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ABSTRACT

ZAWADZKI, K. Density-functional theory for single-electron transistors. 2018.
168p. Thesis (Doctor in Science) - Instituto de Física de São Carlos, Universidade de São
Paulo, São Carlos, 2018.
The study of transport in nano-structured devices and molecular junctions has become a
topic of great interest with the recent call for quantum technologies. Most of our knowledge
has been guided by experimental and theoretical studies of the single-electron transistor
(SET), an elementary device constituted by a quantum dot coupled to two otherwise
independent free electron gases. The SET is particularly interesting because its transport
properties at low temperatures are governed by the Kondo effect. A methodological
difficulty has nonetheless barred theoretical progress in describing accurately realistic
devices. On the one hand, Density-Functional Theory (DFT), the most convenient tool to
obtain the electronic structure of complex materials, yields only qualitatively descriptions
of the low-temperature physical properties of quantum dot devices. On the other hand, a
quantitative description of low-temperature transport properties of the SET, such that
obtained through the solution of the Anderson model via exact methods, is nonetheless
unable to account for realistic features of experimental devices, such as geometry, band
structure and electron-electron interactions in the electron gases. DFT describes the electron
gases very well, but proves inadequate to treat the electronic correlations introduced by the
quantum dot. This thesis proposes a way out of this frustrating dilemma. Our contribution
is founded on renormalization-group (RG) concepts. Specifically, we show that, under
conditions of experimental interest, the high and low temperatures regimes of a SET
corresponds to the weakly-coupling and strongly-coupling fixed points of the Anderson
Hamiltonian. Based on an RG analysis, we argue that, at this low-temperature fixed point,
the entanglement between impurity and gas-electron spins introduces non-local correlations
that lie beyond the reach of local- or quasi-local-density approximations, hence rendering
inadequate approximations for the exchange-correlation energy functional. By contrast,
the weak-coupling fixed point is within the reach of local-density approximations. With
a view to describing realistic properties of quantum dot devices, we therefore propose a
hybrid self-consistent procedure that starts with the weak-coupling fixed point and takes
advantage of a reliable numerical method to drive the Hamiltonian to the strong-coupling
fixed point. Our approach employs traditional DFT to treat the weak-coupling system and
the Numerical Renormalization-Group (NRG) method to obtain properties in the strongcoupling regime. As an illustration, we apply the procedure to a single-electron transistor
modeled by a generalized one-dimensional Hubbard Hamiltonian. We analyze the thermal
dependence of the conductance in the SET and discuss its behavior at low-temperatures,
comparing our results with other self-consistent approaches and with experimental data.

Keywords: Density-functional theory. Numerical renormalization-group. Kondo effect.
Single-electron transistor.

RESUMO

ZAWADZKI, K. Teoria do funcional da densidade para transístores de um
elétron. 2018. 168p. Tese (Doutorado em Ciências) - Instituto de Física de São Carlos,
Universidade de São Paulo, São Carlos, 2018.
O estudo de propriedades de transporte em dispositivos nano estruturados e junções
moleculares tornou-se um tópico de grande interesse com a recente demanda por novas
tecnologias quânticas. Grande parte do nosso conhecimento tem sido guiado por trabalhos
experimentais e teóricos de um dispositivo conhecido como transístor de um elétron (SET),
o qual é constituído por um ponto quântico acoplado a dois gases de elétrons independentes.
O SET é particularmente interessante devido as suas propriedades de transporte a baixas
temperaturas, as quais são governadas pelo efeito Kondo. Uma dificuldade metodológica,
no entanto, tem barrado novos avanços teóricos para se obter uma descrição precisa de
dispositivos realistas. Por um lado, a teoria do funcional da densidade (DFT), uma das
ferramentas mais convenientes para calcular a estrutura eletrônica de materiais complexos,
provê uma descrição apenas qualitativa das propriedades de transporte de transístores
quânticos a baixas temperaturas. Por outro lado, uma descrição quantitativa satisfatória
do SET a baixas temperaturas, tal como a modelagem e solução do modelo de Anderson
via métodos exatos, é incapaz de levar em conta características realistas de dispositivos
complexos, tal como geometria, estrutura de bandas e interações inter eletrônicas nos gases
de elétrons. Embora a DFT os descreva bem, ela é inadequada para tratar correlações
introduzidas pelo ponto quântico. Na presente tese propomos uma alternativa para este
dilema. Nossa contribuição é fundamentada em conceitos de grupo de renormalização
(RG). Especificamente, mostramos que, em condições de interesse experimental, os regimes
de altas e baixas temperaturas em um SET correspondem aos pontos fixos de acoplamento
fraco e forte do Hamiltoniano de Anderson. Baseando-nos em na análise do RG, mostramos
que, no ponto fixo de baixas temperaturas, o emaranhamento entre a impureza e os spins
dos gases eletrônicos introduz correlações não-locais que não podem ser descritas com
abordagens DFT baseadas em aproximações locais ou quase locais para o potencial de
troca e correlação. Em contraste, o ponto fixo de acoplamento fraco pode ser descrito por
aproximações locais. Com o objetivo de obter uma descrição realista das propriedades
de transístores quânticos, propomos um procedimento auto-consistente que começa do
ponto fixo de acoplamento fraco e se aproveita de um método numérico eficiente para
levar o Hamiltoniano para o ponto fixo de acoplamento forte. Nossa abordagem emprega
DFT para tratar o sistema no limite de acoplamento fraco e o método de Grupo de
Renormalização Numérico (NRG) para obter propriedades no regime de acoplamento forte.
Como ilustração, aplicamos o procedimento para um transístor de um elétron modelado
através do Hamiltoniano de Hubbard generalizado. Analisamos a dependência térmica da

condutância no SET discutindo seu comportamento a baixas temperatura e comparamos
nossos resultados com outras abordagens auto-consistentes e resultados experimentais.
Palavras-chave: Teoria do funcional da densidade. Grupo de renormalização numérico.
Efeito Kondo. Transístor de um elétron.

LIST OF FIGURES

Figure 1 – Jacob ladder with the most used approximations for density functionals. 29
Figure 2 – single-electron transistor (SET).

. . . . . . . . . . . . . . . . . . . . . 34

Figure 3 – Equivalent electric circuit used to represent the SET. . . . . . . . . . . 35
Figure 4 – Energy diagram for the modes (on and off) of a single-electron transistor
and Coulomb blockade. . . . . . . . . . . . . . . . . . . . . . . . . . . 36
Figure 5 – Current (conductance) peak oscillations observed in a single-electron
transistor in Coulomb blockade regime. . . . . . . . . . . . . . . . . . . 37
Figure 6 – Resistivity in materials and the Kondo effect. . . . . . . . . . . . . . . 38
Figure 7 – The Kondo screening cloud. . . . . . . . . . . . . . . . . . . . . . . . . 42
Figure 8 – Kondo effect in a single-electron transistor.

. . . . . . . . . . . . . . . 43

Figure 9 – Experimental realization of a single-electron transistor (SET) and measurement of the conductance as a function of gate voltage in the presence
of the Kondo effect. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 44
Figure 10 – Model for a single-electron transistor (SET).

. . . . . . . . . . . . . . 45

Figure 11 – Conductance G(T ) in a SET as a function of the scaled temperature
T /TK . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

51

Figure 12 – Occupation number nd and assymetry index αs obtained from experimental points by Grobis et al. 1. . . . . . . . . . . . . . . . . . . . . . . 52
Figure 13 – The main contribution of DFT to Quantum Mechanics was simplifying
the solution of the many-body problem by coding all the information
in the density n(r) - an object of three coordinates - simpler than the
many-body wave function |Ψ(r1 , r2 , ...rN )i, - an object of 3N variables.

54

Figure 14 – Self-consistent cycle proposed by Kohn and Sham. . . . . . . . . . . . . 60
Figure 15 – Functionals for the exchange-correlation energy and the exchangecorrelation potential within the BALDA. . . . . . . . . . . . . . . . . . 64
Figure 16 – Results for density functional calculations using BALDA for one dimensional optical lattices submitted to an asymmetric trapping potential. . 66
Figure 17 – Results of self-consistent calculations using FVC BALSDA for obtaining
the ground-state density and magnetization profiles of an open Hubbard
chain with L = 100 sites, N↑ = 30, N↓ = 20 fermions. . . . . . . . . . . 67
Figure 18 – Exchange-correlation functional as a function of the occupation number
obtained through the parametrization due to Bergfield. . . . . . . . . . 69
Figure 19 – Ground state conductance Gd in a SET as a function of the gate
voltage VG obtained from self-consistent calculations using Bergfield’s
parametrization. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 70

Figure 20 – Ground-state conductance Gd in a SET as a function of the gate voltage
VG in the presence of a scattering potential W to the leads for Γ =
0.004D and U/Γ = 1 and U/Γ = 10. . . . . . . . . . . . . . . . . . . .

71

Figure 21 – Ground-state conductance Gd in a SET as a function of the gate voltage
VG in the presence of a scattering potential W to the leads for Γ = 0.01D
and U/Γ = 1 and U/Γ = 10. . . . . . . . . . . . . . . . . . . . . . . . 72
Figure 22 – Example of the linear approximation over the dispersion relation of the
non-interacting homogenous Hubbard Hamiltonian. . . . . . . . . . . . 80
Figure 23 – Logarithmic discretization of the conduction band. . . . . . . . . . . . 82
Figure 24 – Gap from  = 0 of eq. (4.38) as a function of the lattice size L from
L = 2 to L = 106 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 85
Figure 25 – Example of distribution of momenta k for L = 500 sites for Λ = 3.0
M = 3 and κ = 32. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 87
Figure 26 – Example of logarithmic discretization of a sinuisoidal band k = −2t sin k
for L = 500 sites for Λ = 3.0, M = 3 and κ = 32. . . . . . . . . . . . . 88
Figure 27 – Iterative growing of the Lanczos chain for the single impurity Anderson
model. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 92
Figure 28 – Iterative cycle of the NRG algorithm to impurity problems.

. . . . . . 94

Figure 29 – Single-particle levels ε̃j (j = 0, ..., 4) of the renormalized Anderson
Hamiltonian HN along odd iterations N for Γ = 10−5 D. . . . . . . . . 97
Figure 30 – Evolution of eigenvalues of the Hamiltonian HN along iterations N for
the symmetric case: Γ = 0.01, U = 0.5 and d = −0.25. . . . . . . . . . 98
Figure 31 – Conductance G as a function of the gate voltage VG for temperatures
ranging from T  TK and T  TK . . . . . . . . . . . . . . . . . . . . 101
Figure 32 – Universal zero bias conductance Gs scaled by the Kondo temperature
and the fixed points of the symmetric Anderson Hamiltonian for a
single-electron transistor. . . . . . . . . . . . . . . . . . . . . . . . . . 102
Figure 33 – Hybrid self-consistent calculation combining DFT and NRG calculations
to solve the Kohn-Sham Anderson system. . . . . . . . . . . . . . . . . 111
Figure 34 – Schematic representation of the mapping the Anderson Hamiltonian
into a Hubbard-like model with inhomogeneous parameters: hoppings
tj , on-site Coulomb repulsion Uj and on-site external potentials Vj . . . 113
Figure 35 – Dispersion relation obtained in the DFT module implementing the
self-consistent Kohn-Sham calculation to solve the band Hamiltonian
in eq. (5.4) for L = 1000 and Ub /t = 0, 0.01, 0.1, 0.5 and 1.0 and no
scattering potential W ∗ = 0. . . . . . . . . . . . . . . . . . . . . . . . . 114
Figure 36 – Lanczos coefficients tn (cyan empty squares) and ηn (magenta crosses)
calculated for the band Hamiltonian in eq. (5.4) with L = 1000, Ub /t =
0.1 and W ∗ /t = −0.1. . . . . . . . . . . . . . . . . . . . . . . . . . . . 115

Figure 37 – Comparison of the conductances Gd and G0 as a function of the temperature T for L = 1000 and L → ∞ and few model parameters:
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
Figure 38 – Fitting of NRG data points to the universal map in eq. (2.43) adjusting
the Kondo temperature TK and the phase shift δ. . . . . . . . . . . . .
Figure 39 – Kondo screening cloud in a single-electron transistor from the weakly
to the strongly coupled regimes. . . . . . . . . . . . . . . . . . . . . .
Figure 40 – Conductance Gd in a SET as a function of the gate voltage VG and its
thermal dependence in different coupling regimes. . . . . . . . . . . . .
Figure 41 – Conductance Gd in a SET with a conduction band with finite momenta
as a function of the gate voltage VG and its thermal dependence in
different coupling regimes. . . . . . . . . . . . . . . . . . . . . . . . . .
Figure 42 – Results for the ground-state conductance Gd (T → 0) as a function of
the gate voltage VG obtained with different approaches from the weakly
to the strong correlated regime. . . . . . . . . . . . . . . . . . . . . . .
Figure 43 – Ground-state conductance Gd (T → 0) as a function of the gate voltage
VG obtained with the KSA procedure for a homogeneous conduction
band with coupling Ub = 0.1t and model parameters Γ = 2.0D, U =
10.0D (open blue diamonds), compared with results for Ub = 0.0 (red
solid line). . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
Figure 44 – Results for the ground-state conductance Gd (T → 0) as a function of the
gate voltage VG obtained with the KSA procedure for a homogeneous
conduction band with applied potential W = −0.3D, coupling Ub = 0.1t
(blue diamonds) and model parameters Γ = 2.0D, U = 10.0D and
comparison with results for Ub = 0.0 (solid red lines). . . . . . . . . . .
Figure 45 – Results for the ground-state conductance Gd (T → 0) as a function of the
gate voltage VG obtained with the KSA procedure for a homogeneous
conduction band with coupling Ub = t (blue diamonds) and model
parameters Γ = 2.0D, U = 10.0D and comparison with results for
Ub = 0.0 (solid red lines). . . . . . . . . . . . . . . . . . . . . . . . . . .
Figure 46 – Results for the ground-state conductance Gd (T → 0) as a function of the
gate voltage VG obtained with the KSA procedure for a homogeneous
conduction band with applied potential W = −0.3D, coupling Ub = t
(blue diamonds) and model parameters Γ = 2.0D, U = 10.0D and
comparison with results for Ub = 0.0 (solid red lines). . . . . . . . . . .
Figure 47 – Sectors of charge and spin active in the iteration N = −1 (cyan squares)
and their corresponding number of states (white numbers). This iteration
comprises a chain with a single site representing the impurity level cd ,
whose possible states are despicted on the right. . . . . . . . . . . . . .

116
117
120
123

125

128

129

130

132

132

153

LIST OF TABLES

Table 1 – Off-diagonal matrix elements of HN . The factors appearing in front of the
invariants correspond to the Clebsch-Gordan coefficients αg,g0 . Unlisted
combinations of genders g and g 0 vanish. . . . . . . . . . . . . . . . . . 157

LIST OF ABBREVIATIONS AND ACRONYMS

BA

Bethe Ansatz

BALDA

Bethe Ansatz Local Density Approximation

DMRG

Density Matrix Renormalization Group

DFT

Density Functional Theory

FL

Frozen Level fixed point

FP

Fixed Point

HK

Hohenberg-Kohn

HF

Hartree-Fock

KS

Kohn-Sham

KSA

Kohn-Sham Anderson

LDA

Local Density Approximation

LSDA

Local Spin Density Approximation

LM

Local Moment fixed point

NRG

Numerical Renormalization Group

RG

Renormalization Group

SET

Single electron transistor

CONTENTS

1

INTRODUCTION . . . . . . . . . . . . . . . . . . . . . . . . . . . . 27

1.1

Transport in quantum dots and novel technologies . . . . . . . . . . 27

1.2

Density Functional Theory, Strongly Correlated Systems and the
Kondo effect . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 28

1.3

Density Functional Theory and the Renormalization-Group: a fruitful collaboration . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 30

2

KONDO EFFECT IN NANO STRUCTURES . . . . . . . . . . . . . 33

2.1

Single-electron transistor and quantum dot technologies . . . . . . . 33

2.2

The Kondo effect and its manifestation in quantum dots . . . . . . 37

2.3

Anderson Hamiltonian for a single-electron transistor . . . . . . . . . 43

2.3.1

Zero-bias conductance and universal mapping . . . . . . . . . . . . . . . . 47

3

DENSITY FUNCTIONAL THEORY . . . . . . . . . . . . . . . . . . 53

3.1

Basic elements in Density Functional Theory . . . . . . . . . . . . . . 53

3.1.1

Hohenberg-Kohn Theorems . . . . . . . . . . . . . . . . . . . . . . . . . . 55

3.1.2

Kohn-Sham system and self-consistent calculation . . . . . . . . . . . . . . 57

3.1.3

The exchange-correlation functional . . . . . . . . . . . . . . . . . . . . . 60

3.1.3.1

Local Density Approximation (LDA) . . . . . . . . . . . . . . . . . . . . . 62

3.2

Density Functional Theory and strongly correlated systems . . . . . 62

3.2.1

Bethe Ansatz Local Density Approximation . . . . . . . . . . . . . . . . . 63

3.3

DFT and the Kondo problem . . . . . . . . . . . . . . . . . . . . . . . 66

3.3.1

Parametrization of the exchange-correlation functional based on the Bethe
Ansatz solution of the Anderson Hamiltonian . . . . . . . . . . . . . . . . 66

4

RENORMALIZATION-GROUP . . . . . . . . . . . . . . . . . . . . . 73

4.1

Model Hamiltonians and the Renormalization-Group . . . . . . . . . 73

4.1.1

Renormalization-Group . . . . . . . . . . . . . . . . . . . . . . . . . . . . 76

4.2

Numerical Renormalization-Group . . . . . . . . . . . . . . . . . . . . 77

4.2.1

Logarithmic discretization . . . . . . . . . . . . . . . . . . . . . . . . . . 79

4.2.1.1

Logarithmic Discretization of bands with finite degrees of freedom . . . . . 83

4.2.2

Lanczos transformation . . . . . . . . . . . . . . . . . . . . . . . . . . . . 88

4.2.3

Iterative Diagonalization . . . . . . . . . . . . . . . . . . . . . . . . . . . 90

4.3

Numerical Renormalization-Group analysis of the Kondo problem . 93

4.3.1

Local Moment . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 102

4.3.2

Kondo regime . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 103

4.3.3

Frozen level . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 103

4.3.4

Fixed points and Density Functional Theory . . . . . . . . . . . . . . . . . 104

5

THE KOHN-SHAM ANDERSON SYSTEM AND THE HYBRID
SELF-CONSISTENT CALCULATION . . . . . . . . . . . . . . . . . 107

5.1

The non-interacting Kohn-Sham Anderson system . . . . . . . . . . 107

5.1.1

Applying the Kohn-Sham Anderson formulation for a single-electron transistor112

6

RESULTS . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 119

6.1

Coupling regimes and the Kondo screening cloud in a single-electron
transistor . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 119

6.1.1

Conductance in the continuum limit of conduction states vs bands with
finite number of degrees of freedom . . . . . . . . . . . . . . . . . . . . . 122

6.2

Ground-state conductance from the Kohn-Sham Anderson hybrid
procedure . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 124

7

CONCLUSIONS AND FUTURE PERSPECTIVES . . . . . . . . . . 133

REFERENCES . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 137

APPENDIX

145

APPENDIX A – DENSITY FUNCTIONAL APPROXIMATIONS BEYOND THE LOCAL DENSITY APPROXIMATION
. . . . . . . . . . . . . . . . . . . . . . . . . . . . 147
A.1

Generalized Gradient Approximation (GGA) . . . . . . . . . . . . . . 147

A.2

Meta GGA . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 148

A.3

Hybrid functionals and the Adiabatic Connection . . . . . . . . . . . 148

A.4

Random Phase Approximation (RPA) . . . . . . . . . . . . . . . . . . 149
APPENDIX B – THE NUMERICAL RENORMALIZATION-GROUP
IMPLEMENTATION
. . . . . . . . . . . 151

B.1

Sectors (Q, S), primitive and truncated basis . . . . . . . . . . . . . . 151

B.2

Calculating the matrix elements of the Hamiltonian HN . . . . . . . 155

B.3

Calculation of invariants . . . . . . . . . . . . . . . . . . . . . . . . . . 157

B.4

Calculation of properties

. . . . . . . . . . . . . . . . . . . . . . . . . 158

APPENDIX C – ANALYTICAL STEPS WITHIN THE NUMERICAL RENORMALIZATION GROUP . . . . . . . . 161
C.1

Lanczos coefficients in Wilson’s formulation . . . . . . . . . . . . . . 161

C.2
C.2.1
C.2.2
C.2.3

Numerical Renormalization-Group approach for impurity
Continuous base . . . . . . . . . . . . . . . . . . . . . . . .
Logarithmic discretization . . . . . . . . . . . . . . . . . . .
Lanczos transformation . . . . . . . . . . . . . . . . . . . .

models
. . . . .
. . . . .
. . . . .

.
.
.
.

.
.
.
.

161
162
163
166

27

1 INTRODUCTION

In the last four decades, analytical reasoning combined with numerical methods
have fuelled explosive expansion of condensed matter theory. At the same time, novel
techniques have ignited parallel expansion in laboratories. We have witnessed progress
in manipulation and probing, which have allowed control of matter at the atomic scale
and observation of quantum phenomena with remarkable accuracy. Examples are found
in nuclear magnetic resonance, scanning tunneling microscopy and lithography. 2 On
the theoretical front, while model Hamiltonians and exact techniques have guided our
understanding of quantum phenomena, numerical methods have yielded qualitative and
quantitative understanding of many condensed matter systems. 3 To cite but a few examples
of the most reliable tools allowing diagonalization and computation of physical properties
for model Hamiltonians, we mention the Bethe Ansatz (BA) 4 exact diagonalizations; and
numerical implementations of Renormalization-Group (RG) algorithms. 3, 5, 6 Beyond model
Hamiltonians, the study of materials has gained a new perspective thanks to computations
based on Density Functional Theory (DFT). 7, 8
In this context, the collaboration between theoretical, experimental and computational physicists were crucial to bring Quantum Mechanics to its current state of the
art: the age of quantum technologies. 9 A new generation of solid state materials and the
advances in lithography allowed to reduce the size of transistors, below the semiclassical
scale. Semiconductor devices can be built on the scale of few nanometers and allow to
control a single-electron in the so-called quantum dots. 10 Before coming to the laboratory
and, then, to our daily lives, these novel technologies have been largely investigated theoretically and probed via computational simulations. Importantly, by means of theoretical
and numerical studies, it is possible to study quantum devices suiting novel technologies
and also devise materials with special properties.

1.1

Transport in quantum dots and novel technologies

The single-electron transistor (SET) has been one of the most studied quantum
dot device. 11 Proposed in the 80’s, the SET is one of the most recurrent systems for
studying quantum tunneling. This elementary nano-structured device has gained special
attention because it displays the Kondo effect, an anomalous behavior of the conductance
at low temperatures. 12 The Kondo effect in the SET is the most enhanced signature
of the strongly correlated regime, a challenging limit to tackle in the study of quantum
phenomena technologies. In the presence of strong correlations, quantum interactions
become complex and give rise to interesting phenomena, such as phase transitions and
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critical properties. In developing novel quantum technologies, it is therefore crucial to
understand how the strongly correlated regime arise.
In the context of transport through the SET, most of our understanding was guided
by the Anderson Hamiltonian, 13 which models the device and yields excellent agreement
with universal aspects of experimental results. 14, 15 Importantly, this theoretical study
is possible analytically via BA or numerically via the Numerical Renormalization-Group
(NRG). 16 The increasing complexity of nano-structured devices that have followed the
SET has made challenging the task of modeling them and, in particular, describing
accurately their transport properties in the strongly correlated regime. 17 In the latter,
the interactions are highly affected by the electronic structure of materials, introducing a
non-trivial ingredient defeating the traditional formulation in terms of analytical solutions
obtained for model Hamiltonians. 18 What is worse, even at the level of approximation
based on model Hamiltonians, finding exact analytical solutions is limited to few situations.
In that sense, a general approach to the description of quantum devices in complex regimes
must include a numerical framework allowing for a realistic description of materials, so
Density Functional Theory seems to be a promising route to be explored.

1.2

Density Functional Theory, Strongly Correlated Systems and the Kondo effect

Density Functional Theory was one of the most important scientific advances of
the XX-th century. At the core of DFT there are two ingredients. The first is the existence
of a bijective relation between the ground-state electronic density and the ground-state
wave function, established by the so-called Hohenberg-Kohn Theorem. 19 The second is
the Kohn-Sham formulation,20 according to which an interacting problem can be mapped
onto a fictitious non-interacting system subject to an external potential that reproduces
the density of the original problem.
From the birth of DFT in the 60’s to the contemporary massive use of packages
for ab-initio computations, the density functional approach has evolved tremendously,
becoming the favorite tool for material science and electronic structure calculations. 21
Despite the progress, there are challenges in successfully applying density functional
approaches to general quantum problems. 22, 23 For instance, DFT fails to predict gaps
in semiconductors accurately, or to describe chemical reactions. Its extension to excited
states remains difficult. Beyond these examples, one the most known Achilles’ heel of DFT
is the treatment of strongly correlated systems, a serious limitation that bars application
to quantum devices. 22–24
Many density functionals have been proposed in an attempt to describe or handle
certain classes of materials, nowadays, there are thousands of available functionals. The
level of precision of the approximations is followed by their complexity: the more complex
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the more accurate. This relation is usually illustrated as the Jacob ladder for DFT, as in
Fig. 1.

ρ(r), ∇ρ(r), τ (r)
Ψocc(r)

ρ(r), ∇ρ(r), τ (r)

RPA

B2PLYP, ...

hybrid-GGA

B3LYP, BH&LYP, PBE1KCIS, ...

meta-GGA

ρ(r), ∇ρ(r)

GGA

ρ(r)

LDA

precision

ρ(r), ∇ρ(r), τ (r)
Ψocc(r), Ψun(r)

simplicity

paradise of
chemical precision

TPSS, M06-L, BB95, VSXC, ...

BLYP, PBE, BP86, BPW91,...

Figure 1 – Jacob ladder with the most used approximations for density functionals. Advances
in DFT were mainly motivated by the need to model realistic systems and have
allowed the construction of new functionals suiting them. The more precise the
approximations, the more complex they are, meaning that the approximation to
the exchange-correlation functional will depend on a number of ingredients. In the
first stair, we have the so-called Local Density Approximation (LDA), in which the
exchange-correlation functional depends only on the local density of an uniform
electron gas. The level immediately above, known as Generalized Gradient Approximation (GGA), the gradient of the density is included. Following GGA, we have
the meta-GGA, in which the kinetic energy enters as a correction to the exchangecorrelation functional. In hybrid GGA, beyond the dependence on the density ρ(r),
its gradient ∇ρ(r), and the kinetic energy τ (r), the exchange-correlation functional
also accounts for occupied orbitals Ψocc of the Kohn-Sham system. Finally, the most
complex approximation is known as Random Phase Approximation, in which the
unoccupied orbitals Ψun are also included. A calculation at the level of RPA can be
as complex as solving the many-body Schrodinger equation.
Source: By the author.

The same trend of material science is followed in the density functional treatment
of strongly correlated systems. Up to date, the few existing approaches were devised
for specific problems, serving in most cases only for pedagogical purposes given their
restrict applicability to more sophisticated systems. In this context, the Bethe Ansatz
(BA) 25 has been used to extract approximations for density functionals upon which
parametrized expressions are constructed. Among the most well known parametrizations,
there is the Bethe Ansatz Local Density Approximation (BALDA),26 an approximation
for the exchange-correlation functional derived from the the Bethe Ansatz solution of the
one-dimensional Hubbard model. The BALDA approach has been successfully applied to
study quantum systems modeled by Hubbard-like Hamiltonians, such as ultracold fermions
and atoms in optical lattices. 26–30 With the same spirit of BALDA, a density functional
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approach to describe the ground-state conductance in the single-electron transistor was
proposed by Bergfield. 31 In their work, a parametrization for the exchange-correlation
functional potential was obtained from the BA solution of the Anderson Hamiltonian,
through which they were able to reproduce the conductance plateau characteristic of
the Kondo effect. As mentioned, in the study of general semiconductor nano-structures,
even considering their impressive performance, an approach similar to the Bergfield is
limited, as it requires the exact solution of the model upon which the approximation for
the functional can be carried out.
1.3

Density Functional Theory and the Renormalization-Group: a fruitful collaboration

In order to tackle the strongly correlated regime of quantum devices, the development of approximations for the exchange-correlation functional would require to go
beyond the first step of the Jacob ladder - the so-called Local Density Approximation
(LDA), as the strong correlated regime gives rise to long range interactions. Ideally, the
evolution of DFT would result in a general methodology, from which one would be able to
compute properties of realistic systems with accuracy comparable to the best available
experimental techniques.
Very recently, approaches alternative to parametrizations have been appearing in
the spotlights of the DFT community. Density Functional approaches integrated with
well-established many-body methods, such as the Density Matrix Renormalization-Group
(DMRG), 32, 33 the Quantum Monte Carlo (QMC) 34 and Machine Learning (ML) have
appeared in the literature with promising results for strongly correlated systems. 24, 33, 35–37
The accurate numerical frameworks offered by DFT calculations combined with
methods based on Renormalization-Group (RG) therefore have a huge potential in the future of many-body simulations and, in particular, in applications to quantum technologies.
On one side, Density Functional Theory offers a tool allowing for a highly precise electronic
structure calculation, an important ingredient in the study of transport properties of quantum dots in the strongly correlated regime. On the other side, numerical implementations
of the Renormalization Group method allow to simulate many-body quantum systems
and their properties, from the weakly to the strongly correlated regime.
In fact, the current state-of-the-art in Density Functional and RenormalizationGroup techniques invites the development of a hybrid procedure through which we can
explore transport properties in nano-structured devices. The present thesis offers a concrete
example. Here, we propose a generalized procedure combining Density Functional Theory
and Numerical Renormalization Group calculations to obtain the transport properties of
strongly correlated nano-structured devices. The basis of our method is the fixed point
structure of the NRG transformation and its correspondence with the Kohn-Sham system
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in Density Functional Theory. Specifically, we propose an iterative procedure integrating
DFT and NRG computations in such a way that the transport properties of quantum
devices can be computed self-consistently. In the DFT stage, parameters of quantum
dot devices, such as the band structure and the hybridization function, are calculated;
in the RG stage, which uses these parameters to diagonalize the Anderson Hamiltonian,
the iterative flow enables to access very low temperatures. The combination yields the
thermal dependence of the conductance, a function of special important because it is
experimentally accessible.
To illustrate our proposal, we will apply the hybrid method to study the conductance
in a single-electron transistor in the low temperature regime. The SET offers a rich testbed
for our approach because there are many experimental and analytical results. In particular,
the SET was subject of study in the context of DFT: as mentioned, a parametrization
for the exchange-correlation functional describing a SET has been proposed and proven
accurate.
We will show that the new procedure is able to accurately reproduce the zero bias
conductance for the SET in all correlation regimes. Our results are compared with the
ground-state conductance obtained from self-consistent DFT calculations using Bergfield’s
parametrization and the BALDA and exact calculations of the conductance at very low
temperatures obtained through the NRG diagonalization. We show the new procedure
to be able to reproduce the characteristic profile of the conductance in the presence of
the Kondo effect as accurately as the parametrization specific to the SET. The excellent
agreement of our results with exact NRG calculations for the SET and, crucially, the
potential to be extended to general nano-structured devices, indicates the new procedure
as a promising approach to the study of transport in quantum dots.
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2 KONDO EFFECT IN NANO STRUCTURES

The Kondo effect is one the most studied problems in condensed matter physics.
As a perfect example of how quantum correlations give rise to phenomena manifesting in
the macroscopic world, it remained an interesting topic especially after the discovery of
the Kondo effect in quantum dots in the 90’s and, more recently, in new materials such as
graphene.
Most of our knowledge about anomalous transport at nano scales was guided by
the study of a simple device known as single-electron transistor (SET), with a wide survey
of experimental and theoretical results. 11, 12, 38–41 In particular, the modeling of the SET
in terms of the single impurity Anderson Hamiltonian provided a deep understanding of
the low-temperature phenomenology of quantum devices and, in particular, how strong
correlations affect their physical properties.
In this chapter, we will briefly present the single-electron transistor and explore
the emergence of the Kondo effect in the low-temperature regimes. Then, we will discuss
the mapping of the SET into an impurity problem modeled by the Anderson Hamiltonian
and show how it allows to recover properties measured in the lab, such as the zero-bias
conductance.

2.1

Single-electron transistor and quantum dot technologies

The single-electron transistor (SET)11 was one of the first devices in which charge
quantization and anomalous transport was probed at quantum scales. It was first fabricated
by Fulton and Dolan 42 in 1987 at Bell Labs and has been further improved since then
with new fabrication techniques and the introduction of new semiconductor materials.
The most elementary single-electron transistor consists of a small island of a
conductive material connected to two metallic leads (source and drain) through thin
oxides (tunneling junctions) and also coupled to a gate electrode through a capacitive
material. Later, the metallic materials were replaced by semiconductors with depletion
of two dimensional gas (2DEG). Due to its small size, the energy levels n of the island
are discrete and spaced by ∆n . The island is also referred to quantum dot, given the
possibility to control the number nd of electrons that can be confined on it. The process of
charging-uncharging the device is understood in terms of a simple sketch of an electrical
circuit representing a SET, as shown in Fig. 3. The two tunnel junctions are represented
by capacitors coupled to resistors with capacitances Cs and Cd and resistance Rs and Rd ,
and the three terminals allow to apply potentials Vs , Vd and VG to source, drain and the
quantum dot, respectively. In terms of this circuit, one can define the charging energy
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Figure 2 – single-electron transistor (SET). The most elementary SET comprises two metallic
leads S (source) and D (drain) bridged by a small region known as island or quantum
dot. A resistive material bridges the dot and the leads forming tunneling junctions. A
gate electrode with potential VG is coupled to the quantum dot through a capacitive
material. Adjusting VG allows to control the number of electrons nd confined in the
quantum dot. The electrons in the metallic leads form an electron gas. When an
infinitesimal potential difference is applied between the S and D gases and the gate
voltage is suitable adjusted, electrons can tunnel between the gases through the dot.
The characteristic of the materials (resistances and capacitances), its size and the
temperature of the operability ensure the tunneling of a single electron at each time.
Source: GOLDHABER-GORDON et al. 12

Ec of the device, i.e., the energy that an electron must have to tunnel from one plate of
the source capacitor CS to the island CG and from there to the other plate of the drain
capacitor CD . As electrons in that island interact via Coulomb electrostatic forces, Ec is
defined as
Ec =

e2
,
2CΣ

(2.1)

where e is the elementary charge and CΣ = CS + CD + CG is the self capacitance of the
system comprising source, drain, and gate.
A current in the device is expected when a bias dV = Vs − Vd is created between
the source and drain leads. The manipulation of the potential VG enters in the device
as the key ingredients allowing the control of charging processes. By changing the gate
voltage VG (negative or positive value), it is possible to shift the energy levels n of the
quantum dot and adjust its Fermi level µQD to be at the Fermi level of the junctions µs
and µd , as illustrated in Fig. 4. An electron can tunnel through the quantum dot if it
receives enough energy to overcome the electrostatic barrier Ec in the island and then
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.

Rs

Rd

nd
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Cd
Cg

Vs
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Figure 3 – Equivalent electric circuit used to represent the SET: capacitors associated to the
source, drain and gate electrodes, and the tunneling barriers are represented by
resistors. The circuits of the leads are represented by a parallel association of the
resistors with capacitors Rs with Cs and Rd with Cd . The quantum dot is coupled
to a capacitor Cg and a font for controlling the gate voltage VG . The difference of
potential between the source and drain leads are controlled by two fonts with voltages
Vs and Vd , respectively.
Source: By the author.

populate one available level n , the level just above the Fermi level of the quantum dot. In
the absence of available levels, electrons cannot flow from the source and to the drain, so
that the quantum dot is occupied with a fixed number of electrons. The dot will allow
transfer of one electron if an available level in the dot is aligned with the Fermi levels of
the junctions. The barrier blocking transferring of charge is referred to Coulomb blockade.
The operability of the device in the Coulomb blockade is constrained by three conditions:
(i) the bias voltage must be lower than dV < e/CΣ , (ii) the resistance of the tunneling
junctions must be much higher than the quantum of resistance Rt = h/e2 , where h is
the Planck constant, so that the transfer of exactly one electron at time to the quantum
dot is ensured; and (iii) the temperatures must be kB T  Ec , as thermal excitations can
activate tunneling. In practice, these conditions translates in having very low temperatures
and small capacitances.
In the zero bias regime (dV = 0 or dV is infinitesimal), transport of electrons is
enabled whenever VG aligns µQD with µs = µd and current is detected in multiples of VG ,
so that the quantum dot is occupied with a fixed number of electrons, as in the Coulomb
blockade. At low temperatures, of the order of 1K, the curve of the current versus the
applied gate voltage depicts a sequence of equally spaced sharp peaks43–45, as shown in
Fig. 5. The position of peaks occur at special values of VG for which the dot is occupied
by a half-integer number of electrons. The tunneling condition for the special VG is
1
CΣ VG = e nd +
,
2




so that the spacing between peaks is found to occur in multiples of VG = e/CΣ .

(2.2)
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(a)
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(b)

dV = 0
VG = 0
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dV = 0
VG > 0

µQD
µQD

dV =
6 0
VG 6= 0
µQD

(e)

dV =
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VG 6= 0

X
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(f)
µs = µQD

dV

µQD
ndn+
d 1

nd + 1

VG

µd = µQD
Figure 4 – Energy diagram for the modes (on and off) of a single-electron transistor and Coulomb
blockade. By adjusting the gate voltage VG , the Fermi level of quantum dot µQD
(orange) resonates with the Fermi levels µs (blue) and µd (red) of the leads, allowing
electrons to tunnel between source and drain. The Coulomb repulsion introduces an
energy cost of Ec to charge the device when one of its energy levels can be populated.
If no levels are available, no electron can flow and the system is in “off” mode, as
illustrated in panels (a) and (c). The relation between the bias dV = µs − µd and the
VG voltages can turn “on” the device if VG is chosen to make µQD lie between µs and
µd , as shown in panels (b), (d) and (e). Diagram (f) represents the compensations
between dV and VG that must be carried out so that device operates in “on”, “off”
or in the Coulomb blockade modes. Filled gray areas corresponds to the situation in
which the dot has a fixed number of electrons and operates in Coulomb blockade. Blue
and red lines corresponds to the voltage setup dV and VG for having µs = µQD or
µd = µQD , respectively, and also separate the modes “on” or “off” of the device. The
increasing of successive nd → nd + 1 for all modes can be obtained by extrapolating
the diagram in a sequence of multiples of VG ’s.
Source: By the author.

Adjusting VG so that µQD = µs or µQD = µd corresponds to the operability of the
device in “on” mode or Coulomb blockade mode, as illustrated in panel (f) of figure 4.
Notice that for dV 6= 0 (out of low bias regime), electrons can flow even if VG 6= 0. The
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effect of dV =
6 0 in the curve I vs VG illustrated in Fig. 5 is to increase the line width of
the oscillations.

G(e2 /h)

gap

Coulomb
blockade

e/C

2e/C

VG

Figure 5 – Current (conductance) peak oscillations observed in a single-electron transistor in
Coulomb blockade regime. When the quantum dot has already an electron the
repulsive Coulomb interaction blocks the flow of current. Adjusting the gate voltage
by VG = e/2CΣ allows to shift unoccupied levels, so that electrons can tunel through
the quantum dot. Notice that the peaks, associated with the addition of one electron,
occur when the applied gate voltage VG is a multiple of e/CΣ .
Source: By the author.

After the first SET’s, a new generation of nano-structured devices appeared to cover
a wide range of applicability in quantum technologies. In particular, from the similarity
between the interactions taking place in a SET with that of an impurity interacting with
delocalized electrons in a metal emerged the seminal inspirations to explore the Kondo
effect in quantum dot devices.12, 39, 40, 46, 47 This idea was successfully explored by a group
of researchers from MIT in 1998, 12 who proposed a new fabrication protocol to use the
SET as platform allowing for a high control of the Kondo effect. In the following section, we
will briefly review the Kondo problem with focus on its manifestation in a single electron
transistor.
2.2

The Kondo effect and its manifestation in quantum dots

The Kondo effect was one of the most intriguing phenomena in condensed matter
physics.38 Its origins date back to 1934 with the observation by Haas, Boer and van den
Berg of an anomalous behavior in the resistance of gold at low temperatures.48 At the time,
this fact was in contradiction with the Sommerfeld model of conduction in metals, which
predicts that an increase in temperature is accompanied by an increase in the resistivity,
whereas as the material is cooled the resistivity is expected to monotonically decrease
until saturates in a residual value associated with the extrinsic resistivity. On the contrary,
Haas’s first measurements revealed a minimum of resistance around 1K-10K followed by
an increase during further cooling. Three years later, they investigated the position of the
minimum with the concentration of impurities in alloys and noticed the strange behavior
to manifest only for magnetic impurities. 49

38

ρ(T )

A 30 years journey separates Haas’ observations and the successful solution to the
puzzle. During these years, it became clearer that the presence of impurities, vacancies
and defects gave an important contribution to the scattering processes that remain at very
low temperatures. A theoretical picture capable to explain the increase in the resistivity
after a minimum temperature was reached came only in the 60’s, thanks to developments
by Phillip W. Anderson and Jun Kondo, who immortalized their names in two of the the
most recurrent model Hamiltonians in condensed matter physics.13, 50

metal
alloy
SC

ρ0
0

0.5

1

T /Tc

Figure 6 – Resistivity in materials and the Kondo effect. (a) Behavior of resistivity as a function
of temperature for metals (blue), alloys (red), and superconductors (green). According
to the Drude model for conduction in metals, while cooling the sample to the limit
T → 0, the resistivity is expected to saturate in the residual (extrinsic) value ρ0 . In
the 30’s an experimental observation revealed that instead of going to ρ0 as T → 0,
the resistivity reached a minimum and then started to increased as the material was
cooled. The explanation for this puzzle came only in 1964 thanks to Jun Kondo,
who made his name to the most known phenomenon related to anomalous transport
behavior: the Kondo effect. Kondo explained that the presence of magnetic impurities
in the host metal promotes scattering processes that are enhanced as T → 0. (b)
Results for the resistivity as a function of the temperature in dilluted alloys of AuFe
extracted from Kondo’s paper. Excellent agreement was found between experimental
data (circle marks) and his results (black lines).
Source: (a) Adapted from KOUWENHOUVEN;38(b) KONDO.50

In 1961, Anderson analyzed the formation of localized magnetic moments in
transition metal ions and introduced a simple model describing the interaction between
free electrons of a host metal with a localized electron on the d-orbital of an impurity. 13 In
its simplest version, the Hamiltonian known as Single Impurity Anderson Model (SIAM),
comprises three terms: the conduction band HCB , the impurity Hd Hamiltonians and the
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coupling between them Hint . Explicitly,
HSIAM = HCB + Hd + Hint .

(2.3)

The first term is defined as
HCB =

X

k c†kσ ckσ ,

(2.4)

k,σ

where k is the dispersion describing the conduction band electrons of the metallic host
with momentum k, ckσ and c†kσ are annihilation and creation operators, and σ =↑, ↓ stems
for the spin. Associated with k there is the density of states (DoS) ρ(), normally assumed
constant near the Fermi level and extends from −D to D.
The second term describes the energy d of the impurity in the d localized level
whose double occupation is penalized by the Coulomb repulsion U . This contribution is
local and reads
Hd = d (nd↑ + nd↓ ) + U nd↑ nn↓ ,

(2.5)

where ndσ = c†dσ cdσ is the number operator measuring the occupation of the d level.
Finally, the last term of eq. (2.3) corresponds to the hybridization between the
conduction band and the localized level of the impurity. It is defined as
Hint =

X





Vdk c†kσ cdσ + c†dσ ckσ ,

(2.6)

kσ

where Vdk is related to the hybridization function
Γ() = π

X

|Vdk |2 δ( − k ).

(2.7)

k

In the case in which the density of states and the coupling parameter are independent
1
of momenta, i.e., ρ() = 2D
and Vdk = V , the hybridization is constant Γ() = Γ. In his
discussion, Anderson argued that, in the limit of low temperatures and for Γ  −d , U + d
(the zero of energy is at  = 0), the states of the impurity that are singly occupied were
energetically favorable, and, as the impurity acquires a moment, the coupling of the
electrons surrounding the impurity should be antiferromagnetic.
Inspired by this insight and the puzzle in explaining the anomalous resistivity,
Kondo was able to derive an expression for the resistivity accounting for contributions
due to the presence of impurities.50 The paper “Resistance Minimum in Dilute Magnetic
Alloys”, from 1964, marks the seminal contribution to the understand of the Kondo effect.
His starting point was a model describing the antiferromagnetic spin interaction between
the metal and the impurity. The latter, later named Kondo Hamiltonian, reads
HK = HCB + J S0 .Sd ,

(2.8)
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where J > 0 is the exchange-coupling, Sd denotes the spin of the impurity and
S0 =

1 XX †
c ~σµν cqν
2N k,q µ,ν kµ

(2.9)

represents the spin of the conduction band with N electrons and ~σ = σx î + σy ĵ + σz k̂ are
the Pauli matrices.
From the Hamiltonian in eq. (2.8), Kondo calculated the scattering probability
of a free electron in the conduction band in the presence of an impurity, arriving in the
following expression for the resistivity
R(T ) = R0 + aT 2 + bT 5 + cm [1 − Jρ(F )ln(T )] ,

(2.10)

where R0 is the intrinsic resistivity, a and b are constants and stem from the contributions
due to electron-electron and electron-phonon scattering processes, ρ(F ) is the density of
states of the conduction band at the Fermi energy F , and
cm =

3πmJ 2 S(S + 1)
,
2e2 ~F

(2.11)

represents the resistivity arising from the impurity, where S denotes spin, m is the mass
of the electron, and ~ is the Planck constant.
The logarithmic term, surviving and increasing as T → 0, entered as the key
ingredient to explain the experimental results obtained in alloys, as shown in figure 6.
The connection between the Anderson and the Kondo Hamiltonians in the limit of
weak hybridization Γ  U, d and low-energies was derived later by Schrieffer and Wolf,
who introduced an effective coupling J relating both models in terms of their parameters.
51
In their formulation, the effective coupling Jk,q between electrons with momenta k and
q electrons is calculated as follows
!

Jk,q = −Vk Vq

1
1
1
1
+
−
−
.
k − (d + U ) q − (d + U ) k − d q − d

(2.12)

We note that in the limit of low-lying energy scales k , q → 0 and for constant
hybridization Vdk = Vdq = V , the last expression becomes
2
ρJ =
π

Γ
Γ
+
|d | d + U

!

,

(2.13)

where ρ is the density of states of the conduction band.
At this point, we focus our attention on the energy scales dominating the Kondo
effect. In terms of the Anderson Hamiltonian, they are defined by the interplay between
the hybridization Γ and the energies of the impurity level d and U , as well as their
translation to the effective coupling J of the Kondo model at low temperatures. Recalling
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Kondo’s result for the resistivity, an essential scale is the temperature TK ∝ e−1/ρJ below
which scattering is enhanced due to the fact that the impurity acquires moment and
forms a singlet state with the metallic electrons. Spin-flip processes promoted by virtual
transitions between spins of the conduction band and the impurity take place and the
impurity becomes an efficient scattering center, with conduction electrons trying to screen
its moment. Additionally, for T < TK a pronounced characteristic of the Kondo effect
emerges in the spectral density of the impurity level ρd (): the coupling between the
metallic electrons and the impurity results in the appearance of a narrow peak in ρd with
width proportional to TK at the Fermi level of the metals.
The Kondo temperature TK is ultimately related to the so-called radius ξK of the
Kondo screening cloud, a polarized region forms and entangles the free electrons with
the localized impurity moment. See Fig. 7. The “radius”of the Kondo cloud is usually
estimated as ξK = ~vF /kB TK , where vF is the Fermi velocity and kB is the Boltzman
constant. The radius ξK was never experimentally determined so far and has been the
subject of controversy for many years. 52–57 As we will discuss later, the issue about the
real extension of the Kondo screening cloud has became a new puzzle with the discovery
of Kondo effect in quantum dots. 58–61
As mentioned, the Kondo effect depends vitally on virtual exchange processes
arising only when the occupation of the impurity is odd. With this picture in mind, we
are now ready to discuss the correspondence between the problem of a magnetic impurity
in a metallic host and the interactions occurring in quantum dots. When the occupation
number of the quantum is odd, it acquires a magnetic moment and behaves as a magnetic
impurity. The leads can hybridize with the quantum dot if the resistances of the tunnel
junctions allows for a strong coupling entangling the dot and the metallic electrons. Below
a critical temperature, two peaks are expected to appear in the density of states (DoS)
of the quantum dot, each one in resonance with the Fermi levels µs and µd . Figure 8
illustrates the analogy between the Kondo effect in a SET with the Kondo regime of an
impurity system, such as the Anderson model.
From Kondo’s paper to the fabrication of the first single-electron transistor, it did
not take too long for that theoretical predictions of the Kondo effect in nano-structured
devices to appear in the physics community. This common wish was finally satisfied in the
late 90’s with a new SET proposed by Golhaber-Gordon and colleagues. 12 Having at hand
a lithography protocol allowing for a finer pattern of metallic gates, and a high-precision
setup for growing a small GaAs/AlGaAs heterostructure containing a two-dimensional
electron gas, they were able to realize a device whose typical scales Γ, U and d could
match those needed to tune the Kondo effect within the range of experimentally accessible
temperatures.
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Figure 7 – The Kondo screening cloud. Below a characteristic temperature TK , known as the
Kondo temperature, a polarized region surrounding the impurity forms in order to
screen the localized magnetic moment. This region is referred to the Kondo screening
cloud. Spin-flip process occur for the electrons whithin the cloud as well as the impurity
moment. The ground state therefore is composed by a singlet state entangling these
conduction electrons with the impurity. In the early years of the Kondo problem,
−1
theorists argued that the spatial extension of the Kondo cloud behaves as ξK ∝ TK
,
a scale that for typical materials is of the order of µm. After the discovery of the
Kondo effect in nanoscopic quantum dots, this issue has become a new puzzle warming
up the Kondo problem, and making the controversy subject of a large collection of
investigations.
Source: By the author.

In analogy with the increase in resistivity in metallic alloys, the Kondo effect in
quantum dots is characterized by an anomalous behavior in transport properties. As the
temperature is lowered, when the number of electrons in the quantum dot is odd, the
unpaired electron at the Fermi level entangles with the electrons at the Fermi level of
the leads and form a singlet. In this situation, the Coulomb blockade is lifted because
electrons can flow even when µQD is not aligned with the Fermi level of the leads. As a
consequence, the conductance Gd as a function of the gate voltage VG , previously illustrated
in 5, acquires a plateau between two consecutive peaks. 12, 14, 43, 44 Compare Figs. 5 and 9.
The plateau, called the Kondo plateau, becomes more pronounced as the system is cooled.
Experimentally, the measurements of Gd as a function of VG in a SET behave as in figure 9.
Such a detailed probe of the Kondo plateau was only possible with advances in experimental
techniques allowing for highly accurate measurements. At the same time, advances in
lithography made possible the fabrication of more sophisticated devices. 1, 40, 62–65
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Figure 8 – Kondo effect in a single-electron transistor. In 1998 a paper published in Nature
by Goldhaber-Gordon and colleagues opened an entire new avenue in the study of
the Kondo effect in quantum dots. They were able to fabricate the first SET whose
features matched the parameters of the Anderson Hamiltonian. The physics of the
Kondo effect has a strong analogy with the processes occurring in a SET: when the
occupation number of the quantum dot is odd it behaves as a magnetic impurity. At
low temperatures, spin-flips are energetically favorable and occur by means of virtual
transitions. Consider an initial state in which the dot is occupied with a spin ↑ and
µs > µd with dV ≈ 0. The energetic cost for an electron at the source to occupy the
level immediately above the Fermi level of the dot is larger than for the electron at
the dot to transit virtually to the source lead. From these virtual transitions arise the
spin-flip processes characteristic of the Kondo effect at very low temperatures and are
a consequence of the sharp peak appearing in the spectral density of the quantum
dot in resonance with the Fermi level of the leads.
Source: By the author.

With the previous historical background, we can now turn to a more theoretical
analysis of quantum dot devices in terms of model Hamiltonians. In the following, we will
present the adapted version of the Anderson Hamiltonian for a single-electron transistor
and discuss how it can be used to predict its properties, such as the Kondo plateau in the
curve of the conductance.

2.3

Anderson Hamiltonian for a single-electron transistor

As explained in the previous section, the analogy between a quantum dot and
an impurity system allows to model a single-electron transistor by means of the single
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(a)

(b)

Figure 9 – Experimental realization of a single-electron transistor (SET) and measurement of
the conductance as a function of gate voltage in the presence of the Kondo effect.
(a) Scanning electron microscope image of a typical semiconductor SET grown on a
GaAs/AlGaAs heterostructure. The area of the dot is of order of 0.04µm2 , allowing for
a leven spacing ∆ ≈ 100µeV and a charging energy Ec ≈ 1meV . (b) Experimental
conductance of the SET as a function of the gate voltage VG when the temperature
is decreased. The range of temperatures considered are below 205mK. In the limit
T → 0, the conductance approaches its minimum in the intervals VG for that the
occupation in the quantum dot is even, increasing until a plateau when the number of
electrons is odd. The conductance plateau, below the unity of conductance quantum
G = 2e2 /~ indicates that the coupling of the dot with the gases is asymmetric.
Source: GROBIS et al.1

impurity Anderson model. 41, 66, 67 In a general form, the adapted version of the Anderson
Hamiltonian for a quantum dot device is defined as follows
HSET = Hleads + HQD + Hint .

(2.14)

First, the two-dimensional electron gases in the source and drain leads are represented by two conduction bands L (left) and R (right), respectively. The corresponding
term of the Hamiltonian reads
Hleads =

X
kL,σ

kL c†kL,σ ckL,σ +

X

kR c†kR,σ ckR,σ ,

(2.15)

kR,σ

where, c†kα,σ (α = L, R) are the creation operators that add an electron with momentum
kα and spin σ =↑, ↓ in the level kα . We consider equal bands (kα = k ) with N levels
and density of states ρ(),  ∈ [−D, D], so the bandwidth is 2D. In the thermodynamical
limit (N → ∞) the band forms a continuum of states. Note that in contrast to eq. (2.4),
the band is mapped onto a one-dimensional problem, i.e., k = k .
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The Hamiltonian describing the quantum dot is written as
HQD = VG (nd↑ + nd↓ ) + U nn↑ nd↓ ,

(2.16)

where VG is the gate voltage, U is the Coulomb repulsion and is related to the charging
energy Ec of the quantum dot, ndσ = c†dσ cdσ is the occupation number and cdσ (c†dσ ) are
the annihilation (creation) operators.
Finally, the hybridization term in eq. (2.6) is re-written as
Hint =

i

Xh

†
†
VL (f0L,σ
cdσ + c†dσ f0L,σ ) + VR (f0R,σ
cdσ + c†dσ f0R,σ ) ,

(2.17)

σ

q

where Vα = Γα /ρπ (α = L, R) is the couplings between the quantum dot with the
left(source) and right(drain) leads, the latter being characterized by a density of states ρ.
The coupling is defined by means of the Wannier states
1 X
f0α,σ = √
ckα,σ .
N kα,σ

(2.18)

Note that Γα (α = L, R) are associated with the tunneling junctions in the source
and drain leads and are determined by their resistance.
A sketch of a single-electron transistor modeled by the Anderson Hamiltonian in
eq. (2.14) is shown in figure 10.

VG
L

R

VL

VR

Figure 10 – Model for a single-electron transistor (SET). The source and drain leads are mapped
into two conduction bands on the left L and right R sides of the quantum dot. The
coupling between them are made by the hopping amplitudes Vα (α = L, R). The
occupation number of the quantum dot is controlled by the gate voltage VG . If an
infinitesimal bias is created between the L and R conduction bands, electrons can
flow through the quantum dot.
Source: ZAWADZKI et al. 15

An external potential W can be applied to the leads and must be identical (WL =
WR ) to ensure the system is in equilibrium. The related term in the Hamiltonian is
Hleads,W = Hleads +

W X †
c cqα .
N k,q,α kα

(2.19)
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The Hamiltonian defined in eq. (2.14) can be re-written in a more convenient basis
which allows to decouple it in a contribution independent of the quantum dot and another
that recovers the traditional form of the single-impurity Anderson Hamiltonian of eq. (2.3).
To this aim, we define odd and even combinations of the metallic states ck,L and ck,R :
ak =

VL ck,L + VR ck,R
V

(2.20)

bk =

VR ck,L − VL ck,R
,
V

(2.21)

where
V ≡=

q

VL2 + VR2 .

(2.22)

Note that for symmetric couplings VL = VR ,
ak =

ck,L + ck,R
√
2

(2.23)

bk =

ck,L − ck,R
√
.
2

(2.24)

Plugging eqs. (2.20) and (2.21) into (2.14), corrected with (2.19), we obtain a new
decoupled Hamiltonian
H = HA + HB ,

(2.25)

where
HB =

X
k

k b†k bk +

W X †
b bq ,
N k,q k

(2.26)

and
HA =

X

k a†k ak + W f0† f0 + V (f0† cd + H.c.) + HQD ,

(2.27)

k

where the new Wannier state f0 reads
1 X
f0 = √
ak .
N k

(2.28)

We can recognize HA as essentially the single impurity, single-band Anderson
Hamiltonian. On the other hand, HB corresponds to a free band subject to a scattering
potential W and decoupled from the quantum dot.
Many properties of a single-electron transistor can be studied from the Anderson
model, including spectral and transport properties. The latter will be the subject of the
following section.
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2.3.1 Zero-bias conductance and universal mapping
As explained in section (2.1), a current can flow through the quantum dot when
an infinitesimal bias dV is created between the source and the drain leads, and if the
Fermi level of the quantum dot is accessible.41 To study transport in the zero-bias regime
dV ≈ 0, we can carry out a perturbative analysis whose starting point is the Hamiltonian
Hbias (t) = −e


∆µ X  †
ckR ckR − c†kL ckL expηt/~ ,
2 k

(2.29)

where ∆µ = µs − µd , e is the electrical charge, ~ is the Planck constant, and t is the
instantaneous time and η is an infinitesimal.
We then account for the current flowing into the R lead by means of the current
operator
I=

X †
ie
dqR
= − [HA ,
ckR ckR ],
dt
~
k

(2.30)

where i is the imaginary unit.
In the linear-response regime the zero-bias conductance G(T ) as a function of the
temperature T can be calculated from all possible transitions between states |Ψm i of the
unperturbed HA that arise from the perturbation Hbias . Explicitly,
G(T ) = −

X
i Z0
exp−βEm hΨm | [I, Hbias (t)] |Ψm i ,
dt
Z~ −∞
m

(2.31)

where
Z=

X

exp−βEm ,

(2.32)

m

is the partition function, Em is the energy of the eigenstate |Ψm i and β = 1/kB T .
Working out the calculation of eq. (2.31) on the basis of ak ’s and bk ’s, we obtain
the following expression for the conductance
G(T ) = G2 πΓW αs

Z

!

∂f ()
d ρd (, T ) −
,
∂

(2.33)

where
2e2
h

(2.34)

Γ
1 + π 2 ρ2 W 2

(2.35)

4VL2 VR2
V2

(2.36)

G2 ≡
is the conductance quantum,
ΓW =
is the tunelling width,
αs ≡
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is the asymmetry index, unitary for the case in which the leads are symmetrically coupled
to the quantum dot; ρ is the spectral density of the conduction band ak , f () is the Fermi
function and ρd is the spectral density of the quantum dot.
The spectral density ρd in (2.31) is calculated as follows
ρd (, T ) =

1 X e−βEm
| hΨn | c†d |Ψm i |2 δ(Em − En − ),
f () m,n Z

(2.37)

where |Ψn i and |Ψm i are eigenstates of the HA in eq. (2.27), whose energies are En and Em ,
respectively. Note that, according to eq. (2.31) the matrix element hΨn | c†d |Ψm i measures
the transition probability to transfer an electron between the eigenstates |Ψn i and |Ψm i
of HA and is ultimately related to the occupation nd in state |Ψm i via a completeness
relation. The set of mathematical steps from eq. (2.31) to (2.33) can be obtained following
Appendix C of YOSHIDA et al.41 Note that, there, α is absent and the combinations of
operators in eqs. (2.23) and (2.24) must be considered in accordance with HA in (2.27).
From the solution of the Anderson Hamiltonian for a fixed set of model parameters
(Γ, VG and U ), we can obtain the ingredients entering in eq. (2.33) and then calculate the
zero-bias conductance for a range of temperatures from T  TK to T → 0. As mentioned in
the introduction, the solution of the Anderson Hamiltonian can be carried out analytically
via Bethe Ansatz (BA) or numerically by means of the Numerical Renormalization-Group
(NRG).16, 68–70 The latter offers an efficient platform for calculating properties of quantum
devices similar to a SET, with excellent agreement with experimental results. 15, 41 A
detailed explanation of the Numerical Renormalization Group procedure as well as its
treatment for solving the Anderson Hamiltonian will be given in Chapter 4.
Important to the present discussion of transport in the zero-bias regime of a SET is
how the profile of Gd will be determined by the relation between the model parameters Γ,
U , VG and the temperature. As previously explained, the dynamics of the device would be
controlled by the gate voltage, as it defines the charging energy Ec = min (|VG |, U + VG )
and shifts the levels of the dot, which are d,0 = 0 (empty), d,1 = VG (↑ or ↓) and
d,2 = 2VG + U (doubly occupied). For −U < VG < 0, the lowest level is singly occupied,
so that the dot acquires a magnetic moment. The extremes of this interval are two chargedegeneracy points, while the point VG + 2U = 0 is the symmetric point, at which the
Anderson Hamiltonian preserves particle-hole symmetry.
At high temperatures, the device cannot be charged for gate voltages other than the
charge-degeneracy points. The curve of the conductance Gd as a function of VG behaves as
that of fig. 5, in which no transport is measured for −U < VG < 0. As the temperature is
lowered, the coupling between the dot and the leads favors spin-flip processes and the Kondo
effect arises: the coupling favors transport and non-zero conductance is observed between
the peaks at VG = −U and VG = 0. These processes are enhanced as the temperature
is further cooled down to the Kondo temperature, so that for T  TK the Kondo cloud
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forms and entangles the metallic electrons to the dot. The entanglement allows ballistic
transport and the Kondo plateau arises.
It is interesting to analyze the dot occupation and its consequence to transport in
terms of the Friedel sum rule.71, 72 To motivate this discussion, we remind our interpretation
of the Kondo screening cloud. In an impurity system, we have provided the picture of the
Kondo screening cloud as being a polarized region surrounding the impurity and involving
the displaced electrons of the conduction band. One can ask how the charge is distributed
in the vicinity of the impurity and of the Wannier orbital f0 due to the displacement of
electrons scattered by the quantum dot.41, 71–73 To answer this question, we can recall
to the Friedel sum rule, which relates the phase shifts of the metallic electrons scattered
within the Kondo cloud with the occupation in the dot, so we can write
2
nd = (δ − δW ),
(2.38)
π
where δW is the phase shift due to the presence of the potential W , calculated as
tan δW = −πρW.

(2.39)

Note that for W = 0, electrons whose energy is below VG are not phase shifted,
i.e., δ = 0, whereas for those with energy   VG are shifted by π. Electrons with energies
  VG close to the Fermi level are shifted by π/2.
In the two extremes of temperature, T  TK and T  TK , it is straightforward to
calculate the dot spectral density ρd 14 and show that it is given in terms of the phase
shifts as follows
1
ρ∗d =
sin2 (δ ∗ − δW ),
(2.40)
ΓW
where the symbol ∗ denotes one of the two thermal limits and ΓW is defined in eq. (2.35).
Examining the phase shift at the symmetry point VG = −U/2 is particularly
illustrative, as the symmetry point is associated with the gate voltage for which the Kondo
plateau manifest in opposition to the Coulomb blockade regime. 41, 73, 74 While in the
absence of Kondo effect the conductance vanishes at VG = −U/2, it starts to increase
as the temperature is lowered, reaching the quantum of conductance G2 for T  TK . In
terms of the phase shifts, for T  TK , the coupling can be disregarded, few electrons are
scattered and the phase-shift of those at the Fermi level is δ = 0. By contrast, at very low
temperatures compared with the Kondo thermal scale TK , the broadening of the coupling
allows ballistic transport of the electrons at the Fermi levels of the leads, so that their
phase shift is δ = π/2. At the symmetry point VG = −U/2 the zero bias conductance is
a universal function Gs of the temperature scaled by the Kondo temperature.15, 41 The
universal relation for VG = −U/2 is written as
Ḡd



T
TK



= G2 Gs



T
.
TK


(2.41)
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For other model parameters, the phase shifts can assume any value within the
interval −π/2 ≤ δ ≤ π/2. Especially at low temperatures, the conductance for VG 6= −U/2
will be below the quantum of conductance and will be closer to unity as VG favors the
occupation in the quantum dot. For a set of model parameters resulting in an effective
coupling J allowing for the Kondo effect, gate voltages limited by the charge-degeneracy
points, i.e., −U < VG < 0 , are associated with the Kondo plateau in the limit T → 0. For
general model parameters, neither the amplitude of the conductance nor its dependence
on the temperature will match the universal relation in eq. (2.41). 15, 41 However, adapting
the latter in the form of a linear mapping yields the general relation
Ḡd



T
TK





= α Gs

T
TK



+ β,

(2.42)

where Gd is given in the unities of the conductance quantum G2 , the coefficients α and β
are determined from the limits of Gd for T  TK and T  TK .
Plugging eq. (2.40) into eq. (2.33), we are able to determine α and β and obtain
the following linear mapping
Ḡd



T
TK



G2
T
G2
=
− Gs
−
2
2
TK






cos 2(δ − δW ).

(2.43)

The universal mapping 2.43 for the zero bias conductance generalizes eq. (2.41)
for any model parameters. It provides a formula to determine the conductance in the
limit T → 0, the Kondo temperature TK and the phase shifts δ ∗ . Note that, without
particle-hole symmetry, i.e. gate voltages VG =
6 −U/2, the effective phase shift δ − δW
will result in a conductance always smaller than G2 at very low temperature regimes,
even with VG = −U/2 and W 6= 0. The Kondo temperature TK is also a function of
the model parameters, as they define the coupling J. The universal relation (2.43) is
proven to accurately match experimental data obtained in transport measurements in a
single-electron transistor, as reported by Ref. 15. In the latter paper, we have carried out an
extensive Renormalization-Group analysis of the Anderson Hamiltonian and its accuracy
in reproducing transport properties of realistic devices. Figure 11 compares the universal
mapping in eq. (2.43) with experimental data points for the zero-bias conductance provided
by Grobis et al, previously reported in a publication. 1 A set of 34 gate voltages was
considered. The inset shows the estimates for the Kondo temperature TK for each VG . The
agreement between the experimental data with the analytical curve G∫ in Fig. 11 reveals
an important result which will be a crucial ingredient for the approach proposed in the
present thesis: the universal properties of realistic SETs can be accurately modeled by the
Anderson Hamiltonian.
An issue to be further investigated concerns the non-universal properties of realistic
quantum dots. In Ref. 15, we also discussed the fidelity of the Anderson Hamiltonian in
reproducing non-universal features of a single-electron transistor. Using, again, the results
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Figure 11 – Conductance G(T ) in a SET as a function of the scaled temperature T /TK , where TK
is the characteristic temperature in which the Kondo effect arises. Colored markers
represent experimental data for 34 samples of gate voltage VG . Black solid line
correspond to NRG calculations of G(T /TK ) for the Anderson impurity model.
Source: ZAWADZKI et al. 15

by Grobis et al. 1, we have shown that the values of properties such as the assymetry index
αs and the occupation number nd at very low temperatures counterintuitively deviate
from the expected results for the Anderson model in the limit T → 0. The deviation is
illustrated in Fig. 12, where the occupation nd is shown as blue circles and the assymetry
index is represented by orange squares. When considering the expected values for both
properties in the limit T → 0 of the Anderson Hamiltonian, the experimental results
are in poor agreement: αs and nd should be constant for the entire set of gate voltages
−212 < VG < 195, which defines the Kondo plateau. On contrary, the measurements reveal
deviations related to the non-universal aspect of such properties. In that sense, while
dealing with equilibrium transport, the connection between realistic SETs and molecular
junctions with an analytical formulation based on the Anderson Hamiltonian can be
tackled ultimately through the universal zero-bias conductance.
The analysis of the zero-bias conductance and its relation with the phase shifts will
appear again along this thesis. For instance, the connection between the occupation nd in
the limit T → 0 and ground-state conductance will be discussed in chapter 3, specifically
in the subsection devoted to the density functional approach for transport in a SET. In
chapter 4, we will further explore the structure of the Anderson Hamiltonian in the limits
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Figure 12 – Occupation number nd and assymetry index αs obtained from experimental points
by Grobis et al. 1. When considering the limit of very low temperatures of the
Anderson Hamiltonian, both properties are predicted to be constant and equal to
the unity. Instead, experimental data points reveal that the assymetry index and
the occupation number retain non-univeral features that the Anderson Hamiltonian
in its traditional form is unable to capture.
Source: ZAWADZKI et al. 15

T  TK and T  TK from the point of view of the Numerical Renormalization-Group.
We will show that the RG analysis of these thermal limits provide a simpler way to obtain
eq. (2.40) and then derive the coefficients entering the linear mapping of eq. (2.42).
Now, having acquired the basis of transport in quantum dots and understood the
correlation effects responsible for many-body phenomena, such as the Kondo effect, we can
move to the one of the issues at the focus of the present thesis: is it possible to obtain a
realistic description of experimental quantum devices in which the Kondo effect manifest?
The next chapter aims to answer this question. We have argued that DFT provides
a precise framework for electronic structure calculations of complex materials and have
commented on the non-interacting picture adopted in Kohn-Sham calculations. We will
introduce the formalism of DFT with emphasis on the limitations of density functional
approaches for strongly correlated system. We will also discuss works dealing with the
Kondo problem in quantum dots in a DFT framework.
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3 DENSITY FUNCTIONAL THEORY

Density Functional Theory (DFT) revolutionized the quantum mechanical treatment of the many body problem and allowed to study atoms, solids and molecules with
unprecedented details. Based on the Hohenberg–Kohn theorem, which states that the
ground state |Ψi is an unique functional F [n(r)] in one-to-one correspondence with the
ground-state density n(r), DFT simplified the task of calculating physical properties by
seeking n(r) instead of determining |Ψi from the Schrödinger equation. 19, 20
Since its foundation in the 60’s, DFT has continuously contributed with many
analytical and numerical tools to condensed matter theory: the techniques used to perform
ab-initio calculations have evolved over time and nowadays we have an entire zoo of
functionals and packages available to perform simulations in solid state systems. 7, 21, 23, 75
In spite of its success in electronic structure calculations and popularity in material science,
there are challenges in density functional theory, the most daunting being its extension for
strongly correlated systems. 22–24, 37
In the present chapter, we will introduce the sequence of ideas underlying the basis
of Density Functional Theory and contextualize the problem tackled by the present thesis
among the current DFT challenges.

3.1

Basic elements in Density Functional Theory

The density functional formulation for any many-body problem is usually grounded
in two key works: the basic DFT theorems due to Hohenberg and Kohn (HK) 19 and the
self-consistent solution proposed by Kohn and Sham (KS-DFT). 20
Consider, for instance, an electronic system with N particles described by the
Hamiltonian
Ĥ = T̂ + Û + V̂ ,

(3.1)

where T̂ represents the operator associated with the observable T for the kinetic energy,
Û describes the sum over all interaction between particles with corresponding observable
U , and V̂ accounts for the contribution of each individual particle due to the presence
of a external potential V (r). Notice that Û describes the contributions of all two-body
interactions, while V̂ accounts solely for one-body contributions.
Usually, one is interested in the solution of the system in eq. (3.1) when Û represents
the standard Coulomb repulsion and the potential is local. It follows that the Hamiltonian
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Figure 13 – The main contribution of DFT to Quantum Mechanics was simplifying the solution of
the many-body problem by coding all the information in the density n(r) - an object
of three coordinates - simpler than the many-body wave function |Ψ(r1 , r2 , ...rN )i, an object of 3N variables.
Source: By the author.

in eq. (3.1) is expressed as
Ĥ =

N
X

N
N X
N
X
p̂i
1X
e2
+
+
V (r̂i ),
2 i=1 j6=i=1 |r̂i − r̂j | i=1
i=1 2mi

(3.2)

where p̂i and r̂ are the operators associated with the momentum and the position,
respectively, and mi is the mass of particle i. For uniform systems, mi = m for all i.
The solution of the system in eq. (3.2) by means of the Schrödinger equation yields
a spectrum of K energies {Ek } (k = 0, 1, ..., K − 1) and the corresponding eigenstates
{|Ψk (r)i}, where k labels a quantum number in a Hilbert space of dimension K and
r = (r1 , r2 , ..., rN ). Usually the electronic system comprises a very large number of particles,
so K → ∞, so the spectrum and the Hilbert space comprise infinite k’s. Especially, the
ground-state wave-function |Ψ0 i is the eigenstate for which E is minimum. The groundstate energy E0 therefore satisfies the variational principle allowing us to write 76
E0 = min[hΨ| Ĥ |Ψi] = hΨ0 | Ĥ |Ψ0 i .

(3.3)

Ψ

From the ground-state wave-function |Ψ0 (r)i one is able to calculate the groundstate density n0 (r) as
n0 (r) = hΨ0 | n̂(r) |Ψ0 i
=

N Z
X
i=1

dr1

Z

dr2 ...

Z

drN Ψ∗0 (r1 , r2 , ...rN )δ(r



− ri )Ψ0 (r1 , r2 , ...rN ) ,

(3.4)

55

where n0 (r) satisfies
n0 (r) ≥ 0
N=

Z

dr n0 (r).

(3.5)

The relation between the ground-state wave function |Ψ0 (r)i and the ground-state
density n0 (r) is the key ingredient in the density functional approach.
3.1.1 Hohenberg-Kohn Theorems
The Hohenberg-Kohn theorems state that there is an univocal map between the
ground-state wave function |Ψ0 (r)i, the ground-state density n0 (r), in such a way that if
one is able to obtain n0 (r) all the ground-state properties are immediately available as
long as their density functional is known. In a density functional formulation instead of
seeking for the wave function, an object which requires solving the Schrödinger equation
for 3N variables in 3D, we are able to calculate any ground-state observable by simply
finding the ground-state density, an object of 3 coordinates.
The first HK Theorem demonstrates that the ground-state density n0 (r) univocally
determines the external potential V (r). The proof considers the existence of two external
potentials V (r) and V 0 (r), with V (r) − V 0 (r) 6= const, yielding two distinct non-degenerate
wave-functions Ψ0 6= Ψ00 , which produce the same ground-state density n0 (r). If both
potentials V 0 (r) and V (r) yield the ground state density, we should have
hΨ00 | Ĥ 0 |Ψ00 i < hΨ0 | Ĥ 0 |Ψ0 i
E00 < hΨ0 | Ĥ |Ψ0 i + hΨ00 | Ĥ 0 − Ĥ |Ψ00 i
E00 < E0 + hΨ00 | V̂ 0 − V̂ |Ψ00 i
E00 < E0 +

Z

dr n(r)(V 0 (r) − V (r)).

(3.6)

On the other way around,
hΨ0 | Ĥ |Ψ0 i < hΨ00 | Ĥ |Ψ00 i
E0 < hΨ00 | Ĥ 0 |Ψ00 i + hΨ00 | Ĥ − Ĥ 0 |Ψ00 i
E0 < E00 + hΨ00 | V̂ − V̂ 0 |Ψ00 i
E0 < E00 +

Z

dr n(r)(V (r) − V 0 (r)).

(3.7)

Addition of conditions (3.6) and (3.7) leads to an inconsistency, as
E00 + E0 < E0 + E00 .

(3.8)

This proves that there is a unique external potential V (r) yielding the ground-state
density n0 (r): n0 (r) ↔ V (r).
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The second Hohenberg-Kohn theorem establishes a functional relation between the
ground-state energy E0 and the ground-state density n(r), allowing us to write a universal
functional F [n] comprising the kinetic energy T and the two-body interaction U , which is
valid for any external potential V (r). The universal functional for the ground-state energy
is defined as
F [n] = T [n] + U [n].

(3.9)

According to the second HK theorem, the ground-state energy is a functional of
the ground-state energy
E[n] = F [n] + V [n],
(3.10)
where, V [n] =

Z

dr n(r) V (r) is also a functional of n.

From eq. (3.10), one can carry out the minimization over all anti-symmetric wavefunctions Ψ yielding the density n0 to find the ground-state energy. 77 Mathematically,
one solves
E[n] = min (F [n] + V [n]).
(3.11)
Ψ→n0

In order to appreciate this result, we recall eq. (3.4), according to which Ψ0 ↔ n0
and the functional for the ground-state energy in eq. (3.10). Provided that the ground-state
energy E satisfies the variational principle, the second Hohenberg-Kohn theorem yields
the ground-state energy E0 by minimizing E[n] in eq. (3.10) with respect to n, i.e.,


E0 = min F [n] +
n→n0

Z



dr n(r) V (r) .

(3.12)

Although the existence of F [n] and E[n] is guaranteed, there is no straightforward
nor general recipe to obtain an explicit functional form for E[n] in any problem. The
main challenge is to express the terms related to the kinetic energy T and the two-body
interaction U as functionals of the many-body density n(r). In practice, obtaining an
analytical expression for E[n] and other ground-state observables is a very difficult task
even for few particle interacting systems.
In the absence of particle-particle interactions represented by the operator Û , the
universal functional reduces to the functional associated with the kinetic energy, which is
defined as
Ts [n] = min hΨ[n]| T̂ |Ψ[n]i ,
Ψ→n

(3.13)

where the wave-functions Ψ are calculated as Slater determinants of single-particle orbitals
ϕi (r).
The non-interacting picture allows for an analytical treatment similar to that of
the Hartree-Fock self-consistent solution, in which the many-body problem is regarded as
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if each particle moves freely in the presence of an effective potential, as prescribed by the
Thomas-Fermi theory. This fact and the density functional ideas inspired the proposal of
Kohn and Sham for carrying out the minimization process in an auxiliary free-electron
system, the so-called KS-DFT self-consistent solution.
3.1.2 Kohn-Sham system and self-consistent calculation
The main idea in the approach devised by Kohn and Sham is to imagine that an
interacting system, such as that of eq. (3.2), can be represented by a fictitious system
of non-interacting particles subject to an effective external potential. 20 The so-called
Kohn-Sham potential accounts for the sum over all the effect contributions due to each
particle and is defined as
V̂KS (r) =

N
X

VKS (r̂i ).

(3.14)

i=1

Given the map between ground-state wave-functions, densities and potentials, V̂KS
is chosen so that the ground-state density nKS (r) of the non-interacting system matches
the ground-state density n0 (r) of the many-body problem, i.e.,
nKS (r)|V̂KS ≡ n0 (r).

(3.15)

The fictitious electron gas is defined by a single-particle Hamiltonian
ĤKS = T̂s + V̂KS ,

(3.16)

where, T̂s is the kinetic-energy operator, and V̂KS is defined from the minimization of the
universal functional re-written as
F [n] = Ts [n] + UH [n] + Exc [n],

(3.17)

Z
e2 Z
n(r)n(r0 )
dr dr0
UH =
2
|r − r0 |

(3.18)

where

represents the functional for the classical electrostatic interaction and is known as the
Hartree energy, and
Exc [n] ≡ (T [n] − Ts [n]) + (U [n] − UH [n])

(3.19)

defines the so-called exchange-correlation energy functional.
In order to obtain explicitly VKS (r), we carry out the minimization procedure. We
start by assuming that E[n0 ] does not change under an infinitesimal change δn in the
ground-state density. Mathematically, this statement is expressed as follows
δE[n] = E[n0 ] − E[n0 − δn] = 0.

(3.20)
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The ground-state of the fictitious electron gas is defined by
E0,KS = min hΨ0,KS | Ts [n] + UH [n] + Exc [n] + V [n] |Ψ0,KS i .
Ψ0,KS →n

(3.21)

Plugging eq. (3.17) and (3.21) into (3.20), we find that
VKS (r) ≡ VH (r) + Vxc (r) + V (r)
=−
where VH ≡

δUH [n]
δn

and Vxc (r) ≡

δExc [n]
δn

δTs [n]
,
δn

(3.22)

are functional derivatives.

The definition in eq. (3.17) connects the interacting Hamiltonian Ĥ to the singleparticle system ĤKS by means of an one-body potential, namely, VKS incorporating all the
many-body effects due to the interaction between particles and many-body contributions
to the kinetic energy. Specifically, since UH is known and Ts can be treated exactly, the
energetic corrections due the couplings between particles are ultimately ascribed to the
exchange-correlation term.
The second equality in eq. (3.22) has a correspondence with the solution of the
single-particle Schrödinger equation
!

−~2 ∇r
+ VKS (r) ϕq (r) = q ϕq (r),
2m

(3.23)

where q = 1, ..., Q, Q is the number of occupied Kohn-Sham orbitals ϕq and q are the
Kohn-Sham energies.
Having at hand the Kohn-Sham outputs ϕq (r) and Eq it is straightforward to
calculate the ground-state density
nKS (r) =

N
X

|ϕq (r)|2 ,

(3.24)

q=1

and the ground-state energy
KS

E0 =

N
X

q −

Z

dr n(r) (VH + Vxc ) + UH + Exc .

(3.25)

q=1

The Kohn-Sham formulation to carry out the minimization and therefore obtain
ground-state density n0 and the corresponding ground-state energy E0 employs a selfconsistent approach similar to that of the Hartree-Fock method. We will describe the
general approach as follows. Starting in iteration k = 0, the Kohn-Sham Hamiltonian
k
ĤKS
is calculated for an initial guess for the ground-state density nk=0 . The Kohn-Sham
Hamiltonian is then diagonalized and the Kohn-Sham orbitals ϕq are used in the calculation
of a new density nk+1 . The latter is compared with nk and the difference
|nk+1 (r) − nk (r)| < δ

(3.26)
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is monitored.
The limit δ → 0 defines the convergence criteria. For practical KS-DFT computations, δ is a very small number. In the case in which the difference between densities are
lower than the threshold δ, we found nk is the ground-state density and the algorithm
converged. In the opposite case, |nk+1 (r)−nk (r)| > δ, the procedure is iterated and the new
k+1
Kohn-Sham Hamiltonian ĤKS
is calculated from the density nk+1 . To ensure instabilities
spoiling convergence, usually nk+1 is replaced by a mixture with nk . For instance, the
simplest mixture considers

nk+1 = (1 − β)nk + βnk+1 ,

(3.27)

where β  1 is a small number. The iterative procedure is then iterated until the
convergence is reached, using the steps described above.
At the level of the ideas discussed above, the density functional approach for the
many-body problem is exact. In introducing the Hohenberg-Kohn theorems, we have
already pointed at the challenge to express properties as a functionals of the density,
such as the functionals F [n] and E[n] for ground-state energy. Now, we may note that in
the Kohn-Sham proposal for DFT, this difficult is transferred to the functional for the
exchange correlation energy Exc [n]. Although eq. (3.17) is exact, and the expressions for
UH [n] and Ts [n] are available, the same is not true for the so-called exchange-correlation
potential Vxc [n]. Given that the entire KS calculation assumes the knowledge of VKS [n],
the difficult in implementing a self-consistent DFT calculation is now transferred to Vxc [n].
For practical calculations, Vxc [n] must therefore be approximated.
We stress that the previous explanation of a KS-DFT self-consistent computation is
illustrative. In practice, robust implementations of density functional calculations are more
complex and include a series of and technical details, such as the definition of the basis set
to project the Kohn-Sham orbitals, the convergence criteria for the energy, the mixture of
orbitals besides mixture of the densities, and other tricks. Many packages and codes for
state-of the art DFT computations abound. Examples are the Viena Ab initio Simulation
package (VASP), QUANTUM EXPRESSO, ABINIT, Exciting, Octopus, CASTEP, and
many others. 78–83 For the purposes of the present thesis, the description provided suffices,
as we will explain in Section 3.2, where we will discuss implementation of the KS-DFT
self-consistent procedure for typical model Hamiltonians describing strongly correlated
systems.
In the following, we will discuss the exchange-correlation functional and the simplest
level of approximation considered in density functional calculations.
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START

nk=0(r)

nk+1(r) = mix[nk+1(r), nk (r)]

END

Kohn-Sham equations



1 2
− ∇ + vs(r) φj (r) = j φj (r)
2

NO
YES

effective potential
vs(r) = v(r) + vH (r) + vxc(r)

|nk+1(r) − nk (r)| < εn

new density

convergence

nk+1(r) =

Nf
X
`

|φ`(r)|2

Figure 14 – Self-consistent cycle proposed by Kohn and Sham. Starting from an initial guess for
the many-body density nk=0 (r) in the very first iteration k = 0, one can calculate
the effective potential vKS of the auxiliary system and solve the corresponding
Hamiltonian HKS in eq. (3.16). From the ground-state ΨKS (r1 , r2 , ..., rN ), one can
therefore obtain the density nkKS . The latter is compared with nk−1
KS and if the
difference is less than a cut-off εn , the cycle is stopped. Otherwise, the cycle is
repeated until the convergence criteria is reached and, at the end of each iteration k,
the densities nkKS and nk+1
KS are mixed.
Source: By the author.

3.1.3 The exchange-correlation functional
The exchange-correlation functional Exc[n] can be decomposed in order to split the
contributions that can be handled exactly and the others that must be approximated. 23, 84
Indeed, this was proposed in the definition of Exc [n] in eq. (3.17), where the functional
for the energy E[n] was written in terms of the contributions that can be calculated
exactly (Ts [n], UH [n], and, in general, V [n]), and the term to be approximated, namely,
the exchange-correlation functional Exc . The latter is therefore decomposed into two terms

Exc [n] ≡ Ex [n] + Ec [n],

(3.28)

where Ex [n] and Ec [n] are the exchange and correlation functionals, respectively.
The exchange functional Ex [n] accounts for the largest contribution to the exchangecorrelation energy and is an implicit functional of the density. Resorting to the definition
of the exchange energy in the Hartree-Fock approach, Ex [n] can be calculated from the
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Kohn-Sham orbitals as
Z
ϕ∗ (r)ϕ∗p (r0 )ϕp (r)ϕq (r0 )
e2 X Z
Ex [n] ≡ −
dr dr0 q
,
2 q,p=occ
|r − r0 |

(3.29)

where occ denotes the occupied Kohn-Sham orbitals to enter in the sum.
For strongly correlated systems, on the other hand, the functional accounting for
the correlation Ec corresponds to a large contribution, orders of magnitude larger than
Ex . Although one could be tempted to calculate Ex and regard the corrections to Exc
to the correlation term in DFT calculations, usually, the approximation for full Exc is
implemented. The practical reason for this choice is that carrying out the calculation
of Ex yields poor accuracy in many properties of interest. A deep understanding of this
consequence from the theoretical point of view came with the concept of exchange and
holes, according to which the exact definition for the exchange-correlation functional reads
Z
e2 Z
ρxc (r, r0 − r)
,
Exc [n] ≡
dr n(r) dr0
2
|r − r0 |

(3.30)

where ρxc is the exchange-correlation hole density per electron.
The physical interpretation of the previous definition is a Coulomb-like interaction
between an electron at position r with an exchange-correlation hole charge distributed in
a shell r0 surrounding r. While ρxc is typically localized around r, the same is not true for
the exchange term only. This explain why the use of the exact exchange in eq. (3.29) is
avoided, as the approximation for the correlation contribution would require a non-local
approach in order to compensate the delocalization of ρx (r, r0 ).
Considering that DFT is, in practice, a computational approach to study manybody problems, the numerical resources involved in implementing it in real applications are
enormous. With the previous considerations on definition and calculation of the exchangecorrelation functional, the lesson to be learned is that approximations constitute an essential
component of the DFT program. There are known ways to carry out the approximation
in different levels, in such a way that the sophistication of approximations defines the
so-called Jacob’s ladder. The simplest level is known as Local Density Approximation
(LDA), in which vxc [n] depends only on the local density n(r). In a second level, known as
Generalized Gradient Approximation (GGA), vxc [n] is defined in terms of the local densities
and also in terms of fluctuations of the densities given by ∇n(r). Beyond LDA and GGA, in
increasing order of complexity are approaches known as meta-GGA, hybrid functionals and
fully nonlocal functionals (also known as RPA, from random-phase approximation). We
briefly review the levels of approximation in Appendix A. Below, we will briefly introduce
the general form of LDA and comment on its range of applicability.
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3.1.3.1 Local Density Approximation (LDA)
The simplest approach to construct an approximation for the exchange-correlation
functional Exc [n] considers many-body corrections as local and resorts to a uniform electron
gas. In other words, Exc depends only on the electronic density in each point of space n(r)
and the expression for Exc is calculated as that of an uniform system. Mathematically,
this translated in the following expression
LDA
Exc

=

Z

dr uni
xc [n(r)],

(3.31)

where uni
xc is the exchange-correlation energy density of a uniform electron gas.
LDA was designed to suit systems depicting slowly varying densities. After the first
ideas to approximate the exchange-correlation functional via LDA a very large number
of works in material science had successfully employed LDA in ab-initio calculations, an
impressive result given the simplicity of the approach. Examples include calculations of
atomic structure, elastic and vibrational constants in metals. Nonetheless, it did not take
too long to see the failures of LDA, in particular, in calculations for quantum chemistry.
LDA is known to underestimate lattice parameters for metals and insulators, overestimate
the binding energy of molecules and solids, get the incorrect order for phase stability of
molecular conformations or crystal bulk, spoil energetics in magnetic materials and is far
to achieve good results in a description of Van der Walls interactions. Moreover, among
the list of applications where non-locality plays an important role and therefore prevents
the use of LDA, we have strongly correlated systems.

3.2

Density Functional Theory and strongly correlated systems

Most model Hamiltonians in condensed matter physics being given in terms of
electrons on lattices; for them a somewhat modified version of DFT is defined – Lattice
Density Functional Theory.85 All the foundations of DFT, including the HK theorems and
the Kohn-Sham self-consistent solutions can be adapted so that the integrals over space
coordinates are replaced by sums over lattice sites. 85, 86 A function E(n1 , n2 , . . . ) of the
lattice occupations is substituted for the function E[n]. ∗ For simplicity, we will denote
the function by the traditional symbol E[n]. The need to describe strongly correlated
phenomena by means of a feasible approximation for the exchange-correlation functional
were the inspiration for novel approaches to construct vxc based on the exact solution
of model Hamiltonians. Below, we will present two parametrizations based on the exact
solution obtained from the Bethe Ansatz.
∗

It is a function instead of a functional due to the discrete treatment of on-site densities.
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3.2.1 Bethe Ansatz Local Density Approximation
One of the few examples in which the LDA is able to describe strongly correlated
systems is an approach known as Bethe Ansatz Local Density Approximation or BALDA.
86
Based on the exact Bethe Ansatz solution for the infinite homogeneous Hubbard
Hamiltonian, the BALDA provides a simple expression for the in-site correlation functional
j
and, as the exchange contribution vanishes, vc [n] = vxc
[n]. The latter reads
j,BALDA
hom
vxc
[n] = vxc
[n]|n→nj ,

(3.32)

where it is implicit the dependence on the parameters of the homogeneous model, such
as the Coulomb repulsion U in the case of the Hubbard Hamiltonian in the absence of
external potentials.
hom
Within the BALDA, vxc
(nj ) in eq. (3.32) can be calculated from the per-site
ground-state energy e(n, U ) of the one-dimensional homogeneous Hubbard model obtained
via the Bethe Ansatz. 86, 87 Following Lieb and Wu, to carry out such calculation, one has
to solve the coupled integral equations

ρ(x) =

1
cos x Z ∞
U/4t
+
dy σ(y)
2
2π
π −∞
(U/4t) + (y − sin x)2

(3.33)

and
σ(y) =

U/4t
U/4t
1 Z +Q
1 Z +∞
dx ρ(x)
dy ρ(y 0 )
−
,
2
2
2
π −Q
(U/4t) + (y − sin x)
π −∞
(U/4t) + (y − y 0 )2
(3.34)

where Q is associated with the density of the system and is determined by
Z +Q

dx ρ(x) = n,

(3.35)

n
.
2

(3.36)

−Q

and σ(y) is normalized according to
Z ∞

dy σ(y) =

−∞

From ρ(x), the per-site ground-state energy is then calculated as
eBA (n ≤ 1, U ) = −2t

Z +Q

dx ρ(x) cos x.

(3.37)

−Q

For n > 1, particle-hole symmetry allows to obtain
eBA (n > 1, U ) = eBA (2 − n, U ) + (n − 1)U.

(3.38)

Conveniently, an approximated parametrized form was proposed for the groundstate per-site energy of eq. (3.37).
!

e

BALDA

2β
nπ
,
(n, U ) = − sin
π
β

(3.39)
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where β = β(u) (u = U/t) can be determined from the solution of the equation
2β
π
− sin
π
β

!

= −4

Z ∞

dx

0

J0 (x)J1 (x)
.
x[1 + eux/2 ]

(3.40)

Using the parametrization in eq. (3.39) and plugging it into eq. (3.32), we obtain
the following expression for the exchange-correlation functional in the BALDA:
nπ
vxc (n) = −2 cos
β


!

nπ
U
− cos
+ n .
2
4






(3.41)

Figure 15 shows the profile of the functionals for the exchange correlation energy
Exc [n] and the exchange correlation potential vxc [n] for various coupling ratios U/t, ranging
from U = t to U = 100t.
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Figure 15 – Functionals for the exchange correlation energy Exc [n] (a) and potential vxc [n]
(b) obtained with the Bethe Ansatz Local Density Approximation (BALDA) for
U = t, 5t, 10t, 50 and 100t. Note that the discontinuity at half-filling n = 1 is
enhanced as U/t grows.
Source: Adapted from LIMA et al. 27

Recently, Franca and collaborators have upgraded the BALDA with the Local Spin
Density Approximation (LDSA) version of the former BALDA approach, a parametrization
that is frequently referred as BALDSA of FVC.88 The spin components of the density n↑
and n↓ were included in the functional of the ground-state energy and in β. In the FVC
parametrization, eq. (3.39) is written as
!

FV C



!

2β
nπ
mπ
cos
,
(n↑ , n↓ , U ) = − sin
π
β
γ

(3.42)

where n = n↑ + n↓ and m = n↑ − n↓ and
β(n↑ , n↓ , U ) = β(U )α(n↑ ,n↓ ,U ) ,

(3.43)
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α(n↑ , n↓ , U ) =

4n↑ n↓
(n↑ + n↓ )15/8
√



γ(n↑ , n↓ , U ) = 2 exp 

3
!√
U

U

n −n

1 − ( n↑↑ +n↓↓ )3/2

(3.44)

,


(3.45)

.

A feature shared by BALDA and BALSDA parametrizations is the discontinuity of
the exchange-correlation potential vxc at half-filling (n = 1), which marks the existence of a
gap and a Mott-insulator transition in the ground-state of the Hubbard model. 26, 27, 29, 88, 89
For n = 1 (half-filling), the system is a Mott-insulator for non-vanishing coupling (U 6= 0),
whereas for n = 2 it is a band-insulator.
Other important aspect to be considered in the BALDA refers to its accuracy for
small systems, a feature that was investigated in the first paper due to Lima and colleagues.
26
The same feature had been already studied in terms of DMRG solution of finite chains.
90, 91
In fact, as BALDA is constructed from a solution that holds for the infinite Hubbard
model, accounting for finite-size and boundary effects requires re-scaling the original
parametrization. 92 Nevertheless, BALDA has been frequently used in benchmarks tests
for new functional approaches for small systems. 93
Within BALSDA, one can compute the expression for the exchange-correlation
functional as a function of n↑ and n↓ from the partial derivatives of the FVC parametrization
σ
in (3.42) and arrive in two expressions for vxc
[n↑ , n↓ ] (σ =↑, ↓) for a given parameter setup
U/t as in eq. (3.41). Explicitly,


σ
vxc
[n↑ , n↓ ](u

!

2
(n↑ + n↓ )π
(n↑ − n↓ )π
= U/t) = − βσ0 sin
cos
π
β
γ

!

β0
(n↑ + n↓ )π
(n↑ − n↓ )π
+ π 1 − (n↑ + n↓ ) σ cos
cos
β
β
γ


!



!

!

β
γ0
(n↑ + n↓ )π
(n↑ − n↓ )π 
− sσ π 1 − (n↑ − n↓ ) σ sin
sin
,
γ
γ
β
γ




!

(3.46)
where sσ = +1, for σ =↑ and sσ = −1, for σ =↓,
βσ0 (u) ≡

γσ0

(3.47)



√
∂α
15 n↑ n↓
α(n↑ , n↓ , u)
3
= u n−σ −
,
≡
∂nσ
8 (n↑ + n↓ )
n↑ n↓

(3.48)

√
1/2
∂γ
(n↑ − n↓ )1/2
σ 3 u(n↑ + n↓ )
≡
= (−1) h
i2 γ(n↑ , n↓ , u) n−σ .
∂nσ
(n↑ + n↓ )3/2 − (n↑ − n↓ )3/2

(3.49)

ασ0
and

∂β
= log(β(u)) β(n↑ , n↓ , u) ασ0 ,
∂nσ
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Since the seminal paper due to Lima et al many articles have reported good results
in applying BALDA for lattice models. 26–30 For instance, it was proven accurate to
describe cold atoms in trapping potentials, inhomogeneous lattices and also impurity
problems. Two examples of calculations using BALDA and BALSDA are shown in Figs.
16 and 17. We reproduced these results by implementing a code to perform self-consistent
calculations in spin chains.
(a)

(b)

Figure 16 – Results for density functional calculations using BALDA for one-dimensional optical
lattices submitted to an asymmetric trapping potential for u = U/t = 2. Such a
coupling strength is typical for experiments with cold atoms and optical lattices. (a)
P
A trapping potential with form of a power series V (zi )/t = ` V` (zi − L/2)` , where
L is the number of lattice sites and V` are coefficients, controls the confinement of
electrons in each site of the lattice zi . Here, Here, L = 100 The latter are given
in terms of power series with strengths V2 /t = 1.6 × 10−2 , V3 /t = 1.6 × 10−4 and
V4 /t = 1.92×10−5 . (b) Converged on-site densities at different fillings Nf = 20, 40, 60.
Note that the sites for which the potential V (zi ) is minimum will end with a higher
density.
Source: Adapted from XIANLONG et al. 28

3.3

DFT and the Kondo problem

3.3.1 Parametrization of the exchange-correlation functional based on the Bethe Ansatz
solution of the Anderson Hamiltonian
The interest in molecular junctions and other nano-structured devices lead DFT
experts seek for new approaches to describe transport using density functional tools.
31, 94–97
Bergfield and colleagues pioneered the first attempts of DFT approaches to study
the Kondo effect in quantum dots. 31 Their proposal, inspired by the qualitative view of
such systems in terms of models, as discussed in chapter 2, presents a parametrization for
the exchange-correlation potential based on the Bethe Ansatz solution of the Anderson
Hamiltonian. 68, 69
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Figure 17 – Results of self-consistent calculations using FVC BALSDA for obtaining the groundstate density and magnetization profiles of an open Hubbard chain with L = 100
sites, N↑ = 30, N↓ = 20 fermions. The coupling is U = 4t. Blue crosses depict results
obtained self-consistently from FVC BALSDA and black empty squares represent
results obtained from DMRG calculations. (a) Local Densities ni and corresponding
(b) magnetizations mi . Percentage deviations, summed over all sites, of the LSDA
densities from the DMRG ones are given in parentheses. DMRG results obtained
with ITensor.
Source: Adapted from FRANÇA et al. 88

For this, they used the non-interacting Green function
GKS () =

1

(3.50)

 − vKS + iΓ

as an input for the expression of the Friedel sum rule relating the occupation number nd
with scattering phase shift δ induced by VG .
From the latter, one is able to obtain the occupation nKS
d in the quantum dot by
solving self-consistently the equation
!

nKS
d

2
F − vKS (nKS
d )
= 1 + tan−1
,
π
Γ

(3.51)

where F are the Fermi level of the free electron gases and
vKS (nd ) = VG +

U
nd + vxc (nd ).
2

(3.52)

The Bethe Ansatz solution of the Anderson Hamiltonian yields the exact occupation
nd in the interacting system, through which the exact Kohn-Sham potential can extracted
from the relation


vKS = F + Γ cot

πnd
.
2


(3.53)

This idea was explored by Bergfield and colleagues. 31 In order to provide a more
practical route to calculate the exchange-correlation functional and cover all parameter
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space, a parametrized form for vxc is proposed. Importantly, in the strongly correlated
regime (U/Γ → ∞), the exchange-correlation potential acquires a step at integer particle
numbers and its derivative is a Lorentzian. On the opposite limit (U/Γ → 0), up to U ≈ Γ,
vxc is a smooth function of the coupling U , and rough approximations for vxc such as
Hartree-Fock are expected to perform well. Guided by BA solution in the limits U → ∞
and U = 0, an adaptation of the expression for vxc is approximated for Γ/U → 0 to
Γ/U ≤ 1. The first limit yields the following approximate functional


vxc (U, Γ)U →∞

!

2
π 2 U (1 − nd ) 
U
.
= 1 − nd −
tan−1
2
π
8Γ
 

(3.54)

To extend eq. (3.54) for finite U the following parametrization is proposed




1 − nd 
U
2
vxc (U, Γ) = α 1 − nd − tan−1
,
2
π
σ




(3.55)

where both adimensional parameters α and σ are functions of the ratio Γ/U between the
coupling of the quantum dot and the Coulomb repulsion.
We note that the last term on the right-hand side of eq. (3.55) grows by a factor π
between the limits nd  1 and nd  1, as tan−1 jumps by π when nd →+ 1. The parameter
σ therefore determines the width in which vxc changes. In its turn, the parameter α weighs
the amplitudes of the exchange-correlation potential vxc (nd ) and its peak ∂vxc (nd )/∂nd as
a function of the ratio Γ/U and it is related to charge quantization. In the limit U → ∞,
eqs. (3.55) and (3.54) match as α → 1 and σ → 8Γ/(π 2 U ).
By exactly solving eq. (3.52) via BA for a given ratio Γ/U and performing a
least-squares fitting of eq. (3.55) to find α and γ with the constraints previously discussed,
the authors of Ref. 31 proposed the following expressions
Γ
α
U

!

=

U
U + 5.68Γ

(3.56)

and
Γ
σ
U

!

= 0.811

Γ
Γ2
Γ3
− 0.390 2 − 0.168 3 .
U
U
U

(3.57)

The previous parametrization was proven accurate to describe the conductance
through a Anderson junction at zero temperature in all coupling regimes, i.e., between the
limits Γ/U → 0 and Γ/U → ∞. Figure 18 show the proposed parametrized functional of
eq. (3.55) (main plot) and its first derivative (inset) for ratios U/Γ = 1, 5, 10, 20, 50, 100,
which allow to explore from the weakly U = Γ to the very strong coupled regime U = 100Γ.
The results for the ground-state conductance Gd in a SET as a function of the
applied gate voltage VG obtained by solving eq. (3.51) self-consistently is shown in Fig.
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Figure 18 – Exchange-correlation functional vxc (nd ) parametrized by eqs. (3.55), (3.56) and (3.57)
as a function of the occupation nd for couplings U/Γ = 1, 5, 10, 20, 50100. The inset
depicts the first derivative ∂vxc /∂nd weighted by 1/U 2 as a function of nd U/Γ.
Source: Adapted from BERGFIELD et al. 31

19, where three correlation regimes are considered: U = Γ weakly coupled, U = 10Γ
intermediately coupled, U = 100Γ strongly coupled. Note that the Kondo plateau forms
for U = 10Γ and becomes flat in the region −U < VG < 0 for U  Γ.
Later, the same group reported an improved version of the parametrized functional
d
in which the fitting of the parameter σ is constrained by the charge susceptibility χ̄d = U dn
,
dµ
95
a quantity related to the slope of vxc at the particle-hole symmetric point nd = 1.
Together with the work by Bergfield et al., the Kondo effect in quantum dots has
become subject of many other inspiring density functional approaches. 94–99 Regardeless of
their instructive purpose, they can not be extended to the study of more complex devices,
as mentioned in Chap. 2. Consider, for instance, the absence of any dependence of the
parametrization in (3.54) on the leads structure of a more general Anderson junction. As
vxc [n] only deals with the quantum dot, and ignores details of the leads, one does not
expect it to accurately reproduce the transport properties in more general situations. A
simple example to illustrate this limitation is the application of an external potential W to
the leads, as in eq. (2.19) or when their conduction band is no longer a free electron gas.
In Figs 20 and 21 we present results for the ground-state zero bias conductance
Gd as a function of the gate voltage VG for two coupling regimes - weak (Γ = U , panels
(a)) and intermediate (Γ = 10U , panels (b)) - and three values of scattering potentials

70
1

G(T → 0)

0.8
0.6
0.4
U =Γ
U = 10Γ
U = 100Γ

0.2
0
−2

−1.5

−1

−0.5

0

0.5

1

VG /U

Figure 19 – Ground state conductance Gd in a SET as a function of the gate voltage VG obtained
from self-consistent calculations using the parametrization for vxc based on the
Bethe Ansatz solution of the Anderson model due to Bergfield and colleagues. Three
coupling regimes are considered: weak (U/Γ, orange line), intermediate (U = 10Γ,
green line) and strong (U = 100Γ, purple line). In the original paper, the authors
compared results of self-consistent calculations using their parametrization with selfconsistent calculations using Hartree-Fock and the conductance in T = 0 obtained
with the BA. They show a perfect match with the exact BA conductance in all
coupling regimes.
Source: Adapted from BERGFIELD et al. 31

W/D = −0.01 and −0.1 applied to the metallic leads. Note that the DFT results, plotted as
crosses, deviate from NRG calculations as W is increased. These results indicate that even
with the explicit inclusion of W in the calculation of phase shifts - eqs. (2.38) and (3.51) the self consistent calculation based solely on the parametrization for the functional of the
quantum dot misses non-local effects due to the coupling to the leads. The application
of W in the Wannier orbitals f0 changes the number of electrons in the junctions with
effects in the phase shifts of the conduction electrons scattered by the dot.
Besides the exact parametrization for the quantum dot, in a first analysis, we can
be tempted to investigate this specific problem by carrying out self-consistent calculations
on an inhomogeneous lattice. With this example in mind, we can return to our problem
of a single-electron transistor then compare the available parametrizations suiting model
Hamiltonians, such as BALDA. This idea will be further explored in chapter 6.
Now that we have understood how Density Functional Theory deals with manybody systems and discussed its application for the problem of transport in a single-electron
transistor, we can move to the gold standard method to simulate properties of the SET
very accurately: the Numerical Renormalization-Group. The latter will be introduced in
the next chapter.
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Figure 20 – Ground-state conductance Gd in a SET as a function of the gate voltage VG in the
presence of a scattering potential W to the leads. Model parameters are Γ = 0.004D
and U/Γ = 1 and U/Γ = 10. Full lines depict the results obtained with NRG
calculations in the limit T → 0 and crosses represent results obtained from selfconsistent calculations using the BA parametrization for the Anderson model.
Source: By the author.
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Figure 21 – Ground-state conductance Gd in a SET as a function of the gate voltage VG in the
presence of a scattering potential W to the leads. Model parameters are Γ = 0.01D
and U/Γ = 1 and U/Γ = 10. Full lines depict the results obtained with NRG
calculations in the limit T → 0 and crosses represent results obtained from selfconsistent calculations using the BA parametrization for the Anderson model.
Source: By the author.
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4 RENORMALIZATION-GROUP

The concept of Renormalization Group (RG) arose in the middle of the 20th
century with the urge to describe many-body problems for which the quantum field and
perturbation theories presented pathological results due to the unexpected divergences.
16, 70
The outstanding proposal to implement a numerical RG scheme to the Kondo problem,
which contributed to Kenneth Wilson winning the Nobel prize in 1982, established the
renormalization idea in computational physics and inspired the development of powerful
procedures allowing for solving models describing strongly correlated systems.
The Numerical Renormalization Group (NRG) 16, 70 and the Density Matrix Renormalization Group (DMRG) 6, 100, 101 methods are the best well known examples of essentially exact renormalization-group algorithms. Both are based on strictly controllable
approximations, but while the NRG method is adequate to treat impurity systems, the
DMRG method covers a wide range of model Hamiltonians, such as the Hubbard and the
Heisenberg models and their variations. 3, 70, 101 Combinations of the two procedures have
been reported. 70
As mentioned in Chap. 2, the study of the single-electron transistor by means of
NRG solution of the Anderson Hamiltonian provided remarkable insights into the Kondo
regime of quantum dots. The present chapter is devoted to the Numerical RenormalizationGroup method and its implementation in the diagonalization of the Anderson Hamiltonian.
We will present the formalism of the RG procedure and explain how NRG was formulated by
Wilson. We will also discuss the fixed points of the NRG transformation and contextualize
their importance in the problem of the SET.

4.1

Model Hamiltonians and the Renormalization-Group

As discussed in our introduction to DFT in section 3.1, the solution of many-body
problems becomes more and more difficult as the number of particles of the system is
increased and their interactions become complex. In order to study quantum systems and
explore their phenomenology we have to resort to simplifications, paying the price in the
accuracy of our approximations. While in the weakly correlated regime, ab-initio and DFT
approaches described condensed matter systems adequately, in the opposite limit, we have
the so-called model Hamiltonians, simplified mathematical descriptions of particles on a
lattice, from which it is possible to explore phase transitions, universalities and recover
interesting phenomena emerging in strongly correlated regimes.
Even at the level of simplification promoted by a model, the solution is still
complicated due to the growth of the Hilbert space as the number of lattice sites is
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increased. Nonetheless, we are often interested in the low energy spectrum of condensed
matter models, from which we can extract low lying excitations and then calculate
thermodynamical properties. In this respect, an approach providing a good description
of a given energy scale of interest is more than convenient because it allows to reduce
the number of degrees of freedom. The idea of reducing dimensionality in order to better
resolve the physics in energetic scales around ground-states is exactly the motivation for
the Renormalization-Group procedure.3, 5
To give a flavour of this need to reduce dimension, let us consider a generic model
Hamiltonian describing N bodies, where the latter can describe particles or spins in sites
of a lattice:
Ĥ =

N X
N
X

T̂i,j +

i=1 j6=i=1

N
X

Ûi,j +

i,j=1

N
X

V̂i ,

(4.1)

i=1

where the first term T̂i,j describes two-body interactions (e.g. spin-spin correlations,
hopping, and other mechanism of transfer/exchange of particles or spins), the second term
Ûi,j defines a repulsive interaction between particles (e.g. Coulomb repulsion), and the
third V̂i corresponds to a single-particle interaction (e.g., external potential or magnetic
field).
The solution of the Hamiltonian in eq. (4.1) requires the diagonalization of the
corresponding matrix Hamiltonian H, whose dimension is defined by the Fock space H
of interest. The Fock space H of N sites includes all possible states all sites can assume.
Provided that each site i has its own Fock space Hi of dimension di , the full Hilbert
space HN of N sites will have dimension DN = dN
i , comprising a basis of states {|αp i}
(p = 1, ..., DN ). As a consequence, the corresponding matrix Hamiltonian H in HN will
N
have dimension DN × DN = dN
i × di , with matrix elements defined by
Hq,p = hαq | Ĥ |αk i ,

(4.2)

where p, q = 1, ..., DN .
The calculation of Hq,p requires us to understand the action of the one and two-body
operators of the Hamiltonian in eq. (4.1) on a given state |αi of the basis of interest in
HN . We note that two-body terms of Ĥ have the general form
Ôi,j = Ôi ⊗ Ôj ,

(4.3)

where Ôi and Ôj are one-body operators acting on sites i and j, respectively, and are
defined in Hi .
A very convenient matrix algebra manipulation invites us to define modified
operators Ôi and Ôi,j in the expanded Fock space, i.e.,
Ôi = Ôi

N
O
k6=i=1

1k ,

(4.4)
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and
N
O

Ôi,j = Ôi ⊗ Ôj

(4.5)

1k ,

k6=i6=j=1

where 1k is the identity operator defined in Hk . Note that the last term on the right-hand
side of eq. (4.5),

N
O

1k results in the identity matrix of dimension dN −2 .

k6=i6=j=1

For a typical condensed matter model, the first term in eq. (4.1) describes interactions occurring between first-neighbors sites (j = i ± 1), while the second term is usually
defined as the Coulomb interaction between spins up and down on the same site, so that
Ui,j = Ui,i as the sum in j accounts only for j = i. This allows us to employ eq. (4.5) to
diagonalize the Hamiltonian iteratively by the adding each term at once, i.e.
ĤN = 1N ⊗ ĤN −1 + T̂N,N −1

N
−2
O
i=1

1i + (ÛN,N + V̂N )

N
−1
O

1i .

(4.6)

i=1

Consider the case of electrons on a lattice: H will be a matrix of dimension 4N × 4N ,
as the local Hilbert space have dimension 4: a site can be empty, singly occupied with
a spin up or down or doubly occupied with two spins. The symmetries of H allow to
handle the full diagonalization in pieces, as H can be decomposed in blocks conserving
quantum numbers. For instance, if H conserves charge Q and spin S, the full spectrum
can be recovered by solving block Hamiltonians in sectors H(Q, S), whose dimension is
RN < DN . In practice, however, symmetries do not remediate the constraint in the size
of the problem. Few humans can perform analytical diagonalization of matrices larger
3 × 3. Computationally, the limitation in the size of the problem relies on architecture and
memory. ∗
Unfortunately, the maximum number of iterations N that can be calculated is not
large enough as required for the thermodynamical limit N → ∞ of a typical condensed
matter model. As mentioned, the low-lying eigenstates are the main target in the study of
condensed matter models, so that we can diagonalize them in an effective Hilbert space
with reduced dimension. With the previous discussion, we had a flavor of the importance
of symmetries, which are key ingredients to retain only the degrees of interest and this
idea can be implemented in an iterative way. Now, we can briefly introduce the RG and
contextualize Wilson’s idea to carry out a numerical implementation of RG to solve the
Kondo problem.
∗

For instance, in a 64-bit architecture, each double floating point number occupies 64 bits
and the largest integer index is 263 − 1. While storing a matrix of size 432 × 432 can be
tempting, the maximum cache available will not allow to allocate such a large object. Finally,
diagonalization algorithms have complexity O(n3 ). A bit of computer numerology shows that
the largest lattice size is up to about ten sites. Of course, this previous analysis considers
modern architectures. If we go back to the decades in which Wilson devised his first numerical
calculations, more limitations were found.
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4.1.1 Renormalization-Group
The essence of the Renormalization-Group is the scale invariance of physical systems.
For example, if the energy has scale invariant properties, the RG formulation provides
a recipe to map each energetic scale in terms of an effective interaction described in terms
of the important degrees of freedom to preserve the invariance.
5, 102

Mathematically, this idea is better translated in terms of a transformation τ which
applied to a system H(K) with corresponding degrees of freedom K = (K1 , K2 , K3 , ...)
yields a new effective Hamiltonian H0 associated with a new set K0 = (K10 , K20 , K30 , ...), i.e.,
τ H(K) = H0 (K0 )
τ (K) = K0 .

(4.7)

The successive applications of τ yield to access energy scales each time lower. In
our example of energy invariance, the mapping H(K) → H0 (K0 ) is equivalent to access a
lower energy scale 0k from a higher energy scale k , so that the connection between them
requires the existence of a ratio Λ > 1 for which k → k /Λ. It follows that if we start
from scale k , N successive applications of τ yields k /ΛN .
An important property of the RG transformation is the existence of fixed points
K that remain invariant under τ , i.e.,
∗

τ (K∗ ) = K∗ .

(4.8)

In order to appreciate the importance of this formalism at the time Wilson proposed
the NRG, we can return to our historical review of the Kondo effect in chapter 2. In
the 70’s, after the insightful works by Anderson and Kondo, an interesting question that
was not completely understood was the zero temperature behavior of the impurity with
weak antiferromagnetic coupling to the conduction band. 13, 50 All attempts to carry out a
perturbative analysis failed due to the divergence in the coupling constant g = J 2 ln(D/kb T )
in the limit T → 0. In particular, in his work “A poor man’s derivation of scaling laws for
the Kondo problem”, Anderson reported an exciting but frustrated attempt to carry out a
perturbative RG approach to the Kondo Hamiltonian in order to describe the crossover
between the high (a limit in which the degrees of freedom form a continuum) and the
low (a limit in which the system is characterized by the strong coupling between the
impurity and the metal) temperature regimes. 103 Although good results were found for
high temperatures, a theoretical approach connecting this regime to the limit T → 0 was
still missing. Wilson realized that an accurate description of the crossover would require a
better choice of the energetic intervals to perform the RG transformation and proposed a
numerical approach to solve the Kondo problem. His paper titled “The renormalization
group”16 from 1975 marks the birth to the Numerical Renormalization-Group procedure.
The latter will be explored next.
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4.2

Numerical Renormalization-Group

The Numerical Renormalization-Group method designed by Wilson was the first
throughously successful approach to the Kondo problem. 5, 16, 16, 104, 105 At the core of
Wilson’s solution there was the definition of a new basis of states, which he called Kondo
basis, describing the conduction band in such a way to account for its coupling to the
impurity. In the Kondo basis, the conduction band is approximated by an infinite set of
discrete states distributed around the impurity in “onion” layers scaled by a parameter
Λ ≥ 1. The discretization of the conduction band is made on a logarithmic mesh, the n-th
interval is therefore represented by an energy scale of order ≈ Λ−n/2 . This definition is
crucial in the Kondo problem because it allows to distinguish states interacting strongly
and weakly to the impurity, the first corresponding to metallic Wannier states localized
around the impurity and the latter being spherical shells.
By means of the Kondo basis and a RG transformation, the solution of the Kondo
Hamiltonian is performed iteratively: in the very first iteration we solve the subsystem
comprising the impurity coupled to the first Wannier state; in the second iteration, the
second conduction state of the Kondo basis is added and we solve the larger subsystem
comprising this state plus the first Wannier state and the impurity; in the next iterations,
the remaining states of the Kondo basis are added and the corresponding subsystem solved
and so on. More importantly, each iteration provides the access to energy scales each time
lower, so that it is possible to refine the description of excitations close to the Fermi level,
which are important to describe the low temperature regime.
As previously discussed, during an iterative diagonalization the growth of the
Hilbert space prevents the exact calculation of a very large number of iterations. To tackle
this issue, the NRG procedure employs a systematic truncation in order to retain only
the low energetic degrees of freedom, which are nonetheless the ones needed to describe
physical properties, such as the specific heat, magnetic susceptibility and conductance.
The truncation, referred as ultraviolet truncation, is implemented by keeping only the
states with energy  < EU V at each iteration, where EU V is the ultraviolet cut-off 16. With
increasing iterations, the enlarged Hilbert space HN is built from the tensorial product
between the local Hilbert space of the N -th site and the truncated Hilbert H˜N −1 space of
the previous iteration.
Finally, to keep the calculation running up to a given number of iterations an
additional truncation is performed: it replaces the infinite element basis of states fn
(n = 0, 1, ...∞) the NRG by a maximum number N of states associated with an energy
scale of interest. Also known infrared truncation, it limits the number of iterations up to
the energy scale of interest Emin , which is associated with the temperature. We can think
that the diagonalization starts at high-temperature (high on the scale of the thermal scale
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corresponding to the bandwidth D of the conduction band) and is further cooled along
iterations until kB T  D and T → 0.
Note that this idea corresponds to implement the recursive solution of eq. (4.6)
by means of the RG transformation in eq. (4.7) in order to solve the Kondo or Anderson
Hamiltonian in an effective Hilbert space with an appropriate set of degrees of freedom.
In a nutshell, the NRG algorithm can be summarized in the following steps:
1. Discretization of the conduction band k in a logarithmic scale according to the
parameter Λ;
2. Lanczos transformation of the conduction band to an infinite, discrete basis of
fermionic operators {fn } (n = 0, 1, ..., N ), whose seed f0 corresponds to the Wannier
state coupled to the impurity;
3. Projection of the model Hamiltonian upon the basis {gd , fn }(n = 0, ..., N ), where gd
are the states of the impurity - gd = cd for the Anderson model or gd = Ŝd for the
Kondo model and scaling;
4. Infrared truncation of the infinite chain in order to reach the temperature of interest;
5. Iterative diagonalization of the scaled Hamiltonian and ultraviolet truncation. At
each iteration, the outputs , Ψ (eigenvalues and eigenstates) of the diagonalization
of HN are used to calculate physical observables.
The previous concepts provide the necessary tools to apply the NRG procedure
to the Anderson Hamiltonian presented in Chap. 2. Through the NRG, we are going to
define the Anderson Hamiltonian as
H=

X

k c†k ck + d nd + U nd↑ nd↓ + Ṽ (f0† cd + H.c.),

(4.9)

k

where the seed f0 is the Wannier state coupled to the impurity.
And then, solve it by projecting it into the iterative form
HN =

N
X

tn (fn† fn+1 + H.c.) + d nd + U nd↑ nd↓ + Ṽ (f0† cd + H.c.),

(4.10)

n=0

where tn are coefficients depending on Λ and N is limited by the infrared truncation
condition, defined as
tN < kB T.

(4.11)

The changes of basis connecting eqs. (4.9) and (4.10) as well as the numerical
details involved in the iterative diagonalization of HN are explained below.
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4.2.1 Logarithmic discretization
The first step of the NRG calculation comprises the logarithmic discretization of
the conduction band. As we pointed out, the choice of the logarithmic mesh was the key
ingredient in the RG approach proposed by Wilson: it allowed to reproduce the continuum
limit of the conduction band close to the Fermi level and, at the same time, access energetic
scales associated with the limits of high and very low temperatures. Another important
aspect of the NRG solution is the projection of the interaction between the impurity and
the conduction band in terms of a single state f0 , which remains preserved along the
iterative solution.
To carry out the logarithmic discretization of the conduction band we start from
the Hamiltonian HCB describing the free electrons of the metal. Here, to simplify the
notation, we are considering an isotropic, half-filled conduction band, so that the definition
given in eq. (2.4) is written in terms of a single coordinate k instead of a vector, i.e.,
HCB =

X

k c†k ck ,

(4.12)

k

where k is the dispersion relation and 0 ≤ k ≤ ∞.
The eigenenergies k are limited to the interval [−D− , +D+ ] and are described by
a density of states
ρ() =

X

δ( − k )

(4.13)

k

normalized by
Z D+

d ρ() = 1.

(4.14)

−D−

At this point, a brief comment is pertinent. In principle, the logarithmic division
of the interval [−D− , +D+ ] can be carried out for any dispersion relation k describing a
continuous set of modes k. In the traditional approach for the Anderson Hamiltonian, the
dispersion relation is approximated by a linear function around the Fermi level F = 0
and the limits in which this approximation holds corresponds to the points −D− and
+D+ . To understand this approximation, we can consider the solution of non-interacting
homogeneous Hubbard Hamiltonian, which yields k = −2t cos k, |k| ≤ π/2 being a
continuous variable in the thermodynamical limit (i.e. infinite number of lattice sites).
Close to the Fermi level, the trigonometric function can be accurately approximated by
k ≈ vF (k − kF ), where vF is the Fermi velocity and kF is the Fermi momentum. See figure
22. Note that when the linear approximation is considered the density of states is constant
and given by ρ = 1/2D.
We stress that in the vast majority of NRG approaches for impurity models the
description of the logarithmic discretization of the conduction band is made using this
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k

+2t

+D
F
−D
− vDF

kF

+ vDF

0

−2t

0

−π/2

+π/2

k

Figure 22 – Example of the linear approximation over the dispersion relation of the noninteracting homogenous Hubbard Hamiltonian. Major plot depicts the continuous
set of eigenvalues of the sinusoidal dispersion relation k in the first Brillouin zone
|k| ≤ π/2. The shaded zone highlights the set of energies and momenta for which
the dispersion can be considered linear, as shown in the inset.
Source: By the author.

the approximation of a linear dispersion. Here, we will follow the notation by Bulla et al.
and carry the explicit dependence of the density of states ρ() on the energy in order to
account for general bands. 106 This choice will help us in the extension of the logarithmic
discretization to a conduction band described by a finite degrees of freedom presented in
4.2.1.1.
With the previous considerations and before entering in the first change of basis
to re-define the operators ck in logarithmic mesh, it is convenient to define a new basis
connecting the momenta k with a set of continuous energies :
c = N

X

δ( − k )ck ,

(4.15)

k

where the normalization factor N = ρ()−1/2 is calculated from the traditional commutation relation {c† , c0 } = δ( − 0 ).
By inverting eq. (4.15), we find
ck =

Z +D+
−D−

q

d ρ() c .

(4.16)

Now, we can re-write the Hamiltonian of eq. (4.12) by identifying
HCB =

Z +D+
−D−

d  c† c .

(4.17)
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The term of the Hamiltonian describing the interaction between the conduction
band and the impurity
Hint =

X

Vk (c†k cd + H.c.)

(4.18)

k

is therefore written as
Hint =

Z +D+
−D−

d (h() c† cd + H.c.),

(4.19)

q

where h() = ρ() V (),  is the continuous form of the dispersion relation k and V () is
the hybridization potential expressed in terms of the continuous energy  106.
The functions  and h() are related to the hybridization function Γ() defined in
Chap. 2 in eq. (2.7). The connection is made via
Γ(ω) = π

d∆ε (ω) 2
h [(ω)],
dω

(4.20)

where ∆ε (ω) is the inverse of .
Relation (4.19) also defines the Wannier orbital f0 in the continuous basis
f0 = N
where N =

R +D+
−D−

Z +D+
−D−

d c ,

(4.21)

dρ().

Having at hand the Hamiltonians HCB and Hint projected into the new basis {c },
we can now define the logarithmic mesh. We divide the interval [−D− , D+ ] into subintervals
Im according to a parameter Λ ≥ 1 corresponding to the ratio between consecutive energetic
scales. In the limit Λ → 1, the closer we get to an uniform linear mesh. Here, we will
also use an additional parameter 0 < z ≤ 1 corresponding to a torsion phase in the
logarithmic energies. The introduction of the parameter z by Oliveira et al (popular in
the literature as “z-trick" or “z-averaging") yields the access of intermediate scales of
energy in the logarithmic discretized band, those being indispensable in the calculation
of excitation properties and thermodynamical averages. In that sense, averaging over z
provides an alternative route to retrieve the continuous limit of states, with more detail of
intermediate values of energy compared to Wilson’s original formulation for the logarithmic
discretization. 107, 108 Computationally, the main advantage of the z-averaging is that it
allows to perform NRG calculations for larger values of Λ (for instance Λ = 5) and yields
improved accuracy if properties are averaged by z.108
The dicretization is shown in figure 23.
The boundaries of the logarithmic intervals are defined as
+
+
Im
= [ε+
m , εm−1 ]
−
−
Im
= [ε−
m−1 , εm ] (m = 0, 1, 2, 3, ...),

(4.22)
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Λ

...

D-

Λ
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Figure 23 – Logarithmic discretization of the conduction band. The bandwidth [−D, +D] is
divided in a sequence of intervals logarithmically spaced according to a dimensionless
parameter Λ > 1 and a torsion 0 < z ≤ 1. This choice allows to connect consecutive
energetic scales via 0k = k /Λ, the latter being a recurrent property of impurity
problems.
Source: By the author.

where
ε±
m =



±D± ,

m=0


±D± Λ−m−z ,

.

(4.23)

otherwise

Each interval has width
−m−z
d±
(1 − Λ−1 ).
m = D± Λ

(4.24)

Note that in the limit Λ → 1, the discretization scheme is linear, so that each
interval Im has the same width. If the intervals are made as little as possible, we recover
the continuum limit.
±
Within each interval Im
(m = 0, 1, 2, ...∞) we define a complete set of fermionic
operators am and bm representing an effective mode retaining all the energies  contained
±
inside Im
. We therefore define for m = 0:

a0 = q
b0 = q

1

Z D+

D+ (1 − Λ−1 )

D+ Λ−z

Z D− Λ−z

1
D− (1 − Λ−1 )

D−

d c

d c ,

(4.25)

and for m ≥ 1:
am =

Λ(m+z−1)/2 Z
d c
1/2
+
D+ (1 − Λ−1 )1/2 Im

bm =

Λ(m+z−1)/2 Z
d c ,
1/2
−
D− (1 − Λ−1 )1/2 Im

1

1

(4.26)

where the normalization constants can be calculated from the commutator {a†m , a0m }.
In the basis of operators {am , bm }, the conduction band Hamiltonian is described
±
±
by the effective modes inside Im
with mean energies Em
, i.e.,
HCB = (E0+ (z, Λ)a†0 a0 + E0− (z, Λ)b†0 b0 ) +

∞
X

+
−
(Em
(z, Λ)a†m am + Em
(z, Λ)b†m bm ).

m=1

(4.27)
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To calculate the mean energies Em± , we follow Refs.

107, 108

in which the definition

is
R
±
Em
(z, Λ)

Im±

=

R

±
Im

d ρ()
.
d
ρ()


(4.28)

The previous definition prevents the need to add by hand a correction factor AΛ in
Numerical Renormalization-Group calculations following Wilson’s original definition for
the mean energies. The factor AΛ is given by
AΛ =

Λ + 1 log Λ
.
Λ−1 2

(4.29)

The last step of the logarithmic discretization previous to the Lanczos transformation requires the definition of the operator f0 in the basis {am , bm }. Plugging eqs. (4.25)
and (4.26) into (4.21), we get
1 X +
−
f0 = √
γm am + γm
bm ,
γ̄ m

(4.30)

where
± 2
(γm
) =

Z
±
Im

d Γ(),

(4.31)

and
γ̄ =

X
Im+

+ 2
(γm
)

+

X
Im−

− 2

(γ ) =

Z D+

d Γ().

(4.32)

−D−

The previous formalism can be used to discretize conduction bands with density of
states ρ() and hybridization functions Γ() more general than the flat half-filled band
with constant hybridization, which is traditional approach for the Anderson and Kondo
Hamiltonians. For instance, in Bulla et al the logarithmic discretization of a pseudo-gapped
band was reported.106 We emphasize that all the previous definitions hold when the
conduction band is described by a continuous set of degrees of freedom or, in other words,
in the thermodynamical limit. For the discussion we will present later when returning
to the problem of describing transport in quantum nano devices it will be convenient
to extend the logarithmic discretization procedure to the cases in which the conduction
band is not represented by a continuous of states. This special case is the subject of the
following subsection.
4.2.1.1 Logarithmic Discretization of bands with finite degrees of freedom
The logarithmic discretization introduced previously needs to be adapted for a
finite system. In the traditional formulation for the Anderson Hamiltonian, for which the
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band forms a continuum of states, one considers only the low-lying energies || < D, D
being the bandwidth, and approximate the density of states as flat ρ() = 1. In the case of
band represented by a finite number of degrees of freedom, these previous approximations
must be analyzed because boundary effects become important as the number of degrees of
freedom are reduced. Also, the spacing between finite modes k prevents the employment of
the standard procedure due to the absence of an infinite number the energetic levels close
to the Fermi level F = 0. In a pictorial explanation, the finite set of momenta k would be
translated as empty energetic intervals as m → ∞, which are the intervals closer to F = 0
in fig. 23. In the broadband limit ρ = 1/2D, the continuum makes that all intervals for
m → 0 are populated with an uniform number of states.
Consider, for instance, a tight-binding Hamiltonian describing L free fermions in a
one dimensional lattice,
H = −t

L−1
X

c†i ci+1 + c†i+1 ci ,

(4.33)

i=1

whose diagonal form is
L
X

k d†k dk ,

(4.34)

k = −2t cos k,

(4.35)

H=

k=1

where

and k and dk (d†k ) are ultimately determined by the boundary conditions.
For open boundary conditions,
k=

π`
L+1

` = 1, ..., L,

(4.36)

L
2 X
sin (ki) ci .
L + 1 i=1

(4.37)

and
s

d†k

=

The fact that L is finite gives rise to two energetic scales ∆ and D̃ corresponding
to minimum and maximum values of k , respectively. ∆ introduces a “gap” nearby  = 0
with value
!

πL
∆ = 2t cos
,
2(L + 1)

(4.38)

which can be approximated as ∆ ≈ 2t/L−1 , as shown in fig 24.
In order to proper account for these scales in the band structure, we introduce an
alternative discretization procedure. Consider the linearly spaced set of momenta k` , such
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Figure 24 – Gap from  = 0 of eq. (4.38) as a function of the lattice size L from L = 2 to L = 106 .
In the case of a free metallic band in 1D, the parity of the number of sizes is reflected
on the existence of the level k = 0. For L even, the absence of the zero of energy
introduces a gap between the low-lying energy modes.
Source: By the author.

as those in eq. (4.36). We divide the band into L − 1 intervals I`± (` = 0, 1, ..., L − 1),
such that
|k`−1± | < k < |k`± |,

k ∈ I`± ,

(4.39)

where
k`± = ±(` + 1)δk ,

(4.40)

(kD − k∆ )
,
L

(4.41)

and
δk =

where kD is the momentum associated with the most energetic energy k and k∆ is the
momentum associated with the lowest energy ∆.
Notice that the first momenta in the positive or negative intervals are defined as
being the gap k∆ in eq. (4.41).
To generate the set of intervals in a logarithmic mesh, we chose an arbitrary
dimensionless parameter λ > 1 and substitute
`→

λ` − 1
log λ

(4.42)
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so that the limits k`± in eq. (4.40) are re-defined as follows
λ` − 1
log λ

k`± = ±k∆ ± δk

!

(` = 0, 1, ..., L − 1),

(4.43)

where L is defined by the equality
kL−1 + = kD
L=

log ((L − 1) log λ + 1)
+ 1.
log λ

(4.44)

As λ → 1, L approaches L and we recover the linear sequence.
We want to further reduce the number of intervals from L to M , so we divide L by
a real number κ so that
M≡

L
κ

(4.45)

is an integer.
Next, we define a new dimensionless parameter Λ > 1 by
Λ = λκ ,

(4.46)

so that for any integer ` = κm (m = 0, 1, ..., M − 1), Λm = λn .
By doing this, we obtain a set of M intervals Im± limited by the momenta
km± = ±k∆ ± δk

Λm − 1
κ
log Λ

!

(m = 0, 1, ..., M ).

(4.47)

By imposing that kM coincides with kD , we can determine κ as a function of Λ
through the relation
!

κ=

kD
log Λ
−1
∆k
ΛM − 1

(4.48)

Now, the interval boundaries km± become independent of κ and are solely determined by the discretization parameter Λ
km± = ±∆k± + (kD± − ∆k± )
(m = 0, 1, ..., M ).

Λm − 1
ΛM − 1
(4.49)

The values of momenta km± define a support mesh in the logarithmic scale.
Notice that in the limits m = 0 k0 = k∆ , m = M and kM = kD , preserving the
logarithmic relation. Also, in the limit when Λ → 1, we recover the linear sequence of
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Figure 25 – Example of distribution of momenta k for L = 500 sites for Λ = 3.0 M = 3 and
κ = 32. Each color corresponds to a logarithmic interval with m = 0 being represented
by purple and M represented by yellow. The boundaries of the logarithmic spaced
intervals Im± are shown as black lines. The mean values k̄m± of the momenta in the
support mesh are depicted as crosses. Note that for L = 2000 the gap around k = 0
is of order of L−1 .
Source: By the author.

momenta. The distribution of the original momenta {k} on the new logarithmic mesh is
exemplified in Fig. 25.
For each interval Im± , (m = 0, ..., M − 1) we can now define the Fermi operator
a†m± = Nm

c†k± ,

X

(4.50)

k∈Im±

where the normalization factor Nm can be determined by {a†m , am } = 1 resulting in
Nm−2 =

X

1.

(4.51)

k∈Im±

At this point, it is convenient to renormalize the momenta km dividing eq. (4.49)
by kD − ∆k , so that kD = kM → 1. It follows that
Nm−2 =

1 Λ−1 m
Λ .
2 ΛM − 1

(4.52)

In the basis {am }, the conduction band Hamiltonian is re-written as
H=

X

Em± a†m± am± ,

(4.53)

m

with Em± being the mean energies inside the m-th interval and defined by
Em± = Nm2

X

¯k ,

(4.54)

k∈Im±

where ¯k are the normalized energies.
We illustrate the distribution of energies in the logarithmic sequence of intervals
and the calculated mean energies Em± in Fig. 26.
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Figure 26 – Example of logarithmic discretization of a sinusoidal band k = −2t sin k for L = 500
sites for Λ = 3.0 M = 3 and κ = 32. Each color corresponds to a logarithmic interval
with m = 0 being represented by purple and M represented by yellow. The mean
values of energies Em± calculated from eq. (4.54) are shown as crosses.
Source: By the author.

We can then re-write the operator f0 as
f0 =

X

(u0,m am+ + v0,m am− ),

(4.55)

m

where
u0,m =
=

1s X
1
N̄ k∈Im+
√

s

2Λ−m/2

ΛM − 1
Λ−1

(4.56)

and, similarly,
v0,m =

1s X
1
N̄ k∈Im−
s

√
ΛM − 1
= 2Λ−m/2
Λ−1

(4.57)

The set of mean energies Em± and coefficients of f0 defined, we are able to generate
the sequence of operators fn (n = 1, ..., M − 1) of the Lanczos basis.
4.2.2 Lanczos transformation
Finally, we will construct the discrete basis {fn } upon which the Hamiltonian will
be numerically diagonalized. Our task is now to express the conduction band Hamiltonian
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as
HCB =

∞ h
X

i

(tn fn† fn+1 + H.c.) + ηn fn† fn .

(4.58)

n=0

To this end, we define the basis of orthonormal operators {fn }:
fn =

X

unm am + vnm bm ,

(4.59)

m

obeying the commutation relations {fn† , fn0 } = δn,n0 .
The inverse transformation is also provided
am =

X

unm fn

n

bm =

X

(4.60)

vnm fn .

n

The traditional formulation explained in subsection 4.2.1 considers a conduction
band with continuum momenta close to the Fermi level. Notice that here we already have
the coefficients u0m = γ√mγ̄+ and v0m = γ√mγ̄− in eqs. (4.31) and (4.32), respectively. In the
case of finite momenta k, we have u0,m and v0,m explictly in eq. 4.56.
In order to determine the coefficients tn and ηn defined in eq. (4.58) we employ
a recursive procedure matching each n-th term with the corresponding diagonal ηn , codiagonal tn energies, as well as the coefficients of the Lanczos basis un,m and vn,m . The
details of the mathematical steps needed to obtain the recursion relation are explained in
Appendix C.
After few steps of algebra we can identify the diagonal and co-diagonal coefficients
in zero-th order with
η0 =

Xh

i

2
Em+ u2n,m + Em− vn,m
,

(4.61)

m

and
t20 =

X

+
−
2
(Em
− η0 )2 u20,m + (Em
− η0 )2 v0,m
.

(4.62)

m

Note that the diagonal coefficients weight the difference between energetic contributions of states below and above the Fermi level. They vanish for a symmetric conduction
band as Em+ = Em−
The coefficients defining the state f1 are identified as
1 +
(E − η0 )u0,m
t0 m
1 −
= (Em
− η0 )v0,m .
t0

u1,m =
v1,m

(4.63)
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The remaining coefficients of the Lanczos basis {fn }(n=2,3,...) can be calculated
recursively from the relations
ηn =

X

t2n

X

+ 2
− 2
(Em
un,m + Em
vn,m )

m

=

+ 2
− 2
(Em
un,m + Em
vn,m ) − t2n−1 − ηn2 ,

(4.64)

m

and
1
[(E + − ηn )un,m − tn−1 un−1,m ]
tn m
1
−
= [(Em
− ηn )vn,m − tn−1 vn−1,m ].
tn

un+1,m =
vn+1,m

(4.65)

In practice, to avoid numerical error propagation, we compute the set of un,m and
vn,m for a given n and use a Gram-Schmidt procedure to assure that the basis for the fn
operators is orthonormalized. The outputs from this calculation are the coefficients tn and
ηn which enter in the iterative diagonalization of the impurity Hamiltonian.
The Lanczos transformation is the last step of the NRG approach requiring an
analytical treatment. † The next stage is the iterative diagonalization of the impurity
Hamiltonian in the basis of {cd , fn }, which requires the knowledge of coefficients tn and
ηn . We briefly introduce details of implementation below.
4.2.3 Iterative Diagonalization
The projection of the single impurity Anderson model into the Lanczos basis yields
the following Hamiltonian
HN =

Nmax
X−1 h

i

tn (fn† fn+1 + H.c.) + ηn fn† fn + V (f0† cd + H.c.) + Hd ,

(4.66)

n=0

where the number Nmax of iterations is defined by the infrared truncation in eq. (4.11).
It is convenient to normalize the eigenvalues of the previous Hamiltonian in order
to have the smallest ones of the order of the unit in the asymptotic limit. We therefore
introduce a scaling factor DN defined as
DN = tn1 ≈ Dn1 = D

1 − Λ−1 −n/2
Λ
,
log Λ

(4.67)

with error estimated as O(Λ−n ).
†

Analytical treatment in the sense that we have to perform changes of basis involving definitions
prior to the calculation of the ingredients of the Lanczos basis {fn } We already pointed out
that the coefficients tn and ηn are calculated numerically using a Gram-Schmidt procedure.
In practice, carrying out all steps up to the iterative diagonalization can be performed
numerically if ρ() is extracted from numerical calculations, such as density functional theory.
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It follows that the Hamiltonian to be solved numerically is




i
X−1 h
1  Nmax
HN =
tn (fn† fn+1 + H.c.) + ηn fn† fn + V (f0† cd + H.c.) + Hd ,
DN
n=0

(4.68)

where the normalization factors are calculated according to (4.67).
Inspection of (4.68) allows us to identify the RG transformation connecting the
Hamiltonians in successive iterations. Explicitly,
τ [HN −1 ] ≡ HN =

√
ΛHN −1 +

tN −1 †
ηN †
(fN −1 fN + H.c.) +
f fN .
DN
DN N

(4.69)

Note that eq. (4.69) is equivalent to eq. (4.6) for the Anderson Hamiltonian. In
order to carry out the diagonalization of the matrix Hamiltonian the basis set to project
the operator in eq. (4.68) must be defined. We note that at each iteration N , the size
of the chain is N + 2, as the cd and f0 levels are included, as shown by figure 27. As
mentioned, the growing of the many-body Hilbert space of the chain of size N + 2 is
prevented to not be 4N +2 through the ultraviolet cut-off. The accuracy of NRG calculations
is highly dependent on the ultraviolet truncation, with error being a decreasing function
of the parameter EU V . At the same time, the computational cost grows as Λ → 1 and
EU V >> D.
The iterative diagonalization is carried out as follows. Starting from the impurity
Hamiltonian N = −1, the Hamiltonian HN =−1 = Hd is diagonalized, all the eigenstates
|Ψr i (r = 0, ..., R − 1) and eigenvalues r are kept. Note that in N = −1, R = 3 or 4 as
the eigenstates Ψr match the possibilities of fermionic states of the impurity and, in the
absence of external magnetic fields, the eigenstates cd↑ and cd↓ are degenerate, so that we
can keep just one of them. In the second iteration, the basis set grows by a factor of 4 and
the states to project the Hamiltonian HN are
|ψp iN =0 = |f0µ i ⊗ |Ψr iN =−1 ,
p = 0, ..., 4 × R − 1

(4.70)

where µ = 0, ↑, ↓, ↑↓.
=0
From the diagonalization of H0 , the lowest energy N
is identified and subtracted
gs
N =0
N =0
N =0
N =0
from all eigenvalues, so that r
→ r
− gs and gs → 0. We then apply the
ultraviolet truncation in order to retain only R eigenvalues r and eigenvectors |Ψr i
(r = 0, 1, ..., R − 1), so that R+1 > EU V . In the next iteration, and the in following ones
(n = 2, 3, ..., N ), the basis set is built similarly to eq. (4.70). Explicitly

|ψp in = |fnµ i ⊗ |Ψr in−1 ,
r = 0, ..., Rn−1 − 1

(4.71)
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cd

H−1 = Hd = d nd + U nd↑ nd↓

V

cd

H0 = Hd + V (f0† cd + c†d f0 )

f0
t0

V

cd

f0

cd

f1
t0

V

H1 =

f0

√

ΛH0 + t0 (f1† f0 + f0† f1 )

t1

f1

f2

H1 =

√

ΛH1 + t1 (f2† f1 + f1† f2 )

...
t0

V

cd

tN −2

t1

tN −1

...

f0

f1

f2

fN −2

fN −1

fN

Figure 27 – Iterative growing of the Lanczos chain for the single impurity Anderson model. The
very first iteration N = −1 considers solely the impurity level, so that HN =−1 =
Hd . In the second step, N = 0, the Wannier state f0 is introduced and the new
Hamiltonian accounts for the coupling V between the conduction band and cd . At
each iteration N the size of the chain is N + 2. The ultraviolet cut-off prevents the
growing of the Hilbert space, which would have dimension 4N +2 , otherwise. Without
the truncation, such scaling would restrict the maximum number of Lanczos states
fn to a dozen of sites. The maximum number of iterations N to be computed is
determined by the thermal scale of interest and is calculated according to eq. (4.11)
Source: By the autor.

where µ = 0, ↑, ↓, ↑↓ and Rn−1 are the number of truncated eigenstates in the iteration
n − 1.
We name the bases of the N -th iteration {|ψp iN } primitive basis (before diagonalization) and {|Ψr iN } truncated basis (after diagonalization and truncation) of the N -th
iteration, respectively.
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At this point, it is important to note that the RG transformation in eq. (4.69)
provides an easy recipe to calculate the diagonal hψp | HN |ψp i and off-diagonal hψp | HN |ψp0 i
matrix elements of the projected Hamiltonian. The former are simply the eigenvalues
√
of the previous iteration r multiplied by Λ. The latter, which are ultimately related
to the hopping connecting neighbor sites fn and fn−1 , requires the calculation of matrix
†
elements generated in the iteration n − 1, which have the form n−1 hΨr | fn−1
|Ψr0 in−1 , where
the superscript refers to the iteration index (n − 1 referes to the iteration befor n). The
†
|Ψr0 in−1 are
eigenvalues nr , the eigenstates |Ψr in and the matrix elements n−1 hΨr | fn−1
therefore the minimal ingredients of the iterative diagonalization. They also are useful
in the calculation of physical observables, as we will exemplify in Appendix B when we
show how to compute the zero bias conductance through the single-electron transistor
from NRG ingredients.
Usually, a single run of a NRG code takes few minutes to perform the complete
iterative cycle, calculating properties and exporting results in output files. An important
trick that can be implemented in order to make the computation more efficient uses
our previous discussion about the importance of the symmetries in helping to break
the Hilbert space in smaller subspaces upon which the Hamiltonian can be written in
block-diagonal. The conservation of charge and spin in the Anderson Hamiltonian allows
us to further reduce the dimension of the matrices to be diagonalized: each tuple of
quantum numbers Q and S defines a smaller Hilbert space with primitive basis elements
{|ψp i} (p = 0, ..., P − 1), which are therefore labeled also by the two quantum numbers,
i.e. |ψp i → |Q, S, Sz , pi (p = 0, ..., P (Q, S) − 1), where, now, P (Q, S) counts the number of
states with same charge and spin in the N -th iteration. The details of the implementation
of a NRG code including the definition of the primitive and truncated basis in the subspaces
(Q,S), as well as the calculation of the matrix elements of the Hamiltonian HN are presented
in appendix B.
In summary, the NRG solution of impurity models, such as the SIAM, can be
illustrated by figure 28.
With the previous picture and the discussion of the Kondo effect in quantum dots
in chapter 2 we are ready to examine the Anderson Hamiltonian for a single-electron
transistor from the perspective of the Renormalization-Group. In the following section, we
will devote our attention to the fixed points of the RG flow and their physical interpretation
in terms of the universal conductance through a single-electron transistor.
4.3

Numerical Renormalization-Group analysis of the Kondo problem

In chapter 2, we presented a historical review of the Kondo problem and reasoned
on the success of the NRG solution with respect to all previous approaches: NRG was
the first approach capable to describe the crossover from the high-temperature to the
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Figure 28 – Iterative cycle of the NRG algorithm to impurity problems. The first iteration labeled
by N = −1 contains a single-site cd , which is the impurity level. The eigenstates
=1 i (p = 0, 1, 2 for a single-site impurity) and eigenvalues λ
|ΨN
N =−1 of HN =−1
p
are calculated without truncation to preserve the impurity site. From N = −1,
the Lanczos chain of operators fn start to be increased iteratively. In N = 0,
the operator f0 is added to construct the primitive basis of iteration N = 0 as
=−1 i. The Hamiltonian H
|f0 i ⊗ |ΨN
N =0 is projected onto the states of the primitive
r
basis and the diagonalization is carried out. The eigenstates whose eigenvalues respect
r < EEUV are kept and the invariants hf0 i are calculated and thermodynamical
physical observables are calculated. This procedure is repeated for a total number of
steps N , where N is an integer satisfying condition (4.11) for the the temperature T
of interest.
Source: By the author.

low-temperature regimes underlying the Kondo effect in an impurity system. Now, having
the basis of the Renormalization-Group and Wilson’s NRG approach, we are ready to
understand how the RG flow is able to accurately describe the crossover. Particularly
important to the following discussion is the existence of fixed points, special points of
the RG flow that remain invariant under an RG transformation and whose structure
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is reflected in observables of physical systems. Especially, the fixed point description of
model Hamiltonians provide a simpler picture, from which one is able to extract properties
analytically and therefore understand the physics underlying many-body phenomena.
Here, our aim is to explore the fixed point structure of the Anderson model and
show how it explains the Kondo effect in a single-electron transistor. We start recalling
a key concept discussed in the present chapter: the scale invariance within the NRG
construction. We explained that the NRG solution of the Anderson model yields access
to effective energy scales DΛ−n through the iterative diagonalization of the transformed
Hamiltonian HN with renormalized couplings: tn , Γ and U in units of DN . As the number
of iteration grow, the access of successively smaller scales are ultimately related to the
flow from the high (kB T ≈ D) to the low temperature (T → 0) regimes. In between, a
characteristic thermal scale TK can arise and manifest as the Kondo effect. While for
T  TK the coupling between the impurity and the conduction band can be disregarded,
for T  TK the coupling becomes strong enough to dominate the physics of the system,
the most prominent consequence being the formation of the Kondo screening cloud within
which there is an enhancement of scattering and spin-flip processes characterizing the
Kondo effect. It turns out that the high and low temperature regimes are identified with
two fixed points of the Anderson Hamiltonian: Local Moment (LM) and Frozen Level (FL).
As we will show later, both can be described in terms of a single-particle system decoupled
from the impurity level with all the effects of the impurity lumped in an effective scattering
potential W ∗ .
In order to appreciate the structure of the fixed points of the Anderson Hamiltonian,
we can, for instance, examine the evolution of properties along iterations in some limits
of the model parameters. Consider the spectrum of HN in the case where the Coulomb
repulsion is absent U = 0. Double occupation can be disregarded and double occupied
states are described by single particle states with spins up and down decoupled from each
other. The Hamiltonian in eq. (4.68) therefore acquires the quadratic form
 −1

√
1 NX
†
†
†
HN =
tn (fn fn+1 + H.c.) + 2V (f0 cd + H.c.) + d cd cd ,
DN n=0

(4.72)

which is easily diagonalized.
The model parameters Γ, d and D define the single-particle levels ε̃j (j = 0, ..., N −
1) and the characteristic energies of the system. For Γ = 0 and d = 0, the system is
purely metallic with the N single-particle levels j (j = 0, ..., N − 1) ultimately defined by
the renormalized hopping coefficients tn (n = 0, ..., N − 1). If d = 0 and Γ 6= 0, the only
characteristic energy is the width Γ = πV 2 /D associated with the hybridization between
the conduction band and the impurity. The energy invariance of the conduction band is
broken by the broadening Γ of the impurity level. As a consequence, the Hamiltonian in eq.
(4.72) describes conduction electrons whose levels are phase-shifted due to the presence of
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to the impurity, i.e.,
ε̃j = j −

δ
∆,
π

(4.73)

where ∆ is the energy splitting‡ , and δ is the phase-shift.
Conduction electrons with ε̃j / Γ are strongly shifted and, in particular, those
with energies ε̃j  Γ acquire a phase shift of δ = π/2.
The case U = 0 and d is illustrative because it provides a insightful view of the how
the fixed point structure of the Anderson Hamiltonian manifest in its physical properties;
in particular, in the evolution of eigenvalues ε̃j along NRG iterations. If we follow the
evolution of the eigenvalues, we can observe that in both limits the structure of the curves
remains invariant for certain ranges of small and large iterations, as shown in figure 29.
For small N (N ≤ 17 in the figure), the typical energies ε̃j = ε̃j (N ) are larger compared to
Γ, so that the coupling does not play a role and can be neglected as the band was free. By
increasing N , the scales ε̃j and Γ become comparable and compete with each other until a
point in which ε̃j is very small compared to Γ, so that the coupling dominates the physics
of the system. After a few iterations, the eigenvalues become invariant again (N ≥ 35 in
the figure).
Inspection of the eigenvalues ε̃j of the Hamiltonian in eq. (4.72) in the limits Γ → 0
and Γ → ∞, illustrated by arrows on the left and right sides of figure 29, reveal they
to match the plateaus for small and very large iterations. The equivalence between the
coupling regimes regimes Γ → 0 and Γ → ∞ with the ranges of the iterations for which
the eigenvalues remain invariant allows us to identify two fixed points of the Anderson
Hamiltonian. Initial iterations for which the system remains invariant are associated with
the so-called the Free Orbital (FO) fixed point, which corresponds to the limit Γ → 0 for
U = 0 and d = 0. For large N , after the crossover, the new plateaus are associated with
the so-called Frozen Level (FL) fixed point, which is described by the strong coupling
Γ → ∞ between the impurity and the metallic electrons.
Note that, within the RG flow, the FO fixed point corresponds to high-temperatures
of the Anderson Hamiltonian for d = 0, whereas the FL fixed point is ascribed to the
very low temperature regime. As shown by figure 29, the crossover connecting kB T ≈ D
to kB T → 0 is found for iterations 17 ≤ N ≤ 35. The FO fixed point is unstable: a small
perturbation Γ, such as Γ = 10−5 D in Fig. 29, will drive the system to FL fixed point.
Another important fixed point of the Anderson Hamiltonian can be identified in
the opposite limit of the model parameter U . By tuning the Coulomb repulsion to the limit
U → ∞, the system, again, reduces to a single-particle description because the strong
penalty for doubly occupied states of the impurity makes it decouple from the conduction
‡

Usually, we define ∆ = D/Ncb , where Ncb is the number of metallic states.
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Figure 29 – Single-particle levels ε̃j (j = 0, ..., 4) of the renormalized Anderson Hamiltonian HN
along odd iterations N for Γ = 10−5 D. Note the plateaus of all five eigenvalues for
iterations N ≤ 17 and for N ≥ 35. The invariance of eigenvalues outside the window
17 < N < 35 reflects the fixed point structure of the Anderson Hamiltonian. For
N ≤ 17, the levels ε̃j ≈ j are equivalent to those of a free conduction band (Γ = 0),
shown as colored arrows on the left. For large iterations, N ≥ 35, the levels stagger
into constant values matching the eigenvalues of HN for Γ → ∞, marked by arrows
on the right. The limits Γ → 0 and Γ → ∞ identify two fixed points of the Anderson
Hamiltonian for d = 0: the free orbital and the frozen level, respectively.
Source: By the author.

band at the same time that the states cd↑ and cd↓ become degenerate. The limit U → ∞ of
the Anderson Hamiltonian is identified with the local moment (LM) fixed point. Physically,
the picture of the LM fixed point corresponds to the case in which the impurity acquires a
moment and therefore can be singly occupied with a spin up or a spin down. Similarly to
the FO, the LM is also an unstable fixed point of the Anderson Hamiltonian. By making
U  D, i.e. large but finite, a small perturbation arising from coupling Γ > 0 is able to
promote spin-flip processes arising from the virtual transitions that are made to exchange
the states cd↑ ↔ cd↓ . If we follow the behavior of the eigenvalues ˜j of HN for U 6= 0, we
will observe them to re-gain the invariance associated with the FL fixed point because the
coupling Γ will renormalize with iterations until the point where it can be regarded as
Γ → ∞.
With all model parameters U 6= 0, Γ 6= 0, d 6= 0, the RG flow will drive the system
between the LM and the FL fixed points: the first corresponding to high temperatures
and the latter corresponding to very low temperatures. We extend the previous analysis
to the interacting limit of the Anderson Hamiltonian at the symmetry point d = −U/2.
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Figure 30 – Evolution of eigenvalues of the Hamiltonian HN along iterations N for the symmetric
case: Γ = 0.01, U = 0.5 and d = −0.25. The Kondo temperature is of order
TK ≈ 10−10 , while the minimum thermal scale reached by the last NRG iteration
N = 68 is of order kb T ≈ 10−17 . The LM fixed point is marked by the plateaus
observed in iterations lower than N < 30. The crossover to the Kondo regime is
seen in the window 35 < N < 55. After N > 50, the eigenvalues become constant,
characterizing the FL fixed point.
Source: By the author.

Fig. 30 shows the five lowest eigenvalues ε̃j during the RG flow between the LM and FL
fixed points for Γ = 0.01, U = 0.5 and d = −0.25. The plateaus for N < 30 and N > 50
mark the LM and FL fixed points, respectively.
In all cases (FO → FL or LM → FL), we can verify a crossover in the eigenvalues
during the iterative process. The crossover is ultimately defined by a characteristic scale ΓK
separating the LM (Γ → 0) and FL (Γ → ∞) regimes. We can now argue that ΓK associates
the Anderson and the Kondo Hamiltonians and identifies the so-called Kondo temperature
TK . We mentioned that starting from the LM fixed point, the effect of increasing the
coupling Γ is to promote virtual excitations between magnetic and non-magnetic states of
the impurity. The description of the coupling between the impurity and the Wannier state
f0 can be regarded as an antiferromagnetic spin interaction, i.e.,
Hint = −J

X †



f0µ~σµ,ν f0ν .Sd ,

(4.74)

µ,ν

where ~σ are the Pauli matrices, Sd describes the moment of the impurity and J is the
coupling strength.
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We can identify eq. (4.74) with the second term on the right-hand side of the Kondo
Hamiltonian in eq. (2.8) and calculate the coupling constant J from the parameters of the
Anderson Hamiltonian by means of the Schrieffer-Wolf transformation in eq. (2.12). In the
Kondo regime, the Hamiltonian crosses between the LM and the FL fixed points.
The Kondo regime therefore defines the crossover between the limits of high and low
temperatures. Within the Kondo regime, from the balance between energetic and thermal
scales emerges a characteristic coupling ΓK , related to the coupling J. It is estimated as
follows
q

ΓK ≈ D ρJe−1/ρJ (1 + O(ρJ)),

(4.75)

where ρ is the density of states of the conduction band with width D.
Specifically, when kB T = ΓK , those states with energies j < ΓK have a very large
spin-flip rate, as it would be for J → ∞. Beyond the crossover, the system evolves to the
FL fixed point, which marks the very low-temperature regime.
In chapter 2, we have discussed the Kondo effect in a single-electron transistor
and argued that transport measurements, in particular, the zero-bias conductance, can
be accurately reproduced by the diagonalization of the Anderson Hamiltonian. In section
2.3.1, we have shown that the Friedel sum rule relates the SET conductance Gd with the
phase shifts δ of the conduction electrons in the limits T  TK and T  TK . We have
also introduced the universal mapping - eq. (2.43) - relating δ, Gd and TK and discussed
its form at the symmetric point (gate voltage VG = −U/2). Specifically, in Fig. 11 we have
presented results of the universal mapping against experimental data, which agreed for all
temperatures, i.e., from T  TK to T  TK , for a experimental set of data comprising 34
gate voltages.
Now, that we have learned that the behavior of properties during the RG flow
contains rich information about fixed points and exemplified how this information can
be captured analyzing the structure of eigenvalues of the Anderson Hamiltonian along
iterations, we are ready to focus on the conductance through a SET and investigate how Gd
behaves in crossover between the LM and FL fixed points. The first question to be asked
concerns how the model parameters affects transport in the limit of zero bias. Returning
to chapter 2, we have learned that the operability of the SET is ultimately determined by
a balance between the hybridization Γ and charging energy Ec , which is defined from U
and VG . In the absence of hybridization (Γ = 0), dot occupation would be conserved and
conduction would be impossible, as in the Coulomb blockade regime. Electrons are blocked
whenever the coupling Γ 6= 0 is not high enough to overcome Ec and the gate voltage
|VG |  Γ is not suitable chosen to align the Fermi levels of the leads with the quantum
dot. This picture is changed at low temperatures, a regime in which the Kondo effect can
take place.
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The temperature enters in a SET system the same way as the coupling J, Γ drives
the RG flow from the LM to the FL fixed points, passing through the Kondo regime. At
high temperatures Ec  kB T  TK , the coupling between the dot and the leads can be
neglected and the SET operates in the Coulomb blockade regime: the conductance as a
function of the gate voltage behaves as in Fig. 5. Lowering the temperature is equivalent to
renormalize the hybridization between the leads and the dot in such a way that it becomes
an important scale to the physics of the device. At low temperatures, the hybridization
between the dot and the Wannier state f0 is mapped onto an antiferromagnetic interaction,
as in the Kondo model. The valleys that appeared previously at the symmetry points
VG = −nU/2 (n integer) in the Coulomb blockade mode (see Coulomb oscillations in Fig.
5) start to increase, as the tunneling width introduced by the coupling Γ broadens and
allows the flow of electrons between the leads. The Kondo plateau starts to take form. At
the temperatures TK , the strong coupling Γ → ∞ between the dot and the leads makes
the Wannier level f0 to form a singlet with the dot. Electrons can flow ballistically through
the SET, so that at the symmetric point VG = −U/2, the occupation in the dot is unitary,
and the conductance within the window −U < VG < 0, which vanished in the Coulomb
blockade regime, is now characterized by a plateau Gd → G2 . The invariance of the Kondo
plateau for T  TK , i.e. the plateau keeps the same no matter how the temperature is
cooled below TK , marks the emergence of the FL fixed point in a SET.
Figure 31 displays the results of NRG calculations for the conductance Gd as a
function of the gate voltage VG for Γ = D and U = 10D as the system is cooled from
high temperatures T  TK (bright yellow) to low temperatures T  TK (dark purple).
For such parameter setup, the Kondo plateau takes form at T < 10−3 D, so the Kondo
temperature is of the order of TK ≈ 10−4 D. Note the similarity between the numerical
calculation in Fig. 31 with results from experimental measurements in Fig. 9.
To illustrate the fixed point structure of conductance, we can consider the curve
Gd as a function of the temperature for the symmetric model (VG = −U/2) and compare
its behavior with that observed for the eigenvalues of HN along the RG flow (Fig. 30).
As pointed in section 2.3.1, the symmetric case is special because the conductance for
VG = −U/2 is an universal function of the scaled temperature T /TK , defined in eq. (2.41).
Fig. 32 presents the curve for the universal zero bias conductance as a function of T /TK in
the absence of external potential (W = 0). It can be reproduced from Fig.31 by following
a vertical line at the symmetry point from from yellow (high T ) to purple (low T ) colored
contour lines. As shown in Figs. 31 and 32, the conductance grows from 0 to G2 in the
limits T  TK and T  TK . In Fig. 32, we can observe that the curve Ḡd vs T /TK is
marked by three regimes: two of these are characterized by the invariance of Gd within two
separate ranges of temperatures, high (T  TK ) and low (T  TK ), and an intermediate
region connecting the latter centered at TK . This trend is similar of the plot of eigenvalues
from small to large iterations in Fig. 30, or, from the LM to the FL fixed points. The flat
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Figure 31 – Conductance G as a function of the gate voltage VG for temperatures ranging from
T  TK and T  TK . The color scheme represents high temperatures in light
yellow and low temperatures in dark purple. The model parameters of the Anderson
Hamiltonian are chosen as Γ = D, U = 10D. The NRG discretization parameter
is Λ = 3.0 and the ultraviolet cutoff is set as EU V = 27D. As the temperature is
cooled, the conductance acquires a plateau characterizing the Kondo effect. When
the gate voltage is set to VG = −U/2, the Anderson Hamiltonian becomes invariant
under particle-hole transformations.
Source: By the author.

behavior of Gd observed at high temperatures is associated with the LM fixed point, for
which the conductance vanishes, as expected for a SET operating in the Coulomb blockage
regime. The plateau Gd = G2 .depicted at very low temperatures marks the FL fixed point.
The crossover between the LM and FL fixed points occurs at temperatures of the same
order of the Kondo temperature TK , a point in which the conductance reaches half of the
conductance quantum 0.5G2 .
The same analysis can be carried out at different points of the parametric space
of the Anderson model for a SET. To this aim, we can, for instance, monitor the flow
between high (yellow) and low (purple) temperatures for a particular gate voltage VG in
Fig. 31. As discussed in in section 2.3.1, a linear relation, defined in eq. (2.42), provides an
universal mapping for the zero bias conductance within the entire parametric space. More
importantly, we have argued that the coefficients of the linear mapping are extracted from
the phase shifts in the limits T  TK and T  TK . As mentioned in the present section,
fixed points provide a simpler analytical description of model Hamiltonians, from which
properties can be straightforwardly extracted.
With this background and with our recent interpretation of the fixed point structure
of the properties in a SET, we can now show that the single-particle description of the
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Figure 32 – Universal zero bias conductance Gs scaled by the Kondo temperature and the fixed
points of the symmetric Anderson Hamiltonian for a single-electron transistor. For
T  TK , the system operates as in the Coulomb blockade. The conductance vanishes
at the symmetry point VG = −U/2 because the Fermi level of the electrons is not
aligned with the level of the quantum dot. As the temperature is lowered, tunneling
process allows the flow of electrons through the quantum dot. At the characteristic
temperature TK , the conductance reaches half of the conductance quantum G2 . For
T  TK , the conductance reaches its maximum value and the point VG = −U/2
marks the middle of the Kondo plateau. The invariant behavior of Gd for T  TK
and T  TK and the crossover at TK illustrates the fixed point structure of the
conductance in a SET. The LM fixed point occurs for T  TK , a regime in which
Gd → 0. The FL fixed point depicts for T  TK , when Gd → 1. The shaded region
highlights the temperatures for which the device is found in the Kondo regime.
Source: By the author.

Anderson Hamiltonian in the LM and FL fixed points accurately reproduces the phase
shifts in the T  TK and T  TK temperature regimes. In the next section, we will
briefly present the forms of the LM and FL fixed point Hamiltonians and recapitulate
their respective phase shifts.
4.3.1 Local Moment
At high temperatures, T  TK , the SET is characterized by a conserved number
of electrons in the dot and by the Coulomb blockade regime. The correspondence with
the limit D, U → ∞, VG → ∞ and Γ → 0, in which the dot has a magnetic moment and
decouples from the conduction electrons, allows to represent the LM fixed point of a SET
by the following single-particle Hamiltonian
∗
HLM
=

X
k

k a†k ak + WLM f0† f0 .

(4.76)
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∗
The LM Hamiltonian HLM
describes a free electron gas shifted by a phase δLM =
−πρWLM due to the presence of a scattering potential WLM .

The universal relation for T  TK is
GdLM = κG2 cos2 (δLM ).

(4.77)

Note that in the case when the Anderson Hamiltonian possesses particle-hole
symmetry WLM = 0, so that δLM vanishes and so does the conductance.
4.3.2 Kondo regime
At moderately high temperatures, the interaction between the quantum dot and
the conduction electrons starts to play an important role to the physics of the SET.
The emergence of an antiferromagnetic interaction in the system leads its physics to be
described by the Kondo model, whose form reads
HK =

X

~·
k a†k ak + W̃ f0† f0 + J S

k

X

†
~σµν f0µ
f0ν ,

(4.78)

µ,ν=↑,↓

where the components of ~σ are the Pauli matrices, and the coefficientes of the second and
third terms on the right hand side are given by the following Schrieffer-Wolff 51 relations
Γ
Γ
+
VG VG + U

(4.79)

Γ
Γ
+
.
|VG | VG + U

(4.80)

ρW̃ =
and
ρJ =

In the Kondo regime, the phase shift at gate voltages not matching the symmetry
point VG = −U/2 are calculated as
Γ
Γ
+
tan δ = −π
VG VG + U

!

(4.81)

The phase shifts and, therefore, the conductance are sensible to the crossover.
4.3.3 Frozen level
At sufficiently low temperatures, T  TK , the high entanglement between the
quantum dot and the electrons of the Wannier state f0 , allows to describe the SET as in
the limit of strong coupling J → ∞ of the Anderson Hamiltonian.

HF∗ L =

X
k

¯k ā†k āk + WF L

X †

āk āq ,

k,q

(4.82)
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where the states āk describe a modified conduction band, which is ortogonal to the
basis {ak , f0 }, formed by the level f0 and the original states {ak }. The energies ¯k are
phase-shifted with respect to the original band k .
The orthogonality condition imposes a phase-shift of π/2 with respect to the ak .
As a consequence, the modified energies ¯k are related with the original band k by
1
ρ¯k = ρk − .
2

(4.83)

The FL phase shift δF L is therefore phase shifted by π/2 with respect to the LM
phase shift, i.e., δF L = π/2 − δLM .
The universal relation for T  TK is
GdF L = κG2 sin2 (δF L ).

(4.84)

Under particle-hole symmetry, i.e. VG = −U/2, the FL phase shift is δF L = π/2
and the amplitude of the conductance will be within the interval [0, G2 ]. Especially at the
Kondo plateau, Gd → κG2 .
Note that if an external potential W is applied to the Wannier orbital f0 , an
additional phase shift must be accounted in Friedel sum rule. In practice, this means
that, the fixed point phase shifts δ ∗ are determined by two contributions: a contribution δ
accounting for the phase shift due to the presence of the impurity and a contribution δW
determined by an additional scattering potential due to the application of W . Therefore,
to compute solely the contribution δ, we recall to eq. (2.38). Generelizing relations (4.77)
and (4.84) follows from eq. (2.38).
4.3.4 Fixed points and Density Functional Theory
With the theoretical baggage acquired from chapters 2, 3 and 4, we can now proceed
to the main goal of the present thesis. In our chapter devoted to Density Functional Theory,
we have shown that the basis of a density functional approach relies on the Kohn-Sham
system, which maps an interacting system into a non-interacting by means of an effective
potential accounting for the many-body effects. Here, we have just presented the mapping
of the Anderson Hamiltonian at the fixed points into a single-particle system, which, in
the case of the SET, allows to represent the effects of interaction between the quantum
dot and the electron gases in the limits T  TK and T  TK by a free band under the
presence of effective scattering potentials WLM and WF L .
Note that the Friedel sum rule - eq. (2.38) - connecting the phase shifts with the
occupation number nd in the quantum dot allows to re-express the conductance in the LM
and FL fixed points in terms of nd . In particular, the FL fixed point provides a functional
relation for the ground-state conductance in terms of nd , from which we can extrapolate Gd
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to the limit T → 0. Plugging eq. (2.38) into (4.84), we then can express the ground-state
conductance as
Gd (T → 0) = G2 sin

2



πnd
+ ϕΓ ,
2


(4.85)

where the last term in the parenthesis accounts for an additional phase shift accounting for
enegetic dependencies of the hybridization function Γ() 6= const. For Γ() = Γ = const, ϕΓ
vanishes. On the contrary, ϕΓ is determined from the retarded impurity Green’s function
Gd (, T ) = hhcd ; c†d ii
=

+

i0+

1
,
− VG − Σd (, T )

(4.86)

where Σd (, T ) is the retarded self-energy of the quantum dot.
Following Ref.
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, the additional phase shift ϕΓ is calculated as follows

ϕΓ = Im

Z ∞
−∞

∂Σ0d (, T = 0)
Gd (, T = 0)d.
∂

(4.87)

Realizing that the single-particle description in the fixed points of the Anderson
Hamiltonian is equivalent to the core idea in the Kohn-Sham formulation, we can ask if an
integrated procedure combining the KS and the RG cycles would be able to describe the
transport properties in nano devices. This idea is the inspiration for the hybrid procedure
proposed in this work, which we will present in the next chapter.
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5 THE KOHN-SHAM ANDERSON SYSTEM AND THE HYBRID SELFCONSISTENT CALCULATION

The increasing complexity of nano-structured devices has required the development
of new studies attempting to accurately describe their electronic and magnetic properties
in the strong correlated regime. As correlations are highly affected by the electronic
structure of materials, an adequate procedure is expected to combine precise band structure calculations with many-body tools for simulating interacting electrons.17, 18 While
density functional theory undoubtedly fulfils the first requirement, the second part of
the desired approach is still in progress. Recently, works combining ab-initio calculations
with Dynamical Mean Field Theory (DMFT), such as LDA-DMFT, have achieved good
performance in low dimensional devices and currently there are some implementations
available.17, 18, 110 Nonetheless, there is much work to be done on the problem of accounting
for non-local effects and, also, out-of-equilibrium regimes. From this perspective, numerical
algorithms based on the renormalization-group, which yield essentially exact solutions
of various strongly correlated systems, offer an alternative route. Here, we propose an
approach integrating density functional theory and the numerical renormalization-group
technique for predicting transport in nano-structured devices. In this chapter, we will
introduce our formulation and discuss its application to the problem of a single-electron
transistor.
5.1

The non-interacting Kohn-Sham Anderson system

The problem of transport in a nano-structured devices illustrate the challenge in
developing density functional approaches for strongly correlated systems. 22 As discussed
in section 3.3, even in the elementary problem of a SET, for which the Anderson model
allows to qualitatively describe the conductance in all thermal regimes (especially in
the limit T → 0, which is the one at the focus of DFT), the available approaches can
encounter difficulties to reproduce situations commonly explored in experiments. Consider,
for instance, the discussion on the asymmetry index in the paper "How sharply does the
Anderson model depict a single-electron transistor". 15 In that work, we have discussed
the deviation between results for the asymmetry index as a function of the gate voltage
obtained from experimental data points and the NRG calculations upon the Anderson
Hamiltonian. Importantly, our results have raised a question on the non-universality of
properties in real devices, a characteristic that is exemplified in the disagreement between
the measurements and the calculations for the asymmetry index - see Fig. 12. Recalling the
example in which a potential W is applied to the leads of the SET, we have shown that the
results for the ground-state conductance through the dot cannot be accurately reproduced
from DFT calculations in which the approximations for the exchange-correlation functional
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were calculated by two parametrizations based on Bethe Ansatz solutions of the Hubbard
and the Anderson Hamiltonians. In practice, it would be difficult to extend such approaches
to describe more general nano-structures in different transport regimes, which would be
more complex than the zero bias conductance in a SET. In principle, the most acute
limitation arises from requiring that the exact solution exists and analytical form can be
obtained to construct the parametrization. The Bethe Ansatz, for instance, is limited to
integrable model Hamiltonians and a solution yielding an analytical form is not always
available.
In the face of these limitations, we can resort to an alternative approach offering a
more flexible framework to simulate properties of quantum transistors, such as the numerical
procedures based on the Renormalization-Group diagonalization of model Hamiltonians.
Inspired by the correspondence between the fictitious Kohn-Sham system and the effective
single-particle description arising in the fixed points of the RG flow, we propose a hybrid
procedure, in which the exchange-correlation effects can be self-consistently corrected
through the RG calculation. Exploring this idea in the context of the transport in quantum
dots, the starting point of our approach is the Anderson model, which suits not only
the problem of the single-electron transistor, but can also be used to describe other
quantum dot devices. For instance, generalizations of the Anderson Hamiltonian are able
to cover nano-structures comprising sets of coupled quantum dots (double, triple, etc),
multi-band (multi-orbital) structures and also be used to study more complex regimes,
such as transport away from zero bias. Based on the numerical diagonalization of the
Anderson model for a quantum dot via the NRG method, the ingredients entering in
the hybrid self consistent calculation hereby proposed are the band structure and the
phase shifts in the fixed points of the RG flow. In the fixed points, properties can be
accurately extracted from an effective single-particle Hamiltonian, which is the bridge
we explore to interface the calculation for the correlated problem with the Kohn-Sham
system. Importantly, at the fixed points, the phase shifts define a modified band, whose
structure is determined by an effective scattering potential W ∗ , as discussed in chapter
4. Provided with a DFT module to calculate the band structure of the device, the NRG
calculation enters as an extra step of the self-consistent cycle, correcting the calculation of
properties by means of the phase shifts.
With these concepts in mind, we can describe in more detail our proposal of a
hybrid DFT-NRG self-consistent calculation, which is associated with an effective fictitious
problem that we will refer to as the Kohn-Sham Anderson (KSA) system. As mentioned
above, the procedure here proposed is more general than other density functional approaches
and can be applied to obtain realistic calculations in nano-structured devices. The hybrid
calculation assumes the existence of two modules: a DFT module from which we can
extract the electronic structure and model parameters of the device and an RG module
implementing the numerical diagonalization of the model for the device. 17, 18, 110, 111 The
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RG module, which we propose to implement the NRG procedure, could comprise other RG
techniques for strongly correlated systems, such as the Density Matrix RenormalizationGroup and its formulation in the context of Tensor Networks (TN). Adapting the RG
module to the TN formalism, such as Matrix Product States (MPS), Multi-Scale Entangled
Renormalization Ansatz (MERA), Projected Entangled-Pair State (PEPS), one would
be able to turn the procedure flexible to work with complex correlated nanostructures in
higher dimensions.6, 101, 112 To this aim, a careful investigation of the high temperature
fixed point structure.
In the present thesis, we will concentrate on the problem of a single-electron
transistor. Therefore, most of the steps described as follows will be contextualized for
the case of the single impurity Anderson Hamiltonian. We therefore, propose to map the
model HSET for an interacting quantum dot by means of a non-interacting version of the
Anderson Hamiltonian in the Kohn-Sham formulation, which we will denominate HKSA .
The interacting system has the general form
HSET = Hleads + Hdot + Hcoupling ,

(5.1)

where each one of the terms retain details of the realistic device, such as band structure,
hybridization function, levels and couplings.
In the case of a single-electron transistor, our Kohn-Sham Anderson formulation
proposal aims to map the Hamiltonian in eq. (5.1) by the following model
HKSA =

X
k

k c†k ck + Hd +

X
k

Vk∗ (c†k cd +H.c.) +

X

Wk,q c†k cq ,

(5.2)

k,q

where k and Vk are obtained from a density functional calculation accounting for the
atomistic details of the leads and the hybridization of them with the quantum dot; Hd is
the traditional Hamiltonian for the quantum dot, having the terms with the gate voltage
VG and the Coulomb repulsion U ; and Wk,q is the scattering potential accounting for the
phase shifts in the LM fixed point.
We propose to solve the model in eq. (5.2) in a hybrid self-consistent calculation
combining a DFT stage, followed by an NRG stage.
The self-consistent cycle starts with a DFT calculation to characterize the device.
Through DFT calculations, we will obtain the band structure describing the electron gases
of the metallic leads and the model parameters of the device. In a SET, this corresponds
to obtaining the dispersion relation k and the parameters D, Γ, U , and the charging
energy Ec , from which we can determine the set of gate voltages VG that allow to turn the
device “on” and “off” in the Coulomb blockade regime. While k and Vk are calculated
in a single run of a DFT calculation, the potential Wk,q is calculated self-consistently in
such a way that at each iteration a DFT calculation is followed by a NRG calculation,
both stages are integrated to achieve the correct phase shift δLM . The potentials Wk,q are
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ultimately dependent on the Kohn-Sham potentials. To carry out an NRG calculation, the
impurity Hamiltonian must be written in a renormalized form allowing for an iterative
diagonalization. To this aim, the band structure k must be logarithmically discretized,
and the Wannier orbital f0 calculated. In the context of the SET, this step corresponds
to determining the diagonal ηn and co-diagonal tn coefficients of the Hamiltonian HN
in eq. (4.68). The diagonalization is carried out until the lowest thermal scale allowed
for the band of the device is reached. Note that, in the traditional formulation of the
Anderson Hamiltonian, whose band describes a continuous of states nearby the Fermi
level, this scale corresponds to a given temperature of interest, as in eq. (4.11). Instead,
in the case discussed in section 4.2.1.1 dealing with band structures characterized by a
gap or a limited number of degrees of freedom, the maximum number of iterations of
the NRG calculation will be determined by the scale ∆ defined by the energy (or gap)
closer to the level F = 0. The results of the NRG calculation are used to obtain the phase
shift δ in the frozen level fixed point, which corresponds to the limit of the ground-state
T → 0. In the case of a SET with a band characterized by ∆, δ will be calculated by
extrapolating the NRG data to the limit T → 0 with help of the universal relation - eq.
(2.43) - for the zero bias conductance. The phase shift δ defines the scattering potential W
modifying the conductance at the local moment fixed point. With the new value of WLM ,
the exchange-correlation contributions to the leads at high temperatures are corrected, so
the DFT calculation is performed in a subsequent run to account for this correction. In
practice, repeating the DFT and NRG stages of the hybrid procedure can be interpreted
as a self-consistent correction to the exchange-correlation potential at low-temperatures
taking advantage of the fact that at high temperatures a DFT approach based on local
functionals holds. With this idea and the previous , the self-consistent calculation aims to
reach the convergence of the δ
The stages of the hybrid procedure for solving the KSA system can be itemized as
follows:

1. DFT calculation of the band structure k of the material composing the metallic leads,
the hybridization function Γ() and the scattering potential WLM in the coupled
leads entering the model for the quantum dot device;

2. Discretization of the conduction band k and Lanczos transformation to define the
Wannier orbital f0 and the coefficients tn and ηn entering the iterative form of the
Hamiltonian;

3. Diagonalization of the model Hamiltonian via NRG and calculation of the conductance at the local moment and frozen level fixed point;
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4. Extrapolation of LM and FL phase shifts δLM (T  kB T ) and δF L (T → 0) by
means of the universal mapping in eq. (2.43). From δF L , the high-temperature fixed
point δ is obtained;
5. Correction of the scattering potential WLM at the Local Moment fixed point shifted
by δLM ;
6. Repetition of all previous steps until δ converges.
Figure 33 illustrates the stages of the hybrid self-consistent cycle.
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Figure 33 – Hybrid self-consistent calculation combining DFT and NRG calculations to solve the
Kohn-Sham Anderson system. In the first steps, we perform ab initio calculations
for the band structure of materials and then use the latter as an input for numerical
renormalization-group calculations to predict properties, such as the phase shift δ in
the frozen level fixed point, which corresponds to the limit T → 0. The phase shift
δ corrects the band structure in order to account for exchange-correlation effects
arising in the strongly coupled regime. The corrected band yields the conduction
band dispersion relation, which refines the Anderson Hamiltonian. NRG and the
new phase shift is calculated. The procedure is repeated until δ converges.
Source: By the author.

The computational cost of the hybrid self-consistent calculation depends essentially
on the efficiency of the modules DFT (for the band structure) and RG (for the diagonalization of the model for the device). The NRG procedure diagonalized the Anderson
Hamiltonian in a fraction of a minute on a standard desktop computer. With respect
to the electronic calculation via a DFT package, the computational cost will depend on
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various factors, including not only the complexity of the materials composing the device,
but also, the efficiency of the package chosen, the basis set used in the calculation, the
approximation for the exchange-correlation functional, the convergence criteria, etc.
For the purposes of the present thesis, we will discuss the efficiency of the cycle in
the example of calculating the zero bias conductance in a single-electron transistor.
5.1.1 Applying the Kohn-Sham Anderson formulation for a single-electron transistor
In order to apply the hybrid KSA self-consistent procedure to the problem of a
single-electron transistor, we propose to map the conduction band into a one-dimensional
lattice described by a Hubbard-like Hamiltonian. Apart from its simplicity, this choice,
which is popular in DMRG calculations for quantum dot devices, will allow us to explore
the dependence of the conductance on the band structure of the device. This considered,
the conduction electrons in the source and drain leads will be described by two sets of L
sites connected through a special site c0 , which stands for the quantum dot. The generic
form of the model Hamiltonian is
H=−

L X
X

tj (c†j,σ cj+1,s,σ + H.c.) +

j=−L σ

N
X

Uj nj↑ nj↓ +

j=−N

L
X

Vj nj ,

(5.3)

j=−L

where c†jσ (cjσ ) are the creation (annihilation) operators that creates (destructs) and
electron with spin σ =↑, ↓ in the j-th site, njσ = c†jσ cjσ accounts for the occupation number
in the i-th site, tj (j = −L, L − 1) are the set of hopping amplitudes between first neighbor
sites, Uj (j = −L, ...L) is the on-site Coulomb repulsion and Vj (j = −L, ...L) are the
on-site external potentials.
Negative indexes i are associated with the electrons in the source S, while the
positive indexes represent conduction electrons in the drain D. In a first approximation,
we will be interested in the case of uniform conduction bands S, D, so we set tj = t for
all j 6= −1, 0, so that the hopping is uniform between neighbor sites, except the ones
coupled to c0 . Similarly to the homogeneous one-dimensional Hubbard Hamiltonian, we
can consider Uj = Ub for all j 6= 0. In the case we are interested, the external potential
in the conduction bands Vj will have the same role as the scattering potential W in the
Hamiltonian defined in eq. (2.19), so that we set Vj = W ∗ for the sites j = ±1. For the
special dot site, we associate the hopping amplitude t0 , the Coulomb repulsion U0 and the
external potential V0 to the model parameters of the Anderson Hamiltonian for a single
electron transistor: t0 with Γ, U0 with U and V0 with VG . An illustration of the model is
shown in Fig. 34.
With the previous considerations, the terms in the model of eq. (5.3) corresponding
to the conduction bands S, R are re-written as the following Hamiltonian
HS,D = −t

±2
X

(c†j,σ cj+1,s,σ + H.c.) + Ub

j=±L

±1
X
j=±L

nj↑ nj↓ + W ∗ (n−1 + n+1 ).

(5.4)
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Figure 34 – Schematic representation of the mapping the Anderson Hamiltonian into a Hubbardlike model with inhomogeneous parameters: hopping tj , on-site Coulomb repulsion Uj
and on-site external potentials Vj . The conduction band for the source S and drain D
leads is represented by two sets of L lattice sites. They are considered uniform with
parameters t and Ub , as in the homogeneous one-dimensional Hubbard Hamiltonian.
The site in the middle, labeled by the index j = 0 stems for the impurity, with
parameters U0 and V0 . The coupling to the leads is associated with the hopping
coefficients t−1 = Γ and t0 = Γ.
Source: By the author.

The bandwidth therefore will extend from approximately −2t to +2t. Explicitily,
π
2D = 4t cos
.
L+1




(5.5)

In the case we are interested in, the self-consistent diagonalization of the conduction
band Hamiltonian in eq. (5.4) is the first step of the hybrid procedure. Note that the
presence of Coulomb repulsion in the conduction bands is an important aspect to be
considered in the ab-initio treatment given by the DFT module. As Ub → 0, the electron
gases become single-particle Hamiltonians equivalent to the Kohn-Sham Hamiltonian, there
is then no need to perform a self-consistent Kohn-Sham calculation. For Ub 6= 0, the DFT
stage of the calculation will require an approximation for the exchange-correlation potential.
Here, we propose to resort to the BALDA parametrization for the exchange-correlation
potential. We will be interested in the case Ub = 0, which is the limit in which we can
compare our results for the zero bias conductance with those obtained in previous works,
such as BALDA and Bergfield’s parametrization.
At the end of the DFT stage to solve the conduction band, we obtain the dispersion
relation k and the Kohn-Sham potentials vKS (nj ). The set of energies k will enter in
traditional formulation for the Anderson impurity model in eq. (2.14). For the uniform
half-filled band of (5.4) in the absence of scattering potential W ∗ , the coupling Ub will only
shift the dispersion relation, as shown by figure 35. This can be easily understood: the
electrons are uniformly distributed along the chain, so Ub only adds a positive contribution
to the energy. The presence of coupling Ub 6= 0 in the band introduces a contribution to
vKS due to exchange-correlation, which does not vanish for Ub 6= 0. In the case of a singleelectron transistor modeled by the Hamiltonian in eq. (5.3), we define W0LM ≡ vKS (n±1 ),
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as being the scattering potential in the Wannier orbital to be added to the first step of
the Kohn-Sham Anderson cycle.
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π/4

=0
= 0.01
= 0.1
= 0.5
= 1.0

π/2

k

Figure 35 – Dispersion relation obtained in the DFT module implementing the self-consistent
Kohn-Sham calculation to solve the band Hamiltonian in eq. (5.4) for L = 1000 and
Ub /t = 0, 0.01, 0.1, 0.5 and 1.0 and no scattering potential W ∗ = 0. Note that the
Coulomb repulsion Ub only shifts the Fermi level of the dispersion relation.
Source: By the author.

The DFT stage is followed by the logarithmic discretization of the band described
by k . Note that in the case of a realistic device having a non-trivial hybridization function
Γ(), the energy dependence might be accounted for the logarithmic discretization, as
explained in section 4.2.1. In practice, this would not be necessary, however, because
the energy dependence would only introduce irrelevant operators. In the case of interest,
as Γ is constant and the number of conduction-band degrees of freedom is finite, we
follow the approach for discrete bands explained in section 4.2.1.1, in which a support
set of logarithmic points introduces the parameters κ and M . From the discretization,
we will obtain the coefficients tn and ηn and will use them in the NRG stage. In Fig. 36
we illustrate the profile of the Lanczos coefficients tn and ηn as a function of n for the
S, D bands with L = 1000 sites, Coulomb repulsion Ub /t = 0.1 and scattering potential
W ∗ /t = −0.1, Λ = 3.0, M = 8 and κ = 32. Note that the diagonal coefficients ηn vanish
because the conduction band Hamiltonian possesses particle-hole symmetry and therefore
the number of states above and below the Fermi level are the same.
The model parameters Γ, U and VG and the scattering potential W0LM are inputs
of the NRG calculation. For the band represented by the model in eq. (5.4), the NRG
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Figure 36 – Lanczos coefficients tn (cyan empty squares) and ηn (magenta crosses) calculated
for the band Hamiltonian in eq. (5.4) with L = 1000, Ub /t = 0.1 and W ∗ /t = −0.1.
The discretization parameters are Λ = 3.0, M = 8 and κ = 32. The co-diagonal
ilson calculated by Wilson’s approach for a continuum of states (limit
coefficients tW
n
L → ∞) are plotted as a dashed blue line.
Source: By the author.

iterative diagonalization will run for up to a number of N iterations, where N will be
determined by the scale ∆ in eq. (4.38).
The data for the SET conductance extracted from NRG calculations is then used
as an input for the fitting to the universal conductance - eq. (2.43). The fitting will yield
the Kondo temperature TK and the phase shift δ. In practice, to carry out the fitting, we
can use a root finder algorithm to adjust the best parameters TK and δF L . For best, we
mean that the correct values of TK and δF L fitting eq. (2.43) to the data points are those
which produce the highest correlation coefficient C. The latter measures how distant is the
fit to the original data points and is defined as
(yi − fi )2
C ≡ 1 − Pi
,
i (yi − ȳ)
2

P

(5.6)

where yi denotes the data points, whose mean value is ȳ, and fi are the data points
calculated using the fitting function. Note that yi correspond to the data points for Gd .
In our implementation of the fitting routine, we have used the Newton method,
RG
which minimizes the residue R over all nN
data points. The residue is calculated as
T
RG
nN
T

R=

X
i=1

"

1
TiNRG
NRG
Gd,i
−
+ cos 2(δ − δW ) Gfs log
2
TK


!

1
−
2

!#2

,

(5.7)
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NRG
where Gd,i
and TiNRG are data points coming from NRG calculations, Gfs is the universal
function estimated for this set of NRG, δ and TK are the parameters we want to estimate.
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Figure 37 – Comparison of the conductances Gd and G0 as a function of the temperature T
for L = 1000 and L → ∞ and few model parameters: (a) Γ = 0.1D, U = D and
VG = −0.5D, (b) Γ = 0.1D, U = D and VG = −2D, (c) Γ = D, U = 10D and
VG = −5D (d) Γ = D, U = 10D and VG = −10D. The orange solid lines represent
Gd (L → ∞) and the blue solid lines represent G0 (L → ∞). Dashed red lines represent
Gd (L = 1000) and dashed cyan lines represent G0 (L = 1000). The vertical black
lines mark the Kondo temperatures TK (L → ∞) (dashed) and TK (L = 1000) (dot
dashed). The scale ∆ is marked as a vertical full black line and indicates the minimum
thermal scale reached in NRG calculations for L = 1000.
Source: By the author.

The ratio between ∆ = min TiNRG and the Kondo temperature TK somewhat
controls the accuracy of the universal fitting. If TK  min TiNRG , the available data points
to be fitted will be mostly found in the LM fixed point, which is the regime suffering the
most with discretization artifacts. The Kondo temperature TK will be ultimately related
to the coupling J discussed in chapter 2, where we have shown the connection between
the Kondo and the Anderson model.
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From the fitting, we then calculate the phase shift δLM in LM fixed point, which is
obtained extrapolating the fitting to the limit T → ∞. We show an example of the fitting
NRG
of the NRG data points [Gd,i
, TiNRG ] to the universal curve Gs for L = 1000, Ub = 0,
W = 0, Γ = D, U = 10D and VG = −5D is shown in Fig. 38. From the fit, we obtain
the Kondo temperature TK and the extrapolated FL phase shift δF L to the temperature
T → 0. Notice that the fitted data points are the same of dashed cyan lines in panel (c) of
Fig. 37, for which the conductance at kB T = ∆ does not reach the conductance quantum.
Γ = 1.00D, U = 10.00D, VG = −5.00D
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Figure 38 – Fitting of NRG data points to the universal map in eq. (2.43) adjusting the Kondo
temperature TK and the phase shift δ. The black open squares depict the fitting
of data points GdNRG vs Gs . The fitted curve following eq. (2.43) is represented
by the dashed red line. The FL phase shift δF L = π/2 is estimate as π/2, even
though the minimum temperature reached by the NRG calculation lies orders of
magnitude above ∆. The unitary conductance at T → 0 depicts because the model
has particle-hole symmetry. The Kondo temperature is calculated as TK ≈ 10−2 D.
Source: By the author.

The FL phase shift is then used to obtain the scattering potential W ∗ to correct
the band in the next iteration of the hybrid self-consistent calculation. To this aim, we
simply correct the band by finding
W

LM,∗

= tan

−1



π
− δF L ,
2


(5.8)

or, extrapolating the curve to the limit of high temperatures, which corresponds to the
point (Gd , Gs ) = (0, 0) (bottom left corner) in Fig. 38.
The computation of W ∗ concludes an iteration of the hybrid calculation. The
next iteration starts with the correction of the band structure of the conduction band
Hamiltonian with the scattering potential W ∗ . We therefore, use the DFT module to solve
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the Hamiltonian in eq. (5.4) with the new potential W ∗ . Note that, after the very first
iteration, the new scattering potential WLM to be added to the band in the sites j = ±1
is not the same value of the potential W ∗ obtained from the NRG computation because
LM
this choice would introduce double counting. We denote WDF
T,i the scattering potential
obtained from the Kohn-Sham potential in the sites j = ±1 after the DFT stage in the
i-th iteration of the hybrid cycle and WNLM
RG,i the scattering potential obtained from the
extrapolation of the universal fitting after the NRG calculation of the conductance in
the i-th iteration of the hybrid cycle. We therefore save the Kohn-Sham potential vKS
LM
(or, WDF
T,i ) obtained in the previous iteration i − 1 and split the contributions due to
exchange and Hartree potentials and use as the input of the new DFT stage in the new
LM
LM
LM
iteration i the value WDF
T,i = WN RG,i−1 − WDF T,i−1 .
All the previously explained steps are carried out again and a new scattering
0
potential W ∗ is obtained. The full cycle (DFT band calculation, logarithmic discretization,
NRG diagonalization, universal fitting) is repeated until we reach the convergence condition
0

|W ∗ − W ∗ | ≤ w

(5.9)

where w is a small number.
We will present the results of the hybrid KSA cycle applied to the single-electron
transistor in the next chapter.
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6 RESULTS

In this chapter, we are going to present the results of the self-consistent Kohn-Sham
Anderson procedure introduced in the previous chapter in the case of a single-electron
transistor.
We will briefly discuss the relation between different coupling regimes in a single
electron transistor and the formation of the Kondo screening cloud. We review some results
of the thermal dependence of the conductance Gd in a SET obtained from a Numerical
Renormalization-Group calculation and compare the behavior of Gd in the continuum
limit of band states (traditional formulation for the conduction band of the Anderson
Hamiltonian) with the case in which the band is represented by a finite degrees of freedom.
Finally, we will compare NRG results for the ground-state conductance Gd (T → 0)
in a SET with the hybrid procedure proposed in the present thesis. Specifically, we
will analyze the accuracy of those different approaches to describe transport in different
coupling regimes. Additionally to the physical discussion, we will also comment on the
efficiency of the new method in terms of convergence rate and accuracy.
6.1

Coupling regimes and the Kondo screening cloud in a single-electron transistor

In chapter 2, we have presented a detailed analysis of the Kondo effect in a singleelectron transistor and have also introduced the concept of the Kondo screening cloud.
We have discussed that an estimate for the radius ξK of the Kondo cloud is inversely
proportional to the Kondo temperature, the latter being calculated from the coupling J
arising in the Kondo regime. In a SET, we can estimate TK as follows
TK =



e−1/ρJ

min (U, |VG |) < D

√

VG ρJe−1/ρJ

min (U, |VG |) ≥ D,

(6.1)

where ρ is the density of the conduction band (ρ = 1/2D if the system is at half-filling)
and the coupling J as
J=

2Γ
U
.
π |VG |(VG + U )|

(6.2)

The ratio U/Γ defines J, which therefore determines the coupling regimes in a
single-electron transistor and ultimately define the Kondo temperature TK and the radius
ξK of the Kondo screening cloud. In Fig. 39 we present a pictorial view of the Kondo
screening cloud in a SET for different ratios U/Γ: U ≈ Γ (weakly coupling regime), U = 10Γ
(intermediate coupling regime) and U = 100Γ (strongly correlated regime). In all regimes,
we can investigate the relation between the size of the Kondo cloud ξK and the transport
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behavior in the SET as a function of the temperature. In order to examine the connection
between coupling regimes, ξK and their influence in transport properties of a SET, we
carry out NRG calculations considering the three coupling regimes defined above. In Fig.
40 we show our NRG results for the zero bias conductance Gd as a function of the gate
voltage VG and its dependence on the temperature, in units of D/kB . The hybridization
was set as Γ = 0.01D. We associate different thermal scales with a color bar in which high
temperatures (kB T ≈ D) are plotted in yellow, orange and red tones and low temperatures
(kB T  TK ) are represented by purple and black tones. The limit T → 0 from which we
can extract the ground-state conductance Gd (T → 0) is identified inspecting black contour
lines. The temperature in the scale of the color-bar is given in units of the band width D
and the conductance Gd is given in units of G2 .

(a)

(b)

(c)

Figure 39 – Kondo screening cloud in a single-electron transistor from the weakly to the strongly
coupled regimes. The ratio U/Γ determines the Kondo temperature TK and the
−1
radius ξK ∝ TK
of the Kondo screening cloud. (a) For U ≤ Γ, the cloud is so
small that it extends over a small fraction of the source and drain leads, including
solely the f0 orbital. There is no Kondo effect. (b) As the Coulomb interaction
U grows relative to the dot-level width Γ, the Kondo cloud starts to increase and
extends over the leads to form an entangled state with the dot. For sufficiently
small temperatures, the Kondo effect arises and generates the Kondo plateau in the
plot of the conductance Gd as a function of the applied gate voltage VG . (c) In the
strong interaction regime U  10Γ, the Kondo temperature is very low TK  D,
so that the radius ξK covers the entire device and would, in principle, overpass
the boundaries of the experimental setup. Achieving such a small temperature is
experimentally unpractical.
Source: By the author.

For U ≤ Γ, panel (a) of Fig. 39, the Kondo temperature is high compared to
the scale kB /D: for such a high Kondo temperature, the Kondo screening cloud is very
small compared to the scales of the device, and as illustrated in panel (a) of Fig. 39, we
observe that the extension of the cloud is so small that it reaches a small region of the
leads of the SET. The RG flow in a SET for such a high temperature does not follow
the universal behavior, so that the connection between the LM and the FL fixed points
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is not characterized by the crossover typical of the Kondo regime. This behavior can be
observed inspecting the thermal dependence of Gd for U = Γ, shown in panel (a) of Fig.
40. Following the color scale from high (yellow) to low (black), we can observe that, at the
symmetric point, the conductance rises from zero to the conductance quantum as T drops
from D/kB to D/100kB . For kB T /D < 10−1 , the conductance keeps the same value for
all gate voltages. Note that there is no Kondo plateau in the limit T → 0 (black lines):
the conductance does not vanish at the charge degeneracy points VG = −2U and VG = U .
The mode of the operability of the device is neither in the Coulomb blockade nor in the
Kondo regime. The impurity forms an amalgam with the conduction band and the devices
behaves as a quantum wire.
Increasing the Coulomb interaction by one order of magnitude to U = 10Γ reduces
the Kondo temperature TK . As a consequence, ξK increases over the metallic electrons
of the source and the drain leads, as represented in panel (b) of Fig. 39. In this regime,
the singlet state between the lead electrons and the quantum dot forms at temperatures
T  TK . In the corresponding curve Gd vs VG in panel (b) of Fig. 40, the conductance
reaches the conductance quantum in the temperature range 10−4 < kB T /D < 10−3 . As
the temperature drops, the RG flow drives the SET from the LM to the FL fixed point.
The crossover, which progressively screens the dot moment, starts at temperatures of
order kB T /D < 10−1 . In particular, in the window of gate voltages −U < VG < 0, Gd
increases from Gd ≈ 0.1 at kB T ≈ D to Gd ≈ 1.0 at kB T /D ≈ 10−3 . The FL fixed
point corresponds to the purple temperatures, below which the Kondo plateau becomes
invariant under cooling. At high temperatures (yellow tones) the curve Gd vs VG shows
peaks characteristic of Coulomb blockade behavior, similar to that of Fig. 5. In the limit
of very small temperatures (T → 0), shown in black tones, the Kondo plateau is the
signature of the Kondo effect at temperatures kB T /D < 10−4 . Experiments can come close
to satisfying this condition.
Additional increase in U by one order, i.e., U = 100Γ, puts the device in the extreme
of strong repulsion. The Kondo temperature is very small compared to the thermal scale
D/kB . The Kondo screening cloud, illustrated in panel (c) of Fig. 39 is so large that it
covers the entire device. Experimentally, as the device were cooled, one would expect
to detect interference effects in transport measurements before the Kondo temperature
could be reached. The experimental results of Grobis et al. do show oscillations of very
small amplitude, for T ≈ TK an indication that the experiment came close to this limit,
i.e., that ~vF /kB T became comparable to the lead size. 1, 15 The distinctive feature of a
very large Coulomb repulsion is the thermal scale below which the plateau starts to form.
As shown in panel (c) of Fig. 40, the Kondo plateau emerges only at kB T /D < 10−18 .
At relevant temperatures, several orders of magnitude below the lowest temperature of
physical relevance ∆/kB , the device is in the Coulomb Blockade regime. This is, of course,
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expected, since the conductance only rises as the temperature becomes comparable to TK ,
which is extremelly small for U  Γ.
The previous analysis is instructive for understanding the effects of the coupling
regimes in the transport properties of a single-electron transistor. Importantly, the results
obtained in the intermediate coupling regime of the Anderson Hamiltonian represent the
situation of experimental interest in a physical SET. Compare, for instance, panels (b) in
Figs. 9 and 40. As we argued in this thesis, the Anderson Hamiltonian provides an accurate
platform to study a SET and serves as a starting point to understand more realistic
descriptions of the device. We have also discussed how DFT can help us to characterize
their properties, nonetheless, having difficulty in describing their properties in the strongly
correlated regime due to the challenge in accounting for non-local many-body effects. In
the context of transport in a SET, in the limit of zero bias, we have presented two examples
of situations in which the conductance in the quantum dot can be affected by the leads:
the presence of a potential W and a structured conduction band.

6.1.1 Conductance in the continuum limit of conduction states vs bands with finite
number of degrees of freedom
A change in the conduction band can be implemented by constraining the number
of degrees of freedom the metallic electrons can have. In section 4.2.1.1, we discussed that
the finite number of allowed momenta k introduces a minimum energetic scale ∆. We
can now carry out the same analysis we have made before for the traditional band of the
Anderson Hamiltonian (a continuum of states with equal a linear dispersion relation, so
that ρ = 1 with energies in the interval [−D, D], as illustrated in the inset of Fig. 22) and
compare the results for the zero bias conductance in the case of a system with finite size,
such as described in sec. 5.1.1, where we have defined the conduction band Hamiltonian in
eq. (5.4).
Figure 41 shows the curves of Gd as a function of VG from high temperatures to
T∆ considering the same coupling regimes analysed before, i.e., weak, intermediate and
strongly Coulomb interaction. The model parameters for the conduction band in eq. (5.4)
are L = 1000, Ub = 0 and W±1 = 0. The discretization parameters are Λ = 3.0, κ = 32
and M = 8, resulting in a total of 11 NRG iterations to reach kB T∆ /D ≈ 10−3 . The color
scheme for temperatures is normalized differently from the plots of Fig. 40: purple to black
tones correspond to temperatures T → T∆ . Comparing panels (a) to (c) of Figs. 40 and
41, we observe a change in the conductance as the coupling is increased. While the case
U/Γ = 1 both panels (a) agree in the limits T → 0 and T → T∆ , the same is not true
for U ≥ 10Γ. For U = 10Γ, the Kondo cloud covers the entire leads, and the dot moment
cannot be fully screened. In another words, below T∆ , the gap in energy would result in a
insulating state of the band, so the conductance would decrease until it vanishes at T → 0.
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(a)

(b)

(c)

Figure 40 – Conductance Gd in a SET as a function of the gate voltage VG and its thermal
dependence in different coupling regimes. These results where extracted from the
NRG diagonalization of the Anderson Hamiltonian using Λ = 3, EU V = 30, and
Emin < 10−2 TK for −2U < VG < U and U = Γ (a), U = 10Γ (b) and U = 100Γ (c).
The temperature mapping goes from hottest temperatures in yellow to the coldest
in purple. Performing the calculation up to N ≈ 40 iterations, which corresponds to
temperatures of order of kB T ≈ 10−10 D), the Kondo temperature is not reached in
the strongly coupling regime, so the the observation of the Kondo plateau requires
more calculations.
Source: By the author.
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For U = 100Γ, the device behaves as in the Coulomb blockade mode at T = T∆ and there
is no Kondo effect.
The results discussed above and obtained from NRG calculations are essentially
exact and therefore can serve as the “gold standard” to test other approaches based on
a different formalism, such as density functional theory. Specifically, in the problem of
transport through quantum dots, we have discussed the limitations that DFT approaches
can have and that was the motivation for the work developed in the present thesis. Here,
we have proposed a new approach combining density functional and renormalization-group
calculations - the Kohn Sham Anderson (KSA) self-consistent procedure - and explored
its application to the problem of transport in nano-structures in chapter 5. With the
previous analysis of the correlation regimes in a SET within the NRG approach, we can
now examine the accuracy of the proposed procedure.

6.2

Ground-state conductance from the Kohn-Sham Anderson hybrid procedure

In chapter 3, we have discussed the limitations of DFT for strongly correlated
systems and we have presented two density functional approximations for the exchange
correlation functional based on the exact Bethe Ansatz solution of two systems that present
strong interactions. Specifically, we presented the BALDA approximation for the Hubbard
model and the parametrization for the Anderson Hamiltonian due to Bergfield et al. We
will refer to results obtained via the parametrization obtained by Bergfield et al. by the
acronym BLBS. In the strong-repulsion regime, the exchange-correlation functional is
poorly represented by local density approximations. By contrast, for weak interactions,
neglecting Exc altogether may produce relatively small deviations. For this reason, besides
the BALDA and the BLBS, we are going to consider the Hartree-Fock approximation,
for which the correlation term in vxc vanishes. A comparison with HF will be illustrative
to analyze the role of the exchange correlation potential in each one of the correlation
regimes under our investigation.
The results we have obtained self-consistently with the BALDA, BLBS and HF
approaches were carried out in a lattice-DFT approach: the calculations consider a lattice
with 2L + 1 = 2001 sites with the corresponding parameters of the model Hamiltonian in
eq. (5.3). In practice, we have implemented the discrete version of Kohn-Sham calculation
described in section 3.1.2 and illustrated by Fig. 14. We have considered that the calculation
had converged only when the difference between densities in consecutive iterations is
|nkj − nk−1
| < 10−6 for all lattice sites j = 0, ..., 2L. To obtain the ground-state conductance
j
Gd (T → 0) as a function of the applied gate voltage VG , we solved the system in the KS
cycle for fixed U, Γ and VG and then plugged the converged density n0 = nd into the eq.
4.85.
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(a)

(b)

(c)

Figure 41 – Conductance Gd in a SET with a conduction band with finite momenta as a function
of the gate voltage VG and its thermal dependence in different coupling regimes. These
results where extracted from the NRG diagonalization of the Anderson Hamiltonian
with L = 1000, using the logarithmic discretization for finite bands with parameters
Λ = 3, κ = 32 and M = 8. The ultraviolet truncation is chosen as EU V = 30. The
ratio U/Γ goes from weakly to strong coupling regimes: U = Γ (a), U = 10Γ (b)
and U = 100Γ (c). For all coupling regimes, the minimum thermal scale is of order
of kB T = 2tL−1 ≈ 10−3 D. We have marked T  TK , T ≈ TK and T∆ next to the
color-code column.
Source: By the author.
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In the case of the calculations implementing the new hybrid method KSA, we
considered the convergence criterion as being the difference between the scattering potential
WLM associated with the local moment fixed point obtained in two consecutive hybrid
iterations. We refer to hybrid iteration k to the k-th step of the calculation in which we
run both the DFT and NRG modules, using the results for the band structure obtained
in the DFT module as input to the NRG calculations which couples the bands to a
quantum dot and calculate the conductance in the fixed points to obtain the phase
shift δ and the corresponding scattering potential W . The convergence threshold was
δ% W = |W k − W k−1 |/|W k | < 0.1%.
With the previous observations, we can now move to the results obtained with the
KSA procedure. We start examining the results for the zero bias conductance in a SET
for which the bands of the source and drain leads are uniform, free of external potentials
and comprise L = 1000 momenta states each. This is the case in which the parameters of
the conduction band in eq. (5.4) are Ub = 0 and W = 0. Again, we examine the curve Gd
vs VG considering three correlation regimes: weak, intermediate and strong. Our results
are shown in Fig. 42. The results obtained with the NRG calculations are plotted as black
dashed lines and the KSA calculations are represented in cyan by dot-dashed lines and
empty diamonds. The results for the BLBS are plotted as full red lines, the HF as blue
dashed lines and crosses, and the BALDA is represented by dot-dashed green lines and
empty circles.
As in the NRG results shown previously - see Fig. 40 - we set the hybridization
as Γ = 0.01D. Γ and the corresponding ratio U/Γ in comparison with the bandwidth D
enter as important parameters for the self-consistent calculations. For U > D, it would
be difficult to achieve convergence in the self-consistent BALDA calculations due to the
discontinuity of the exchange-correlation potential vxc [n] near half-filling. Also, the BLBS
approach has limitations, because the Bethe Ansatz solution of the Anderson Hamiltonian
assumes that all other model parameters are much smaller than the bandwidth D and is
only valid in the Kondo regime. Additionally, comparing the BALDA functional - Fig. 15 we see the discontinuity increasing rapidly for U > t or U > Γ.
In the weakly correlated regime U = Γ, panel (a) of Fig. 42, we observe good
agreement between the exact KSA results, the approximations (BALDA, BLBS and HF)
and the conductance obtained with the NRG procedure. Note that the highest deviations
occur in the charge degeneracy points VG = −2U and VG = U . The curves for the selfconsistent calculations (BALDA, BLBS and HF) match almost exactly and present almost
imperceptible deviations from NRG results. The deviations of the KSA results in the two
charge degeneracy points are higher (around 0.06%) than those observed for the DFT
approximations (less than 0.02%). The good agreement between the HF and the exact
calculations allows us to conclude that the corrections due to correlation effects can be
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disregarded in the weakly correlated regime. These results understood, we can now move
to more interesting regimes.
Correlation regimes allowing for the Kondo effect in a SET are more attractive to
examine the performance of the new hybrid procedure against DFT approaches based
on a parametrization. As mentioned, as the ratio U/Γ increases, the conductance in a
SET generates the Kondo plateau in the window of gate voltages −U < VG < 0. In panel
(b) of Fig. 42 we present the results of all approaches considered for U = 10Γ. Note
that the BALDA approximation, which previously presented good results in the weakly
correlated regime, misses completely the Kondo plateau. Specifically, at the symmetry
point VG = −U/2, instead of converging to the quantum of conductance, the conductance
obtained with the BALDA almost vanishes. Although the difference between the BLBS and
the NRG curves is almost indistinguishable for U = Γ - panel (a) of Fig. 42-, deviations
start to show for U = 10Γ when the conductance start to increase from nearly zero at
the points VG = −1.25U (or VG = 0.25U ). Note that the BALDA and the BLBS curves
follow the same trend for VG < −U and VG > 0 and both deviate around 20% from KSA
calculations. For all range of gate voltages considered −2U < VG < U , the BLBS approach
present a qualitative good agreement. The HF curve performs badly in reproducing the
Kondo plateau. The many-body interactions responsible for the manifestation of the Kondo
effect become important and dominate the ground-state of the SET, so that neglecting the
corrections due to the correlation potential, as in HF, is a poor approximation. Following
the black solid lines representing NRG exact calculations, for the whole range of gate
voltages, we observe an excellent agreement with cyan curve depicting the results for
the KSA procedure. The correction of the phase shift δLM in the high-temperature fixed
point from the extrapolation of the limit δLM = π/2 − δ(T → 0) is able to capture the
low-temperature physics of the SET.
In the extreme correlation regime, U = 100Γ, the Kondo cloud extends over the
entire device, but is insufficient to screen the dot moment at very low temperatures. In
panel (c) of Fig. 42, the flat Kondo plateau emerges in the NRG, the BLBS and the KSA
curves. The HF and the BALDA curves present enhanced deviations from the KSA results
for −U < VG < 0. HF though gives the correct result at the symmetric point VG = −U/2.
BALDA, on the contrary, misses completely the Kondo plateau and the result for the
ground-state conductance is equivalent to that of a SET at the LM fixed point (i.e., at
high temperatures). The conductance profile mimics a Coulomb blockade. Results for the
BLBS and KSA are indistinguishable from the exact calculations. In particular, the good
performance of the KSA procedure shows that the extrapolation of the universal curve
yields accurate phase shifts even when the conduction level spacing is much larger than
the Kondo energy scale.
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Figure 42 – Results for the ground-state conductance Gd (T → 0) as a function of the gate voltage
VG obtained with different approaches from the weakly to the strong correlated
regime: (a) U = Γ, (b) U = 10Γ e (c) U = 100Γ. Black dashed curves represent
the exact calculations obtained through the NRG, taking the limit Gd (T → 0) in
the low-temperature fixed point. The conductance obtained from self-consistent
calculations based on the Hartree-Fock method and the KS-DFT approach are shown
as (HF) dot dashed blue lines and crosses, (BLBS) full red lines, and (BALDA)
green dashed lines and empty circles. The curve obtained with the KSA procedure
present the best correspondence with the results in the presence of the Kondo effect.
Source: By the author.
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Figure 43 – Ground-state conductance Gd (T → 0) as a function of the gate voltage VG obtained
with the KSA procedure for a homogeneous conduction band with coupling Ub = 0.1t
and model parameters Γ = 2.0D, U = 10.0D (open blue diamonds), compared with
results for Ub = 0.0 (red solid line). Physically, the repulsion Ub penalizes double
occupancy of the orbitals and hence reduces the electronic density. In the Kohn-Sham
system, a uniform positive potential pushes the conductance levels up to reduce the
density. This uniform potential is equivalent to a (negative) shift of the Fermi level.
Shifting down the Fermi level is equivalent to displacing the conductance curve to
the right. The displacement is small because the ratio Ub /U is small.
Source: By the author.

Finally, we can investigate the results of conductance obtained with the new method
for a structured band and also the effects of applying an external potential W0 to coupled
leads (Ub =
6 0). To this aim, we will analyze the results for the model Hamiltonian in
eq. (5.4) with L = 2000, Ub = 0.1t, W0 = 0 and W0 6= 0 in the Kondo regime. The
model parameters are chosen so that the correlation regime is that in which the Kondo
plateau becomes visible: Γ = 2D and U = 10Γ. The effect of the Coulomb interaction Ub
is shown in Fig. 35. For Ub = t (dashed green lines), the Fermi level rises approximately
δF = 0.25t. The shift is due to the Hartree energy and the exchange-correlation potentials.
The displacement of the Fermi level breaks particle-hole symmetry. The conductance is
no longer an even function of VG + U/2. As discussed in chapter 2, a shift in the Fermi
level of the leads corresponds to shifting the gate voltage VG in the opposite direction.
Ub 6= 0 is therefore equivalent to a horizontal displacement of the Gd vs VG curve. The
application of a potential W to the leads introduces an additional term to the phase shifts,
so the occupation number nd in the dot and the corresponding conductance at T → 0
should be sensible to both Ub and W . Both effects are observed in our results. The case
W = 0 is shown in Fig. 43, where we compare the the curves Gd vs VG obtained with the
KSA procedure for homogeneous band with Ub = 0 (solid red lines) and for a band with
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coupling Ub = t (blue diamonds). Comparing the solid red line with the blue diamonds we
note a small horizontal displacement of Gd with respect to VG /U , which shifts to the right.
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Figure 44 – Results for the ground-state conductance Gd (T → 0) as a function of the gate voltage
VG obtained with the KSA procedure for a homogeneous conduction band with
applied potential W = −0.3D, coupling Ub = 0.1t (blue diamonds) and model
parameters Γ = 2.0D, U = 10.0D and comparison with results for Ub = 0.0 (solid
red lines). For W 6= 0, besides the displacement of Gd to the right, we also observe a
change in the profile of the conductance and also in the shape of the plateau. The
small displacement is understood because the scale in the x-axis (VG /U ) from −2 to
1 is actually much larger than the unit of t. The inset shows the case Ub = W0 = 0.
Source: By the author.

Figure 44 displays the results for zero bias conductance through a SET with a
potential W = −0.3D applied to the leads. Here, the coupling Ub = 0.1t shifts smoothly
the conductance to the right, as in the case of W0 = 0. The particle-hole asymmetry due
to W is visible in the two curves in Fig. 44. Besides the displacement of VG due to the shift
of the Fermi level for Ub 6= 0 (W = 0), the conductance is also affected by W 6= 0. The
plateau in the window −U < VG < 0 observed for W = 0 is replaced by a smooth decay
occurring from VG ≈ U , where Gd ≈ G2 , to VG ≈ −0.3, where Gd ≈ 0.6G2 for W = −0.3D.
Comparing Figs. 44 and 21, we observe that the new procedure is able to account for the
leads, whereas the BA self-consistent calculations fails in retrieving the Kondo plateau for
the same W .
Inspection of the case Ub ≥ t reveals an enhancement in the break of particle-hole
symmetry due to the exchange-correlation effects in the leads. The case Ub = t is shown
in Fig. 45, where we observe a clear change in the conductance profile as Ub goes from
0 to t. Comparing the case Ub = 0 and W0 = −0.3D (solid red line in Fig. 44) with
the case Ub = t and W0 = 0, we observe the effects of the coupling to be equivalent to
an increase in the WLM potential entering in the very first iteration of the Kohn-Sham
LM
Anderson cycle with order of approximately WDF
T,i=0 ≈ 0.3D. The exchange-correlation
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potential vKS (n±1 ) is therefore translated as a scattering potential applied to f0 in the
local moment fixed point (high temperatures). Comparing Figs. 44 and 45, we observe
the effect of coupling in the leads to be translated as an effective potential WLM which
controls the occupation number in the leads, provided that with Ub = t, one expects the
competition between the Coulomb repulsion and the phase shift due to the impurity to
break particle-hole symmetry, which indirectly renormalizes the gate voltage for which
the the occupation number of the impurity reaches its maximum value. Interpreting this
result in terms of the Kohn-Sham Anderson system, to restore particle-hole symmetry in
a quantum dot for which the leads are coupled (Ub 6= 0) one can play with an additional
potential W0 applied to the leads in such a way that it can cancel the correlation effects.
To test the idea that an effective external potential can be used to cancel the
coupling in the leads and restore particle-hole symmetry, we performed the KSA calculation
applying also an additional external potential W0 = −0.3D to the leads with coupling
Ub = t. The result is shown in Fig. 46. We can observe that particle-hole symmetry is
partially restored and the Kondo plateau depicts. A shift in the curve of conductance
to positive gate voltages. We note that the Kondo plateau is not perfectily symmetric
due to a small difference between the Kohn-Sham potential and W0 = −0.3D. In fact,
the horizontal shift of Gd reflects the difference between the value of W0 which should be
applied to each gate voltage to compensate exactly the exchange-correlation potential vKS
in the leads.
Concerning the computational cost of the new method with the convergence criteria
presented in our discussion of Fig. 42, a single run for fixed model parameters of a SET
takes between 5 and 10 minutes to complete the calculations of all stages: solution of the
conduction band, logarithmic discretization, NRG diagonalization and fit to the universal
conductance. This time is estimated based on the accuracy criteria described above used
to obtain the results presented in Fig. 42.
In summary, the previous results show that the KSA procedure is able to accurately
reproduce the zero bias conductance through a SET independently of the correlation
strength. In particular, the new hybrid procedure reliably describes accurate results for
coupling regimes in which the Kondo effect manifest in a SET, as shown in panel (b) of Fig.
42. These results open an inroad path to the description of transport in nano-structured
devices. The extension to more realistic description of the device is, however, beyond the
scope of this thesis, which has described the procedure and computed the conductance for
a generalized Hubbard model as an illustration.
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Figure 45 – Results for the ground-state conductance Gd (T → 0) as a function of the gate voltage
VG obtained with the KSA procedure for a homogeneous conduction band with
coupling Ub = 1t (blue diamonds) and model parameters Γ = 2.0D, U = 10.0D
and comparison with results for Ub = 0.0 (solid red lines). For Ub = t, the exchange
correlation potential contributing to the potential WLM is of order of 0.3D. The
coupling to the bands breaks particle-hole symmetry and results in a horizontal
displacement to the right, inverted in comparison with Fig. 44, which depicts the
case Ub  t and W = −0.3D.
Source: By the author.
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Figure 46 – Results for the ground-state conductance Gd (T → 0) as a function of the gate
voltage VG obtained with the KSA procedure for a homogeneous conduction band
with applied potential W0 = −0.3D, coupling Ub = 1t (blue diamonds) and model
parameters Γ = 2.0D, U = 10.0D and comparison with results for Ub = 0.0 (solid red
lines). For Ub = t, the exchange correlation potential contributing to the potential
WLM is of order of 0.3D. The coupling to the bands breaks particle-hole symmetry
and results in a horizontal displacement to the right, inverted in comparison with
Fig. 44, which depicts the case Ub  t and W0 = −0.3D. The inset shows the case
Ub = 0 and W0 = −0.3D.
Source: By the author.
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7 CONCLUSIONS AND FUTURE PERSPECTIVES

In the present thesis, we have studied the problem of transport in a single-electron
transistor and discussed different approaches to investigate the Kondo regime dominating
the physics of the device at low temperatures. We have introduced a new hybrid selfconsistent procedure combining ideas from Density Functional Theory and the Numerical
Renormalization-Group to calculate the zero bias conductance in quantum dot devices
in the strong correlated regime. Our study was motivated by the increasing interest in
accurately describing transport in semiconductor nano structures, whose understanding is
vital to the development of novel quantum technologies.
In chapter 1, we have discussed the challenges involved in studying the strongly
correlated regime of many-body interacting problems and discussed the current state
of the art of popular approaches such as Density Functional Theory and the numerical
implementations of Renormalization-Groups. We have contextualized the study of transport
in quantum dots among the problems that can serve as a benchmark case to test new
density functional approaches and argued on the study of the single-electron transistor as
a starting point.
In chapter 2, we have presented a brief introduction to the single-electron transistor
with focus on the manifestation of the Kondo effect at low temperatures. We have discussed
quantum tunneling in a SET in the Coulomb blockade regime and shown how this picture
differs at low temperatures, which is the limit for which the Kondo effect arises. We have
given a historical overview of the Kondo effect and shown how its manifestation in quantum
dots become an attractive problem in condensed matter physics. We have introduced the
Anderson and the Kondo Hamiltonians for impurity systems and shown how they can
be used to model a SET given the correspondence between the physics of a SET and
the problem of a magnetic impurity coupled to a conduction band. The source and the
drain leads were described as two metallic bands k,S and k,D coupled to the quantum
dot via the hybridization Γ. The quantum dot was described by its occupation number nd
controlled by the gate voltage VG . The Coulomb repulsion U in the dot penalizes double
occupation and also related with the correlation regime of the device by means of the ratio
U/Γ.
We have then shown the Anderson Hamiltonian for the SET and examined ranges
of parameters commonly studied in experiments, with focus on the so-called Kondo
temperature TK , the scale below which anomalous transport is detected in a SET. In
particular, we have discussed how the zero bias conductance in a SET calculated from the
diagonalization of the Anderson model matches experimental results. We have also shown
that the zero bias conductance in a SET maps onto a universal relation which depends
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on the Kondo temperature TK and the phase shifts δ. Importantly, we have analysed the
physics of a SET in the limits of high and low temperatures and argued on how physical
properties are sensible to phase shifts.
The third chapter was devoted to the foundations of Density Functional Theory.
Especially, we have defined the Kohn-Sham formulation for DFT, according to which the
exchange-correlation potential is regarded as the many-body correction that can be added
to the fictitious non-interacting KS system. We have argued that new approximations
for vxc as well as density functional approaches suiting strongly-correlated problems are
desired in the condensed matter community and we have given a background on current
progress in this subject.
In particular, we examined two approximations for the exchange-correlation functional based on the solution of strong correlated models: the Bethe Ansatz Local Density
Approximation (BALDA) for the Hubbard Hamiltonian and Bergfield’s parametrization
extracted from the Bethe Ansatz solution of the Anderson model. We discussed the limitations of approaches with a similar basis and their application to describe transport in
general quantum dot devices, showing examples of simple situations in which they do
not provide good results even for the elementary single-electron transistor. Based on this
discussion, we reasoned on the need to interface DFT with other many-body approaches
and argued on the exploration of numerical Renormalization-Group approach.
In chapter 4, we then introduced the concept of Renormalization-Group and
explained the NRG procedure conceived by Wilson to solve the Kondo problem. We have
reasoned on the success of the NRG ground with respect to the previous attempts, arguing
that NRG was the only method able to describe the crossover from high to low temperatures
in impurity models. We presented in detail the steps involved in the implementation of
the NRG, with special focus on the logarithmic discretization. We have described how
the logarithmic discretization is developed for general conduction bands in the limit of a
continuum of states. Additionally, we have introduced an alternative discretization scheme
adapted for conduction bands with finite degrees of freedom, characterized by a minimum
scale of energy ∆ around the Fermi level.
The end of the fourth chapter was dedicated to the NRG treatment of the Anderson
Hamiltonian and the fixed point structure of the RG flow. We have shown that the limits
of high and low temperatures are associated with the local moment and the frozen level
fixed points, respectively. Importantly, we have demonstrated that in the fixed points, the
conduction band Hamiltonian can be approximated by a single-particle system subject to
a scattering potential W , which makes the role of the scattering center for the impurity/
quantum dot. We have calculated the phase shifts in the LM and the FL fixed points and
shown that in the FL fixed point ground-state conductance can be obtained through the
occupation number in the quantum dot.
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In chapter 5 we have recapitulated our discussion of the DFT and NRG approaches
for a SET and we have emphasized the motivation to develop a hybrid procedure interfacing
a density functional calculation and the numerical renormalization-group diagonalization
to deal with more complex quantum devices. We have made explicit that the fixed point
structure of the RG flow allows to map the interacting problem into an effective noninteracting problem in the same spirit of the Kohn-Sham idea for Density Functional
Theory. We then defined the Kohn-Sham Anderson system as being the auxiliary system
to map the model for a quantum dot into a non-interacting problem with the correct phase
shifts. We then explained our idea of a self-consistent hybrid calculation to incorporate
the many-body corrections in general devices. We explored the application of this idea
in the calculation of the zero bias conductance in a SET, explaining the details of each
step involved in the cycle: from the calculation of the band structure by means of a DFT
module to the extrapolation of the phase shifts at low temperatures according to a fit to
the universal relation.
The sixth chapter was dedicated to the discussion of our results. We started
investigating the relation between the correlation regimes in a single-electron transistor
and the formation of the Kondo screening cloud. We have discussed the relation between
the ratio U/Γ with the Kondo temperature TK and with the radius ξK of the cloud. We
have then examined the profile of the zero bias conductance as a function of the gate
voltage calculated via NRG for U/Γ = 1, 10 and 100, giving an interpretation of the results
in terms of the Kondo screening cloud. We have shown exact results for the curves Gd vs
VG at different thermal scales to give a flavour of how the picture of transport changes from
high to low temperatures and indicates anomalous transport. Especially, we discussed the
manifestation of the Kondo effect in intermediate coupling regimes (U ≈ 10Γ), which is
the situation corresponding to experiments in quantum dots. For this coupling regime, the
Kondo effect manifests as a plateau in the conductance for gate voltages −U < VG < 0.
We have also extended the previous analysis to the case of a conduction band
described by a finite number of degrees of freedom. We have shown that the number of
degrees of freedom defines the minimum thermal scale reached by the NRG calculations.
We compared the NRG calculations for a continuum of states and the finite band and
discussed how the conductance is affected by the finite size of the system (finite number
of degrees of freedom), especially in the intermediate and strongly coupling regimes.
Finally, in chapter 6, we have shown our results for the ground-state conductance
in a SET obtained with the proposed KSA procedure and compared them with the exact
NRG calculation for a SET and self-consistent calculations implementing the Kohn-Sham
cycle and the HF solution. In the DFT, we compared two density functional approximations
for the exchange-correlation functional: BALDA and Bergfield’s parametrization for the
Anderson junction. Our results indicated that HF and BALDA only perform well in weakly
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coupling regimes. In general, we have shown that the results obtained with the KSA yield a
reliable framework to accurately describe nano-structured devices. Importantly, the results
presented for a single-electron transistor described by a generalized Hubbard Hamiltonian,
we have demonstrated that the procedure describes precisely the intermediate coupling
regime, which is the region experimentally accessible to probe the Kondo effect in real
quantum dots.
As a final comment, we have argued that the hybrid procedure proposed in this
thesis can be extended to more complex nano-structures and discussed how the former
implementation can be adapted to this aim. The extension will be the subject of future
works. Besides examining regimes of SETs of experimental interest, we intend to apply
the procedure for molecular junctions and other quantum dot devices. Specifically, we
intend to carry out density functional calculations to obtain the band structure of realistic
materials and test the KSA calculation for obtaining the transport properties of molecular
junctions and other quantum dot devices. This task will include the integration of a
massive DFT package for electronic structure calculations, such as VASP, with a library
implementing the NRG calculations for more complex band structures. Other route to
explore in the RG calculations is to take advantage of the formulation using Tensor
Networks as a RG solver. The study of Tensor Networks in condensed matter systems
have been feeding the community with many interesting results, including applications to
quantum chemistry. Additionally to the extension of the KSA method to other quantum
devices, we also aim to explore the structure of the RG flow for better understanding the
limitations of density functional approximations in describing thermodynamical properties.
For instance, we have reasoned on the accuracy of local and quasi-local approximations
for the exchange-correlation potential at the weakly and strongly coupled fixed points. A
question that arises concerns quantifying non-local effects and determining properties which
are highly sensible to them in the crossover to the Kondo regime. Related to this question,
contemporary approaches studying entanglement in the density functional approach have
been complementing our understanding of how properties of an interacting system can be
accurately described by the Kohn-Sham system. In essence, we expect the present thesis
to warm these previous issues and fertilize the community with new discussions.
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APPENDIX A – DENSITY FUNCTIONAL APPROXIMATIONS BEYOND THE
LOCAL DENSITY APPROXIMATION

In order to provide a flavour of the level of complexity to construct density funcional
approximations beyond the LDA, we briefly comment on the general ideas of GGA, metaGGA, hybrid functionals and the RPA.
A.1

Generalized Gradient Approximation (GGA)

In the level of sophistication just immediately above LDA, an approximation named
Gradient Expansion Approximation (GEA) was proposed in a first attempt to improve LDA
by means of a power series of gradient corrections |∇n(r)|n . 113 This approach was shown
to perform badly and, in some cases, even worse than LDA. Later, Perdew and colleagues
were able to explain the spurious results of GEA in terms of the exchange-correlation
hole: the expansion violated two important constraints of ρxc . In order to remediate the
problems in incorporating gradient corrections, the Generalized Gradient Approximation
(GGA) was proposed. In GGA, the exchange-correlation functional has the general form
Exc [n] in GGA is defined as
GGA
Exc
[n] =

Z

GGA
dr n(r)fxc
[n(r), ∇n(r)],

(A.1)

where the function f GGA is a correction over LDA satisfying two constraints for exchangecorrelation hole charges, explicitly,
nx (r, r0 ) ≤ 0

(A.2)

Z

dr0 nx (r, r0 ) = −1

(A.3)

Z

dr0 nc (r, r0 ) = 0.

(A.4)

GGA
By ensuring eqs. (A.2), Exc
[n] can be conveniently re-written as
GGA
Exc
[n]

=

Z

"
GGA
dr n(r) LDA
xc [n(r)] Fxc

#

∇n(r)
n(r), 4/3
,
n (r)

(A.5)

GGA
where Fxc
is the enhancement factor, a functional of the density and the re-scaled
LDA
gradient which weights the enhancement of LDA the exchange-correlation energy Exc
.
GGA
A list of possible choices for the enhancement factor Fxc
defines the zoo of
“surname initials" GGA functionals, famous examples being PBE, B88, LYP, BLYP. They
are divided in two categories: non-empirical and empirical. While in the first approach,
the functional form for Fxc is built from physical constraints, the second are extracted
from fittings to experimental results. It is important to mention that most of the available

148

functionals based on GGA are suitable for the class of systems for which they have been
proposed, in such a way that functionals performing well for solid state physics are not
expected to work in quantum chemistry and vice-versa. For instance, in comparison with
LDA, the standard form of the PBE approximation improved remarkably the error in
the bond dissociation energy of atoms in molecules and solids, whereas the corrections to
lattice constants are comparable. An improvement suiting solids, known as PBEsol, was
designed to give accurate lattice constants and surface energies.
A.2

Meta GGA

In the third rung of the Jacob’s ladder there is the Meta GGA approximation.
Its proposal arouse with the aim to obtain an accurate description of typical atoms,
molecules and solids in their equilibrium geometries.
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meta-GGA
Exc
[n] =

Z

meta-GGA
dr n(r) fxc
[n, ∇n, ∇2 n, τ ],

(A.6)

where
τ=

1 X
|∇ϕq |2
2 q=occ

(A.7)

is the non-interacting kinetic energy.
Similarly to GGA, meta-GGA functionals abound, all of them are constructed
using experimental molecular data.
A.3

Hybrid functionals and the Adiabatic Connection

The roots of hybrid functionals were grounded in Becke’s paper titled “A new
mixing of Hartree–Fock and local density–functional theories". 115 Becke’s idea resorted to
the concept of Adiabatic Connection (AC), a rigorous ab initio formulation for the exact
exchange-correlation functional
Exc [n] =

Z 1
0

dλ hΨλ | Û |Ψλ i − UH [n],

(A.8)

where 0 ≤ λ ≤ 1 is an adimensional parameter whose limits corresponds to fully noninteracting system λ = 0 and fully interacting system λ = 1, and |Ψλ i is the ground-state
wave function for the system with interaction weighted by λ.
Becke realised that a weighted mixture of the exact exchange with a semi-local
approximation for the full Exc could yield improvements upon GGA and meta-GGA
functionals, as in λ = 0 the Exc reduces to the Hartree-Fock exchange only, whereas
semi-local approximations (such as GGA or meta-GGA) provide a good description in
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λ = 1. An interpolation formula was therefore proposed and, currently, it is referred in the
following general form
hyb
Exc
[n] = αExexact [n] + (1 − α)Ex [n] + Ec [n],

(A.9)

where Ex and Ec are some semi-local approximation for the functionals of the exchange
and correlation energies, respectively; Exexact is the exact exchange energy calculated as
in eq. (3.29), and 0 ≤ α ≤ 1 is a mixing parameter, generally obtained by fitting onto
empyrical data.
In the same fashion of the GGA and meta-GGA families, hybrid functionals are
commonly referred by the author’s surname initial and a number.113, 116 Examples include
B3LYP, PBE0, HSE, and the meta-GGA subfamily M06. 114 By including an almost exact
expression for the exchange contribution to the total Exc , results of DFT calculations with
hybrid functionals have proven accurate to predict the change of Gibb’s free energy in
a system, to optimize geometry and, specially, to compute properties depending on the
energy spectrum of the material, such as the gap in semiconductors.
A.4

Random Phase Approximation (RPA)

Finally, the highest rung of the Jacob’s ladder stems from a fully nonlocal approach
known as Random Phase Approximation (RPA). 117 Besides the common ingredients used
in the previous levels, RPA involves occupied and virtual Kohn–Sham orbitals. Shortly,
RPA uses the exact expression for Exc [n] in terms of the exchange-correlation hole definition (3.30) - and recall to the adiabatic connection formalism to re-express it in terms
of the linear density-response function χλ (r, r0 , ω), where ω is the frequency. To derive the
RPA
general expression for Exc
, we start from the AC formulation for Exc , which reads
AC
Exc

Z
Z
nλ (r, r0 )
e2 Z 1
dλ dr n(r) dr0 xc
,
=
2 0
|r − r0 |

(A.10)

where
nλxc (r, r0 ) =

hΨλ | δn̂(r) δn̂(r0 ) |Ψλ i
− δ(r − r0 ),
n(r)

(A.11)

where δn̂(r) ≡ n̂(r) − n(r) measures the fluctuation of the density operator with its
expected value at r.
Using the Fluctuation Dissipation Theorem (citar Nozieres) at T = 0, the first
term on the right-hand side of eq. (A.11) can be expressed as follows
1Z∞
hΨλ | δn̂(r) δn̂(r ) |Ψλ i = −
dω Im[χλ (r, r0 , ω)].
π 0
0

(A.12)

The RPA is employed as an approximation for χλ (r, r0 , ω) and a subsequent expansion of |Ψλ i followed by the integration of λ yields an expression for orders of corrections
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of energy in terms of the occupied and unoccupied orbitals. For a deep introduction to the
RPA we refer to Ren et al. 117
Such a sophisticated level of approximation implies in increasing of the computational cost to perform calculations, a known fatal consequence of climbing the Jacob’s
ladder for DFT. In fact, many theoretical efforts have been recently combined in order to
improve approximations for functionals in a non-empirical approach and, at the same time,
to create feasible methodologies to be implemented in efficient computational plataforms.
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APPENDIX B – THE NUMERICAL RENORMALIZATION-GROUP
IMPLEMENTATION

B.1

Sectors (Q, S), primitive and truncated basis

The Hamiltonian HN in eq. (4.66) conserves two important quantum numbers: the
charge S and the total spin S. The preservation of these two symmetries can be easily
verified calculating the commutators of the corresponding operators Q̂ and Ŝ, which are
defined as
Q̂ = (c†d cd − 1/2) +

N
X

(fn† fn − 1/2),

(B.1)

n=0

and
N
X
†
~S = 1 c†dµ~σµν cdν +
~σ µν fnν ,
fnµ
2
n=0

!

(B.2)

where ~σ = σ x x̂ + σ y ŷ + σ z ẑ are the Pauli matrices.
It follows that
[HN , Q̂] = 0

(B.3)

[HN , Ŝ] = 0.

(B.4)

Note that in the N -th iteration the Hamiltonian described a one-dimensional chain
with N + 2 sites. From the definition in eq. (B.1), the maximum and minimum values of
charge are therefore +(N/2 + 1) and −(N/2 + 1), respectively.
The conservation of quantum numbers allows to use a convenient basis to carry out
the diagonalization of the Hamiltonian. As mentioned in section 4.1, in the iterative solution
of the Anderson Hamiltonian on the basis {cd , fn }, the conservation of Q, S and Sz allows us
to combine the operators cd and fn (n = 0, ..., N ) to form a new quantum basis {|Q, S, Sz i}
of states with definite Q, S, Sz. The combination forms subspaces (Q, S), which we denote
by sectors. The advantage of this choice is that the Hamiltonian operator projected into the
basis {|Q, S, Sz i} is block diagonal, each block having a reduced dimension in comparison
with the dimension of the full matrix Hamiltonian HN .
To give an example, consider that we are going to project the operator H0 into
the basis {cd , f0 }, which comprises 16 possible states, as each site can be empty, singly
occupied with spin up or down, or double occupied. The matrix Hamiltonian will then
have dimension 16 × 16 and a general eigenstate will have the form
|ΨiN =0 =

X
σd ,σ0 =_,↓,↑,↑↓

ψσd ,σ0 |σd , σ0 i .

(B.5)
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The combinations of the states |σd , σ0 i with definite charge and spin are:

† †
|Q = 2, S = 0, Sz = 0, 1i = c†d↑ c†d↓ f0↑
f0↓ |0i

(B.6)

†
|Q = 1, S = 1/2, Sz = +1/2, 1i = c†d↑ c†d↓ f0↑
|0i
† †
|Q = 1, S = 1/2, Sz = +1/2, 2i = c†d↑ f0↑
f0↓ |0i

(B.7)

†
|Q = 1, S = 1/2, Sz = −1/2, 1i = c†d↑ c†d↓ f0↓
|0i
† †
|Q = 1, S = 1/2, Sz = −1/2, 2i = c†d↓ f0↑
f0↓ |0i
† †
|Q = 0, S = 1, Sz = 1, 1i = (c†d↑ c†d↓ + f0↓
f0↑ ) |0i

(B.8)
(B.9)

|Q = 0, S = 0, Sz = 0, 1i = c†d↑ c†d↓ |0i
† †
|Q = 0, S = 0, Sz = 0, 2i = (c†d↑ c†d↓ − f0↓
f0↑ ) |0i
† †
|Q = 0, S = 0, Sz = 0, 3i = f0↓
f0↑ |0i

(B.10)

|Q = −1, S = 1/2, Sz = +1/2, 1i = c†d↑ |0i
†
|0i
|Q = −1, S = 1/2, Sz = +1/2, 2i = f0↑

(B.11)

|Q = −1, S = 1/2, Sz = −1/2, 1i = c†d↓ |0i
†
|0i
|Q = −1, S = 1/2, Sz = −1/2, 2i = f0↓

|Q = −2, S = 0, Sz = 0, 1i = |0i .

(B.12)
(B.13)

The projection of H0 into the basis {Q = 2, S = 0, Sz = 0, p} will result in a matrix
1 × 1, into the basis {Q = 2, S = 1/2, Sz = +1/2, p}, a matrix 2 × 2, and so on. The largest
block diagonal is found in the sector (Q = 0, S = 0) with dimension 3.
If there is no magnetic field applied into the Hamiltonian, the z components of the
spin are degenerate, so there is no difference in energy between the states |Q, S, Sz i and
|Q, S, −Sz i. With this, it is convenient to store only the components |Q, S, Sz = +Si to
carry out the projection and the following diagonalization.
With the previous overview, we can now show how to implement the iterative
diagonalization of HN in an NRG code. We start in the iteration N = −1, comprising only
the impurity site. Among the four configurations |σd i = | i , |↑i , |↓i , |↑↓i, we find three
combinations of states |Q, S, Sz = Si with definite Q and S. They are illustrated in Fig.
47.
For a single site in N = −1, the Hamiltonian reduces to Hd and we are able to
solve exactly the problem by constructing the block of matrix Hamiltonian inside each of
the active sectors (Q = −1, S = 0), (Q = 0, S = 1/2) and (Q = 1, S = 0) and diagonalizing
it to obtain the eigenvalues and eigenvectors. It is simple to show that the basis match the
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Q
1
0
−1

|0i = |Q = −1, S = 0, Sz = 0, 1i

1

c†d↑ |0i = |Q = 0, S = 1/2, Sz = 1/2, 1i

1

c†d↑ c†d↓ |0i = |Q = +1, S = 0, Sz = 0, 1i

1
0

1
2

S

Figure 47 – Sectors of charge and spin active in the iteration N = −1 (cyan squares) and
their corresponding number of states (white numbers). This iteration comprises a
chain with a single site representing the impurity level cd , whose possible states are
despicted on the right.
Source: By the author.

eigenstates with eigenenergies
HN |Q = +1, S = 0, Sz = 0, 1i = (2d + U ) |Q = +1, S = 0, Sz = 0, 1i
HN |Q = 0, S = 1/2, Sz = 1/2, 1i = d |Q = 0, S = 1/2, Sz = 1/2, 1i
HN |Q = −1, S = 0, Sz = 0, 1i = 0 |Q = −1, S = 0, Sz = 0, 1i .

(B.14)

As the basis set in the sectors (Q, S) of the N -th iteration do not connect to each
other, we can store them separately in a numerical data structure. In practice, this means
keeping a bidimensional data structure of dimension 2Qmax + 1 × Smax + 1 to save the
information for all sectors (Q, S). Here Qmax and Smax are chosen in the begin of the
calculation. For instance, we can consider Qmax = 10 and Smax = 10. In a pictorial view,
the active sectors in a given interaction will be populated with data, whereas the non-active
ones will be empty, as illustrated on the left of Fig. 47. The same idea will be used to the
next iterations, as we will explain.
Backing to our example with the diagonalization in N = −1, we proceed to the
iteration N = 0 by adding the site representing the Wannier state f0 to the chain and
finding the combinations with definite charge and spin. We have already presented them in
eq. (B.6). Note that the new combinations in N = 0 for each sector (Q, S) were generated
from the combinations of the states of N = −1 coming from neighbor sectors, i.e., (Q, S)
received states of cd from the sectors (Q ± 1, S) and (Q, S ± 1/2) from the iteration
N = −1. For example, the states with Q = 1, S = 1/2 in N = 0 were generated from
the states |Q = +1, S = 0, Sz = 0i and |Q = 0, S = 1/2, Sz = 1/2i in N = −1; the basis
with Q = 0 and S = 0 in N = 0 were generated from the states |Q = −1, S = 0, Sz = 0i,
|Q = +1, S = 0, Sz = 0i and |Q = +1, S = 0, Sz = 0i in N = −1, and so on.
In order to show how to obtain the basis set for all next iterations, we define a a
systematic strategy to automatically recognise the sectors in N contributing to the basis
in N + 1 as well as calculate the coefficients of the combinations.
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Based on the concept of heritage of states from one iteration to the next, we denote
by "child" the basis of the current iteration that will be generated from the basis of the
previous iteration. The latter is called "parent". Since parents and children sectors are
neighbors in the board of sectors in the directions north, south, east, west, we can use
a geographical notation to define the rules of heritage to build the child basis from the
parent basis.
We introduce a set of operators Og , with g = N , E, S, W denoting the directions
to which states are being inherited, so that each state of sector (Q, S) can be generated
from adding a spin to the states of sectors (Q ± 1, S ± 1/2). They are defined as follows
|Qc = Q + 1, Sc = S, Szc , pN i = ON |Q, S, Sz , pN iN −1
|Qc = Q, Sc = S + 1/2, Szc , pE i = OE |Q, S, Sz , pE iN −1
|Qc = Q + 1, Sc = S, Szc , pS i = OS |Q, S, Sz , pS iN −1
|Qc = Q, Sc = S − 1/2, Szc , pW i = OW |Q, S, Sz , pW iN −1 ,

(B.15)

where the indexes pg varies according to the number of states inherited in the direction g
and the operators are defined as
ON |Qc , Sc , Szc , pN iN −1 = fN† ↑ fN† ↓ |Qc , S, Sz , pN iN −1 ,



OE |Qc , Sc , Szc , pE iN −1

1
2
1
2

Sc
=
Szc

(B.16)



S − 21  †
1
1
fN ↑ |Qc , Sc − , Szc − , pE i
1
2
2
N −1
Szc − 2




1
Sc
Sc − 12  †
1
1
2

|Q
,
S
−
+
f
,
S
+
, pE i
,
c
c
zc
N
↓
2
2
N −1
Szc − 21 Szc + 12

(B.17)

OS |Qc , Sc , Szc , pS iN −1 = |Qc , S, Sz , pS iN −1 ,



OW |Qc , Sc , Szc , pN iN −1

Sc
=
Szc

1
2
1
2

(B.18)



Sc + 12  †
1
1
f
|Q
,
S
−
,
S
−
, pN i
c
c
zc
N
↑
2
2
N −1
Szc − 21




1
Sc
Sc + 12  †
1
1
2
fN ↓ |Qc , Sc − , Szc + , pN i
. (B.19)
+
1
1
2
2
N −1
Szc − 2 Szc + 2

The terms in parenthesis in eqs. (B.17) and (B.19) are Clebsch-Gordan coefficients,
whose general form considers the addition of two spins |S1 , Sz1 i and |S2 , Sz2 i yielding a
final state with spin S and Sz . Explicitly,




S S1 S2 

.
Sz Sz1 Sz2

(B.20)
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Note that as each child sector inherits states of up to 4 parent sectors (in the
directions g = N , E, S, W ), the total number of states of (Q, S) in N will be
P (Q, S)N = R(Q + 1, S)N −1 + R(Q, S − 1/2)N −1 + R(Q, S + 1/2)N −1 + R(Q − 1, S)N −1 ,
(B.21)
where R(Q, S) denotes the number of states of the sector (Q, S) after truncation.
At this point, we should mention the terminology used in the NRG diagonalization.
We denote primitive the basis of states |ψp i = |Q, S, Sz , pi upon which the Hamiltonian
operator is projected and diagonalized. The basis of eigenstates |Ψr i after diagonalization
and truncation is referred to truncated basis.
In Fig. 48 we how the heritage of states implements the transference of states from
the truncated basis to the primitive basis.
a)

b)

q − 1, s

Q − 1, S
S

q, s −

1
2

Q, S

q, s +

1
2

Q, S −

1
2

E

q, s

W

Q, S +

1
2

N

o
q + 1, s

Q + 1, S

Figure 48 – Construction of the primitive basis of sector (Q, S) of the N -th iteration from the
states of the iteration N − 1. Parent and child sectors are coloured in magenta and
cyan, respectively. Let {|Q, S, Sz , li} be the basis of eigenstates of the sector (Q, S)
obtained in iteration N − 1. The projection of operators Og (g = S, W, E,N ) onto
these states generates the child states in the sectors (q − 1, s), (q, s + 1/2), (q + 1, s) e
(q, s − 1/2) in the N -th iteration. The gender g labelling the operators Og correspond
to the geographical localization of the neighboor sectors (child sectors): north (N ),
east (E), south (S) and west (W). b) The primitive basis of a child sector (q, s) in
the N -th iteraction is implemented through the heritage of states from parent sectors
obtained in N − 1. The sector q, s receives states from sectors (Q − 1, S) via the
operatores OS , (Q, S + 1/2) via OW , (Q + 1, S) via ON and (Q, S − 1/2) via OW .
Source: By the author.

B.2

Calculating the matrix elements of the Hamiltonian HN

We have briefly commented about the primitive and truncated basis on section
4.2.3 of chapter 4. We also mentioned that the eigenenergies r and the matrix elements
hΨr | HN |Ψ0r i ingredients needed to calculate the matrix Hamiltonian. To clarify this
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statement, let’s consider the calculation of the matrix elements in the diagonal, i.e,
hψp | HN |ψp i = hQ, S, Sz , p| HN |Q, S, Sz , pi .

(B.22)

Using the definition for the RG transformation in eq. (4.69) and recognising that
the addition of the states of fn cancel in bra’s and ket’s, we find that
√
Λ
r(g) ,
(B.23)
hQ, S, Sz , p| HN |Q, S, Sz , pi =
DN
where r(g) is the energy of the r-th state inherited from a parent sector (Qg , Sg ) from the
direction g.
Note that the index r(g) is defined from a hash table for the heritage of the p-th
state in (Q, S) and its parents in all directions. An easy way to implement the hash
consist in defining an heritage order. For instance, we can define the order as S, E, W
and N , in such a way that the first indexes p will match the r(S) and range from 0 to
R(Q + 1, S), the next will match r(E) and will run from R(Q + 1, S) to R(Q + 1, S) +
R(Q, S − 1/2), the next match r(W) and will run from R(Q + 1, S) + R(Q, S − 1/2) to
R(Q + 1, S) + R(Q, S − 1/2) + R(Q, S + 1/2) and finally the next match r(N ) and will
run from R(Q + 1, S) + R(Q, S − 1/2) + R(Q, S + 1/2) to R(Q + 1, S) + R(Q, S − 1/2) +
R(Q, S + 1/2) + R(Q − 1, S).
To compute the non-diagonal elements, we calculate
g0

hψp0 | HN |ψp ig =

tN −1 X
αg0 ,g (S, Sz , µ) hQ, S, Sz , r| fN† −1µ |Q0 , S 0 , Sz0 , r0 iN −1
(
DN
µ
X
αg,g0 (S, Sz , µ) hQ0 , S 0 , Sz0 , r0 | fN −1µ |Q, S, Sz , riN −1 ) ,
+
µ

(B.24)
where µ =↑, ↓, |Q, S, Sz , riN −1 is the parent state of
and the coefficients
αg,g0 are calculated according to the definitions (B.16) to (B.19) and are related to the
Clebsch-Gordan coefficients. Note that we defined |Ψr i (Q, S) ≡ |Q, S, Sz , ri.
|q, s, sz , pigN ,

We see from eq. (B.24) that the calculation of the off-diagonal matrix elements involves the computation of matrix elements of the form hQ0 , S 0 , Sz0 , r0 | fN −1µ |Q, S, Sz , riN −1 .
To save memory, we can also rely on the independence of the Sz components to store
only reduced matrix elements of form hQ0 , S 0 , r0 ||fN† ||Q, S, ri, which are denoted invariants.
They are related with the matrix elements hQ0 , S 0 , Sz0 , r0 | fN −1µ |Q, S, Sz , riN −1 through the
Wigner-Eckart Theorem, which allows us to write


hQ + 1, S 0 , sz + µ| fN† µ |Q, S, Sz i = hQ + 1, S 0 ||fN† µ ||Q, Si 

0

1
2



S
S 
.
Sz + µ µ Sz

(B.25)

Similarly to the calculation of the primitive basis, recovering the remaining Sz
components from the invariants is more efficient than storing the full matrix elements
hQ0 , S 0 , Sz0 , r0 | fN† −1µ |Q, S, Sz , riN −1 .
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Plugging eq. (B.25) into (B.24), we arrive to table 1 for the non vanishing offdiagonal matrix elements of HN .
Table 1 – Off-diagonal matrix elements of HN . The factors appearing in front of the invariants
correspond to the Clebsch-Gordan coefficients αg,g0 . Unlisted combinations of genders
g and g 0 vanish.

g

g0

g0

s

E

N

2S
hQ, S − 12 , r0 ||fN† −1 ||Q − 1, S, riN −1
2S + 1

s

W

N

−
s

hψp0 | HN |ψp igN

2S + 2
hQ, S − 21 , r0 ||fN† −1 ||Q − 1, S, riN −1
2S + 1

2S
hQ − 1, S, r0 ||fN† −1 ||Q, S − 12 , riN −1
2S + 1

N

E

S

E

hQ + 1, S, r0 ||fN† −1 ||Q, S − 21 , riN −1

E

S

hQ, S − 21 , r0 ||fN† −1 ||Q + 1, S, riN −1

W

S

hQ, S + 12 , r0 ||fN† −1 ||Q + 1, S, riN −1
s

N

W

S

W

−

2s + 2
hQ − 1, S, r0 ||fN† −1 ||Q, S + 21 , riN −1
2s + 1
hQ + 1, S, r0 ||fN† −1 ||Q, S + 21 , riN −1

Source: By the author.

B.3

Calculation of invariants

In order to calculate the invariants, we note that the action of the creation operator
into a eigenstate |Q, S, Sz , ri of HN changes its charge by 1 and its spin by 1/2. It follows
that the non-vanishing matrix elements hQ0 , S 0 , Sz0 , r0 | fN† µ |Q, S, Sz , ri are
hQ ± 1, S, Sz , r0 | fN† µ |Q, S, Sz , ri

(B.26)

1
hQ, S ± , Sz + µ, r0 | fN† µ |Q, S, Sz , ri ,
2

(B.27)

and

where µ =↑, ↓.
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Inspecting the genders g and g 0 that correspond to the matrix elements of eqs.
(B.26) and (B.27), we conclude that the only possible combinations producing non-zero
invariants are N W, N E, SW and SE .
The eigenstates |Q, S, Sz , riN can be written as combinations of the primitive basis,
i.e,
|Q, S, Sz , riN =

X

Ur,p |Q, S, Sz , piN ,

(B.28)

p

where Ur,p are the unitary matrix that diagonalize HN projected onto the basis |Q, S, Sz , piN .
With the relation (B.28), we can write eq. (B.25) as
X †
1
1
hQ ± 1, S ± , r0 ||fN† ||Q, S, riN =
Ur0 ,p0 (Q ± 1, S ± )Mg,g0 Ur,p (Q, S),
2
2
p,p0

(B.29)

where the coefficients Mg,g0 are calculated as
s

MN ,W =

2S + 1
2S + 2

MS,E =1

(B.31)
s

MN ,W = −

MS,W =1.

(B.30)

2S + 1
2S

(B.32)

(B.33)

With these definitions we are able to develop the iterative NRG code as follows:
in the start of the iteration N , applying equations (B.16) (B.19) to the primitive basis
of N − 1 yields a new set of states in their respective sectors (Q, S). The block matrix
Hamiltonian HN is constructed inside each active sector (Q, S) and we diagonalize it to
find the set of eigenvalues and eigenvectors. From the latter, we truncate the basis set
according to EU V and use the remaining eigenstates to compute physical properties and to
construct the basis set of the following iteration. The process is repeated until the iteration
Nmax obeying equation (4.11).
B.4

Calculation of properties

As the diagonalization evolves iteratively, alongside with the calculation of the eigenN
values N
and invariant matrix elements hQ ± 1, S ± 12 , r0 ||fN† ||Q, S, riN ,
r , eigenstates |Ψr i
the NRG computation involves the calculation of thermodynamical properties. An example
is the zero-bias conductance explored in section 2.3.1 chapter 4.
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In order to exemplify how to obtain numerical results for Gd as a function of the
temperature T , we recall to eqs. (2.33) and (2.37). Manipulating these equations allow us
to obtain the following expression for Gd as a function of T
βπΓ X | hΨr | c†d |Ψr0 i |2
GSET (T |β∈{βN } ) = G2
,
Z r,r0 eβEr0 + eβEr

(B.34)

where |Ψr i and Ψr0 are eigenstates of HN , {βN } defines a set of thermal energies accessed
in the N -th iteration and β = 1/kB T .
To carry out the computation we need to obtain the matrix elements of the operator
cd . We have shown previously how to obtain the invariants associated with the operator
fN , which are stored in memory and used when requested. Now, we will show that the
matrix elements of all the operators fn (n = 0, ..., N − 1) and of the operator cd can be
calculated recursively using the RG transformation in (4.69).
We start calculating the commutator of HN with fn , which relates fn , fn+1 and
fn−1 . Explicitly
h

HN , fn†

i

h
i h
i
1 X
tl fl† fl+1 , fn† + fl† fl , fn†
=
DN l
tn−1 †
tn †
=
fn−1 +
f .
DN
DN n+1




(B.35)

In particular, for n = N , we have
h

i

HN , fN† =

tN −1 †
.
f
DN N −1

(B.36)

If we calculate the invariant matrix elements of the commutator, we have
h

i

hQ, S, Sz , r|| HN , fN† ||Q0 , S 0 , Sz0 , r0 i =

tN −1
hQ, S, Sz , r||fN† −1 ||Q0 , S 0 , Sz0 , r0 i
DN

= hQ, S, Sz , r||HN fN† ||Q0 , S 0 , Sz0 , r0 i
− hQ, S, Sz , r||fN† HN ||Q0 , S 0 , Sz0 , r0 i
= (r − r0 ) hQ, S, Sz , r||fN† ||Q0 , S 0 , Sz0 , r0 i ,

(B.37)

i.e.,
hQ, S, Sz , r||fN† −1 ||Q0 , S 0 , Sz0 , r0 i =

∆r,r0 DN
,
tN −1

(B.38)

where ∆r,r0 ≡ (r − r0 ).
Extending the previous calculations to the remaining fn ’s and cd , we find
tn+1
†
hQ, S, Sz , r||fn+2
||Q0 , S 0 , Sz0 , r0 i
tn
DN
†
∆r,r0 hQ, S, Sz , r||fn+1
||Q0 , S 0 , Sz0 , r0 i
+
tn

hQ, S, Sz , r||fn† ||Q0 , S 0 , Sz0 , r0 i = −

(B.39)
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and
t0
†
hQ, S, Sz , r||c†d ||Q0 , S 0 , Sz0 , r0 i = − √
hQ, S, Sz , r||fn+2
||Q0 , S 0 , Sz0 , r0 i
2V
DN
†
+ √ ∆r,r0 hQ, S, Sz , r||fn+1
||Q0 , S 0 , Sz0 , r0 i .
2V

(B.40)

Note that in the previous passages, we considered ηn = 0 for all n = 0, ..., N and
W = 0. The inclusion of these and additional terms in HN only change the first relation
obtained in (B.35).
In practice, the calculation of the conductance in Gd in eq. (B.34) for a thermal
scale βN is carried out after the calculation of the invariants, from which we retrieve the
matrix elements of cd according to eq. (B.40).
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APPENDIX C – ANALYTICAL STEPS WITHIN THE NUMERICAL
RENORMALIZATION GROUP

This appendix presents a few more steps involved in the analytical formulation of
the Renormalization-Group procedure.
C.1

Lanczos coefficients in Wilson’s formulation

In his Numerical Renormalization-Group formulation, which is widely used in most
computations of impurity models, Wilson provided a simple formula for the co-diagonal
coefficients obtained after the the Lanczos transformation. 16 They are calculated as follows
tn = DΛ−n/2 √

1 − Λ−(n+1)
1 + Λ−1
√
.
1 − Λ−(2n+3) 1 − Λ−(2n+1) log Λ

(C.1)

The diagonal coefficients ηn did not enter in his calculation because they vanished.
As we explained in chapter 4, the diagonal coefficients will be different from zero only
when the conduction band is asymmetric with respect to the Fermi level, which is set as
F = 0.
The possibility to derive an analytical expression for the Lanczos coefficients, such
as that in eq. (C.1), depends on some assumptions on the characteristics of the conduction
band. In his approach, Wilson considered a half-filled band defined in the interval [−D, D]
with a flat density of states ρ() = q1. The hybridization function was also considered
constant, i.e., Γ() = Γ, so that V = 2Γ/ρπ is also constant. From the recursion formula
connecting the coefficients tn , ηn , un,m and vn,m , he was able to find an analytical generation
functional and solve it. Details of his calculation can be found in Appendix VII in Wilson
et al. 16
To exemplify how the recursion relation can be derived, below, we will review few
steps of the Lanczos transformation.
C.2

Numerical Renormalization-Group approach for impurity models

Most models describing the interaction of magnetic impurities coupled to a free
metallic band can be modelled through the Anderson Hamiltonian, which have the general
form

HA =

X
k

k c†k ck +

X
j

d,j nj +

X
j

Uj nd,j,↑ nd,j,↓ +

X

Vk,j (c†k cd,j + H.c.),

(C.2)

k,j

where c†k (ck ) are the operators that creates (destroy) one electron in the energy level k
of the conduction band with momentum k, c†d,j (cd,j ) creates (annihilates) one electron in
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the j-th localized orbital d,j of the impurity, nd,j ≡ c†d,j cd,j are the number operators, Uj
is the Coulomb repulsion of the j-th level and Vk,j is the hybridization between the j-th
level and the conduction band.
The conduction band extends to the domain [−D− , D+ ], having a band width
D+ + D− , and has the dispersion relation k and density of states
ρ() =

X

δ( − k ),

(C.3)

k

which in most approaches is considered to be constant ρ =
dimensional free electron systems D− = D+ .

1
2D

for symmetric one-

The recipe to employ a Numerical Renormalization-Group scheme to solve the
Hamiltonian described by eq. (C.2) starts with the logarithmic discretization of the
conduction band. This task must be carried out in such a way that the interaction of
the impurity with the conduction band is preserved. In practice, we want to bring the
Hamiltonian of eq. (C.2) into the discrete iterative form

H=

X

†
(tn fn+1
fn + H.c.) + ηn fn† fn + Ṽ (f0† cd + H.c.) + d nd + U nd,↑ nd,↓ ,

(C.4)

n

where, for simplicity, we assume that j = 1 and k = kx̂.
Mapping each term, we would like to construct a basis transformation for that
Hcb =

X

k c†k ck →

†
(tn fn+1
fn + H.c.) + ηn fn† fn ,

X

(C.5)

n

k

and
Hhyb =

X

Vk,j (c†k cd,j + H.c.) → Ṽ (f0† cd + H.c.),

(C.6)

k,j

the operator f0 being defined as
f0 ≡ N

X

Vk ck ,

(C.7)

k

N is a normalization constant.
In the following, we are going to summarize the steps of the procedure.
C.2.1 Continuous base
It is convenient to define a continuous base connecting the momenta k with the
energies . We define

c = N

X
k

δ( − k )ck

(C.8)
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, where the normalization factor N can be calculated from the traditional commutation
relation

{c† c0 } = δ( − 0 )
= N N0

XX

δ( − k ) δ(0 − k0 ) {c†k , ck0 }

k0

k

= N N0

XX

= N N0

X

δ( − k ) δ(0 − k0 )δk,k0

k0

k

δ( − 0 ) δ( − k )

k

= N N0 δ( − 0 )

X

δ( − k )

k

= N N0 δ( − 0 ) ρ().

(C.9)

Therefore,
N = q

1

(C.10)

.

ρ()

By inverting eq. (C.8), we find
Z +D+
−D−

q

d ρ() c =
=
ck =

Z +D+
−D−

Z +D+
−D−
Z +D+
−D−

d

X

δ( − k ) ck

k

dρ() ck
q

d ρ() c .

(C.11)

For a flat band, as in Wilson’s approach N = (ρ)−1/2 , and we do not need to carry
the dependence on  on the density of states. For a constant couplings Vj , the calculations
involving the coupling term of the Hamiltonian are also simplified.
For instance, we can re-write the Hamiltonian of eq. (C.2) by identifying
Hcb =

Hhyb =

X
j

C.2.2

Vj

Z +D+
−D−

Z +D+
−D−

d  c† c ,

d (c† cd,j + H.c.).

(C.12)

(C.13)

Logarithmic discretization

We divide the interval [−D− , D+ ] into subintervals Im according to a parameter
Λ > 1 and a parameter 0 < z ≤ 1, so that
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+
+
Im
= [ε+
m , εm−1 ]
−
−
Im
= [ε−
m−1 , εm ] (m = 0, 1, 2, 3, ...),

(C.14)

where

ε±
m =



±D± ,

m=0


±D± Λ−m−z ,

.

(C.15)

otherwise

Each interval has width
−m−z
d±
(1 − Λ−1 ).
m = D± Λ

(C.16)

In the limit Λ → 1, the discretization scheme is linear, so that each interval Im has
the same width. If the intervals are made as little as possible, we recover the continuous
limit.
In Wilson’s formulation, all steps above can be obtained by making z = 1.
±
Within each interval Im
, we define a complete set of operators

am = Nm+
bm = Nm−

Z
+
Im

Z
−
Im

d c
d c .

(C.17)

The normalization constants can be calculated, for instance, as follows
{a†m , a0m } = δm,m0
= Nm+ Nm0 −

Z

= Nm+ N

= Nm+ Nm0 −

0 +
Im

Im +

Z

m0 −

Z
Z

Im +

Z ε+
m−1
ε+
m

0 +
Im

d d0 {c† , c0 }
d d0 δ( − 0 )

d

= Nm+ Nm0 − D+ Λ1−z−m (1 − Λ−1 ),

(C.18)

so that
Nm±

Notice, that for m = 0,

Λ(m+z−1)/2
= 1/2
.
D± (1 − Λ−1 )1/2
1

(C.19)
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Z D+
1
d c
a0 = q
D+ (1 − Λ−1 ) D+ Λ−z

b0 =

Z D− Λ−z

1
q

D− (1 − Λ−1 )

D−

d c .

(C.20)

We want to project the conduction-band Hamiltonian into the basis of operators
am and corresponding bm , i.e.

Hcb = (E0+ (z, Λ)a†0 a0 + E0− (z, Λ)b†0 b0 ) +

∞
X

+
−
(Em
(z, Λ)a†m am + Em
(z, Λ)b†m bm )

m=1

=

+
(Em
(z, Λ)a†m am

X

+

−
Em
(z, Λ)b†m bm )

(C.21)

m

.
±
We can define the energies Em
as
±
Em
=

1 Z
g()d,
dm Im±

(C.22)

or, in terms of the hybridization function
R
±
Em

d ∆()
.
Im± d ∆()

I
= R m±

(C.23)

To adapt the previous form to the generalized NRG using the parameter z, we can
also define
R
d ∆()
I
±
Em (z, Λ) = AΛ R m± d
,
(C.24)
Im±  ∆()
where AΛ is a recurrent factor in Numerical Renormalization-Group calculations given by
AΛ =

Λ + 1 log Λ
.
Λ−1 2

(C.25)

Projecting the operator f0 defined in eq. (C.7) on to the basis comprising the
fermionic states am and bm , we have
1 X +
−
f0 = √
γ am + γm
bm ,
γ̄ m m

(C.26)

where
± 2
(γm
)

γ̄ =

X
Im+

+ 2
(γm
)

+

=

Z

d ∆()

(C.27)

Im±

X
Im−

− 2

(γ ) =

Z D+
−D−

d ∆()

(C.28)
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C.2.3

Lanczos transformation

Finally, we will construct the discrete basis upon which the Hamiltonian of eq.
(C.2) can be numerically diagonalized. Our task is now to express the conduction band
Hamiltonian as
Hcb =

X

=

X

=

X

k c†k ck

k
+
−
(Em
(z, Λ)a†m am + Em
(z, Λ)b†m bm )

m

(tn fn† fn+1 + H.c.) + ηn fn† fn .

(C.29)

n

To this end, we define the basis of orthonormal operators {fn }:

fn =

X

unm am + vnm bm ,

(C.30)

m

obeying the commutation relations

{fn† , fn0 } = δn,n0 .

(C.31)

The inverse transformation is also provided
am =

X

unm fn

n

bm =

X

(C.32)

vnm fn .

n

Notice that from eqs. (C.27) and (C.28), we already have the coefficients u0m = γ√mγ̄+
and v0m = γ√mγ̄− . This allow us to devise a recursive procedure to determine the coefficients
tn and ηn in eq. (C.29).
To see how it works, let start with the coefficients t0 and η0 . They can be recognised
by substituting eqs. (C.32) into (C.21) and expanding the sum

X

+ †
− †
Em
am am + Em
bm bm =

X

=

X

m

+
Em

m

X

un,m un0 ,m fn† fn0 +

n,n0

X
m

−
Em

X

vn,m vn0 ,m fn† fn0

n,n0

+
−
(Em
u0,m u0,m + Em
v0,m v0,m0 ) f0† f0

m

+

X

+
−
u0,m u1,m + Em
v0,m v1,m0 ) f0† f1
(Em

m

+ non-f0 terms.

(C.33)
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We want the coefficient of f0† f0 to be η0 . Therefore,

η0 =

X

+ 2
− 2
Em
u0,m + Em
v0,m

m

1X + + 2
− − 2
E (γ ) + Em
(γm )
=
γ̄ m m m
R
R
d ∆() − 2
1 X Im+ d ∆() + 2
I
R
(γm ) + R m−
(γm )
=
γ̄ m Im+ d ∆()
Im− d ∆()
Z
1 XZ
=
d ∆() +
d ∆()
γ̄ m Im+
Im−
1 Z +D+
d ∆().
=
γ̄ −D−

(C.34)

Now, we would like to have the coefficient of the last term on the right-hand side
of eq. (C.33) equal to
t0 f1 =

X

+
−
(Em
u0,m u1,m + Em
v0,m v1,m0 ) f1 .

(C.35)

m

We can go back to eq. (C.33) and write
!
X

+ †
Em
am u0m

+

− †
Em
bm v0m

f0 = t0 f1† f0 + η0 f0† f0 ,

(C.36)

m

i.e.
t0 f1† =

X

+
−
Em
u0m a†m + Em
v0m b†m − η0 f0†

(C.37)

m

Computing the commutator of the previous eq. (C.38) with its complex conjugate,
we find
t20 {f1† , f1 } =

X h

+ +
− −
−
Em
Em0 u0,m u0,m0 {a†m , am0 } + Em
Em0 v0,m v0,m0 {b†m , bm0 } + Em
v0,m v1,m0 ) f1

i

m,m0

− 2η0

X

+
−
Em
u0m {a†m , f0 } − 2η0 Em
v0m {b†m , f0 } + η02 {f0† , f0 }

m
+
(Em
u0,m )2

=

X

=

X

2
+ 2
− 2
−
)
+ (Em
v0,m )2 − 2η0 Em
u0,m − 2η0 Em
v0,m + η02 (u20,m + v0,m

m
+
2
−
− η0 )2 + v0,m
(Em
− η0 )2
u20,m (Em

m

1X + 2 +
− 2
−
=
− η0 )2 .
) (Em
(γ ) (Em − η0 )2 + (γm
γ̄ m m

(C.38)

By doing this, we find that
t20 =

X
m

+
−
2
,
(Em
− η0 )2 u20,m + (Em
− η0 )2 v0,m

(C.39)
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and identify also the coefficients of f1 as
1 +
(E − η0 )u0,m
t0 m
1 −
− η0 )v0,m .
= (Em
t0

u1,m =
v1,m

(C.40)

By repeating the same procedure described above, we can show that the following
coefficients can be calculated recursively from the relations
ηn =

X

t2n

X

+ 2
− 2
(Em
un,m + Em
vn,m )

m

=

+ 2
− 2
(Em
un,m + Em
vn,m ) − t2n−1 − ηn2 ,

(C.41)

m

and
1
[(E + − ηn )un,m − tn−1 un−1,m ]
tn m
1
−
= [(Em
− ηn )vn,m − tn−1 vn−1,m ].
tn

un+1,m =
vn+1,m

(C.42)

In practice, to avoid numerical error propagation, we compute the set of un,m and
vn,m for a given n and use a Gram-Schmidt procedure to assure that the basis for the fn
operators is orthonormalized.

