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ABSTRACT

CANDIDO, D. R. Blurring the boundaries between topological and
non-topological physical phenomena in dots. 2018. 155p. Thesis (Doctor in
Science) - Instituto de Física de São Carlos, Universidade de São Paulo, São Carlos, 2018.

In this thesis, we investigate the electronic structure and transport properties of topolog-
ically trivial and non-trivial cylindrical quantum dots (QDs) defined by further con-
fining InAs1−xBix/AlSb quantum wells (QWs). First we predict that common III-V
InAs0.85Bi0.15/AlSb QWs can become 2D topological insulators (TIs) for well thicknesses
dc > 6.9 nm with a topologically non-trivial gap of about 30 meV (> kBT ), which can
enable room temperature TI applications. Furthermore, we investigate the cylindrical QDs
defined from these Bi-based wells by additional confinement, both in the topologically
trivial (d < dc) and non-trivial (d > dc) regimes. Surprisingly, we find that topologically
trivial and non-trivial QDs have similar transport properties in stark contrast with their
2D counterparts (i.e., a strip). More specifically, through detailed calculations, which
involve an analytical solution of the quantum-dot eigenvalue problem, we demonstrate
that both trivial and non-trivial cylindrical QDs possess edge-like states, i.e., helical
spin-angular-momentum-locked quantum states protected against non-magnetic elastic
scattering. Interestingly, our trivial QDs exhibit these geometrically robust helical states,
similarly to topologically non-trivial QDs, over a wide range of system parameters (e.g.,
dot radius). We also calculate the circulating currents for the topologically trivial and
non-trivial QDs and find no substantial differences. However, we note that ordinary III-V
or II-VI cylindrical QDs (i.e., QDs not formed from a BHZ model + confinement) do
not feature robust edge-like helical states. We further consider topologically trivial and
non-trivial QDs with four edge-like states and calculate their two-terminal conductance
G via a standard Green-function approach. For both trivial and non-trivial QDs we find
that G shows a double-peak resonance at 2e2/h as a function of the dot radius R and gate
voltage Vg controlling the dot energy levels. On the other hand, both trivial and non-trivial
QDs can have edge-like and bulk state Kramers pairs coexisting at the same energy within
the bulk part of their discrete spectra. In this case, G displays a single-peak resonance at
2e2/h as the four levels (two edge states and two bulk states now) become degenerate at
some particular parameter values R = Rc and Vg = Vgc for both topologically trivial and
non-trivial QDs. We also extend our investigation to HgTe-based QDs and find similar
results.

Keywords: InAsBi. 2D topological insulators. Cylindrical BHZ quantum dots. Protected
trivial helical edge states. Conductance calculation.





RESUMO

CANDIDO, D. R. Borrando a fronteira entre fenômenos físicos topológicos e
não topológicos em poços quânticos. 2018. 155p. Tese (Doutorado em
Ciências) - Instituto de Física de São Carlos, Universidade de São Paulo, São Carlos, 2018.

Nesta tese investigamos a estrutura eletrônica e as propriedades de transporte de pontos
quânticos cilíndricos topologicamente triviais e não-triviais, definidos por confinamento de
poços quânticos (QWs) InAs1−xBix/AlSb. Primeiramente, nós prevemos que os QWs usuais
baseados em InAs1−xBix/AlSb podem se tornar isolantes topológicos 2D para largura de
poço dc > 6.9 nm, com um gap topologicamente não-trivial de aproximadamente 30 meV (>
kBT ), o que pode permitir aplicações em temperatura ambiente. Além disso, investigamos
pontos quânticos cilíndricos definidos a partir de confinamento desses poços contendo Bi, em
ambos os regimes trivial (d < dc) e não-trivial (d > dc). Surpreendentemente, descobrimos
que os pontos quânticos topologicamente triviais e não triviais têm propriedades de
transporte semelhantes, um resultado em grande contraste com as suas versões semi-
infinitas, como por exemplo uma fita. Mais especificamente, através de cálculos detalhados,
que envolvem uma solução analítica do problema de autovalores dos pontos quânticos,
demonstramos que pontos quânticos cilíndricos triviais e não-triviais possuem estados de
borda semelhantes, isto é, estados quânticos helicoidais protegidos contra espalhamento
elástico não magnético. Curiosamente, nossos pontos quânticos triviais exibem estados
helicoidais geometricamente robustos, similarmente aos pontos quânticos topologicamente
não-triviais, em uma ampla faixa de parâmetros do sistema, como por exemplo, o raio do
ponto quântico. Nós também calculamos as correntes circulantes para os pontos quânticos
topologicamente triviais e não-triviais e não encontramos diferenças substanciais entre elas.
No entanto, notamos que os pontos quânticos cilíndricos feitos de materiais ordinários III-V
ou II-VI (isto é, pontos quânticos não descritos pelo Hamiltoniano BHZ com confinamento)
não apresentam estados helicoidais robustos. Consideramos ainda pontos quânticos triviais
e não-triviais com quatro estados de borda e calculamos sua condutância entre dois
terminais G através de uma abordagem padrão das funções de Green. Para os pontos
quânticos triviais e não-triviais, encontramos que G mostra uma ressonância de pico duplo
em 2e2/h como função do raio do ponto quantico R e da tensão Vg que controla os níveis
de energia do ponto quântico. Por outro lado, tanto os pontos quânticos triviais como os
não-triviais podem ter pares de Kramers localizados na borda (“edge”) e em todo seu
volume (“bulk”) coexistindo em uma mesma janela de energia na região dos estados de
valência. Nesse caso, G exibe uma ressonância de pico único em 2e2/h, já que os quatro
níveis (dois estados de borda e dois estados de volume “bulk”) se tornam degenerados
para alguns valores de parâmetros particulares R = Rc e Vg = Vgc, em pontos quânticos



topologicamente triviais e não triviais. Nós também estendemos nossa investigação para
os pontos quanticos de HgTe onde encontramos resultados similares.

Palavras-chave: InAsBi. Isolantes topológicos 2D. Pontos quânticos de BHZ cilíndricos.
Estados de borda triviais protegidos. Cálculo da condutância.
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1 INTRODUCTION AND OUTLINE

In the last decades, topological states of quantum matter have been investigated
deeply in condensed matter physics. This field has increased and developed very fast
because of the precise theoretical predictions and the possibility of different applications.
The field started with the Integer Quantum Hall Effect1 (IQHE) and its robust quantized
longitudinal conductance arising from its exotic dissipationless transport along the edges.
Later on, the discovery of topological insulators (TI)2,3 brought about another revolution
in the field. Apart from realizing novel phases of matter, these TI materials can be used in
many applications like spintronics and low-power electronics,4–6 and can even serve as a
platform to realize another exotic phases of matter like Majorana fermions7–11 envisioned
as candidates for building robust topological qubits.4,5, 7, 8 Additionally, the classification of
topological states of matter was also extended to include gapless systems. These so-called
topological semimetals host exotic quasi-particles such as Weyl and 2D/3D Dirac massless
fermions12 - neither of them observed as fundamental particles in nature so far.

Topological insulators are a new class of insulators having the unusual property of
being insulators in bulk with gapless helical∗ edge states localized near their edges (2D
TIs) or surfaces (3D TIs). The defining property of these edge/surface states is the locking
between spin and momentum, i.e., the spin of the electron determines their propagation
direction as they are locked to each other [See Fig. 1b) in which spin up (down) moves
counterclockwise (clockwise)]. One of the most important features of these edge states, is
that their propagation direction is protected against non-magnetic elastic backscattering
by time reversal symmetry, which leads to dissipationless transport through the edges,
similarly to the Integer Quantum Hall Effect (IQHE)1 Figs. 1a) and c). In other words,
each time that an edge state electron meets a non-magnetic impurity, it never scatters
backward. Instead, it goes around this impurity [Fig. 1d)] with no dissipation produced.
Additionally, these helical edge states are robust as they are guaranteed to exist by the
topology of the system. This means that their existence does not depend on fine tuning of
the geometrical parameters of the Hamiltonian (unless they change the topological phase
or indices) or on the geometry of the interface. As a consequence, TIs have attracted the
attention of the scientific community since they may improve electronic transport and
enable novel applications. Topological Insulators are also referred to as quantum spin
hall insulators which can give rise to the Quantum Spin Hall Effect (QSHE)2,3 when one
considers a finite geometry [Fig. 1b)] and the Fermi level within the gap. The QSHE can
be interpreted as two copy of the IQHE with opposite spins and opposite propagation

∗ Helical here means that the spin up and down have opposite propagation direction, see
Fig. 1b)
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directions in the absence of the magnetic field [Fig. 1b)].

a) b)

d)c)c)

Figure 1 – a) Schematic representation of the IQHE with one chiral edge state (either
spin up or down). b) Same as a) for the QSHE with its two helical edge states.
c) In the IQHE, the backscattering is not possible since for each interface there
are only states (either spin up or down) going in one direction. d) Differently
from Fig. 1c), in the QSHE we find helical edge states with spin-momentum
locking traveling in both directions. However, here the elastic backscattering
off non-magnetic impurities is protected by time reversal symmetry as we need
to flip the spin to move in the opposite direction.

Source: By the author

The first 2D TI was proposed by Kane and Mele2 based on the spin-orbit interaction
in graphene. Independently, Bernevig and Zhang3 also proposed a QSHE in semiconductors
based on the spin-orbit interaction induced by strain gradient. However, no of these
proposals has yet been realized because of the small spin-orbit interaction in graphene
systems and the experimental difficulty when dealing with strain gradients. Later on,
Bernevig, Hughes and Zhang proposed a topological phase transition in HgTe/CdTe QWs
controlled by the thickness of the QW.13 In 2007, König et. al., realized for the first
time the 2D HgTe/CdTe TI and measured their quantized conductance following from
the QSHE. In 2008, Liu14 proposed another 2D TI based on the usual InAs/GaSb QW,
followed also by the experimental realization through conductance calculations15 (We
emphasize this result is still controversial as similar results were also found in the trivial
regime). The 2D TI proposal was also extended for III–V double wells with just electrons.16

Later on, the concepts of TIs was also extended to 3D system17,18 and subsequently probe
experimentally using ARPES.19–21

To understand the concepts and the ingredients behind TIs, in Chapter 2 of this
thesis we briefly introduce this field making connections with band theory, semiconductors,
topology and topological phases. We also derive in detail the effective Bernevig-Hughes-
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Zhang (BHZ) Hamiltonian that describes the band structure around the topological phase
transition of 2D TIs (e.g., HgTe/CdTe).

Despite the fact that 2D and 3D TIs have already been realized experimentally, it is
important to emphasize that only a few groups managed to obtain experimental evidence
of 2D TIs.6,22 This is due to most proposals relying on materials systems (e.g., HgTe/CdTe)
that are instable, difficult to grow and to reproduce. Therefore, it is important to find
alternative 2D TI proposals using standard and stable materials, more easily synthesized
from the point of view of growth and micro-fabrication.

Motivated by the above issue, we present in Chapter 3 a new 2D TI proposal
based on the ordinary InAs material alloyed with Bi, which contains a large inverted
gap ∼ 30 meV possibly supporting practical applications at room temperature. Our new
proposal consists of a symmetric InAs0.85Bi0.15/AlSb QW grown on a GaSb substrate. For
the InAs1−xBix, we use an extrapolation of its experimental linear gap reduction as a
function of x, which is explained using Band Anti-Crossing theory for low Bi concentration.
We then solve numerically the InAs0.85Bi0.15/AlSb QW Hamiltonian† and find an inversion
between the conduction E1 and valence HH1 subbands for a quantum well thickness
d = 6.9 nm, similar to the 2D TI HgTe/CdTe QWs. We also derive the corresponding
effective BHZ Hamiltonian describing the physics around this topological phase transition.

More recently, cylindrical quantum dots (QDs) made out of TI materials have also
been investigated.23–34 They are artificial atoms and have discrete energy levels with bound
electronic states. TI QDs have received great attention in the last decade as a consequence
of their potential applications in quantum spintronics, electronic devices, diode lasers, solar
cells, single electron transistors and other quantum technologies.23–34 Therefore, it became
important to perform electronic structure and transport calculations in TI QDs. Now, a
natural and fair question would be “is it possible to find the same features of topologically
non-trivial QDs in topologically trivial QDs or ordinary QDs?”. To answer this question,
in Chapter 4 we define BHZ QDs – topologically trivial or non-trivial – by introducing a
cylindrical confining potential in the BHZ Hamiltonian. Then, we solve the corresponding
BHZ QD eigenvalues problem analytically for the soft and hard wall confinements using
the modified Bessel functions. For the hard wall case, we find analytical closed forms
for the wave functions and circulating currents, together with a transcendental equation
determining all the QD energy levels.

In Chapter 5 we thus present numerical results for the BHZ QDs for our InAs0.85Bi0.15

QW TI proposal in both topologically trivial and non-trivial regimes. We show that
InAs0.85Bi0.15 QD in the non-trivial topological regime has counter propagating discrete
helical edge states protected against elastic scattering within the energy gap. Most impor-

† this part of the work is done in collaboration with Prof. Michael Flatté from the University
of Iowa
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tantly, we report the first appearance of helical edge states in topologically trivial cylindrical
BHZ QDs. Surprisingly, these trivial edge states are found to be geometrically protected
against elastic scattering for a large range of the QD radius, thus showing the possibility
of having the same features as those of a topologically non-trivial BHZ QD in a trivial
one. We have also calculated the circulating currents for parameters spanning both the
topologically trivial and non-trivial regimes, finding no substantial differences.

Although our electronic structure calculations showed an equivalence between
trivial and non-trivial BHZ QDs, we could ask whether there should be further differences
in a more detailed transport calculations. In order to answer this question, in Chapter 6 we
perform a two-terminal conductance calculation within linear response at zero temperature
(T = 0 K) as a means of finding possible quantities distinguishing the topologically trivial
from the non-trivial helical edge states. We use a standard Green functions calculation
to determine the dependence of the conductance as a function of the QD radius R and
gate Vg controlling the QD energy levels with respect to the Fermi energy of the terminals
(leads). For a conduction energy window with four protected helical edge states, we show
that both topologically trivial and non-trivial BHZ QDs always present a double peak
at 2e2/h as a function of Vg for a fixed R. On the other hand, when both edge and bulk
states coexist and lie in the conduction window, both topologically trivial and non-trivial
BHZ QDs show a single conductance peak at 2e2/h when the levels are degenerate.

Hence, we conclude that topological and non-topological edge states are also
equivalent from the stand point of a quantum transport calculations. Therefore, our
findings blur the boundaries between topological and non-topological physical phenomena in
small systems such as BHZ QDs.

We summarize our findings in Chapter 7 together with possible extensions and
perspectives for future developments.
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2 INTRODUCTION TO TOPOLOGICAL INSULATORS

2.1 Crystals and Band Theory

In condensed matter physics, crystals are defined as a periodic arrangement of
atoms extended in the vector space R1, R2 or R3. Their spatial positions are mathematically
defined by the Bravais lattice together with the atomic basis. On the other hand, crystals
can also be described in terms of their unit cells, which when stacked over all the dimension,
originates the crystal. In general, the atoms crystallize in different types of unit cells
giving rise to different crystal phases such as the Diamond, Zincblend and Wurtzite.35 The
crystal phases are defined by their symmetry under translations, rotations, reflections and
improper rotations.36,37

Similarly to the atoms, where the electrons can only occupy discrete energy levels,
electrons in crystals are just allowed to occupy the quasi-continuum energy bands. Their
energy bands are separated from each other by energy gaps which are prohibited energy
regions for the electrons. The origin of the bands can be understood through the hybridiza-
tion of the atomic orbitals between the different crystal atoms, also known as tight-binding
approximation or Linear Combination of Atomic Orbitals (LCAO).35,38,39 When the spatial
separation between two atoms becomes comparable to the lattice constant of the crystal
( 3−7 Å) their wave functions start to overlap yielding bonding and anti-bonding states. As
a consequence of these overlaps through the whole crystal, the bonding and anti-bonding
states are broadened into bands which have a range of allowed energy values, instead of
just discrete levels (See Fig. 2).35,38,39 The bands that are occupied by electrons form
the valence bands and the empty ones form the conduction bands. If our material has
the highest full filled valence band separated by gap from an empty conduction band,
the crystal is an insulator. On the other hand, if we have a partially filled band or an
overlap between a valence and a conduction band, then our crystal is a metal. Semimetals
are usually employed for a metal with a slight overlap of bands and semiconductors are
insulators with a small gap < 2 eV .

Usually, the most of II-V and III-V semiconductors crystallizes in the tetrahedrally
bonded Zincblend phase e.g., GaAs, InAs, InSb, AlAs, CdTe, HgTe and InBi. For these
materials, the valence electrons responsible for the crystal bonds are mainly39 sp, i.e., the
electrons with s and p orbitals (Fig. 2). Therefore, s and p orbitals of two different atoms
hybridize and create new bonding (+) and anti-bonding (−) s± and p± orbitals (Fig. 2).
Now, when these two new orbitals s± and p± hybridize with the other many atom orbitals
of the crystal, bands are created. The Γ1(s+) (Γ1(s−)) bands are made from the bonding
s+ (anti-bonding s−) orbitals while Γ5(p+) (Γ5(p−)) bands are made from the bonding p+

(anti-bonding p−) orbitals (Fig. 2).
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one atom

Ef

two atoms (many atoms)
crystal

Figure 2 – Evolution of the s and p atomic orbitals from one atom into the conduction
and valence bands of a crystal without spin-orbit coupling. s+(s−) represents
the new s-bonding (anti-bonding) orbitals arising from the hybridization of the
s orbitals, while p+(p−) represents the new p-bonding (anti-bonding) orbitals
arising from the hybridization of the p orbitals. Γ1(s+) (Γ5(p+)) represents the
valence band from the s+ (p+) bonding orbitals and Γ1(s−) (Γ5(p−)) represents
the conduction band from the s− (p−) bonding orbitals. Ef represents the
Fermi energy of the crystal.

Source: By the author

Although the tight-binding or LCAO picture (illustrated by Fig. 2) describes
qualitatively well the formation of bands, the above description made by us fails on
the details. For instance, in Fig. 2 we only considered the bands as originated from the
hybridization of the atomic orbitals. If we now include the relativistic energy corrections
from the Darwin term,37,40–43 the relativistic mass correction37,42,44,45 and the spin-orbit
coupling,37,40–42,46 the energy bands change considerably. In Fig. 3, we show the evolution
of the CdTe bands where all of these terms were taken into account gradually.47,48 We
see in Fig. 3 that while the Darwin and the relativistic mass correction terms produce
just a shift in the spectrum, the spin-orbit coupling splits the Γ5 bands into Γ8 and Γ7,
with energy difference of ∆ in between. For most of the II-V and III-V compounds, e.g.,
GaAs, InAs, InSb, AlAs, CdTe, the lowest conduction band is Γ6, arising mostly from the
hybridization of the anti-bonding s− orbitals while the highest valence bands is Γ8, arising
mostly from the bonding p+ orbitals.

On the other hand, materials with large atomic numbers and large spin orbit
coupling, e.g., HgTe and InBi, have a different ordering of the bands. In Fig. 4 we show
the evolution of the HgTe bands47,48 in the presence of the Darwin term, relativistic mass
correction and spin-orbit coupling. Differently from Fig. 3, here the band ordering has
changed. Instead of having Γ6 as lowest conduction band, now we have a Γ8 conduction
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Figure 3 – Sketchy of the evolution of the simplified CdTe band structure as the relativistic
terms (Darwin term, relativistic mass correction and spin-orbit coupling) are
included subsequently. The final band structure profile shows a normal band
ordering corresponding to the Γ6 band above the Γ8 bands.

Source: By the author

band∗. The reason behind this distinct band ordering is attributed to the large atomic
mass of Hg, i.e., ∼ 2 times that of the Cd. In this case, the mass correction and the Darwin
terms becomes larger and significantly lower the energy of the conduction band bottom,
as can be seen in Fig. 4†. By turning on the spin-orbit coupling, we see that the Γ8 bands
now lie above the Γ6, characterizing a band inversion.

As we will in the next section, this band inversion is an important ingredient to
have a topological insulator. Therefore, it becomes important to introduce the concepts of
topology and topological insulators.

2.2 Topology and Topological Insulators

To start talking about topological insulator (TIs), we first introduce the concept
of topology. Topology is a field of mathematics that studies the shape of surfaces.49 The
topology of a surface is usually characterized by integer numbers, which is said to be
preserved under smooth deformation such as bending and/or compressing, but not gluing

∗ We emphasize that differently from the CdTe (Fig. 3), HgTe is a semimetal.
† Since the spin-orbit coupling is stronger in the Te atoms, the ∆ value does not have a

substantial change between HgTe and CdTe47,48
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Figure 4 – Similar to Fig. 3 but for the simplified HgTe band structure with its large
atomic number. We emphasize that the mass-correction terms significantly
change the conduction band bottom which ultimately produces a band inversion
upon the inclusion of the spin-orbit interaction. Note that the inverted band
ordering corresponding to the Γ6 band below the Γ8 bands.

Source: By the author

or tearing. For two dimension surfaces, the topology is characterized by the genus‡ g,
which represents the number of the holes of the surface. In Fig. 5, the sphere (torus) with
the topological number g = 0 (g = 1) can be smoothly deformed into an ellipsoid (coffee
mug) which also has g = 0 (g = 1) and thus, they are said to be topologically equivalent.
On the other hand, it is impossible to smoothly deform the sphere into a torus since they
differ in the number of holes. The sphere and the torus are said to be topologically distinct
since their integer number g cannot change smoothly from 0 to 1. On the other hand,
we see that by tearing the torus, which is a non smooth deformation, we can change the
topology of the object as the number of holes can changed from 1 to 0.

Moving now to the physical part, we can ask how the topology can be used to
classify different phases of insulators. Similar to the process described in Fig. 5, different
insulators are said to be topologically equivalent if their energy spectra can be changed
into each other by smooth changes in their Hamiltonians [Fig. 6a)]. Smooth here means
that the changes should be made adiabatically, i.e., by preserving then the time scale
τ ∼ ~

Eg
50,51 with ~ the reduced Planck constant and Eg the energy gap between the filled

‡ The Gauss-Bonnet theorem49 states that the integral of the Gaussian curvature over a closed
surface is a topological invariant number, N , related to g through N = 2(1− g).
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Figure 5 – The sphere and the ellipsoid are topologically equivalent (both with no holes,
i.e., g = 0) as they can be deformed into each other by using only smooth
deformations. We also show the torus and the coffee mug, which are topologically
equivalent (both with one hole, i.e., g = 1). A non-smooth deformation as
for example tearing does change the number of holes, thus connecting two
topologically distinct objects.

Source: By the author

valence band and the nearest empty conduction band. Therefore, we state that different
insulators are topologically equivalent if we can adiabatically connect their energy bands
without closing the energy gap Eg [Fig. 6a)].4,5, 51,52 Hence, in order to have a topological
difference between insulators, we must have a topological phase transition defined as a
transition where the gap closes and reopens with inverted bands.4,5, 51,52 In Fig. 6b), we
show an insulator evolving from one topological phase to another through a gap closing
process (topological phase transition). As a consequence, we can also state that insulators
with different band ordering have different topological phases, which is essentially the case
of the HgTe and CdTe (Figs. 3 and 4)§.

Although we have already explained how to identify different topological insulator
phases and also noticed that HgTe (strained) and CdTe have different topological phases, we
still do not know how to topologically classify each of them. Usually, the topological phases
of an insulator are classified as trivial and non-trivial.53 We can mathematically define
their topological classification via topological quantities such as Chern number,54 Berry
phase,55 TKNN invariants,56 Z2,4,17 etc, depending on the symmetry of the Hamiltonian.53

We define TIs as the materials with a non-trivial topological phase, corresponding to the
topological indices different from zero, while the normal insulators with a trivial topological

§ To be precise, HgTe cannot be classified with a topological insulator phase since it is a
semimetal. However, by applying uniaxial strain we can open a gap17 at the Fermi energy
thus transforming the HgTe in insulator with inverted bands.
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gap closing

topological phase transitiona) b)adiabatic deformation

Figure 6 – a) Different energy dispersions within the same topological phase as they are
all connected to themselves through adiabatic deformations. b) Different energy
dispersion with different topological phase as they are connected only through
a gap closing (topological phase transition).

Source: By the author

phase corresponding to the topological indices equals to zero.

An important result arises when we make an interface along some spatial coordinate
by joining two materials A and B with distinct topological phases (indices), i.e., a TI
and a normal insulator. For the sake of the concreteness, let us imagine that material A
slowly changes its bands as a function of the spatial coordinate till the end of material
B. Therefore, somewhere along this way the energy gap has to close since materials A
and B have different band ordering (topological phases) [Fig. 7a)]. As a consequence, we
find low energy states that connect the conduction to the valence band as the system
has to be gapless at the interface. We call these states as edge states as they have to live
where the gap closes, i.e., at the interface between materials A and B [Fig. 7b)]. This
result is formally described by the bulk-boundary correspondence theorem4,5, 51–53,57–59

which relates the number of low energy states localized in the interface and connecting
the conduction and the valence bands with the difference on the topological indices of the
materials A and B.

In the next section we derive in details the effective Hamiltonian for 2D TIs that
describes accurately the band structure around a topological phase transition. As we will
see, this Hamiltonian will be used many times during this thesis.

2.3 Bernevig-Hughes-Zhang (BHZ) Model

In this subsection we derive the Bernevig-Hughes-Zhang (BHZ) effective model13

that describes the low-energy physics of a HgTe/CdTe quantum well, the first 2D Topolog-
ical Insulator (TI) discovered in nature.13,22

Materials such as HgTe and CdTe crystallize in Zincblend structure. A well known
method used to describe the physics of this system is the k · p method (or envelope
function approximation for heterostructures),41,46,60–64 a semi-empirical method that uses
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bulk states
edge states

Figure 7 – a) Interface of two different materials with different topological phases and the
edge states appearance in the interface between them (blue and red arrows). b)
Bulk and edge state energy dispersions related to a).

Source: By the author

parameters obtained from experimental results and/or ab-initio calculations. This method
was extensively derived and studied in my Master thesis,65 thus showing the committee
with this approach.

The starting point to derive the BHZ model for 2D TIs is the extended Kane
Hamiltonian41,66 for QWs given by Eq. (2.1). This Hamiltonian describes the band struc-
tures around the Γ point (kx = ky = 0) arising from the confinement of lowest conduc-
tion band

∣∣∣Γ6,
1
2 ,±

1
2

〉
and the other three highest valence bands

∣∣∣Γ8,
3
2 ,±

1
2

〉
,
∣∣∣Γ8,

3
2 ,±

3
2

〉
and

∣∣∣Γ7,
1
2 ,±

1
2

〉
. This basis set is also known as the total angular momentum basis41,67

as they are eigenstates of the z-component of the total angular momentum Jz, i.e.,
Jz |Γi, j, jz〉 = ~jz |Γi, j, jz〉.

In the original derivation, the authors have excluded the
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due to their small contribution to the relevant envelope functions.13,68 Here, however we
will derive the BHZ model by taking into account the influence of also the
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bands.
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, (2.6)

C = ~2
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k−[κ, k̂z], (2.7)

γ̄ = (γ3 + γ2)/2, (2.8)

µ = (γ3 − γ2)/2. (2.9)

In the above Hamiltonian, all the parameters depend on axis z as we have a QW het-
erostructure along this direction. Ec and EV correspond to the conduction and valence
energies at kx = ky = 0 of the |Γ6〉 and |Γ8〉 bands, respectively, and ∆ quantifies the
split-off energy separation [see Figs. 3 and 4]. The notation [A,B] = AB − BA denotes
the commutator between the A and B operators while {A,B} = AB + BA denotes
their anti-commutator. P is the Kane parameter, m0 is the free electron mass, γi are
the Luttinger parameters64 which together with κ and A′ aaccounts for the influence of
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remote bands up to second order in k. Here for simplicity we will make the the axial
approximation¶, i.e., we take µ = 0, and γ3 = γ2 = γ̄, which results in an isotropic band
structure in kx, ky plane.

Having established the Hamiltonian of our systems we now proceed with our
perturbative approach. We first split the Hamiltonian in an unperturbed plus a perturbative
term. The unperturbed Hamiltonian is chosen as the Hamiltonian in Eq. (2.1) at kx =
ky = 0, and the perturbative part is simply the rest, i.e.,

H8×8
|AM〉 (kx, ky) =

unperturbed︷ ︸︸ ︷
H8×8
|AM〉 (kx = 0, ky = 0) +

perturbation︷ ︸︸ ︷
H′|AM〉 (kx, ky). (2.10)

We then solve the unperturbed part for, e.g., HgTe/CdTe QW for concreteness with
thickness d Fig. 8a) and parameters given in Ref. 71. In Fig. 8b) we plot the subband
QW energies as a function of the thickness d. As we already discussed, here we find an
inversion of the E±1 and HH±1 subbands at dc ∼ 6.8 nm, characterizing a topological phase
transition.4–6,13

200

100

0

-100

-200
4 8 10 12 14

a) b)

Figure 8 – a) Schematic HgTe/CdTe quantum well with thickness d. b) Spin degenerate
(±) HgTe/CdTe quantum well energy subbands as a function of the QW
thickness d at kx = ky = 0. Here we see the subband inversion at d = dc
between the E1 and HH1.

Source: By the author

The idea of the BHZ model is to describe the E1 and HH1 subband inversion via
an effective low-energy model so that we foccus on the relevant E1 and HH1 subbands.

¶ In the total QW Hamiltonian (2.1), the term that breaks the axial symmetry is proportional
to γ2 − γ3. For most of semiconductors this term is a small quantity as compared to the
terms proportional to γ1 and γ2.69,70
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The total wave function of the lowest E1 and HH1 subband states from Eq. (2.1) can be
written within the envelope function approximation (EFA)38,60,61 as

|E1±〉 = f±1 (z)
∣∣∣∣Γ6,

1
2 ,±

1
2

〉
+ f±4 (z)

∣∣∣∣Γ8,
3
2 ,±

1
2

〉
+ f±7 (z)

∣∣∣∣Γ7,
1
2 ,±

1
2

〉
(2.11)

|HH1±〉 = f±3 (z)
∣∣∣∣Γ8,

3
2 ,±

3
2

〉
, (2.12)

where f±i (z) with i = 1, ..., 8 denote the eight components of the QW envelope wavefunc-
tions arising from the confinement. We now project the Hamiltonian Eq. (2.1) in the basis
set |E1+〉 , |HH1+〉 , |E1−〉, |HH1−〉, creating an effective electronic Hamiltonian of this
4× 4 subspace given by

HBHZ (kx, ky) =


ε (k) +M (k) Ak+ 0 0

Ak− ε (k)−M (k) 0 0
0 0 ε (k) +M (k) −Ak−
0 0 −A∗k+ ε (k)−M (k)

 ,
(2.13)

where M (k) = M −Bk2, ε (k) = C −Dk2 and k2 = k2
x + k2

y. The BHZ parameters C and
M represent respectively the middle gap and the half of the gap size, i.e.,

C = EE1± + EHH1±

2 , (2.14)

M = EE1± − EHH1±

2 , (2.15)

while B, D and A are defined as

B =
〈HH1±|H

′

|AM〉 |HH1±〉 − 〈E1±|H
′

|AM〉 |E1±〉
2k2 , (2.16)

D =
−〈HH1±|H

′

|AM〉 |HH1±〉 − 〈E1±|H
′

|AM〉 |E1±〉
2k2 , (2.17)

A = ±
〈E1±|H

′

|AM〉 |HH1±〉
k±

. (2.18)

The block diagonal form of the BHZ Hamiltonian Eq. (2.13) here happens as a consequence
of the two-fold degeneracy of the 8 × 8 Kane Hamiltonian Eq. (2.1) in the absence of
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the Bulk inversion asymmetry terms (BIA)36,41,72 and the structural inversion assymetry
(SIA).41,67,73

Although a lot of authors claim that the ± signs of the BHZ model represent
the real spin, this is not a precise information. To emphasize this point we analyze the
dependence of the BHZ basis states (|E1±〉 and |HH1±〉) explicitly writing the BHZ basis
in terms of their spin up |↑〉 and spin down |↓〉 components. For the |HH1±〉 state we have

|HH1+〉 = f+
3 (z)√

2
|X + iY 〉 |↑〉 , |HH1−〉 = −f

−
3 (z)√

2
|X + iY 〉 |↓〉 , (2.19)

which shows that the ± signs in the |HH1±〉 states do represent spin up and spin down
states (along the growth direction z). On the other hand, for the |E1±〉 states we have

|E1+〉 = f+
1 (z) |S〉 |↑〉+ f+

4 (z)√
6
|X + iY 〉 |↓〉 −

√
2
3f

+
7 (z) |Z〉 |↑〉 , (2.20)

|E1−〉 = f−1 (z) |S〉 |↓〉 − f−4 (z)√
6
|X − iY 〉 |↑〉 −

√
2
3f
−
7 (z) |Z〉 |↓〉 , (2.21)

which clearly show that due to the middle terms of the above equations, the |E1±〉 states
cannot be considered as purely spin up or down. Therefore, as a general solution of the
BHZ Hamiltoniann Eq. (2.13) should be a linear combination of |E1±〉 and |H1±〉, the
spin indices up and down |↑〉 and |↓〉 are not good quantum numbers. Interestingly, the
calculated expectation value of ~

2σz for states arising from the confinement74 yields ≈ ~
2 ,

showing, however, that it is a good approximation to treat the ± subspace with ↑, ↓.

In the next chapter we propose a new 2D TI based on the addition of Bi in the
InAs QWs. Similarly to the HgTe/CdTe QWs 2D TI, the thickness of the well also controls
the topological phase transition in our proposal. We calculate the corresponding BHZ
parameters of our proposal.
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3 InAs1−xBix: A NEW TOPOLOGICAL INSULATOR PROPOSAL

In this chapter we predict that the symmetric AlSb/InAs1−xBix/AlSb quantum well
(QW) becomes a new 2D topological insulator for x = 0.15 and for well widths d > 6.9 nm.
Its large inverted topological gap ∼ 30 meV has the advantage of enabling applications at
room temperature. This prediction is achieved combining experimental data75–77 explained
by the Valence Band Anti-Crossing (VBAC) theory78–83 and finding numerically the QW
energy subbands.

3.1 Virtual crystal approximation (VCA)

A simple and first approximation to predict the values of some physical parameter
, X (e.g., fundamental band gap, effective mass, lattice constant, etc), of a semiconductor
alloy AxB1−xC, where AC and BC are crystalline compounds, is to assume that the
parameters scale linearly between their bulk values for x = 0 and x = 1, i.e.,

X (AxB1−xC) = xX (AC) + (1− x)X (BC) . (3.1)

This is also known as virtual crystal approximation (VCA).71 For some quantities such as
the lattice constant, it yields very accurate results.71 However, the fundamental band gaps
of alloy semiconductors do not always obey the linear trend in Eq. (3.1) with concentration
x.71,84,85 In this case, we need to consider some “bowing terms”, i.e., higher order in
x terms, to obtain, for example, the correct fundamental gap of GaAs1−xNx

86–89 and
ZnSe1−xTex.84,85 Usually, a bowing term b for the fundamental gap appears as

Eg (AxB1−xC) = xEg (AC) + (1− x)Eg (BC)− bx(1− x). (3.2)

The origin of the bowing term was studied in some works90 and shown that Eq. (3.2) could
be derived by considering the effect of the alloy as disorder via perturbation theory. So
that the VCA approximation just works when the bowing parameter b is much smaller
than the fundamental energy gap Eg and at low alloy concentrations.

3.2 Valence Band Anti-Crossing (VBAC) theory

There are many theories that explain the origin of the bowing term in the fun-
damental gap of allowed semiconductors.90–97 Here, however, we will focus only on the
two-level band anti-crossing theory (BAC),78,79 also known as valence/conduction band
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anti-crossing theory (VBAC/CBAC).80–83 We emphasize that this theory describes accu-
rately many experimental results in literature such as the N-induced enhancement of the
effective mass,98,99 change of the fundamental gap from indirect to direct in GaP1−xNx

100

and fundamental band gap reduction of the GaSbxAs1−x, GaBixAs1−x and GaAs1−xNx

alloys.80–82

Within BAC theory, the extended crystal band states hybridize with the localized
impurities states, randomly placed in the crystal. The interaction is modeled using an
anti-crossing two level system. Formally, the whole BAC theory is derived80,81 using the
many-impurity Anderson model,101 which deal with a continuum spectrum coupled to
discrete levels. In our case, the continuum spectrum corresponds to the crystal band
structure while the discrete impurity levels correspond to the alloy atoms energy levels. In
the following paragraphs we derive the equations of the BAC theory.

First, we start with the many-impurity Anderson model, which has the Hamilto-
nian80,81

H =
∑

k

εkc
†
kck +

∑
i

Edd
†
idi + 1√

N

∑
i,k

eikiVkic
†
kdi + h.c. . (3.3)

The first term in Eq. (3.3) describes electrons in a band of the crystal “A” with wave vector
k and energy εk. The second term represents the contribution of the localized impurities
“D” at the ith-site with energy Ed

i and vector coordinate i. The last term describes the
coupling of the localized electron states with the extended electrons of the band crystal,
and N denotes the number of primitive cells in the crystal. Therefore, we say Eq. (3.3)
represents the Hamiltonian of the crystal ADx where the impurities D represent the alloy
atoms in the original crystal A and x represents the number of alloy atoms per unit cell.

To solve our Hamiltonian Eq. (3.3), we will use the Green function approach.102–105

The retarded Green functions for the band electron and for the electron on the site i are
defined using the Zubarev notation106 as, respectively,

Gk,k (t) ≡
〈〈
ck(t), c†k(0)

〉〉
= 1
i~
θ (t)

〈{
ck (t) , c†k (0)

}〉
, (3.4)

Gi,i (t) ≡
〈〈
di(t), d†i(0)

〉〉
= 1
i~
θ (t)

〈{
di (t) , d†i (0)

}〉
, (3.5)

where θ(t) is the Heavside function, b(t) = eiHtbe−iHt {...} is the anti-commutator and 〈a〉
represents the canonical ensemble average or a expectation value calculated at T = 0 K.
The Fourier transform of Eqs. (3.4) and (3.5) reads
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Gk,k (E) ≡
〈〈
ck, c

†
k

〉〉
=
∫ ∞
−∞

dtGk,k (t) ei(
E
~ +i0+)t, (3.6)

Gi,i (E) ≡
〈〈
di, d

†
i

〉〉
=
∫ ∞
−∞

dtGi,i (t) ei(
E
~ +i0+)t. (3.7)

The Fourier transform of the Heisenberg equation, i~∂tA(t) = [A(t), H], yields the equations
of motion for the retarded Greens function. Defining G(0)

i,i (E) = (E − Ed + iη)−1 and
G

(0)
k,k (E) = (E − εk + iη)−1, we obtain

Gk,k′ (E) = δkk′G
(0)
k,k (E) +

G
(0)
k,k (E)G(0)

i,i (E)
N

∑
i,k′′

ei(k−k′′)iVkiVk′′iGk′′,k′ (E) . (3.8)

Now we assume that Vki depends weakly on the position and momentum, so we can assume
it as constant i.e., Vki = V , yielding

Gk,k′ (E) = δkk′G
(0)
k,k (E) + V 2

N
G

(0)
k,k (E)G(0)

i,i (E)
∑
i,k′′

ei(k−k′′)iGk′′,k′ (E) (3.9)

3.2.1 Periodic Anderson model

First we solve the periodic Anderson model, where we have one localized state (im-
putiry) per unit cell (x = 1) yielding the crystal AD. In this case, we have 1

N

∑
i e

i(k−k′′)i =
δ (k − k′′), and thus, Eq. (3.9) has the following closed form

Gk,k′ (E) = δkk′G
(0)
k,k (E) + V 2G

(0)
k,k (E)G(0)

i,i (E)
∑
k′′
δ (k − k′′)Gk′′,k′ (E) , (3.10)

= δkk′G
(0)
k,k (E) + V 2G

(0)
k,k (E)G(0)

i,i (E)Gk,k′ (E) , (3.11)

→ Gk,k′ (E) =
δkk′G

(0)
k,k (E)

1− V 2G
(0)
k,k (E)G(0)

i,i (E)
. (3.12)

Recalling the definitions of G(0)
k,k (E) and G(0)

i,i (E), we obtain the diagonal Green’s function

Gk,k (E) = 1
(E − εk)− V 2

(E−Ed)
. (3.13)

The new energy dispersions of our system are thus obtained from the poles of Gk,k (E),
which are equivalent to the eigenenergies of the two-level system below
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∣∣∣∣∣∣ εk − E (k) V

V Ed − E (k)

∣∣∣∣∣∣ = 0, (3.14)

yielding

E± (k) = 1
2

[
εk + Ed ±

√
(εk − Ed)2 + 4V 2

]
. (3.15)

The above equation is understood as a result of the hybridization through the term V

between the localized levels Ed and the crystal band state εk, yielding two new energy
dispersions arising from the anti-crossing between the old energies εk and Ed (see Fig. 9).
This result is equivalent to the first proposal of the BAC model,78 which at that time was
not properly derived by the authors.

Figure 9 – a) Schematic εk band (gray solid curve) and the localized Ed energy level (red
solid curve) with V = 0, i.e., no interaction with each other. b) Schematic plot
of the energies E±(k) arising from the BAC model Eq. (3.15) with V 6= 0.

Source: By the author

3.2.2 Dilute alloy case

Now we consider the dilute alloy (impurity) crystal case ADx, where the number
of impurities per unit cell, x, obeys x � 1. The alloy atoms (impurities) in this case
are assumed as randomly distributed in the whole crystal, so we can use the coherent
potential approximation (CPA)107–109 where we neglect the correlations between the alloy
atoms. By neglecting the correlations between different impurity positions we can use the
configurational averaging to still treat our crystal as periodic, keeping then k as a good
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quantum number. Within the CPA approach, the Gk,k (E) Green function is given by80,81

Gk,k (E) = 1

E − εk −
xV 2G

(0)
i,i

(E)

1−V 2
N
G

(0)
i,i

(E)
∑

k
Gk,k(E)

. (3.16)

It is clear that the Gk,k does not have a closed since we find Gk,k in the denomina-
tor of Eq. (3.16). Thus, in order to find an analytical closed expression for Gk,k (E)
we approximate 1

N

∑
k Gk,k ≈ 1

N

∑
k G

(0)
k,k and use the wide band limit (WBL)103,110,111

approximation ∗. These two approximations yield

1
N

∑
k

Gk,k (E) ≈
∫
dεk

ρ0 (E)
E − εk + iη

= −iπρ0 (E) , (3.17)

where ρ0 (E) is the density of states of the band εk for x = 0. Using Eq. (3.17) in Eq. (3.16),
we obtain

Gk,k (E) = 1

E − εk −
xV 2G

(0)
i,i

(E)

1+iπρ0(E)V 2G
(0)
i,i

(E)

(3.18)

= E − Ed + iπρ0 (E)V 2

(E − εk) (E − Ed + iπρ0 (E)V 2)− xV 2 (3.19)

The poles of the above Green’s function can also be thought of as given by the energies of
the following two-level system,

∣∣∣∣∣∣ εk − E (k) V
√
x

V
√
x Ed + iΓd − E (k)

∣∣∣∣∣∣ = 0, (3.20)

where Γd = πV 2ρ0 (E) corresponds to the broadening of the discrete levels Ed. If we take
Γd = 0, we obtain similar energies as compared to Eq. (3.14), given by

E± (k) = 1
2

[
εk + Ed ±

√
(εk − Ed)2 + 4xV 2

]
, (3.21)

where we recover completely Eq. (3.14) for x = 1. The form V
√

(x) indicates that
this effective coupling between the impurity levels and energy bands increase with alloy
concentration. The broadening here appears as a consequence of the discrete levels coupled
∗ Within the WBL, the density of states of the crystal is assumed to have an energy range

much larger than the characteristic energies of our system thus yielding a pure imaginary
value of Eq. (3.17) - See Sec. 6.2 for details.
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to the continuum, which broadens the energy levels of our system. The latter is also used
to access information about the broadening of the optical transitions. We emphasize that
the Ed and V energy parameters are determined by fitting the experimental data. From
now on we refer to Eq. (3.21) as the Valence (Conduction) Band Anti-crossing VBAC
(CBAC) equations if Ed lies in the valence (conduction) band.

Similarly to the BAC model, here we see using Eq. (3.21) that the inclusion of the
alloy atoms with their discrete energy levels Ed produces two new energy dispersions given
by E± (k). The origin of these two new energy dispersion is also a consequence of the
anti-crossing repulsion between Ed and εk through the interaction of two level states. In
order to understand physically the consequence of the appearance of the new two E± (k)
energy bands, we assume that the energy level Ed lies in the conduction band εck, for
example, and that the valence band εvk is far away in energy from both Ed and εck, so
that we can ignore its influence on both Ed and εk (Fig. 10). For this case we see through
Eq. (3.21) that we obtain an effective reduction of the fundamental gap as the repulsion
between Ed and εk shifts E− (k) downward (represented schematically in Figure 10). As
we already mentioned in the beginning of this chapter, the gap reduction has been reported
many times in literature and is explained using Eq. (3.21).80–82,84–89 We emphasize that
the VCA does not provide a correct prediction for this gap reduction80–82

Figure 10 – Schematic conduction εck and valence εvk bands (gray solid curves) and the
localized Ed energy level resonant in the conduction band (red solid curve)
with V = 0, i.e., no interaction with each other. b) Schematic plot of the
energies E±(k) (Eq. 3.21) with V 6= 0. E ′g (Eg) represents the fundamental
energy gap with (without) the resonant Ed energy level.

Source: By the author

Besides the shifts in the spectrum and its consequent gap reduction, Eq. (3.21)
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also yields a change in the effective mass of the bands. Assuming a parabolic dispersion
εk = ~2k2

2m∗ in Eq. (3.21), we find the new effective masses given by

m∗± = ~2k

dE±/dk|k=0
= m∗

1
2 ±

εk=0−Ed
2
√

(εk=0−Ed)2+4xV 2

, (3.22)

which explain the mentioned enhancement of the effective mass (m∗− > m∗) of the lowest
conduction band E− induced by the addition of Nitrogen as an alloy in GaAs.98,99

3.3 InAs alloyed with Bi atoms

As we have already discussed in the previous chapter, the band inversion at the Γ
point is the most important ingredient defining topological insulators. Motivated by the
large reduction in the fundamental gap of GaAs when it is alloyed with Bi82 or N,80,81

here we investigate the InAs ordinary III-V material alloyed with Bi for a possible band
inversion.

Bi atoms have the same number of valence states as the host InAs. Then, we refer
to Bi as an isovalent impurity; hence there is no excess electrons or holes in the system.
As we discussed in the last section, we can use the VBAC (CBAC) results to predict a
reduction of the fundamental gap depending on where Ed lies. In contrast to the case
described by Figure 10, where we have the resonant level in the conduction band, Bi has
discrete levels (EBi and EBi,SO) in the InAs-valence bands (Γ8 and Γ7) as shown in Fig. 11.
Therefore, we expect a repulsion between the valence bands and the discrete Bi energy
levels yielding a reduction of the gap due to this upper shift of the valence band (see
Fig. 11). In Fig. 11b) we have drawn the interaction of Bi with just one Γ8 band in order
to present the idea of the gap reduction through VBAC in a cleaner way.

3.3.1 Virtual crystal approximation - InAsBi

The first attempt to determine the fundamental gap of our InAs1−xBix is to use
the VCA where we have the fundamental gap of InAs1−xBix given by

EInAs1−xBix
g = (1− x)EInAs

g + xEInBi
g . (3.23)

Using the results in literature EInAs
g = 417 meV71 and EInBi

g = −1610 meV,112,113 we find
EInAs1−xBix
g = 417meV − 2040xmeV (blue curve in Figure 12). VCA thus gives a gap

reduction of 20.4 meV per Bi percentage and a gapless bulk condition at x ≈ 0.21. On
the other hand, experiments show a reduction in the InAs1−xBix gap of ≈ 55 meV per Bi
percentage75,76,82 for x < 0.05 (solid black line). An extrapolation of this curve (dashed
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a) b)

Figure 11 – a) InAs Γ6, Γ7 and Γ8 energy bands (gray solid lines) around the Γ point
with the localized Bi energy levels (red energy lines). b) InAs1−xBix dispersion
using the VBAC theory in Eq. (3.21) where we clearly see the gap reduction
when the Bi energy levels are take into account. Here we sketch the interaction
of Bi with only one of the Γ8 bands for clarity.

Source: By the author

black line) leads to a gapless bulk condition at x ≈ 0.076. This thus shows that the VCA
cannot describe accurately the gap of our ordinary InAs alloyed with Bi.

3.3.2 Valence band anti-crossing theory - InAsBi

In order to obtain the correct experimental behavior of the InAs1−xBix fundamental
gap as a function of x, we now use the VBAC theory. Within this theory, the fundamental
gap is given by the difference at k = 0 between the lowest conduction band EInAs1−xBix

c

and the highest valence band E+ (k) of Eq. (3.21), i.e.,

EInAs1−xBix
g = EInAs1−xBix

c − E+ (k = 0) . (3.24)

As for the lowest conduction band EInAs1−xBix
c , we use the VCA which gives EInAs1−xBix

c =
(1−x)EInAs

g +x(EInBi
g +V BO), where V BO = 940 meV is the valence band offset parameter

between InAs and InBi.83 Here we take Ed = EBi = −400 meV82,83 and V = −1643 meV
as a fit parameter in order to yield approximately the 55 meV experimental gap reduction
per Bi percentage for x < 0.05. In Fig. 12 we plot EInAs1−xBix

g given by Eq. (3.24) as a
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x(%Bi)

Figure 12 – InAs1−xBix fundamental energy gap as a function of x (Bi % concentration).
The solid black line represents the experimental data for x < 0.05 while the
dashed black line correspond to its extrapolation for x > 0.05. The solid red
(blue) curve represents the predicted energy gap using VBAC (VCA) theory.

Source: By the author

function of x (red solid curve), where we find the gapless bulk condition at xc = 0.086. In
contrast to the VCA, using the VBAC results (solid red curve) we find a good agreement
with the experimental data (solid black curve). Additionally, we obtain a band inversion
between Γ6 and Γ8 for x > 0.086. We will see in the next section that this bulk inversion
band leads to an inversion of the quantum well subbands, characterizing then a topological
phase transition.

3.4 Symmetric AlSb/InAs0.85Bi0.15/AlSb quantum well grown on a GaSb substrate

In this section all the presented results were obtained in collaboration with Prof.
Michael Flatté from University of Iowa.

As we discussed in the previous section, the repulsion between the valence bands
and the discrete Bi energy level yields a upper shift in the valence bands. The lowest
conduction and the highest valence bands swap for x > 0.083 within the VBAC model
and for x > 0.076 within the linear extrapolation of the experimental results. Here we take
x = 0.15 to guarantee this inversion. We solve then the symmetric AlSb/InAs0.85Bi0.15/AlSb
quantum well Hamiltonian grown on a GaSb substrate using a superlattice electronic
structure theory within a fourteen bulk band basis.114 We emphasize that as we are only
interested here in the subband gap value, we have considerer the InAs0.85Bi0.15 bulk material
with the same parameters as InAs114 apart from the lattice constant and the fundamental
gap Eg were taken, respectively, as 6.15 Å and -457.3 meV. For the value of the lattice
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Table 1 – Effective BHZ parameters for InAs0.85Bi0.15/AlSb QW with different well thick-
ness, 6 and 8 nm.

d(nm) A(meV.nm) B(meV.nm2) C(meV) D(meV.nm2) M(meV)
6 543.2 -201.7 0 -180 16.1
8 488.0 -339.3 0 -300 -15.5

Source: By the author

constant we used the VCA expression a0(InAs1−xBix) = (1 − x)a0(InAs) + xa0(InBi)
with a0(InAs) = 6.058Å and a0(InBi) = 6.686Å, while for the fundamental energy gap
we used the extrapolation of the experimental linear trend (55meV/%-Bi) at x = 0.15†.

A more detailed investigation should also account for the changes in the effective
masses through Eq. (3.22) as well as the changes in the spin orbit splitting through the
inclusion of the discrete EBi,SO level resonant with the Γ7 bands. Since we known that Bi
atoms have a strong spin orbit coupling, we expect an enhancement of the Rashba and
Dresselhaus spin orbit coupling under their addition in InAs. We plan to address this issue
in a future work in collaboration with the Iowa group.
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Figure 13 – Symmetric InAs0.85Bi0.15/AlSb QW subbands at kx = ky = 0 as a function
of the well thickness d. The blue (red) colors represent the major Γ6 (Γ8)
composition. The circle indicates the topological phase transition arising from
the subband inversion between |E1±〉 and |HH1±〉 at dc ≈ 6.9 nm.

Source: By the author

In Fig. 13 we plot the QW energy subbands at k = 0 as a function of the well
thickness d. The subband crossing between the lowest conduction subband |E1±〉 and the
† We emphasize the same value of the fundamental gap of the InAs0.85Bi0.15 can also be

obtained for x = 0.2 within the VBAC prediction (solid red line).
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highest valence subband |HH1±〉 at the critical well thickness dc = 6.9 nm represents a
topological phase transition between an ordinary insulator (d < dc) and a 2D TI (d > dc)
as already discussed in the previous chapter. An important feature of our 2D TI proposal is
that the magnitude of the inverted gap for d ≈ 8 nm is around 30 meV which enables room
temperature applications since 30 meV � kBT for T ≈ 300K. Using the QW envelope
functions corresponding to the QW energy subbands Fig. 13 we also determine the BHZ
parameters A, B, C, D and M , defined in Sec. 2.3, for well thickness d = 6 nm and
d = 8 nm. These values are given in Table 1.

We emphasize that our proposal is relevant for the community since it does not
deal with the less conventional HgTe/CdTe QWs and thus should stimulate experimental
research groups working on III-V semiconductors to investigate Bi-based 2D TIs, thus
making them more readily available. Additionally, our 2D TI proposal opens a new avenue
in the discovery of new TIs using the idea behind the VBAC theory. For instance, we
expect the same kind of TI prediction in other materials such as the InAs1−y−xSbyBix, in
which a gap reduction of 46meV/%-Bi has similarly been reported.76 In these compounds,
our proposal can be very promising since different groups have reported a small energy gap
∼ 100 meV115,116 for the bulk InAs0.55Sb0.45. Therefore, we expect that the incorporation
of only a few Bi percentage be necessary to have a subband inversion similar to Fig. 13.
Further calculations will also be performed to explore in detail the InAs1−y−xSbyBix
proposal for a new 2D TI.

In the next chapter, we use our new InAsBi 2D TI proposal to define BHZ quantum
dots in both topologically trivial and non-trivial regimes. The BHZ QDs are defined by
an additional in plane cylindrical confinement. We find analytical formulas for the wave
functions and circulating currents and a transcendental equations determining all the
discrete QD energy levels.
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4 BHZ QUANTUM DOTS

In this chapter we define our BHZ QDs via a further cylindrical confinement on
InAs0.85Bi0.15/AlSb QWs, predicted to be a 2D TI for well thickness d > 6.9 nm in the
previous chapter. More specifically, we add a confining potential to the effective BHZ model
for InAs0.85Bi0.15/AlSb QW and impose both soft and hard walls boundary condition.
Using the modified Bessel functions, we find analytical expressions for the wave functions
and circulating currents and a transcendental equation determining all the discrete energies
of our BHZ QDs.

4.1 Cylindrical BHZ Quantum Dots

To define our QDs we use the 2D BHZ Hamiltonian Eq. (2.13) confined by the
cylindrical soft-wall potential

Vc(r) =
 V (r)σz 0

0 V (r)σz

 , V (r) =

0 r < R

MO −M > 0 r > R
(4.1)

with equal strength barrier heights MO > 0 for the conduction |E1±〉 and valence |HH1±〉
subbands. The parameter R defines the QD radius. Thus, the total QD Hamiltonian is
given by

HQD = HBHZ(−i∂x,−i∂y) + Vc(r). (4.2)

For such a confined system, the wave vectors kx and ky are no longer good quantum
numbers and are replaced by kx → −i∂x and ky → −i∂y. Due to the cylindrical (or
axial) symmetry of the BHZ Hamiltonian Eq. (2.13) and the soft-wall confinement, it is
convenient to use the polar coordinates x = r cos θ and y = r sin θ in Eq. (4.2). The change
in the coordinate system amounts to the following replacements,

−i∂x ± ∂y → −i e±iθ
(
∂

∂r
± 1
r

∂

∂θ

)
, (4.3)

−∂2
x − ∂2

y → −
(
∂2
r + 1

r
∂r + 1

r2∂
2
θ

)
, (4.4)
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yielding

HQD =
 H+

QD 0
0 H−QD

 , (4.5)

with

H±QD =
 C+ + V (r) +D+

(
∂2
r + 1

r
∂r + 1

r2∂
2
θ

)
∓iA e±iθ

(
∂
∂r
± i 1

r
∂
∂θ

)
∓iA e∓iθ

(
∂
∂r
∓ i 1

r
∂
∂θ

)
C− − V (r) +D−

(
∂2
r + 1

r
∂r + 1

r2∂
2
θ

)  ,
(4.6)

where D± = D ±B and C± = C ±M .

4.2 Energies and wave functions

Here we determine the energies and wave functions of our QD Hamiltonian Eq. (4.5),
i.e., we solve HQDψ(r, θ) = Eψ(r, θ). Since we have a block diagonal Hamiltonian with
the two blocks connected through Time Reversal Symmetry,4,5 we first solve one block
and then we use the TRS operator to find the corresponding solution for the other block.
For the upper block, we choose the following ansatz

ψ+
m(r, θ) =

 pR1 (r) eimθ

q R2 (r) eim′θ

 , (4.7)

where m,m′ ∈ Z in order to obey the 2π periodicity of the θ coordinate, i.e., ψ+
m(r, θ) =

ψ+
m(r, θ + 2π) (single-valuedness) and p, q are constants. We now solve the Schrödinger

equation,

H+
QDψ

+
m(r, θ) = E+ψ+

m(r, θ), (4.8)

yielding

 D+
(
∂2
r + 1

r
∂r − m2

r2 − E+−C+
D+

)
pR1 (r) eimθ − iA

(
∂r − m′

r

)
q R2 (r) ei(m′+1)θ

−iA
(
∂r + m

r

)
pR1 (r) ei(m−1)θ +D−

(
∂2
r + 1

r
∂r − m′2

r2 − E+−C−
D−

)
q R2 (r) eim′θ

 =
 0

0

 .
(4.9)

We see from the above equation that the integers m and m′ should always be constrained
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by m = m′ + 1∗ since the above equation has to be satisfied for any θ. For m′ = m − 1
Eq. (4.9) thus reads

 D+
(
∂2
r + 1

r
∂r − (m+1)2

r2 − E+−C+
D+

)
−iA

(
∂r − m

r

)
−iA

(
∂r + m+1

r

)
D−

(
∂2
r + 1

r
∂r − m2

r2 − E+−C−
D−

)
  pR1 (r)

q R2 (r)

 =
 0

0

 .
(4.10)

For the inner QD region, r < R, the above equation has its solution expressed in terms of
the Im(λr) modified Bessel functions regularized at r = 0 (first kind),117 i.e.,

ψ+,r<R
m (r, θ) =

∑
τ=±

p+
m,τ

 Im+1 (λτr) ei(m+1)θ

D+λ2
τ−E++C+
iAλτ

Im (λτr) eimθ

 , (4.11)

where λ2
± = −F ±

√
F 2 −Q2 with F = 1

2

(
A2

(D+B)(D−B) −
E+−C−M
D+B − E+−C+M

D−B

)
and Q2 =(

E+−C+M
D−B

) (
E+−C−M
D+B

)
. In contrast, for the outer region, r > R, the solution is written in

terms of the Km(λr) modified Bessel function regularized at r →∞ (second kind),117

ψ+,r>R
m (r, θ) =

∑
τ=±

r+
m,τ

 Km+1 (λτr) ei(m+1)θ

D+(λOτ )2
−E++C+

−iAλOτ
Km (λτr) eimθ

 , (4.12)

with λOτ = λτ
(
M →MO

)
.

In order to find the quantized energies of our QD, we need to impose the continuity
of the wave function at r = R and the continuity of its derivative in the radial direction at
r = R, yielding

ψ+,r<R
m (r = R, θ) = ψ+,r>R

m (r = R, θ) , (4.13)

∂rψ
+,r<R
m (r = R, θ) = ∂rψ

+,r>R
m (r = R, θ) . (4.14)

The above equations are satisfied for ∀ θ and we chose θ = 0 for simplicity. We combine
the above equations in the following linear matrix equation


Im+1 (λ+R) Im+1 (λ−R) Km+1

(
λO+R

)
Km+1

(
λO−R

)
R+
m,+Im (λ+R) R+

m,−Im (λ−R) −RO,+m,+Km

(
λO+R

)
−RO,+m,−Km

(
λO−R

)
∂rIm+1 (λ+R) ∂rIm+1 (λ−R) ∂rKm+1

(
λO+R

)
∂rKm+1

(
λO−R

)
R+
m,+∂rIm (λ+R) R+

m,−∂rIm (λ−R) −RO,+m,+∂rKm

(
λO+R

)
−RO,+m,−∂rKm

(
λO−R

)




p+
m,+

p+
m,−

−r+
m,+

−r+
m,−

 = 0,

(4.15)
∗ As we will comment later, this constraint follows from the ~ difference between the angular

momentum of the Bloch functions of |E1+〉 and |HH1+〉 .
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with R+
m,τ = (D+λ2

τ−E++C+)
iA(λτ ) and RO,+

m,τ = R+
m,τ (M →MO). For each integer value of m, the

non-trivial solution of the above linear system (4.15) is given by its determinant equals to
zero, yielding an infinite number of quantized energy levels

{
E+
m,n

}
, where n = 1, 2, 3, ...

(n = −1,−2,−3, ...) corresponding to the positive (negative) energies of Eq. (4.8). From
now on, we will include the index n in all the following energies and wave functions. The
corresponding wave functions are then obtained from each Em,n by solving the above linear
system together with the normalization condition for the wave function.

As for the lower BHZ block, we apply the TRS operator Θ = −iσy ⊗ 12×2K4,5

(where K is the complex conjugate) in the upper block wave functions (4.11) and (4.12),
giving †

Θψ+
m,n (r, θ) = ψ−−m,n (r, θ) . (4.16)

Using now the fact that In(λr) = I−n(λr) for n ∈ Z, we find

ψ−,r<Rm,n (r, θ) =
∑
τ=±

p−m,n,τ

 Im−1 (λτr) ei(m−1)θ

D+λ2
τ−E

+
m,n+C+

−iAλτ Im (λτr) eimθ

 , (4.17)

and

ψ−,r>Rm,n (r, θ) =
∑
τ=±

r−m,n,τ

 Km−1 (λτr) ei(m−1)θ

D+(λOτ )2
−E+

m,n+C+

iAλOτ
Km (λτr) eimθ

 . (4.18)

By applying the boundary conditions (4.13) and (4.14) in the above wave functions, we
obtain


Im−1 (λ+R) Im−1 (λ−R) Km−1

(
λO+R

)
Km−1

(
λO−R

)
R−m,n,+Im (λ+R) R−m,n,−Im (λ−R) −RO,−m,n,+Km

(
λO+R

)
−RO,−m,n,−Km

(
λO−R

)
∂rIm−1 (λ+R) ∂rIm−1 (λ−R) ∂rKm−1

(
λO+R

)
∂rKm−1

(
λO−R

)
R−m,n,+∂rIm (λ+R) R−m,n,−∂rIm (λ−R) −RO,−m,n,+∂rKm

(
λO+R

)
−RO,−m,n,−∂rKm

(
λO−R

)




p−m,n,+

p−m,n,−

−r−m,n,+
−r−m,n,−

 = 0,

(4.19)

with R−,Om,τ = (D+λ2
τ−E−+C+)
−iA(λτ ) and RO,−

m,τ = R−m,τ (M → MO). As a consequene of the TRS,
† Although the upper block wave functions (4.11) and (4.12) were written as 2×1 vectors, we

recall that they stem from the block diagonal 4×4 Hamiltonian (4.5) and therefore are given

by ψ+
m =

(
1
0

)
⊗ ψ+

m within the total Hamiltonian subspace.
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the energies arising from the non-trivial solution of the above linear system are connected
to the ones of Eq. (4.15) by E−m,n = ΘE+

−m,n

4.2.1 Hard-Wall case

In this section we study the hard-wall case, which represents a BHZ QD confined
by an impenetrable radial barrier potential. This case can be obtained from Eqs. (4.15)
and (4.19) by taking the limit MO →∞, yielding for the BHZ blocks (±)

 Im±1 (λ+R) Im±1 (λ−R)
R±m,+Im (λ+R) R±m,−Im (λ−R)

 p±m,n,+

p±m,n,−

 = 0. (4.20)

The non-trivial solution of the above linear system thus gives the following transcendental
equation for the eigenenergies

λ2
−

(
E±m,n

)
− E±m,n−C−M

D+B

λ−
(
E±m,n

) Im±1
[
λ+

(
E±m,n

)
R
]

Im±1
[
λ−

(
E±m,n

)
R
] =

λ2
+

(
E±m,n

)
− E±m,n−C−M

D+B

λ+
(
E±m,n

) Im
[
λ+

(
E±m,n

)
R
]

Im
[
λ−

(
E±m,n

)
R
] ,

(4.21)

with

p±m,n,+ = −p±m,n,−. (4.22)

The energy dependence in (4.21) is written explicitly in the argument of λτ . The wave
functions are then obtained through Eqs. (4.11), (4.12), (4.17), (4.18), using the MO →∞
limit and p±m,n,+ = −p±m,n,−, and read

ψ±m,n (r, θ) = p±m,n


(
Im±1 (λ+r)− Im±1(λ+R)

Im±1(λ−R) Im±1 (λ−r)
)
ei(m±1)θ

D+

(
λ2

+−
E±m,n−C+

D+

)
±iAλ+

(
Im (λ+r)− Im(λ+R)

Im(λ−R) Im (λ−r)
)
eimθ

 , (4.23)

which satisfy ψ±m,n (r = R, θ) = 0 for ∀ θ through Eq. (4.21). We emphasize that the ±
signs in Eqs. (4.21) and (4.23) correspond, respectively, to the ± BHZ blocks subspaces.

4.3 QD cylindrical symmetries and their good quantum numbers

By recalling Noether’s first theorem,118 we know that for each symmetry present in
the Hamiltonian there is a corresponding conserved quantity in time. The most common
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example is the time invariance that leads to the energy conservation. Starting from the
Schrödinger equation

−i~∂ψ
∂t

= Hψ, (4.24)

we would like to know whether the unitary U spinor transformation operator defined as
ψ′ = Uψ is a possible symmetry of our Hamiltonian. To find the condition for such a
symmetry, we substitute ψ = U−1ψ′ in the above equation, yielding

−i~∂(U−1ψ′)
∂t

= HU−1 ψ′ → −i~∂ψ
′

∂t
= UHU−1 ψ′, (4.25)

for ∂U
∂t

= 0 (assuming a time-independent U). Thus, we see that for

H = UHU−1 → [H,U ] = 0, (4.26)

the unitary transformation operator U maps Eq. (4.25) into Eq. (4.24) and thus it can
be considered as a symmetry of the Hamiltonian. It is also very common to say the
Hamiltonian is symmetric and invariant under U . A practical and important consequence
of a invariant Hamiltonian under U is the existence of a common eigenstate basis {ψ}
between H and U . The proof is simple and it is shown below. By applying the commutator
of Eq. (4.26) on a particular Hamiltonian eigenstate ψh such that Hψh = hψh, we obtain

[H,U ]ψh = 0, (4.27)

→ H (Uψh) = h (Uψh) . (4.28)

Thus, if Uψh is eigenstate of H with eigenvalue h, Uψh must be proportional to ψh, yielding

Uψh = uψh, (4.29)

with u the corresponding eigenvalue of U . Therefore, the wave functions (eigenvectors)
should be labeled by the quantum numbers h and u yielding ψu,h. Since our Hamiltonian
remains the same (no external perturbations) as time evolves, the quantum numbers h and
u are also called as good quantum numbers. In the following subsections we will discuss
the QD symmetries and the corresponding labels for them in the final QD wave function
Eqs. (4.15) and (4.23).
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4.3.1 Effective Inversion Symmetry

The initial 8 × 8 k · p Hamiltonian Eq. (2.1) used to derive the effective BHZ
Hamiltonian Eq. (2.13) does not contain the bulk inversion asymmetry (BIA) terms arising
from the lack of inversion symmetry (r → −r) in the ZB unit cell.41,63 As a consequence,
we say the BHZ Hamiltonian preserves effectively the bulk inversion symmetry I.17,73

The word “effectively” is placed here to emphasize that although the BIA terms were not
taken into account in the k · p Hamiltonian, our basis function (

∣∣∣Γ6,
1
2 ,±

1
2

〉
,
∣∣∣Γ8,

3
2 ,±

1
2

〉
,∣∣∣Γ8,

3
2 ,±

3
2

〉
and

∣∣∣Γ7,
1
2 ,±

1
2

〉
) are still composed of ZB Bloch functions at the Γ point, which

do not have a well defined parity. Using the compatibility relation37,119,120 between the
ZB and diamond irreducible representation at the Γ point together with the parities of
the QW envelope functions of Eqs. (2.11) and (2.12), we obtain the inversion operator
written in the BHZ basis Eqs. (2.11) and (2.12) as73

IBHZ =


−1 0 0 0
0 1 0 0
0 0 −1 0
0 0 0 1

 . (4.30)

In polar coordinates, the inversion operation (r → −r) is represented by (r, θ)→ (r, θ + π).
Since our QD confinement potential Vc(r) is also invariant under spatial inversion, the
total QD Hamiltonian (4.2) remains invariant, i.e.,

[HQD (r, θ) + Vc(r), I] = 0,

IBHZHQD (Ir, Iθ) I−1
BHZ −HQD (r, θ) = 0

IBHZHQD (r, θ + π) I−1
BHZ −HQD (r, θ) = 0 (4.31)

As a consequence, parity is a good quantum number used then to label the total wave
function. Therefore, the inversion symmetry I applied to the final wave function Eq. (4.23)
yields

Iψ±m,n (r, θ) = IBHZψ±m,n (r, θ + π) (4.32)

= (−1)m ψ±m,n (r, θ) , (4.33)

showing that the parity is fully connected to the label m, i.e., for even (odd) m we have
an even (odd) total wave function.
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4.3.2 Total Angular Momentum

As we have pointed out in Sec. (2.3), the initial 8× 8 k · p Hamiltonian (2.1) used
in BHZ Hamiltonian derivation was assumed as good approximation (see Sec. 2.3) to have
axial symmetry, i.e, it is symmetrical by any rotation of θ around the z axis (QW growth
direction). As a result of this assumption, the BHZ Hamiltonian also holds symmetric
under the axial symmetry. Furthermore, the introduced QD confinement potential was
also assumed purely radial dependent, preserving then the axial symmetry. Therefore, the
projection of the total angular momentum on the z axis, Jz = Lz + Jz, where Lz = −i~∂θ
is the z-component of the envelope function orbital angular momentum and Jz is the
z-component of the Bloch function total angular momentum

Jz = ~


1
2 0 0 0
0 3

2 0 0
0 0 −1

2 0
0 0 0 −3

2

 , (4.34)

commutes with the total QD Hamiltonian (4.2),

[HQD (r, θ) + Vc(r),Jz] = 0. (4.35)

Accordingly, the above leads to the conserved quantity jz – the total angular momentum,
which includes the orbital angular momentum of the envelope functions plus the orbital
angular momentum of the Bloch functions and the spin angular momentum. Upon applying
Jz to the total wave function, we find

Jzψ±m,n (r, θ) = p±m,n (−i~∂θ + Jz)


(
Im±1 (λ+r)− Im±1(λ+R)

Im±1(λ−R) Im±1 (λ−r)
)
ei(m±1)θ

D+

(
λ2

+−
E−C+
D+

)
±iAλ+

(
Im (λ+r)− Im(λ+R)

Im(λ−R) Im (λ−r)
)
eimθ

 ,
=
(
m± 3

2

)
~ψ±m,n (r, θ) , (4.36)

= ~jzψ±m,n (r, θ) , (4.37)

where jz can assume only half-integer values jz = ±1
2 , ±

3
2 , ±

5
2 , ... The above result can

also be obtained individually for each (upper + and lower −) components of the BHZ
QD Hamiltonian thus leading to a better physical understanding. For instance, for the
BHZ ± upper (lower) wave function component, the envelope angular momentum and
the Bloch function angular momentum read, respectively, Lzei(m±1)θ = ~ (m± 1) ei(m±1)θ,
(Lzeimθ = ~meimθ) and Jz |E1±〉 = ±~

2 |E1±〉 (Jz |HH1±〉 = ±3~
2 |HH1±〉). Hence, we
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have jz = m± 3
2 for both upper and lower wave function components. We thus make the

substitution m = jz − 3
2 (m = jz + 3

2) for the spin up (down) in Eq. (4.23), yielding the
following total wave function

ψ±jz ,n (r, θ) = p±jz ,n


(
Ijz∓ 1

2
(λ+r)−

I
jz∓ 1

2
(λ+R)

I
jz∓ 1

2
(λ−R) Ijz∓ 1

2
(λ−r)

)
ei(jz∓

1
2)θ

D+

(
λ2

+−
E−C+
D+

)
±iAλ+

(
Ijz∓ 3

2
(λ+r)−

I
jz∓ 3

2
(λ+R)

I
jz∓ 3

2
(λ−R) Ijz∓ 3

2
(λ−r)

)
ei(jz∓

3
2)θ

 ,
(4.38)

where we emphasize that the parameters λ± depend on the energy, i.e., λ± = λ±(Eσ
jz ,n).

As for the energy transcendental equation we have

λ2
−

(
E±jz ,n

)
− E±jz,n−C−M

D+B

λ−
(
E±jz ,n

) Ijz∓ 1
2 ,n

[
λ+
(
E±jz ,n

)
R
]

Ijz∓ 1
2 ,n

[
λ−
(
E±jz ,n

)
R
] =

λ2
+

(
E±jz ,n

)
− E±jz,n−C−M

D+B

λ+
(
E±jz ,n

) Ijz∓ 3
2 ,n

[
λ+
(
E±jz ,n

)
R
]

Ijz∓ 3
2 ,n

[
λ−
(
E±jz ,n

)
R
] ,

(4.39)

while, for the energies arising from the soft wall confinement Eqs. 4.15 and 4.19, we have

A4×4


p±jz ,n,+

p±jz ,n,−

−r±jz ,n,+
−r±jz ,n,−

 = 0, (4.40)

where

A4×4

=


Ijz∓ 1

2
(λ+R) Ijz∓ 1

2
(λ−R) Kjz∓ 1

2

(
λO+R

)
Kjz∓ 1

2

(
λO−R

)
R±jz ,n,+Ijz∓ 3

2
(λ+R) R±jz ,n,−Ijz∓ 3

2
(λ−R) −RO,±jz ,n,+Kjz∓ 3

2

(
λO+R

)
−RO,±jz ,n,−Kjz∓ 3

2

(
λO−R

)
∂rIjz∓ 1

2
(λ+R) ∂rIjz∓ 1

2
(λ−R) ∂rKjz∓ 1

2

(
λO+R

)
∂rKjz∓ 1

2

(
λO−R

)
R±jz ,n,+∂rIjz∓ 3

2
(λ+R) R±jz ,n,−∂rIjz∓ 3

2
(λ−R) −RO,±jz ,n,+∂rIjz∓ 3

2

(
λO+R

)
−RO,±jz ,n,−∂rKjz∓ 3

2

(
λO−R

)
 .

(4.41)

4.3.3 Time Reversal Symmetry

The TRS operator (t→ −t) T is written in the BHZ basis as Θ = −iσy ⊗ 12×2K
where K is the complex conjugate operator. Due to the absence of magnetic and time
dependent fields in our problem, TRS is an operator that commutes with the total QD
Hamiltonian Eq. (4.2),



60

[HQD (r, θ) + Vc(r), T ] = 0,

ΘHQD (T r, T θ) Θ−1 −HQD (r, θ) = 0,

ΘHQD (r, θ) Θ−1 −HQD (r, θ) = 0, (4.42)

yielding the conservation of the ± quantity labeling the “spin” subspaces in the BHZ
model (i.e., its two 2x2 blocks) and in the total wave function.

4.4 Circulating current densities

In this section we derive expressions for the circulating current densities j (r) for
the QD states found in the last section. Differently from the BHZ model confined only in
one dimension, in which the group velocity contains the information about the propagation
direction of the states, QDs do not have an energy dispersion. As a consequence, we
cannot associate a group velocity to their states. Then it becomes important to calculate
their circulating current densities in order to obtain information about the electronic
propagation within the QD.

Our derivation is based on Refs.69,70 The circulating current associated with a
particular QD state ψσjz ,n (r) (4.38) is defined by

jσjz ,n (r) = e~
m0

Im
[
ψσ †jz ,n (r)∇ψσjz ,n (r)

]
, (4.43)

where σ = ± are the two possible BHZ subspaces, e < 0 is the electronic charge, m0 the
free electron mass and ~ the reduced Planck’s constant. Here the total QD wave function
ψσjz ,n (r) is written within the EFA38,60,61 as

ψσjz ,n (r) =
∑
i

F σ
i,jz ,n (r, θ, z)ui (r) , (4.44)

where ui (r) is the Bloch function at the Γ point of the i-band (See Tab. 1) and F σ
i,jz ,n (r, θ, z)

is its respective envelope function due to the 3D heterostructure quantum confinement.
By substituting Eq. (4.44) into Eq. (4.43), we obtain

jσjz ,n (r) = e~
m0

∑
i,l

Im
[
F σ∗
l,jz ,n (r, θ, z)F σ

i,jz ,n (r, θ, z)u∗l (r)∇ui (r)

+ F σ∗
l,jz ,n (r, θ, z)∇F σ

i,jz ,n (r, θ, z)u∗l (r)ui (r)
]
. (4.45)
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Now, using the EFA where the envelope functions are assumed as constants inside the
unit-cell, we take in Eq. (4.45) the average over the unit-cell volume (Vs),38,60,61 1

Vs

∫
Vs
dr,

in order to remove the Bloch function dependence, reading

〈
jσjz ,n

〉
(r) = 1

Vs

∫
Vs
dr jσjz ,n (r)

= e~
m0

∑
i,l

Im
[
F σ∗
l,jz ,n (r, θ, z)F σ

i,jz ,n (r, θ, z) 〈ul|∇ |ui〉

+ F σ∗
l,jz ,n (r, θ, z)∇F σ

i,jz ,n (r, θ, z) δli
]
, (4.46)

where we have used the 〈ul|A |ui〉 = 1
Vs

∫
Vs
dr u∗l (r) Aui (r). In Eq. (4.46), the first term

stems from the periodic Bloch functions ui,l (r) and it is known as the “Bloch velocity”
contribution to the average current, while the second term is the “envelope velocity”
contribution as it stems from the envelope functions F σ

i,jz ,n (r, z, θ).

4.4.1 QD circulating currents

To find the circulating currents for our problem we must first write our total QD
wave functions explicitly as functions of the Bloch functions as shown in Eq. (4.44). For
practical reasons, here we focus on the hard wall case. The total wave function Eq. (4.23)
is then written as

ψ±jz ,n (r, θ) = N√
2π

[
I
jz∓ 1

2 ,n
E1 (r) ei(jz∓

1
2)θ, ±i Ijz∓

3
2 ,n

HH1 (r) ei(jz∓
3
2)θ
]T
, (4.47)

with

I
jz∓ 1

2 ,n
E1 (r) = Ijz∓ 1

2 ,n

(
λ+

(
E±jz ,n

)
r
)
−
Ijz∓ 1

2 ,n

(
λ+

(
E±jz ,n

)
R
)

Ijz∓ 1
2 ,n

(
λ−

(
E±jz ,n

)
R
) Ijz∓ 1

2 ,n

(
λ−

(
E±jz ,n

)
r
)
, (4.48)

and

I
jz∓ 3

2 ,n
HH1 (r) =

D+λ
2
+

(
E±jz ,n

)
− E±jz ,n + C+

±iAλ+
(
E±jz ,n

)
×

Ijz∓ 3
2 ,n

(
λ+

(
E±jz ,n

)
r
)
−
Ijz∓ 3

2 ,n

(
λ+

(
E±jz ,n

)
R
)

Ijz∓ 3
2 ,n

(
λ−

(
E±jz ,n

)
R
) Ijz∓ 3

2 ,n

(
λ−

(
E±jz ,n

)
r
) ,
(4.49)
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where N is the normalization factor. We know the above wave function was found within
the BHZ model which has the usual basis |E1+〉, |HH1+〉, |E1−〉 and |HH1−〉 (See Sec. 2).
Thus, Eq. (4.47) can be also written as

ψ±jz ,n = N√
2π

[
I
jz∓ 1

2 ,n
E1 (r) ei(jz∓

1
2)θ

(
f±1 (z)

∣∣∣∣Γ6,±
1
2

〉
+ f±4 (z)

∣∣∣∣Γ8,±
1
2

〉
+ f±7 (z)

∣∣∣∣Γ7,±
1
2

〉)

±i Ijz∓
3
2 ,n

HH1 (r) ei(jz∓
3
2)θf±3 (z)

∣∣∣∣Γ8,±
3
2

〉]T
. (4.50)

By making the proper identifications, we obtain for the total QD circulating current,

〈
j±jz ,n

〉
(r) =

〈
j±jz ,n

〉
b
(r) +

〈
j±jz ,n

〉
e
(r) , (4.51)

where we define the “Bloch velocity” and “Envelope velocity” contributions as, respectively,

〈
j±jz ,n

〉
b

= ±eN2 P

π~
√

2

∣∣∣f±1 (z)
∣∣∣ ∣∣∣f±3 (z)

∣∣∣ Ijz∓ 1
2 ,n

E1 (r) Ijz∓
3
2 ,n

HH1 (r) θ̂, (4.52)

and

〈
j±jz ,n

〉
e

= ~eN2

2πrm0

{(
jz ∓

1
2

) [∣∣∣f±1 (z)
∣∣∣2 +

∣∣∣ f±4 (z)
∣∣∣2 +

∣∣∣f±7 (z)
∣∣∣2] ∣∣∣∣Ijz∓ 1

2 ,n
E1 (r)

∣∣∣∣2
+
(
jz ∓

3
2

) ∣∣∣ f±3 (z)
∣∣∣2 ∣∣∣∣Ijz∓ 3

2 ,n
HH1 (r)

∣∣∣∣2
}
θ̂, (4.53)

where P is the Kane parameter63,121,122 coupling the conduction and valence bands.

The motivation to call the currents as “circulating” comes from the fact that
the current within our QD has just the θ̂ vector dependence, thus circulating in a loop
around our cylindrical QD rim. The restriction of the current direction along θ̂ can be
understood through the following argument: all our confined QD levels must have their
energies below the AlSb QW barriers in the z direction as well as below the barrier in r
direction Eq. (4.1). Thus, for 〈j〉 (r, θ, z) = r̂jr(r, θ, z) + θ̂jθ(r, θ, z) + ẑjz(r, θ, z), we must
have jr(r, θ, z) = jz(r, θ, z) = 0 in order to just allow for “bound states”, i.e.,

〈j〉 (r) = θ̂jθ(r, z), (4.54)

where the θ dependence in jθ is absent due to the cylindrical symmetry of our QD. The
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absence of the θ dependence can also be understood by recalling that∇·j = θ̂
r
∂θjθ(r, θ, z) =

0, thus yielding j = θ̂jθ(r, z).

We can understand the Bloch velocity contribution by recalling that
〈
jσjz ,n

〉
b
∝∑

i,j aij 〈ui|∇ |uj〉. Since we are dealing with Zincblend crystals, this current is only non-
zero for the matrix elements between conduction and valence bands (Group theory result).
Thus, for the spin + state, Eq. (4.50), we can only have

〈
j+
jz ,n

〉
b
∝ a13

〈
Γ6,+

1
2

∣∣∣∣∇ ∣∣∣∣Γ8,+
3
2

〉
+ a14

〈
Γ6,+

1
2

∣∣∣∣∇ ∣∣∣∣Γ8,+
1
2

〉
+ a17

〈
Γ6,+

1
2

∣∣∣∣∇ ∣∣∣∣Γ7,+
1
2

〉
(4.55)

+ c.c.

However, using the fact that
〈
j+
jz ,n

〉
b
∝ θ̂, we can eliminate the last two terms by recalling

that
〈
Γ6,

1
2

∣∣∣∇ ∣∣∣Γ8,
1
2

〉
,
〈
Γ6,

1
2

∣∣∣∇ ∣∣∣Γ7,
1
2

〉
∝ iẑP where P is the Kane parameter. As a result,

the circulating current due to the Bloch velocity comes fully from the
〈
Γ6,+1

2

∣∣∣∇ ∣∣∣Γ8,+3
2

〉
matrix element, justifying then the form of Eq. (4.52).

As for the circulating current expression due to the
〈
jσjz ,n

〉
e
envelope velocity, the

argument is similar. However, for it we have
〈
jσjz ,n

〉
e
∝ ∑

i Fi(r, θ, z)∇Fi(r, θ, z). Again,
by using the fact that our current must be in the θ̂ direction we reduce it to

〈
jσjz ,n

〉
e
∝∑

i Fi(r, θ, z) θ̂r∂θFi(r, θ, z), i.e., the
〈
jσjz ,n

〉
e
is proportional to the angular momentum

(Lz = −i~∂θ) of the envelope functions. By recalling that for spin + states, Fi=1,4,7(r, θ, z) ∝
ei(jz−

1
2 )θ 4.50 and Fi=3(r, θ, z) ∝ ei(jz−

3
2 )θ 4.50, we thus find

〈
j+
jz ,n

〉
e
∝ 1
r

[
a
(
jz −

1
2

)
+ b

(
jz −

3
2

)]
θ̂, (4.56)

which maps onto Eq. (4.53).

4.4.2 Helical states

Using the Im(r) = I−m(r) (for m ∈ Z) property of the modified Bessel function
we find for Eqs. (4.48) and (4.49), Ijz∓

1
2 ,n

E1 (r) = I
−jz± 1

2 ,n
E1 (r) and Ijz∓

3
2 ,n

HH1 (r) = I
−jz± 3

2 ,n
HH1 (r),

respectively. By using this result in the total circulating current formula Eqs. (4.51), (4.52)
and (4.53), we find

〈
j±jz ,n

〉
(r) = −

〈
j∓−jz ,n

〉
(r) . (4.57)

From the above we see that the currents of QD states with opposite jz and spin (±)
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propagate in opposite angular directions, which is essentially the helical condition for two
QD states. As we will see later on, this relation will be important in the analysis of the
circulating current results.

In the next chapter we present numerical results for the cylindrical InAsBi BHZ
QDs in both topologically trivial and non-trivial regimes. We plot their discrete energy
levels, wave functions and circulating currents. For both regimes of the BHZ QDs we find
geometrically protected helical edge states within a large energy range, showing thus an
equivalent behavior between trivial and non-trivial BHZ QDs. We show this feature is
particular of trivial BHZ QDs, being absent in the ordinary InAs QDs.
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5 RESULTS: ENERGY, WAVE-FUNCTION AND CIRCULATING CURRENT

Here we use the analytical formulas derived in the previous chapter and show
results for the energy levels, wave functions and circulating currents for the i) topologically
non-trivial InAs0.85Bi0.15 QD, ii) topologically trivial InAs0.85Bi0.15 QD, and iii) ordinary
InAs QD. All of these QDs arise from the cylindrical hard-wall confinement of the
InAs1−xBix/AlSb QW with x = 0.15 and thickness d = 8 nm, x = 0.15 and thickness
d = 6 nm, and x = 0 and thickness d = 6 nm, respectively. Surprisingly, we find in the
trivial regime geometrically protected helical edge states with spin-angular-momentum
locking similar to the topologically non-trivial QDs. These trivial edge states have similar
circulating current densities when compared to the ones arising in the topologically non-
trivial regime, thus showing a physical equivalence between them. Additionally, we show
that this feature holds for the HgTe/CdTe QDs and for realistic soft wall QD confinement.

5.1 Energy levels and wave functions

5.1.1 Topologically non-trivial InAs0.85Bi0.15 QD

In Figure 14 we plot the energy levels as a function of the z component of the
total angular momentum jz for the topologically non-trivial InAs0.85Bi0.15 QD. We choose
to plot the energies for the hard-wall boundary condition (Sec. 4.2.1) determined via
Eq. (4.39). We use two different radius sizes (R = 60 nm and R = 100 nm) as a matter of
comparison. As for the effective BHZ parameters, we use the parameters corresponding to
the InAs0.85Bi0.15/AlSb QW with thickness d = 8 nm, given in Table 1.

The blue and red symbols denote, respectively, the spin + and − subspaces of the
BHZ Hamiltonian discussed in Sec. 2.3, while the circles (triangles) denote the even (odd)
parity of the total wave function Eq. (4.23). In contrast to the confined BHZ model with
one or two interfaces,4,5 in which the edge and bulk dispersions are continuous, here we
obtain only discrete energy levels arising from the 3D quantum dot confinement. Some
of these energy levels lie within the bulk gap region (gray area) between the conduction
and valence levels and correspond to the edge states as shown in Figs. 15 and 16. As a
direct consequence of a discrete version of Kramers theorem [Eq. (4.16)], for each energy
level Eσ

jz ,n there is also its Kramers partner with the same energy but opposite jz and σ.
Therefore, it is impossible to scatter elastically through a time reversal symmetric impurity
potential from all the Eσ

jz ,n energy states within the bulk gap (gray region) to its Kramers
partner with opposite jz and σ, i.e.,

[Vimp(r),Θ] = 0 →
〈
ψσjz ,n

∣∣∣Vimp(r) ∣∣∣ψ−σ−jz ,n〉 = 0. (5.1)
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Figure 14 – a) Even (circles) and odd (triangles) energy levels as functions of jz for the
topologically non-trivial InAs0.85Bi0.15 QD with QD radius R = 100 nm. b)
Same as in a) for R = 60 nm. The black arrows denote (forbidden) transitions
between spin up (blue) and spin down (red) states.

Source: By the author

These forbidden transitions are represented in Fig. 14 by the black arrows with the white
cross symbol. Differently from the usual plot of the energy dispersion for 2D TIs4,5 and
the energy levels for TI QDs,23–27,27–34 where the “Dirac point” (spin degeneracy of the
energies in momentum) is near the mid gap,23,24 here we find our “Dirac point” near
the conduction levels. This fact can be understood through the 2D TI energy dispersion
formula for the edge states of one interface,72 which yields C − D

B
M at zero wave vector.

Using the proper parameters from Table 1, we find a Dirac point placed at ∼ C + |M |,
very near the bottom of the conduction states. Regarding the QD energy levels for the two
different QD radii (R = 60 nm and R = 100 nm), we see that the smaller the QD radius
is, the larger the energy quantization is, thus increasing the energy separation between
two consecutive energy levels, Eσ

jz+ 1
2 ,n
− Eσ

jz ,n, as can be seen in Figures 14a) and 14b).
The continuous bulk and edge energy dispersion for one interface are reached by taking
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Figure 15 – a) Topologically non-trivial InAs0.85Bi0.15 QD (R = 100 nm) modulus square
of the spin + wave function |ψ+

jz ,n (r, θ) |2 (4.38) for the energy levels with even
m grouped by the ellipses in Figure 14a). b) Modulus square of the spin +
wave function |ψ+

jz ,n (r, θ) |2 for jez = −25
2 . c) Same as b) for jez = 3

2 . d) Same as
b) for jez = 27

2 . The color bar represents the strength of the probability density
and scale from 0 (light blue) to 4×10−4 nm−2 (dark blue).

Source: By the author

the R→∞ limit, yielding limR→∞

(
E+
jz+ 1

2 ,n
− E+

jz ,n

)
= 0 thus recovering the continuum

limit of the 2D energy dispersions. The k wave vector is recovered by using ∆k ∼ (jz+1)−jz
R

,
which after the limit limR→∞ also gives a continuum wave vector.

We plot in Fig. 15 and 16 the modulus square of the spin + wave functions
|ψ+
jz ,n (r, θ) |2 (4.38) for the grouped energy levels with even m (jez) in Figure 14a) and

14b). Here we have introduced the superscript e (o) in je(o)z to identify the states that are
even (odd) with respect to the spatial inversion [See Eq. (4.33)]. We emphasize that we
focus only on the spin + wave function part since the spin − part is straightforwardly
obtained using Θψ+

jz ,n = ψ−−jz ,n, yielding

∣∣∣ψ−−jz ,n∣∣∣2 = ΘΘ†
∣∣∣ψ+
jz ,n

∣∣∣2 =
∣∣∣ψ+
jz ,n

∣∣∣2 . (5.2)

In Figure 15a) we see that the electronic energy levels lying within the bulk gap region
(gray area) clearly show they are edge states with the only exception for the even jez = 3

2

state which extends within the whole QD [Figure 15c)]. More interestingly, we can see
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Figure 16 – Same as Fig. 15a) for the QD energy levels with even m grouped by the
ellipses in Fig. 14b). b) Same as Fig. 15b) for jez = −13

2 . c) Same as b) for
jez = 3

2 . d) Same as b) for jez = 27
2 .

Source: By the author

that unlike the strip confinement case, here the edge states do not start losing their edge
character when merging with the conduction/valence levels. Instead, they become more
and more localized as we can see in Figure 15a) for jz < 0. This fact together with the
extended wave function for jez = 3

2 is understood through the “centrifugal (CF) potential”
or force. From Eq. (4.10) it is possible to see that the CF potential associated to the spin
+ BHZ Hamiltonian is given by

V +
CF,jz =

 − (D +B) (jz− 1
2)2

r2 0

0 − (D −B) (jz− 3
2)2

r2

 , (5.3)

with its CF force given by F+
CF = −∂V +

CF,jz

∂r
. The CF potential (5.3) clearly shows that the

larger jz is the stronger the centrifugal potential becomes in the middle of the QD, thus
localizing the electrons (or pushing them to lie) near the QD edge. Additionally, for the
extended state jez = 3

2 [Figure 15c)], we find no CF potential (or force) in the |HH1+〉
subspace∗. Hence, we have its radial envelope function component extended within the
whole QD, which is clearly seen in Figure 15c). Although the edge states within the bulk
∗ |HH1+〉 is the most relevant subspace of the jez = 3

2 state [within the gray area of Figure 15c)]
since its energy is near the conduction levels.
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energy region (jz < 0) are more localized near the edge as we increase the absolute value
of jz, their wave function profile [Figure 15b)] are still different when compared to the
edge states lying inside the bulk gap region (jz > 0) [Figure 15d)], showing clearly the
bulk influence.

Now, if we weakly couple our QD to source and drain leads and tune their respective
chemical potential values so as to have a conduction window within the gray area of
Figures 14a) and 14b), we can restrict the quantum transport through just the edge states,
which are dissipationless and protected by TRS against elastic back-scattering†.

The analysis and discussion of the wave functions for the InAs0.85Bi0.15 non-trivial
QD with R = 60 nm (Fig. 16) is similar as for the R = 100 nm case (Fig. 15).

5.1.2 Topologically trivial InAs0.85Bi0.15 QD

In Figure 17, we plot the energy levels as functions of jz, for the hard-wall boundary
condition (Sec. 4.2.1) [determined via Eq. (4.39)] for the topologically trivial InAs0.85Bi0.15

QD. We use two different QD radii sizes R = 60 nm and R = 100 nm and effective BHZ
parameters corresponding to the InAs0.85Bi0.15/AlSb QW with thickness d = 6 nm given
in Table 1.

As expected for a QD in the topologically trivial regime, here we clearly find a
gapped region represented by the gray area in Figure 17. The lowest spin ± conduction
levels happen at joz = ±1

2 (m = ∓1). As we have already discussed in Sec. 4.3, this happens
because the jz of the upper spin ± wave function component [Eq. (4.23)] is the sum of the
(m± 1)~ envelope function angular momentum with the ±~

2 angular momentum arising
from |E1±〉 [See Eq. (2.11)], while for the lower ± wave function component [Eq. (4.23)]
it is the sum of the m~ envelope function angular momentum with the ±3~

2 angular
momentum arising from |HH1±〉 [See Eq. (2.12)].

On the other hand, the highest spin ± valence levels happen at jez = ±3
2 (m = 0)

which for the upper spin ± wave function component [Eq. (4.23)] correspond to the
sum of the (m± 1)~ envelope function angular momentum with ±~

2 angular momentum
arising from |E1±〉 [See Eq. (2.11)], while for the lower spin ± wave function component
[Eq. (4.23)] correspond to the sum of the m~ envelope function angular momentum with
the ±3~

2 angular momentum arising from |HH1±〉 [See Eq. (2.12)].

The above results can also be understood considering the lowest jez = ±1
2 QD

conduction states as arising approximately only from the periodic
∣∣∣Γ6,±1

2

〉
bulk conduction

band (arising from s-orbitals) multiplied by the envelope function with the lowest angular
momentum (m = 0), thus yielding joz = ±1

2 . As for the highest jez = ±3
2 QD valence states,

we understand them by considering them as being purely due to the periodic
∣∣∣Γ8,±3

2

〉
† Absence of elastic back-scattering here means it is impossible to scatter elastically from a

spin + state with jz to a spin − with −jz.
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Figure 17 – a) Same as Fig. 14a) for the trivial InAs0.85Bi0.15 QD with QD radius R =
100 nm. b) Same as a) for R = 60 nm.

Source: By the author

bulk valence band (arising from p-orbitals) multiplied by the lowest angular momentum
envelope function (m = 0), thus yielding jez = ±3

2 .

In Figures 17a) and 17b) we see a peculiarity in the energy levels represented by
the two branches that are deviating from the other valence levels (pointed out by the
dark green arrows and grouped by the dark green ellipses). In order to investigate and
compare these deviating energy states with the others, we plot in Figures 18a) and 18c)
the wave function of the highest spin + valence the states from jez = −25

2 to jez = 27
2 for

R = 100 nm [even states grouped by the ellipses in Fig. 17a) with Ejz < 0] and from
jez = −13

2 to jez = 27
2 for R = 60 nm [even states grouped by the ellipses in Fig. 17b) with

Ejz < 0]. Interestingly and differently from all the results for topologically trivial QDs in
the literature,23–27,27–34 here we find the appearance of trivial edge states in the valence
levels. The wave functions corresponding to the branch energy levels (3

2 ≤ jez ≤ 27
2 ) [even

states grouped by the dark green ellipses in Figs. 17a) and b)] show here the same wave
function profile as the topologically non-trivial QD edge states lying within the gap of
Figures 15a) and 16a), respectively.

Although the edge states can appear in trivial cylindrical QDs due to the CF
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potential, which is the case for the lowest even conduction states in Figs. 18b) and 18d)
[even levels grouped by the upper ellipses in Figs. 17a) and b) with Ejz > 0], we emphasize
that their wave function profiles are different from the topological edge states [Figures 15
and 16] because they do not have sharp ends near the rim of the QD. For this reason, we
will call as trivial edge states just the states corresponding to the valence branch energy
levels (3

2 ≤ jez ≤ 27
2 ) [states grouped by the lower green ellipses in Figs. 17a) and b)] which

have similar wave function profile as compared to the topological edge states, i.e., wave
functions with a sharp ends near r = R. As for the others, we will call them as valence or
conduction bulk states (or levels).
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Figure 18 – a) Modulus square of the spin + wave function |ψ+
jz ,n (r, θ) |2 (4.38) for the

highest valence states (even states grouped by the lower ellipses in Figs. 17a)
with Ejz < 0) from jez = −25

2 to jez = 27
2 . b) |ψ

+
jz ,n (r, θ) |2 (4.38) for lowest

conduction states (even states grouped by the upper ellipses in Figs. 17a) with
Ejz > 0) from jez = −21

2 to jez = 23
2 . c) Same as a) for the even states grouped

by the lower ellipses in Figs. 17b) with Ejz < 0. d) Same as b) even states
grouped by the lower ellipses in Figs. 17b) with Ejz > 0.

Source: By the author

In contrast to the topologically non-trivial edge states lying within the gap energy
region, here our trivial edge states are not isolated from the other valence levels. As a
consequence, the elastic backscattering between these trivial edge states (deviating branch
states) and the others valence bulk levels becomes possible. Thus, although we find trivial
edge states with a similar wave function profiles as those of the non-trivial edge states,
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here they are not protected. As we see next, we can still make this states robust over a
wide range of dot radii (geometric protection).

We know that wave function profile of the trivial edge states is more localized near
the QD edge (r = R) as compared to the bulk valence wave functions. Thus the energies
of the latter are more sensitive to the QD size than the energies of trivial edge states. As a
consequence, we can decrease the size of our QD in order to push the bulk valence energy
levels far away from the trivial edge states energy levels.
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Figure 19 – a) Trivial InAs0.85Bi0.15 QD energy levels as functions of jz with QD radius
R = 30 nm. b) |ψ+

jz ,n (r, θ) |2 of the edge states grouped by the ellipse in
Fig. 19a). The black triangles joz = ±1/2 states represent the bulk-like states
that merge with the edge states in Fig. 20.

Source: By the author

In Figure 19 we plot the energy levels for the topologically trivial InAs0.85Bi0.15

QD with radius R = 30 nm, where there are still two branches deviating from the other
valence levels (pointed out by the dark green arrows). Surprisingly, we find within the gray
area trivial spin resolved single Kramers pairs with spin angular-momentum locking, i.e.,
for each edge state inside the gray areas with energy Eσ

jz ,n, we find its Kramer partner
with same energy but opposite jz and σ. In summary, we show that inside the gray area of
Figures 14 and 19, both topologically trivial and non-trivial QDs contain the same features
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concerning the existence and protection of the edge states, showing thus a qualitative
equivalence between both regimes in QDs. The only difference is that in the trivial QD,
the edge states lie outside the original bulk gap in the 2D BHZ model. Therefore, similarly
to the topological QDs, here it is also possible to restrict the quantum transport through
just edge states with TRS protection against elastic backscattering (we investigate this
possibility in detail in Chapter 5).
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Figure 20 – Eigenenergies of the spin + trivial edge states jez = 3/2, joz = 5/2, jez = 7/2
and jez = 9/2 within the gray area of Figure 19a) and their nearest bulk
valence level joz = 1/2 as a function of QD radius R. The red points indicate
the crossing points where the number of the protected trivial edge states is
decreased by one as they become degenerate or start coexisting with bulk
states.

Source: By the author

While in the topologically non-trivial QD, the edge states are protected by the
non-trivial topology of the system, in the topologically trivial QD the edge states are
geometrically protected by the small radius of the QD confinement. The latter prevents the
coexistence of the bulk-like and edge-like valence states within the gray area in Figure 19
for QD radii R < 44 nm. Due to the different sensitivity of the bulk-like wave functions
and the edge-like states, as we increase the radius R > 44 nm, the nearest bulk valence
state in energy, joz = 1

2 , goes inside the gray area and cross the edge-like energy levels at
Rc1 = 44 nm and Rc2 = 106 nm [see crossing points (red dots) in Figure 19], allowing
now for possible scatterings within our defined gray area. As a result, the number of
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protected trivial edge states is effectively reduced by one at R = Rc1 and R = Rc2. This is
clearly seen in Figure 20 where we plot the energy levels of the spin + jez = 3/2, joz = 5/2,
jez = 7/2 and jez = 9/2 edge states within the gray area of Figure 19a), together with their
nearest bulk valence level joz = 1/2 outside the gray area as a function of the QD radius.
Although at both of these points, the number of the protected edge states is decreased our
features remain the same for a reasonably energy window.

5.1.3 Topologically trivial InAs0.85Bi0.15 QD in the presence of BIA

In Zincblende structures, the lack of bulk inversion symmetry allows for the
appearance of BIA (bulk inversion asymmetry) terms. Here we investigate our protected
helical edge states in trivial InAs0.85Bi0.15 QD [Fig. 19] in the presence of these terms. As
we already discussed in Sec. 11, the BIA term here should be very important since Bi-based
compounds have larger spin-orbit interaction, thus possibly enhancing the strength of the
BIA terms. In leading order, the BHZ Hamiltonian with BIA reads5,51,72

HBIA
InAsBi = C −Dk2 +


M −Bk2 Ak+ 0 −∆BIA

Ak− −M +Bk2 ∆BIA 0
0 ∆BIA M −Bk2 −Ak−

−∆BIA 0 −Ak+ −M +Bk2

 , (5.4)

with eigenenergies given by72

E±,s=±BHZ (k,∆BIA) = C −Dk2 ±
√

(A |k|+ s∆)2 + (M −Bk2)2. (5.5)

Using the parameters on Tab. 1, assuming |k| ≈ 1
R
with R = 30 nm, and ∆BIA = 4 meV

(twice the value of HgTe/CdTe?) we estimate the energy shift in, e.g., the valence levels, as

E−,s=±BHZ

( 1
R
,∆BIA

)
− E−,s=±BHZ

( 1
R
,∆BIA = 0

)
≈ 2meV, (5.6)

leading to small energy level shift as compared to the QD energy separation. A similar
estimate also holds for the topological InAs0.85Bi0.15 QD. Therefore, we expect that the
inclusion of the BIA terms does not destroy the protected trivial helical edge states in
Figure 19.

5.1.4 Ordinary InAs QD

In order to check whether the protected trivial helical edge states are present or not
in ordinary large gap QDs, here we investigate the energy levels and their corresponding
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wave function profiles for the ordinary InAs QD. As opposed to the topologically trivial
and non-trivial InAsBi QWs, the ordinary InAs/AlSb QW with its large subband gap can
be treated approximately using decoupled parabolic dispersions with realistic effective
masses. The respective Hamiltonian for the spin degenerate lowest conduction |C1±〉 (with
energy EC1), and the highest valence |H1±〉 (with energy EH1) subbands reads

HInAs =



~2

2mC1
k2 + EC1 0 0 0

0 ~2

2mH1
k2 − EH1 0 0

0 0 ~2

2mC1
k2 + EC1 0

0 0 0 ~2

2mH1
k2 − EH1

 . (5.7)

Realistic k · p calculations114 for the InAs/AlSb QW with well thickness d = 6 nm yield
EC1 = 200.7 meV, EH1 = 200.7 meV, mC1 = 0.0473m0 and mH1 = −0.2163m0. The wave
function solutions of Eq. (5.7) for the hard-wall case read

ψC1±
jz ,n (r, θ) = pjz ,nIjz∓ 1

2
(λC1r) ei(jz∓

1
2)θ, (5.8)

ψH1±
jz ,n (r, θ) = qjz ,nIjz∓ 3

2
(λH1r) ei(jz∓

3
2)θ, (5.9)

with λC1 =
√√√√E

C1±
jz,n
−EC1

− ~2
2mC1

, λHH1 =
√√√√E

H1±
jz,n

+EH1

− ~2
2mH1

and pjz ,n, qjz ,n as being the normalization

factors. By imposing that the above wave functions vanish at r = R, we obtain the energy
levels

EC1±
jz ,n = EC1 + ~2

2mC1

αnjz∓ 1
2

R

2

, (5.10)

EH1±
jz ,n = −EH1 + ~2

2mH1

αnjz∓ 3
2

R

2

, (5.11)

where αn
jz∓ 1

2
and αn

jz∓ 3
2
are the nth-zeros of the modified Bessel function of order jz ∓ 1

2

and jz ∓ 3
2 , respectively.

As a direct consequence of the solutions for parabolic dispersions, Eqs. (5.8) and
(5.9), here we have the appearance of the following extra degeneracy (in addition to
the Kramers degeneracy) of the energy levels arising from Ijz∓ 1

2
(λr) = I−jz± 1

2
(λr) and

Ijz∓ 3
2
(λr) = I−jz± 3

2
(λr), i.e.,



76

EC1±
jz∓ 1

2 ,n
= EC1±

−jz± 1
2 ,n
, (5.12)

EH1±
jz∓ 3

2 ,n
= EH1±

−jz± 3
2 ,n
. (5.13)

Using now the TRS energy degeneracy E±jz ,n = E∓−jz ,n, we find for each jz level (jz 6= ±1
2

for C1± and jz 6= ±3
2 for H1±) the following 4-fold degeneracy of the ordinary InAs QD

energy levels

EC1±
jz∓ 1

2 ,n
= EC1∓

−(jz∓ 1
2),n = EC1±

−jz± 1
2 ,n

= EC1∓
−(−jz± 1

2),n, (5.14)

EH1±
jz∓ 3

2 ,n
= EH1∓

−(jz∓ 3
2),n = EH1±

−jz± 3
2 ,n

= EH1∓
−(−jz± 3

2),n. (5.15)
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trivial InAs0.85Bi0.15 QD with QD radius R = 30 nm. b) Modulus square of
the spin + wave function for edge grouped by the ellipse.

Source: By the author
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This inherent degeneracy of the InAs QD levels (not present in the BHZ QDs)
can be seen in Fig. 21 where we plot the energy levels Eqs. (5.10) and (5.11) with the
probability densities |ψ+

jz ,n (r, θ) |2 Eqs. (5.8) and (5.9) for states grouped by the ellipse
in Fig. 21. In contrast to the degenerate Kramers pairs energy levels, which cannot be
scattered into each other due to the TRS protection Eq. (5.1), here the new degenerate
levels Eqs. (5.12) and (5.13) are allowed to scatter into each other (curved black arrows in
Fig. 21) thus effectively destroying the whole protection of the 4-fold states. Additionally,
the helical character in the ordinary InAs QD is also absent since the degenerate states in
Eqs. (5.12) and (5.13) have circulating currents with opposite propagating directions. As
for the almost flat valence levels in Fig. 21 as function of jz, the reason lies in the large
effective mass of the heavy-hole states.

We emphasize that even by including higher order k-terms like k4 and k6 in the
diagonal of Eq. (5.7), we still do not find protected trivial helical edge states. This can
be understood by noting that a Hamiltonian even in k will always produce degenerate
conduction (valence) levels with respect to the jz of the lowest conduction level (highest
valence level). Thus, in order to break this degeneracy arising from a Hamiltonian even
in k, we need to include in the Hamiltonian large odd terms in k. This situation occurs
in particular for the topologically trivial InAs0.85Bi0.15 QD (described by the BHZ Hamil-
tonian), where the linear terms in k, Ak±, dominate all the other terms, thus breaking
the degeneracy and yielding a very asymmetric spectrum with respect to the jz of the
highest valence state Fig. 19. Therefore, we see that the two-level structure of the BHZ
Hamiltonian with its large linear term is an important ingredient to find the protected
trivial helical edge states.

5.1.5 Ordinary InAs QD in the presence of C1-H1 mixing

In order to investigate the stability of the ordinary InAs QD results, here we
include the mixing between the |C1±〉 and |H1±〉 subbands in the effective InAs/AlSb QW
Hamiltonian allowed by k · p theory.63,122 This coupling is modelled through the ±A′k±
terms in the Hamiltonian

HC1−H1
InAs =



~2

2mC1
k2 + EC1 A′k+ 0 0
A′k−

~2

2mH1
k2 − EH1 0 0

0 0 ~2

2mC1
k2 + EC1 −A′k−

0 0 −A′k+
~2

2mH1
k2 − EH1

 . (5.16)
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The new energies thus read

E± = EC1 + EH1

2 +~2

4

(
1
mC1

+ 1
mH1

)
k2±

√√√√[EC1 − EH1

2 + ~2

4

(
1
mC1

− 1
mH1

)
k2

]2

+ (A′k)2.

(5.17)

Here we estimate the QD energies by making |k| ≈ 1
R
in the above formula (the QD radius

is a reasonable assumption for |k|) which using leading order perturbative expansion yields
the following energy change due to the |C1±〉 − |H1±〉 mixing.

∆Emix
C1−H1 ≈

(
A′

R

)2

EC1 − EH1

. (5.18)

Using EC1 − EH1 = 401.4 meV, A′ ≈ 300 meV.nm (Tab. 1) and R = 30 nm, we obtain

∆Emix
C1−H1 ≈ 1 meV, (5.19)

which is much smaller as compared to the energy separation of two conduction QD levels
Fig. 21 and thus should not change the main feature of it.

We emphasize that although we have linear terms in k in the Hamiltonian (5.16),
the degeneracies here are just lifted to within ∼ 1 meV as the linear terms are not large as
compared to the rest of the Hamiltonian for the lowest energy states (this is in contrast
with the BHZ model for which the linear terms are relevant).

5.1.6 Ordinary InAs QD in the presence of spin orbit Rashba term

Although we have performed our calculations by only considering symmetric
InAs/AlSb QWs, we can estimate the shift in the QD energy due to spin-orbit interaction
(linear Rashba term41,67) arising from a possible structural inversion asymmetry (SIA).
For the sake of simplicity, we only consider the Rashba term within the electron subspace.
For this case, our Hamiltonian reads

HRashba
InAs =



~2

2mC1
k2 + EC1 0 −iαk− 0

0 ~2

2mH1
k2 − EH1 0 0

iαk+ 0 ~2

2mC1
k2 + EC1 0

0 0 0 ~2

2mH1
k2 − EH1

 . (5.20)
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The new conduction energies are given by

E±C1,SIA = EC1 + ~2k2

2mC1

± α |k| . (5.21)

Using the realistic α = 28 meV.nm123 and again making |k| ≈ 1
R

with R = 30 nm, we
obtain the QD energy level shift due the Rashba spin orbit coupling

∆EC1,SIA ≈
α

R
→ ∆EC1,R ≈ 0.9 meV, (5.22)

which is also small as compared to the energy separation of two conduction QD energy
levels [c.f., Eq. (5.19)].

5.1.7 Ordinary InAs QD in the presence of bulk inversion asymmetry term (BIA)

Here we investigate the influence of the BIA terms in the ordinary InAs QD arising
from the lack of the bulk inversion symmetry. We also consider only the BIA terms within
the electron subspace. Using the leading order BIA terms36,41 in Eq. (5.7) we obtain

HBIA
InAs =



~2

2mC1
k2 + EC1 0 −βk+ 0

0 ~2

2mH1
k2 − EH1 0 0

−βk− 0 ~2

2mC1
k2 + EC1 0

0 0 0 ~2

2mH1
k2 − EH1

 , (5.23)

which has eigenvalues

E±C1,BIA = EC1 + ~2k2

2mC1

± β |k| . (5.24)

The linear Dresselhaus parameter for InAs/AlSb QW is typically β ≈ 5 meV.nm.123 Using
then |k| ≈ 1

R
with R = 30 nm, we obtain the following shift in the QD energy levels

∆EC1,BIA ≈
β

R
→ ∆EC1 ≈ 0.17 meV, (5.25)

which is also negligible compared to the QD energy level separation.
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5.2 Circulating current densities

In this section we investigate the circulating current densities
〈
j±jz ,n

〉
(r) of the

QD energy levels for both topologically trivial and non-trivial InAs0.85Bi0.15 QDs. Most
importantly, we investigate and compare whether there are differences or not between the
protected trivial and non-trivial helical edge states (within the gray areas) found in the
last section in Figs. 19 and 14, respectively.

5.2.1 Topologically non-trivial InAs0.85Bi0.15 QD

In Fig. 22 we plot the energy levels for the topological QD with R = 40 nm together
with their respective spin up circulating currents for the levels represented by the pentagon,
star and square. Similar to the wave function results, the circulating current of the state
within the gap region, jz = 13/2 (square) in Fig. 22 is localized near the edge. Interestingly,
although the jz = 3/2 level (star) was not considered as edge state since its wave function
is extended through the whole QD, we see that its associated circulating current shows a
larger density contribution near the edge. This comes from the fact that the circulating
current Eq. (4.52) is proportional to the product of the upper I1,n

E1 (r) and lower I0,n
HH1 (r)

wave function components. While the larger I0,n
HH1 (r) component is extended through the

whole QD, the I1,n
E1 (r) is localized near the edge. As a consequence, the product of both

yields a circulating current with large edge character.

Additionally, we also see a circulating current density localized near the edge for
the bulk state outside the gray area, jz = −7/2 (pentagon). However, it has a very different
profile as compared to the levels within the gray area region (star and square). This stems
from the fact that the pentagon is a bulk state under the presence of the centrifugal
potential confining arising due to our QD geometry [similarly to the wave function results
Figure 16b)]. The highest circulating current density peak is found for the jz-highest level,
jz = 13/2 (square), which is a consequence of its having the most localized edge character.

We showed in Sec. 4.4 that the total circulating current formula is composed of a sum
of two different parts. The first term, called the Bloch contribution

〈
j±jz ,n

〉
b
stems from the

periodic Bloch functions while the second one, the envelope function contribution
〈
j±jz ,n

〉
e

stems from the total envelope function arising from the 3D heterostructure confinement.
Now we use Eqs. (4.52) and (4.53) to obtain a rough estimate of the ratio between them.
Using thus jz ∼ 2, P = 0.9055 eV.nm and r ∼ R = 40 nm, we find

〈
j±jz ,n

〉
b〈

j±jz ,n
〉
e

≈ r P√
2 ~2

m0
jz
≈ 340, (5.26)

which shows that the circulating currents are mostly related to the Bloch contribution (in
agreement with Ref. 69. The linear dependence on the QD radius in Eq. (5.26) (also in
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Figure 22 – QD energy levels as functions of jz for a topological QD with R = 40 nm and
b) the spin up circulating current Eq. (4.51) for the three levels represented
by the pentagon (jz = −7/2), star (jz = 3/2) and square (jz = 13/2). The
horizontal lines here represent the soft-wall QW barriers.

Source: By the author

agreement with Ref. 69, refers to the fact that the larger R, the closer our QD approach
the bulk material limit, thus leading to a larger Bloch current contribution. On the other
hand, the ratio dependence on 1

jz
refers to the fact that the larger the angular momentum

jz is, the larger the envelope function angular momentum is, thus yielding a large envelope
function contribution

In order to distinguish more precisely the two contributions, we plot in Fig. 23
the envelope function contribution of the total circulating currents, Eq. (4.53), for the
pentagon (jz = −7/2), star (jz = 3/2) and square (jz = 13/2) states in Fig. 22. The
magnitude of the color bar here is set as the same as the one in Fig. 22. Therefore, in all
the plots of Fig. 22 we have multiplied the density plots by a factor of 15 to make easier a
comparison with the total circulating currents.

We see in Fig. 23 that the envelope circulating current associated to the pentagon
symbol (jz = −7/2) is the only one with opposite angular propagation direction as
compared to the total circulating currents in Fig. 22. This is understood through Eq. (4.53)
which yields a negative sign for jz < 3/2. As for the current of the star state jz = 3/2,
we interestingly find a negligible current contribution which cannot be visualized using
the 15× amplification. This fact arises from 1) the spin-up star jz = 3/2 state is almost
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Figure 23 – Spin-up envelope circulating current Eq. (4.53) for the three levels represented
by the pentagon (jz = −7/2), star (jz = 3/2) and square (jz = 13/2) in
Figure 22. Here the circulating currents were plotted with an amplification of
15 times.

Source: By the author

purely HH1+ states, so that the I0,n
HH1(r) - HH1+ wave function component is larger

than I1,n
E1 (r) - E1+ wave function component and 2) the star jz = 3/2 spin up state has

no circulating current envelope contribution from the HH1+ subspace. Applying these
two facts in Eq. (4.53) we thus understand the negligible envelope circulating current.
The jz = 13/2 state represented by the square symbol is the one that shows the largest
envelope circulating current contribution, which is attributed to its higher envelope angular
momentum.

5.2.2 Topologically trivial InAs0.85Bi0.15 QD

In Figure 24 we plot the QD energy levels for the trivial QD with R = 40 nm
together with their respective spin up circulating currents for the levels represented by the
pentagon (jz = −3/2), star (jz = 3/2) and square (jz = 9/2). Here we find similar results
as compared to the ones of the non-trivial regime, i.e., 1) the bulk state represented by
the pentagon shows a current near the edge as a consequence of the centrifugal potential
confinement, 2) the star level which has an extended wave function has its circulating
current localized near the edge and 3) the square level has the highest circulating current
density as a consequence of its highest total angular momentum. Most importantly, we
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Figure 24 – Same as Fig. 22 for the trivial QD with R = 40 nm with the spin up circulating
current for the pentagon (jz = −3/2), star (jz = 3/2) and square (jz = 9/2)
levels.

Source: By the author

conclude that although the highest jz = 3/2 valence state within the gray areas of Figs 19
and 24 are not edge states as their wave functions are extended through the whole QD,
their circulating currents are localized near the edge. Therefore, we can also call the
jz = 3/2 state as a protected helical edge state.

The envelope contribution of the total circulating currents, Eq. (4.53), is plotted in
Fig. 25 with an amplification factor of 20 in order to scale with Fig. 24. Here, the results
are also very similar to the topological QD case. The pentagon state (jz = −3/2) has a
circulating current propagating in opposite direction as compared to the total circulating
current, which stems from the negative total angular momentum. The negligible envelope
contribution of the star state (jz = 3/2) arises from a valence state with zero angular
momentum. Finally, the square state (jz = 9/2) has the larger envelope circulating current
contribution due to its higher envelope angular momentum.

To compare the circulating currents of the topologically non-trivial helical edge
states within the gray area of Fig. 14 with the topologically trivial helical edge states within
the gray area of Fig. 19, we plot in Fig. 26 both circulating currents for R = 40 nm with
jz = 3/2 and jz = 5/2. The highest current density is achieved in the trivial case because
of its smaller QW thickness d. Despite this fact we note that both topologically non-trivial
and trivial circulating currents for the same QD radius R and jz are essentially the same.
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Figure 25 – Spin-up envelope circulating current Eq. (4.53) for the three levels represented
by the pentagon (jz = −3/2), star (jz = 3/2) and square (jz = 9/2) in
Figure 22. Here the circulating currents were plotted with an amplification of
20 times.

Source: By the author

We have also calculated the integrated current density over half of the cross section of
the QD, I±jz ,n =

∫
dS ·

〈
j±jz ,n

〉
=
∫ R

0 dr
∫ d

2
− d2

dz
∣∣∣〈j±jz ,n〉∣∣∣ ∼ 0.17 µA for both topologically

non-trivial and trivial edge states with a difference of only 2% between them, thus showing
no significant difference either. Therefore, we conclude that from the point of view of
the circulating currents there are no substantial differences between the topologically
non-trivial and trivial protected helical edge states.

5.3 HgTe/CdTe QD

In Figure 27, we make a plot similar to that in Fig. 19 for the trivial HgTe/CdTe
QD, for which we have used the BHZ parameters from Ref. 73. As we can see, the feature
found here, i.e., the appearance of protected trivial helical edge states, is not a particular
result related to our InAs0.85Bi0.15 QD. Instead, it also can be found in other systems such
as HgTe/CdTe QDs. On the other hand, there are still some differences when Figure 27
is compared with Figure 19. For instance, we see that here the number of the protected
trivial helical edge states is decreased by one. We find that the number of the protected
trivial helical edge states strongly depends on the BHZ parameters. More specifically, the
smaller the difference |D| − |B| with D < 0 (D > 0) is, the larger the number of protected
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Figure 26 – Spin up circulating currents for the topologically non-trivial QD with R =
40 nm for a) jz = 3/2 and b) jz = 5/2. Same as a) and b) for the topologically
trivial QD with R = 40 nm for c) jz = 3/2 and d) jz = 5/2. The horizontal
lines here represent the soft-wall QW barriers.

Source: By the author

helical edge states in the valence (conduction) subspace is.

5.4 Stability of the protected trivial helical edge states under the soft wall confine-
ment

In this section we study the stability of the protected trivial helical edge states
under the replacement of the hard wall confinement by the realistic soft wall confinement.
As we will see in the following, the inclusion of the soft wall confinement only changes the
number of protected helical edge states within the gray area of Fig. 19, thus preserving
the main feature of our work.

5.4.1 Soft-wall confinement

Here, using the soft wall confinement we analyze the QD energy levels (given by
Eq. 4.40) for both topologically trivial and non-trivial InAs0.85Bi0.15 QDs and compare
them to the ones arising from the hard wall confinement Eq. 4.39. The soft wall barriers
can represent QDs defined electrostatically using gates on the QWs124–126 or even QDs
fully defined by the heterostructure confinement.124–126

In Figure 28 we plot the energy levels using M0 = 2 eV and M0 = 15 eV for the
topologically non-trivial InAs0.85Bi0.15 QD with R = 60 nm. The solid blue and red colors
represent the hard wall case while the faded colors represent the soft wall case. We see
that the energy levels corresponding to the edge states are more sensible to the soft wall
confinement than the bulk-like states. Also, while the soft wall energy shift of the edge
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Figure 27 – a) Topologically trivial HgTe/CdTe QD energy levels for R = 30 nm. b)
|ψ+
jz ,n (r, θ) |2 of the edge states grouped by the ellipse.

Source: By the author

states is proportional to jz, for the bulk states we do not find a significant dependence.
This fact can be understood by the following argument. When we go from the hard wall to
the soft wall confinement, the states start to have a non-null wave function contribution in
the soft wall barrier region. Since the wave function of the edge states are more localized
near the interface as compared to the bulk states, their wave function contribution arising
in the soft wall barrier region will be larger. Thus, using perturbation theory we obtain
for the edge states a larger energy correction, and hence a larger shift in the energy levels.
As for the dependence on jz we just need to recall that the larger jz is the more localized
the wave function is.

In Figure 29 we plot the energy levels for the topologically trivial InAs0.85Bi0.15

QD with R = 30 nm using M0 = 2 eV and M0 = 15 eV. As we can see, the presence of the
protected trivial helical edge states is not changed by the soft wall potential, showing thus
that our results do not depend specifically on the fictitious hard wall confinement. By
comparing now Figure 29 with Figure 28 we see that both bulk-like and edge-like states
behave similar in the presence of the soft wall confinement (shifts in energy proportional to
jz), showing one more time the equivalence between the topologically trivial and non-trivial
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Figure 28 – a) Topologically non-trivial InAs0.85Bi0.15 QD energy levels as functions of
jz for the soft (MO = 2 eV) and hard wall case (MO → ∞) for R = 60 nm.
b) Same as a) for the soft wall MO = 15 eV case. The faded (solid) colors
represent the soft wall (hard wall) case. The black arrows denote the transitions
between the spin down and up states of the BHZ blocks, red and blue symbols,
respectively.

Source: By the author

protected helical edge states. Moreover, we see that it is possible to fully control the number
of trivial helical edge states within the gray area by tuning M0 through the soft barrier
modulated by tunable gates.

In the next chapter we will perform two-terminal QD conductance calculation in
both topological regimes using edge states as the conducting energy levels. The idea is to
see whether there are differences in the conductance between the topologically trivial and
non-trivial edge states, in order to possibly distinguish them from the point of view of
transport calculation.
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Figure 29 – a) Topologically trivial InAs0.85Bi0.15 QD energy levels as functions of jz for
the soft (MO = 2 eV) and hard wall case (MO →∞) for R = 60 nm. b) Same
as a) for the soft wall MO = 15 eV case. The faded (solid) colors represent
the soft wall (hard wall) case. The arrows denote the forbidden transitions
between the spin down and up states of the BHZ blocks, red and blue symbols,
respectively.

Source: By the author
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6 CONDUCTANCE CALCULATION

In this chapter, we couple our non-interacting QDs to left and right leads and
calculate the conductance G using the Green function formalism within linear response at
T = 0 K.110,111,127–129 The idea here is to check if it is possible through our conductance
calculation to make experimental predictions for G via which one can distinguish the
geometrically protected trivial helical edge states from the topological non-trivial ones.
As we find in this chapter, the calculation of G involving only the protected edge states
(trivial and non-trivial) shows equivalent two-peak resonance profiles as a function of the
QD radius and the gate Vg controlling the QD energy levels with respect to the Fermi level
of the leads. This implies that conductance measurements should not be able t distinguish
trivial and non-trivial BHZ QDs.

6.1 QD Hamiltonian and its Green function

In this section we derive the Green functions for our non-interacting BHZ QD
coupled to left (L) and right (R) leads.110,111,127–129 We consider a BHZ QD (either
trivial or non-trival) with only four levels given by two Kramers pairs tunned within the
conduction window by external gates. We denote them by |1〉 = |n, jz,+〉, |2〉 = |n,−jz,−〉,
|3〉 = |n′, j′z,+〉 and |4〉 = |n′,−j′z,−〉 [obtained from Eq. (4.38)] with ε1 = ε2, ε3 = ε4 and
εi = εi (R, Vg) [obtained from Eq. (4.39)], with R the QD radius and Vg an additional gate
controlling the dot levels with respect to the Fermi energy εF of the leads. For this QD,
the most general Hamiltonian reads

H =
∑
i

εid
†
idi +

∑
kα,α,σ

εkασc
†
kασ

ckασ +
∑

i,kα,α,σ

V i
kασd

†
ickασ +

∑
i 6=j

tijd
†
jdi + h.c., (6.1)

where d†i creates an electron in the QD state |i〉 with energy εi = εi(R, Vg), and the
dependence of the QD energy levels on the gate Vg is assumed as εi (R, Vg) = εi (R)− eVg.
Additionally, i denotes the set of QD quantum numbers n, jz, and ± (or ↑,↓ ∗), and
c†kασ creates an electron in the lead α = L,R with wave-vector kα, energy εkασ and spin
component σ = ↑, ↓. V i

kασ denotes the dot-lead coupling and tij denotes the coupling of
the dot levels. Since we are assuming QDs invariant by TRS, TRS prevents the elastic
scattering between the two states composing a Kramers pairs, so that we have t12 = t34 = 0.
∗ Due to the mixing between spin up ↑ and spin down ↓ components within the |E1±〉 subbands,

the spin index ↑ (↓) is not a good quantum number within the BHZ subspace +(−). However,
we calculate 〈jz±| sz |jz±〉 ' ±~

2 ; hence it is an excellent approximation to identify the ±
subspace with ↑, ↓ [See Sec. 2.3]
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Although we have numerically calculated the Green functions for the complete
Hamiltonian in (6.1), here we will only derive them in the absence of spin-flip processes as
it is simpler analytically. We emphasize, however, that the inclusion of spin-flip processes
does not yield fundamental differences in the results as these terms are small.38 Therefore,
we take t14 = t23 = V

2(4)
kα↑ = V

1(3)
kα↓ = 0, and the general Hamiltonian in (6.1) assumes

the following spin block diagonal form with the spin up Hamiltonian H↑ schematically
represented in Fig. 30.

H =

=H↑︷ ︸︸ ︷
ε1d
†
1d1 + ε3d

†
3d3 +

∑
kα↑,α

εkα↑c
†
kα↑ckα↑ +

∑
kα↑,α

(
V 1

kα↑d
†
1ckα↑ + V 3

kα↑d
†
3ckα↑

)
+ t13d

†
1d3 + h.c.

+

=H↓︷ ︸︸ ︷
ε2d
†
2d2 + ε4d

†
4d4 +

∑
kα↓,α

εkα↓c
†
kα↓ckα↓ +

∑
kα↓,α

(
V 2

kα↓d
†
2ckα↓ + V 4

kα↓d
†
4ckα↓

)
+ t24d

†
2d4 + h.c.,

(6.2)

jz jz+1

t13

 QD

Lead  RLead  L

Figure 30 – Schematic figure for the spin up Hamiltonian with levels ε1, ε3 coupled to each
other through t13 and coupled to left and right leads through V 1,3

kL
and V 1,3

kR
.

Source: By the author

We solve our Hamiltonian H↑ using the Green functions approach102–105 discussed
in Chapter 3. Introducing the retarded spin up Green function Gnn′(t) and its respective
Fourier transform Gnn′(E),

Gnn′ (t) ≡
〈〈
dn, d

†
n′

〉〉
= 1
i~
θ (t)

〈{
dn (t) , d†n′ (0)

}〉
, (6.3)

Gr
nn′ (E) ≡

〈〈
dn, d

†
n′

〉〉
=
∫ ∞
−∞

dtGn,n′ (t) ei(
E
~ +i0+)t, (6.4)

where n, n′ = 1, 3, we obtain the following equations of motion for the retarded spin up
Green functions
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E − ε1 + iη −∑11

α 0 0 −∑13
α −t∗13

0 E − ε3 + iη −∑33
α −∑31

α −t13 0
0 −∑13

α −t∗13 E − ε1 + iη −∑11
α 0

−∑31
α −t13 0 0 E − ε3 + iη −∑33

α

 =


1
1
0
0


×
(
Gr

11 (E) Gr
33 (E) Gr

13 (E) Gr
31 (E)

)T
(6.5)

with ∑ab
α = ∑

kα,α

V akα↑V
b∗
kα↑

E−εkα↑+iη
, α = L,R and a, b = 1, 3. The solution of the above linear

system Eq. (6.5) is given by

Gr
11 (E) = 1

E − ε1 −
∑11
α −

(∑13
α

+t∗13)(
∑31

α
+t13)

E−ε3−
∑33

α
+iη

+ iη
, (6.6)

Gr
33 (E) = 1

E − ε3 −
∑33
α −

(∑13
α

+t∗13)(
∑31

α
+t13)

E−ε1−
∑11

α
+iη

+ iη
, (6.7)

Gr
13 (E) =

∑13
α +t∗13(

E − ε1 −
∑11
α +iη

) (
E − ε3 −

∑33
α +iη

)
−
(∑13

α +t∗13

) (∑31
α +t13

) , (6.8)

Gr
31 (E) =

∑31
α +t13(

E − ε1 −
∑11
α +iη

) (
E − ε3 −

∑33
α +iη

)
−
(∑13

α +t∗13

) (∑31
α +t13

) . (6.9)

The importance of calculating the retarded Green functions Eqs. (6.6)–(6.9), is because they
are connected to physical quantities such as the eigenenergies of our problem,102–105 the local
density of states (LDOS),102–105 and the conductance.102–105,110,111,127–129 In the following
section we obtain explicitly these physical quantities. Due to TRS, the Green functions
for the spin down Hamiltonian H↓ are given by Gr

22(E) = Gr
11(E), Gr

44(E) = G33(E),
Gr

24(E) = Gr
13(E) and Gr

42(E) = Gr
31(E) since t13 = t24, ε1 = ε2, ε3 = ε4,

∑11
α = ∑22

α ,∑13
α = ∑24

α and ∑33
α = ∑44

α .

6.2 Conductance

From the Green functions obtained above (6.6)–(6.9), we calculate the conductance
using the result obtained by Meir-Wingreen103,110,111 assuming: 1) equal left and right
density of states in the leads (ρL = ρR) and 2) equal spin-conserving couplings of the QD
to left and right leads

(
V a

kL↑ = V a
kR↑

)
yielding ΓL = ΓR. In the absence of spin-flip process,

we determine the conductance formula just for one particular spin, and then multiply
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the result by a factor of two to take into account both spins. Within the Meir-Wingreen
approach, the spin up current in the equilibrium regime reads103,110,111

J↑ = − e
h

∫
dE [fL (E)− fR (E)] Im

[
tr
{
ΓL(R) (E) Gr (E)

}]
, (6.10)

where e < 0 is the electron charge, h is the Planck constant, fL(R) (E) is the Fermi-Dirac
distribution of left (right) lead defined here as

fL (E) = 1(
1 + e

E−µL
kBT

) , fR (E) = 1(
1 + e

E−µR
kBT

) , (6.11)

where kB is the Boltzmann constant, T is the temperature and µL(R) is the chemical
potential of the left (right) lead. As for ΓL(R) (E) and Gr (E), we have

(
ΓL(R)

)
ab

(E) =
ΓL(R)
ab (E) = 2πρL(R) (E)V a

kL(R)↑V
b∗

kL(R)↑ and (Gr)ab (E) = Gr
ab (E), or explicitly,

ΓL (E) = 2πρL (E)
 V 1

kL↑V
1∗

kL↑ V 1
kL↑V

3∗
kL↑

V 3
kL↑V

1∗
kL↑ V 3

kL↑V
3∗

kL↑

 , Gr (E) =
 Gr

11 (E) Gr
13 (E)

Gr
31 (E) Gr

33 (E)

 .
(6.12)

Within linear response, i.e., µL − µR = −eV with eV � µL,R, we write

fL(E)− fR(E) ≈ (µL − µR)
(
−∂f0

∂E

)
= (−eV )

(
−∂f0

∂E

)
, (6.13)

with the equilibrium Fermi function f0(E) = 1/(e
E−εF
kBT + 1), in which we have taken the

chemical potential at T = 0 K, i.e., the Fermi energy limT→0 µ = εF . Therefore, within
linear response we have our conductance (6.10) given by

G↑ = dJ↑
dV

∣∣∣∣∣
V=0

= e2

h

∫
dE Im

[
tr
{
ΓL(R) (E) Gr (E)

}](
−∂f0

∂E

)
, (6.14)

which at T = 0 K reads

G↑ = e2

h
Im

[
tr
{
ΓL(R) (εF ) Gr (εF )

}]
. (6.15)

Hence, the total (spin ↑ and ↓) conductance follows

G = G↑ + G↓ = 2G↑. (6.16)
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Now we assume the wide-band limit103,110,111 in the leads, i.e., our leads have a constant
and uniform 2D density of states with an energy range ∆εL centered at 0, much larger
than the characteristic energies of our quantum dot, i.e., (∆εL � E),

ρα (E) = 1
∆εL

Θ
(

∆εL
2 − E

)
Θ
(

∆εL
2 + E

)
. (6.17)

For practical reasons, we will also assume a k-independent tunneling potential V i
kα = V i

α,
yielding for ∑ab

α in Eqs. (6.6)-(6.9)

ab∑
α

=
∑
kα,α

V a
kαV

b∗
kα

E − εkα + iη
=
∑
α

V a
α V

b∗
α

∑
kα

1
E − εkα + iη

. (6.18)

By performing the change ∑kα →
L2

(2π)2
∫
dkα, together with

L2

(2π)2

∫
dkα =

∫
dεkαρα (εkα) , (6.19)

we obtain

ab∑
α

=
∑
α

V a
α V

b∗
α

∫ ∞
−∞

dεk
ρα (εk)

E − εk + iη
,

=
∑
α V

a
α V

b∗
α

∆εL
lim
η→0+

∫ ∆εL
2

−∆εL
2

dεk
E − εk

(E − εk)2 + η2
− i

∫ ∆εL
2

−∆εL
2

dεk
η

(E − εk)2 + η2

 ,
=
∑
α V

a
α V

b∗
α

∆εL

− ln |E − εk|
∆εL

2

−∆εL
2
− iπ

∫ ∆εL
2

−∆εL
2

dεk δ (E − εk)
 ,

=
∑
α V

a
α V

b∗
α

∆εL

ln
∣∣∣∣∣E + ∆εL

2
E − ∆εL

2

∣∣∣∣∣− iπ
1 if − ∆εL

2 < E < ∆εL
2

0 if |E| > ∆εL
2

 ,
=
∑
α V

a
α V

b∗
α

∆εL
ln
∣∣∣∣∣E + ∆εL

2
E − ∆εL

2

∣∣∣∣∣− iπ
∑
j,α V

a
α V

b∗
α

∆εL
Θ
(

∆εL
2 − E

)
Θ
(

∆εL
2 + E

)
,

=
∑
α V

a
α V

b∗
α

∆εL
ln
∣∣∣∣∣E + ∆εL

2
E − ∆εL

2

∣∣∣∣∣− iπ∑
α

ρα (E)V a
α V

b∗
α . (6.20)

Applying now the wide-band limit ∆εL � E,103,110,111 the above term is given by the
following fully imaginary value
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a,b∑
α

=
∑
kα,α

V a
kαV

b∗
kα

E − εkα + iη
≈
∑
α V

a
α V

b∗
α

∆εL
ln |−1| − iπ

∑
α

V a
α V

b∗
α ρα (E) = −iπ

∑
α

V a
α V

b∗
α ρα (E) ,

(6.21)

which is related to the broadening of the α-lead Γαab = 2πραV a
α V

b∗
α by

ab∑
α

= −iΓL(R)
ab . (6.22)

Therefore, using Eq. (6.22) in Eq. (6.16), the total conductance through our QD reads,

G = 2e2

h

[
ΓL33 (εF − ε1) + ΓL11 (εF − ε3) + 2t13ΓL13

]2
[(εF − ε1) (εF − ε3)− t213]2 + [ΓL33 (εF − ε1) + ΓL11 (εF − ε3) + 2t13ΓL13]2

, (6.23)

where we recall that εi = εi(R, Vg) = εi(R)− eVg.

6.3 Results

Here we present the results for the conductance G within the linear regime at
T = 0 K (6.23) for the In0.85As0.15Bi BHZ QD in both topologically trivial and non-trivial
regimes. For the hopping t13 and the broadening terms ΓL(R)

11 , ΓL(R)
13 , and ΓL(R)

33 , in the
Hamiltonian (6.2), a detailed calculation is needed in literature. However, this is beyond
the scope of our present work and will be addressed in a future work.

A back of the envelope estimate for the hopping term tij in Hamiltonian Eq. (6.2)
is given by

tij =
∫
dθdrr ψ†i (r, θ)Vpertψj (r, θ) , (6.24)

where ψi (r, θ) = ψjz ,n (r, θ) from (4.38). By taking a typical value for non-magnetic
impurities38 Vpert ≈ 1 meV, we find t13 ≈ 1 meV. On the other hand, the broadening
ΓL(R)
ab of the QD levels due to the coupling with the leads ranges from tens of µeV to

meV.124–126 Since there is no data for the level broadening of InAsBi BHZ QD, we assume
Γ = ΓL(R)

11 = ΓL(R)
33 = ΓL(R)

13 = 4 meV in our G calculation. We emphasize however that
smaller Γ’s do not change our findings. Instead, they just make the conductance resonances
narrower.
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6.3.1 Conductance results for topologically trivial and non-trivial edge states

Here, we will show the conductance G [Eq. (6.23)] results for both topologically
trivial and non-trivial In0.85As0.15Bi QD considering only edge states as the conducting
states in Eq. 6.1.
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Figure 31 – a) Schematic In0.85As0.15Bi QD Hamiltonian for the four topologically protected
edge states jz = ±5/2 and jz = ±7/2 coupled to left (L) and right (R) leads. b)
Topological In0.85As0.15Bi QD energy levels as a function of jz for R = 30 nm
[The green triangles represent the jz = ±5/2 and jz = ±7/2 energy levels
considered in the conductance calculation]. c) QD conductance calculation G
at T = 0 K for the jz = ±5/2, ±7/2 as a function of the QD radius R and
the gate potential Vg. QD conductance G at T = 0 K for d) R = 30 nm, e)
R = 48.8 nm and f) R = 70 nm.

Source: By the author

In Figure 31 we plot the conductance G [Eq. (6.23)] for the topologically non-trivial
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In0.85As0.15Bi QD considering the four levels in Eq. (6.2) as the topological edge states
jz = ±5/2 and jz = ±7/2 within the gap [Fig. 31a)]. These states are represented by the
green triangles in Fig. 31b) where we have plotted the QD energy levels for R = 30 nm.
In Figure 31c) we plot G as a function of the gate potential Vg and QD radius R varied
experimentally through an electrostatic confining potential.130 In Figs. 31d), e) and f) we
plot G for three different R’s given by 30 nm, 48.4 nm and 70 nm. For those figures we
clearly see a double Lorentzian-like profile with 2e2/h maximum peaks always separated
by a dip where the conductance is zero. The two peaks occur approximately at the doubly
degenerate ε1 (ε3) and ε2 (ε4) QD energy levels yielding the 2e2/h conductance peak.
As we increase R the energy separation between these two consecutive QD energy levels
decreases, thus making the two peaks get closer together. From Eq. (6.23), we see that the
2e2/h maximum peak condition happens exactly when

[εF − ε1(R, Vg)] [εF − ε3(R, Vg)]− t213 = 0. (6.25)

-40 20

-2

3

Figure 32 – In0.85As0.15Bi QD conductance calculation G (black curve), GDOS (blue curve)
and GINT (red curve) Eq. (6.27) with R = 30 nm [Fig. 31d)] as a function of
Vg. The blue curve represents the DOS contribution of the total conductance G
(always positive) while the red curve represents the interference contribution.

Source: By the author

This condition represents the situation in which the Fermi energy εF corresponds
to the poles of Green functions Eqs. (6.6) and (6.7). Therefore, we understand that the G
maximum peak is reached when the Fermi energy is on resonance with the eigenvalues of
Hamiltonian (6.2), i.e., the poles of Eqs. (6.6) and (6.7), where the factor of 2 within the
2×e2/h maximum peaks represents the two-fold degeneracy of the diagonal QD energy
levels.
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The dip in the conductance between the two 2e2/h peaks can also be determined
analytically and it is achieved by changing both R and Vg in such a way that the numerator
of Eq. (6.23) vanishes. This condition happens at

εF = ε3(R, Vg)ΓL1 − 2t13ΓL13 + ε1(R, Vg)ΓL3
ΓL1 + ΓL3

. (6.26)

This dip is a consequence of a destructive interference between the spin edge states
|1〉 (|2〉) and |3〉 (|4〉) and can be easily seen by rewriting Eq. (6.23) using the LDOS
formula ρi(εF ) = − 1

π
Im {Gii(εF )}, yielding

G = 2e2

h

{
πΓL1 ρ1 (εF ) + πΓL3 ρ3 (εF )

}
− 4e2

h
ΓL13Im [Gr

13 (εF )] ,

= GDOS + GINT . (6.27)

The first term GDOS in Eq. (6.27) (always positive definite) corresponds to the
conductance via the two decoupled QD levels and the second one GINT represents the
interference term127–129 as it assumes negative conductance values. In Figure 32, we plot
these two components together with the total conductance G for the topological non-trivial
QD with jz = ±5/2 and jz = ±7/2 [green triangles in Fig. 31b)] for R = 30 nm, represented
by Fig. 31d). Figure 32 thus shows that while GDOS gives a positive contribution, GINT
yields a negative one. Additionally, we see in Fig. 32 that GDOS is not symmetric. This
is understood through Eqs. (6.6) and (6.7) where we note that the broadening of the
ε3 energy level is larger than the one of ε1 as ε3 > ε1. Therefore, as a consequence of
the larger broadening of the ε3 energy level we expect a lower conductance maximum
amplitude through it as compared to the maximum conductance amplitude through the ε1

energy level.

Now we move to the topologically trivial In0.85As0.15Bi QD. In Figure 33 we plot the
conductance G (6.23) for the geometrically protected trivial helical edge states jz = ±5/2
and jz = ±7/2, represented by the green triangles within the gray area of Fig. 33b). Clearly
we find the same features observed in the conductance of the topologically protected helical
edge states Fig. 31c), i.e., we observe two 2e2/h maximum conductance peaks evolving as
a function of R and Vg separated by a dip. Here the distance between the two peaks also
decreases as we increase the QD radius R. The energy peaks and the zero conductance dip
are still given respectively by Eqs. (6.25) and (6.26). Surprisingly, we conclude that from
the point of view of our quantum transport calculation (considering only trivial/non-trivial
edge states) the topologically trivial and non-trivial In0.85As0.15Bi cylindrical QDs are
equivalent.
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Figure 33 – a) Schematic In0.85As0.15Bi QD Hamiltonian for the four geometrically pro-
tected trivial edge states jz = ±5/2 and jz = ±7/2 coupled to left (L) and
right (R) leads. b) Trivial In0.85As0.15Bi QD energy levels as a function of jz
for R = 30 nm [The green triangles represent the jz = ±5/2 and jz = ±7/2
energy levels considered in the conductance calculation]. c) QD condutance
calculation G at T = 0 K for the jz = ±5/2, ±7/2 as a function of the QD
radius R and the gate potential Vg. QD conductance G at T = 0 K for d)
R = 30 nm, e) R = 48.8 nm and f) R = 70 nm.

Source: By the author

6.3.2 Conductance results for the coexistence of edge-like and bulk-like states

For a certain energy window, bulk and edge states can coexist and even be degen-
erate in energy (See Fig. 20, for instance). Therefore, it is important to investigate the
conductance of trivial and non-trivial In0.85As0.15Bi QD with coexisting bulk and edge
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states as the conducting levels in Eq. (6.1).

In Figure 34 we plot the conductance for the trivial In0.85As0.15Bi QD considering
the jz = ±9/2 edge state and the jz = ±1/2 bulk state, both represented by the green
triangles in Fig. 34b) which contains the QD energy levels for the trivial In0.85As0.15Bi QD
with R = 30 nm. As we can see in Fig. 34c), the conductance G shows a very different
pattern as compared to the ones in Figs. 31c) and 33c). Here, G exhibits a crossover from
a 2e2/h double-peak resonance for R < Rc and Vc < Vgc, to a 2e2/h single-peak at R = Rc

and Vg = Vgc, and back to a 2e2/h double-peak resonance for R > Rc and Vc > Vgc,
represented in Figs. 34d), e) and f).

In order to understand the origin of this crossover, we start with the spin up
Hamiltonian H↑ in Eq. (6.2) in the absence of the coupling to the leads, yielding

HQD =
(
d†1 d†3

) ε1 t13

t13 ε3

 d1

d3

 . (6.28)

The above Hamiltonian has thus the following diagonal form

HQD =
(
d†+ d†−

) ε+ 0
0 ε−

 d+

d−

 , (6.29)

where

d†+ = t13 d
†
1 + (ε+ − ε1) d†3√
t213 + (ε+ − ε1)2

, d†− = t13 d
†
1 + (ε− − ε1) d†3√
t213 + (ε− − ε1)2

, (6.30)

and ε± = ε1+ε3±
√

(ε1−ε3)2+4t213
2 . Now we rewrite the Hamiltonian responsible for the coupling

of the QD to the leads HLead−QD [Eq. (6.31)] using the diagonal d+, d− operators given by
Eq. (6.30), yielding

HLead−QD =
∑
kα,α

(
V 1

kαd
†
1ckα + V 3

kαd
†
3ckα

)
+H.C (6.31)

=
∑
kα,α

[
V 1

kα (ε1 − ε+) + t13V
3

kα

] √(ε1 − ε−)2 + t213

(ε− − ε+) t13
d†−ckα

−
∑
kα,α

[
V 1

kα (ε1 − ε−) + t13V
3

kα

] √(ε1 − ε+)2 + t213

(ε− − ε+) t13
d†+ckα +H.C (6.32)

=
∑
kα,α

(
V −kαd

†
−ckα + V +

kα
d†+ckα

)
+H.C (6.33)
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Vg. QD conductance G at T = 0 K for d) R = 30 nm, e) R = 48.8 nm and f)
R = 70 nm.

Source: By the author

Therefore, we note that by tunning the QD radius R and the gate Vg such that

ε1(Rc, Vgc)− ε3(Rc, Vgc) = t13

(
V 1

kα

V 3
kα

−
V 3

kα

V 1
kα

)
(6.34)
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we obtain V 1
kα (ε1 − ε+) + t13V

3
kα = 0, which decouples the diagonal QD level d− from

the lead. As a consequence, when Eq. (6.34) is satisfied we just see a single 2e2/h peak
occurring in the conductance calculation Fig. 34c) at (R, Vg) = (Rc, Vgc) corresponding
to the conductance through only the diagonal d+ QD energy channel. Since here we are
assuming V 1

kα = V 3
kα , the above condition is achieved when the two different Kramers pairs

become degenerate in energy, i.e., ε1(Rc, Vgc) = ε3(Rc, Vgc).

We emphasize that the same feature of Fig. 34c), i.e., the 2e2/h single-peak also
happens when considering bulk and edge energy levels in the topologically non-trivial
InAsBi QD conductance calculation. This can be seen from Fig. 35 where different edge
and bulk states become degenerate as a function of the QD radius R.
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Figure 35 – Few spin + non-trivial edge states with their nearest bulk valence level
joz = 1/2 as a function of QD radius R. The red points indicate the degenerate
crossing points where the number of the protected trivial edge states is
decreased by one.

Source: By the author

Surprisingly, we show in this chapter that the geometrically protected helical edge
states are also equivalent to the topologically ones from the point of view of transport
properties such as the two terminal conductance G at T = 0 K.

In the next chapter we will summarize all of our results results and provide an
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outlook of our work.
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7 CONCLUSION

In this thesis, we have studied two different, but related systems: i) the symmetric
InAs0.85Bi0.15/AlSb quantum wells and ii) the cylindrical InAs0.85Bi0.15 BHZ quantum dots
in both topologically trivial and non-trivial regimes.

In the ordinary III-V InAs material, the addition of Bi with its resonant level
in the InAs valence bands produces, through the idea behind the VBAC theory, an
anti-crossing repulsion between these energy levels. For Bi concentrations x > 0.15,
this repulsion leads to an inversion of the InAs1−xBix bulk band ordering, supported
by experimental evidence. Considering the symmetric InAs1−xBix/AlSb QW, we show
through a numerical diagonalization using the k · p approach for heterostructures, that
similarly to the HgTe/CdTe QWs, our system also shows a subband inversion as a function
of the well thickness, characterizing a 2D topological phase transition. For the symmetric
InAs0.85Bi0.15/AlSb QW, this topological phase transition happens at the critical thickness
dc = 6.9 nm. Therefore, we have predicted that the InAs0.85Bi0.15/AlSb QW becomes a 2D
topological insulator for well widths d > 6.9 nm. Additionally, we find a large inverted gap
∼ 30 meV for thickness d = 8 nm which should enable room temperature applications. We
also calculate numerically the corresponding BHZ parameters of our 2D TI proposal for the
topologically trivial regime with d = 6 nm and for the topologically non-trivial regime with
d = 8 nm. In a future work we will also investigate the likely enhancement of the Rashba
and Dresselhaus spin orbit couplings in InAs0.85Bi0.15 due to the inclusion of Bi atoms with
their strong spin orbit coupling. Therefore, we anticipate that our 2D TI proposal should
also be important for hosting Majorana fermions in topological superconducting wires.

The InAs0.85Bi0.15 BHZ QDs were defined here by a further cylindrical soft and
hard wall confinements on InAs0.85Bi0.15/AlSb QWs for both topological trivial and
non-trivial regimes. We then solved their eigenvalue problems using the corresponding
calculated BHZ parameters. By using the modified Bessel functions, we found for the
hard wall confinement, analytical formulas for the wave functions and circulating currents
together with a transcendental equation determining all the discrete QD energy levels.
For the topologically non-trivial InAs0.85Bi0.15 BHZ QDs, we obtained discrete helical
edge states, i.e., single Kramers pairs at a given energy with spin-angular-momentum
locking, protected against elastic scattering within the energy gap region. Interestingly
and unexpectedly we found for the first time helical edge states in non-topological BHZ
cylindrical QDs - similarly to the topological BHZ QDs. Surprisingly, these trivial edge
states are geometrically protected due to the confinement in a wide range of parameters.
Additionally, we have also calculated the circulating currents for the topologically trivial
and non-trivial helical edge states, finding no substantial difference between them. We
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also showed that the BHZ structure of the QD Hamiltonian is an important ingredient
behind the appearance of these trivial helical edge states, which are absent in the ordinary
InAs QDs.

We corroborate our findings by calculating transport properties, e.g., the two-
terminal conductance, in both trivial and non-trivial regimes of our BHZ QDs coupled to
leads. We showed that, when we only consider edge states as conducting states, both trivial
and non-trivial BHZ QDs always exhibit a two-peak resonance profile as a function of the
QD radius and the gate controlling their energy levels. On the other hand, when we consider
– in both QDs regimes – edge and extended states coexisting as conducting QD energy
levels, the two-terminal conductance exhibits one-peak resonance profile when the the edge
and extended states become degenerate in energy. Hence, also from the quantum transport
point of view, our InAsBi cylindrical QDs - both topologically trivial and non-trivial -
are equivalent. To conclude, we have shown in this thesis that the boundaries between
topological trivial and non-trivial physical phenomena is “blurred” in BHZ QDs.
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Denis R. Candido,1 M. E. Flatté,2 and J. Carlos Egues1, 3

1Instituto de F́ısica de São Carlos, Universidade de São Paulo, 13560-970, São Carlos, São Paulo, Brazil
2Department of Physics and Astronomy and Optical Science and Technology Center,

University of Iowa, Iowa City, Iowa 52242, USA
3International Institute of Physics, Federal University of Rio Grande do Norte, 59078-970, P. O. Box 1613, Natal, Brazil

(Dated: August 24, 2018)

We investigate the electronic and transport properties of topological and non-topological
InAs0.85Bi0.15 quantum dots (QDs) described by a ∼ 30 meV gapped Bernevig-Hughes-Zhang
(BHZ) model with cylindrical confinement, i.e., “BHZ dots”. Via modified Bessel functions, we
analytically show that non-topological dots quite unexpectedly have discrete helical edge states,
i.e., Kramers pairs with spin-angular-momentum locking similar to topological dots. These unusual
non-topological edge states are geometrically protected due to confinement in a wide range of param-
eters thus remarkably contrasting the bulk-edge correspondence in TIs. Moreover, for a conduction
window with four edge states, we find that the two-terminal conductance G vs. the QD radius R
and the gate Vg controlling its levels shows a double peak at 2e2/h for both topological and trivial
BHZ QDs. Our results blur the boundaries between topological and non-topological phenomena for
conductance measurements in small systems such as QDs. This is in stark contrast to conductance
measurements in 2D quantum spin Hall and trivial insulators. Bi-based BHZ dots should also prove
important as hosts to room-temperature edge spin qubits.

Introduction.— Topological Insulators (TIs) are a new
class of materials having the unusual property of being an
insulator in bulk with robust gapless helical states local-
ized near their edges (2D TIs) and surfaces (3D TIs) [1–
4]. Following these pioneering works, a few other TI pro-
posals [5–11] have been put forward with some experi-
mental support [12, 13]. More recently, topological QDs
with cylindrical confinement have been investigated [14–
27]. Their spectra feature discrete helical edge states pro-
tected against non-magnetic scattering and showing spin-
angular-momentum locking. These states are potentially
important for spintronics [15, 16], quantum computation
and other quantum technologies [14, 17, 18].

Here we demonstrate that non-topological QDs defined
in InAsBi wells obeying the effective Bernevig-Hugues-
Zhang model with cylindrical confinement — “BHZ dots”
— feature helical edge states geometrically protected due
to confinement, Fig. 1. This surprising result con-
trasts with the usual bulk-edge correspondence in TIs,
as the non-topological dots here exhibit edge states with
spin-angular-momentum locking similar to topological
dots [14–25]. Interestingly, our quantum transport calcu-
lation shows that circulating currents [28, 29] (Fig. 2) and
the two-terminal linear conductance G [30] (vs. the dot
radius R and the gate Vg controlling its levels, Fig. 3) of
non-topological and topological QDs are essentially iden-
tical. More specifically, for BHZ dots with two Kramers
pairs of edge states, G shows double-peak resonances at
2e2/~, separated by a dip due to destructive interference
in both regimes. When bulk and edge-state Kramers
pairs coexist and are degenerate, both regimes show a
single-peak resonance also at G = 2e2/~. Our find-
ings blur the boundaries between topological and non-
topological BHZ dots as for the appearance of protected
helical edge states and conductance measurements.

Figure 1. (a) InAs0.85Bi0.15 QW subbands vs. the well thick-
ness d. (b) Schematic of a cylindrical QD with helical edge
states. Energy levels vs. the total angular momentum jz for
(c) a topological InAs0.85Bi0.15 BHZ dot with R = 60 nm, (d)
an ordinary (non-BHZ) InAs dot with R = 30 nm and (e) a
trivial InAs0.85Bi0.15 BHZ dot with R = 30 nm. The curved
arrows denote the forbidden and allowed transitions. (f), (g)
and (h): Probability densities |ψ+

jz ,n
|2 for the edge states in

(c) and (d) and bulk states (g) (see ellipses)
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We also predict that InAs1−xBix/AlSb quantum wells
(QWs) become 2D topological insulators for well widths
d > 6.9 nm and x = 0.15, with large inverted subband
gaps ∼ 30 meV (> kBT ) that should enable room tem-
perature applications, Fig. 1(a). Our BHZ dots are ob-
tained by further confining these Bi-based wells with soft
and hard walls. Our analytical QD eigenenergies and
wave functions (Fig. 1) for both topological and non-
topological regimes show that the helical edge states oc-
cur in a wide range of QD radii. Our findings also hold
for HgTe-based systems (SM).

New 2D Topological Insulator: InAs0.85Bi0.15/AlSb.—
The response of the electronic structure of InAs to the
addition of the isoelectronic dopant Bi [31–33] is well
described within valence band anticrossing theory [34–
37]. Bi provides a resonant state within the valence band
(complementary to the resonant state in the conduction
band generated in the dilute nitrides such as GaAs1−xNx)
which strongly pushes up the valence band edge of InAs
as Bi is added. The small band gap of InAs allows it to
close for approximately 7.3% of Bi [31–33], and for inver-
sion of the conduction and valence bands similar to HgTe
for larger Bi percentage. We determine the electronic
states of a InAs1−xBix/AlSb QW grown on a GaSb sub-
strate (SM, Sec. I) within a superlattice electronic struc-
ture calculation implemented within a fourteen bulk band
basis [38] and obtain the zone-center [Γ point, Fig. 1(a)]
quantum well states. From those we derive momentum
matrix elements and the other parameters of the BHZ
Hamiltonian. We obtain a crossing between the lowest
conduction subbands |E1±〉 and the highest valence sub-
bands |HH1±〉 at the critical well thickness dc = 6.9nm.

This crossing characterizes a topological phase transition
between an ordinary insulator (d < dc) and a 2D TI
(d > dc) with an inverted gap ∼ 30 meV, Fig. 1(a).

Model Hamiltonian for a cylindrical BHZ dot.— We
consider the BHZ Hamiltonian describing the low-energy
physics of the |E1±〉 and |HH1±〉 subbands,

H (k) =

(
H (k) 0

0 H∗ (−k)

)
, (1)

where H (k) = (C − Dk2)12×2 + d · σ and d(k) =(
Akx,−Aky, M −Bk2

)
. Here, k is the in plane wave

vector and σ are the Pauli matrices describing the
pseudo-spin space. The parameters A, B, C, D, M , cal-
culated within a superlattice k.p electronic structure cal-
culation [38], depend on the QW thickness d and are
given in Table (S1) of the SM for d = 6 nm (x = 0.15)
and d = 8 nm (x = 0.15). We define our QDs by adding
to Eq. (1) the in-plane cylindrical confinement [14–26]

Vc =

(
V (r)σz 0

0 V (r)σz

)
, V (r) =

{
0 r < R

MO −M r > R,

(2)
where MO −M > 0 defines the equal strength soft-wall
barriers for electrons and holes [39]. Here we focus on the
hard wall case (MO →∞) as it is simpler analytically. In
the SM we discuss the soft wall case, which qualitatively
shows the same behavior.

BHZ dots: eigensolutions. We solve [H (k) + Vc]ψ =
εψ in polar coordinates: kx ± iky = −i e±iθ

(
∂
∂r ± 1

r
∂
∂θ

)

and k2 = −
(
∂2r + 1

r∂r + 1
r2 ∂

2
θ

)
. By imposing that

ψ(r, θ) = 0 at r = R, we obtain the transcendental equa-
tion for the discrete eigenenergies and eigenfunctions

λ2−
(
E±jz,n

)
− E±

jz,n
−C−M

D+B

λ−
(
E±jz,n

)
Ijz∓ 1

2

[
λ+
(
E±jz,n

)
R
]

Ijz∓ 1
2

[
λ−
(
E±jz,n

)
R
] =

λ2+
(
E±jz,n

)
− E±

jz,n
−C−M

D+B

λ+
(
E±jz,n

)
Ijz∓ 3

2

[
λ+
(
E±jz,n

)
R
]

Ijz∓ 3
2

[
λ−
(
E±jz,n

)
R
] ,

(3)

ψ±jz,n (r, θ) =
Neijzθ√

2π




(
Ijz∓ 1

2

(
λ+
(
E±jz,n

)
r
)
−

I
jz∓ 1

2
(λ+(E±

jz,n
)R)

I
jz∓ 1

2
(λ−(E±

jz,n
)R)

Ijz∓ 1
2

(
λ−
(
E±jz,n

)
r
))

e∓i
θ
2

(D+B)λ2
+(E±

jz,n
)−E±

jz,n
+C+M

±iAλ+(E±
jz,n

)

(
Ijz∓ 3

2

(
λ+
(
E±jz,n

)
r
)
−

I
jz∓ 3

2
(λ+(E±

jz,n
)R)

I
jz∓ 3

2
(λ−(E±

jz,n
)R)

Ijz∓ 3
2

(
λ−
(
E±jz,n

)
r
))

e∓i
3θ
2


 .

(4)

Here Ijz (λ±
(
Eσjz,n

)
r) is the modified Bessel func-

tion of the first kind, N a normalization factor
and λ2±

(
Eσjz,n

)
= −F ±

√
F 2 −Q2 with F =

1
2

(
A2

(D+B)(D−B) −
Eσjz,n−C−M

D+B − Eσjz,n−C+M

D−B

)
and Q2 =

(
Eσjz,n−C+M

D−B

)(
Eσjz,n−C−M

D+B

)
. The ± signs in Eqs. (3)

and (4) label the “spin” subspaces in the BHZ model (i.e.,
its two 2x2 blocks) [40], and arise as the time reversal
symmetry operator Θ = −iσy ⊗ 12×2K commutes with
H (k) in Eq. (1). The ψ± states in (4) form a Krammers
pair, i.e., Θψ+

jz,n
(r, θ) = ψ−−jz,n(r, θ). The quantum num-

ber jz corresponds to the z-component of the total angu-
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lar momentum Jz = −i~∂θ + ~σz ⊗ (τ0 − τz
2 ) that obeys

Jzψ±jz,n(r, θ) = ~jz ψ±jz,n(r, θ), jz = ± 1
2 ,± 3

2 , .... Inciden-
tally, jz also denotes the parity of the QD states defined
via the inversion symmetry operator I (r, θ)→ (r, θ + π),

satisfying Iψ±jz,n (r, θ) = (−1)
jz∓ 3

2 ψ±jz,n (r, θ). Both Jz
and I commute with the QD Hamiltonian. The quantum
number n arises from the radial confinement of the dot;
we index our energy spectrum such that for each jz and
σ(= ±), n = 1, 2, 3... (n = −1,−2,−3, ... ) for positive
(negative) energies.

In Figs. 1(c), 1(d) and 1(e), we plot the InAs1−xBix
dot energy levels [Eq. (3)] for topological (x = 0.15, d =
8 nm, R = 60 nm), ordinary (x = 0, d = 6 nm, R =
30 nm) and trivial (x = 0.15, d = 6 nm, R = 30 nm)
cases, respectively. The ordinary InAs QD with its non-
inverted large gap is considered here for comparison (SM,
Sec. IV). Panels 1(f), 1(g) and 1(h) show the edge and
bulk states grouped by the ellipses in 1(c), 1(d) and
1(e). To gain insight into the origin of the edges states in
both topological and non-topological dots, next we look
at Eq. (4) in the asymptotic limit λτ (Eσjz,n)r � m ⇒
Ijz [λτ (Eσjz,n)r] → exp[λτ (Eσjz,n)r] to leading order (this
is the parameter range of our Bi-based dots, SM Sec. VI.)

For topological BHZ dots (M < 0) with M < Eσjz,n <

−M , we find real λ± > 0⇒ ψσjz ≈ âeλ−r+b̂eλ+r [Eq. (4)],

â, b̂ complex spinors (SM, Sec. VI). This asymptotic form
of ψσjz demonstrates its edge state character [Fig. 1(f)] as
ψσjz peaks near r = R [ψσjz (R) = 0 for hard wall], similar
to that of the 2D TIs. For Eσjz,n < M or Eσjz,n > −M ,
edge and extended (“bulk”) states coexist.

Geometrically protected trivial edge states— For non-
topological BHZ dots with Eσjz,n within the valence states
[Fig. 1(e)] λ− is purely imaginary, λ+ > 0 and

ψσjz ≈
(
Jjz± 1

2
(|λ−| r)

Jjz± 3
2
(|λ−| r)

)
+

(
c+
d+

)
eλ+r, (5)

where c+ and d+ are complex amplitudes. The
Jm (|λ−| r)’s oscillate with r and have zeros at αnm
[Jm(αnm) = 0, n = 0, 1, 2, 3...]. Here, however, they grow
monotonically with r within the dot for Eσjz,n in the gray

area of Fig. 1(e). This is due to |λ−|R < α1
m/2 for the pa-

rameters of our Bi-based BHZ dot in the non-topological
regime (SM, Sec. VI). Similarly to the topological dot
case (previous paragraph), ψσjz in Eq. (5) peaks near
r = R and thus describes “edge-like” states [Fig. 1(h)].
The parameter λ− controls the degree of localization of
the trivial edge states (SM, Sec. VI). In addition, as the
energies of extended and edge-like states depend differ-
ently on the dot radius R, we find that QD confine-
ment precludes the coexistence of some of these states
in our non-topological BHZ dots Fig. 1(e) (see also SM
Sec. VII). That is, confinement gives rise to a single geo-
metrically protected Kramers’ pair of dot states per en-
ergy within the gray area of Fig. 1(e). This holds for a

3.53.5- nA.nm-2 nA.nm-2

TrivialTopological(a) (b)

Figure 2. Spin-up circulating currents for topological (a) and
trivial (b) edge states jz = 3

2
and jz = 5

2
within the gray area

in Figs. 1(c) and 1(e). The topological and trivial circulating
currents are essentially the same. The horizontal white lines
delimit the QW barriers.

wide range of QD radii and BHZ parameters (e.g., those
of HgTe/CdTe QDs, see also SM Secs. V, VI and VIII).

In contrast, ordinary cylindrical InAs QDs defined
from InAs wells with parabolic subbands do not have
protected edge-like states [Fig. 1(d), 1(g)]. These non-
BHZ dots have the degeneracies EE1±

jz∓ 1
2 ,n

= EE1±
−jz± 1

2 ,n

and EHH1±
jz∓ 3

2 ,n
= EHH1±

−jz± 3
2 ,n

that allow for elastic scatter-

ing between these levels, thus precluding protection [43].
This picture still holds in the presence of spin-orbit and
electron–heavy-hole mixing effects (SM, Sec. IV).

Circulating current densities: j(r). — We define
j(r) = e~

m0
Im
{
ψ†(r)∇ψ(r)

}
, where the total QD

wave function ψ(r) =
∑
i Fi(r)ui(r) is expressed

as the sum of the product of the periodic part of
the Bloch function ui(r) of band i at the Γ point
and its respective envelope function Fi(r). The aver-
age current over the unit cell is given by [28, 29] 〈j〉 (r) =
e~
m0

Im
∑
i,j {F ∗i (r)Fj (r) 〈ui|∇ |uj〉+ δijF

∗
i (r)∇Fj (r)}.

Using the wave function Eq. (4) (SM, Sec. IX), we find

〈
j±jz,n

〉
= ±eN2

2π

{√
2P
~
∣∣f±1 (z)

∣∣ ∣∣f±3 (z)
∣∣ Ijz∓

1
2

E1,n
(r) I

jz∓ 3
2

HH1,n
(r)

± ~
rm0

(
jz ∓ 1

2

) [∣∣f±1 (z)
∣∣2 +

∣∣ f±4 (z)
∣∣2
] ∣∣∣Ijz∓

1
2

E1,n
(r)
∣∣∣
2

± ~
rm0

(
jz ∓ 3

2

) ∣∣f±3 (z)
∣∣2
∣∣∣Ijz∓

3
2

HH1,n
(r)
∣∣∣
2
}
θ̂, (6)

where m0 is the bare electron mass and P is the Kane
parameter [29, 44, 45] appearing due to the coupling
between conduction and valence bands. Here, the first
term is the “Bloch velocity” contribution to the aver-
age current as it stems from the periodic part of the
Bloch function, while the second term is the contribu-
tion from the envelope function [28, 29]. Using jz ∼ 1,
P = 0.9055 eV.nm [29] and r ∼ R = 40 nm we es-
timate the ratio of the Bloch to envelope contributions(√

2P
~

)
/
(

2× ~
Rm0

)
∼ 340, thus showing we can neglect

the envelope velocity part in agreement with Ref. [29]
(see SM, Sec. IX for a detailed comparison). Since
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I
jz∓ 1

2

E1,n
= I
−jz± 1

2

E1,n
and I

jz∓ 3
2

HH1,n
= I
−jz± 3

2

HH1,n
, we find

〈
j±jz,n

〉
(r) = −

〈
j∓−jz,n

〉
(r) , (7)

which shows the helical nature of the edge-like states
within the gray region in Figs. 1(c) and 1(e).

To compare the topological QD edge states and the
edge-like states in the trivial QD, we plot Eq. (6) in Fig. 2
for the spin up QD levels jz = 3/2 and jz = 5/2 [see
Figs. 1(c) and 1(e), gray area] with R = 40nm. Inter-
estingly, although the jz = 3/2 wave functions of both
trivial and topological QDs are extended, their circu-
lating currents are localized near the QD edges. This
arises from the product of the upper and lower wave
function components in Eq. (6). We find the highest
current densities for the trivial edge-like states (due to
the smaller d), Figs. 2(a), 2(b). However, the integrated
current density over half of the cross section of the QD

I±jz,n =
∫
dS ·

〈
j±jz,n

〉
=
∫ R
0
dr
∫ d

2

− d2
dz
∣∣〈j±jz,n

〉∣∣ ∼ 0.17 µA

for both topological and trivial edge states to within 2%,
i.e., it shows no significant difference.

Linear conductance. — To further compare the topo-
logical and trivial edge-like states, we calculate the two-
terminal linear-response QD conductance G (at T =
0K) [30] by coupling the dots to left (L) and right (R)
leads, Fig. 1(b). Our Hamiltonian reads

H =
∑

i

εid
†
idi +

∑

kα,α,σ

εkασc
†
kασ

ckασ +
∑

i,kα,α,σ

V ikασd
†
i ckασ

+
∑

i6=j
tijd
†
jdi +H.C.,

(8)

where d†i creates an electron in the QD state |i〉 [Eq. (4)]
with energy εi = εi(R, Vg) [obtained from Eq. (3)], i de-
notes the set of QD quantum numbers jz, ± (or ↑,↓ [40]),
and n (Vg is an additional gate controlling the dot levels
with respect to the Fermi energy εF of the leads), and

c†kασ creates an electron in the lead α = L,R with wave-
vector kα, energy εkασ and spin component σ = ↑, ↓.
The spin-conserving matrix element V ikασ denotes the
dot-lead coupling, while tij couples the dot levels. Next
we focus on only four QD states with well-defined σ, as
shown in Fig. 3(a). This can be achieved by tuning the
conduction window and the QD levels via external gates.

Figures 3(b) and 3(c) show the QD conductance G =
G↑ + G↓ for the four topological and trivial edge states
with jz = ±7/2 and jz = ±9/2 [see green triangles in
Figs. 1(c) and 1(e)], as a function of the QD radius R
and the gate potential Vg. The radius R can be varied
experimentally through an electrostatic confining poten-
tial [46]. The conductance for both the topological and
trivial edge-like states show similar behaviors, i.e., dou-
ble Lorentzian-like profiles centered approximately at the
QD levels εi(R, Vg), separated by a dip, and peaked at
2e2/h; this is clearly seen in the insets of Figs. 3(b) and

Figure 3. (a) Schematic QD Hamiltonian for the four topo-
logical and trivial edge states with jz = ±7/2 and jz = ±9/2.
QD conductance G at T = 0K for the topological (b) and
trivial (c) edge states in Fig. 3(a). (d) Same as (a) for the
coexisting jz = ±1/2 bulk and jz = ±9/2 edge states and
the corresponding G for the trivial case (e). Here we use
t = 1 meV and Γ = 4 meV (SM, Sec. X).

3(c) for two distinct R’s. The dip follows from a destruc-
tive interference between the two same-spin edge states
in the overlapping tails of the broadened QD density of
states. See SM (Sec. X) where the conductance G is ex-
pressed as a sum of interfering amplitudes using Green
functions [47].

Interestingly, bulk-like and edge-like valence edge
states can coexist and even be degenerate in energy. In
this case, our calculated conductances exhibit a crossover
from a double-peak resonance for R < Rc nm and
Vg < Vg,c to a single-peak resonance at R = Rc nm
and Vg = Vg,c and back to a double-peak resonance for
R > Rc nm and Vg > Vg,c. This is shown in Fig. 3(e)
(and its insets) for a trivial QD, but a similar plot also
holds for a topological QD. In the SM (Sec. X) we show
that when the bulk and edge-state Kramers pairs obey

ε3(4)(R, Vg)−ε1(2)(R, Vg) = t
(
V 3(4)

V 1(2) − V 1(2)

V 3(4)

)
, two of the

transport channels are completely decoupled from the
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leads and hence a single resonance (peaked G = 2e2/~)
emerges. For the parameters in Fig. 3(e) this decoupling
occurs when the two Kramers pairs (bulk and edge) be-
come degenerate, i.e., ε1(2)(Rc, Vg,c) = ε3(4)(Rc, Vg,c) (in-
cidentally, their protection is lost in this case).

Concluding remarks.— We have predicted that Bi-
based InAs QWs can become room-temperature TIs
(∼ 30 meV) for well widths d > 6.9 nm. Our realistic
k.p approach allows us to calculate the parameters of an
effective BHZ model from which we can define cylindri-
cal QDs via further confinement. By solving the BHZ
QD eigenvalue equation analytically, we find quite sur-
prisingly that both topological and non-topological BHZ
QDs feature similar (i) protected helical edge states, (ii)
circulating currents and (iii) two-terminal linear conduc-
tances G exhibiting a two-peak resonance as a function of
the QD radius and the gate Vg controlling its energy lev-
els relative to the Fermi level of the leads. Hence our pro-
posed cylindrical QDs – topological and non-topological
– are equivalent from the standpoint of edge-state trans-
port, in contrast with TIs. We expect that our work
stimulate experimental research on this topic.
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I. InAs1−xBix QUANTUM WELLS: A NEW 2D TOPOLOGICAL INSULATOR.

The properties of III-V semiconductors doped with isoelectronic dopants that generate resonant

states have been explored over the past fifteen years due to their dramatically smaller band gaps

than the original host. The origin of this effect can be understood through the repulsion between

the near-band-edge resonant state of the dopant and the band edge of the host. Dramatic changes

in the band gap of GaAs through the addition of dilute nitrogen doping due to a resonant state in

the conduction band, or through the addition of Bi due to a resonant state in the valence band, have

been obtained. We use the experimentally obtained change in band gap of InAsBi of 58 meV/%

Bi [1–3] for the electronic parameters of the bulk material. The resulting bulk material, sand-

wiched in a quantum well with symmetric AlSb barriers and grown on GaSb, is then studied using

a superlattice electronic structure theory that has been applied to a broad range of narrow-gap

semiconductor materials with inversion asymmetry and large spin-orbit interaction [4].

II. EFFECTIVE BHZ PARAMETERS FOR InAs0.85Bi0.15/AlSb QUANTUM WELLS.

The BHZ parameters A, B, C, D and M are obtained accordingly to Ref. [5] for our fourteen

bulk band basis [4]. We calculate them for the a) topological trivial InAs0.85Bi0.15 QW with d =

6 nm and b) topological non-trivial QW with d = 8 nm. The respective values of the BHZ

parameters are given in Tab. I.

InAs1−xBix d (nm) A (meV.nm) B (meV.nm2) C (meV) D (meV.nm2) M (meV)

x = 0.15 6 543.2 -201.7 0 -180.0 16.1
x = 0.15 8 488.0 -339.3 0 -300.0 -15.5

Table I. Effective BHZ parameters for InAs1−xBix/AlSb QW with different well thicknesses (6 nm and 8 nm)
and x = 0.15 of Bi concentration. For convenience we have chosen here C = 0 for all the cases.

III. BHZ SOFT-WALL ENERGY LEVELS FOR A CYLINDRICAL QD.

Here we derive a generalization of the transcendental equation [Eq. (3) in the main text] for the

BHZ Hamiltonian with a cylindrical soft-wall confinement having equal conduction and valence

1
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barriers MO − M given by [6]

Vc =


V (r)σz 0

0 V (r)σz

 , V (r) =



0 r < R

MO − M > 0 r > R
(S1)

For the inner region (r < R) we have the regularized modified Bessel functions at r = 0 (first kind)

ψ±, r<R
jz,n

(r, θ) =
∑

σ=±
p±jz,n,σ


I jz∓ 1

2
(λσr) ei( jz∓ 1

2 )θ
D+λ

2
σ−E±jz ,n+C+

iA(±λσ) I jz∓ 3
2

(λσr) ei( jz∓ 3
2 )θ

 =
∑

σ=±
p±jz,n,σ


I jz∓ 1

2
(λσr) ei( jz∓ 1

2 )θ

R±jz,n,σ I jz∓ 3
2

(λσr) ei( jz∓ 3
2 )θ

 ,

(S2)

where D+ = D + B, C+ = C + M, R±jz,n,σ =

(
D+λ

2
σ−E±jz ,n+C+

)

iA(±λσ) , and the other parameters have been

defined in the main text [see definitions below Eq. (4)]. For the outer region (r > R) we have the

regularized modified Bessel at r → ∞ (second kind)

ψ±,r>R
jz,n

(r, θ) =
∑

σ=±
r±jz,n,σ


K jz∓ 1

2

(
λO
σr

)
ei( jz∓ 1

2 )θ
D+λ

O 2
σ −E±jz +C+

−iA(±λO
σ) K jz∓ 3

2

(
λO
σr

)
ei( jz∓ 3

2 )θ

 =
∑

σ=±
r±jz,n,σ


K jz∓ 1

2

(
λO
σr

)
ei( jz∓ 1

2 )θ

−RO,±
jz,n,σ

K jz∓ 3
2

(
λO
σr

)
ei( jz∓ 3

2 )θ

 ,

(S3)

with λO
σ = λσ

(
M → MO

)
and RO,±

jz,n,σ
= R±jz,n,σ

(
M → MO

)
. To find the quantized energies of the

system, we first need to match the continuity of 1) the wave function and 2) its derivative in the

radial direction at r = R, yielding

ψ±,r<R
jz,n

(r = R, θ) = ψ±,r>R
jz,n

(r = R, θ) , (S4)

∂rψ
±,r<R
jz,n

(r = R, θ) = ∂rψ
±,r>R
jz,n

(r = R, θ) . (S5)

Choosing θ = 0, we combine Eqs. (S4) and (S5) in the following matrix equation



I jz∓ 1
2

(λ+R) I jz∓ 1
2

(λ−R) K jz∓ 1
2

(
λO

+R
)

K jz∓ 1
2

(
λO
−R

)

R±jz,n,+I jz∓ 3
2

(λ+R) R±jz,n,−I jz∓ 3
2

(λ−R) −RO,±
jz,n,+

K jz∓ 3
2

(
λO

+R
)
−RO,±

jz,n,−K jz∓ 3
2

(
λO
−R

)

∂rI jz∓ 1
2

(λ+R) ∂rI jz∓ 1
2

(λ−R) ∂rK jz∓ 1
2

(
λO

+R
)

∂rK jz∓ 1
2

(
λO
−R

)

R±jz,n,+∂rI jz∓ 3
2

(λ+R) R±jz,n,−∂rI jz∓ 3
2

(λ−R) −RO,±
jz,n,+

∂rI jz∓ 3
2

(
λO

+R
)
−RO,±

jz,n,−∂rK jz∓ 3
2

(
λO
−R

)





p±jz,n,+
p±jz,n,−
−r±jz,n,+
−r±jz,n,−



= 0,

(S6)

whose determinant when set to zero determines all the non-trivial quantized energy levels for the

soft wall case. We solve Eq. (S6) for a soft wall barrier MO = 2 eV using the same set of BHZ

2
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Figure S1. a) Topological QD energy levels as a function of the total angular momentum jz for the soft
(MO = 2 eV) and hard wall (MO → ∞) cases for R = 60nm. b) Same as a) but for a trivial QD with
R = 30nm. The arrows denote forbidden transitions between spin up and spin down states of the BHZ
blocks, blue and red symbol, respectively.

parameters and QD radii as that of Figs. 1(c) and 1(e) in the main text. We plot in Fig. (S1) both

the soft and hard wall QD energy levels as a matter of comparison. The solid symbols represent

the hard wall case, while the fading color symbols represent the soft wall case. We see that the

bulk-like and the edge-like states of both the topological and trivial QDs behave similarly for soft

wall confinement. The bulk-like levels are shifted by a small amount independent of jz, while the

edge states are shifted by a larger amount proportional to jz. This follows from the edge states

being more localized at the interface than the bulk states as we increase jz. Therefore, the larger

jz is the more sensitive to the change from hard to soft wall the wave functions are, thus changing

their corresponding energies. We emphasize that even in the presence of the soft wall confinement

we still find protected trivial helical edge states within the energy range indicated by the gray

area of Fig. (S1) b). We assume that MO = 2 eV represents a realistic AlSb soft wall barrier

heterostructure. Although this choice gives just two Kramers pairs of geometrically protected

trivial helical edge states, the soft wall barrier (possibly) modulated by tunable gates on our QWs

could lead to a full control of the number of protected trivial helical edge states.

3
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IV. ORDINARY InAs QD HAMILTONIAN.

In contrast to the topologically trivial and non-trivial InAsBi QWs, the ordinary InAs/AlSb QW

with its large subband gap can be described approximately by decoupled parabolic dispersions

using realistic effective masses. Thus we solve for the corresponding conduction and valence

QD energy levels independently. The effective Hamiltonian for (the doubly-degenerate) lowest

conduction |C1±〉 (with energy EC1) and highest valence |H1±〉 (with energy EH1) QW subbands

reads

HInAs =



~2

2mC1
k2 + EC1 0 0 0

0 ~2

2mH1
k2 − EH1 0 0

0 0 ~2

2mC1
k2 + EC1 0

0 0 0 ~2

2mH1
k2 − EH1



. (S7)

where realist k.p calculations [4] for the InAs/AlSb QW with thickness d = 6 nm yield effective

masses mC1 = 0.0473 m0 and mH1 = −0.2163 m0 and EC1 − EH1 = 401.4 meV. The respective wave

functions for cylindrical hard-wall confinement can be straightforwardly obtained

ψC1±
jz,n

(r, θ) = p jz,nI jz∓ 1
2

(
λC1r

)
ei( jz∓ 1

2 )θ, (S8)

ψH1±
jz,n

(r, θ) = q jz,nI jz∓ 3
2

(
λH1r

)
ei( jz∓ 3

2 )θ, (S9)

with λC1 =

√
EC1±

jz ,n
−EC1

− ~2
2mC1

, λHH1 =

√
EH1±

jz ,n
+EH1

− ~2
2mH1

and p jz,n, q jz,n being the normalization factors. The

energies are determined by imposing the vanishing of the above wave functions at r = R, yielding

EC1±
jz,n

= EC1 +
~2

2mC1


αn

jz∓ 1
2

R



2

, (S10)

EH1±
jz,n

= −EH1 +
~2

2mH1


αn

jz∓ 3
2

R



2

, (S11)

where αn
jz∓ 1

2

(
αn

jz∓ 3
2

)
are the nth-order zero of the modified Bessel function of order jz ∓ 1

2 ( jz ∓
3
2 ). Using now that the modified Bessel functions satisfy I jz∓ 1

2
(λr) = I− jz± 1

2
(λr) and I jz∓ 3

2
(λr) =

4
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I− jz± 3
2
(λr), we find the following degeneracies

EC1±
jz∓ 1

2 ,n
= EC1±

− jz± 1
2 ,n
, (S12)

EH1±
jz∓ 3

2 ,n
= EH1±

− jz± 3
2 ,n
. (S13)

Together with the degeneracy due to time reversal symmetry, we find for each jz level (with jz ,

±1
2 for C1± and jz , ±3

2 for H1±) the 4-fold degeneracies discussed in the main text

EC1±
jz∓ 1

2 ,n
= EC1∓

−( jz∓ 1
2 ),n = EC1±

− jz± 1
2 ,n

= EC1∓
−(− jz± 1

2 ),n, (S14)

EH1±
jz∓ 3

2 ,n
= EH1∓

−( jz∓ 3
2 ),n = EH1±

− jz± 3
2 ,n

= EH1∓
−(− jz± 3

2 ),n. (S15)

Additionally, the helical character in the ordinary InAs QD is also absent since the degenerate

states Eqs. (S12) and (S13) have circulating currents with opposite propagation directions. Next

we estimate the influence of the electron-hole mixing and the spin-orbit couplings of the Rashba

and Dresselhaus types on the energy spectrum of ordinary InAs QDs. For completeness, in Sec. V

we also assess the effect of the intrinsic bulk-inversion asymmetry (BIA) term on the Bi-based

BHZ QD energy levels.

A. Ordinary InAs QD in the presence of C1-H1 mixing

Here we investigate the influence of including the mixing between the |C1±〉 and |H1±〉 sub-

bands in the effective InAs/AlSb QW Hamiltonian, Eq. (S7). We model this coupling through the

±A′k± terms in the Hamiltonian

HC1−H1
InAs =



~2

2mC1
k2 + EC1 A′k+ 0 0

A′k− ~2

2mH1
k2 − EH1 0 0

0 0 ~2

2mC1
k2 + EC1 −A′k−

0 0 −A′k+
~2

2mH1
k2 − EH1



. (S16)

The new energies thus read

E± =
EC1 + EH1

2
+
~2

4

(
1

mC1

+
1

mH1

)
k2 ±

√[
EC1 − EH1

2
+
~2

4

(
1

mC1

− 1
mH1

)
k2

]2

+ (A′k)2. (S17)
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To obtain an estimate for the QD energies, we now make |k| ≈ 1
R in the above formula (the QD

radius is a reasonable assumption for |k|) and use simple perturbative expansion to find

∆Emix
C1−H1

≈
(

A
R

)2

EC1 − EH1

. (S18)

Using EC1 − EH1 = 401.4 meV (Sec. IV), A′ ≈ 300 meV.nm (Tab. S1) and R = 30 nm, we obtain

∆Emix
C1−H1

≈ 1 meV, (S19)

which is much smaller as compared to the energy separation of two conduction QD levels [Fig. 1d)

in the main text].

B. Ordinary InAs QD in the presence of spin orbit Rashba term

Although our calculations (main text) were done by considering symmetric InAs/AlSb QWs,

we can estimate the shift in the QD energy levels due to spin-orbit interaction by including the

linear Rashba term [7, 8] arising from a possible structural inversion asymmetry (SIA). For sim-

plicity, we only consider the Rashba term in the electron subspace. In this case our Hamiltonian

reads

HRashba
InAs =



~2

2mC1
k2 + EC1 0 −iαk− 0

0 ~2

2mH1
k2 − EH1 0 0

iαk+ 0 ~2

2mC1
k2 + EC1 0

0 0 0 ~2

2mH1
k2 − EH1



. (S20)

The new conduction energies are given by

E±C1,S IA = EC1 +
~2 k2

2mC1

± α |k| . (S21)

Using the realistic α = 28 meV.nm [9] and again making |k| ≈ 1
R with R = 30 nm, we obtain the

QD energy level shift due the Rashba spin orbit coupling

∆EC1,S IA ≈ α

R
→ ∆EC1,S IA ≈ 0.9 meV, (S22)
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which is also small as compared to the energy separation of two conduction QD energy levels [c.f.,

Eq. (S19)].

C. Ordinary InAs QD in the presence of bulk inversion asymmetry term (BIA)

Now we take into account the influence of the intrinsic bulk inversion asymmetry (BIA)

term [8], which arises from the lack of inversion symmetry in the Zincblende structure. Here

we consider only the BIA term within the electron subspace. Using the leading order BIA

terms [10, 11] in Eq. (S7) we obtain

HBIA
InAs =



~2

2mC1
k2 + EC1 0 −βk+ 0

0 ~2

2mH1
k2 − EH1 0 0

−βk− 0 ~2

2mC1
k2 + EC1 0

0 0 0 ~2

2mH1
k2 − EH1



, (S23)

which has eigenvalues

E±C1,BIA = EC1 +
~2 k2

2mC1

± β |k| . (S24)

The linear Dresselhaus parameter for InAs/AlSb QW is typically β ≈ 5 meV.nm [9]. Using then

|k| ≈ 1
R with R = 30 nm, we obtain the following shift in the QD energy levels

∆EC1,BIA ≈ β

R
→ ∆EC1,BIA ≈ 0.17 meV, (S25)

which is also negligible.

V. TRIVIAL InAs0.85Bi0.15 QD IN THE PRESENCE OF BIA

In our trivial InAs0.85Bi0.15 QD case, the presence of the BIA terms should be more important

as compared to the previous case (ordinary InAs QD). The reason lies in the fact that the Bi-

based compounds have larger spin-orbit interaction thus possibly enhancing the strength of the

7
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BIA terms. In leading order, the BHZ Hamiltonian with BIA reads [12]

HBIA
InAsBi = C − Dk2 +



M − Bk2 Ak+ 0 −∆BIA

Ak− −M + Bk2 ∆BIA 0

0 ∆BIA M − Bk2 −Ak−

−∆BIA 0 −Ak+ −M + Bk2



, (S26)

with eigenenergies given by [6]

E±,s=±BHZ (k,∆BIA) = C − Dk2 ±
√

(A |k| + s∆)2 +
(
M − Bk2

)2
. (S27)

Using the parameters on Tab. S1, assuming |k| ≈ 1
R with R = 30 nm, and ∆BIA = 4 meV (twice the

value of HgTe/CdTe [12]) we estimate the energy shift in, e.g., the valence levels, as

E−,s=±BHZ

(
1
R
,∆BIA

)
− E−,s=±BHZ

(
1
R
,∆BIA = 0

)
≈ 2meV, (S28)

leading to small energy level shift as compared to the QD energy separation. A similar estimate

also holds for the topological InAs0.85Bi0.15 QD.

VI. THE ORIGIN OF THE EDGE STATES IN THE TRIVIAL InAsBi BHZ QDS.

In this section we show qualitatively that the reason behind the appearance of the edge states in

the trivial InAsBi BHZ QDs is the 2 × 2 structure of BHZ model with a large linear-k “A term” as

compared to the BHZ gap 2M. We show that in this case the BHZ model supports wave functions

localized at the QD edge – even in the trivial regime.

As already shown in the main text, the wave functions for both trivial and non-trivial BHZ QDs

[Eq. (4) in the main text] correspond to linear combinations of the modified Bessel functions of

the first kind Im

[
λτ

(
Eσ

jz,n

)
r
]
, with λ2

τ=±
(
Eσ

jz,n

)
= −F + τ

√
F2 − Q2 and F,Q already defined in the

main text. For real and large arguments such as λτ
(
Eσ

jz,n

)
r � m, these modified Bessel functions

are well described by the following exponential asymptotic form [13]

Im

[
λτ

(
Eσ

jz,n

)
r
]
≈ eλτ

(
Eσ

jz ,n

)
r

√
2πλτ

(
Eσ

jz,n

)
r

1 −
4m2 − 1

8λτ
(
Eσ

jz,n

)
r

+ · · ·
 . (S29)
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Topological InAsBi BHZ QDs. In this case both λ−
(
Eσ

jz,n

)
and λ+

(
Eσ

jz,n

)
[with λ±

(
Eσ

jz,n

)
R � m]

assume only real values within the gap region M < Eσ
jz,n

< −M with M < 0. Therefore, the leading

order radial part of the wave function [Eq. (4) in the main text] for these states reads

ψσjz (r) ≈ 1√
2πλ+

(
Eσ

jz,n

)
r


u+

l+

 eλ+

(
Eσ

jz ,n

)
r
+

1√
2πλ−

(
Eσ

jz,n

)
r


u−

l−

 eλ−
(
Eσ

jz ,n

)
r, (S30)

where u± and l± are complex constants that depend on the QD energy level Eσ
jz,n

. Since λ±
(
Eσ

jz,n

)
>

0, it is clear that Eq. (S30) – as expected – leads to wave functions with high probability densities

near the QD edge, i.e., peaking near r ≈ R with ψσjz (R) = 0 [Fig. 1(f)]. Note that Eq. (S30)

resembles the usual helical edge-state wave functions of 2D TIs with one interface [Refs. [6,

12]]. In Fig. (S2) a) we plot for the topological jz = 5/2 state within the ellipse in Fig. 1(c), the

conduction component of the total wave function [Eq. (4)] and its two separate parts.

Topological Trivial
103nm-2

0 nm-2

a) b)

Figure S2. Plot of the larger wave function [Eq. (4)] component (dashed black line) with its two con-

stituent functions |I1 (λ+r)|2 (solid red line) and
∣∣∣∣ I1(λ+R)
I1(λ−R) I1 (λ−r)

∣∣∣∣
2

(solid blue line) for the QD states within

the ellipses: a) Topological QD state jz = 5
2 in Fig. 1(c) and b) Trivial QD state jz = 5

2 in Fig. 1(d).

Trivial InAsBi BHZ QDs. Unexpectedly, we find that λ−
(
Eσ

jz,n

)
becomes purely imaginary,

while λ+

(
Eσ

jz,n

)
continues to assume real values [with λ+

(
Eσ

jz,n

)
R � m], for levels Eσ

jz,n
lying in

the valence states. Hence the modified Bessel function Im (λ−r) with purely imaginary argument

turn into the usual Bessel function Jm(|λ−|r), which oscillates between positive and negative values

with an infinite number of zeros αn
m, i.e., Jm(αn

m) = 0 with n = 1, 2, 3, .... Substituting Eq. (S29)

into Eq. (4) (main text) and keeping only the leading order term, we obtain

9
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ψσjz (r) ≈


cJ jz± 1
2

(|λ−|r)

dJ jz± 3
2

(|λ−|r)

 +
1√

2πλ+

(
Eσ

jz,n

)
r


u+

l+

 eλ+

(
Eσ

jz ,n

)
r, (S31)

corresponding to a linear combination of oscillatory and exponential functions. Here, c, d, u+ and

l+ are complex constants that depend on the QD energy level Eσ
jz,n

.

Surprisingly, even though Jm(|λ−|r) in Eq. (S31) is an oscillatory function, we do find edge state

wave functions [Fig. 1(h)] for the energy states grouped by the ellipse in Fig. 1(e) [trivial InAsBi

BHZ QD]. This happens because these energy levels always satisfy
∣∣∣∣λ−

(
Eσ

jz,n

)∣∣∣∣ R < α1
m/2, which

implies that Jm,0(|λ−|r) never oscillates but rather grows monotonically within the range 0 < r < R

peaking near r ≈ R as ψσjz (R) = 0, thus also contributing to the edge state character of ψσjz (r). This

can be clearly seen in Fig. (S2) b) where we plot for the jz = 5
2 state within the ellipse in Fig. 1(e).

More specifically, Fig. 1(e) shows the most relevant component (lower) of the wave function with

its two Bessel functions I1 (λ+r) and J1 (|λ−|r). Note, however, that the wave function of the highest

valence level m = 0 ( jz = 3/2) within the ellipse in Fig. 1(h) is extended throughout the QD. This

follows from J0 (|λ−|r) being the only Bessel function peaked at r = 0. Hence ψσjz (r) in Eq. (S31)

becomes a linear combination of an edge wave function and a wave function centered at r = 0,

which yields an extended pattern. [We note that all of these considerations are also valid for the

HgTe/CdTe BHZ parameters as shown in Sec. VIII].

Ordinary InAs QDs. In stark contrast to the trivial InAsBi BHZ QDs here we do not find trivial

edge states. As discussed in Sec. IV, the well-known ordinary InAs QD wave functions [Eqs. (S8)

and (S9)] are given by the modified Bessel functions I jz

[
λC1(H1)

(
EC1(H1)

jz,n

)
r
]
, with λC1(H1)

(
EC1(H1)

jz,n

)
=√

2mC1(H1)
~2

(
EC1(H1) − EC1(H1)

jz,n

)
. They arise from the quadratic InAs QW Hamiltonian in Eq. (S7)

which gives rise to parabolic dispersions [Sec. IV]. Differently from λτ
(
Eσ

jz,n

)
for the BHZ QDs,

here λC1(H1)

(
EC1(H1)

jz,n

)
always assume purely imaginary values for the valence and conduction levels

of Fig. 1(d) thus yielding only oscillatory wave functions Fig. 1(g) (except for jz = 1/2). This

is analogous to the problem of a particle in an infinite well of width L with wave functions ψn =√
2
L sin

(
nπ
L z

)
, n = 1, 2, .... Here, however, due to the cylindrical symmetry of our problem, we have

Bessel functions instead of Sines.

From the above it is clear that the structure of the BHZ model underlying our InAsBi dots

is a relevant ingredient producing the trivial edge states – similarly to the topological case. More

specifically, for our BHZ parameters trivial edge states arise only when
∣∣∣∣λ−

(
Eσ

jz,n

)∣∣∣∣ R . α1
m/2 so that

10
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Jm,0(|λ−|r) be a monotonic function for 0 < r < R. For dot levels near the top of the valence states

[grouped by the ellipse in Fig. 1(e)] we have λ−
(
Eσ

jz,n

)
≈

√
2M
A2

(
Eσ

jz,n
+ M

)
. Hence the presence of

trivial edge states in QDs is controlled by the strength of the factor |λ−|R ∝
√

2M
(A/R)2 , where 2M is

the subband gap and A/R is the coupling between the conduction and valence subbands assuming

k ∼ 1/R. As a consequence, trivial edge states appear in either InAsBi or HgTe QDs (as shown

in Sec. VIII) but not in InAs/GaSb QDs. This follows from the small A term in InAs/GaSb dots

as compared to InAsBi and HgTe cases, which in turn follows from the small overlap between the

electron and hole envelope functions in type-II double QWs.

VII. PERSISTENCE OF THE GEOMETRICALLY PROTECTED TRIVIAL HELICAL EDGE

STATES FOR INCREASING QD RADII.

We investigate here the persistence of the protected trivial helical edge-like states as a function

of the QD radius R. Due to the distinct wave function character between the edge-like and bulk-like

states, their energies behave differently as a function of the QD radius R. For the trivial edge-like

states, the wave functions are more localized at the interface (r = R) with the corresponding

eigenenergies not so sensitive to the QD size R. On the other hand, the bulk-like wave functions

are extended through the whole QD and have very sensitive eigenenergies to R changes. Due to

this different sensitivity to the QD radius, the energies of the edge-like and bulk-like states can

cross each other as we increase R, thus destroying the robustness of the trivial edge-like states

against scattering.

We plot in Fig. (S3) the energy levels as a function of R for the four spin up trivial helical edge-

like energies jz = 3
2 ,

5
2 ,

7
2 ,

9
2 in the gray area of Fig. 1(e) in the main text together with the nearest

bulk-like energy level jz = 1
2 outside the gray area. The bulk-like energy level is more sensitive

to the QD radius and cross the edge-like energy levels at Rc1 = 44 nm and Rc2 = 106 nm [see

red points in Fig. (S3)], where the number of geometrically protected trivial helical edge states

is decreased by one at each crossing. Although the number of geometrically protected trivial

helical states have decreased, the four trivial helical edge states persist for a wide radius range

0 < R < 44nm. We emphasize that even for R > 44 nm, where we have just three pairs of

protected trivial helical edge-like states, our main feature will still remain for a reasonable energy

window. As for the topological QDs, we find that their bulk-like and edge-like states behave

similarly to the ones of the trivial QDs. Thus we still have the similar energy crossing between

11
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Figure S3. Trivial spin up edge-like energy levels jz = 3
2 ,

5
2 ,

7
2 ,

9
2 within the gray area of Fig. 1(e) (main text)

and their nearest bulk-like energy level jz = 1
2 plotted as function of the QD radius. The red dots indicate

the crossing points where the number of the protected trivial edge states decreases by one.

bulk and edge states arising from their different sensitivity to the QD radius.

VIII. EXTENDED QD ENERGY LEVELS FOR DIFFERENT BHZ PARAMETER SETS

We plot in Fig. (S4) the QD energy levels for three different sets of HgTe/CdTe BHZ parameters

given in Refs. [6, 12, 14]. Surprisingly, the existence of trivial helical edge states protected against

elastic scattering holds, showing thus this is not a particular feature of our InAs0.85Bi0.15 QD. On

the other hand, the number of protected trivial helical edge states within the gray area depends

strongly on the BHZ parameters. We find that the smaller the difference |D| − |B| with D < 0

(D > 0) is the larger the number of protected helical edge states in the valence (conduction)

subspace are, thus enhancing the possibility of being experimentally controllable.

12
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Figure S4. a) QD energy levels as a function of the total angular momentum jz for the BHZ parameters of
Ref. [14] with R = 30 nm; b) Same as a) for parameters from Ref. [12]. c) Same as a) for parameters from
Ref. [6]. The arrows denote the forbidden transitions between spin up and down states of the BHZ blocks,
blue and red triangles, respectively. d), e) and f): Probability density |ψ+

jz,n
|2 for the edge states grouped by

the ellipses in a), b) and c)

IX. CIRCULATING CURRENT DENSITY

In this section we derive in details the circulating current formula Eq. (6) in the main text. For

practical reasons, we write the total wave function Eq. (4) [main text] as

ψ±jz,n
(
r, θ, E±jz,n

)
=

N√
2π

[
I jz∓ 1

2 ,n
E1

(r) ei( jz∓ 1
2 )θ ± i I jz∓ 3

2 ,n
HH1

(r) ei( jz∓ 3
2 )θ

]T
, (S32)

with

I jz∓ 1
2 ,n

E1
(r) = I jz∓ 1

2

(
λ+

(
E±jz,n

)
r
)
−

I jz∓ 1
2

(
λ+

(
E±jz,n

)
R
)

I jz∓ 1
2

(
λ−

(
E±jz,n

)
R
) I jz∓ 1

2

(
λ−

(
E±jz,n

)
r
)
, (S33)
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I jz∓ 3
2 ,n

HH1
(r) =

D+λ
2
+

(
E±jz,n

)
− E±jz,n + C+

±iAλ+

(
E±jz,n

)
I jz∓ 3

2

(
λ+

(
E±jz,n

)
r
)
−

I jz∓ 3
2

(
λ+

(
E±jz,n

)
R
)

I jz∓ 3
2

(
λ−

(
E±jz,n

)
R
) I jz∓ 3

2

(
λ−

(
E±jz,n

)
r
)
 ,

(S34)

and N being the normalization factor. The wave function in Eq. (S32) is obtained within the BHZ

model in the usual basis |E1+〉, |HH1+〉, |E1−〉 and |HH1−〉 defined by [5]

|E1±〉 = f ±1 (z)
∣∣∣∣∣Γ6 ± 1

2

〉
+ f ±4 (z)

∣∣∣∣∣Γ8 ± 1
2

〉
, (S35)

|HH1±〉 = f ±3 (z)
∣∣∣∣∣Γ8 ± 3

2

〉
, (S36)

where f ±i (z) are the QW envelope functions and |Γi±〉 are the periodic part of Bloch functions

at Γ point
∣∣∣ui=1,2,3,4,5,6

〉
=

{∣∣∣Γ6,
1
2

〉
,
∣∣∣Γ6,−1

2

〉
,
∣∣∣Γ8,

3
2

〉
,
∣∣∣Γ8,

1
2

〉
,
∣∣∣Γ8,−1

2

〉
,
∣∣∣Γ8,−3

2

〉}
[5]. Using now

Eqs. (S32)-(S36), we write the total wave function as

ψ±jz,n =
N√
2π

[
I jz∓ 1

2 ,n
E1

(r) ei( jz∓ 1
2 )θ

(
f ±1 (z)

∣∣∣∣∣Γ6,±1
2

〉
+ f ±4 (z)

∣∣∣∣∣Γ8,±1
2

〉)
± i I jz∓ 3

2 ,n
HH1

(r) ei( jz∓ 3
2 )θ f ±3 (z)

∣∣∣∣∣Γ8,±3
2

〉]
,

(S37)

Since now we have our wave function written as a product of envelope functions and the periodic

parts of the Bloch functions at Γ point, ψ±jz,n (r) =
∑

i F±i, jz,n (r, θ, z) ui (r), we use the formula of the

average (over the unit cell) current density [15, 16],

〈
j±jz,n

〉
(r) =

e~
m0

Im
∑

i, j

{
F∗i, jz,n (r) F j, jz,n (r) 〈ui|∇

∣∣∣u j

〉
+ δi jF∗i, jz,n (r)∇F j, jz,n (r)

}
, (S38)

to obtain the final formula for our problem,

〈
j±jz,n

〉
(r) =

〈
j±jz,n

〉
b

(r) +
〈

j±jz,n
〉

e
(r) , (S39)

where
〈

j±jz,n
〉

b
= ±eN2

√
2P

2π~

∣∣∣ f ±1 (z)
∣∣∣
∣∣∣ f ±3 (z)

∣∣∣ I jz∓ 1
2 ,n

E1
(r) I jz∓ 3

2 ,n
HH1

(r) θ̂, (S40)

and

〈
j±jz,n

〉
e

=
~eN2

2πr m0

{(
jz ∓ 1

2

) [∣∣∣ f ±1 (z)
∣∣∣2 +

∣∣∣ f ±4 (z)
∣∣∣2
] ∣∣∣∣I jz∓ 1

2 ,n
E1

(r)
∣∣∣∣
2

+

(
jz ∓ 3

2

) ∣∣∣ f ±3 (z)
∣∣∣2

∣∣∣∣I jz∓ 3
2 ,n

HH1
(r)

∣∣∣∣
2
}
θ̂.

(S41)
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Here m0 is the bare electron mass and P is the usual Kane parameter [7, 16, 17]. We emphasize

that r here denotes the center of the unit cell position (see Ref. [15, 16] for details). The first term
〈

j±jz,n
〉

b
is the “Bloch velocity” contribution to the average current as it stems from the periodic

Bloch functions, while the second term
〈

j±jz,n
〉

e
is the contribution from the envelope functions.

From Eqs. (S33) and (S34) we note that I jz∓ 1
2 ,n

E1
(r) = I− jz± 1

2 ,n
E1

(r) and I jz∓ 3
2 ,n

HH1
(r) = I− jz± 3

2 ,n
HH1

(r), yielding

〈
j±jz,n

〉
(r) = −

〈
j∓− jz,n

〉
(r) , (S42)

which corresponds to the helical property of the QD levels, i.e., states with opposite jz and spin

(±) propagate in opposite angular directions.

3.53.5- nA.nm-2 nA.nm-2

50x

50x

50x

50x

TrivialTopologicala) b)

Figure S5. a) Spin-up envelope circulating current Eq. (S41) for the topological helical edge states jz = 3
2

and jz = 5
2 within the gray area of Fig. 1(c) (main text). b) Spin-up circulating current for the trivial helical

edge states jz = 3
2 and jz = 5

2 within the gray area of Fig. 1(e) (main text). The solid white lines correspond
to the soft-wall QW barriers.

A. Envelope contribution to the circulating current

We plot in Fig. (S5) the envelope function contribution
〈

j±jz,n
〉

e
to the circulating current for the

spin up conduction levels of Fig. 2 (main text). All the density plots in Fig. (S5) were multiplied

by a factor of 50 in order to compare them to the total circulating current density plotted in Fig. 2.

The magnitude of the color bar here is the same as in Fig. 2. In accordance with Refs. [15, 16] here

we obtain a small envelope current contribution. Interestingly, the envelope current contribution

for jz = 3/2 is negligible and cannot be visualized using the amplification of 50 times. This

stems from the fact that 1) the spin-up jz = 3/2 states are almost purely HH1+ states, so the HH1

wave function components, I jz− 3
2 ,n

HH1
(r), are larger than the E1+ ones, I jz− 1

2 ,n
E1

(r), and 2) for spin up
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jz = 3/2 we have no envelope contribution from the HH1+ subspace corresponding to the zero

envelope orbital angular momentum jz − 3/2 = 0. Using thus Eq. (S41) with 1) and 2) we find a

negligible envelope circulating current.

B. Circulating current of the lowest jz = 1
2 conduction level in the ordinary InAs QD

Here we show that the circulating current for the lowest jz = 1
2 conduction level in the ordinary

InAs QD [Fig. 1(d)] is very small as compared to currents of the trivial and topological InAsBi

BHZ QDs in Fig. 2.

To calculate the circulating current of the ordinary InAs dot states we chose Hamiltonian

Eq. (S16) which contains a mixing between electron and holes subspaces. For this Hamiltonian,

we still have the circulating current given by an equation similar to Eq. (6) in the main text. Since

we are interesting here in the spin up jz = 1
2 state with its zero envelope angular momentum, it is

a good approximation to neglect the envelope contribution [Eq. (S41)] from the total circulating

current, yielding
〈

j+
jz= 1

2 ,n=1

〉
≈
√

2N2P
h

∣∣∣ f ±1 (z)
∣∣∣
∣∣∣ f ±3 (z)

∣∣∣ I0,1
C1

(r) I−1,1
H1

(r) θ̂, (S43)

where we recall that I0,1
C1

(r) and I−1,1
H1

(r) are the corresponding conduction and valence wave func-

tion components of Eq. (S32), respectively. For the energy of the lowest jz = 1
2 state, we have

E+

jz= 1
2 ,n=1
≈ M, so that we can write

HC1−H1
InAs


I0,1
C1

(r)

I−1,1
H1

(r)

 ≈ M


I0,1
C1

(r)

I−1,1
H1

(r)

. (S44)

Using now |k| ≈ 1
R , we find ~2

2mC1

1
R2 � EC1 and ~2

2mH1

1
R2 � EH1 . Hence, the above equation reads

approximately 
M A

R

A
R −M




I0,1
C1

(r)

I−1,1
H1

(r)

 ≈ M


I0,1
C1

(r)

I−1,1
H1

(r)

. (S45)

From the second line of the above equation, we obtain the following relation between the conduc-

tion and valence components,

I−1,1
H1

(r) ≈ A/R
2M

I0,1
C1

(r). (S46)
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Using the typical InAs parameters in Sec. IV we find A/R
2M � 1 thus yielding I0,1

C1
(r) � I−1,1

H1
(r).

As I0,1
C1

(r) and I−1,1
H1

(r) are normalized within the QD region, the product I0,1
C1

(r) I−1,1
H1

(r) will be

smaller as compared to the product I1,1
E1

(r) I0,1
HH1

(r) arising from the highest jz = 3
2 valence state

in the trivial InAsBi QD - since for the latter we find A/R
2M ≈ 0.5. Therefore, even though the

ordinary lowest jz = ±1
2 conduction states are protected, they do not carry a substantial circulating

current as compared to the trivial BHZ QDs as seen in Fig. S6 (Note that the plot was multiplied

by a factor of 100 in order to compare it with Fig. 2). Different from the other cases, here the

circulating current peaks near the soft-wall QW barriers. This comes from the type-II structure of

the double InAs/AlSb QW which yields a large overlap of the QW envelope functions around the

QW barriers.

100x

3.53.5- nA.nm-2 nA.nm-2

Figure S6. a) Spin-up circulating current Eq. (6) for lowest ordinary jz = 1
2 conducting state within the gray

area of Fig. 1(d) (main text). The solid white lines correspond to the soft-wall QW barriers.

X. CONDUCTANCE CALCULATION

A. Conductance formula

We derive here the conductance within the linear regime through non-interacting QD levels

coupled to left (L) and right (R) leads [18–21]. As already discussed in the main text, for the

conductance calculations we consider two Kramers pairs, denoted by |1〉 = | jz, ↑〉, |2〉 = |− jz, ↓〉,
|3〉 =

∣∣∣ j′z, ↑
〉

and |4〉 =
∣∣∣− j′z, ↓

〉
with ε1 = ε2, ε3 = ε4, and εi = εi(R,Vg). Although we have done

the conductance calculation for the full Hamiltonian Eq. (8) in the main text (this result will be

presented elsewhere), here we derive the conductance formula neglecting spin-flip processes as it

is simpler analytically. The starting point is thus given by Eq. (8), which in the absence of spin-flip
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processes, i.e., t14 = t23 = V2(4)
kα↑ = V1(3)

kα↓ = 0 yields the following spin block diagonal Hamiltonian

H =

=H↑︷                                                                                                           ︸︸                                                                                                           ︷
ε1d†1d1 + ε3d†3d3 +

∑

kα↑,α
εkα↑c

†
kα↑ckα↑ +

∑

kα↑,α

(
V1

kα↑d
†
1ckα↑ + V3

kα↑d
†
3ckα↑

)
+ t13d†1d3 + h.c.

+

=H↓︷                                                                                                           ︸︸                                                                                                           ︷
ε2d†2d2 + ε4d†4d4 +

∑

kα↓,α
εkα↓c

†
kα↓ckα↓ +

∑

kα↓,α

(
V2

kα↓d
†
2ckα↓ + V4

kα↓d
†
4ckα↓

)
+ t24d†2d4 + h.c., (S47)

where the spin up Hamiltonian is represented schematically in Fig. (S7). Because we are ne-

glecting spin flip processes, we can calculate the conductance formula for just one particular spin

component and multiply it by a factor of two in order to account for both spin components.

Figure S7. Schematic for the spin up QD Hamiltonian with levels ε1, ε3 coupled to each other through t13

and coupled to left and right leads through V1,3
kL↑ and V1,3

kR↑.

The equations of motion for the retarded spin up Green functions yield



E − ε1 + iη −∑11
α 0 0 −∑13

α −t∗13

0 E − ε3 + iη −∑33
α −∑31

α −t13 0

0 −∑13
α −t∗13 E − ε1 + iη −∑11

α 0

−∑31
α −t13 0 0 E − ε3 + iη −∑33

α





Gr
11 (E)

Gr
33 (E)

Gr
13 (E)

Gr
31 (E)



=



1

1

0

0



,

(S48)

with
∑l,m
α =

∑
kα,α

V l
kα↑V

m∗
kα↑

E−εkα↑+iη , α = L,R and l,m = 1, 3. Using the Meir-Wingreen [18] results as-

suming 1) equal left and right density of states in the leads (ρL = ρR) and 2) equal spin-conserving

coupling of the QD to left and right leads
(
V l

kL↑ = V l
kR↑

)
. We find that the spin up current in the

18



140

equilibrium regime reads

J↑ = −e
h

∫
dE

[
fL (E) − fR (E)

]
Im

[
tr

{
ΓL(R)Gr

}]
, (S49)

where fL(R) (E) is the Fermi-Dirac distribution of left (right) lead defined here as

fL (E) =
1(

1 + e
E−µL
kBT

) , fR (E) =
1(

1 + e
E−µR
kBT

) , (S50)

where kB is the Boltzmann constant, T is the temperature and µL(R) is the chemical potential of

the left (right) lead. As for ΓL(R) and Gr, we have
(
ΓL(R)

)
lm

= Γ
L(R)
lm = 2πρL(R)V l

kL(R)↑V
m∗
kL(R)↑ and

(Gr)lm = Gr
lm, or explicitly,

ΓL = 2πρL


V1

kL↑V
1∗
kL↑ V1

kL↑V
3∗
kL↑

V3
kL↑V

1∗
kL↑ V3

kL↑V
3∗
kL↑

 , Gr =


Gr

11 (E) Gr
13 (E)

Gr
31 (E) Gr

33 (E)

 . (S51)

Within linear response, i.e., µL − µR = −eV with eV � µL,R, we write

fL(E) − fR(E) ≈ (µL − µR)
(
−∂ f0

∂E

)
= (−eV)

(
−∂ f0

∂E

)
, (S52)

where f0 is the equilibrium Fermi function f0(E) = 1/(e
E−εF
kBT +1) where we have taken the chemical

potential as its T = 0 value, i.e., the Fermi energy µ = εF . From Eq. (S49) the spin up conductance

within linear response thus reads

G↑ =
dJ↑
dV

∣∣∣∣∣
V=0

=
e2

h

∫
dE Im

[
tr

{
ΓL(R)Gr

}] (
−∂ f0

∂E

)
. (S53)

Now we assume k-independent QD-lead couplings V l
kL↑ = V l

L, together with the wide band

limit [22] where the constant 2D density of states in the leads ρL(,R) is assumed to have an energy

range much larger than the characteristic energies of our system, i.e., ∆εL,R � E. We also assume

the dependence of the QD energy levels on the gate Vg as εi

(
R,Vg

)
= εi(R) − eVg. Thus, the spin
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up conductance Eq. (S53) at T = 0 K reads

G↑ =
e2

h

[
ΓL

3

(
εF − ε1(R,Vg)

)
+ ΓL

1

(
εF − ε3(R,Vg)

)
+ 2t13Γ

L
13

]2

[(
εF − ε1(R,Vg)

) (
εF − ε3(R,Vg)

)
− t2

13

]2
+

[
ΓL

3

(
εF − ε1(R,Vg)

)
+ ΓL

1

(
εF − ε3(R,Vg)

)
+ 2t13Γ

L
13

]2 ,

(S54)

which exhibits e2

h conductance peaks as a function of R and Vg [Figs. 3(b), (c) and (e) in the main

text] when
[
εF − ε1(R,Vg)

] [
εF − ε3(R,Vg)

]
− t2

13 = 0. (S55)

We emphasize that the conductance formulas Eqs. (S53) and (S54) here correspond to a purely

spin up conductance. Hence the total conductance follows

G = G↑ + G↓ = 2G↑. (S56)

The total QD conductance G Eq. (S56) can also be written as

G =
2e2

h

{
πΓL

1ρ1 (εF) + πΓL
3ρ3 (εF)

}
− 4e2

h
ΓL

13Im
[
Gr

13 (εF)
]
, (S57)

where ρi(εF) = − 1
π
Im {Gii(εF)}. The first two terms (always positive definite) correspond to the

conductance via the two QD levels and the last one represents the interference term [19–21].

B. Diagonal QD level operators

The spin up QD Hamiltonian H↑ [see Eq. (S47)] sketched in Fig. (S7) in the absence of coupling

to the leads is given by

HQD =

(
d†1 d†3

) 
ε1 t13

t13 ε3




d1

d3

 , (S58)

and has the following diagonal form

H =

(
d†+ d†−

) 
ε+ 0

0 ε−




d+

d−

 , (S59)
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with

d†+ =
t13 d†1 + (ε+ − ε1) d†3√

t2
13 + (ε+ − ε1)2

, d†− =
t13 d†1 + (ε− − ε1) d†3√

t2
13 + (ε− − ε1)2

, (S60)

and ε± =
ε1+ε3±

√
(ε1−ε3)2+4t213
2 . We rewrite now the Hamiltonian that couples the QD to the leads

using the diagonal d+, d− operators, yielding

HLead−QD =
∑

kα,α

(
V1

kαd
†
1ckα + V3

kαd
†
3ckα

)
+ H.C (S61)

=
∑

kα,α

[
V1

kα (ε1 − ε+) + t13V3
kα

]
√

(ε1 − ε−)2 + t2
13

(ε− − ε+) t13
d†−ckα

−
∑

kα,α

[
V1

kα (ε1 − ε−) + t13V3
kα

]
√

(ε1 − ε+)2 + t2
13

(ε− − ε+) t13
d†+ckα + H.C (S62)

=
∑

kα,α

(
V−kαd

†
−ckα + V+

kαd
†
+ckα

)
+ H.C (S63)

We note that by tuning the QD parameters such that ε1(Rc,Vg,c) − ε3(Rc,Vg,c) = t13

(
V1

kα
V3

kα
− V3

kα
V1

kα

)
, we

obtain V1
kα

(ε1 − ε+) + t13V3
kα = 0, thus decoupling the diagonal level d−. As a consequence, we

just see a single peak occurring in the conductance calculation Fig. 3(e) (main text) at (R,Vg) =

(Rc,Vg,c).

C. Estimate for the hopping and broadening terms

A back of the envelope estimate for the couplings ti j in the Hamiltonian Eq. (8) (main text) can

be obtained from ti j =
∫

dθdr r ψ†i Vpert ψ j. By taking ψi = ψσjz,n [Eq. (4), main text] and assuming

Vpert ≈ 1 meV (a typical value for, e.g., non-magnetic impurities [23]) we find t13 = t24 = t ≈
1 meV. Note that t12 = t34 = 0 due to time reversal symmetry. The broadening Γ

L(R)
lm of the

dot levels due to dot-lead coupling can range from tens of µeV to meV [24–26] for ordinary

QDs. There are no level-broadening data for BHZ QDs. We assume Γ = Γ
L(R)
lm = 4 meV in our

conductance calculation (Fig. 3, main text). Smaller Γ’s would make the resonances in G narrower

but would not change our findings. A detailed level broadening calculation for topological and

non-topological BHZ QDs due to the leads is needed in the literature. This, however, is beyond
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the scope of our present manuscript and should be addressed in a future work.
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[17] E. O. Kane, J. Phys. Chem. Solids 1, 249 (1957).

[18] Y. Meir, Ned S. Wingreen, Phys. Rev. Lett. 68, 16 (1992).

[19] M. L. Ladrn de Guevara, et. al., Phys. Rev. B 67, 195335 (2003).

[20] G.-H. Ding, et. al., Phys. Rev. B 71, 205313 (2005).

[21] H. Lu, et. al., Phys. Rev. B 71, 235320 (2005).

[22] J. Antti-Pekka, N. S. Wingreen, and Y. Meir, Phys. Rev. B 50, 5582 (1994).

[23] G. Bastard, Wave mechanics applied to semiconductor heterostructures. New York, NY (USA), John

Wiley and Sons Inc. (1990).

[24] R. Hanson, et. al., Spins in few-electron quantum dots. Rev. Mod. Phys. 79, 1217, (2007).

[25] S. Datta, Electronic transport in mesoscopic systems. Cambridge university press, (1997).

22



144

[26] L. P. Kouwenhoven, et. al., Mesoscopic electron transport. Springer, Dordrecht, (1997).

23



145

ANNEX B – SUBMITTED ARTICLES

“Paradoxical extension of the edge states across the topological phase transition
due to emergente approximate chiral symmetry in a quantum anomalous Hall system” –
arXiv:1807.05111 – Denis R. Candido, Maxim Kharitonov, J. Carlos Egues, and Ewelina
Hankiewicz.

We submitted the manuscript as a regular article in PRB; we received two very good
reports, one recommending that the manuscript be published as a Rapid Communication.



146
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We present a paradoxical finding that, in the vicinity of a topological phase transition in a quantum
anomalous Hall system (Chern insulator), topology nearly always (except when the system obeys
charge-conjugation symmetry) results in a significant extension of the edge-state structure beyond
the minimal one required to satisfy the Chern numbers. The effect arises from the universal gapless
linear-in-momentum Hamiltonian of the nodal semimetal describing the system right at the phase
transition, whose form is enforced by the change of the Chern number. Its emergent approximate
chiral symmetry results in an edge-state band in the vicinity of the node, in the region of momenta
where such form is dominant. Upon opening the gap, this edge-state band is modified in the gap
region, becoming “protected” (connected to the valence bulk band with one end and conduction
band with the other) in the topologically nontrivial phase and “nonprotected” (connected to either
the valence or conduction band with both ends) in the trivial phase. The edge-state band persists
in the latter as long as the gap is small enough.

Introduction and main result. In quantum anomalous
Hall (QAH) systems (also known as Chern insulators)1–4,
the topological Chern number C of an insulating phase
defines, via bulk-boundary correspondence2,4, the num-
ber of the edge-state bands that connect the valence and
conduction bulk bands. This is the only characteristic
of the edge states required by quantum Hall (QH) topol-
ogy. Such states are topologically protected in the sense
that they cannot disappear under continuous deforma-
tions of the Hamiltonian without closing the gap in the
bulk spectrum.

One could define minimal edge-state structures that are
sufficient to satisfy a given Chern number. In particular,
in the topologically nontrivial (TnT) phase with C = 1,
one topologically protected edge-state band, having min-
imal extent in momentum space just enough to connect
the valence and conduction bands (for more common
band structures, this is typically the region of momenta
dominated by the bulk gap), is sufficient. In the topo-
logically trivial (TT) phase with C = 0, no edge states
at all are required. No edge states are also required at
the topological phase transition (TPT) between the TT
and TnT phases, when the gap closes and the system is
a semimetal, since C is not even well-defined there.

In principle, topologically nonprotected edge-state
bands that are connected to either the valence or con-
duction band with both ends could additionally exist.
Also, topologically protected edge-state bands could ex-
tend beyond the gap region. Such additional edge-state
structures are not required by QH topology, but neither
are they prohibited.

In this work, we present a paradoxical finding that,
in the vicinity of a TPT in QAH system, QH topology
nearly always results in a significant extension of the
edge-state structure beyond the minimal one required

to satisfy the Chern numbers, described above. This
generic behavior is illustrated in Fig. 1 with the quadratic
model, to be presented below, which describes one block
of the Bernevig-Hughes-Zhang (BHZ) model5 of a quan-
tum spin Hall (QSH) system5–7. This behavior has pre-
viously been noticed8 in the BHZ model, but remained
unexplained.

Applying the ideas recently formulated in Ref. 9, we
show that this extension of the edge-state structure orig-
inates from the emergent approximate chiral symmetry
of the universal gapless linear-in-momentum low-energy
Hamiltonian of the nodal semimetal describing the sys-
tem right at the TPT, which in its simplest form reads

Ĥ0(p) = v(τxpx + τypy), (1)

where τx,y are Pauli matrices in the space defined be-
low and v is the velocity of its linear spectrum ±v|p|,
p = (px, py). This results in an edge-state band that ex-
ists [Fig. 1(b)] at the TPT on one side of the node (at
least) in the region |px| . p∗ of momenta px along the
y = 0 edge, where such asymptotic form of the Hamil-
tonian is dominant; p∗ is the scale, where higher-order-
in-momentum terms in the asymptotic expansion of the
full Hamiltonian become comparable to the linear ones.
Upon opening a small gap ∆, such that p∆ = |∆|/v � p∗,
the edge-state band is modified only in the smaller re-
gion |px| . p∆ dominated by the gap, in accord with
QH topology. In the TT phase [C = 0, Fig. 1(a)], the
edge-state band exists in the region p∆ . |px| . p∗ and
remains topologically nonprotected, connected to the va-
lence (in the case of quadratic model presented in Fig. 1)
band with both ends without crossing the gap. In the
TnT phase [C = 1, Fig. 1(c)], the edge-state band be-
comes topologically protected, connected to the valence
band with one end and conduction band with the other,
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2

edge states
bulk boundaries

(a) (b) (c)

(d) (e) (f)

FIG. 1: Edge states (blue) of a quadratic model (6) and (7)
of a QAH system in the vicinity (p∆ � p∗ ∼ κ = v/

√
βaβb)

of the TPT. At smaller momenta, the edge-state structure
agrees with that (dashed red) of the low-energy linear model
[Eqs. (2), (3), and (8), Fig. 2]. Grey-shaded regions denote
the continua of bulk states. (a),(b),(c) Due to the approx-
imate chiral symmetry of the linear model, in the general
case βa 6= βb of unequal curvatures βa,b of the conductance
and valence bands, the edge-state structure is extended be-
yond the minimal one required to satisfy the Chern num-
bers. (d),(e),(f) Only in the exceptional case βa = βb, when
the system obeys charge-conjugation symmetry, the minimal
edge-state structure is realized. Graphs (a),(b),(c) are plot-
ted for βa/βb = 10. Graphs (a),(c),(d),(f) are plotted for
κ/p∆ = 3

√
10.

crossing the gap in the region |px| . p∆, but also extend-
ing well beyond it to the region p∆ . |px| . p∗.

Even though this extension of the edge-state structure
is not topologically protected, it is nearly always present,
i.e., for all forms of the low-energy model, except when
it obeys charge-conjugation symmetry [Fig. 1(d),(e),(f)],
which is an exceptional case that can likely be achieved
only by accident or fine-tuning. Only in this case, the
edge-state structure is minimal in the sense described
above.

Our finding is quite paradoxical because the form (1)
of the nodal semimetal Hamiltonian at the TPT is ulti-
mately enforced by QH topology, to ensure the change of
the Chern number across the TPT. This form, due to its
approximate chiral symmetry, generates the extension of
the edge-state structure, which is, however, not required
to satisfy the Chern numbers in either the TT (C = 0)
or TnT (C = 1) phase.

Low-energy Hamiltonian in the vicinity of a topological
phase transition. We consider a QAH system1, i.e., a
2D band insulator with broken time reversal symmetry,
but no orbital effect of the magnetic field. Such system
belongs to class A of the general classification scheme2,4

of topological systems and is characterized by an integer
Z bulk topological invariant well known as the Chern
number.

We consider the vicinity of a TPT in a QAH system.
At the phase transition, two electron states, to be de-

noted a and b, become degenerate at some point in the
Brillouin zone, making the system gapless. The low-
energy linear-in-momentum Hamiltonian for the wave

function ψ̂ = (ψa, ψb)
T in the subspace of these two states

can be written in its simplest form as

Ĥ(p) = v(τxpx + τypy) + ∆τz, (2)

where τx,y,z are the Pauli matrices and p = (px, py) is
the momentum deviation from the degeneracy point. In
general, several additional terms could be present. In
Supplemental Material (SM)10, we demonstrate that our

findings for the simplest Hamiltonian Ĥ(p) presented be-
low also hold for the most general form of the linear
Hamiltonian.

The two insulating QAH phases correspond to two
signs of the gap ∆ ≷ 0 and have a difference C∆<0 −
C∆>0 = 1 of the Chern numbers C∆≷0; ∆ = 0 is the TPT
point, where the system is gapless nodal semimetal, de-
scribed by the Hamiltonian Ĥ0(p) = Ĥ(p)|∆=0 [Eq. (1)].
We assume that one of the phases is TT with a zero
Chern number, i.e., that possible full Chern numbers are
(C∆<0, C∆>0) = (1, 0) or (0,−1).

The Hamiltonian (2) is valid at momenta p = |p| . p∗

not exceeding the scale p∗ defined above. Accordingly,
the gap must also be small enough, so that p∆ . p∗.

General boundary condition. Next, we supplement the
low-energy Hamiltonian Ĥ(p) [Eq. (2)] with the bound-
ary condition (BC) of the most general form, describ-
ing termination of the sample, without any assumptions
about the microscopic structure of the boundary. Such
form is constrained by the only fundamental requirement
that the probability current perpendicular to the bound-
ary must vanish. Such BC has recently been derived11 in
Ref. 9 for the gapless Hamiltonian Ĥ0(p) [Eq. (1)]. Since

the current operator ĵ = ∂pĤ(p) = v(τx, τy) does not
depend on ∆ at all, the BC remains exactly the same for
finite ∆. Throughout the paper, we consider the sample
occupying the half-plane y > 0. The BC for the y = 0
edge12 reads

ψa(x, y = 0) sin θ
2 − ψb(x, y = 0) cos θ2 = 0. (3)

All unique forms of the BC are parameterized by the
angle θ covering the full circle, shown in Fig. 2(d).

Generic edge-state structure. The edge states for the
Hamiltonian (2) and BC (3) can be calculated analyt-
ically and are shown in Fig. 2. All possible forms are
parameterized by the angle θ and represent the generic
edge-state structure in the vicinity of a TPT of QAH sys-
tem, see also SM10. For every value of θ except ±π2 (to be
discussed separately below), there exists one edge-state
band

E(px) = vpx sin θ + ∆ cos θ (4)

for any value of the gap ∆, at px > pmx (θ) for θ ∈
Θa = (−π2 , π2 ) and at px < pmx (θ) for θ ∈ Θb = (π2 ,

3π
2 ).

(vpmx (θ), εm(θ)) = ∆(tan θ, 1/ cos θ) is the merging point
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edge states
bulk boundaries

charge conjugation symmetry
(no edge states at        )

(a)

(c)

(b)

(d)

 chiral symmetry
 (flat edge states)

FIG. 2: Generic edge-state structure [Eq. (4)] in the vicinity of
a TPT in a QAH system, calculated for the simplest form (2)
of the low-energy linear-in-momentum Hamiltonian with the
most general BC (3); see SM10 for the most general form of the
Hamiltonian. Due to the approximate chiral symmetry of the
model, for every value of the parameter θ of the BC (3) except
±π

2
, when the system satisfies charge-conjugation symmetry,

the edge-state structure is extended at the TPT [∆ = 0, (b)]
and in both TT and TnT phases [∆ ≷ 0, (a),(c)] beyond
the minimal one required to satisfy the Chern numbers. In
(a),(b),(c), grey-shaded regions denote the continua of bulk
states. (d) The circle of θ. The stability regions Θa and Θb

were subdivided into the regions Θ±
a and Θ±

b , respectively, to
indicate the location of the edge-state band in (a),(b),(c) for
various values of θ.

of the edge-state dispersion relation (4) with the bound-

aries ±
√

(vpx)2 + ∆2 of the continua of the bulk states.
Therefore, as the key property, the edge-state structure

in the vicinity of the TPT in a QAH system is nearly
always (i.e., for all θ 6= ±π2 ) extended beyond the minimal
one required to satisfy the Chern numbers. For the model
(1) and (3) with ∆ = 0 [Fig. 2(b)], these edge states have
recently been found and studied in Ref. 9. Applying the
ideas expressed therein, below we demonstrate that this
extension of the edge states can be explained in terms of
chiral symmetry.

Edge states at the topological phase transition due to
chiral symmetry. Chiral symmetry is one of the three
main symmetries (along with time-reversal and charge-
conjugation) that give rise to topological behavior2,4. A

bulk Hamiltonian Ĥ(p) satisfies chiral symmetry, if there

exists a unitary operator Ŝ under which it changes its
sign, ŜĤ(p)Ŝ† = −Ĥ(p).

In 2D, chiral symmetry allows4 for the existence of gap-
less topological semimetals with flat edge-state bands at
zero energy ε = 0. We notice that the gapless bulk Hamil-

tonian Ĥ0(p) [Eq. (1)] at the TPT obeys chiral symmetry

with Ŝ = τz. An important requirement for the topolog-
ically protected ε = 0 edge states to exist is that the
system with an edge must respect chiral symmetry. For
a low-energy model, this means that not only the bulk
Hamiltonian but also the BC must respect chiral sym-
metry9,10. For the general BC (3), there are9 only two
discrete cases

ψb(x, y = 0) = 0 or ψa(x, y = 0) = 0 (5)

with θ = 0 or θ = π, respectively, that obey chiral sym-
metry.

The model with the bulk Hamiltonian (1) and one of
the BCs (5) represents a chiral-symmetric 2D topological
semimetal. For each of the chiral-symmetric BCs (5),
there is a flat edge-state band at ε = 0 on one side of
the node, for px > 0 and px < 0, respectively [Fig. 2(b)],
ensured by the well-defined topological invariant of the
node, the winding number 1.

The low-energy model of a QAH system in the vicinity
of a TPT with the Hamiltonian (2) and BC (3) does not

generally have exact chiral symmetry: in Ĥ(p), the gap

term ∆τz breaks chiral symmetry Ŝ = τz and the BC
generally differs from one of the chiral-symmetric forms
(5). However, as demonstrated in Ref. 9, exact chiral
symmetry is not required for the edge states induced by
it to persist due to their stability property: upon breaking
chiral symmetry, the edge-state bands depart from ε = 0,
but continue to persist as long as chiral-symmetric parts
of the Hamiltonian and BCs are dominant. Accordingly,
the concept of a stability region was introduced therein,
as the region in the parameter space of chiral-asymmetric
terms where the edge states persist.

At the TPT ∆ = 0 [Fig. 2(b)], the edge-state disper-
sion relation (4) reads9 E(px)|∆=0 = vpx sin θ. The circle
of θ consists of two stability regions Θa = (−π2 , π2 ) and

Θb = (π2 ,
3π
2 ), for which the edge-state band is located at

px ≷ 0, respectively. The regions Θa,b contain the chiral-
symmetric points θ = 0 and θ = π, respectively, corre-
sponding to the BCs (5)13. As θ deviates from one of
these points, the edge-state band deviates from ε = 0 ac-
quiring a finite slope. The edge-state band disappears by
merging with the bulk bands only upon reaching θ = ±π2
points. The stability regions Θa,b are thus separated only
by two points θ = ±π2 and the edge states persist even
for significant deviations from chiral symmetry.

To summarize this part, right at the TPT of a QAH
system, when the system is a nodal semimetal, an edge-
state band [Fig. 2(b)] nearly always [i.e., for all values
of the parameter θ in the BC (3), except ±π2 ] exists (at
least) in the region |px| . p∗, where the linear terms of

Ĥ0(p) are dominant in the full Hamiltonian. This band
can be attributed to the approximate chiral symmetry
of the model (1) and (3). This band in not required by
QH topology and is therefore an extension of the minimal
edge-state structure.

Modification of the edge-state band by the gap. Intro-
ducing a small gap ∆, such that p∆ � p∗, modifies this
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edge-state band only in the smaller region |px| . p∆ dom-
inated by the gap, in accord with QH topology. Indeed,
as Figs. 2(a) and (c) show, in this region, the edge-state
behavior is crucially sensitive to the sign of the gap, i.e, to
which QAH phase the system is in. The numbers of the
edge-state bands crossing the gap14 with the sign of their
velocities ∂pxE(px) = v sin θ are: 0 and +1 for ∆ ≷ 0, re-
spectively, if θ ∈ (0, π); −1 and 0 for ∆ ≷ 0, respectively,
if θ ∈ (π, 2π). The difference of these numbers for ∆ ≷ 0
at each value of θ is in full accord with the difference
C∆<0 − C∆>0 = 1 of the Chern numbers, manifesting
the bulk-boundary correspondence of a QAH system.

However, also for a finite gap, in the region p∆ . |px| .
p∗, the edge states are still determined by the linear
chiral-symmetric part Ĥ0(p) [Eq. (1)] of the Hamiltonian

Ĥ(p) [Eq. (2)], which is dominant there. As seen from
Figs. 2(a),(b),(c), the edge-state structure in the region
p∆ . |px| . p∗ is the same regardless of the presence
of the gap and its sign and represents the extension be-
yond the minimal structure required to satisfy the Chern
numbers.

The cases θ = ±π2 of charge-conjugation symmetry.
For θ = ±π2 , there is an edge-state band (4) only in one
of the insulating phases ∆ ≶ 0, respectively, while there
are no edge states at the TPT ∆ = 0 and in the other
insulating phase ∆ ≷ 0. Only in these cases of θ the min-
imal edge-state structure is realized. In SM10, we demon-
strate that the bulk Hamiltonian Ĥ(p) [Eq. (2)] with the
gap and the BC (3) at θ = ±π2 satisfy charge-conjugation
symmetry. Therefore, for θ = ±π2 , the system with an
edge obeys charge-conjugation symmetry. Thus, inter-
estingly, the only cases of the general BC (3), in which
the edge states at the TPT ∆ = 0 [Fig. 2(b)] induced
by chiral symmetry are absent, are the ones that have
charge-conjugation symmetry. This can be understood
as follows. For charge-conjugation symmetry, the edge-
state spectrum has to satisfy E(px) = −E(−px), which
is incompatible with the property that chiral symmetry
induces only one edge-state band on either side (px > 0
or px < 0) of a linear node.

Edge states of the quadratic model. Above, we have es-
tablished the generic behavior of the edge states (Fig. 2)
of a QAH system in the vicinity of a TPT using the uni-
versal low-energy model with the linear-in-momentum
Hamiltonian, given by Eqs. (2) and (3) in its simplest
form and in SM10 in its most general form. Any “full”
model of a QAH system with an explicitly defined behav-
ior at all momenta and properties of the boundary will
asymptotically be described by this low-energy model in
the vicinity of the TPT. The information about both the
band structure of the bulk Hamiltonian away from the
node and properties of the boundary will be fully con-
tained in the BC of the low-energy model.

We demonstrate this point explicitly by considering
the following QAH Hamiltonian

Ĥ2(p) =

(
∆ + βap

2 vp−
vp+ −∆− βbp2

)
, p± = px±ipy, (6)

with momenta taking all values up to infinity. One can
recognize this model as one block of the BHZ model5.
In addition to Ĥ(p) [Eq. (2)], this Hamiltonian con-
tains diagonal quadratic terms βa,bp

2 with the curvatures
βa,b > 0. These terms fully specify the topology, making
the Chern number C well defined. The phases ∆ ≷ 0 are
TT and TnT with C = 0, 1, respectively. We consider
“hard-wall” BCs15

ψa(x, y = 0) = 0, ψb(x, y = 0) = 0 (7)

for the Hamiltonian (6).

The linearized Hamiltonian Ĥ(p) is obtained from

Ĥ2(p) just by neglecting the quadratic terms. The BC of
the form (3) for the linearized Hamiltonian is derived in
SM10. As a result, the quadratic model of Eqs. (6) and
(7) is described asymptotically in the vicinity of the TPT
by the linear model of Eqs. (2) and (3), with the angle θ
of the BC determined by the ratio of the curvatures as

tan θ
2 =

√
βa/βb. (8)

As βa/βb spans (0,+∞), the angle θ spans the half-circle
(0, π); i.e., in this particular model, only half of the pos-
sible forms of the general BC (3) can be realized. The
BC (3) becomes chiral-symmetric [Eq. (5)] only asymp-
totically in the limits βa/βb → 0,+∞, i.e., for strong
particle-hole asymmetry.

The edge states for the quadratic model of Eqs. (6)
and (7) can actually be found analytically. It turns out
that its exact edge-state spectrum is given16 by that (4)
of the linear model with θ given by Eq. (8). For βa > βb,
the exact edge-state band, shown in Fig. 1, exists in the
interval pm−x < px < pm+

x , where

pm±x =
κ
2

βa − βb
βa + βb

(
−1±

√
1− 8

∆

v2

βaβb(βa + βb)

(βa − βb)2

)

(9)
with κ = v/

√
βaβb are the merging points with the bulk

spectrum of Eq. (6). The merging points pm−x at larger
momenta can be used to define the scale p∗ ≡ |pm−x | of
validity of the linear model. For p∆ � κ and not too
small βa − βb, pm−x ≈ −κ βa−βb

βa+βb
∼ κ.

We see that, indeed, for a small gap (p∆ � p∗),
the exact edge-state behavior of the quadratic model
at smaller momenta |px| � p∗ is in full accord with
that of the linear model. For any value βa/βb 6= 1,
the edge-state structure of the quadratic model in the
vicinity of the TPT is extended beyond the minimal one,
Figs. 1(a),(b),(c). Additionally, the well-defined merging
point pm−x at larger momenta explicitly shows that the
edge-state behavior is in agreement with QH topology. In
the TnT [Fig. 1(c)] and TT [Fig. 1(a)] phase, the edge-
state band is topologically protected and nonprotected,
respectively. Upon increasing the gap in the TT phase,
the merging points pm±x come closer to each other and
the edge-state band eventually disappears at p∆ ∼ κ.
For βa = βb, Figs. 1(d),(e),(f), the quadratic model obeys
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charge-conjugation symmetry10 and the edge states exist
only in the TnT phase in the gap region, realizing the
minimal edge-state structure.

Relation to real systems. Having demonstrated in
SM the extension effect of the edge-state structure for
the most general low-energy model, we expect it to be
widespread in real QAH systems, and also in QSH sys-
tems, at least when coupling between the Kramers blocks
is weak17. In SM, we demonstrate that the effect is quite

pronounced for the parameters of the BHZ model de-
scribing HgTe quantum wells.
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I. MOST GENERAL LINEAR MODEL

Here, we demonstrate that the main claim of the paper, that the edge-state structure in the vicinity of the TPT in
a QAH system is nearly always significantly extended beyond the minimal one required to satisfy the Chern numbers,
is valid not only for the simplest form (2) of the linear Hamiltonian, but also for its most general form.

A. General bulk Hamiltonian, convenient basis

The most general 2D Hamiltonian up to the linear order in momentum for a two-component wave function, de-
scribing the vicinity of a TPT of a QAH system with no assumed symmetries, has the form

Ĥ(p) =
∑

α=0,x,y,z

τα(εα + vαxpx + vαypy), (S1)

with 4 real energy parameters εα and 8 real velocity parameters vαx and vαy, i.e., with 12 real parameters, out of
which ε0 at τ0 is an inconsequential overall energy. Here, τα are the unity and Pauli matrices in the arbitrary initial
basis of the two electron states and px,y are the cartesian momentum components in the arbitrary initial coordinate
basis1. Additionally, the orientation of the edge relative to the initial coordinate axes is described by one angle. And
so, the edge-state problem is described by 12 real parameters: 11 relevant parameters of the bulk Hamiltonian and
the angle specifying the orientation of the edge.

There is freedom in the independent choice of the wave-function ψ̂ = (ψa, ψb)
T and momentum p = (px, py) bases.

The wave-function basis has 3 real parameters of the SU(2) transformation matrix Û ,

ψ̂ → Û ψ̂.

The momentum basis has one angle parameterizing the rotation matrix R̂ and 2 parameters p0 = (px0, py0) describing
the choice of the origin,

p→ R̂p + p0.

We exploit these 6 free real parameters to bring the most general Hamiltonian (S1) to the most convenient form for
the analysis of the BC and edge-state problem.

First, we use the angle of the rotation matrix R̂ to orient the edge as y = 0. Next, we use 2 of the 3 parameters
of the SU(2) matrix Û to bring the matrix at py momentum perpendicular to the edge y = 0 to the diagonal form
(containing only τ0,z and no τx,y). After this, the Hamiltonian in this new basis takes the form

Ĥ(p) = τ0(v0xpx + v0ypy + ε0) + τz(vzxpx + vzypy + εz) + τx(vxxpx + εx) + τy(vyxpx + εy).

(In order not to overcomplicate the notation and since we are interested only in the final convenient form of the
Hamiltonian, we will preserve the same notation in all bases; this should not lead to confusion.) Next we use the

remaining 3rd parameter of Û to eliminate the velocity vxx, which brings the Hamiltonian to the form

Ĥ(p) = τ0(v0xpx + v0ypy + ε0) + τy(vyxpx + εy) + τz(vzxpx + vzypy + εz) + τxεx.

Finally, by changing the origin p0 of the momentum basis, we eliminate two energies εy,z. Discarding also the
inconsequential energy ε0 at τ0, we arrive at the final desired form

Ĥ(p) = τ0(v0xpx + v0ypy) + τyvyxpx + τz(vzxpx + vzypy) + τx∆ (S2)
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of the Hamiltonian, where we denoted εx ≡ ∆. It is characterized by 6 real parameters: 5 velocities and 1 energy ∆.
The bulk spectrum of Eq. (S2) reads

ε±(p) = v0ypy + v0xpx ±
√

(vzypy + vzxpx)2 + (vyxpx)2 + ∆2. (S3)

Counting the degrees of freedom, we have used 6 available free parameters to represent the edge-state problem with
the most general Hamiltonian (S1) with 11 substantial parameters and arbitrary edge orientation to that with the
Hamiltonian (S2) with 6 parameters and y = 0 edge.

The simplest Hamiltonian

Ĥ(p)→ v(τypx + τzpy) + τx∆, (S4)

equivalent to Eq. (2) via an additional change of basis, is obtained from Eq. (S2) when v0y, v0x, vzx = 0 and vzy =
vxx = v.

B. General boundary condition

We now derive the most general form of the BC for the Hamiltonian (S2). Mathematically, such BC is a single
linear homogeneous relation between the two components ψa,b(x, y = 0) of the wave function at the edge y = 0;
without loss of generality, it can be written as

eiφ2 sin θ
2ψa(x, y = 0)− e−iφ2 cos θ2ψb(x, y = 0) = 0, (S5)

parameterized by two real angles θ and φ.
The BC must only satisfy the fundamental constraint that the current perpendicular to the edge vanishes at the

edge. For the Hamiltonian (S2), the operator of the current perpendicular to the y = 0 edge reads

ĵy = ∂pyĤ(px, py) = τzvzy + τ0v0y.

It is given by the matrix at py in Eq. (S2), which has conveniently been made diagonal.

Demanding that for any wave function satisfying Eq. (S5) the current ψ̂†(x, y = 0)ĵyψ̂(x, y = 0) = 0 vanish, we
obtain that the angle θ ≡ θv ∈ (0;π) in Eq. (S5) is fixed by the velocity parameters of the bulk Hamiltonian as

cos θv = −v0y

vzy
, (S6)

while the angle φ may be arbitrary2.
And so, the most general form of the BC for the y = 0 edge for the most general linear Hamiltonian represented in

the form (S2) reads

eiφ2 sin θv
2 ψa(x, y = 0)− e−iφ2 cos θv2 ψb(x, y = 0) = 0. (S7)

All unique forms of the BC are parameterized by the angle φ covering the full circle, similar to the angle θ in Eq. (3).

C. Edge states and chiral and charge-conjugation symmetries

The edge states for the Hamiltonian (S2) and BC (S7) for the sample occupying the y > 0 half plane can be
straightforwardly found. For every value of φ except ±π2 , there exists one edge-state band

E(px) = (v0x + vzx cos θv + vyx sin θv sinφ) px + ∆ sin θv cosφ (S8)

for any value of the gap ∆, located at px > pmx (φ) for φ ∈ (−π2 , π2 ) and at px < pmx (φ) and for φ ∈ (π2 ,
3π
2 ). Here,

pmx (φ) =
∆

vyx
tanφ, εm(φ) =

∆

vyx cosφ
[vyx sin θv + (v0x + vzx cos θv) sinφ]

are the momentum and energy, at which the edge-state spectrum E(px) merges with the boundaries

ε+x(px) = min
py

ε+(px, py), ε−x(px) = max
py

ε−(px, py)
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of the continua of the bulk spectrum [Eq. (S3)], given by

ε±x(px) = (v0x + vzx cos θv)px ±
√

(vyxpx)2 + ∆2 sin θv. (S9)

Therefore, for the most general form of the linear model [Eqs. (S2) and (S7)], the edge-state structure in the vicinity
of the TPT in a QAH system is nearly always (i.e., for all φ 6= ±π2 ) extended beyond the minimal one required to
satisfy the Chern numbers. As with the simplest Hamiltonian (2), below we analyze and explain this behavior in
terms of chiral and charge-conjugation symmetries, also providing some additional details.

A bulk Hamiltonian satisfies chiral symmetry3,4, if there exists a unitary operation

S[ψ̂](r) = Ŝψ̂(r) (S10)

on the wave function ψ̂(r) = (ψa(r), ψb(r))T , where Ŝ is a unitary matrix and r = (x, y) is a radius vector, under

which the Hamiltonian changes its sign; in momentum space, for ψ̂(p) =
∫

dr e−iprψ̂(r), this reads

S[H](p) = ŜĤ(p)Ŝ† = −Ĥ(p). (S11)

We notice that the part

Ĥ0(p) = τyvyxpx + τz(vzxpx + vzypy) (S12)

of the Hamiltonian Ĥ(p) [Eq. (S2)] (with v0x, v0y,∆ = 0) satisfies chiral symmetry with

Ŝ = τx,

while the velocity τ0(v0xpx + v0ypy) and gap τx∆ terms break such chiral symmetry.
Similarly, a bulk Hamiltonian satisfies charge-conjugation symmetry3,4, if there exists an anti-unitary operation

C[ψ̂](r) = Ĉψ̂∗(r)

on the wave function, where Ĉ is a unitary matrix and ∗ denotes complex conjugation, under which the Hamiltonian
changes its sign; in momentum space, this reads

C[Ĥ](p) = ĈĤ∗(−p)Ĉ† = −Ĥ(p). (S13)

We notice that the whole Hamiltonian Ĥ(p) [Eq. (S2)] satisfies charge conjugation symmetry with

Ĉ = τz

and C2 = +1.
Next, we analyze the BC (S7) in terms of symmetries. Chiral symmetry of the BC means that if a wave function

ψ̂(r) = (ψa(r), ψb(r))T satisfies the BC, then the wave function S[ψ̂](r) = (ψb(r), ψa(r))T transformed by the chiral

symmetry operator (S10) also satisfies the same BC. Substituting S[ψ̂](r) into the BC (S7), we obtain

e+iφ2 sin θv
2 ψb(x, y = 0)− e−iφ2 cos θv2 ψa(x, y = 0) = 0.

This condition is identical to Eq. (S7) only if θv = π
2 , i.e., v0y = 0 [Eq. (S6)], and

φ = 0 or π.

Therefore,

ψa(x, y = 0)∓ ψb(x, y = 0) = 0, (S14)

respectively, are the only two chiral-symmetric forms of the BC (S7), possible only when v0y = 0.

So, the chiral-symmetric Hamiltonian Ĥ0(p) [Eq. (S12)] with one of the chiral-symmetric BCs (S14) represents a
2D chiral-symmetric semimetal with an edge. Due to the well-defined winding number 1, such semimetal exhibits flat
edge-state bands that are topologically protected by chiral symmetry4. Indeed, it follows from Eq. (S8) that in this
case the edge-state band E(px) ≡ 0 is flat and located at px > 0 for φ = 0 and at px < 0 for φ = π.
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FIG. S1: The velocity V(φ) [Eq. (S15)] of the edge-state band (S8) at the TPT ∆ = 0 of the most general linear Hamiltonian

Ĥ(p) [Eq. (S2)] as a function of the angle parameter φ of the general BC (S7). The edge-state band exists at px > 0 for
φ ∈ (−π

2
, π
2

) and at px < 0 for φ ∈ (π
2
, 3π

2
), i.e., for every value of φ except ±π

2
, when the system obeys charge-conjugation

symmetry. At φ = ±π
2

, the band merges with the boundaries of the continua of the bulk spectrum, characterized by the
velocities v±x [Eq. (S16)]. This edge-state band at the TPT can be attributed to approximate chiral symmetry of the linear
model. It is not required by QH topology and thus represents an extension of the edge-state structure beyond the minimal one
required to satisfy the Chern numbers. The graph is plotted for the velocity parameters (v0x, v0y, vzx, vzy)/vyx = ( 1

6
, 1
12
, 1
6
, 1
2
).

The remaining gap τx∆ and velocity τ0(v0xpx + v0ypy) terms in the bulk Hamiltonian Ĥ(p) [Eq. (S2)] and the
deviations of the angle φ of the BC (S7) from 0 or π break chiral symmetry. Nonetheless, the edge-state band (S8)
persist. At the TPT ∆ = 0, when the system is gapless, the edge-state band exists for any values of v0x and v0y and
any value of φ 6= ±π2 : the velocity

V(φ) = ∂pxE(px) = v0x + vxz cos θv + vyx sin θv sinφ (S15)

of the edge-state band (S8) is always between the velocities

v±x = ∂pxε±x(px)|∆=0 = v0x + vxz cos θv ± |vyx| sin θv (S16)

of the dispersion relations (S9) determining the boundaries of the continua of the bulk spectrum, V(φ) ∈ [v−x, v+x],
reaching them only at φ = ±π2 , as shown in Fig. S1.

The values φ = ±π2 are actually special symmetry-wise. As with chiral symmetry, a BC is charge-conjugation-

symmetric if the transformed wave function C[ψ̂](r) = (ψ∗a(r),−ψ∗b (r))T also satisfies the same BC. Substituting

C[ψ̂](r) into the BC (S7), we obtain

e−iφ2 sin θv
2 ψa(x, y = 0) + e+iφ2 cos θv2 ψb(x, y = 0) = 0,

which is identical to Eq. (S7) only if

φ = ±π
2
.

Therefore,

e±iπ4 sin θv
2 ψa(x, y = 0)− e∓iπ4 cos θv2 ψb(x, y = 0) = 0,

respectively, are the only two charge-conjugation-symmetric forms of the BC (S7). Thus, as with the simplest
Hamiltonian (2)5, for the most general form (S2) of the linear Hamiltonian, the only cases of the general BC (S7), in
which the edge-state band at the TPT ∆ = 0 induced by chiral symmetry is absent, are the ones that have charge-
conjugation symmetry. The intervals φ ∈ (−π2 , π2 ) and φ ∈ (π2 ,

3π
2 ), separated by the points φ = ±π2 , are the stability

regions of the chiral-symmetric cases φ = 0, π.
The above-described edge-state band induced by chiral symmetry at the TPT is not required by QH topology.

Therefore, it represents the extension of the edge-state structure at TPT and also in gapped TnT and TT phases:
a finite gap modifies this edge-state band only in the momentum region dominated by the gap, as explained in the
Main Text.

We have thus demonstrated with the most general form of the linear model [Eqs. (S2) and (S7)] that the main
claim of the paper is completely general and not specific to the simplest form (1) of the bulk Hamiltonian considered
in the Main Text: the edge-state structure in the vicinity of the TPT in a QAH system is nearly always significantly
extended beyond the minimal one required to satisfy the Chern numbers.
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II. QUADRATIC MODEL OF A QUANTUM ANOMALOUS HALL SYSTEM

Here, we present in more detail the properties of the quadratic model described by Eqs. (6) and (7).

A. Boundary condition for the linear model

Here, we derive the BC of the form (3) for the linear model (2) that asymptotically describes the quadratic model
with the Hamiltonian (6) and BCs (7) in the vicinity of its TPT ∆ = 0. The systematic procedure is as follows. Let
us first find the general solution to the Schrödinger equation

Ĥ2(px, p̂y)ψ̂(y) = εψ̂(y)

right at the TPT ∆ = 0 for momentum px = 0 and energy ε = 0 exactly at the node that contains no contributions
growing into the bulk. We obtain

ψ̂(y) =

(
ψa
ψb

)
+Be−κy

( √
βb√
βa

)
,

with the momentum scale

κ =
v√
βaβb

(S17)

and three independent constant coefficients ψa,b and B. Applying the BCs (7) to it and excluding B, we arrive at the
constraint

√
βaψa −

√
βbψb = 0. (S18)

The quantity κ defines the validity scale of the low-energy model with the linear Hamiltonian (2): the momentum

scales of interest px, ε/v, p∆ � κ must be small. Accordingly, the wave function ψ̂(r) = (ψa(r), ψb(r))T of the linear
Hamiltonian (2) must vary slowly at the spatial scale 1/κ. To the leading order, the relation (S18) will still apply to
the components ψa,b → ψa,b(x, y = 0) of such wave function at the edge. Thus, the relation (S18) represent the BC
of the form (3) with the angle θ determined by the ratio of the curvatures as expressed in Eq. (8).

B. Charge-conjugation symmetry

The quadratic Hamiltonian (6) satisfies change-conjugation symmetry [Eq. (S13)] with Ĉ = τx only if βa = βb. Its
hard-wall BCs (7) also satisfy this symmetry. Only in this case the minimal edge-state structure required to satisfy
the Chern numbers is realized, shown in Fig. 1(d),(e),(f).

C. Extension of the edge-state structure

Here, we discuss in more detail the effect of the extension of the edge-state structure beyond the minimal one
required to satisfy the Chern numbers in the quadratic model of a QAH system described by Eqs. (6) and (7).

The model is described by four parameters, the gap ∆, velocity v, and curvatures βa,b. We observe that instead of
βa,b it is more physically insightful to consider the combinations

β =
√
βaβb, t =

√
βa
βb

(S19)

as independent parameters, in terms of which

βa = βt, βb = β
1

t
.

This way, the geometric mean β sets the overall momentum κ [Eq. (S17)] and energy

ε = vκ =
v2

β
(S20)
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