, 2,

where the fitting parameters a;, b;, and ¢; depend on the coordinate. We use different
calibrations for each of the frequency, choosing the best fit curves to the experimental
points, based on the features provided by each of them in eq. (5.1.1). For example, w,

depends only on power, then ¢, = 0 while w, has a magnetic field component in this case
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Table 5.1 — Frequency fittings for hybrid trap

¢; # 0. The summary of the fittings obtained are in the Table 5.1 We also construct the
corresponding graphs shown in Fig. (5.1.3).

‘ a ‘ +Aa ‘ b ‘ +Ab ‘ c ‘ +Ac ‘ d ‘
Wy = 2wx | —7.74556 0 263.35245 | 2.13702 | —0.02575 | 0.00172 %
wy = 2mx | 21.16541 | 0.00533 | 0.94113 | 0.02371 0 0 1
w, = 2wx | =7.74556 | 0.25693 | 235.22088 | 0.84675 0 0 %

The y-axis frequency had less variation with the power because we kept fixed the
magnetic gradient. An interesting test to be done is to calculate the gradient through a
special low frequency value, i.g. P = 0.29379 W equivalent to AO.1 = 2.7, where power
effects are negligible. Thus, taking w, = 21.19rad - s~ and 2o = 300 um approximately,

we have
_ 2m|z|w;

o

which is within the estimated error for the gradient in the weak axis. The theoretical

B, ~ 16.55 + 2.56 G - cm ™!,

value was 14.95G - cm~! in the simulation, which corresponds to an error of 9.68%.

HT Frequencies
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Figure 5.1.3 — Frequency calibrations as function of power. Source: elaborated by the
author.
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5.1.2 Volume parameter

Once frequencies have been calibrated, as we noticed in the previous section, we
choose six different conditions performed with about 600 runs for each one, with which
we build geometric means, which at the same time shall serve to define the parameters
of volume. In this way each set of frequencies form a volume labeled as V;, where ¢ =
1,...,6. We summarize the volume parameters in the Table [5.2] where each of them has

its respective error propagation.

Table 5.2 — Frequencies and the volume parameter for the totally anisotropic 3D trap

Wy +Aw, Wy +Aw, W, +Aw,

1

rad-s~! | rad-s7! | rad-s” rad-s~! | rad-s~! | rad-s7!
V| 304.74 9.53 133.10 | 0.036 159.65 2.36
Vo | 1828.37 | 16.48 | 140.44 0.22 1611.00 7.59
V3 | 901.65 10.19 | 134.78 0.79 766.33 4.55
Vi | 506.79 8.75 133.50 | 0.046 387.09 3.18
Vs | 1175.87 | 11.86 | 136.07 | 0.078 | 1019.04 5.45
Vs | 678.06 9.14 133.97 | 0.058 555.95 3.79

Source: elaborated by the author.

The Table summarizes the volume parameters obtained from the fitted frequen-
cies of the Table[5.2] Note Vo < V5 < V3 < Vs < V4 < V; which is an important relation
for our analysis. The greatest variation of temperature and number of atoms was ob-
tained by changing the time and power of optical evaporation. Often, volume parameters
were reduced beyond the final value, to evaporate most of the cloud and achieve a higher
fraction condensed, then this sample was re-compressed (with ramps of 200 to 800 ms) to
the correct volume. The trapped atomic cloud was maintained for approximately 300 ms

or more with aims of thermalization.

Table 5.3 — Volume parameters for the anisotropic 3D trap

oBD) [ £ALGD) YED) TAYED)

1 rad -s~! 3 3

rad - s~
V| 186.39 2.87 | 1.54x 107" | 7.16 x 107°
Vy | 745.11 3.80 | 242x107Y | 3.70 x 1071
V3 | 453.28 2.69 1.07 x 1078 | 1.91 x 10719
Vi | 296.97 2.55 3.82 x 107% | 9.86 x 101
Vs | 546.31 2.96 6.13 x 107Y | 9.97 x 10~ 1!
Vs | 369.55 2.55 1.98 x 107% | 4.11 x 10710
Source: elaborated by the author.
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In theory it is easy to do the cylindrical approximation, i.e. w, ~ w, = w,, however
our trap is clearly anisotropic especially for low OT power. In this case, conveniently we
can make the approximation of an average radius for the condensed cloud, so we adjust
the dynamics to an average frequencyﬂ as follows:

(5.1.3)

wp:§(wz+wz).

This approach greatly simplifies the calculations without losing much physical informa-
tion, i.e. the final results are not very affected by the approximation. For practical reasons

we use the approximation of cigar-shape (w,) for thermodynamic analysis in this thesis.

We must find a way to compare the frequencies w, and w,. For this purpose we can

define a new quantity which we will call anisotropy parameter which has the following

form :
Ao fy = Jos = | (5.1.4)
(wiw;)?

Awi/w; meausure the degree of anisotropy in a trap. When A, /., < 1 we can do the
approximation of the eq. (5.1.3). Besides this, A, ., is calculated using the geometric

mean of the frequencies in the denominator because it is very sensitive to differences. For

example, in our experiment the higher anisotropy is in V; with )\SZ) Jw, = 0-60, while the
lowest is in Vy with )\((i) Jw = 0.13.

Using w, we have a new set of volume parameters which are shown in Table [5.4]
the approximation of the eq. (5.1.3)). Another interesting consequence, that somehow
validates our approach is the geometric mean and the volume parameter. We can compare

V1(3D) with Vi which is our asymmetric volume and see that the difference is only 10%.

Table 5.4 — Frequencies and the volume parameter in the cigar-shape approximation.

Wy Aw, Wp Aw, w Aw V AV

rad-s~! | rad-s7! | rad-s7! | rad-s™! | rad-s~! | rad-s7! s3 s3
V| 133.10 | 0.036 | 232.20 5.95 192.89 3.31 1.39 x 1077 | 7.18 x 107
Vo | 140.44 0.22 1719.68 | 12.00 | 746.10 3.87 241 x107Y | 3.75 x 1071
Vs | 134.78 0.79 833.99 7.37 454.28 2.76 1.07 x 107® | 1.95 x 10~1Y
Vi | 133.50 | 0.046 | 446.94 5.96 298.76 269 |3.75x107% | 1.01 x 107
Vs | 136.07 | 0.078 | 1097.45 | 8.66 547.22 3.03 |6.10 x 1072 | 1.01 x 10719
Ve | 133.97 | 0.058 | 616.81 6.46 370.77 2.64 |1.96x 1078 | 4.20 x 10719

Source: elaborated by the author.

'We may also replace the arithmetic mean by the geometric mean, but the changes are insignificant.
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5.2 Measuring the critical temperature

Determining and measuring the critical temperature (T¢) of an atomic sample in
a harmonic potential is necessary for the haracterization of the system and the study of
thermodynamics. We can determine the transition temperature, knowing the condensed
fraction from egs. and . Thus, Te depends essentially on two quantities:
the oscillation frequencies and the number of atoms.

Experimentally for each volume, we group numbers of atoms in intervals, so that we
can build graphics of the condensed fraction as a function of temperature and compare to
eq. . We determine the critical temperature as a function of the total number of
atoms using the eq. . Fig. shows the experimental data points and the
expression using the Table . Let us note that this data analysis was performed

using the expressions for the ideal gas, assuming that the behavior is quite close.
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Figure 5.1.2 — Frequencies of the hybrid trap in the three directions for different power
configurations: (a-c) 41.86 mW and (d-f) 401.66 mW. Source: elabo-

rated by the author.
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Figure 5.2.1 — Experimental data points and theoretical prediction (solid line) of crit-
ical temperature temperature as function of total number of atoms.
Source: elaborated by the author.
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Figure 5.2.2 — Experimental data points and theoretical prediction (solid line) of crit-
ical temperature temperature as function of total number of atoms.
Source: elaborated by the author.
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Figure 5.2.3 — Experimental data points and theoretical prediction (solid line) of crit-
ical temperature temperature as function of total number of atoms.
Source: elaborated by the author.
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Figure 5.2.5 — Experimental data points and theoretical prediction (solid line) of crit-
ical temperature temperature as function of total number of atoms.

Source: elaborated by the author.
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Chapter 6
Pressure parameter and

compressibility

To determine the pressure parameter II of the equation (3.2.20]), it is necessary
to characterize and define two important quantities: the confinement potential and the
atomic density. The external potential was discussed and characterized in the previous
chapter. Consequently our first objective in this chapter is to obtain the density n (r)
from the experimental data. We explain how to recover the size of the sample inside the
trap from images in free expansion.

Once the density is determined, we can calculate the pressure parameter. That will
be used to construct the phase diagrams in terms of natural thermodynamic variables
of the system, as the number of atoms and temperature. In the subsequent sections we
study the evolution of this parameters using different phase diagrams. In the last section
we will show how to obtain the isothermal compressibility parameter and some physical

consequences of its behaviour.

6.1 Expansion dynamics

In a real situation, it is hard to produce completely pure condensates, in fact, there
is a coexistence of atoms in the ground state and excited states, i.e., condensed and
uncondensed part. The pressure parameter in the eq. is a functional of density
n(r) and it must reflect this two-phase mixture, that is, the total atomic density is a

superposition of two densities, which is knowed as bimodal distribution,
n(r) =n,(r) + ny, (r). (6.1.1)

ng (r) corresponds to the density which has quantum degeneracy and ny, (r) is the thermal
density. Remember also that both clouds are in thermal equilibrium. Also, it is important
to note that the equation for the pressure parameter indicates that information about

interactions are embedded within the density.
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The density corresponds to that inside the trapping potential; then the thermody-
namic analysis of the cloud should be inside the trap. In the literature it is commonly
called in situ sample. Usually, inside the trap the optical density of the bosonic ultra-cold
sample is too high for a reliable absorption image, i.e. without defects or artifacts. The
free expansion decreases the optical density so that the image is not saturated. Our sys-
tem has not in situ image diagnosis (12, [79, [100) but this does not mean that the density
cannot be analyze. We also have an important advantage: the TOF has a advantage that
the fit allows us to measure directly the temperature. All diagnoses of the sample are
made using absorption imaging on a CCD camera after 21 ms of TOF.

In this section we explain the procedures to recover the dimensions of the cloud
in situ from images taken in time of flight. The evolution of the expanding cloud has
been extensively studied in the literature for both thermal (48] [47) to the condensed part
(101}, 102). All dynamic procedures require knoledge of the trap frequencies, that were

already characterized in the previous chapter to perform this task also.
6.1.1 Thermal cloud

The density of the thermal cloud obeys a gaussian distribution approximation (1()3)[1-]

Ny, 1/z\> 1 Y 1/ 2\
- ) I A 6.1.2
un () (2%)3/2 odado? P [ 2 <02> 2 (‘78 2 \a? ( )

02, and 02 are the insitu widths. Ny, corresponds to non-condensed number of

0

where o,

particles. Let us remember that this distribution was integrated along an axis and as a
result we have a two-dimensional Gaussian distribution in eq. (4.4.2).

When the trap is switched off, the atoms fly ballistically in every direction with
resulting in an isotropic expansion for long times. In this particular case, the virial
theorem allows us to recover easily the dimensions of the in situ thermal cloud from the
images with TOF'. The virial theorem provides a general equation relating the total kinetic
energy (temperature) with the total potential energy (the external forces). The external

force in this case comes from a harmonic potential, then:
2(Ey) = (r.VU) = (mw’r?).

The E}, provides the width in TOF o; and (r.VU) provides the width in situ ¢?. In this

way we have:
. (6.1.3)

)
witea:p

where w; is the frequency in the i-direction and ¢, is the time expansion of the thermal

I The gaussian distribution is a approximation because the Bose statistics distort the density.
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cloud. Note that o; is related with the temperature as seen in eq. (4.4.5)). This expression
also shows that the shape of the distribution is preserved (104)) and the width only have

a scale factor.

6.1.2 Condensed cloud

A pure quantum degenerated cloud obeys the GPE, where the interaction energy
is much stronger than the kinetic energy, and therefore it is represented by the Thomas-

Fermi distribution

15N, z\° Y 2 2\’
0
i~ 1 (7) - (&) (%) o] o0

where R), RY), and R are in situ Thomas-Fermi radii. Ny is the condensed number of
particles. The distribution integrated along one direction results in eq. .

The free expansion for the condensate is dominated by interactions and the dynami-
cal response is very different to thermal cloud. When the trapping potential is anisotropic
the expansion is anisotropic too, since it is related with the interaction energy that is con-
verted in to kinetic energy. Thus, the inversion of the aspect ratio is the most evident
behavior of the expansion of a condensate.

A good assumption is that the functional form of the density is preserved when the
cloud is released from the trap. Then, as in the thermal cloud we need to know the scale
parameter of the in situ condensate radius RY’s, which is

Ry (t) = BO%; (1) = | —2" b, (1), (6.1.5)
mw; (0)
where p is the chemical potential and w; (0) is the frequency in the i-direction (i = z,y, 2).

The time dependent scaling factor b; (¢) has the initial conditions

b; (0) =1, b; (0) =0, (6.1.6)
Using the time dependent GPE (102)), we obtain the dynamics of b; (¢) governed by the

differential equation

b ()4 () 0) = s (6.7

which requires a numerical solution. However, in the cigar-shape trap symmetry where
two trap frequencies are approximately equal, the equation has an analytical solution
(I0T)). In the specific case of hybrid trap, we have three different frequencies, hence a

simulation for 600 data for each volume parameter takes a long time.
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We can compare the aspect ratio inversion after 21 ms of TOF for each Vi(?’D) with
V; of Table [5.3] and Table [5.4] respectively. The results are shown in the Fig. [6.1.1]
where we plotted R, (t) /R, (t) in the anistropic case, and R, (t) /R, (t) in the cigar-
shape approximation. This result does not show a significant difference in the inversion
aspect with the exception of the first volume parameter Vl(?’D) with V; . The behavior for
this volume was already expected, since lambda is )\SZ) Jww = 0.66, but for thermodynamics
what matters is the geometric mean and the product of the Thomas-Fermi radius with

its corresponding frequency (w;R;), as discussed below.

Volume Parameter 1 Volunie Parameter 2

Aspect ratio [ adimensional |
Aspect ratio [ adimensional |

0.000 0.005 0.0L0 0.015 0.020 0.000 0.008 0.010 0.015 0.020
Time [s] Time [s]
Volume Parameter 3 Volume Parameter 4

Aspect ratic [ adimensional |
Aspect ratio [ adimensional |

0,000 0.005 0.010 0.015 0.020 0.000 0.005 0.010 0.015 0.020
Time [s] Time [s]
Volume Parameter 5 Volunte Parameter 6

Aspect ratio [ adimensional |
Aspect ratio [ adimensional |

0.000 0.005 0.0L0 0.015 0.020 0.000 0.005 0.010 0.015 0.020
Time [5] Time [s]

Figure 6.1.1 — Aspect ratio for each volume parameter as a function of time of flight:
R. (t) /Ry (t) in the anistropic case (solid lines), and R, (t) /R, (t) in
the cigar-shape approximation (dashed lines). Source: Elaborated by
the author.
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6.2 Pressure parameter

We know that the density is bimodal then the pressure parameter in the eq. ((3.2.20))

is the sum of partial pressure parameters:
I =1, + Iy = /d% ng (r) U (r) + /d% ng, (r) U (r) . (6.2.1)

The form of II is completely analytics, replacing the harmonic potential and using the

densities of egs. (6.1.2)) and (6.1.4]), we obtain

e — gg} (wg (RY)" + w2 (R)” +u? (R2)2> , (6.2.2)
) = T (w2 (09)" w2 (o) 2 (o)) (6.2.3)

Again we have to validate our approach (5.1.3), especially for condensed cloud. In this

form, we have

= 0 (22 (B) o (R)). (6.2.4)
1L, = ﬂ;]]ith <2w§ (02)2 + wi (02)2) . (6.2.5)

The difference between Il and H[()BD) is hardly 7% for the extreme case V; vs. V1(3D), this
result does not alter the qualitative results of the pressure and phase diagrams. This
leads us to believe that the pressure parameter is truly global and it does not depend on
quantum behavior.

The eq. (6.2.5)) is totally equivalent to equation of state for an ideal Bose gase. This

fact can be verified using the equipartition theorem, where mw?o? = LkgT, then

chV - NtthT, (626)

that relates all state variables defined in this formalism.

We can find an equation similar to the equation of state (6.2.6) for the bimodal
phase. We use the TFA for the condensate fraction besides the expression (3.2.14]), the

condensate fraction (3.1.35)), and the critical temperature (3.1.34). Substituing all expres-

sion in the eq. (6.2.4) we arrive at a completely analytical expression for IT,(N/V,T):
7797 2/5

N (kTN
V 0.94h

1
M, == 15a,h%/m

(6.2.7)
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6.3 Phase diagrams

The usual representation in equilibrium thermodynamics for the phase diagram is
a chart of the different phases. The phases are typically delimited by equilibrium lines
where two or more phases can coexist in thermodynamic equilibrium. When we mention
phases in this thesis we refer to the property of the bosons to occupy the ground state and
excited states, i.e. a quantum phase and classical phase, respectively. The equilibrium
lines in this kind of system are typically represented by critical lines where quantum
degeneresence begins to occur. A phase transition occurs when we go from one region to
another through a critical line.

After defining the appropriate thermodynamic quantities, we study the evolution
of these parameters using different phase diagrams I x 7', II x N, II x V, etc, where we
leave fixed a few parameters, that gives isothermal, isochoric, isodensity, etc. diagrams.
The theoretical diagrams can be found in refs. (43, [I)) and the Fig. , where it is possible
to determine the phase transition from thermal cloud to condensed cloud.

In a previous experimental work of our group in ref. (37) it was apresented the
transition in a II x 7" phase diagram (isodensity), agreeing with theoretical predictions.

In that experiment (37)) the volume parameter is fixed.

(@) ' (b)

—

T NIV

Figure 6.3.1 — Phase diagramas for a Bose gas in a harmonic trap, where it shows the
(a) isochoric curves and (b) isodensity curves. Source: Elaborated by
Romero-Rochin in the Ref. (1))

6.3.1 Isodensity

We know that the parameter II is a function of number of particles N, temperature
T, and volume parameter V. It is possible to construct a Il x T" diagram grouping sets
of number of atoms for each volume, i.e. we maintain N/V fixed. N/V is equivalent to
N/V in usual phase diagrams in the literature, for this reason we call isodensity curves.

The diagrams for these curves are shown in Figs. [6.3.2H6.3.6]
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Each chart in Fig. [6.3.2| represents a II x T diagram for the volume parameters V; to
Vg, respectively (see table . We expect that above the critical temperature (7' > T¢)
the interactions are negligible, so that II shall be linear with temperature because it obeys
the equation of state of an ideal gas, eq. . The charts in Figs. shows the
thermal phase (gray dots) following the theoretical behavior of the ideal gas (dotted lines).
The density of the experimental points in the charts is very high, therefore we can see the
complete charts in the appendix A. On the other hand, below the critical temperature
(T < T¢) the interaction effects are remarkable and the parameter pressure begins to be
affected. The isodensity curves drop due to the atoms that begin to occupy the ground
state. Crossing below T in Figs. [6.3.2}{6.3.6] the bicomponent phase (color dots) is
extrapoled with a exponential fitting (solid lines). We can comparate the theoretical and
experimental phase diagrams using the Fig. and Figs. [6.3.216.3.6] respectively. Note
that extrapolation shows that II is not zero for 7' — 0 due to the role of interactions, as
predicted by Romero-Rochin in the ref. (I). We shall discuss this fact in a subsequent
chapter.

Volume Parameter 1: IIxT Diagram

1,4 T T T T T T T T
1,2 e
: 16810
r?: J:F 4
— el E
= 3132107
= | 1
5 T N=93x10" ]
- F .
;‘E’ m T
= 1
=] N =61x10""]
3
2
L
=W
: :
120 150

Temperature (nK)

Figure 6.3.2 — II x T diagram for V;. The thermal phase in gray dots follows the
behavior of ideal gas in dotted lines. The quantum phase in color dots
creates a depletion on the curve because the atoms begin to fill the
ground state. The best fit for the lines in quantum phase are fittings
of a exponential function. Source: Elaborated by the author.

We can extract the critical values for each isodensity curve as shown in the example
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Volume 3: IT-T Diagram
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Figure 6.3.3 — II x T diagram for V3. The thermal phase in gray dots follows the
behavior of ideal gas in dotted lines. The quantum phase in color dots
creates a depletion on the curve because the atoms begin to fill the
ground state. The best fit for the lines in quantum phase are fittings
of a exponential function. Source: Elaborated by the author.

of Fig. from Fig. We build a critical transition line as seen in eq. (3.1.36)),

collecting each pair (T¢, Il¢) for each isodensity curve.

An interesting point about the expression of critical line is
Mo = (3.34284 x 10'°) T4 — IT ™ = const.

which is independent of volume parameter and number of atoms. By taking all critical
points of all volume parameters and plotting them in the same chart we obtain the Fig.
[6.3.8 Our results evidence that the critical line highlights the limit transition from a
classical gas to degenerated quantum gas (solid line). This line reminds us the famous A-
transition in *He, that represents the phase transformation from liquid to superfluid (105]).
The order of the phase transition in “He has been widely discussed in the Refs. (106], 107),
which in bulk systems is believed to be of second order. Thus, for a harmonically confined
gas the equivalent to A-line (if we calculate the thermal compressibility) also indicates that

a transformation is “continuous”, however transition order requires a more delicate study.
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Volume Parameter 4: ITxT Diagram

0,7 , . . , , ,
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Pressure Parameter (10'16 J 5'3)

300 400

Temperature (nK)

Figure 6.3.4 — II x T diagram for V4. The thermal phase in gray dots follows the
behavior of ideal gas in dotted lines. The quantum phase in color dots
creates a depletion on the curve because the atoms begin to fill the
ground state. The best fit for the lines in quantum phase are fittings
of a exponential function. Source: Elaborated by the author.

6.3.2 Isothermal

Since IT is a function IT (N/V,T) we can make IT x N diagrams as showed in Fig.
6.3.11. The isothermal plots, in the same way II x T" diagrams, show the transition
from the quantum phase regime to the classical regime. In this case we group sets of

temperature for each volume for different number of atoms.

The pressure parameter is linear with the number below a critical number, ie N <
N¢. This fact is expected since the BEC phenomenon depends on phase space density.
This means that, if we keep the volume parameter constant and increase the number, the
system will find a way to fill the ground state to keep the temperature, and the result is
BEC. Once again, interactions dominate above the critical number (N > N¢). In this

4/3

diagrams the transition line obeys the relation for an ideal gas, IIN ~*/° = const.
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Volume Parameter 5: TIXT Diagram
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Figure 6.3.5 — II x T diagram for V5. Source: elaborated by the author.

6.4 Compressibility

As was already mentioned changes in the system due to any external force result
in a change of temperature or displacement force. These changes can be represented by
several thermodynamic quantities that show the mechanical response, thermal compress-
ibility is one of them. In *He, e.g. the phase transformation is caracterized by divergence
in the isothermal compresibility and represents an evidence of a second-order phase tran-
sition (L08)). Analogously, we can define the isothermal compressibility parameter kr as
a function kr (N/V,1I).

First, we consider the behavior of kp along the transition to a condensed phase

considering an ideal gas. The isothermal compressibility is given by

1[0V YV (ON V g(2)
kr = —=

13 (an)m N2 (m)w ~ NkgT g; (2) (64.1)

for T > T/, where we used the Maxwell relations of thermodynamics. kr for high temper-
atures have the Curie law-like behavior of an ideal classical gas. Note that g, (1) = 72/6
around the critical temperature. Since k7 is related to the density or particle fluctuations,
relating the eqs. (3.1.37) and (6.4.1))
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Volume Parameter 6: IIXxT Diagram
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Figure 6.3.6 — II x T diagram for V5. The thermal phase in gray dots follows the
behavior of ideal gas in dotted lines. The quantum phase in color dots
creates a depletion on the curve because the atoms begin to fill the
ground state. The best fit for the lines in quantum phase are fittings
of a exponential function. Source: Elaborated by the author.

d(N/V)

A stable equilibrium system requires that its compressibility be positive and finite, 0 <

(6.4.2)

b= TN N

1% < o1l )‘1 1 VAN
kr < oo. This restriction was extensively studied by Yukalov in references (109, 110).
Yukalov indicates that the ideal uniform Bose gas is unstable, since it has anomalous
fluctuations. The opposite case to the instability of the ideal gas is the interacting gas,
which always has only normal fluctuations. This happens a similar manner to a BEC
inside an external potential, i.e. a non-uniform gas.

The pressure parameter variation as a function of N/V can be experimentally ob-
tained. In this way we are able to get kr. Now, we have a phase diagram for ky x T
from Fig. [6.3.9] e.g. taking V, we obtain the Fig. |6.4.1 Below T, the behavior of the
compressibility parameter changes when the interactions start to dominate.

Taking up again the argument about the order of the phase transition, according
to Paul Ehrenfest, phase changes can be ranked by the free energy derivative. Thus, they
can be classified into two classes: the first one which are accompanied by a discontinuous

changes of state (first order derivative) are called first-order phase transitions; and the
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Volume Parameter 4 - Isodensity Curve
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Figure 6.3.7 — Isodensity curve (N = 3.03 x 10°) for V; showing the critical values Il
and T¢. Source: elaborated by the author.
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Figure 6.3.8 — [IxT diagram of the BEC transition. Source: elaborated by the author.
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Volume parameter 4: ITxN Diagram
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Figure 6.3.9 — IIx N diagram for V. The thermal phase (N < N¢) in gray dots follows
a linear behavior of an ideal gas. On the other hand, the quantum phase
(N > N¢) in color dots has a different behavior to classical regime.
Source: Elaborated by the author.

second one transitions which are accompanied by a continuous changes of state are called
continuous phase transitions (discontinuous higher-order derivatives).
In phase transitions, if one of the free energies diverge, we can say that the others

also diverge in the same way that its derivatives. In our case, we have:

<%];T>N/v B _<VZZT) 8T6(a]if/1))2 (g)
N <]1\2[>2k7%5921(2) {263 (2) = 301 () 95 (=)}, (6.4.3)

where G is the Gibbs energy. The eq. (6.4.3]) indicates a divergence in second derivate of

Gibbs energy because ¢; (1) — 0o, around the critical temperature.
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Volume Parameter 5: [IxN Diagram
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Figure 6.3.10 — II x N diagram for V5. The thermal phase (N < N¢) in gray dots
follows a linear behavior of an ideal gas. On the other hand, the
quantum phase (N > N¢) in color dots has a different behavior to
classical regime. Source: Elaborated by the author.
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Volume Parameter 6: IIxN Diagram
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Figure 6.3.11 — II x N diagram for V5. The thermal phase (N < N¢) in gray dots
follows a linear behavior of an ideal gas. On the other hand, the
quantum phase (N > N¢) in color dots has a different behavior to
classical regime. Source: Elaborated by the author.
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Figure 6.4.1 — kp x T diagram. As expected, kr above T obeys the Curie law (solid
line). Source: elaborated by the author.



93

Chapter 7

Zero-point pressure

The study of the pressure parameter as " — 0 and N — 0, HOQ, was done from
the II x T phase diagram for different total number of atoms in each of the six volume
parameters. By calculating the pressure parameter from eq. with the right density
distribution it was possible to group the images by their total number of atoms. The
conventional curve of the pressure parameter as a function of T for a specific total number
of trapped atoms is displayed in Fig. [6.3.7 Between T and T' = 0 the pressure parameter
is composed by two contributions: one from the thermal cloud and another from the
Thomas-Fermi cloud. As T" — 0 the condensate contribution becomes dominant until we
obtain the pressure parameter of the pure quantum gas, IIj, at 7' = 0. Equivalent curves
were obtained for different number of atoms at different ) allowing the determination of
IIy(N) for each studied V.

The solid lines are exponential curves that best fits in the experimental data below

Tc. From these curves the extrapolated value for the pressure parameter Iy at 7= 0. In
this form, from eq. (6.2.7)) we have

1 N 7/5
I, (7= 0) =T = (15a,1>y/m)”” <> .

v (7.0.1)

where a; is the s-wave scattering length of the atomic cloud. We can see that for 7' = 0

[Ty will depend only to the scattering length of the cloud and its total number of atoms,

as shown in eq. (7.0.1).

In the simplified analytical analysis IIo(N — 0) = II¢ = 0, nevertheless due to the
confining potential a residual fully quantized pressure is present in the limit N — 0 and
T — 0. From the data of Figs. [6.3.246.3.6] we obtain the experimental curve of Il for
each volume parameter. The result is displayed in Fig. [7.0.IH7.0.5] The solid curve is
the fitting of eq. 1) plus a constant term, H(? . The experimental data is in good
agreement with the expect values for Ily, as expressed in eq. (7.0.I). The points with
high N show some divergence that can be explained by the fact that the extrapolation for
getting Iy gets less precise as the temperature increases. From the constant term, HOQ,
we obtained the zero-point pressure parameter which follows plotted on Fig. [7.0.6]
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Figure 7.0.1 — Pressure parameter for 7' = 0, Il for V; as a function of the total
number of atoms, N . The dash curve represents the curve of Eq.
in each case. The solid curve is the best experimental adjust
proportional to N7/% at low number. Source: elaborated by the author.
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Figure 7.0.2 — Pressure parameter for T' = 0, Il for Vs as a function of the total num-
ber of atoms, N. The dash curve represents the curve of Eq. in
each case. The solid curve is the best experimental adjust proportional
to N7/5 at low number. Source: elaborated by the author.
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Volume Parameter 4: IT xN Diagram
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Figure 7.0.3 — Pressure parameter for 7' = 0, Il for V, as a function of the total
number of atoms, N . The dash curve represents the curve of Eq.
in each case. The solid curve is the best experimental adjust
proportional to N7/® at low number. Source: elaborated by the author.
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Figure 7.0.4 — Pressure parameter for 7" = 0, Il for V5 as a function of the total
number of atoms, N . The dash curve represents the curve of Eq.
in each case. The solid curve is the best experimental adjust
proportional to N7/5 at low number. Source: elaborated by the author.
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Volume Parameter 6 - I x N
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Figure 7.0.5 — Pressure parameter for T' = 0, Il for Vg as a function of the total num-
ber of atoms, N. The dash curve represents the curve of Eq. in
each case. The solid curve is the best experimental adjust proportional
to N7/% at low number. Source: elaborated by the author.

One estimation of the pressure of quantum nature can be done considering the
existence of just one trapped atom. The density profile used to calculate II in eq. (6.2.1))

can be evaluated for the equation of ground state of the harmonic oscillator given by

m

3/2 1 m
_ /2 _m 2 2 2
n(r) = (7?71) (Wpwyw,) ™'~ exp { N (wmx + Wy + w2 )} . (7.0.2)

Using such density, HOQ can be calculated as

1 E,
e = -2
073y

where Ey = 17i(w, + wy + w.) corresponds to the energy of ground state of the harmonic

(7.0.3)

oscillator. The dependence of HQQ /Ey is a curve proportional to V™!, which fits well in
our experimental points. It can be seen on Fig. [7.0.6]

The contribution H(? is due to the confinement as indicated by the Heisenberg Un-
certainty Principle. Normally this contribution is small when compared with the pressure
due to interactions (related with the Thomas-Fermi cloud). This fact somehow justify
our conventional interpretation in which the expansion of the cloud is mainly due to the
interaction between its particles. This is in agreement with our measurements since the
estimated zero-point pressure parameter is at least in one order of magnitude smaller then

the smaller I, measured for each V. The existence of HUQ may be a relevant fact on the
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Figure 7.0.6 — Pressure parameter as a function V, for T'— 0 and N — 0, HOQ is
divided by FEj, H(? /Ey ~ V™. Source: elaborated by the author.

development of new techniques where the transport of atomic quantum fluids is relevant.

The H(? is normally related to the zero point motion. Considering [, a spatial vari-
ation of the wave-function for the condensate, the quantum pressure can be estimated as
h?/ml? consistent with the expected dependence of 1/V obtained with the experiment.
The experimental determination of H(? gives some other interesting property of the con-
densate related with its quantum nature, but it is not relevant in conventional experimen-
tal situations. In such conditions the pressure parameter is dominated by the interaction
term with a dependence of a?/> and N7/°. The length scale of the spatial variation in the

wave-function became smaller then the coherent length (e ~ h/(mna,)'/?).
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Chapter 8

Conclusions

In this work was demonstrated that it is possible to deal with thermodynamic quan-
tities for a external harmonic potential equivalent to the pressure and volume (I}, 43)). In
the Chapter 2, we define theoretically two new conjugated variables: an extensive vari-
able known as volume parameter (1), and another intensive variable known as pressure
parameter (IT). We noticed in Chapters 5 and 6, that these variables can be obtained ex-
perimentally and independently. Experiments to reach this conclusion were implemented
in a hybrid trap (HT), which is composed of magnetic trap (MT) and a an optical dipole
trap (OT). This kind of trap is advantageous over a magnetic traps used in our group, be-
cause the OT allows us change of controled in a manner the geometry of the confinement

potential.

The volume parameter V, discussed in Chapter 5, it is a quantity related to the
spatial extension of the sample. V = (wxwywz)fl is the inverse of product of the frequencies
of the harmonic trap, in fact this is directly proportional to the inverse cube of the
geometric mean frequency. These frequencies were measured and calibrated as function
of the OT power. V allowed us to characterize some of the physical parameters and some
interesting aspects of the hybrid trap itself. One of the fundamental physical parameters is

the critical temperature (T¢) as a function of number of atoms and the volume parameter.

The pressure parameter II is a functional of density distribution of the atoms, we
discussed II in the Chapter 6. On the other hand, the density is bimodal because we
have two components in the ultracold sample: the thermal cloud and condensate cloud.
The thermal component obeys a usual equation of state for ideal gases in a harmonic
trap. On the other hand, below T the interactions between atoms begin to be significant
changing in the global behaviour of the sample. Following this path, we can construct
phase diagrams II x T and II x N and we observe the isodensity and isothermal curves,
respectively. We have demonstrated that II and V are the appropiate thermodynamic

variables for an inhomogeneous quantum gas a confined harmonic trap.

The I x N diagram allows us to define the isothermal compressibility parameter kr,
which is related with the order of the transition. However, this last aspect requires a more

detailed study of the experimental points. However, this diagram gives us an indication
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that the compressibility no diverges at the transition. This behavior of the transition
order is not reported in the literature (77).

In this work we have measured for the first time the zero-point pressure due to the
quantum nature HOQ, of an atomic cloud trapped in a harmonic potential (?7?). From the
isodensity curves in the II x T" diagram we did exponential fits of those data below T the
pressure parameter at 7' = 0 (IIy). In this form,we have constructed a new phase-diagram
[Ty x N, which was discussed in the Chapter 7. From this last diagram we extracted
the extrapolated value for HOQ for each of the studied volume parameters. Finally, the
dependence with V of this pressure is fully quantum, and it was compared with a simplified
analytic model confirming it to be proportional to V1.

In summary, the results obtained using the HT indicate that we have a useful tool
to face the complex problem of thermodynamics in trapped gases. Although there is still
much to be explored, the first ideas that it is possible converge in a macroscopic charac-
terization of ultracold BEC systems. In this way, we get a thermodynamic description of
a sample, where the interactions play an important role, without losing the heterogeneous

properties of the sample. Finally we could say that we have achieved a small progress in
the understanding of MQPh.
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Chapter 9

Perspectives

In a real ultracold gas the static and dynamic properties of the sample are governed
by interactions. Usually, the collisions of the gas components are approximated using
short-range isotropic potential. In the condensation stage, the potential should be repul-
sive to maintain system stability, otherwise the system collapses (11)ﬂ Potentials that
are attractive can be controlled in the laboratory using Feshbach resonances, and they
can be brought to repulsive interaction regime (11T).

The experimental observation of dipolar quantum gases,*?Cr (112)), *Dy (24) and
188Er (25), it opens a new way in the formalism and physical consequences to identify
the thermodynamic variables. In a gas the dipolar interaction potential V(T) of the
Hamiltonian in the eq. is a composition of two types of interaction: a contact
interaction, which is short-range, and an nonlocal anisotropic interaction, which is long-
range. Without doubt the most unique features (I13) where the thermodynamic defined
above does not apply.

The potential of the form r~" (n is a positive integer) remains an apex research.
The thermodynamic properties of a system for hard spheres lying in the presence of
a dipolar potential was numerically studied by Elfimova in ref. (114). The effects of
dimension in this type of systems have been studied by Minina in ref. (II5). In the
two last references, the system is above the critical temperature of condensation, that is,
the equation of state is deduced for a classical system. On the other hand, the quantum
effects for low-dimensional systems are studied in more detail in ref. (I16]).

The formal tools used so far in the literature to study thermodynamics are made
using the usual volume and pressure, which are not set properly due to the external
potential. Implement a formalism with global variables in the style of Romero-Rochin
(1)) taking into account the effects of dipolar interaction with the external potential, so
we can deduce the properties and thermodynamic equation of state. Remember that the
thermodynamics of finite systems is still a fact open to discussion and new contributions
in the field of atomic and molecular physics and the like.

Another interesting consideration in the formalism is an extension due to influence

I The influence of the interaction has been extensively studied with “Li .
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of internal degrees of freedom such as hyperfine spin. A system has several projections
of the hyperfine spin is known in the literature as spinors. In fact, the dynamics of
collisions and exchange of spins will have a selection rule determined by the hyperfine
state. These ultracold collisions still belong to the interaction of low energy, i.e. below
a certain critical temperature. This type of system has been widely studied theoretically
in the refs. (117, 118), and experimentally in the refs. (9, [[19, 120). The presence of
several spin states allows us to make a long and explore the possibility of “spin-polarized
gas mixture” quantum degenerate. This topic has been well studied by different authors
considering non-interacting gases in homogeneous potentials (121, 122)). We know that
the interaction between spin components of an overwhelming physical features of these
systems, especially in the interactions nature in finite systems (123)). Importantly, a gas
naturally dipole has components of spin and so it is natural to study the internal degrees

of freedom.
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Appendix A

Complete phase diagrams

Diagrams of the pressure parameter as function of temperature to study the transi-

tion from the classical regime to quantum regime (see chapter 6).

Volume Parameter 1: TIxT Diagram
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Figure A.0.1 — II x T diagram for V;. Source: Elaborated by the author.
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Volume Parameter 3: ITxT Diagram
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Figure A.0.3 — II x T diagram for V4. Source: elaborated by the author.
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Volume Parameter 5: TIxT Diagram
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Figure A.0.4 — II x T diagram for V5. Source: elaborated by the author.

Volume Parameter 6: IIxT Diagram
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Figure A.0.5 — II x T diagram for Vs. Source: elaborated by the author.
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