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.Após a conclusão de nosso doutorado ei l 1986. concentian-Los nossa atividade de

pesquisa na. área de inferência esta.mística en] !)opulaçâo ai-timal. Ui-na parte dos resul-

t.a.dos obtidos est.á contida en] (lua.tio a.leigos (cite pubLicalllos cinta.nte os a.nos de 87.

SS e 90. O piesejlte texto é unia. sistenaa.tiza.çào desses tia.baldios.

Discutiienlos. no (lue segue. os ptiitcil)ais lesult.idos desses artigos, anexados no

texto, piacurando iesuJllii a.s téci-fica.s e os aiguJlleiltos utiliza.dos. bem como os re-

sultados da área blue os mota\.-ajam. .àcieditanlos que isto dará ao leitor uma mell-tor

coinpreensà.o cla linlla. de pesquisa em (lue esta.iiios erga.jactos e de nossa contribuição.

Clostaiía.idos de cessa.lta.! blue. todo nosso tta.ba.lllo de pes(luisa .junto ao Depaita-

me!Lto de Estatística. (lo INIE é villa. (.ouse(luêil(.ií\ de nossa. iilteiaçâ.o com os Ptols.

( laicos f\11)eito de Bta.ila.liça. Perfila.. cine otieil{.ou nosso t.i a.l)aLllo de doutor'ado e con-l

quem apienclelnos a nà.o complicar o simples, Josen-Lai R.odrigues e Heleno Bolfaiine,

com cluena ti t,e]]aos o grato !)Fazei de tiaball]a.i e. eln paiticulai. cona o Prof. .Antonio

(;a.lx/es. a (luenl dcvenlos gtaiide paire (le nossa poli)loção.



CAPITULOU
#

Processo de Captura-Recaptura em População
Animal

1.! Descrição do processo

O método de est,lillaçào do tema.nulo (le ujlla popula.ção aiiiiaa.l pelo processo de

captura-]ecaptu]a consist.e ei seleciona.]iT]os. c]]] ui]ia. l)]iti]eiia. ct.apa lépocal, uin

nunaeio fixado ou alem.{.orio de anima.is da. popula.çâ.o. Os ai-tirnais capturados são

marcados e devol\:idos à população. En] seguida são selecionados, en] cada uma de

t -- l época.s (A' 1? 2). um ]lúnlelo fixado ou alem.tóiio cle a.nimais. Em cada uma das b

aiilostia.geils os ailiillals ila.o ilha.ica(los tec(il)c'ill illal(?ls e' sao (levolvl(los a. poptila.ça,o.

O pioblen[a. consiste e]]] detein]]na.ii]]os ]iina ('stiina.uva do t.a.] ai]ho popula.cional: a

paitii do nllmeio (le a.tlimais dist.ilitos obselxaclos duma.nte todo o processo. O pi'inteiro

ti'aballlo nesse contexto loi o do clinama.r(]uês Peteisen l IS961, (]ue estudou o fluxo l-ni-

giatólio de peixes no dar Báltico. Eni nosso tlaba.Iho sul)entendemos (lue a população

em estudo é unia população {'eclla.da. ist.o é: nào liá. nasciillent.os jinligra.ções) ou mortes

jemigiaçàesl cluiante a.s Á: épocas de a.iliostizlgenl.

i.2 Estimativas de máxima verossimilhança

Denot.elmos pot .\. o t.a.illanllo cla. popula.ç.ã.o ei l estudo e supollha.mos (lue na J-ésíma

seleçà.o seja.m captiiia.(los. sem !eposiçào. ?l?., 1??1., ? [1 e]enlel tos (]eiltie os (lua.is o

')



elementos sà.o nào lllarca.dos. J :: L. 2. . . . . k. ..\ estatística 7'Ü :: (ri + (l/2 + . . . + Uk é o

ntlnleio de eleilaentos distintos mão iilaica.dose seLecionados club'ante todo o processo.

Ein Leite e Peieita ( 19S7) t[iostia.i os (lue -rl. ó uma. ('st.a.mística suficiente pata ]\r e que

o !ieillel da. xerossitr)i111ança. é

onde Z é o \:a]or o])seivado c]e Tç e /,l-l é a. ]unçã.o indicac]ola do conjunto ]Nt

{iz € 1N' : 11. ? f}. colha IN" = {1:2. . . .}. Not.erros (lue zl? $ 7'k $ ntinis,.\r}, onde

In = maxi?lz1, l?'-2. . . . . FILA.} e .s :: ?l)l -F l??2 + -t illÀ.. f)ali'ocll IJ9SSI prova que a

estima.Liça de llláxiina. veiossllllilllailça de .V. .V ó soItiçào cla e(Íua.çào

n.( :V -- l??.., l= 1 .\; -- /).V/'''

No antigo A note on tule exact lnaximum likelihood estimation of the dize

of a rinite and closed population obtemos uma. solução explícita dessa última

eclua.ção: deteimi]]anclo a.ssin] un] expiessã.o exa.t.a pala. .\r. Piovanaos ta.mbéna que

pata. o caso cle seleções un] a um (ll?.i = zl?2 = = 1?2k = 1 1, a. estilllativa cle máxima

veiossiinillla.nça de .\'' é única.. .'\ seguia apleselLtamos o resultado mais importante

,l.... ..tl..''b-'

/.( .v )/\'( .v. r) = .vl
k

l \; -- t)l ll
,::

!

É

lJ

Teorema. t.IRIA estinlati\.,a. de máxillaa. veiossillliJllallça de .\í. ;V, existe e é dada por
{ t se f -- ;tl}.

:V :: .l Í + 1?, -- 1 se l?? < / < .s
1. x. se / = .-.

onde ??. = llailil?zC IN* : llií -t?? --17z,l< /zlZ +/tl' '}

Essa. estilnatix:a. é tli)ica. exceto (quando

lll(( + ?t* -- l?l.., -- l) =(?z, -- illÍ + il.. -- l)"':

A

lJ

A

l./

( l l

:3

l i':....:',li:.:..



nest.e caso llá duas est.iinativa.s: / + /}, l e f + /p.t 2. Se llli :: v?zz

}lá uma. úi-fica estima.tix*a.

:: 71z# = l

Samuel (19681 conjectui'a ei'i'adalilente (lue. no caso de seleções um a um, a es-

timativa nà.o é tlilica. Esta conjectura. viiilla. sendo aceita. a.té a. publicação do nosso

tlaballao. .À pior.,a desse teoletlla. ba.sela.-se tlo lato de (lue se í = Tl? então KI.\r,ZI é

uma lur)ção decrescente cle .V. o (lue iilll)litit .V = /: se f = .s então /t'(Ar,f) é uma

tunçào crescente de .V. o cine ii)lpiica .V = x. I'inalilicnt.c. sc 1?? < ! < s consideremos

a. trança.o
k

}/
./íl.l:) = li -- f.rl : ll(l -- ,?z,=1. .t: C lO,f'')

Pode-se pio\a.i cine a. e(luaçã.o ./.l.l:) = 1 a.dnlit.e villa única solução .z;o no intervalo

lO.t':l. com ./.l.tl < 1 pa.ia todo ]' C 10, tule ./,(.l:l > 1 para t.oclo :t C(.to,t''l. Deste

colhi)alta.melro da. {ullçà.o ./t( l e do !ato cine

.,': (ú) - q=P .
pala Lodo 17 C INf segue o resulta.clo. excito a uilicicla(le pata o ca.se cle seleçoes um a

um. No ca.se de ?lz., = 1??2 = - - = 1111. = 1. i\ ielaqão ( 1 ) t.oitla-se

IÍ + ??: -- 2)Â' = 1 /lr 1 11/ t /,, - l l~''

Desde (lue a e(iuaçâ.o l.t- -- l l& = 1.t- -- {)=#'' nào tem soluça.o ein IN* segue que (21 nào

se \edifica e. portanto. a. estiillat.ix:a. de lllá.xiilla. \'eiossimillla.nça é tónica.



CAPITULOll

].nferência Bayesiana em População Animal

ll.l - Intr'adução

Obseiveilios clile. covil ielaçào à estima,ti\.a cle naáxiilaa. vetossiiliilllança de .'V discu-

tida. na senão a.]ltei'iui.

iQI o empa.ço paira.n]etiico INt i]]u(la. coi]] o va.loJ oi)sel-\-a(lo / cle Tüi

2a) o esciiiia.flui deHiiitlo a paiLii (le /V ilàu LeiJI llluliicii ub fiitiLub}

3al as varia.vens aleatórias [,'i, L2- . . . [/#. (]ue constituelli os dados, nào são index)en-

dentes e Fiel-n idenLicamente clist,imbuída.s. Tais fatos nos im])ecleiil de usam' procedi-

mentos estatísticos pedi'ões no est,udo do est.illladol' (]e l máxima. \rerossin-Lillla.nça de ]V.

O uso de l)lo(eclllnentos Ba).esta.nos. assunto desse ( a.pít.ulo. ó \lnl meio de contoinai

])t'oblenlas deste tipo.

11.2 - A moda como estimativa do tamanllo populacional

(.lonsiderelllos. nesta seçà.o. tina modelo de captura teca.Flora elll que cada elenaellto

(la. populaça.o tem. i]](l(jpendenl enlctlte (los dcnlais. linda. l)i'ol)al)ilidade desconhecida })J

t[e sei capturado iia .7 esinia a.illosLia.. J := 1 ) . . . . Ã:. ])eno],enlos poi -VJ o i:lunlero dc

elenleiltos nào n-tal-cados i-la J ésinaa alilostia.. }: o iltliiieio cle elementos marcados na

J-esima amostra (} poi .\J.7 o nunaeio de elementos lllarcados na. po])ulaçao na epoca

c[a J-ésima a.inost,tage]-r] J = 1.11.. . . ./i:. Nat.a.]llos (late .]/i = 0. .\].,+: = .\C + .V, =

CAPITULOll
#

].nferência Bayesiana em População Animal

TT 1 . Tnt rnH tt,.ãn

Obseivenios cli[e. coii] teLaçào à estima,ti\.'a cle naáxinaa. vetossimilllança de .V discu-

tida.ila seçào anteiioi.

igl o es])a.ço paira.nlctrico INt illu(la. coili o va.loJ oi)selva(lo Z cle 7'üi

2al o estiinacloi definido a paitii cle /V ilào Leal ntoinentos fii-titosi

3al as varia.vens aleatórias (.ri , [ 2- . . . [/k. (]ue constituelli os dados, nào são index)en-

dentes e Fiel-n iclent.icamente clistiibuída.s. Tais fatos nos im])ecleiil de usar procedi-

mentos estatísticos pedi'ões no estudo do est.illladol' (]e l máxima. \rerossin-Lillla.nça de ]V.

O uso de l)loceclllnentos Ba).esta.nos. assunto desse ca.pít.ulo. é um meio de contornar

pt'oblenlas deste tipo.

1}.2 A moda como estimativa do tamanllo populacional

(.lonsideie]]]os. nesta seçà.o. um modelo de captura teca.Flora ei]] que cada elenaellto

cla. populaça.o tem. i]](lcpendente] elite (los dcnlais. ullaa. l)i'ol)al)ilidade desconhecida p;

de sei captliiado iia .7 ésinaa a.illosLia.. J :: 1. 2, . . . . À:. Denotenlos poi .V, o i:número dc

elenleiltos nào il-talcados i-la J ésinaa alilostia.. } . o iltliiielo cle elementos marcados na

J-esima amostra (? poi \J. o nunaeio de elementos lllarcados na. po])ulaçao na epoca

cla J-ésima a.lnostiagel-ri J = 1.2. . . . . Á:. Nat-a.illos <ltte .l/i = 0. ,1/,+i = .\C + .X,

.)



.VI + .V2 + -.. + .V./.

p - l7)i. /'2. . . . . /)À. l e

A: Ollde .X/ü.bi :: Tç. Pata conapletai a. notação se.la

'Z)= {1.t'.,.y.,). J' = 1.2.....Ã'}

os dados obter\zàcl.os. l.,ogo

.v, l.v, -. l?(jv :v, , /), ) e }, i.l/, B t N'l. . 1), b

]. 2. . . . . Ar, o (lue iillplica. cine a lullçâo cle veiossiinil1la.i)ça é

'':~' - hl:~ l,'''l I'l;'l.,'." ,,,~-«,

-* (llú,,:'''- ,,,~-«,
./ :=l

,aloi observa.do de Tü. Consideremos ul-na. distribuição aonde 72.7 :: T.Í -t #.7 e [ e o \r

priori para. l .-V: pl da. coima

«-l.\'. pl ' '''l'\r) ll «'l/,, l

onde n-l-\') e n-l/).,l. J = 1.2, . . . .A: sà.o distiil)uiçC)es nà-o infoimatix'as. Logo, a. dis-

tribuição a. posteriori de l-\:: pl é tal cine n-l :V. pl'PI 'x Z,(.\''. p PI. o cine implica que a.

clistribulção a. post.etioii naaiginal de .\'' ó tal (late

-'.~''«, -*(;'l''lt.,'~:-- -, ü'~: ,
No antigo Exact expi'essions fol' tlie posterior' bode of a rinite popula-

tion dize: capture-t'ecapture sequencial sanlpling (leteillainanlos ca moda da dis-

tiibuiçã.o a posteiioli (le .\ e nlostia.nãos (lue ela e sempre finita. ao contiá.rio: como

\.idos na. sega.o a.nteiiol. do (iue ocoiie coill a estiiilal;ixa. cle má.xinla. veiossimilllança

/

cLe

6



O ptlllcipal insulta(lo obtido é o seguilJtc

Teorenaa. Exist.e linfa tlni(a illocla (lc =-t.V DI. 'V. Linda poi

\,. f Z se / = ???.
1. í + ?z; -- l se Z > ?lz

llliÍ + « - « , l < --lf t « + il*}

Segue. clest.e teoleilla. (lue se í > ?1?.. elltào .V = / se e somellte se

llií + i - ,,, 1 < ítT]z ]- e);'

A piora desse teoielntt segue clo ía.to club. sc ( = 17} anta.o. supondo sem perda de

generalidade (lue / = /2 . temos

o (lue itnplica .\ = /: se/ > /1? (.oilsidetciilos ?l lit l(:ão

gt(.z:l = il i.l:l''(L +.rl''' lÍltl -- /l.,J;) ,.z; C lO,f''l

Piovatlaos (lue a ((4uaçà.o gíl:z'l :: l í\.diiiitc urna. única solução nà.o nula .ro no

inteixalo lO.f :l. colha :zo # l pala todo « C IN.. Í/:(.l 1 < 1 pala todo :« C lO.;«ol e

Í/.l.z:l > 1 pala todo L C 1 1:., f '). Tal comi)Olt.anlejlto cla função gtl.l e o í'ato que

r l ~\ n-(7? + lj'Z)i« (h) - 4H# .
para toc]o 1?. € ]Nt ina])ficam o resultado.

..\ssim. poclenaos considera.l N (onlo ulila. cst.ijllativa (le .V e. a título de ilustração.

api'ese]]t.a.]]ios a. ta.bela. a.ba.i\o cltte tios pc]'j]]it.c ('oii]pat'ai- .V co]]] .'V. pai'a. alguns \rd.lol'es

',' .~',,-( :\:i'PI =
h '}

t.\+ilH .\' + l

orlde ?l niilil72 C UNt

.k

A

lJ

de 7?l "72-.Ê



11?. . ?? : : . . . . ?? ül / .V =\r

f in í<n\ Qn iic tl(\ ., I')n
L tLJ. \J\J/ ILJ l l\J Ll-/ \ l..U

10t) 12}){) )c

L20 L.50 152
1+0. 60. S01 1-[0 2:32 239 e 240

L79 2713 10381
180 :3628 x

SO !):3 9.5
9S [4:3 [J:9 e 1.50

(1.3.20.2.3.:30..30l le0 29s :34T

[: !) [ :i:3(i T449
l:Lt) [fj09 )o

Se tonlainios tliiia. distiibuiçà.o a ptioii l mini)ióplial i)ata. (.\r. PI cla coima

«-(.\:.PI - '-(-~'}«-(P) x ll/,Í: .

segue (lue a. (Itst.iibliição a. posteiioil ilié\igillt\l (l(. ,,V ó ti\l (ltlc

-'.~; «, *(';') ''~':'-''.Ú-'.~': ,,,,: '.',~'» .

o conlpoita.mento (la. moda. dest.a Lílt.inca. dist.iibuiçà.o a. })ostelioli é exat

meslllo cle i\;. Se ('ansiclel'a.I'ilios a. dist.i'ibuiçâo a. pt'iot'l inlpi'õpt'ia pat'a (JV

sendo a.(lue]a. da(]a e]]] l:31. teremos a. \-etsào ]3a.\.esizllia (lo t.la.balllo (le l)al'ro(

Veja ta.]]]l)é]]]('a.st.le(lãiie l lç)Sll.

Ex/ldentenlente. pol sei lillproplia. a. (llst.l ibui(lào a l)iioti. ilào pocle1110s gat

a posteiioii telllaanios uiva. clistribuiçâ.o piól)iia. e assim. (oillo anteiioiilaent(

pode rlà.a õçi' õçr)lpi'( hnita..

Se tomarmos tt[!-]a, ([]str]í)u]çao a })tioi] ( ]mt)]ópi]a,] ])a]a. ]iX/ . p) cÍa coima

n-l.\:. PI ' n'l -V)n-lPI 'x lFI PÍ:

segue (lue a. (list.iibllição a. posteiioil illé\igillt\l (l(. ,,V ó l \l (ltle

-'.~;«, * ll:l ~:,-'nt.~: ,:l'.',~,

O collapoita.naenLo (la. tlloda. dest.a ult.villa. dist.ilbulça.o a. })ostelloli é exatamente o

meslllo cle .\;. Se ('onsiclel'a.I'illos a. dist.i'ibuiçâo a. pt'iot'l itnpi'õpt'ia pat'a (JV: pl colllo

sendo a.(lue]a. dac]a en] l:31. teremos a. vetsào ]3a.\.esialii\ (lo t.ia.balllo de Dai'roda li9SSI.

Veja ta.]]]l)é]]] (:'a.st,le(lãiie l i ç)SI l.

Ex/]dentelneilte. poi sei linproplia. a.(IJst.llbuJ(lao a piioti. lido poclelnos garantir clue

a posteiioii tellllanios uilaa. clistribuiçâ.o própria. e assim. coillo anteiioiilaente, a moda,

pode rja.o se! sempre lltlita

k

(3)

$
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(+0. 60. SO)   232 239 e 240
  179 2713 L0381

    3628  
  60 61 61

  80 93 95

    14:3 !49 e 1.50
l l.s. eo. e.s. :30. .sol     347

  ! :3Ç) 1 :3:16 7449

    i (}C)9  



i1.3 O estiiiiador cle Bayes do tanlanllo populacional

Suponllaillos. coJllo na. senão 1.2. (lue lla J ósilna etapa. clo processo sejam seleciona-

dos, sem leposiçào /}zJ elementos da. pápula.çào deiltie os (leais (I'J elementos são dão

illaicados. J = 1. 2. . . . . t.

No a.leigo Bayes estinlatioii of tlle dize of a fiiiite population: capture-

recapture sequencial sanlple data iiltto(luziiilos o est.iRIa(loi de Bayes do tamanho

populacional. Est.u(la.nãos suas piopt leal\(l(.s (.. 110 ( aso (lo oL'andes a.n)osti'as. a.lgurr)a.s

dessas piopiiedaclcs sà.o ol)tidas via Teoiit\. dos \lz\.rtinga.is e Supeililaltingais. Fi-eenlan

(19721 e Za.clãs j1984 l tambén] bata.iatll clo l)robletlaa. (:'ontudo. ambos considelaianl

o ca.se de seleções un] a unl. Nossos insultados clependelal da. distribuição a priori de

.V tel seguilclo miai! eilto filhito. Os iesull,idos mais ide\:a.i tes sào os cle convergência,

com probabilicla.de \iin. do estillia(loi de Bayes. do risco cle Ba)es e de lrt, quando #

tel-Lde ao infinito. No (1ue segue enunciaienaos os l)iinctpa.is iesultaclos desse artigo.

Observadas a.s Ã- a.mostra.s o vet.ot PÀ. = li/.l.t'z. . .. .tltl. onde ttl = 1?zi e lh €

{0. ].. . . . ??z./} pata J:: 2. i3.. . . . A: e unia ol)seiva.qão do vetou aleat,alia

IDb = lt,',. ( 2.....('x.). Se.ja]ll .q'., = /1?i+ /7?z + -. . + ?l?., c .v; = iliaxt7?1.]. 1?::,.... ?n,}

pala J = 1.:2. . . . . A:. Se.la n- lllila (lisa.iil)lição (lo l)}ol)a.bilidade a. pivot'i pala v e seja

iNf = {.z; C IN' : .: ? /.n-(.t'l > 0} on(le /. tonto antes. (} o \;aloi' ousei"t'ado de 7}..

Pala. todo í C IN' ta.l que .'vÀ. $ / $ .S'l. e INJ' / lõ. a distiibuiçào de prol)abllidade a

gostei'poli (.le V e dada l)or

n-l7t Á', [l = ,\(?z: A,. /l/\'l A', fln-]?zl/:"(/zl



onde .\l/?. Á. íló o lçci-nel cla. v..tossiillilliaitça (\.-.lê\ L. ite e Peieiia. li9S7ll:

e /:'( l é a tunçã.o in(li'.adora do co]].iuilto NÍ. ('oiiio ,\l?2./l:.{l é limitado (legação

:3.3. p. 20:3 do a.rtigo). ente.o /x'l/t:.fl é linaitado. A restrição 'k7# $ Z $ Sk é natural

pois. se [ < r?.I' i)a.ra. a]guin .7, então ras se]eqões seriam com ieposiçã.o e se f > .5'k

então. antes clo início do pt'ocesso de seleçâo .lá existiria.in elementos ilaarcados na

população. E pratica.naeilt.e inapossí\:el cleütlii se ujlaa classe con.juba.cla. cle distribuições

l)a[a o processo pois. l)aia alg ]i]s l)oi]tos ai ]ostiais. a so]lla. da velosslnallhaliça pala

todos os possiv('ts vi\.loi('s dc' .;V l)o(l(a (Itv(.loll-. l)ot (.\el lplo. no ca.se dç seleçoes uln a

un]. se (ons]cletati]]os (lue a (l]st]ibuiçào }\. ptioi] (l(- .V é u]] a. medi(la. unilotnle ern !fxT'

então n(n.IÁ:. [l nã.o está. definida pala t = É -- ] e Z = &. Gom efeito

l/t'(Ã'./il'' ,,.Á'./)

cola\'eige sonaelit.e se / $ /1 2.

Seja. n-(??.l unia. dist.iil)uiçào de ptoba.l)iliclade a. piioii pa.ia .'v com segue(lo momento

finito. Para todo í C HÍ' cona :]lü .$ { $ .Ç'É e INÍ 7é lõ. a estimativa. de Bayes de ]Xr é

í{ t k: t ) =

:''« -ÜI,J:,l

:1

Ei.x/irl. = 1=/?1.VjIDA. = Dbl =

/\'( /I'. f ) )I' ?? ,\(i? . /l:. / l n-(l? l

(lolno ,\ll?./l..[l e /\ ]A:./l sào ]inlit.a(]os ( n- t('i]i s('gttli(lo t]]otnent.o finito. então ,,i(Á',/l

e [[i[[to. ])a.ia o caso í]f' se]eçoes uii \ ]]L]]. (oi]] / < /. e ]Xf :i4 0. temos

1{ (k . t }

'~'':' ' - ]: fl
/=

:j ( Á:, í l



Ei[[ pa.iticula.i. se n' {o] é\ (lisa.Libuiçào cle Poisson cona pa]ãmetio 0. e]]tà.o

E li;v + fi *'''l
..?l x:. í l = L J

E ll.\; + / i-'l

onde ]\r é uma valia\.el aleatória com disttibuiqào cle Poissoil de paiânletio 0.

-Va se(luencia a (listlibuição de prosa.l)iliclade a l)lloti cle .V t.em segundo moineiit.o

anito. lst.o galante nã.o só (lue .ilÀ'. / l é liilito. colho villlos. lilás ta.mbém cine o fisco de

[3 ax.es

pl /I'.i 1= \:a] l ;VI.rl. = / 1= \ ai (.\:LIDA. = Px.l

é finito. Os seguintes t.eoienaa.s ntostiani (]ue .:.]l .. . l é unia. fun

uma. função tlà.o clecrescent.e de í

çào nà.o crescente de É ea

Temi'enla ].. Pa.ia t.odo A: > 2 c { E ]N' suponha.mos 11.] < $ .5'e e IN; #: U. Se

??zÉ.b. $ .S'J.. erltào

31/i'. z) ;. :3i/i' + . /l

a.se a. disttil)uleia.çà.o a.cilaa ( (le ptoba.biltdacle a. pi)oii cle ./\', Tvale a, igualdade na.

foi (legeiieia(la

Teorema 2. Pa.ia. to(lo /1 ;. 2 (' / C IN' sul)otlltt\illos ..l/l. $ í $ .S'A. l e INf # ü. Se

='1- k:V l ilà.o loi clegeileta.da. no ponto /. eilt.âo

Jlt. zl $ .JIA'. / + l l

\:ale é\. água.Ida.de na. relação t\citna se a. clist.libuição a l)iioii (le .V. n . for clegellerada

eii] (leal(!ucr post,o distinto cle Z.



tema i segue (to ía.{o (1lte. a ltlilqao

i'estrita ao (on.lullto ]N; é cleciesceilte

(.lona efeito. esta. l)iol)iiedacle da função/?]-l iillp]ica ILehnaa.nn j19661) que

E'l/zl .vllrü = zlx'l.,viz'l. = /:1 ? E( v/7l:\';)lrü = f l .

/?l iz l =
')?? .É+ 'l

'l'i .
'.i

/.l i?.l . ?z c IN*

.\ proa'a. (lo Teo

(lue poi sua \:ez ililpli(a. o iesult.ado.

.& ])rox.,a. do Cedi'eiila. 2 segue do [a.t.o (late'

/)l/I'. fl=(1'ov(.V. -V -- / 7't. = 7)

De lato. desta tlltiiJai\ tela.Cito sc'gtic (lti('

/,(Á: /i = }íll,l;-.llLíT{ ji ' / + [i - j(Ã:.fi}

(lue inlpllca o iesull,a.do.

Pa.i'a. estuclai o (oillpoltail)unto (le :3(A:. /l e r)IX ./l ilo caso de gl'andes amost.tas

suponllaillos. coillo ailt.eiioilllcJlte. cine /r?., scjl\ o It\t tt\illlo da J ésli la. a.niostta. Desde

cine .V é finito. {/it.?}.,?l é uma. sequê])cia limitada (le elei]ientos de IN* coi]] ,v =

maxis??.? : J ? l}. [)a.ia t.odo / C IN* t.a.] (lue / ;. .v e HN: # ]O. sejca s = miil{.7 C IN'

J ? 2 e S', 2 f}. Pa.ra. t.odo Á: ? .,. {.erros (lue .l/A. .$ / $ .ç'Á. c. collsequentelnellte, .l?(Ê. ZI

e p(Ã':ZI estão beill definidos. Do t.eoic'l)aa. le (lo [at.o (lue :i(Ar./l? ]. pca.ia todo t ? s

segue (lue a {.J(X'./ilü>. li)ala / lixa.do} lcni lilllit(' llilito. (luaJldo /l, --* .x

o \:a.loi deste IJilní(i'(' (lado l)(alo scgLjiiit( i( OI('iil l

Teorenaa 3. Pala / li\a(lo. / C IN s. / ? .v . ]NÍ / ç] e , nliniV,". e1ltâ.o

.i(A«. {l i:= r



Co1110 1111la coJlsc(ltiellcJa. dest.e. t.eotenaa. tenros o seguinte insultado

Teoreilla 4. Pala. í fixa(!o. / € EN se / ;. .v p :V,' f Ü. ejltào

/](k. il i=3 0

.'\ piava. clo teoienla i3 1)apeia.-se ilo lato (late. pala todo Á )' .$. pode-se escoe\'ei

«': '; :l -e; * ,ll«'iJ * -l''
4 =.417",ÉI --* U e B= .H(r.A:l ----tU

(quando /l: tende a.o infiilit.o.

Cloiii tela.Çàü à. pior?\ (lo [.eoiei]Ja. + ousei\ei]]os (luc. se lll . l.$. í l {oi degenera.cla. ente.o

nl IA:. [l tambélla sel?í. (]egeneta.da. l)at'a. t.odo /]: ;. .-. e o iesu]ta.c]o vale: se ]']l. s; Z) nà.o

toi' degellel'ada.. então íí(.IÃ'. íl nào sel'zí. degenera.cla. ilo !)tinto f. pala todo k ? s. Pot'

outro lado. (la ielaçào 1 +1 telllos que

/]l A'. f l l .J(A:. / l - / } {..:jlÁ'. / -+ [l JI Á:. /l }

e o resulta.clo segue clo {.floleiila i3.

Para prova.i a. consistência. clo est.inaadoi (le Ba.}.,es e as convergências quase celta

do risco de Bayes de 71,, collstruílnos ilo it.ena 6 clo artigo uma faillília de espaços

de probabilidades ]ç]..F'. {P,,. : 7? ;. ;4/}). oilcle r',. é uma. piobabilida.cle definida pela

c[ist[i])uiçào (]e H])A- da.(]o .V ::: //.. e un] out.io etsl)í\ço (]c l)toba]) ]ic]a.c]e ]Q'. .F*. ]]): que e

o (lla.}lla.(lo modelo 13ayesia.no. liltetptcta.tl(lo .\: e 7'( (Olllo x.-alia.x.'eis a.lea.tóiias clehniclas

em lç2*. .F'. ]] l t.entoa o seguinte insultado

13



Teorema 4. lil 71. r:= ?7 (lua.se ceitaillelltc IP«l- pala todo ?? ? .\./ e

lii) TA- ]==. .V (lua.se celta.ilaente lill.

.X prova deste teorema segue do fato (lue Tç converge ei]] P. l)robabilidade para

??-. pala todo i?. :. v. e 7'A. cona'eige e]]] [l - i)to])a.])i]i(jade pata. .\''

Fina.liiiente. deflniinos villa. família {.n..}A.?z leão decrescente de sul)-a-álgebias de

.F' t.a.l cine. com leia.çà.o a esta la.tília. a. se(lttêiicia. dos estima.dotes cle Ba);es de IX/.

{.:3 }ÉZ.. é un] irai'tinge.l e a se(luência. clo risco (le Bares. {pültZ.. é um super'maitin-

gaJ. Estabe]ecic]a. est.a. identificação o])teillos o l)lii)opa.] resultado do antigo, dado pelo

seguinte tcoienaa.

Teorema 5. lil .J = V qu-se ccit.ail e t'- jllje

lii) pk i== 0 quase ceit.amena.e lríl.

Observamos (!ue. segue iinecliatanlente deste LeoLema o

Corolário l \t\i l /A.l T Val ( .VI cluai do Á -* )c

11.4 Modelos de captui'a-i'ecaptura com ou sem resposta a armadilha

Collsicleianlos nesta. senão nloclelos de ca.pt uia teca.ptula cine levaila ein colltca o efeito

([a ai[iia(]i]])a. so])te o (oi]]poitaii]ei]t.o tutttio (]o aiiii]]a]. Se un] anil ]a.] captui'ado ei]-i

a.lgu]na o(afia.o toi ])('baliza.do. o ]liesiilo s(' toma ia aitcdio c espeta-se (]ue sua. ieca])Lula

seja nia.is difícil: cí\se (oilt.iá.tio. se não lot l)ali\.lizado lou sentia-se "feliz" cru'ante a.

ca])tuta). espeta-sc (lue sua teca.ptuia. se.la. {á.cil. .\ssiln. incoipoia.mos nos modelos as

i)iobabilidades de tecaptuia. laica. as cliveisas o(aviões.



Ào alugo A Bayesian analysis in closed animal populations trono capture-

recapture experinlents witll tt'ap i'esponse. cstudaiilos na perspectiva Bayesiana

algulls desses i] oclelos.( 'onsi(leiatllos o l)lol)lcill?\ (la Pscollla. do lllo(leio e cletelniina.Irias

a. coiiespoli(leilt.e ('stJ ilha.t iva cle .V

\.á.lias distribuições a. l)tioti totan] cstu(la.(l?\s (-o]]] o objetivo de estudei suas in

fluências sobre a clist.iibuiçã.o a. post.eiioli. Nossa. contljbuiçà.o loi a extensão elos re-

sulta.dos c]e Ca.st.]edine j]981 ]. cine t.ta.t.a do assu]]to se11] ]evai ein conta. o eleito da

a.ttnacllllla sobre o conapoi'tanleilto (io alallnal. .\ilt.es (le (liscut.ii'nãos os ptlnclpa.is ie

solta(los do a.leigo illt,io(lliziillos ?\ s(-guint.e i)oração.

Sejam /)./ a. prol)a.l)inda.de (le (lue u]]] cleillcilt.o íla l)opulaçà.o seja capturado pela

prin[eita. \:ez. ii](lepend(-nte]]]ente dos clama.is. ]]a. ./-ésin]a. a]]aostla e c, a probabilidade

de (lue uil] elemento cla poptila.çà.o seja. teca.ptuiado. iJ-l({epeildenteinente dos demais. na

J-ésiina al-post.ia. .J = 1 . 2. . . . . t. Dellota.nulo poi c o vetou 1(:] . . :. . . . . cbl e utilizando

a. inesnla notação (la scqao 11.). coilstdei('illos t)s seguiilles illo(telas.

.vi/. : "l]eteiogeneidii.cle ('oi]] tcspostt\ ;\ t\itlli\(lilll?\" (aso onde /)./ # cJ para. alguil)

ll'/OA : ;l]ete]oge11eida.de (on] nào resposta. a. a.iRIa.dilha." ca.se onde /), :: cJ pala

t.odo J', l $ .J' $ A:l

\,/; : -llomogei

/, / '. i $ J $ Á. e

.v{i : -llonlogenei(la.de (.oln nào iespost.a ;i aliiladillla" - ca.se onde 7)J :: 7). cJ :: c e

/) = c. l .$ J' $ A'.

Obsetvelalos (lue. os tllodelos .l/o h e .v; foi-anl estuda.dos por Castledine li98il;

o l] (lea.!'ilha.dilllaei(}a.de i'('s})opta. a c.j .c .ec. a.se }':coll] }[i a.( i ]S

1,3



Pollocl{ l t1)7.SI illostrou (lue. pala o illodelo .vÍ/: ilo caso Ã' = 2. não é possível se det-

eiininar o estirlla.doi de naá.xiilaa. \.eiossimillla.nça. de .\:. a. ilaenos de algumas I'estiições

sobre o espaço pa.raillétjico.

No caso do nao(leio .l/i a. estiiilaLivt\ (lc illt\xillit\ vetossiillilllança. de i\;: .\:. é dada

l)ela solução da ecluaçào

] l /IA:X - >1: ,v,l)*l':
.j=].

Pala. comia.la.i os illodelos .X./o'/: e i\./Í/: sob a ót.ica Ba.};esgana.. definiirJos o fatos de

]3ax;es

'~' - :iíiSl:B . [u

onde n-. denota. o peso a. priori osso(ia.do ao nloc]e]o .v.:l,: /1 = 0. ] e /)IZ> XíÍL) a. densidade

pieditiva. sol) o mocteio .v:L, /, :: 0. [.

( 'onsidela.ndo t\. (llstiibuiçã.o a. ptioii pa.ia. l .V. p. cl (lo ti])o

n-l -;V. P. cl :: ='( .V 1=-1 P. cl (61

onde n-l-\;l = [. .V C IN* e n-(p:cl = [- (] $/)., $ 1e 0 .Ê c, $ 1: J = 1:2:....Êe

no = n] = (]. .5. iilostta.iiios (]ue /\ é a.pioxilna.danlente igual à ex])iessào 9 (p. 4141

cio antigo e. pala Á' suflcienten)ente grande. aploxiilaaclamelite igual à. expressão lO (p.

41.SI. .\ (llst.ij}) liça.o }i post('iiotl ilaaigtnal (le .V í. lal (lttc'. sol) o nlo(leio .llri/1l

=- ( ::v l 'p .v + l .v.,I''/,i.v

e. sol) o i)modelo .vo/:,

-'.~' ',, .*(:)'') '''~' ' -,:.-''.Ü'.~' ,,.,,:'*':~',



Logo. tolllall(lo (onlo estilll&\.tira (lc .V ?\ ] ]odt da clist.iibuição a poste]]oii de JX/'

.V. Len-ios cine. sob o lllo(leio :vl/,. .\: = / (.. sol) o Eito(tolo .l/o/:. .V e cla.cla ila seçao

[i.2. Obsetx:anhos que. sob o naode]o i].]i/: e coJll a dista'ibuiçào a piioti nào informativa

pa.ia l .\r. p. cl. / é a solução Ba.):esia.na. clo l)iol)lema (la estimaçã.o de iV discutido por

Pollock (10T.31. .\ssit)l. o l)iobleilla da. est.iillaçâo dc .V fica contonla.do com a adição

da priori nà.o ilafoiina.{ix-a.. .X título cle ilust.ia.çào terna.lisa.!nos o exemplo da senão 5

de Cast[edine l198]). Neste caso/I' B :3.-19S x 10's.[.ogo. /)(:\4 l.P) = =3:489 x 10':

lst.o inostia. (]tte .'\,.fo'/: nã.o é un-i ]]aodeLo a.de(]ua.clo. eles(le (]ue cona l)ase nos dados ele

Leda supor.e ilttlil,o ])e(]ueilo. Ellt.a.o. t' ia.zoavcl a. es(ollla. clo 1110(leio .ldt/. e .'\r = 135.

Para. conlpaia.r os modelos .:v; e .'\'/. podeiízt1110s usar o talos de Bayes dado ein ISI.

( contudo. ila. seçao 4. 1 (1o ai{.igo plopoiilos ouí.ro iilóto(lo. (lide consiste ena conslderailnos

a distill)uiçã.o a ptioti pala. l .V. p. c l ('oi]]o en] ((il (' ?\ (lisa.libuiçâ.o a. l)osteiioi'i cle q :: V .
-a. ]i' - ].g IÜI . / - ].g (ÜI A di«:il,«içâ. . *,.".:i.:-i d. q é -«.],«.i.«*-

à. ex])iessã.o 16 ip. -i]9) do antigo. .\ decisão pot .v; ou .vÍ sela. ba.senda no menor'

Interna.lo de (leclil)iluda.(le cle i)iol)a.bilidi\(lc 1 1 n,l [00(/: . Se o illtel'x:a]o contix/ei a

unidade eilt.à.o .v.; d(-v(' scl usa.do. C'a.se cont.bário .vÍ cle\:e se! usado. Pa.ia. estilnai .\'

obsetx/anhos (lue. segundo o modelo .;vl . a clistlibuiçào a posteiioli ou ilaaiginal de iv é

proporcional à expressa.o 18 ip. 4110) do a.rt.igo e: sol) o mo(leio .\.:G, à expressão 19 l]).

421). Nest.e contexto. para o exelllplo da seçào 5 cle (la.st.le(linfa (19811 determinamos

(lueo inteLva.lo de 9.3'% pala (7 é(0. .39: 0. S.SI. Então .vÍ é o nlodeloescolllidoe .'\r = 238.

(llomo (llstliblilção t\ l)tioti iilfotnltltiva pat?l ip.cl loitli\mos. sol) o naodelo iv]

/)., = /)-- 13ett\.lai.oi) o (., =( -.,[3(.t \] z./)zl. ./ = 1.2...../.-. (om /)ec independentes

e sob o modelo .vÍ,:. /), -- Bet.a.(al. /)ll e' ., -- 13eta.I'':. /,.ZI cona /)i,cl,p2,c2, . . ,?)k,c/..



in(]c'peildeilt.es. .\-s (]]st t]buições a l)ost.eiioji iilaigil)a.] (le .\: i)a.ia. os modelos .l./o" e .vi/:

são dadas pelas e\p[essC)es 22 c 2=3 li). le.i31 (1o antigo. ('oi]]o ei]] (.'astledine l 1981 1.

pal'a analisa.r a. scilsibili(laje dé\ clist.iibuiçâo a l)ost.etioli de .\; consideianaos o cluociente

c comi(luinaos (lue. (ria.il(lo /. (.lcsce a li)flttei ( la dos l)dai)letios ai e /}i e taattito nlaiol

ilo ilaoclelo ;l/i/, (lo (lue iio iltodelo .v.T.

Fina[nlelite. sob o lilode]o .]/Í/; oill\.illos ?l (]is]li])ui(:ào dç ])iiich]et como dis-

l['jbujçao a. pt']oi'i l)ai'a ip. cl. \('ss(' ('asu a (lisa.i'jl)u](:a.o a postal'ioi'] i]]ai'g]]ial (le in\r

é dada pela expiessã.o 26 ip. 42SI do a.it.igo. (lue pode sci sinaplifica.da (quando os c,

foi'eltl suhclel eitlent(' 1)e(luellos. Pala. a.lgurts \.a.lotes dos pala.nletios da distribuição

(le I')iiicl1lel.. det.ei]ai]]a.]llos &\ ilioda da. dist,iibuiqâo a posteiloii (le .V

são dadas pelas e\plessC)es 22 c 2=3 ip. le.i31 (1o antigo. ('olllo eill (.'astledine liOSI l.

pal'a analisa.r a. scnsibill(laje da cllst.iibuiçâo a post.etioii de .V consideianaos o cluoclente

ni .\: l D )
nl.vl

n fluêi}( ia (}os

pa.ia. os tliodelos \Í;l e À'l;}indepeildellt.es \.s (]]st t]buiçõ('s a l)os{.eiioii illaigil)a.] de \ r':C '} S )r (

\ -

e /}. é' ]-t] ii]to ]]a a.]o]l)ala.nlettos ([]a.'m ] ]re c-onc.['tiin]os at.ie. at.tango .h' ci'esse a. }

]lo ilaoclelo ;l/l/. do (lue ilo illodelo .v.;.

Finalnlelite. sob o lilodelo .l./t/; ioi l\.illos ?i (lisllil)ui(:ào de Diiichlet como dis-

tlibuiçào a. ptloti l)a,ia ip. cl. Ness(' (aso a (lisa.iil)ui(:â.o a l)osteiiori illargilial de iXr

é dada pela expiessã.o 26 ip. 42SI do a.it.igo. (lue pode sei sinaplifica.da (quando os c,-

foi'elll suh(lellt,eii ente' pe(luellos. Pala. a.lgurts \.a.lotes dos pala.nletios da distribuição

cle })311c1[ie{.. clete]]] ]]a.]]]os a. naoda cia. d]st.i'ibLti(a.o a. nosteiio]i cie J\í

IS
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A note on the exact maximum likelihood estimation of the
size of a ânite and closed population
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SUÚMARY

Using data obtained by the general captura-recapture sequential sampling process, an analytical
expression for the maximum likelihood estimate of the population sine is introduced. It is shown
that the bounded likelihood functions have at most two máxima. For the simple one-to-one case
the estimate is unique.

Some key varas: Captura-recapture sequential sampling process; Maximum likelihood estimate; SuHicient
statistic.

1. iNVKOnUCViON

'lhe objectivo of this note is to present a closed analytical expression for the maximum likelihood
estimate to the dize, NI, of a finito and closed population when the data are obtained by
captura-recaptura sequential sampling. Inferences about Àr based on data obtained in special
cases have beçn considered by many authors; see, for instance, Saber (1982, Ch. 3, 4; 1986) for
a complete referente list.

Consider a population of dize N that changes neither in size nor in form; that is, the population
is closed. Eram this population, k > 1, random samples without replacement are sequentially
selected from the population. Each of these samples is retumed to the population befare the next
is selected. For the ./th (./ = 1, . . . , k) sample, the scicntist recorda the sample dize my > 1 and the
number t./. of units selected for the first time; that is, units that were. not selected in samples l
to J--t. The statistic Tk = Ui +. . .+ Uk is the number of distinct units selected in the whole
sampling process. Leite & Pereira ( 1987) show that tais statistic is suMcient and that the smallest
factor of the likelihood function that depends on the value of N, the likelihood kemel, is

K(N, 1) N'!{ (N'-í)! ]] l ' l }
lk

i y/ /. ( N' ) ,

where f is the observed vague of Tt and r.(.) is the indicador function of N,=ln>r}. The
probability dístribution of Tk (Leite & Pereira, 1987) is

prtTk ' íl N} = K(;V, r)r! E (
f

0j :,'-'ll)l .l,l 1.1.1 '*..,,
+ mk and .r'k(f) is the indicator function af

{m« t min (NI, s)}.

where m = max {m. , ,mk},S= mt+

2. MAIN RESULIS

If f = m, its smallest possible vague, K ( NI, f) is a decreasing function of Àr se that the maximum
likelihood estimate is N = 1. At the other extreme, when f = s, K(N, 1) is an increasing function
of 3É se that N = ao.
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Lct now m < f < s, and consider thc function
.k

.Á(x) = (1 --xr)'' rl (l --xmJ)

defined in 0< x « r''. This function is continuous in [0, f''), is equal to unity at x
ao as x increases to f'', and, if n > 1,

0, goês to

.(à) -K(n + 1, f)
K(n, r)

'lhe behaviour of ./l is described next.

LEMMA. J:br m < f < s, fAe equafíon .Á(x) = 1 Aas a unlque posüiüe se/uffon x. in íhe open infernal
(0, f''). Alfa, ./l(x)< 1 #'0<x<x. and.É(x)> 1 #'xo<x< f''

noisr Note that .Á = g/A., where g and h. are deâned as

g(x) = n ( 1 -- xm ),

'lbe first and second derivatives of g are, respectively, negativo and positivo. Hence, g is a
decreasing convex continuous function. Algo, A, is a decreasing linear function, g(O) = A,(0) = 1,
g(t'')>0 and à.(r'') =0. The derivative of (h.--g) evaluated at x=0 is mi+. ..+m.--f>O. .

Consequently, there is a unique point, xo, in the open interval (0, 1''), such that g(xo) = h.(xo),
g(x)< A.(x) if 0<x< xo, and g(x)> h.(x) if xo<x< 1''. []

TuÊoxEm. A maximum likelihood estimule o/ N exista and is de$ned as

J l
b.(x) = 1 -- n.

(f = m),
(m < t < s),
(f = s),

lacre n. = min {n;(f+ n -- m.) . . .( 1+ n -- m) < n(f+ n)k''}. ,4Zsa tais estimare fs unique excepr when

ll(t+ n. -- my -- l) =(n. -- l)(t+ n. -- l)'''.
/n tais case íhe only fwo posslb/e eslímafes are(r+n.-- 1) and(t+n.--2). /Fmi =. . .= mk = 1 íl h

always uníque.

The proof follows directly from the Lemma. Tbe uniqueness in the one-by-one case is not in
agrcement with Samuel (1968). To see this, for 1 < 1 < k, note that (1) simplifies to

(f+ n. -- 2)* =(n. -- l)(í+ n. -- l)'''
and, defining x to be the integer 1 + n. -- 1, we can write (x -- l)' = (x -- r)x'''. Tais last equation
is equivalent to

k

J l
(1)

'.' - *'*'-:* ;Ê.(f) .-:,'*'-'-'''(-1)'''

Since x > f > 1 is an integer, the left-hand sido of this equation must also be an integer but the
right-hand side cannot be an integer. vence the equation has no integer solution.

3. COMMENTS

Most recent publications on inference about N are restricted to the case on k =2. See for
instante lsaki(1986) and Pollock, Hinos & Nichols (1985). However, with the simple expression
of the.maximum likelihood estimator obtained from N, some of their analysis can be extended
to the general case of k = 2.

Before using N' one needs to observe the following limitations.
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(i) The parameter space N. changes with the observed vague r of Tk.
(ii) the random variables U., for f = 1, . . . , k, that form the data are not independently and

identically distributed. In fact they are not even exchangeable.
(iii) The estimator defined from N has no finito momento.
(iv) When either event {Tk = m} or {Tk = s} occurs the valuc of N is not related to the value

Fads (i), (ii) and (iii) restrict the use of standard statistical procedures. The use of Bayesian
procedures may be the way to counter these problems since they rely on the observed data rather
than on the distributional propcrties of TK. To the best of our knowledge Freeman (1972) is the
only available reference for the Bayesian estimation of NI.

'Dle strongest limitation on N' is, in our opinion, introduced by (iv). To make the number of
simples, k, relevant when Tk = m or Tí = s, one needs to use prior knowledge.

of k
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EXACT EXPRESSIONS FOR THE POSTERIOR MODE OF
A FINITE POPULATION SIZE: CAPTURE-RECAPTURE
SEQUENTiAL SAMPLING

José Galeão Leite, Heleno Bolfarine and Josemar Rodrigues
Depaz'lamento de Estatística
Un z;ers dada de são PaziZo
:ataca Postal, 205?0, 01498 São Paul,a, SP, Brasit

Summary

@y ..d:; ..;,:i.:.. Uk'lü-H uMür. s.q--ti.al ««.li«g; P.st«i« Ü.st-iM-

1. {ntroduction

The objectlve of this paper i.s ta derive a c].osed ana]yti.ca]. ex-
pression for the posterior Rode of the populatlon slze,N, of a closed
populatlon, when a capture-recapture Rodei that dependa on the " catch-
ablllty" of the Individuais is considerei. It i.s shown that there are
sltuatlons where the posters.or made is a]ways fi.ni.te. a resu].t tllat was

conjecturei by Leite et al. (1986) , when deriva.ng exact expresslons
for the ML estlmate of N. But unfortunately there are situatlons where
the ML está.mate is Inflnlte, what also may happen with the posterior
made, under a particular c].ass of Improper prlors.

Às in Castledine (1981) , the capture probabiliti.es are assumem to

be the some for all anImaIs, but with the possa.blli.ty of changlng ater
time. A review of the llterature i.s gi.ven in beber (].985)

In 'Sectlon 2, the baste notatlon is presentes and the posters.or

e

f

l Ü : =\Rr- ':r
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distribution of N is derived. Section 3 presente the @aln resalts of
the paper. The behavior of the pclsteríclr Bode is i].lüstrated for
pari.ous practical sítuati.ons.

2. Basic lotation and the posterior distribution ol' N

'Ç

q

q

't

t

t

q

Àg i.n Castledlne {1981} let N denota the unknown population $i.zer
s (s : 2) the number of samples taken, pl r l 5. l 5. s , the unknown

probabíllty af each animal to be captured in the i. le. XI the
unmarked number of anImaIs in the l-th samplef Yj. the ntxiber of marked

anImaIs in the l ].e (Y] = 0) and MI the nutber afmarked anImaIs
i.n the populatlon just before the l sample (M]. : 0). Note that

Ml+l : MI + xj. = 1l XJ' I'o complete the notatlon.let'p : (plrp2P'''rpS)
and

D : { (xíryl), l = lf2. ,s, y]. : 0} .

the bbserved data. XI and Y{. 1 = 1.2....,s are assumem to be ande

pendent (condiüorullyon the MI) . Therefore, under the assumptlons
made above,

; '

i

\

.:

XÍIPÍ - B(N - 341pPlfxl) F l= 1'r2p...rs

Vil'Pt ppl'yl) f l i 2p3f. .. pS ,

Eram where it fo].loas that the llkellhclod functlon of N and p is

whetu nl = xl+yl and r = E xl , the total nuinber of d]fferalt an]ma].s
captul:'ed.

Conslderlng a prior dlstríbutlon for (N,p} suco that

S
L(NrppD) = lt

1-1 1=1 pnÍ (l-pl)N'nl ',

N-Mi
xj. pll(].-pl)N'nl a

Mi N

yl r

g
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T .(N,p) : lr (N) T (p)
(2 .1}

where T(N) and lí(p) are noninformati.ve di.stri.butions, it follows that

the joi.nt posters.or density of (Nrp) is gi.ven by
t

{

{

\

\

q'

(

lí(N,PID) a L(U,Pl0) (2 .2)

By i.ntegrating out p in (2.2) , it follows that

(Ni l
~ ......LXL

1. (w+i) :ls i
iR (Wl0) (2. 3)

where N : r and maxen].rn2r'' ' 'ns} 5. r 5. .IE nj
If the improper prior

s .

T (U,P) : K(N)lr (P) a :lt. Pj.'

i.s taken for N and p , thenr i.t follows that the posterior prd)abillty

function of N i.$ given by

[NI

x(NID) a --L
[N

S
-- n (N-n.) :
s i:]. l

S

r
: ]

(2 .4}

(2. 5}

Improper pri.or (2.4) i.s used for relatlng the Bayesian approach
to the work of Darroch (].958) . See a]so Casta.ed]ne (198].)

The behavi.or of the made of the posterior dlstri.bution (2.5) is

exactly the game as the behavior of the ML estinate considered ín Leite
et al. (1986)

(

3. Analytical expression for the made of it(N/D) with noninformative
prior s trtlCture

Fot the observed data O, the posterior made of N is a poi.nt
N CCn CN+; n.! r}(N+ = {1,2,...}) such that it maxlmlzes the pos-
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€

l

ê

+

'?

t

tenor probabi].i.ty functi.on of N . After sinp]e a]gebrai.c maná.pu].ati.ons ,
(2.3} may be written a$

The followirlg result i.ntroduces the Bode of (3.Z} for the extreme

case where r = max {nl'n2f'''.ns}
'8

:#.

Lamba, 3.1. 1f r = maxÍnl'n2r
of (2. 3)

then N = r is the unique Bode

Praof.. After simp].e a]gebraic manipu]ati.ons, (3.].) may be written a$

Íu+il

«wlo) . .i;::i'ili:t--i' N z '. (3.2)
f

Supposing, wi.thout any loss of generali.ty, that r = n. , i.t follows
from (3.2) that

« mln . -i=:i;iitÍ'ãliitT' N z' '

eram where the resu].t fo!].ows.

Consldering the case where r > maxtna ,n9,

Q

].et

K(N) = --------!!------;.--------r, N > r

'"-',:,]:l=,:il '
It fo[[ows from (3.].) that N i.s the point whi.ch maximi.zes K(N)
for a]]. N > r .

and,

'f=' : 1: - ül':l: ' úl';,i: l: - =l
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&

t

&

.1

Defi.ne the function

g(x) =(].-rx)'l'(].+x)'s s(].-n:x)
+-] -J

For all N > r

çÍ--L-l' J KW+L)
IN+l.j K (n)

In the theorem that follows, the behavior of the function g is studied

Theot'em 3.1. if r > maxtnl,n2r''''ns}, then the equation g(x) = 1 has
only one non null root xo in the i.nterval [0,l) . For x € (0,xo),g(x)<l
and, for' x € (x..{} , g]x) > ].

Proof. Conslder the functlons gl (x) = .H. (]-n.ix) and g2(x):(]--rx)(].+x)',
for all real x. The flrst and second derlvati.ves of gl are such that

S

S

:!: '-":'
:s

j=1 (I'njx} < 0

and

g ]. (x )

s s " s

:!: ;!: ":"j .-: ':-"*"'
]#j. kPj. , j

> 0

for a11 x in the int

Therefore, gl is a decreasing convem conta.nuous functi.on in the

i.nterval [0,1] . The function q2 i.s continuous and i.ts fi.rst and. éecnnd

derivatives are

[-r(s+].)x+s-r] (l+x)s'l

and

q2(x) :E-rs(s+].)x+(s-].)(s-r)-r(s+])](].+x)s'2
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respectively, for all real x. Thus

(a) if r 3. s, g;(x) < 0 and g2(x) < 0. for all x € (o,+). that is. g2
Is a decreaslng and concave functlon i.n the Interval [0.J'] . At the

arlgln. gl'(0) : g2(0) : 1' .and at the point } l gl(]'J> 0 and g2(]')=0.
The derivatlve af g2 - gl evaluated at the orJ.gln is

çl!(o) - gl.(o) = E. nl-r + s > 0

Therefore, there is a pos]t]ve real. nunber õ,suco that g2(x)-g].(x)>0,
for all x in the ]nterva]. [0,6). It follows, Eram the Mean Vague

Theoren. that g2(x) > g].(x) , for all x in the interval (0,õ) . Conse-
quently, there is a unlque polnt xC> € (0,+)r suco that

S

gl(xo) : g2(xo) .

gl(X) < g2(x). , fclr all x € (OrxO), and

gl(x) > g2(x) , for a]]. x € (xcl'}).

Slnce g is the restrlctlon of ;l to the i.nterval
follows.

(b) if r < s. g;l(x) > o far all x c lo. -g=::--l

çl!(x) < 0 and g2(x) < 0 for all x € 1 s-r

g2 is Increaslng in the Interval [0 s-r ] and

In [ s-r fl]. Sor there is a unlque point xO €

[o,]') . the resu].t

f l i.mplying that
decreasi.ng and alncave

[==,t] ;-." '».:

g].(xo) : g2(xo) ,

gl.(X) < g2(x), for all x € (0,xQ)l and

g].(x) > g2(x), for all x € (xo'+)

S[nce g = ;1 in the i.nterva]. [o,ê]] , the proof i.s completei. o
Figure 1 belos ll].ustrates the behavlor of the functlons gl and g2
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in the .interva] [r),}], as descai.bed in Theorem 3.]., in a general situa
tios.

r(s+].)
(ràs} (r<s)

Figure 1

FzznctÍons g7 and gP {n a general sÍtuatÍon.
+

We note that the root of the equati.on g(x) = 1, x C [0,l) , is not

of the forra xn = i, for a]]. n € NÜ, n > r. Indeed,tFe equation ç(â)=i,
for some n C N+, n > r. is equi.va].ent to

,i. l;l «' - :i: '--",,-' ,Ê: l;l -'-: : :
The left-hand si.de of the abate equation i$ an integer. lince

ri.ght band sine cán not be ap ]nteger. i.t fo].loas that xn # : ,
al]. n > r

The mai.n result of b-he paper is stated next. Let m = rnaxÍnl'n2'.
and

nr : mi.nÍn CN+; jríl (r+n-nj) < i::i(r+n+l)t}

S

the

for

Theorea 3.2. For all s Z 2 there exista a unique Rode of v(NID) , N,
definem by
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}

+

é

:'

t
t
t

!

l

}

f

tt

' - {':...-. :.:.', ..
Praof. FromLemma3.]., N=r ifr=m. ]fm< r, i.t fó]].ows Eram

Theoran 3.]. that there exists no C N+' no > Ir suco that, far n € N+

N+, n > n
- 0

N+, n 5. no-l.

".-'"', -. : «'«{- ' "''; vli:àl «:}
5

= mlnÍn € N+: jiii (r+n-nj) < ;:; (r+n+l)sl}

that is, no = nr and Eram çl;iil = K(r+n) n € N+ ,it follows that

l
r+n

< €

> 1 fo=' n €

K(r+nr ) > K(r+nr-2 > -.. > K(r)
and

K(r+nr-]) > K(r+nr) > K(r+n.+].) >

So, N = r+nr-l is the only Bode of v(Nl0) l gi.ven by {2.3)
The nexo .resu].t is a di.rect consequence of Thearem 3.2

a

Corei'lary If r > m, then R r is the made of (2.3) , if and onlSi if,

.tll (r+l-nj) < " (r+2)'1=1 ''

From the posters.or probabi].]ty funct]on (2.5) , it fo]].ows that if an

Inproper prior distrlbutlon i.s taken for p, then the posterior moda

may be inflnite, as i.t happens with the ML estimate. On the other
hand, i.f a proper prior is taken for p, it follows from Theorem 3.2
that the posterior Rode of N is always flnlte. Therefore, the conjec-
ture made by Leite et a]. (1986) i.s r]ght, as ].ong as a proper prior
dlstrlbutlon i.s taken for E.

S
Q

t+

T

.k
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Table ]. bellow illust:ratos the behavior of the posterior !Rode given
i.n Theorem 3.2, for some n\lmerical examples

For the sunfish data in Castledine (1981),i.t follows Eram Theorem

3.2 that n L60 and then N 295

Table l

EuampZ.es of poster'Lol' modos of (2.3)

(40,60}
62
80

100

63
119 & 120

63
116

1299

!2
14

12
16
25

11
13
17
30

(1, 5 . 8)

90
120
140
179
180

92
!52

239 & 240
10381

92

232
2715
3628

(40,60,80)

6
7

10
17
18
19

6
7

67
139

6
7

29
3S
44

(3 . 3 , 4 ,4 ,5}

60
80
98

12C
139
140

61
95

149 & ISQ
347

7449

61
93

143
298

1336
1609

( 15 , 20 , 2$30,50}

(Receioed : Ma ch ] 98? Ret;Ísed August 19 87;
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Bayes Estimation of the dize of a rinite
Population: Capture/Recapture Sequencial
Sample Data
José Galeão Leite and Carlos Alberto de Bragançi Peneira
Universidade de São Pauta, Instituto de Matemática e Estatística, C. Postal 20570,
CEP 01496, São Pauta, SP Brazil

Summary

The Bayes' estimator of the populaüon dize, bned on data obtained by the general
cüpture/recaptura sequencial sampbng process, is introduced. PPoperties rebted to tbe hfoimation
con&ined in the data are studiêd. Also, somê tange-sample properties are obtained by using
s&ndard martingale resulta. Tbe stroitgest resulta are the almost safe convergente of tbe Bayes'
es6iúator to the trufa popuiation sine and of tbe Bayes' risk to zero. 'X'he Bayes' properües presented
we rutricted to prover priori baving 6nite second momehts. 11 is sbown ttiat the maldmum
!ikelbóód estimator Riso convergem almost surely to the populatión sine.

Key n'orcZs: Bayes' estimator; Bayes' risk; Captura/recapture sequencial sampling process; Martin
Bale and supermartingale; Maximum likelihood estimator; SuMcient statistic.

l In&oducãon

The objective of the present study is to show that the Bayes' estimator of the population
dize /V, in addition to being consistent, has interesting properties, which are not shared by
alternative classical procedures. As in Leite, Oishi & Pereira (1987, 1988), here we dual
with a rinite and closed population of size N, from which, using the capture/recapture
sampling N'ocedure, k(>1) samples of sizes mi» l (f = 1, 2, . . . , k) are sequentially
selected. The sampling design for the capture/recaptura sequential process and its
sampling probability distribution are presented in the following section. For complete
details see !!çjte & Pereira (1987). Section 3 introduces the Bayes' estimator and the
Bayes' risk.j:Eayes' estimation of N, based on the capture/recaptura sequential sampling
process, was also studied by Freeman (1972) and Zacks (1984). However, both studies
considered only the simple one-by-one case, that is m.=. . . =m* = 1. Monotone
properties of the Bayes' estimator are presented in $ 4. Large-sample properties of the
Bayes' risk and estimator are presented in $$ 5 and 6. We also show that related resulta
can also be obtained for the maximum likelihood estimator discussed by Leite, Oishi &
Pereira (1987, 1988).

With the sampJing procedure used in this paper, a minimal suHicient statistic for N is
Zt, the number of distinct units selected in the whole sample. It is not diBicult to see that
tais statistic converges almost surely to the true vague of /V. This strong and simple result
is the bases of the large-sample properties discussed in $$ 5 and 6. Results of $ 6 use the
tanguage of martingales and supermartingales.

It is important to notice that when the sample increases (more information is collected)
the vahance (predictive) of the Bayes' estimator increases as shown in $ 6. For someone
who is accustomed to looking for minimum variance estimators this may be very
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the maximum variance is attained since

Var {N} = Var {E{N l zAJl+ E{Var {/V l Zkl}.

U l$11:1S H HÊl==;$1;1)====;*:

(i) The first random sample of size mt(;' 1) is drawn, without replacement. After the
sample units are marked they are returned to the population and the number

=E'=='uus.=::.:« ""*" ,.. ,.Hi

The Statisücal Modem

After the k simples have been observed, the data random vector,
D. , t/'),

assumem the observed point
g). = (u- , , u*),

where ui = p7ã and uj c {0, 1,
Note that the statistic

, mj} for J = 2,

Z&=C/t+

is the number of distinct units selected in the whole sampling process. Leite & Pereira
(1987) show that this statistic isjuãicient for N. Moreover, the Likelihood kerrze/, which
is a minimal suHicient statistic (Zacks, 1981), is gtven by

*'«, «., ., - ...«,{.« - .,, Ú(=,)}'',

Rali:lHXT2:1;:(=:,EIT==F\=.E:: ;=.:!
'*". - ,. l "--«' - *'«, '"., .,.. ,IÊ(.1'-'«,)1- 1ú'«,,,l,

,'" - . t~ : «' - *'«, "',., '»'..., ê,Egi Ê(:,),
(2.1)
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where J,4(r) is the indicator function of the set

Á = {x € N; max {m: , , mk} «x < min {lz, (m. + + m.)}}

evaluated at point r and for .f = 1, . . . , k, rJ = u. + . . . + u,.. Note that Á depends on the
vague n of N. ' '

In the following sections, after introducing a prior probability function for N.
P{/V = pz} = z(n), we discuss some properties of the posterior probability function,

P{À' l *= }=P{/v=-lz=rl=z(nlk,r),
of the posterior mean or Bayes' estimator,

E{/V l D* = g.} = E{N IZ = r} = P(k, r),

and of the posterior variance or Bayes' risk,

}'tN l D. = g*} = t'{.N l Zk = r} = P(k, r).

Note that a, P and p also depend on .«k. In the sequei, all the functions depending on k
se should depend on .Wk and, following this rude, we write À(n, k, r) for À(n, .Wk r). In

addition, we let S} = m. + . . . + mj and MJ = max {m., . - . , m.}. for all ,Í = 1, . . . , k.

3 Bayes' Estimation

Let a be a prior probability function for /V and let

Wf = {x € N; x > r, a(x) > 0}.

For all r € N such that .4/t « r St and Wf # É3, the posterior probability function of N is
given by

a(n k, r) = À(n, k, r)K(k, /)a(rz)Jr(n), (3.1)
where Jf(/z) is the indicator function of Nf evaluated at point n and

*''*' o -li &'Hhl'' (3.2)

Using the fact that (see Appendix l)
r À#'. -- 1 } 'r .k

À(", x:, r) « {l-!:U;:'JI .H(m,!),(3.3)
one may easily prove that K(k, r) is positive and bounded. Note that À/i < r«S. is a
natural restriction since: (a) r < mJ, for some J, would happen only if we had selections
with replacement; and (b) r > Sk would happen only if, before the selection process starts,
there already existed marked population units. ' ' ''

It is diHicult to define a workable conjugate class of distributions for this problem since,
for some sample points, the sum of the likelihood over all possible values of N,
{n € N; n > r}, diverges. For instante, considering the improper unifomi measure on N,
for the one-by-one case where mi = . . . -mk = 1, a(pz l k, i) would not be defined for
r = k -- l and f = k since,

ü -ã *'«, *, ', - ê,rz'(n -- r)l

convergem only if r < k -- 2.

(3.4)
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Considering only propor prior distributions is not restricting the practical applicability
of the Bayes' method in the present problem. Usually the space (a lake for example)
occupied by the population of interest is limited, pemiitting only the accommodation of
a finito number of population units (âshes in the lake). Even when the maximum possible
number of population units is taken to be very largo, the Bayes' solution for the
estimation problem is obtainable. Note that the choice of tais supposed maximum number
is a very important and delicate matter. For instante, if one observes a value of ZA, r.
largar than the number chosen for this maximum, one must agree that the chosen prior
opinion used was wrong. This is a example of a problem where open-mínded prior must
be used. Following a personal communication from David Blackwell in 1986, we consider
as open-minded priori all probability functions that assign positivo probabilities for all
physically possible values of the parameter. This yields the restriction that the set
Wf = {x € N; ar ?:: r, a(x) > 0} must be nonempty. This restúction creates a slight logical
problem since it relatos the prior distribution to the observation z. However in practice,
by knowing the size of the location that accammodates the population, one may consider
positivo probabilities(although very small for some points) to all physically possible
values of /V. To avoid these problems, we will consider only propor prior distríbutions
that assign positivo probabilities to any non-negativo integer.

Let a(rz) be a prior probability function with a rinite second moment. For all r € N such
that Àdt < r « Sk and Wf # O, the Bayes' Estimate (nE) of N is given by

P(k, f) = : /za(n l k, r)
n -:f

K(k, r) E nJ.(rz, k, r)z(/z). (3.5)

Due to inequality (3.3) and to the fact that n has a second moment, P(k, r) is rinite
this one-by-one sampling, with r « k and NÍ' :# ei, we have

For

pa,o-i:il:q:o . (3.6)

Before discussing the properties of the BE we present
distributions; that is z(n) = (n!)''O' exp {' O}, for n € N.

examples with Poisson prior

Eramp/e 1.. For the one-by-one case with Poisson prior, the BE is given by

''*, ., - qs:l; ,
where E{.} is the expectation operator and N is the random variable having the prior
Poisson distribution with parameter 0 >0. Table l presente the values of BE for O = 20
(prior mean or variance) and k = lO, 12 and 15. In arder to evaluate the inâuence of the
use of the prior information, we also present, in parentheses, the maximum likelihood
estimates (ML.E). The theory of the MLE under the general capture/recaptura sampling
process is presented by Leite, Oishi & Pereira (1987, 1988). In the present example, it is
interesting to notice that the Mi.E and the BE yield dose values for small, and more
informativo, values of r. The MLE divergem as r increases. This fact shows that the influente
of the prior infomlation is stronger when the data is less infomlative; that is when r is
large

Example 2. For the two-by-two case (ml
given by

mk = 2) with Poisson prior, the BE is

p@, a -là [ü - o«r(« - o1l/IE. iG- 15:iii;:'NI o-2,3,...,z©.
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likclihood cstintacs} N for Poisson prior wiü paralniaer O = 2ü (lnalimum

f k=10 k=12 k-15

the BE is given byn the preceding examples we take k = 3, m. = 1, m2 = 2 and m3 = 3 then

P(3, r)-l:l.{. -4U' - i)'"'(" -/)1l/l;,(. .a(" - ly"'(« -r)1l(':3, 4, 5, 6)-

4 Basic Properües of tbe Bayes' Estimator

THEOREM l. .f;br a// A: 2: 2 and r € FN, /ef AÍt « f « St and rWf #É3. /y alia;+i « sk, rAen

P(k, r) > P(t + 1, r). (4.1)

Equality holds if the prior probability function , n, is degenerate.

,(ro is tConsidering thecrionrof N,} define the following decreasing function of n eN

A(n) = J,(n)

It follows (Lehmann, 1966) that

E{A(7V) l & = rJE{.V l ZA = r} > E{/VA(N) l zA = r}

It is simple to check that

rÍA(/v) l zi - r} FINA(N') l zk - r} = ;ttÉ;l\lh' r{/v l rA.. f} ;

 

(1) 1.@w
(2) 4.7M7
(3) !0.2M9
(4) 13.!H5
(5) 15.26Z
(8) 17 0382

(12) 18-6396
(19) 29.1317
(42) 21.5481
(n) Z.9085

(1) }.(MI
(2) 2.4358
(3) 6.0156
(4) 9.89W
(5) 12.68a
(7) 14.8565
(9) 16.71n

(12) 18 3%5
(}8) 19.94%
(29) 21.41il
(62) 22 8189
(«) 24.178}

(])
(2)
(3)
(4)
(5)
(6)
(8)

(10)

(n)
(21)
(30)
(48)

(100)
(«)

1.00%
2.( 28
3.57(K
6.0322
8.92M

1 1 .54(h

15.7434
17.5215
19.16«)
20.7212
22.201]
23.6244
H.0©3
26 3430
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that is

i:tlilÉ}Ílõ P(k, r) » i:tl:ç.i-ín P(t + i' o,
which completes the proof.

TnEOREW 2. Fbr a// k ?: 2 anc/ r € rN, /ef ]wk « r sk
degenerale at point t, then

l and /Vr :# a. // z(n l k, r) is Pool

P(A:, r) < P(k, r + l). (4.2)

Equlality holds if the prior probability function, n, is degenerate at any point but t.
Proa/. Considering the restrictions, we note that (cov is for covariance)

(i)

(Ü)

(üi)

p(k,r)=t'tWlz&=rl=covÍW,W-r Tk=r}

rlX(/v - r) l T - r} - ;l:llÍÍ>iÍ5 P(k, f + i),

r{/v - r l z K(k, r)
K(k, r + l)

These yield the following formula

p(k, r) - ;;tl:lli=.Ílii {p(k, r + i) - p(k, r)}
(4.3)

If a(/t l k, í) is not degenerate at point r, then p is a well defined non-negative function
and the proof is completed since both factors in the right sêde of (4.3) are non-negative. []

The following example will show that similar results do not hold for the function
p(k, r), the Bayes' risk.

Exame/e 4. For the one-by-one case (ml -

parameter 0 = 100, we cave
= m* = 1) with Poisson prior with

P(9, 5) = 99'98439 < P(lO, 5) = 100'04162,

This example shows that p, unlike F, is neither monotone decreasing in k, for each
fixed /, nor monotone increasing in r, for each fixed k. However, the results introduced in
the sequei show that, for largo samples, both p and P have desirable properties.

\
P(lO, 6) = 99'91608 > P(lO, 7) = 99'76708.

5 Largo-Sample Properties

In this section we introduce two simple largo-sample properties of the nE and discuss an
interesting property of Zk , the suHicient statistic. As a consequence of this property, it is
shows that the nE and the MLE converge almast surely to Àr in the classical sense. For the
two properties below, the vague l of Zk is hem fixed when k increases.

Since we deal with a ânite population, {mj}/;t is a bounded sequence of elements of N
with À/ = max {mj;j 1 }. As before, m. is the dize of the jth sample and, fór all f € N such
that r > Àf and Wf # É), define s = min {.f € N, J > 2 and SJ > r}. For all k > s, we have that
M. « r « S. and consequently bota P(k, r) and p(k, r) are well defined. From Theorem l
and the fact that P(k, r) > 1 for all k > s, the sequente {P(k, í)}&+, for a fixed f has a finite
limit when k increases to inânite. The value of this limit is given by the following result
that is proved in Appendix 2, since we cave a lona proof.
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TnEOREM 3. /;br a./ued r € 1N, if f »: À/, fNr :?É;É3, a/}d r min Wf, //zen

lim P(t, r) = r.
k--pao

// z(r) > 0, rAen T = r.

The convergente of the Bayes' risk sequence, {p(k, r)}k>. to zero is stated next

THEOREM 4. For a Jixed r c N, d' r > /b/, and tWf #2i, rhen

lim p(k, í) = 0

Proa/. If a(n l s, r) is degenerate then se is z(n l k, r) for all k > s and the result holds.
If z(lz s, r) is not degenerate then, for all k > s, x(n l k, r) is not degenerate at the point
f and from (4.3) we have that

P(k, f) {P(k, r) - rlÍP(k, r + 1) - P(k, r)}

Since À/k < r < St, P(k, r + 1) is well deâned and, using Theorem 3, the present result will

The following simple, strong result is the most important large-sample property under
the classical statistics perspective. Together with the above results it shows that the nE is
algo a good estimator under the classical perspective. This result is fomially presented in
Corollary l of $ 6.

THKORKW 5. COMI.çíderÍng on/y f/te process de#ned by {P{Zk:=r l .N::nllk-., rAe
mínima! su#icient statistic, TK, conuerges alntost surely to n, for any /bced ualuie, n € N, oJ:
N

Proa/. To prove this result we consider an analogy with the random selection of balas
in an um. First consider the one-by-one case; that is consider an um with n balls from
which we select sequentially and randomly, with replacement, k baús. If r is the number
of distinct balls selected in the first k selections, then (r/rz)" is the probability that only
these r distinct balls are going to be selected in the next m draws. It is clear that when m
increases this probability decreases. With similar arguments we can prove that Zt
converges to n almost surely as k increases to infinity. Now suppose that more than one
bala is drawn without replacement in each of the k selection steps. It is clear that in this
case the velocity of the convergente increases. Then, the proof for the one-by-one case
so[ves in fact the genera] case. []

Putting together T'heorems 3, 4 and 5 we can conclude that, in the case of an
open-minded prior, the Bayes' estimator convergem almost surely, under the process
{P{Z&=rlN=Ptllk;., to the vague n of the population sine, N. Tais pointwise
convergente can also be proved for the maximum likelihood estimator introduced by
Leite, Oishi & Peneira (1987, 1988). Recall that the MLE is given by /V which is (i) equal to
& if & = Mt, (ii) equal to m if Zk = St, and (iii) equal to Tk + Rt -- l if À4t < Tk < St,
where

Rk - min in € N : [l (Tk + n -- mj) < n(zk + lz)*''l

To obtain the convergence of the MLE one only needs to prove that the MLE assumes only
one vague for largo k and that Rt converges to one. The proofs of these facto are simple
butlong.
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fi Large Simples, Marüngales, and Sul igalu

In the present section we study largo-sample properties under the Bayes' modal. The
conditional probability space of Dt given /V, the statistical modal, and the probability
space of N, the prior modem, are carefully stated in arder to produce the precise definition
of the joint probability space of (N, D.).

As before, we consider a bounded sequence of integers, {m/}j,i, with
Àfí-maxÍmi,...,m,}, S,=m:+...+m,M' = sup {mj; .f > 1 } ,

Define also the following sets:
s,= «.:+ (.F > 1).

Nm = {x € N; x > À#} ,

A/ = {0, 1, . . . , m/} for all J > 1, and

Q= {co -(ol, coz, . . .); úo/ € A/, .f = 1, 2, . . .}

Let 9 be the a-algebra generated by the sets

\

{co € (2; a)l € Bi c /Xi , (o2 € B2 c Jq2, , a,/ € Bi c A,} (/ - 1, 2, . ).

Tbhe measurable space (Q, g) is the space of experimental observations based in mt.
Recalling that, for ail JÍ » 1, fJ = ui + ' ' . + [z/, where 14i = mt and uj € AF, we consider

the family {/'.;n € Nw} of probability measures on (g2, g), defined for aU positive
lntegers as

/'. {o € g2; co] € A.l , úo2 € '42, , a. eA.} = P{ * = 9* l N=«}, (6.1)

where PÍÜ)t = g. l /V = n} is defined by (2.1). Analogously, we can write

/:.{a € Q; o. + +ak=r;MJ«'<minlS,,rz},J«kl=P{Tk=rl;v=/z}.(6.2)
The triplet (Q, g, {/:.; n € 1NM}) is the S/azisüca/ Space or Síaíísríca/ À/ode/. Consider the
a-algebra g of subsets of NM and a probability distribution a on (INM, g). The probability
space (NM, g, a) is the Prior À/ode/. To complete the construction of the Bayes'
framework, we deõne the following entities:

(a) the cartesian product Q' = Nm x Q;
(b) the smallest a-algebra, 9' , containing the set of cartesian products of elemento

of g tomes the elemento of g, that is\

g' = a({E x F, E € g, F € y});
(c) a probability measure ll on (Q', g*) deâned by

n(E x F) = :: P.(F)a(n)
nc.E

for ail E € g and /' € g

The triplet (C2', g*,ll) is the Bayesian modal. For every k>1 and all points
(n, o) € Q', the quantities of interest, N, D. and Zt can be viewed as random entities
defined on (Q', g', 11) as follows:

.V(n, o) =n, D.(n, cü) = (co:, o:, . . . . o.), ZA(n, 'o)= :1 m,.
k

i-l

Using the Bayesian structure deõned above, we can state the following resulta about
the random sequente {Zk]k,:. Be]ow, we write Xt--' y]p] (or XA-+ y a.s. [p]) to
indicate that, when k increases to n, X convergem in probability(or almost surely) to y
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babiHty modal p. In fact any statement followed by a.s. [p] means that the
rue almost surely (equivalently, with probability 1) under the probability

ye /mue mar:
ueD' Jired k > 1, Zk « /V a.s. [lll; mar &

nll G., w) . n'; 2 w, < ,- il - i,
\l 1=1 J/

pi [Pnl; l/iaf is, /or any n € N.

-:--- p.ll w . n; E w, - .. l} - -t-+an \\ i=1 J/

Nllll; Içar is
k \\

E: nl.l.O., w) . Q*; 2 w. - ..J) - i.
onsequence of the definition of /'. since we had the restriction

k \ \

p.ll w . ':; E w. - «il - '\l Í=1 J/

of item (ii) is left to Appendix 3, and to prove item (iii) we recall the
vergence Theorem to write

ntzk x} Ex(':)nnpllwe ;Ew=nll=E,'('-)-i.neN K"»n \l f=1 J/ neN

;ult is a formal version of Theorem 5 which is a consequence of Lemma l.
1. We /mue //ml:

n a.s. [.f'.]; mar &, /or any pz € N,

Bares Estinution ofthe Sine ofa Finite Population

under the probabiHty modal p. In fact any statement followed by a.s. [p] means that the
statement is true almost surely (equivalently, with probability 1) under the probability
modal p.

LEh©m 1. We haue íàar;
(i) /or meD' Jired k > 1, Zk « /V a.s. [lll; mar &

«({'«, «, . .';â «, : «})
1;

(ii) Zk --- pi [P.]; lhas is, /or any n € N.

le .(l« ' .;ê «. «}) 1;

(üi) TA "-, MINI; Içar is

n «(I'«, «, . .*;ê «. «})
l

Item (i) is consequence of the definition of /'. since we had the restriction

p.({« ' .;â «, » «}) - .

for every k > 1.
The proof of item (ii) is left to Appendix 3, and to prove item (iii) we recall the

Bounded Convergence Theorem to write

n"'' -"' -à «'-, in ..ll« . .; ê «, - -ll - x. «.«'- ,k--+a' ncN k'-'+o' \t. ;:il J/ f;=lÁi

'lbe next result is a formal version of Theorem 5 which is a consequence of Lemma l
CoRouARY 1. We /mtje r/tar

(iv) Zt--, n a.s. [.f'.]; mar &, /or any pz € N,

.ll« . .; != : «. «}) 1;

(v) Zk --, /V a.s. [lll; zoar ís

«(I'«, «, . .';n gi«. «})
l

Proof. The proof is simple. The sequence {Zklk-: is nondecreasing and by deõnition
Zk < rz a.s. [.f:.] and, from Lemma 1, Zí « fV a.s. [11]. Consequent]y, there exista a random
variable Z, such that Zk--+ Z, a.s. [.f'.] and Zk--- 1, a.s. [11]. Using again Lemma 1, Tk-->n
[/'.] and Zk --> 7V [11] imp]y that ]. = n a.s. [.f'.] and Z, = N a.s. [11]. []

Consider the increasing sequente, {gkli;-,, of sub-a-algebras of g' induced by the
experimental observable sequence, {Dtl*,.. That is gk = {DÍ:(A): A c (A: x . . . x Ak)}.
Tbe Bayes' estimator, PA;, is defined as the conditional expectation of /V given gk; that is,
for all k > 1,

P. lgk}. (6.3)

Recai that we are considering only prior distributions with rinite second moments. The
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Bayes' risk is then deâned fere as the conditional expectation of (N
we wnte, for all k > 1,

P.): given gí and

P. - P*): l gt}. (6.4)

Note that, since Zk is a suãicient statistic, the Bayes' estimate, P(t, r), and the posterior
variantes, p(k, 1), introduced before are in fact the observed values of P& and p&,
respectively. We list below some standard properties. Hera and in remaining part of the
paper all the results are related only to the Bayes' modal ll

LEhfhm 2. We haue /&af;
(vi) {Ptlt,. is a marãngale reZaüue fo {gí}.>!j
(vii) {ptlt,i ís a superp7iar#rzga/e reZafíue fo {gk }k.i;

(viii) {Pk[A-. conuerges a/mosl safe/y [n] [o a rendam uarlab/e de/inca on
(Q',g',n);

(ix) EÍpí} Elpt..-.); f/zaf &, is nandecreaslng in expeclarzon.

Proa/. The proof here is algo straightforward since (vi) and (vii) are direct conse-
ences of standard properties of conditional expectations, (vivi) is Theorem 4.3 of Doob

(1953, p. 331), and (ix) is a direct consequente of (vii). []

Next we introduce the main resulta of this paper. We recall the fact that we are
considering proper priors with rinite second moment.

Tn.IEOKKW 6. We haue /Àar:

(x) íAe Bayes' esüpl /or conuerges a/mosf Jure/y]ll] ro tAe random uaríab/e
(popdaÍÍon dize) N; mar is Pk --, N a.s. [rll;

(xi) IAe Bares' rísk contierges aZmosr sureZy [r]] lo zero; fhaf is pk --, 0 a.s. [H].

The proof of Theorem 6 is left to Appendix 4 because, although short, it is very
technical. This theorem is important lince it shows a strong result for the Bayes' estimator
and algo shows that a good stopping tule shall depend on the Bayes' risk.

We end this paper with a result about the variance (predictive) of the Bayes' estimator.
Note that the Bayes' estimator is a function of the data and its moments are based on the
marginal distribution of the data, called predictive distribution.

Coxott.ARX 2. The uariance of the Bares' estimular increases to the prior uariance as the
number ld'vamp/es íngremes; fiar is Var {Pt} T Var {N} as k --'' m

Proof. To prove this result we recall that {VarlFkllk;. is nondecreasing and
Var {/J*} < Var {N}. Then

lim Var {P* } « Var {/V}.

On the other hand, using matou's Lemma, we have that

lim inf rtPÍ} > rjiim inf Pil = E{Ar }

Hence, we cave that lim Var {Fk} » Var {N} and the result follows. 0

A final remark is that Lemma l and Corollary l are results related to Zk, the suHicient
statistic. From trem we can conclude that Zi has strong properties under both classical
and Bayesian views. These properties may be used to skate desired properties of the
maximum likelihood estimator introduced for the first time in Leite, Oishi & Pereira
(1987). Under the Bayes' view the MLE is the posterior mode under the improper uniform
prior. However the Bayesian material presented in tais paper would be appropriate if we
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consider a large but finito support.to the uniform prior and making it a propor probability
distribution. Hence, both]l:.] and]n] play important rales. ' ' ' '''''"'''

This paper is focused only on the investigation of Bayes' estimation properties. It is not
our objective to examine stopping rudes. However, it is clear that, besides post, a good
stopping rude musa depend on the diãerence between the number of units selected up to
a certain stage /, SJ., and the number of distinct units among those, 7;. A large diãerence
(correspondingly, a small risk) could be substantial evidence that almost all members of
the population have been selected. Should one continue sampling in such a situation?
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Appendix 1: Proof of (3.3)

To show the inequality we let À/k = JI/ and S. = S, and rewrite the likelihood kemel as
follows:

'(«, *, o-ln «,,lln (« -ajjrl n' (« -ol''

:ln ".'lln (« -alln (« - M -- n"'l'

-lrl «.,1lln (« -al(- - M -'- n''

- lú «,,llH (: -1111(: -
:lÚ«,,ll, eFI'':lÚ«,:ll:-g r

#P)'.« - « * :,'-'l''
JI''.

Appendix 2: Proof of Theorem 3

For all k > s, we can write

,'*, ., -Í''SH * '}/{'EH * :},
where

P

a'

.â, $wó {(;) '

.â. q2TÚ{(;)
(=,)},
: (=,)}.

Then it is enough to show that

[im a = }im a' = 0
&--+u .k-.+w
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For all k > f + l.

ÚI(=,1 - (=,11 : '..«,*
Consequently,

'«'' : k/«)*''7:l1l0n(n) ::, $1i;5R;':'m:''- a( /«)'''

«r]T/(T+I)]*'' E Z(IZ)<(T+Iy]T/(r+I)]'.
n

This last term converges to zero as k increases to infinity. Similarly, we would prove that
a' converges to zero as k increases to infinity and the proof is completed.

Appendix 3: Prool' of Lenha l

: :1 ::1 %1:71.Fli;l==':=ÀI'=w;:=:..=;F:,::s, ==::.=;
p.({« '';ê «, -«}) -«'ãÍ'-:,«-'''' '" - ',,,-'Ú[(:,) *(=,)]}

- : * « : E{.-:,'-','' '" - ;,:--' Ú 't(:,.) :(=,)]}.
slnce, for 0«í < n f the right-hand sêde of this expression convergem to zero as k--+oo

. :Ó{(:,) : (=,.)} : '''-,* - .,
as k-+ n. Consequently,

le .. ll« . .;â «, - «ll - :.
Appendix 4: Proof of Theorem 6

Using Theorem 4.3 of Doob (1953, p. 331), we have that
h

!g; P* ] Z,} a.s. [n],

where 9: is the smallest a-algebra containing

Since ZA is g.--measurables(because itrls le .measurable and Zí c :Ê-) and Tk --, /v a.s. [11],

Ug
k>l

bm sup Zk
'Dlen

rtÀ' l z-}
concluding the proof of item (x).

N a.s. [n]

N a.s. [n],
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n (xi) we use Theorem 9.4.4 of Chung (1974, p. 334) to conclude that
:es a.s. [n] to a random variab]e since

Elpk} « Var {/V} < ©.

re know that PÍ--- /V: a.s. [ll}.
proof we need to show that

E{N: g&} ---, /Vz a.s. ]rl].

o, from Theorem 4.3 of Doob (1953, p. 331) we have that

[im F(À/Z ] .9: \ :: F.í/UZ 1 .% \ a c rTT]
k--.n ' I'KJ '\'' I'nJ''''l''J'

nd, lince TÍ is gl.:-measurable and converges a.s. [11] to /V2; we conc]ude
is also gl.-measurable and is equal to /V2 a.s. [n]. vence,

E{N'z ] g"} . /V: a.s. [n],

lroof.[]
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To prove item (xi) we use Theorem 9.4.4 of Chung (1974, p
{pt[í l convergem a.s. [n] to a random variab]e since

334) to conclude that

Elpk} « Var {/V} < H

From item (x) we know that PÍ--- Àr: a.s. [ll}.
To conclude the proof we need to show that

E{/v: ] g& } --, A'z ,.;. ]n]

Since E{/V:} < n, from Theorem 4.3 of Doob (1953, p. 331) we have that

Itm E'{/Vz l l#k} := E.{/Vz i ga} a.s. [ril

On the other hand, lince TÍ is g].:-measurable and converges a.s. [11] to /V2; we conc]ude
that limo sup Tt is also gl.:-measurable and is equal to /V2 a.s. [n]. vence,

E{N'z ] g"} . /V: a.s. [n],

concluding the proof Q
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Rénmé

On introduit, pour l eflectif d'une population, un estimateur de Bayes calculable sur des données abtenues par
le proccssus d'échantiUonnage progressif captura-recaptura. On étudie dcs propriétés relativos à I'information
contenue ccs données. Quelques propriétés dcs grande échantillons sono aussi obtenues par I'emploi de résultats
standards pour les maningales. Les résultats les plus fores sont la convcrgcnçe presque süre de' I'cstimateur de
Bayes vens I'eüectif réel de la population ct la oonvergence du risquc de Bayes vens zero. Les propíiétés de
Bayes présentécs sono valables pour dcs probabilités a priori qui sont des waies probabilités avec des' momento
d'ordre seoond anis. On démontre quc I'estimatcur du maximum de waiscmblance oonvcrge aussi presquc
sürement vens I'e6ectif réel de !a populadon.

f

[Recefued /idy 1989, accepíed .4prí/ 1990]
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Usin8 data Obtained by a multiple Capture-recapture

process vith trap responsep the problem of made! choice

and inference for the sine of a closed animal population

is considered from B Bayesian vievpoint. Four different

nodels are discussed and for some estimators and testa
developed there are no competitors from the classical

samplin8 approach. A variety of prior Structures are

Considered wÍth the purpose of Studyin8 the influente

of the priorschosen on the posterior distribution. A

special prior atructure vhich takes indo Consideration'

the posaible cotrelation betveen Capture and recapture
probabilitieB is a lao ana lyz ed

Jovem
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1. 1NTRODUCTION

The problem of estimatin8 the dize of a closed

animal population hao tecently been considered by
Pollock and alto(1983) from B classical samplin8 viev-

point and by Castledine (1981) u8ing a Bayesian approach.
Po11ock and alto (1983) consider the capture probabi!-

ities to be constant over sampling Limes, except as

influenced by traí responde. CaBtledine(1981) considetB

the capture probabilities to be the game for all animais

but vith the possibility of changin8 over time. However.

he has not considered the possibility of traí regponse.

In this paper ve follov Castledine's approach but al-

lowing for trap responde. According to Pollock and Otto

(1983), tais ptoblem is very difficult to deal vith

statistically. Two basic modela are considered and

Bayesian teses for checkin8 their adequacy are proposed.

In each case. Bayesian estimators for the population

sine are considerei. A sensitive study of the posterior

distribution for a special class of .prior distributiona

is performed. It is Bisa considered 8 prior sttucture

vhich allows the possibilita of dependency betveen

captura and recaptura probabilities.

2. THE MODELA AND BAS]Ç Bg].4119X

As in Castledine(1981), ve frite N for the unknovn

population sine, s(.Z 2) for number of simples taken.

pi. l S. i 5. B, for the probability of each animal to be
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captured in the ith sample, ci, 2 5. i S s, for the pro-
babi!ity of an anima! to be recaptured in the ith sample,

X. for the number of unmarked animais in the ith sample,

Yi. for the number of marked animais in the ith sample

(YI : O), and ni for the number of marked animais just
before the ith sample(HI - O)- tíe note that }ti+l :

Ui + Xi ' jZ:t Xj' i' 1. '.. , s. Let ni : xi ' yi

i= 1, ... . 8. !t isaseumed that thepopulatíon

remains closed throughout the realization of the experi-

ment. The case vhere pi # c;, for some i. was called by

Pollock(197S), the "heteroBeneity vith trap responso

modem, and it is here denoted by MÊlh; if pi : ci' then
the "heterogeneity with nontrap responde" modem. H:h.
follows. Tais situation is considerei in Castledine

(1981). The casevherepi = p! ci :c and p # c, vas
called by Pollock and acto (!983),the "no heterogeneity

vith trap responde" modem. fere denoted by U'l . and if
p ' c, the "no heterogeneity, no traí responde" Rodei,

H#a, follovs.

[Jnder the assumption8 made abate, it follovs

l

that

xi l pi - B(N x i ) , i = 1 . . . ..s ( 1 )

and

Yi l ci - B(Hi'ci; yi), i- 2, S ( 2 )

vhere B(n,p;x) stands for the probability of x successes

in n tripla óf a bonomia! experinent vittt success pro'
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bability p. Similar resulta hold for the case vhere

Pi ' p and ci ' c. It ia Bisa assumed that Xi is inde-
pendent of Y{ (condicional on Mi).

To complete the notation let p n(pl'...pS) ,

ç '(c2....,c3) and D B {(xi'yi)' i' l-....a; yl ' O}

the observed data. Fron(1) and(2) and the a8sumptione

made abole. it fo11ovB ea8ily that the likelihood fume

tios ia

t(n.P.EI l D)a(NI)pll

P i ( l -Pi ) : i

N-M. H.
( x. t)(yi)l ' l

H . -v .
) : ' :i ( 3 )

vith the testriction that N.àHS+l ' e that if pi'ciP
for all i, then L(N,p,c l D) reduces to (2) in Castledine

(1981). 1f B n 2, then L(N.p,c l D) ia the modem con-

sídered by Polloek(1975). 1t i$ easily seen that theabove
maximum of the likelihaod function (3) occurs

at the aolution of the equacione

Pi ' xi/(Ê - Pli)- i ' l-...,s

êi - yi/Ui , i ' 2,...,s
and

N - H,.l/(l n ( ii- l Ê . ) )

The equaciona abate vete found to be redundant by Pol

!ock (!97$) and the rea oa i ehat N i$ not 8a iden-
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tiriable parameter for thie modem. In arder to obtaln

the maximum likelihood eotimator! Pollock had to mare

some reotriction8 0n the parametric space. As vila be

8een, a Bayesian estimator fot N can be obtained vithout

any restriction and vith üaininal prior information.

In the cabe of modem Hül. it follovs frorn.(3) that
-';i'H Ê 'l

L(N.p,c l D)a(ã .) p 8 l(l-P)s i:l : ci:l '

i - l '

8B

lE H.
( 1 - c ) l ' l ' , vhete N ,.2 Hs+l ( 4 )

and the maximum likelihood eBtimators of p,c and N are

8iven by the 80lu tida o f

S

H,.l (8N ' i2:l i)

i [ l y i / ( . g l y i 'iElni

and

H..l / (l-(l-Õ)s)

These equations bate Bisa been obtained by Pollock and
Ot to ( 19 8 3 ) .

3

Vi TU TRAÍ RESPON $E" H00ZL

In tais 8ection. ve first consider. from B Bayesian

vier point, a method fot conparing the two alternacive

modela"H:h and H+h' Thenf having decided for one of I'l:h
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or nTh' we consider the problem of deriving Bayesian
est imators for N .

3 . 1
!ilgiding between H:h and M+h

To decide between M:h or M#h we make use of the
B;lvpsiaR factor approach(see Süxith and Spiegelhalter

(1980), for examp le). De note by

«.p n l ":h )

" ,p (o In'ih)

K ( 5 )

[he Bayes factor in favor of M+hl where -i decotes the

prior weight attached to modem Mih' i: 0,1 and p(DIUüh)
is the predictive density under model M:hl i: Op l. In
order to provide a Bayesian solution to the estimation of

N and a model choice procedure for selecting betveen UTh
and M:h' it is consideted in this and in the nexo section,
the following prior structure:

n (N , p , c ) = T ( N) T (P ,c),

where Tr(N) is B constant; TT(p,c)

0 < ci< 1. i: 2,...,s; n(PI)= 1, 0 < pl { l and
mi ' 0,5. i= 0.1. The abole prior structute is
reasonable vhen !ittle prior infornation is avaílable

about the parameters of the made!. It algo make.s it

possible [o find a Bayesian solutíon (wich non-infornative

ptiors) for the problem of estimating N, not

completely solver by Polloek(1975). Infornative pçiors

} , 0 1 ,
( <

P i
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vhich alba avoids the ridge betveen N, p and ç in(3)
and the question of influence on the posterior dis-

tribution of a apecial class of prior distributions,are
studied in d et&il in Section 5.

The predictive density arder ünodel H+oh' p(DIM#h)
iS gíven by

p(Dlu:h) ' atEI l Jol(w'? c)n(N)n(p.S) dE óS

:í: ílll '::
[: - :!:

y X
l :1. l

)
( 1 C P

( 1 - P . )
' 1

M n l
( 1 - P . ) [

jno

( l-Pi) Ms +l'Mi'x i

( Ma + l+ l )

d p . d c .
' l l

:!: fi-::
\ J s

j l i = 1 (I'Pi )jdpi

: (Hs+l+l)
j

i =j:=!o:''i:.l=
i'l (Ms+l+j+l ) !

'r' :;: n-+=::;
1 «, . 1 J :

vhere

used:
mearls that the fol loving aproximation vas

l i1l(I'Pi)l i'i) j o I' in.(i-Pi)j'
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vhich is justified by the faca thet, for smas! t
! n ( 1 - t ) & - t

Similarly, under model M+lh' it can be shovn that
the predictive density is

l

-" , : .?. ':HF- :i:
l.y iJ 1. y j + l J '

Accordingly, the Bares factor in favor of M1l. is:

; '",«:!T! i :
j n O j ! i B l ÍM, + 1 " j ' t'l ( n ..l)

l ni'l J :

T (Ms.l+l)' s l

jl:o j, :::

[ (M,+]+l)J

E ( H ; . l ' 1 ) ' 3 l

':' '' :': l::ll"'':l:i''':l

( 9 )

If s is reasonably large, it. ia enou8h to considet jnO

in(9), lince the other tetas in the sunmation vila be

extremely small. In tais cabe, ve nay frite (9) as &p-

proximately equa! (;) to
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1":!:rl
(x i+l) (Mi+ l)

(n . + l )

K ( ! o )

The first tetra on the right band sêde of(lO) appears

to be an extension of the Fisher exact tese statistic

for comparing tvo binomial8(see Lehmann(1986). PP.163).

The second terra would then cortespond to a contribution

from the Bayesian approach. If a binomial approximation

is used for the hypergeometric distribution! an ap'

ptoximation for K i.n (IO) is

i:: '(ni'l, l:i.!i-'--'L-- ; xi'l)- (ni+l)

(xi+l) (}li+l )

( 1 1 )

3 . 2 . Making

In this section, the posterior distribution of N is

found under modems M:h and M+h and the prior structure
considerei in Section 3.1

Undet Mülh we may frite, accordin3 to(3),

n(N,E,1lo)a(l},+i)pl(l-pi) l- .(i2)

iliZ P i ( 1 - P i ) : i c y i ( 1 - c i) : :

Integrati.ng out p and c in(12) we obtain. after

naking UBe of gane ptoperties of the beta distribution,
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tl\nt tlie m;ll-!\ittlt posterior distribtltion {lf N is

S

n(N ID)a IT
i - t

l

(N.h t -M . )l

(t3)

uithN>Ms+l it iseasilyseenthat themodeofthe
posterior distribution given by(13) is M..,. As
mentioned in Section 2, arder Mt. and the noninformative

prior structure considered in Section 3.t, M . is the' ''s + l

Bayesian solution for the unsolved estimation problem

di scussed Ín Pollock(t975). It is also worth remarking

that if one considera the ímproper prior distribution

'(p,c) ü T pi', then X(NID) = r(N), that is, the data

is noninformative for making inferences about N. Tais

lives a formal justification for why it is not possible

to estimate N without a prover prior distribution for p

and c. Castledine(198t), used the improper prior above
to show the correspondente between his and Darroch's

(1958 ) approach.

According to the prior st:ructure
Section 3.1, we obtain under modem M+oh

N s n. N-n
TT(N,pl0)a(PÍs+t).T'. pi:(l -pi) :. . (lz')

]

S

ll

bons idered In

l

vhere, as before. ni ' xi + yif i- IP...,s, and

N > Ns+l' SoP it is easily checked that
N

(M .) $
TV(NIO) a '''S+l' lr (N - n:)!

(N+l )s t't
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wht're N ) Ms.I' Expression (15) can alsu bt' obt.ini- J
using (7) in Castledine(]981>; a thougt! ic did liut

consider the possibility af using noninformative, but

proper priori for p and c

Analyt:leal expressions for the posterior Rode ot

the probability function(15) are considered in
Le it e e t al . ( t 987)

Application l. In this applicatíon the sunfish data

consiflered in Castledine ({981) i$ reanalyzed. Usíng

the binomial approximation(ít) it can be shows, after

some numerical computations, that K = 3.498 >' 10'). So,

P(U!.ID) : 3.489 x 10'5. Tais shows t=hat M+. is not an
adequate motel, lince it has extremely low support from
the data. It ís reasonable [o base inferences about N on

h+h' Under U'ihp the posterior distribution(13) pracLically
degenerates inca MS+] n t35. So, clearly, N = i35 is the
Bayesían estimator for N under the prior structure of
Se ct ion 3. 1.

AE21icaüon 2. In tais application we consider tule data
of Example 4.8 in Sebes (1973), pp. 146. After some

numerica! computations, it can be shows that K = 0.98'

and that P(M+hID) - 0.489. Teus, inferences

about N cauld be based either on Müoh or Mlh' Tt follows
that :the made of the posterior probability function

(15) is N= 58. The 9SZ credibility interval for N is(56;6á)
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&. A BAYESIAN ANALYSIS OF THE "NON HETEROGENEITY
WITH TRAÍ RESPONSE" MOTEL

In tais section a method for comparing the twa &l

ternative modela, M:. the "non heterogeneity with non-

trap responde'' model, with M{, the ''non heterogeneity
vith trap response'' modem is considered. The Bayesian

factor approach cclnsidered in $ection 3.1 could be usei,

but we propased another method that provides, in tais
case, 8 mo re elabarated $o lution.

f

4.1 . Decid ing between M: and .M{

Proa (3), con8idering the prior structure of Section

3.1. it is not hard to show. byusing(7), that the
mat'final posterior diotribution8 0f c and p are given

9 .- 8 S

E y: E M: - 21 y
n(cID) a c:'2 b' (l - c)I'2 ' i-l '

by

and

8
[

íl (p l D) a p x' l (l -P ) 8 + l i- Mi+l(]-(]-p)s) (Ms.I'l)

respectively

It ís well known that the posterior distribution of

Z=Íof: (c/l-c)), given D, is approximately nortnal vith

s g

l n lo8« E yi+l)/(iEI Ui

S

i= 2 ' ) ) , and
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variante

vl ' l/(.E y.i+l) + 1/(.[ ni ' i:2 yi + ])

It is also assumed that given D, W uÊog( ----11--) is
(l-P)

approximately normal with mean t2p which is obtainable

by so] v in8 the equat ion

(M s+ l + l )

sM s...l

( 1 + t ) s - l

S

i=1 :' l : o .

for t.W = [og t. The variante of the posterior

distributíon i$

V,.l H

((s.])M - E M )-----! t;(.;f) 'E)s(l-.Í)-l]
~--'''''s+l i=1 ''i'l' (l+e)2 {t(l+i)s--l](l+i)}2 .

l

the inverte of the second derivative of the logarithm

of the p06terior density of W at the made P,2 ' where

t = e 2. Aswill be seen in the applications. these

approximationsseem are quite reasonable. Using

Hinkley(1969), it follows that the posterior distri-

butíon of q B V/Z i8 proporcional to

ll/vl+!2/v2 u2

e 2 a212n\iaEl-Z(i(U)]+2a2e'Uz/2az}
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where Q is the distribution function of the standartized

normal distribution,

1lq /v 1+ Ê2/v 2 and a2 . 1

q2/tl+l/v2q'/vl+l/v2

So. the decision for one of mE or M{ might be based
n a(l-a) 100Z HPD interval for q; if q n 1, is in the

interval then Mü. is the Rodei to use for tnaking infer-

encesabout N. Otherwise, UI' should be used.

4.2. Makin inferences aliou't N

Under the prior structure considered in Section 3.1,

it foliows from (4) that the posterior distribution for

N,p and c, under MI :i$

11(N,p,cID) a L(N,P,clo).(17)a L (N ,P , c lo)

By intergrating out p and c in(17) it follows that

tule marginal posterior distribution of N is

(Ns - E Mj+]):
n (N l D) a (: s...l ) i' lS

(N s - E M: + l)!
i-l

N > Ms+l ' All the information on N can be obtained fron
this po s ter ior p.d. f

On the other hand, under M:, the posterior di6ttibutian
of N is

S

(18)
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6

n(WID) a (:..1) (N6 'H '. - [ y,):
(NB

(1 9 )

êEElication 3. In tais application. the sunfisll data of
Application l is reanalyzed. We first decide, based on
the apptÓach presented in Section 4.1, vhich Rodei to

use. Uã or Hli. The normal approximations for tule pos-
terior of Znlog c/(l-c) and W=tog P/(l-p), are suco

[l - - 3.6; vl ' O. Oá 2; 12 ' '2.6 and

v,} n 0 .077

In ordem t0 6ee that tltese approxznatlons are rea

sonable, a plot of the exact densities of Z and W aré

given in Figure !

Figure 2 belos presente 8 plot of the po

density of q - W/Z. uliich is 8iven in(16).

The 95Z HPD interval for q ie(0.59; 0 85) and

q n 1.0 is not included; neither it is included in the
99Z HPD intetv81. So, the tight

lüodel to choose is H{. Under this modem. a PIDE of tfie
tenor prabability function oí N(troa (18)) is

Biven in Figure 3 belas. The p08terior made is given by
ç? upn Pnnfidence interval for N is(197;546)

st er }or

9238 The
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0. 040

0 .032

0.0 24

C. 016

0.008

o.ooo
- 5 . 0

(b)

(a) Z IO; (b) wlOdensities

- 3 . 2 - 1 . 4

(a)

â.B.p.lication 4. A second analysis of the data presented in Ap-

plication 2 is now nerformed. The normal approximations l

for Z and hl a re suc h that

t l 0 . 2 6 ; v l 0 . 03 5 ; [ 2 -3 . 0 2 ; v 2 - 3 . 11

The 95% }iPD interval for q n W/Z i$(0.1;23.5). So,

under M:, the posterior made is R n 37, and the 95Z HPD

interval ís (36; 44) .
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3. 70

3. 30

2.90

2.20

1. 50

e

e

0 . 7 3

0.00
0 . 20 0. 36 0 . 52 0 . 6 8 0. 84 1. 00

FIG. 2 - Posterior density of q = H/Z

5. 1NFORMATIVE PRIORI

In the previous sections, uniform prior distribu-

tian vas taken for(E,S). But in many situations.

informative prior knowledge is avaiable about(E,S)
Thus, it is interesting to investigate the sensi-

eiviEy af the posterior distribution of N, to chances

in the prior structure and the modem adopted. In this

section, tvo informative prior structut'es are investi

gated .
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5.4 ..0

4 3 . 0

32.0

2 2 . 0

l l . o

o{). o
14 0 240 3 4 0 4 40 5 4 0640

FIG. 3 - Posterior probability function
for .N arder Mül

5.1. Ig!!ç=p.=ndint Rota OTiars

If p and S are considered to be prior independente
it is natural to consider Beta priori Therefore,. under

nf, i.'

Pi ' p ' Beta (al ' b l)

c . = c - Be ta (a2 ' b2)

with p and c independent. Under

2

1 ,
(20)

! et
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B e t a (a l 'b l )

Be t a (a. .b.)

1 , . . . , $

2 , . . . , s
( 2 1 )

p i and c i ind e pe nd en tg i = 2 ,. . . ,6.

Combining(20) and(21) vith(4) and(3), respecti-

vely, and usíng the satne approach as in Castledine(1981),
we bate

(sN- E M. - [

M{ : n (N l o ) a (N s + 1 ) rl(N)
S

iEI Mi + al + bl - l):
( 2 2 )

Uih:n(Nln)a(:ls+]) íl ( x.+b-j\: (N). (23)
' ' i=1 (N-Mi+al+bl'l ) !

Note that for al-bl'lp under modem M:h' we obtain
(13). Algo, for aln0, bl-l. it follows thatíl(NID)=lT(N).

In arder to investigate the sensitivity of the posterior
distribution of N to chances in the prior structurc. as
in Castledine(1981), let À = rt(NID)/rT(N). Applying
Stirling's formula to(22) and(23), ve obtain

r s $

:{
s 6 l

(a.+b.)(a.+bl-1) . 0.S(MS+l-al) iEI Mi(iEI Mi + l)

Uül : ÊnÀ - cclnst + (Hs+l+al)tn sN + i
( E Mi+l'bl)(:EIMi*l't)l+l )

+
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and

M+h:tnÀ ' conot -(MS+l+sal)tn N - l {2bl islMi+l +

+ s[(al+bl)(al+bl'l)'b2 + 0.5(al+2bl)]}

As the number of stages s increases, the domínant

terras in Mül are Ms+l and :t. Mi+l' Therefore, the
influente of the prior parameters al and bl ís much

Breater in modem Mlh than in modem Mül' Similar result
was obtained by Castledine(1981) when the trap responde

is nat considered in the estimation process. As in

Castledine(1981), tais difference is explairled as

follows. InmodelMt, p -l E p: canbelearned
' s in! '

from the experiment an by knoving tais, we can fora an

intu it ive est ima te

;i : -.L E x. + M .. . (24)
. '. " i ''s + l

P s i«l

whereas in modem Hülhl the value 'of p is known 8 priori

to be al/(al+bl), that is, we cannot learn it frotn the

experiment. Note, algo, that the effect of chanBinB a2
and b, is nula in both modela.

S

S

)
b

S

Application 5. Table l shows the Bode and the 95Z HPD

intervala of the distribution of N under modems Hül and

Mlh based on the sunfish populatian of Application l
As before, TI(N) a l/N, N > l
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Table 1. Posterior Distribution of N for the Sun-
físh Data.

5.2. D iria let Priori

In the previous sections, independent

prior di8tributions vete taken for p{ and

Hovever, tais assumption is nat realistic in many prac'

tical situations. A prior diatribution that takcs inca

con8ideration poosible negativo correlation betwccn pi
and c: is the Diriclet distribution. Therefore, in th.is

section, it is considerei that

H# h' (pi'ci) ' D [!,ao] , i-l, ( 2 5 )

aad

pl ' B [alPao+a2]

vhere ! n (al'a2)

Modela Prior Parameters
al b l

Rode 95Z HPD Iate aval

 

3 500
15 500
30 1000

3 100
3 S00

IS 500
30 1000

3 100
15 500
30 1000  

( 1 9 7 , 5 6 6 )

(2 1 5 , 5 9 4 )
( 5 2 3 , 1 1 2 á )
(2 67 , 6 0 7 )
(2 9 2 , 56 6)

(3 0 5 , S 3 5 )
( 1 1 5 7 , 1 6 2 8 )
(3 3 3 , 4 7 4 )
(3 3 8 , 4 6 5)

( 3 3 5 , 5 3 9 )
(3 4 7 , â 8 9 )
(3 5 0 , 67 8)
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Tabie 11. Posterior Distribution of N from
the Sunfish Data

Considering the transformation

oil - Pi

inl,...,s. it is nat difficult to see that

(i) Oil and Oi2 are independent. in2,...,s

(ii) Qil ' BLal'ao+a2] and Oi2 ' BEa2'ao+al]

From(3).(25) and n(N) al/N, it follows, by integrating

O;) that the marginal posterior distribution
S

n(NID)a(Hs+l)isl(N.Mi+yi+ao+al+a2'i); it +

MiEyi(-i)j(mijyi) Í N'U' +v.+a +a.+j-il. l(W)-
j=1 ' [N-Mi+yi+ao+al+a2'ljjJ(26)

where [alj - a(a-l)..(a-j+l). If ci is stnall. vhich is
reasonable in many real problema. we can obtain & sim-

plified and approxinate version of (26) by consídering

Prior P ar ame ter $

ao a l a2
Modo 95% HPD Interval

! ! l

lO lO lO
3 10 100   (1 4 3 ; 2 1 4 )

(1 7 6 ; 3 4 8)
(1 3 5 ; 14 6)
(170 ; 219)
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only the first (or the first two) terra in ttlp slln*mati«n

involved

Application 6. Table ll shows the posterior made and

the 95 HPD interval, to illu$trate the behavior of the

posterior(26) for several values of ao'al Tule

data set employed is the one considered in Applicatíon

l
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