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INTRODUCAO

Apds a conclusao de nosso doutorado em 1986, concentramos nossa atividade de
pesquisa na area de inferéncia estatistica em populacao animal. Uma parte dos resul-
tados obtidos esta contida em quatro artigos que publicamos durante os anos de 87,
38 e 90. O presente texto é uma sistematizagao desses trabalhos.

Discutiremos, no que segue, os principais resultados desses artigos, anexados no
texto, procurando resumir as técnicas e os argumentos utilizados, bem como os re-
sultados da &rea cue os motivaram. Acreditamos que isto dard ao leitor uma melhor
compreensao da linha de pesquisa em que estamos engajados e de nossa contribuigao.

Gostariamos de ressaltar que, todo nosso trabalho de pesquisa junto ao Departa-
mento de Estatistica do IME é uma consequéncia de nossa interacao com os Profs.
Carlos Alberto de Braganca Pereira. ue orientou nosso trabalho de doutorado e com
quem aprendemos a nao complicar o simples, Josemar Rodrigues e Heleno Bolfarine,
com quem tivemos o grato prazer de trabalhar e, em particular, com o Prof. Antonio

Galves. a quem devemos grande parte de nossa formacao.



CAPITULO I

Processo de Captura-Recaptura em Populagao
Animal

1.1 - Descrigao do processo

O método de estimagao do tamanho de uma populagao animal pelo processo de
captura-recaptura consiste em selecionarmos. em uma primeira etapa (época), um
numero fixado ou aleatorio de animais da populagao. Os animais capturados sdo
marcados e devolvidos a populacdo. Em seguida sao selecionados, em cada uma de
k — 1 épocas (k > 2), um numero fixado ou aleatério de animais. Em cada uma das k
amostragens os animais nao marcados recebem marcas e sao devolvidos a populagao.
O problema consiste em determinarmos uma estimativa do tamanho populacional, a
partir do nimero de animais distintos observados durante todo o processo. O primeiro
trabalho nesse contexto foi o do dinamarqués Petersen (1896), que estudou o fluxo mi-
gratorio de peixes no mar Baltico. Em nosso trabalho subentendemos que a populagao
em estudo é uma populagao fechada, isto é, nao ha nascimentos (imigracoes) ou mortes

(emigragoes) durante as k épocas de amostragem.

1.2 - Estimativas de maxima verossimilhanga

Denotemos por N o tamanho da populagao em estudo e suponhamos que na j-ésima

selegao sejam capturados. sem reposicao. m; (m; > 1) elementos dentre os quais U;
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elementos sao nao marcados, j = 1,2,...,k. A estatistica T, = Uy + Uz + -+ U é o0
nimero de elementos distintos (nao marcados) selecionados durante todo o processo.
Em Leite e Pereira (1987) mostramos que T} é uma estatistica suficiente para N e que

o kernel da verossimilhanca é

k [N
K(N,t)=N'S(N =t)I]]

i=1

L(N) ,

m;

onde t é o valor observado de Ty e I,(-) é a fun¢ao indicadora do conjunto IN; =
{n€ IN*:n >t}, com IN* = {1,2,...}. Notemos que m < T, < min{s, N}, onde
m = max{my, mo,....mp} € s = my + my + -+ + my. Darroch (1958) prova que a

estimativa de maxima verossimilhanca de N. N é solucao da equagao

k
7 . — A7 AThk—1
[T(N =mj) = (N —=t)N*1

=1
No artigo A note on the exact maximum likelihood estimation of the size
of a finite and closed population obtemos uma solucao explicita dessa tltima
equacio, determinando assim um expressao exata para N. Provamos também que,
para o caso de selegoes um a um (m; = my = --- = my = 1), a estimativa de maxima
verossimilhanca de N é tnica. A seguir apresentamos o resultado mais importante

desse artigo.

Teorema. Uma estimativa de maxima verossimilhanga de N, N, existe e é dada por

t se 't = m.
N = t+n,—1 sem <t < s,
20 se = .
k
onde n; = min{n € IN* : H(t +n—m;) < n(t+ n)f1y.
=1

Essa estimativa € unica exceto quando

k
H(t +ng—m;—1)=(n,— 1)t +ny — 1)1 (1)

J=1



neste caso ha duas estimativas: t+n, —left+n, —2. Semy =mg = -+ =my =1

ha uma 1inica estimativa.

Samuel (1968) conjectura erradamente que, no caso de selecbes um a um, a es-
timativa nao é unica. Esta conjectura vinha sendo aceita até a publicacdo do nosso
trabalho. A prova desse teorema baseia-se no fato de que se t = m entdo K(N,t) ¢

uma fungao decrescente de N. o que implica NV = 1: se t = s entao K(N,t) é uma

funcdo crescente de V. o que implica N = oc. I'inalmente, se m <t < s consideremos

a funcao
k
filz) = (1 —ta)™! H(l —m;x), v € [0,t71) .
i=1
Pode-se provar que a equagao fi(a) = 1 admite uma tnica solugdo z¢ no intervalo

(0,t71), com f,(z) < 1 para todo 2 € (0,20) e fi(z) > | para todo @ € (zg,t™"). Deste

comportamento da funcao f;(-) e do fato que

< 1 )wK(n-Fl,t)
/i n+1/ K(n,t)

para todo n € IN; segue o resultado, exceto a unicidade para o caso de selegoes um a

um. No caso de mq = my = --- = my = 1. a relacao (1) torna-se
(t+ny—2)" = (0 — D+ 0, — 1)1 (2)

Desde que a equacao (r — 1) = (2 — t)2*™! nao tem solucao em IN* segue que (2) nao

se verifica e. portanto, a estimativa de maxima verossimilhanga € unica.



CAPITULO II

Inferéncia Bayesiana em Populagao Animal

II.1 - Introdugao

Observemos que, com relacao a estimativa de maxima verossimilhanga de N discu-
tida na secao anterior,
12) 0 espago paramétrico IN; muda com o valor observado t de T};
22) o estimador definido a partir de N nao tem momentos finitos;
32) as variaveis aleatdrias Uy, Uy, ..., U, que constituem os dados, nao sao indepen-
dentes e nem identicamente distribuidas. Tais fatos nos impedem de usar procedi-
mentos estatisticos padroes no estudo do estimador de maxima verossimilhanca de /N,

O uso de procedimentos Bayesianos, assunto desse capitulo, é um meio de contornar

problemas deste tipo.

I1.2 - A moda como estimativa do tamanho populacional

Consideremos. nesta segao, um modelo de captura-recaptura em que cada elemento
da populacao tem. independentemente dos demais, uma probabilidade desconhecida p;
de ser capturado na j-ésima amostra, j = 1,2,...,k. Denotemos por X; o nimero de
elementos nao marcados na j-ésima amostra. Y; o numero de elementos marcados na
J-ésima amostra ¢ por M, o nimero de elementos marcados na populagao na época

da j-ésima amostragem, j = 1,2....,k. Notamos que M; = 0. M3, = M; + X; =



X+ Xo+--+ X, =1L2,...,k onde M4y = T). Para completar a notagao seja
P ={(pi.p2.....pr) e

’D:{(:Ej'.yj>s ,}:1~2‘.l\'}

os dados observados. Logo,

X—jil‘{[j ~ B(,N — ;M’j‘,pj) e , S;Ij\/[, ~ B(lw]"pj) s

J=1,2,....k, o que implica que a funcao de verossimilhanca é
. EUN =M (M N-n
L(N.pID) = ] . yo ) (I =p;)" 7"
=1 Ly AN

e () -

onde n; = x; + y; e t é o valor observado de Tj. Consideremos uma distribuigao a

priori para (N, p) da forma

k
m(N,p) = 7(N) H

onde 7m(N) e m(p;), J = 1.2,...,k sao distribui¢des nao informativas. Logo, a dis-
tribuigao a posteriori de (N, p) € tal que (N, p|D) < L(N,p|D), o que implica que a

distribuicao a posteriori marginal de N é tal que

N l
m(N|D) o<<f> N+ 1) H (N = n)l[(N) .

No artigo Exact expressions for the posterior mode of a finite popula-
tion size: capture-recapture sequential sampling determinamos a moda da dis-
tribuicao a posteriori de N e mostramos que ela é sempre finita, ao contrario, como

vimos na secao anterior, do que ocorre com a estimativa de maxima verossimilhanga

de N.



O principal resultado obtido é o seguinte:

Teorema. Existe uma tinica moda de =(N|D). V. dada por
v _ t se 1 = m,
YT lt+n—1 set>m,
. . l n Tk
onde n; = min{n € IN* : H(t +n—n;) < f—;———(i +n+ 1)}
el n
J=1 ’

Segue. deste teorema, que se ¢ > m, entao N =1 se e somente se

k
1
(t+1—n;)< ——(t+2
e+ FsLab

A prova desse teorema segue do fato que, se ¢ = m entao, supondo sem perda de

generalidade que ¢ = ny, temos

k=1 -1
T(N|D) =< (N + 1) H ( ) I(N) .

=1

o que implica NV = {; se t > m consideremos a funcao
b
gl2) = (1 —ta) Y1 + )7k H 1—nj2),z€0,t7Y).
i=1
Provamos que a equacao ¢;(x) = 1 admite uma unica solugao nao nula 2y no

intervalo [0,t71), com zg # % para todo n € IN;, ¢gi(2) < 1 para todo z € (0,z0) e

gi(x) > 1 para todo @ € (ag, t™1). Tal comportamento da fungao ¢;(-) e o fato que

( 1 >_7r(n+H'D)
M\ny1)” m(n|D)

para todo n € IN; implicam o resultado.
Assim, podemos considerar N como uma estimativa de N e, a titulo de ilustracao,
apresentamos a tabela abaixo que nos permite comparar N com N, para alguns valores

de ny,ng, ... g

-1



(nyy N9, ... ny) t N N

62 63 63
(40. 60) 30 116 119 e 120

100 1299 o

90 92 92

120 150 152

(40, 60, 30) 140 232 239 e 240

179 2715 10381

130 3628 o

60 61 61

50 93 95

98 143 149 e 150

(15, 20. 25, 30. 50) 120 298 347
139 1336 7449

140 1609 %

Se tomarmos wmna distribuigao a priori (imprépria) para (N, p) da forma

r(N.p) = )7 O\HP A (3)

segue que a distribuicao a posteriori marginal de N é tal que

AT k
H(N|D) <J; ) A1) II (N = TN .

O comportamento da moda desta tltima distribuicao a posteriori é exatamente o
mesmo de N. Se considerarmos a distribuicao a priori impropria para (N,p) como
sendo aquela dada em (3). teremos a versao Bayvesiana do trabalho de Darroch (1958).
Veja também Castledine (1981).

Evidentemente, por ser impropria a distribuigao a priori. nao podemos garantir que
a posteriori tenhamos uma distribuicao prépria e assim, como anteriormente, a moda

pode nao ser sempre finita.
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II.3 - O estimador de Bayes do tamanho populacional

Suponhamos. como na secao 1.2, que na j-ésima etapa do processo sejam seleciona-
dos, sem reposicao, m; elementos da populagao dentre os quais U; elementos sao nao
marcados, ) = 1,2,.... k.

No artigo Bayes estimation of the size of a finite population: capture-
recapture sequential sample data introduzimos o estimador de Bayes do tamanho
populacional. Estudamos suas propriedades e. no caso de grandes amostras, algumas
dessas propriedades sao obtidas via Teoria dos Martingais e Supermartingais. Ireeman
(1972) e Zacks (1984) também trataram do problema. Contudo, ambos consideraram
o caso de selecoes um a um. Nossos resultados dependem da distribuicao a priori de
N ter segundo momento finito. Os resultados mais relevantes sao os de convergencia,
com probabilidade um, do estimador de Bayes. do risco de Bayes e de T}, quando k

tende ao infinito. No que segue enunciaremos os principais resultados desse artigo.

Observadas as k& amostras o vetor D = (uq,ug..... ur), onde u; = my e u; €
{0,1,....m;} para j = 2.3.....k é uma observagao do vetor aleatério
Dy = (U, Uy, ... Uy). Sejam S; = my +my + -+ m; e M; = max{my, my,...,m;}

para j = 1.2,..., k. Seja 7 uma distribuicao de probabilidade a priori para N e seja
INT = {a € IN": » > t.n(x) > 0} onde 1. como antes, é o valor observado de Tj.
Para todo t € IN" tal que M <t < Sy e INJ # 0. a distribuicdo de probabilidade a

posteriori de N é dada por

m(nlk,t) = M, k)N (k t)r(n) ] (n) ,

9



onde A(n, k.t) é o kernel da verossimilhanca (veja Leite e Pereira (1987)),
-1

oG

K(kit) = }: n!ﬂn) ‘
n=t (n ——-f)'H ( n )

e I7(-) é a funcdo indicadora do conjunto INJ. Como A(n,k.t) é limitado (relacao

3.3, p. 203 do artigo). entao A (k,t) é limitado. A restricao My <t < Sp € natural
pois. se t < my;, para algum j, entdo as selecoes seriam com reposigio e se t > Sy
entdo, antes do inicio do processo de selegao ja existiriam elementos marcados na
populacao. E praticamente impossivel definir-se uma classe conjugada de distribuigdes
para o processo pois, para alguns pontos amostrais. a soma da verossimilhanca para
todos os possiveis valores de N pode divergir. Por exemplo. no caso de selegoes um a
um, se considerarmos que a distribuicao a priori de N é wma medida uniforme em IN™,

entdo 7(n|k,t) nao esta definida para t = k —1 et = k. Com efeito,

K (k0] = 5 A kt) = 3

n=t

n!
(n —t)Ink
converge somente se £ < A — 2.
Seja 7(n) uma distribuicao de probabilidade a priori para /N com segundo momento

finito. Para todo t € IN* com M <t < S, e INT # ), a estimativa de Bayes de NV ¢
B(k,t) = E(N|Ty=1t)= E(N[Dy =Dy) =

= KN(k.t) i nA(n. k. t)r(n) .

n=t
Como An. k.t) e KN(k.1) sao limitados e 7 tem segundo momento finito, entao 3(k,1)
é finito. Para o caso de selecoes um a um, com { < k e INT # 0, temos

K(k,t)

2 I~ — b L
A0 = B 10

10



Em particular. se = for a distribuicao de Poisson com parametro ¢, entao

E[(N 4 1)7++1]

'}U\t) = 5 [(’\v + f,)"k]

onde N é uma variavel aleatdria com distribuicao de Poisson de parametro 6.

Na sequéncia a distribuicao de probabilidade a priori de N tem segundo momento
finito. Isto garante nao s6 que F(k.t) é finito. como vimos. mas também que o risco de
Bayes

plk.t) = Var (N|T), = 1) = Var (N|D, = Dy)
é finito. Os seguintes teoremas mostram que 3(-,-) é uma fungao nao crescente de k e

uma funcgao nao decrescente de t.

Teorema 1. Para todo k > 2 et € IN* suponhamos M < t < Sy e INT # . Se
My < Sk, entao

Bk, t) > plk +1.1) .

Vale a igualdade na relacao acima se a distribuicao de probabilidade a priori de N, 7,

for degenerada.

Teorema 2. Para todo k > 2 et € IN® suponhamos M, <t < 5, —1e NI # 0. Se

7(-|k,1) nao for degenerada no ponto %, entao
Blk,t) < Bk, t+1) .

Vale a igualdade na relacao acima se a distribuigao a priori de N, =, for degenerada

em qualquer ponto distinto de t.

11



A prova do Teorema | segue do fato que. a fungao

~1
h(n) = {(rn’: 1)} I(n). neIN*,
et

restrita ao conjunto INJ é decrescente.

Com efeito, esta propriedade da funcao h(-) implica (Lehmann (1966)) que
E(MN)T, = t)E(N|Ty =1t) > E(NLMN)|T, =1t),

que por sua vez implica o resultado.

A prova do teorema 2 segue do fato que
plk.t) = Cov(N. N —1|T, =1).
De fato. desta dltima relacao segue que

(k1) m o
= e Ak 3k, 1)} | (4)

plk.t)

que implica o resultado.
Para estudar o comportamento de 3(k.t) e p(k.1) no caso de grandes amostras
suponhamos, como anteriormente. (ue m; seja o tanianho da j-ésima amostra. Desde
que N ¢é finito, {m;};>; € uma sequéncia limitada de elementos de IN* com M =
max{m; : j > 1}. Para todo t € IN* tal que t > M e IN] # 0, seja s = min{j € IN*:
) >2e5; >t} Paratodo k > s. temos que M, <1 < S; e, consequentemente, 3(k,1)
e p(k,t) estao bem definidos. Do teorema 1 e do fato que F(k.t) > 1, para todo k > s,

segue que a {3(k, t)};>, (para t fixado) tem limite finito. quando k — oc.

O valor deste limite é dado pelo seguinte teorema.
Teorema 3. Para t fixado. 1 € IN". se 1 > M. IN] # () e 7 = min N/, entdo

12



Como uma consequéncia deste teorema temos o seguinte resultado.
Teorema 4. Para t fixado. t € IN". se t > M e N[ # (). entao

plk,t) — 0.

Rarel

A prova do teorema 3 baseia-se no fato que. para todo k > s. pode-se escrever

_— Y -1
Jk.t) = {AL‘!—)‘ + T} {Bu+1} .

r(r)7r! 7(7)7!
onde

A=A(r,k)—-0 e B=B(r.k)—0,

quando k tende ao infinito.

Com relacao a prova do teorema 4 observemos que, se [1(-|s,t) for degenerada, entao
[1(-|k.1) também sera degenerada. para todo A > s, e o resultado vale; se II(-|s,t) ndo
for degenerada, entao I1(-|k,?) nao sera degenerada no ponto t, para todo k > s. Por

outro lado, da relacao (4) temos que
plh.t) = {B(k.t) —t {3kt + 1) — F(k, 1)}

e o resultado segue do teorema 3.

Para provar a consisténcia do estimador de Bayes e as convergencias quase certa
do risco de Bayes de T}, construimos no item 6 do artigo uma familia de espagos
de probabilidades (). F,{P, : n > M}), onde P, é uma probabilidade definida pela
distribuicao de Dy dado N = n, e um outro espaco de probabilidade (*, F*,II), que é
o chamado modelo Bavesiano. Interpretando N e T} como variaveis aleatérias definidas

em (0, F~.II) temos o seguinte resultado.

13



Teorema 4. (i) T} —= n quase certamente [P,], para todo n > M e

(11) T) +—= N quase certamente [I1].

A prova deste teorema segue do fato que T}, converge em P, - probabilidade para
n, para todo n > M, e T} converge em Il - probabilidade para N,

Finalmente, definimos uma familia {F}i»>2 nao decrescente de sub-o-algebras de
F* tal que. com relagao a esta familia. a sequéncia dos estimadores de Bayes de N,
{Br}r>s, ¢ um martingal e a sequéncia do risco de Bayes, {pi}r>s, ¢ um supermartin-
gal. Estabelecida esta identificacao obtemos o principal resultado do artigo, dado pelo

seguinte teorema.

Teorema 5. (i) 4y — N quase certamente [II] e

(i1) px == 0 quase certamente [II].
Observamos que. segue imediatamente deste teorema o

Corolario 1. Var () T Var (V) quando & — .

I1.4 - Modelos de captura-recaptura com ou sem resposta a armadilha

Consideramos nesta segao modelos de captura-recaptura que levam em conta o efeito
da armadilha sobre o comportamento futuro do animal. Se um animal capturado em
alguma ocasiao for penalizado, o mesmo se tornara arredio e espera-se que sua recaptura
seja mais dificil: caso contrario. se nao for penalizado (ou sentir-se “feliz” durante a
captura), espera-se que sua recaptura seja facil. Assim, incorporamos nos modelos as

probabilidades de recaptura para as diversas ocasides.

14
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No artigo A Bayesian analysis in closed animal populations from capture-
recapture experiments with trap response, estudamos na perspectiva Bayesiana
alguns desses modelos. C‘onsideramos o problema da escolha do modelo e determinamos
a correspondente estimativa de N.

Varias distribuicoes a priori foram estudadas com o objetivo de estudar suas in-
fluéncias sobre a distribuicao a posteriori. Nossa contribuicao foi a extensao dos re-
sultados de Castledine (1981), que trata do assunto sem levar em conta o efeito da
armadilha sobre o comportamento do animal. Antes de discutirmos os principais re-
sultados do artigo introduzimos a seguinte notagao.

Sejam p; a probabilidade de que um elemento da populagao seja capturado pela
primeira vez, independentemente dos demais, na j-ésima amostra e c¢; a probabilidade
de que um elemento da populagao seja recapturado, independentemente dos demais, na
j-ésima amostra, j = 1.2,....%k. Denotando por ¢ o vetor (¢y, ¢y, ..., c) e utilizando

a mesma notacao da secao 11.2. consideremos os seguintes modelos.

M7, “heterogeneidade com nao resposta a armadilha” - caso onde p; = ¢; para
Oh ! J ]
todoy, 1 <7<k

My : “homogeneidade com resposta a armadilha™ - caso onde p; = p, ¢; = ce
pFellj<hoe

Mz . “homogeneidade com nao resposta a armadilha”™ - caso onde p; =p, ¢; =ce

0 g ! j 3

p=c. 1 <)<k

Observemos que. os modelos M, e M7 foram estudados por Castledine (1981);



Pollock (1975) mostrou que. para o modelo M, no caso k = 2, nao € possivel se de-
terminar o estimador de maxima verossimilhanga de N. a menos de algumas restrigoes
sobre o espaco paramétrico.
No caso do modelo M. a estimativa de maxima verossimilhanca de N, N, é dada
pela solucao da equacao
h
//T — 1 - /? AAd . ky-1
N=t{1—(1 —t(kN = > M;)} 1.
=1

Para comparar os modelos Mj, e M, sob a 6tica Bayesiana. definimos o fator de

Bayes

o _ Top(DlM,)
’ mp(DIM,)

onde 7; denota o peso a priori associado ao modelo M, ¢ = 0,1 e p(D|M}},) a densidade
preditiva sob o modelo M}, 1 =0,1.

Considerando a distribuicao a priori para (N, p.c) do tipo

m(N.p.c) = 7(N)x(p.c) . (6)

onde 7(N) =1, Ne N en(p,c)=1,0<p, <lel<¢ <1, )=12...,ke
o = m = 0,5, mostramos que K é aproximadamente igual a expressao 9 (p. 414)
do artigo e, para k suficientemente grande, aproximadamente igual a expressao 10 (p.
415). A distribuicao a posteriori marginal de NV é tal que. sob o modelo M7},
X
T(N|D) o JT{N +1— AL} L(N)
j=1

e, sob o modelo M,

A7

N i i, k » T
4 > {(N + 1)’] H(f\i — ?lj)!It(i\-") .

=1

7(N|D) (
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Logo. tomando como estimativa de N a moda da distribuicao a posteriori de N,
N. temos que, sob o modelo M7, N = 1 e. sob o modelo Mg, N é dada na segio
I1.2. Observamos que, sob o modelo M7, e com a distribuicao a priori nao informativa
para (N.p.c), I é a solucao Bayesiana do problema da estimacao de N discutido por
Pollock (1975). Assim, o problema da estimacao de NV fica contornado com a adocio
da priori nao informativa. A titulo de ilustracao reanalisamos o exemplo da secdo 5
de Castledine (1981). Neste caso I = 3,498 x 107°. Logo, p(M,|D) = 3,489 x 107°.
Isto mostra que Af}, ndo é um modelo adequado. desde que com base nos dados ele
tem suporte muito pequeno. Entao, é razoavel a escolha do modelo M7, e N = 135,

Para comparar os modelos A/ e M| poderiamos usar o fator de Bayes dado em (5).
Contudo, na secao 4.1 o artigo propomos outro método. que consiste em considerarmos

W

a distribuicdo a priori para (N, p,c) como em (6) e a distribuigao a posteriori de ¢ = =,

onde W = log (1—_2;) e Z = log (ﬁ) A distribuicao a posteriori de ¢ é proporcional
a expressao 16 (p. 419) do artigo. A decisao por M ou M7 serd baseada no menor
intervalo de credibilidade de probabilidade (1 — a) 100% . Se o intervalo contiver a
unidade entao M deve ser usado. Caso contrario M7 deve ser usado. Para estimar N
observamos que, segundo o modelo A, a distribuicdo a posteriori ou marginal de N é
proporcional & expressao 18 (p. 420) do artigo e, sob o modelo Mg, a expressao 19 (p.
421). Neste contexto, para o exemplo da segao 5 de Castledine (1981) determinamos
que o intervalo de 95% para ¢ é (0.59: 0,85). Entao M é o modelo escolhido e N = 238.

Como distribuicao a priori informativa para (p.c) tomamos, sob o modelo M7,

p; =p~ Beta(a;,by) e ¢; = c~ Beta(ay by). y = 1.2..... k. com p e ¢ independentes

e sob o modelo M;,, p; ~ Beta(ay,by) e ¢; ~ Beta(ay, by) com py,c1,p2,Co, -5 Dk, G

17



independentes. As distribuicoes a posteriori marginal de N para os modelos Mg e My,
sao dadas pelas expressoes 22 e 23 (p. 425) do artigo. C'omo em Castledine (1981),

para analisar a sensibilidade da distribuicao a posteriori de N consideramos o quociente

\_ I(V|D)
T

e concluimos que. quando A cresce a influéncia dos parametros «; e b; é muito maior
no modelo A}, do que no modelo A/},

Finalmente, sob o modelo A7, tomamos a distribuicao de Dirichlet como dis-
tribuigao a priori para (p.c). Nesse caso a distribuicao a posteriori marginal de N
é dada pela expressao 26 (p. 428) do artigo, que pode ser simplificada quando os ¢;
forem suficientemente pequenos. Para alguns valores dos parametros da distribuigao

de Dirichlet. deteminamos a moda da distribuicao a posteriori de N.
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A note on the exact maximum likelihood estimation of the
size of a finite and closed population
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SUMMARY

Using data obtained by the general capture-recapture sequential sampling process, an analytical
expression for the maximum likelihood estimate of the population size is introduced. It is shown
that the bounded likelihood functions have at most two maxima. For the simple one-to-one case
the estimate is unique.

Some key words: Capture-recapture sequential sampling process; Maxlmum likelihood estimate; Sufficient
statistic.

'

1. INTRODUCTION

The objective of this note is to present a closed analytical expression for the 'maximum likelihood
estimate to the size, N, of a finite and closed population when the data are obtained by
capture-recapture sequential sampling. Inferences about N based on data obtained in special
cases have been considered by many authors; see, for instance, Seber (1982, Ch. 3, 4; 1986) for
a complete reference list.

Consider a populatxon of size N that changes neither in size nor in form; that is, the populatxon
is closed. From this population, k> 1, random samples without replacement are sequentially
selected from the population. Each of these samples is returned to the population before the next
is selected. For the jth (j=1,..., k) sample, the scientist records the sample size m;=1 and the
number U; of units selected for the first time; that is, units that were not selected in samples 1
to j—1. The statistic T = U;+...+ U, is the number of distinct units selected in the whole
sampling process. Leite & Pereira (1987) show that this statistic is sufficient and that the smallest
factor of the likelihood function that depends on the value of N, the likelihood kernel, is

k N -1
K(N,1)= N!{(N—z)z 11 (m)} L(N),

=LAy
where t is the observed value of T, and I,(.) is the indicator function of N,={n=1t}. The
probability distribution of T, (Leite & Pereira, 1987) is

pr{T,=t|N}=K(N,)t! ¥ (- 1)'-'( )( ! ) ( ! )1*(:),
i=0 m, my
where m =max {m,,..., m}, s=m,+...+m, and I*(¢t) is the indicator function of
{m=t<min(N,s)}.

2. MAIN RESULTS
If t = m, its smallest possible value, K(N, ) is a decreasing function of N so that the maximum

likelihood estxmate is N =1. At the other extreme, when t =5, K(N, t) is an increasing function
of N, so that N =00,
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Let now m<t<s, and consider .the function
k
f(x)=(1=x)"" ] (1= xmy)
j=t

defined in 0< x<1"'. This function is continuous in [0, t™'), is equal to unity at x =0, goes to
® as x increases to ¢+, and, if n=>1,

( 1 )_K(n-{-l,t)
S n+l)  K(nt)

The behaviour of f, is described next.

LeEMMA. For m < t <s, the equation f,(x) =1 has a unique posmve solution x, in the open mterval
0, 17Y). Also, f,(x)<1 if 0<x<x, and f;(x)>1 if xo<x<t™"

Proof. Note that f,=g/h,, where g and h, are defined as

g(x)= II (1=xm;), h(x)=1-xt
j=1

The first and second derivatives of g are, respectively, negative and positive. Hence, g is a
decreasing convex continuous function. Also, h, is a decreasing linear function, g(0) = h,(0) =1,
g(t™)>0 and h,(t™')=0. The derivative of (h,—g) evaluated at x=0is m,+...+m—1>0.*

Consequently, there is a unique point, X,, in the open interval (0, t™'), such that g(x,) = h,(xo),
g(x) < h(x) if 0< x < Xo, and g(x)> h(x) if xo<x<t™". 0

THEOREM. A maximum likelihood estimate of N exists and is defined as
t (t=m),
N={t+n-1 (m<t<s),
s o] (t=ys),

where n, = min {n; (t+n—m,)...(t+n—m;) <n(t+n)*"'}. Also this estimate is unique except when

k
[1G@+n—m—1)=(n—-1)(t+n-1)" 1)
J=i

In th!s case the only two possible estimates are (t+n,—~1) and (t+n,=2). If m;=...=m=1tis

always unique.

The proof follows directly from the Lemma. The uniqueness in the one-by-one case is not in
agreement with Samuel (1968). To see this, for 1<t <k, note that (1) simplifies to

(t+n,-2) = (n,-1)(t+n,-1)*"

and, defining x to be the integer t+n,— 1, we can write (x—1)* = (x— ¢)x*~". This last equation
is equivalent to

(t-k)x k=24 Z ( )( —1)ix* = x T (=)
im}

Since x> t> 1 is an integer, the left-hand side of this equation must also be an integer but the

right-hand side cannot be an integer. Hence the equation has no integer solution.

3. COMMENTS

Most- recent publications on inference about N are restricted to the case on k=2. See for
instance Isaki (1986) and Pollock, Hines & Nichols (1985). However, with the simple expression
of the maximum likelihood estimator obtained from N, some of their analysis can be extended
to the general case of k=2. ’

Before using N one needs to observe the following limitations.
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(i) The parameter space N, changes with the observed value ¢ of T,.

(ii) the random variables U, for i=1,..., k, that form the data are not independently and

identically distributed. In fact they are not even exchangeable.

(iii) The estimator defined from N has no finite moments. .

(iv) When either event {T, = m} or {T, = s} occurs the value of N is not related to the value

of k.

Facts (i), (ii) and (iii) restrict the use of standard statistical procedures. The use of Bayesian
procedures may be the way to counter these problems since they rely on the observed data rather
than on the distributional properties of T,. To the best of our knowledge Freeman (1972) is the
only available reference for the Bayesian estimation of N.

The strongest limitation on N is, in our opinion, introduced by (iv). To make the number of
samples; k, relevant when T, =m or T, = s, one needs to use prior knowledge.
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Summary

Using data obtained by a multiple Capture-recapture experiment that depends on
the catchability of the individuals in a closed population, an exact analytical
expression for the mode of the posterior distribution of the population - size is
derived. The prior structure considered is noninformative. It is shown that there

are cases where the posterior mode is always finite, a result that was conjectured
by Leite et al. (1986).

Key words: Capture-recapture experiment; sequential sampling; posterior distribu-
tion mode; maximum likelihood estimator.

1. Introduction

The objective’of this paper is to derive a closed analytical ex-
pression for the posterior mode of the population size,N, of a closed
population, when a capture-recapture model that depends on the "catch-
ability" of the indiviéuals is considerec_i. It is shown that there are
situations where the bosterior mode is always finite, a result that was
conjectured by Leite et al. (1986), when deriving exact expressions
for the ML estimate of N. But unfortunately there are situations where
the ML estimate is infinite, what also may happen with the posterior
mode, under a particular class of improper priors.

As in Castledine (1981), the capture probabilities are assumed to
be the same for all animals, but with the possibility of changing over

time. A review of the literature is given in Seber (1985).

-In ‘Section 2, the basic notation is presented and the posterior
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distribution of N is derived. Section 3 presents the main results of
the paper. The behavior of the posterior mode is illustrated for

various practical situations.

2. Basic notation and the posterior distribution of N

As in Castledine (198l1) let N denote the unknown population size,
s (s > 2) the number of samples taken, Py 1 <i<s , the unknown
probability of each animal to be captured in the i-th sample, Xy the
unmarked number of animals in the i-th sample, Y, the number of marked
animals in the i~-th sampie (Yl.= 0) and M, the number of marked animals

in the population just before the i-th sample (Ml = 0). Note ‘that

Migg =M + Xy = Z

xj. To complete the notation,letp = (pl,pz,...,ps)
i=1 -

and

D = {(xi,yi), i=1,2,...,s, ¥, = o} .,

‘the observed déta. xi and Yi,.i =1,2,...,8 are assumed to be inde~
' pendent (condituxudlyqn‘the Mi)' Therefore, under the assumptions

made above,
X;lpy ~ B(N - Mi,pi,xi) y 1= ;}2,...,3
¥, lpy ~ BM Py ayy) 22,3, ,
from where it follows that the likelihood function of N and p is

N—Mi][mi
Xy 1Yy

s
L(N,p,D) = I
= i=1

S ny N~-nj .
I p (.l-p ) '
i=1 i i

] R
Py (1-p VM [f}

) . s

where ng = xi+yi and r = X xi , the total number of different animals
i=1

captured.

Considering a prior distribution for (N,p) such that

B Y PRI IS
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m(N,p) = w(N)T(p) , (2.1)

where m(N) and 7(p) are noninformative distributions, it follows that

the joint posterior density of (N,p) is given by
T(N,p|D) o L(N,plD). ) (2.2)

By integrating out p in (2.2), it follows that

H

TN|D) o —EL R
' (1) ]S 1521

(N-ny) !, (2.3)

s
where N > r and max{n;,ny,...,n;} < r < I ny .

If the improper prior

m(N,p) = w)T(p) @ N pit (2.4)

=

i=1
is taken for N and P . then, it follows that the posterior probability

function of N is given by

s .
_E (N—ni). . (2.5)

. Improper prior {(2.4) is used for relating the Bayesian approach
to the work of Darroch (1958). See also Castledine (1981).

The behavior of the mode of the posterior distribution (2.5) = 1is
exactly the same as the behavior of the ML estimate considered in leite

et al. (1986).

3. Analytical expression for the mode of m(N/D) with noninformative

prior structure

+

For the observed data D, the posterior mode of N is a point

N € {n € N*; n>r} N* ={1,2,...}) such that it maximizes the pos-
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terior probability function of N. After simple algebraic manipulations,

(2.3) may be written as

T(N|D) a N: ) (3.1)

s {N +1

(N-x)! T .
j=11"5

€

The following result introduces the mode of (3.1) for the extreme

case where r = max {nlfnz,...,ns}.

Lemma 3.1. If r = max{nl,nz,...,ns},~then N=r is the unigue mode

of (2.3).
Proof. After simple algebraic manipulations, (3.1) may be written as

) {N+l]
T(N|D) o r+l , N > r. , (3.2)

S bl
N +1
(N+l)j£l {nj+lj

Supposing, without any loss of generality, that r = ng , it follows

from (3.2) that

T(N|D) @ 1

’ 2 ’
N +1J ‘

n.+1

s-1
(N+1) [
j J

i=1

Considering the case where r > max{nl,nz,...,ns}, let

L}
K(N) = N: , N >r .

S IN +1 -
(N=x): T {
Ty=1(0y*

It follows from (3.1) that N is the point which maximizes K(N) and,

for all N > r ,’

KO+ oo )TN, )8 LRy
CK(N) N+1) N+1) j=1 N+1

o A i .

from where the result follows. : o

RS S
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pefine the function

gi{x) = (l-rx)"l(l+x)_s

[=N"]

1
(l-njx)., X € [0,;).

i=1

For all N > r ,

1
N+1

- 2 K(N+1)
K (N)

.

In the theorem that follows, the behavior of the function g is studied.

Theorem 3.1. If r > max{nl,nz,...,ns}, then the equation g(x) =1 has
only one non null root x, in the interval [0,%). For x 6(0,xo),g(x)<l

and, for x € (xo,%). g{x) > 1.

: s
Proof. Consider the functions gl(x) = I (l—njx)and gzbd=(l-rx)(bhds,
. j:l d !
for all real x. The fifét and second derivatives of g, are such that

, s )
gy (x) ] (-n,) T (l-n;x) <0
! i=1 Y=l J ‘
j#1
and
" § § - 8 .
g, ({x) = n.n. I (l1-n,x) >0 ,
! izl j=1 * 3 x=1 k
J#L k#i, 3

for all x in the interval (0,%).
Therefore, 94 is a decreasing convex continuous function in the

interval [0,%}. The function 9, is continuous and its first and Second

t

derivatives are

g;(X) {:—I‘(s+l)x+s-r](1+x)s”l

énd

[—rs(s+l)x+(s-l)(s—r)-r(s+1)}(l*x)s-2 '

g, (x)
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respectively, for all real x. Thus

(a) if r > s, g;(x) < 0 and g;(x) < 0, for all x € (0,%), that is, g,

is a decreasing and concave function in the interval [0,%] . At the
. . 1 1 1

origin, gl(O) = g2(0) = 1, .and at the point ¢ , gl(f)> 0 and gz(;)=0.

The derivative of g9, = 91 evaluated at the origin is

-r+ s >0 .

~1n

92(0) - g1 (0 = PR

Therefore, there is a positive real number §,such that gé(x)—gi(x)>0,
for all x in the interval [0,8). It follows, from the Mean Value
Theorem, that gz(x) > gl(x), for all x in the interval (0,§8). Conse~-

quently, there is a unique point x, € (0,%); such that

gl(xo) = gz(xo) ' i
gl(x) < g,(x)., for all x € (0,x,), and

g, (x) >‘gz(x) , for all x € (xo:%)-

Since g is the restriction of %l to the int;rval [0,%) , the -result

follows.

(b) If r < s, gy(x) >0 for all x € |0, e
: . , r(s+l)

g;(x) < 0 and g;(x) < 0 for all x € —sr 1 , implying that
. r(s+l) '

g, is increasing in the interval [0,—~§:£—} and decreasing and concave
_ - r(s+l)

in ——§:£~,l . So, there is a unique point x, € —sr.,l such that
r(s+l) ¥ . r(s+l) T

glﬁx) < gz(x), for all x € (O,xo), and
gl(x) > gz(x), for all x € (xo,%).

. g .
Since g = 5; in the interval [0,% , the proof is completed. o

Figure 1 below illustrates the behavior of the functions gland g,

20
4

o

PP

-
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in the ,interval [0,%], as described in. Theorem 3.1, in a general situa-

tion.

X5 1 S=r X, 1
r r(s+l) r

(r2s) . ‘(r<s)

Figure 1

Funections él and g, in a general situation.

We note that the root of the equation g(x) = 1, x € [O,%), is not

of the form X, = , for all n € N*, n > r. Indeed, the equation g(%)=l,

.

5 D

for some n € N*,
{?} -
] ]
0

The left-hand side of the above equation is an integer. Since the

> r, is equivalent to

[=R0}

s s L

-1 r
(n-n,)-r 7} {-] nd™ = % |
! SR 1 n

right hand side cdn not be ap integer, it follows that X, # % ' for
all n > r,
The main result of the paper is statedxmmt.Letn1=1mndnlﬁh,.u,ns}

and ’ '
. . ) % . ‘
(r+n+l)? .

n_ = min{n € N*;

r jgl (r+n-nj) <

n
r+n

Theorem 3.2. For all s > 2 there exists a unique mode of w(N|D), N,

definéd by
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m if r=m

r+nr-l ifr > m.

Proof. From Lemma 3.1, N=r if r= m. Ifm<1xr, it follows .from

Theorem 3.1 that there exists n, € N*, n > 1, such that, for ne¢ n*

o]

iv

n
o

>1 for n€ N*, n< n,-1.

1 <1 for n € N*, n
(5]

Therefore, ng min{n € N*; g{ 1 ) <1}

r+n

s

* . - n_ Sy,
min{n € &*; jgl (r+n nj) < g5 (r+n+l) };

[

tﬁat is, n_ = n_ and from g{

1 ), K (r+n)
o r

. R . :
pory RK(zen-1y ' PE€ N it follows that

K(r+nr-l) > K(r+nr-—2 > geee X K(r)

and’
K(r+nr-l) > K(r+nr) > K(r+nr+l) b

So, N'= r+n -1 is the only mode of 7 (N|D), given by {(2.3). o

The next .result is a direct consequence of Theorem 3.2.

Corollary. If r > m, then N =ris the mode of (2.3), if and only if,

[l

s l> S g
jgl (r+1-nj) < }TI(’""Z) . . - o .

From the posterior probability function (2.5), it follows that if an
improper prior distribution is taken for p, then the posterior mode

may be infinite, as it happens with the ML estimate. On the other’

. hand, if a proper prior is taken for p, it follows from Theorem 3.2

that the posterior mode of N is always finite. Therefore, the conjec-
ture made by Leite et al. (1986) is right, as long as a proper prior

distribution is taken for =

e S

[ T TN (NP Y IR

I
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Table 1 bellow illustrates the behavior of the posterior mode given
in Theorem 3.2, for some'numerical examples.
For the sunfish data in Castledine (1981), it follows from Theorem

3.2 that n_ = 160 and then N = 295.

Table 1

Examples of posterior modes of (2.3)

ML estimate . Posterior mode of
Ny Ngreeerng r
(mode of (2.5)) (2.3) (Theorem 3.2)
62 63 63
(40,60) 80 119 & 120 116
100 ® © 1299
10 12 11
wse 1 T B
14 © 30
90 92 g2
120 152 150
140 239 & 240 232
(40,60,80) 179 - 10381 2715
- 180 = 3628
6 6 6
7 7 7
10 11 10
(3,3,4,4,5) 17 67 29
, . 18 _ 139 35
19 ® 44
60 61 61
80 95 . 93
(15,20,2530,50)° 30 1495 190 293
139 7449 1336
140 © 1609

(Received March 1987. Revised August 1987)
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Summary

The Bayes’ estimator of the population size, based on data obtained by the general
capture/recapture sequential sampling process, is introduced. Properties related to the information
contained in the data are studied. Also, some large-sample properties are obtained by using
standard martingale results. The strongest resuits are the almost sure convergence of the Bayes’
estimator to the true population size and of the Bayes’ risk to zero. The Bayes’ properties presented
are restricted to proper priors having finite second moments. It is shown that the maximum
likelihood estimator also converges almost surely to the population size.

Key words: Bayes’ estimator; Bayes’ risk; Capture/recapture sequential sampling process; Martin-
gale and supermartingale; Maximum likelihood estimator; Sufficient statistic.

1 Intreduction

The objective of the present study is to show that the Bayes’ estimator of the population
size N, in addition to being consistent, has interesting properties, which are not shared by
alternative classical procedures. As in Leite, Oishi & Pereira (1987, 1988), here we deal
with a finite and closed population of size N, from which, using the capture/recapture
sampling procedure, k(>1) samples of sizes m;=1 (i=1,2,..., k) are sequentially
selected. The sampling design for the capture/recapture sequential process and its
sampling probability distribution are presented in the following section. For complete
details see Leite & Pereira (1987). Section 3 introduces the Bayes’ estimator and the
Bayes’ risk.|Bayes’ estimation of N, based on the capture/recapture sequential sampling
process, was also studied by Freeman (1972) and Zacks (1984). However, both studies
considered only the simple one-by-one case, that is m;=...=m, =1. Monotone
properties of the Bayes’ estimator are presented in § 4. Large-sample properties of the
Bayes’ risk and estimator are presented in §§ 5 and 6. We also show that related results
can also be obtained for the maximum likelihood estimator discussed by Leite, Oishi &
Pereira (1987, 1988).

With the sampling procedure used in this paper, a minimal sufficient statistic for N is
T,, the number of distinct units selected in the whole sample. It is not difficult to see that
this statistic converges almost surely to the true value of N. This strong and simple result
is the basis of the large-sample properties discussed in §§5 and 6. Results of § 6 use the
language of martingales and supermartingales.

It is important to notice that when the sample increases (more information is collected)
the variance (predictive) of the Bayes’ estimator increases as shown in § 6. For someone
who is accustomed to looking for minimum variance estimators this may be very
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unintuitive. However, it must be understood that this variance is taken under the
marginal (predictive) distribution of the data since, to compute the Bayes’ estimator, the
parameter N is eliminated by integration under the conditional distribution of N given the
data, the posterior distribution. It is intuitively clear, on the other hand, that the Bayes’
estimator would be perfect if the posterior mean, E{N | T.}, is equal to N. In this case,
the maximum variance is attained since

Var {N} = Var {E{N | T}} + E{Var (N | T.}}.

Note that any reasonable person should try to decrease the posterior variance, and
consequently its expectation E {Var {N | T,}}, to zero. This corresponds to increasing the
variance of the Bayes’ estimator to Var {N }, its maximum possible value.

2 The Statistical Model

Consider a population of finite size, N (eN={0, 1, .. .}), which does not change in size
or in form during the study time. From this population, k(>1) samples are sequentially
selected at random. Each sample is returned back to the population before the next one is
selected. To obtain the relevant data for estimating N, the following steps are performed.

(i) The first random sample of size m,(=1) is drawn, without replacement. After the
sample units are marked they are returned to the population and the number
U, = m, is recorded.

(ii) The jth (j>1) random sample of size m; is drawn, without replacement. The
sample units that have been previously marked are immediately returned to the
population. The remaining U; unmarked sample units are marked and returned
to the population. The numbers m; and Uj are recorded.

After the k samples have been observed, the data random vector,

Dk=(U1, . ey Uk);
assumes the observed point
@k=(ul) sy uk)v

where u, =m) and u;€ {0, 1, ..., m;} forj=2,...,k
Note that the statistic

L,=U+...+tU
is the number of distinct units selected in the whole sampling process. Leite & Pereira

(1987) show that this statistic is sufficient for N. Moreover, the Likelihood kernel, which
is a minimal sufficient statistic (Zacks, 1981), is given by

k -1
A, My, )= f,(n){(n -] (" )} nt,
j=1 N
where ¢ is the observed value of Ty, $(n) is the indicator function of N, = {x e N, x = t}
evaluated at point n, and M, is the vector (my, ..., mg). The families of probability
distributions of D, and T (Leite & Pereira, 1987) are given by

Py = @, | N =} = 4, e, 03O (5 )}—{H @)},

j=2 N U j=1 2.1)

P{T, =t|N=n}=An, 4, t)-’A(’)_, _(:_1_):1_1<l)'

it — i) j=1 \IMY;
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where #,(r) is the indicator function of the set
A={xeN;max{m,,...,m}<x<min{n, (m +... +m;)}}

evaluated at point rand forj=1,...,k, =u;+...+u. Note that A depends on the
value n of N.

In the following sections, after introducing a prior probability function for N,
P{N =n} = n(n), we discuss some properties of the posterior probability function,

PIN=n|D,=%}=P{N=n | Ti=t}=n(n|k, 1),

of the posterior mean or Bayes’ estimator,

E{N|Dy= D} =E{N|T. =t} =Bk, 1),
and of the posterior variance or Bayes’ risk,

VIN|De=9) =V{N| T =1} = p(k, 1).
Note that &, 8 and p also depend on . In the sequel, all the functions depending on k
also should depend on 4, and, following this rule, we write A(n, k, t) for A(n, My, t). In
addition, we let §;=m, +. .. +m;and M;=max {m,,...,m}, forallj=1,..., k.
3 Bayes’ Estimation

Let 7 be a prior probability function for N and let
NFf={xeN;x =1, n(x)>0}.

For all 1 € N such that M, <r=< S, and N+, the posterior probability function of N is
given by

a(n |k, t) = An, k, )x(k, Hr(n)#i(n), 3.1
where $7(n) is the indicator function of NJ evaluated at point n and
n! n(n) -1
- 3.2)
t)= k
k(k, 1) Z,'(n o (n)
. Jj=1 ml
Using the fact that (see Appendix 1)
M, — 1)~ *
A@hnsb—*t} 1 (m,Y), (3.3)
. =1

one may easily prove that kx(k, r) is positive and bounded. Note that M. <t<S§,is a
natural restriction since: (a) t <m;, for some j, would happen only if we had selections
with replacement; and (b) ¢ > S, would happen only if, before the selection process starts,
there already existed marked population units.

It is difficult to define a workable conjugate class of distributions for this problem since,
for some sample points, the sum of the likelihood over all possible values of N,
{n eN;n =1}, diverges. For instance, considering the improper uniform measure on N,
for the one-by-one case where m;=...=m, =1, 7(n | k, t) would not be defined for
t=k-1and t =k since,

1 —
x(k, 1)

converges only if r <k — 2.

ol !
An, k, 1) = }; W:_—t_)' (3.4)

Ms

il
~



204 J. Garvao Lerre and C.A. pE Bracanca PeErREIRA

Considering only proper prior distributions is not restricting the practical applicability
of the Bayes’ method in the present problem. Usually the space (a lake for example)
occupied by the population of interest is limited, permitting only the accommodation of
a finite number of population units (fishes in the lake). Even when the maximum possible
number of population units is taken to be very large, the Bayes’ solution for the
estimation problem is obtainable. Note that the choice of this supposed maximum number
is a very important and delicate matter. For instance, if one observes a value of T, 1,
larger than the number chosen for this maximum, one must agree that the chosen prior
opinion used was wrong. This is a example of a problem where open-minded prior must
be used. Following a personal communication from David Blackwell in 1986, we consider
as open-minded priors all probability functions that assign positive probabilities for all
physically possible values of the parameter. This yields the restriction that the set
NI = {x e N; x =¢, 2(x) >0} must be nonempty. This restriction creates a slight logical
problem since it relates the prior distribution to the observation . However in practice,
by knowing the size of the location that accommodates the population, one may consider
positive probabilities (although very small for some points) to all physically possible
values of N. To avoid these problems, we will consider only proper prior distributions
that assign positive probabilities to any non-negative integer.

Let 7(n) be a prior probability function with a finite second moment. For all t € N such
that M, <t =< S, and NT# (J, the Bayes’ Estimate (Bg) of N is given by

Bk, )= i na(n |k, )= k(k, 1) i ni(n, k, t)z(n). (3.5)

Due to inequality (3.3) and to the fact that st has a second moment, B(k, t) is finite. For
this one-by-one sampling, with < k and N # (J, we have

_ x(k 1)
Bk, 1) “rG-L0) (3.6)

Before discussing the properties of the BE we present examples with Poisson prior
distributions; that is (n) = (n!)"'6" exp {— 6}, forn e N.

Example 1. For the one-by-one case with Poisson prior, the BE is given by

E{(N+1t)~**h)
E{(N+1t)~*} ~’

where E{.} is the expectation operator and N is the random variable having the prior
Poisson distribution with parameter 6 >0. Table 1 presents the values of BE for 6 =20
(prior mean or variance) and k = 10, 12 and 15. In order to evaluate the influence of the
use of the prior information, we also present, in parentheses, the maximum likelihood
estimates (MLE). The theory of the mLE under the general capture/recapture sampling
process is presented by Leite, Oishi & Pereira (1987, 1988). In the present example, it is
interesting to notice that the MLE and the BE yield close values for small, and more
informative, values of ¢. The MLE diverges as 7 increases. This fact shows that the influence
of the prior information is stronger when the data is less informative; that is when ¢ is
large.

Bk, 1)=

Example 2. For the two-by-two case (m; =. .. = m, = 2) with Poisson prior, the BE is
given by

Pk, 1) = {é,[(n = 1):?:(n i}/ (2 S =232,
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Table 1
Bayes® estimates of N for Poisson prior with parameter 6 =20 (maximum
likelihood estimates)

t k=10 k=12 k=15
1 (1) 1-6450 1) 1-0061 (1) 1-0006
2 (2) 47857 (2) 24358 (2) 20628
3 (3) 10-2049 (3) 60156 3) 35704
4 (4) 13-1565 4) 98999 4 60322
5 (5) 15-2625 (5) 12-6860 (5) 89280
6 (8) 17-0382 (7) 14-8565 (6) 11-5406
7 (12) 18-63% (9) 167130 (8) 13-7788
8 (19) 29-1317 (12) 183865 (10) 157434
9 (42) 21-5481 (18) 19-9408 (12) 17-5215
10 (®) 22-9085 (29) 214111 (16) 19-1690
11 — (62) 228189 (21) 2071212
12 — (») 24-1781 (30) 22:2011
13 — — (48) 23-6244
14 — — (100) 250023
15 — — () 263430

Example 3. If in the preceding examples we take k =3, m, = 1, m; =2 and m; =3 then
the BE is given by

o nen o« 9’]
A3 0= {,,Z:,(n —2)(n — 1)Pn(n = t)!} / {Z: (n = 2)(n — 1yn(n ~—t)!} (t=3,4,5,6).

4 Basic Properties of the Bayes’ Estimator

The study presented here and in the remaining sections is restricted to proper. prior
distributions with finite second moments. Recall that: (a) the BE, B(k, 1), is a function of
My =(my, ..., my); (b) M, <t <S:; and (c) NF#. Also recall that the probability
function = is said to be degenerate if its support has only one point. The following results
show that B is a non-increasing function of k and a non-decreasing function of .

THEOREM 1. Forall k=2 and t € N, let My <t<S, and N*# 3. If my,,<8S,, then
Bk, t)=B(k +1, 1). 4.1)

Equality holds if the prior probability function, x, is degenerate.

Proof. Considering the restrictions, define the following decreasing function of n e N
(#,(n) is the indicator function of N,):

h(n) = J,(n)/(n':k).

It follows (Lehmann, 1966) that
E{h(N)| T, = tYE{N | T, =1} =E{Nh(N)| T, =1t)}.

It is simple to check that

k,
E(h(N) | T, =1) = ;{,‘%{—{% E{(NK(N) | T, = 1) =K—(",(—(J;%)E{~l Tew=1);
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that is
Kx(k, t) kx(k, t)
——— =—""——fBk+1,1),
rkLnPe 0% 1, 0 A )
which completes the proof. O

TheorRem 2. Forall k=2 and te N, let My <t <5, —1 and N # Q. If n(n | k, 1) is not
degenerate at point t, then
Bk, t)< Bk, t +1). 4.2)
Equality holds if the prior probability function, n, is degenerate at any point but t.

Proof. Considering the restrictions, we note that (cov is for covariance)

) p(k, )= V(N | To=1} =cov (N, N 1| T =1},
(i) E(V(V=0)| Tu=1) = s Bl 1+1),
(iii) E{N—tln=1}=%k(k;’—£)l—).

These yield the following formula

kx(k, 1)

Pk )=k i+ 1)

{B(k, t+1) — B(k, D)} (4.3)
If (n | k, 1) is not degenerate at point ¢, then p is a well defined non-negative function
and the proof is completed since both factors in the right side of (4.3) are non-negative. U

The following example will show that similar results do not hold for the function
p(k, 1), the Bayes’ risk.

Example 4. For the one-by-one case (m,=...=m,=1) with Poisson prior with
parameter 6 = 100, we have

p(9, 5) =99-98439 < p(10, 5) = 10004162, p(10, 6) = 99-91608 > p(10, 7) = 99-76708.

This example shows that p, unlike B, is neither monotone decreasing in k, for each
fixed ¢, nor monotone increasing in ¢, for each fixed k. However, the results introduced in
the sequel show that, for large samples, both p and § have desirable properties.

5 Large-Sample Properties

In this section we introduce two simple large-sample properties of the BE and discuss an
interesting property of T;, the sufficient statistic. As a consequence of this property, it is
shown that the BE and the MLE converge almost surely to N in the classical sense. For the
two properties below, the value ¢ of T, is held fixed when k increases.

Since we deal with a finite population, {m;},», is a bounded sequence of elements of N
with M = max {m;;j = 1}. As before, m; is the size of the jth sample and, for all t € N such
that t = M and N # J, define s = min {j € N, j =2 and §; =t}. For all k =5, we have that
M, <t<S§, and consequently both B(k, 1) and p(k, t) are well defined. From Theorem 1
and the fact that B(k, t) =1 for all k =5, the sequence {B(k, 1)}« for a fixed f has a finite
limit when k increases to infinite. The value of this limit is given by the following result
that is proved in Appendix 2, since we have a long proof.

- B
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THEOREM 3. ForafixedteN, ift=M, NT# O, and v=min NJ, then
l{im Bk, )= 1.
If ;(t)>0, then t=1. -
The convergence of the Bayes’ risk sequence, {p(k, £)}«=,, to zero is stated next.
THEOREM 4. For a fixed t eN, if t = M, and N[ #J, then

lim p(k, t)=0.
k—»x
Proof. If m(n | s, t) is degenerate then so is n(n | k, #) for all k =s and the result holds.
If (n | s, t) is not degenerate then, for all k =5, 7(n | k, 1) is not degenerate at the point
t and from (4.3) we have that

pk, t)={B(k, 1) = t}{B(k, t + 1) = B(k, 1)}.

Since M, <t =<S,, B(k, t + 1) is well defined and, using Theorem 3, the present result will
follow. 0

The following simple, strong result is the most important large-sample property under
the classical statistics perspective. Together with the above results it shows that the BE is
also a good estimator under the classical perspective. This result is formally presented in
Corollary 1 of § 6.

THEOREM 5. Considering only the process defined by {P{T,=t|N=n}};s, the
minimal sufficient statistic, T, converges almost surely to n, for any fixed value, n € N, of
N.

Proof. To prove this result we consider an analogy with the random selection of balls
in an urn. First consider the one-by-one case; that is consider an urn with n balls from
which we select sequentially and randomly, with replacement, k balls. If ¢ is the number
of distinct balls selected in the first k selections, then (¢/n)™ is the probability that only
these t distinct balls are going to be selected in the next m draws. It is clear that when m
increases this probability decreases. With similar arguments we can prove that 7,
converges to n almost surely as & increases to infinity. Now suppose that more than one
ball is drawn without replacement in each of the k selection steps. It is clear that in this
case the velocity of the convergence increases. Then, the proof for the one-by-one case
solves in fact the general case. a

Putting together Theorems 3, 4 and 5 we can conclude that, in the case of an
open-minded prior, the Bayes’ estimator converges almost surely, under the process
{P{Ty=t|N=n}};»;, to the value n of the population size, N. This pointwise
convergence can also be proved for the maximum likelihood estimator introduced by
Leite, Oishi & Pereira (1987, 1988). Recall that the MLE is given by N which is (i) equal to
T, if T, = M,, (ii) equal to = if T, =S;, and (iii) equal to T, + R, — 1 if M, <T, <§,,
where

k

Rk=min{n eN: [T (T + n—m))<n(T; +n)*“‘}.
ji=1

To obtain the convergence of the MLE one only needs to prove that the MLE assumes only

one value for large k and that R, converges to one. The proofs of these facts are simple

but long.
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6 Large Samples, Martingales, and Supermartingales

In the present section we study large-sample properties under the Bayes’ model. The
conditional probability space of D, given N, the statistical model, and the probability
space of N, the prior model, are carefully stated in order to produce the precise definition
of the joint probability space of (N, D).

As before, we consider a bounded sequence of integers, {m;};.;, with

M=sup{m;j=1}, M;=max{m,,...,m}, S=m+...+m; (j=1).
Define also the following sets:
Ny ={xeN;x =M},
A;={0,1,...,m;} forall j=1, and
Q={o=(w, 0,,...); w;€A;, j=1,2,...}.
Let & be the o-algebra generated by the sets
{weQ;w,eB,cA, w,€Bc Ay, ..., weBcA} (j=1,2,...).

The measurable space (2, ¥) is the space of experimental observations based in D,.

Recalling that, for all j=1, {;=u, +. ..+ u;, where u, =m, and y; € A;, we consider
the family {P,;ne Ny} of probability measures on (Q, %), defined for all positive
integers as

P,,{a)EQ; ahEA], wzeAz, ‘e ey kaAk) =P{Dk=@k |N=n}, (6.1)
where P{D, = 9, | N =n} is defined by (2.1). Analogously, we can write
PloeQ o +...+oy=tM;<t<min{S, n},jsk}=P{L,=t|N=n}. (6.2)

The triplet (Q, &, {P,; n € N,,}) is the Statistical Space or Statistical Model. Consider the
o-algebra & of subsets of Ny, and a probability distribution 7 on (N,,, ). The probability
space (Ny, &, m) is the Prior Model. To complete the construction of the Bayes’
framework, we define the following entities:

(a) the cartesian product Q* =N,, X Q;
(b) the smallest o-algebra, ¥*, containing the set of cartesian products of elements
of € times the elements of %, that is

F*=0({EXF,Ee€¥, Fe%});
(c) a probability measure IT on (Q*, ¥*) defined by
T(E X F)= 2, P.(F)a(n)
neE
forall Ee € and F e %
The triplet (Q*, *,II) is the Bayesian model. For every k>1 and all points

(n, w) € Q*, the quantities of interest, N, D, and T, can be viewed as random entities
defined on (Q*, ¥*, I1) as follows:

k
N(n, )=n, Di(n, 0)=(w), ©,, ..., ), Tiln, 0)=> .
i=1
Using the Bayesian structure defined above, we can state the following results about
the random sequence {7;};»,. Below, we write X;,— Y [p] (or X,—Y as. [p]) to
indicate that, when k increases to ®, X converges in probability (or almost surely) to Y
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under the probability model p. In fact any statement followed by a.s. [p] means that the
statement is true almost surely (equivalently, with probability 1) under the probability
model p.

LemMma 1. We have that:
(i) for every fixed k =1, T, <N a.s. [I1}]; that is

H({(n, w) € QF; 5:1 w; < n}) =1;
(ii) T,— n [P,]; that is, for any n e N,
zi_ran({w €Q; Ek:l w,»=n}> =1;
(iii) T, — N[I1]; that is
B_rg H({(n, w) € Q*; é w; = n}) = 1.

Item (i) is consequence of the definition of P, since we had the restriction
k
P,,({w €eQ; D >n}) =0
i=1

for every k= 1.
The proof of item (ii) is left to Appendix 3, and to prove item (iii) we recall the
Bounded Convergence Theorem to write

lim [T, =N} = 3, 2(n) ,fi_’.‘lP"<{“’ e Q;Zk1 , =n}) =3 a(n)=1.

neN neN

The next result is a formal version of Theorem 5 which is a consequence of Lemma 1.
CoroLLARY 1. We have that:
(iv) T,—n a.s. [P,]; that is, for any n e N,

* k
P,,({w €Q; lim D, w, = n}) =1,

ke i

(v) T,— N a.s. [I1]; that is

k
H({(n, ) €Q*; lim D ;= n}) =1.
k= iy
Proof. The proof is simple. The sequence {7}, is nondecreasing and by definition
Ty <nas. [P,] and, from Lemma 1, 7, <N a.s. [IT}. Consequently, there exists a random
variable L such that 7,— L a.s. [P,] and T,— L a.s. [II]. Using again Lemma 1, T,—>n
[P.} and T, — N [IT] imply that L =n a.s. [P,] and L =N a.s. [II]. O

Consider the increasing sequence, {%},»;, of sub-o-algebras of #* induced by the
experimental observable sequence, {D;}x»;. Thatis & = {D7'(A): Ac (A X. .. XA)}.
The Bayes’ estimator, f,, is defined as the conditional expectation of N given %; that is,
forallk=1,

B=E{N|%)}. 6.3)

Recall that we are considering only prior distributions with finite second moments. The
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Bayes’ risk is then defined here as the conditional expectation of (N — Bi)? given %, and
we write, forall k> 1,

pe=E{(N — B)*| %} (6.4)

Note that, since T, is a sufficient statistic, the Bayes’ estimate, B(k, t), and the posterior
variances, p(k, 1), introduced before are in fact the observed values of B« and pq,
respectively. We list below some standard properties. Here and in remaining part of the
paper all the results are related only to the Bayes’ model IL

LemMma 2. We have that:
(Vi) {Bx}x»1 is a martingale relative to {F}i=1;
(vii) {pi}i=1 is a supermartingale relative to {F =15
(viii) {Bi}xs1 converges almost surely [I1] to a random wvariable defined on
(Q*, F*, 1II);
(ix) E{px}= E{px+1); that is, is nondecreasing in expectation.

Proof. The proof here is also straightforward since (vi) and (vii) are direct conse-
quences of standard properties of conditional expectations, (viii) is Theorem 4.3 of Doob
(1953, p. 331), and (ix) is a direct consequence of (vii). 0

Next we introduce the main results of this paper. We recall the fact that we are
considering proper priors with finite second moment.

THEOREM 6. We have that:
(x) the Bayes’ estimator converges almost surely [T} to the random -variable
(population size) N; that is B,— N a.s. [I1];
(xi) the Bayes’ risk converges almost surely [I1} to zero; that is p,— 0 a.s. [].

The proof of Theorem 6 is left to Appendix 4 because, although short, it is very
technical. This theorem is important since it shows a strong result for the Bayes’ estimator
and also shows that a good stopping rule shall depend on the Bayes’ risk.

We end this paper with a result about the variance (predictive) of the Bayes’ estimator.
Note that the Bayes’ estimator is a function of the data and its moments are based on the
marginal distribution of the data, called predictive distribution.

COROLLARY 2. The variance of the Bayes’ estimator increases to the prior variance as the
number of samples increases; that is Var {f,} 1 Var {N} as k— .

Proof. To prove this result we recall that {Var {Bi}}«>1 is nondecreasing and
Var {B:} < Var {N}. Then
lim Var {8,} < Var {N}.

On the other hand, using Fatou’s Lemma, we have that
liminf E{B%} = E{lim inf ﬁi} = E{N?}.
k k
Hence, we have that lim Var {8,} = Var {N} and the result follows. O

A final remark is that Lemma 1 and Corollary 1 are results related to T;, the sufficient
statistic. From them we can conclude that T, has strong properties under both classical
and Bayesian views. These properties may be used to state desired properties of the
maximum likelihood estimator introduced for the first time in Leite, Oishi & Pereira
(1987). Under the Bayes’ view the MLE is the posterior mode under the improper uniform
prior. However the Bayesian material presented in this paper would be appropriate if we
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consider a large but finite support to the uniform prior and making it a proper probability
distribution. Hence, both [P,] and [I1] play important roles.

This paper is focused only on the investigation of Bayes’ estimation properties. It is not
our objective to examine stopping rules. However, it is clear that, besides cost, a good
stopping rule must depend on the difference between the number of units selected up to
a certain stage j, S;, and the number of distinct units among those, 7. A large difference
(correspondingly, a small risk) could be substantial evidence that almost all members of
the population have been selected. Should one continue sampling in such a situation?
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Appendix 1: Proof of (3.3)

To show the inequality we let M, = M and S, = S, and rewrite the likelihood kernel as
follows:
—1

An, k, 1) = {H m,-!}{H (n ~f)}

j=0

1§l

{

(-}

E -2

Appendix 2: Proof of Theorem 3

For all k =5, we can write

Ak, )= {“'%5)—:)?!+ ’}/{“ (::(:)Ir): * 1}’

- 3, B () (7))
- 3, M () (1)

where

Then it is enough to show that

lima=lima =0.

k- k—voc



212 J. GarLvao Lerre and C.A. pe BRAGANCA PEREIRA

Forallk=¢+1,

I {<n:> N (,:)} <(t/n)".

7
Consequently,

asrt i (zr/n)* (n!)z(n) <7 i m(n)(z/n)<*

n=t+1 (n)l(n _t)‘ n=t+1

<t[t/(t+ DI X x(n)<(z+1)[t/(x + )]
n=r+1
This last term converges to zero as k increases to infinity. Similarly, we would prove that
a’ converges to zero as k increases to infinity and the proof is completed.

Appendix 3: Proof of Lemma 1

Only item (ii) remains to be proved. Note that, for each fixed n such that (n)>0,
there exists a positive integer k, (depending on n and on the sequence {m;};=1), such that
n<S, for every k = k,. Then, for all k = k,

P,,({w eQ;lél ; =n}) =n!§){(—-l)n“i[i! (n—! ﬁ [( [ ) - ( n )]}

j=1LA\m; m;
n

14n! 2_: {(—1)"-"{1-1 (= ] {( ‘ ) + ( " )]}

i= j=1L\m, m;

i

The second term of the right-hand side of this expression converges to zero as k—»
since, for 0<i<n,

k

o< fH{(2)+ ()} =mr=o,

J

as k— o, Consequently,
k
lim P,,({w €2 Z w; = n}) = 1.
ks i=1

Appendix 4: Proof of Theorem 6
Using Th;:orem 4.3 of Doob (1953, p. 331), we have that

lim B, = E{N | %) a.s. [T},

where . is the smallest o-algebra containing

U %.

k>1

Since T, is F.-measurable (because it is %,-measurable and % c %) and T, — N a.s. {rj,
we have that lim, sup 7, is %.-measurable and

limsup T, = N a.s. [II).
k

Then
E{N| %)} =Nas. [I],

concluding the proof of item (x).
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To prove item (xi) we use Theorem 9.4.4 of Chung (1974, p. 334) to conclude that
{Pi }+»>1 converges a.s. [T} to a random variable since

E{p,} =Var{N} <.

From item (x) we know that fz— N? a.s. [IT].
To conclude the proof we need to show that
E{N*| %}— N? a.s. [I1].

Since E{N?*} <=, from Theorem 4.3 of Doob (1953, p. 331) we have that
zim E{N*| &} =E{N*| %} as. [I].

On the other hand, since T7 is %.-measurable and converges a.s. [IT} to N?; we conclude
that lim, sup T% is also %.-measurable and is equal to N? a.s. [IT}. Hence,

E{N?*| %} =N?a.s. [I],
concluding the proof. 0

References

Chung, K.L. (1974). A Course in Probability Theory, 2nd ed. New York: Academic Press.

Doob, J.L. (1953). Stochastic Process. New York: Wiley.

Freeman, P.R. (1972). Sequential estimation of the size of a population. Biometrika 59, 9-17.

Lehmann, E.L. (1966). Some concepts of dependence. Ann. Math. Statist. 37, 1137-1153.

Leite, J.G. (1986). Exact estimates of the size of a finite and closed population (in Portugese). Doctoral
dissertation, University of Sdo Paulo.

Leite, J.G., Oishi, J. & Pereira, C.A. de B. (1987). Exact ML estimate of the size of a finite and closed
population: capture/recapture sequential sample data. Prob. Eng. Info. Sci. 1, 225-236.

Leite, 1.G., Oishi, J. & Pereira, C.A. de B. (1988). A note on the exact maximum likelihood estimation of the
size of a finite and closed population. Biometrika 75, 178-180.

Leite, J.G. & Pereira, C.A. de B. (1987). An urn model for the capture/recapture sequential sampling process.
Sequential Anal. 6, 179-186.

Zacks, 8. (1981). Parametric Statistical Inference: Basic Theory and Modern Approaches. Oxford: Pergamon.

Zacks, S. (1984). Bayes sequential estimation of the size of a finite population. University of Sio Paulo, Brazil.
RT-MAE-8404.

Résumé

On introduit, pour P'effectif d’une population, un estimateur de Bayes calculable sur des données obtenues par
le processus d’échantillonnage progressif capture-recapture. On étudie des propriétés relatives 2 P'information
contenue ces données. Quelques propriétés des grands échantillons sont aussi obtenues par Pemploi de résultats
standards pour les martingales. Les résultats les plus forts sont la convergence presque siire de I'estimateur de
Bayes vers I'effectif réel de la population et la convergence du risque de Bayes vers zero. Les propriétés de

¢ Bayes présentées sont valables pour des probabilités a priori qui sont des vraies probabilités avec des moments
d’ordre second finis. On démontre que Pestimateur du maximum de vraisemblance converge aussi presque
‘ sGrement vers Peffectif réel de la population.

. [Received July 1989, accepted April 1990]



v

COMMUN. STATIST. -SIMULA., 17(2), 407-430 (1988)

A BAYESIAN ANALYSIS IN CLOSED ANIMAL POPULATIONS FROM
CAPTURE RECAPTURE EXPERIMENTS WITH TRAP RESPONSE
Josemar Rodrigues, Heleno Bolfarine

and Jose Galvao Leite
Iﬁstituto de Matematica e Estatistica
Universidade de SZo Paulo
Caixa Postal 20570 - Agéncia iguatemi

01051 S&o Paulo, SP. - Brasil

Key hords and Phrases: Cépture~recapture process, closed animal
population, Bayes factor, Bayes estimator.

ABSTRACT

Using data obtained by a multiple capture-recapture
Process with trap response, the problem of model choice
and inference for the size of 8 closed animal population
is considered from a Basyesian viewpoint. Four different
models are discussed and for some estimators and tests
developed there are no competitors from the classical
sampling approach. A variety of prior structures are
considered with the purpose of studying the influence
of the priorgchosen on the posterior distribution. A
special prior structure which takes into consideratiom
the possible correlation between capture and recapture

probabilities is also analyzed
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1. INTRODUCTION

The problem of estimating the size of a closed
animal population has recently been considered by
Pollock and Otto (1983) from a classical sampling view-
point and by Castledine (1981) using a Bayesian approach.
Pollock and Otto (1983) consider the capture probabil-~
ities to be constant over sampling times, except as
influenced by trap response. Castledine (1981) considers
the capture probabilities to be the same for all animals
‘but with the possibility of changing over time. However,
he has not considered the possibility of trap response.
In this. paper we follow Castledine's approach but al-
lowing for trap response. According to Pollock and Otto
(1983), this problem is very difficult to deal with
statistically. Two basic models are considered and
Bayesian tests for checking their adequacy are proposed.
In each case, Bayesian estimators for the population
size are considered. A sensitive study of the posteribr
distribution for a special class of .prior distributions
is performed. It is also considered a prior structure
which allows the ©possibility of dependency between

capture and recapture probabilities.

2. THE MODELS AND BASIC NOTATION

As in Castledine (1981), we write N for the unknown
population size, s(> 2) for number of samples taken,

P;r 1 2 i < s, for the probability of each animal to be
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captured in the ith sample, co 2 <1i< s, for the pro-
bability of an animal to be recaptured in the ith sample,
xi for the number of unmarked animals in the ith sample,

Y., for the number of marked animals in the ith sample

i
(Y1 = 0), and LA for the number of marked animals just
before the ith sample (Ml = 0). We note that M.y =

M. + X, = I X.,1i=1, ... , s. Let LEELEE SIS
i=1, ... , 8. It is assumed that the population
remains closed throughout the realization of the experi-
ment. Thg case where Py ¥ C for some i, was called by
Pollock (1975), the "heterogeneity with trap response"
model, and it is here denoted by M?h; if P; = ¢y, then
the “"heterogeneity with nontrap response" model, Mzh’
follows. This situation is considered in Castledine
(1981). The case where P, = p, ¢; =c and p # ¢, was
called by Pollock and Otto (1983),the "no heterogeneity
with trap respoﬁse" model, here denoted by,M*, and 1f

p = ¢, the "no heterogeneity, no trap response” model,

M* follows.

ol
Under the assumptions made above, it follows
that
Xi | p; ~ B(N - Miopys xi), i=l,...,s (1)
and
Yo | e, ~ B ,c05 y,), i= 2,...,s (2)

vhere B(n,p;x) stands for the probability of x successes

in n trials 6f a binomial experiment with success pro-
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bability p. Similar results hold for the case where

P; = p and c; = c. It is also assumed that X, is inde-

i
pendent of Yi (conditional on Mi).

To complete the notation let p = (pl""’Ps) R
c = (CZ""’Cs) and D = {(xi,yi). i=1,...,8; y; = o},
the observed data. From (1) and (2) and the assumptions
made above, it follows easily that the likelihood func-
tion is

N X, . N-xl 8 N-Hi Hi
L(N,poe | Daly dpym (1-py) mToCx, M0y .

i=2
X . N-M.-x. vy. ' M.-y.
i i i i i 71
- Py (1 pi) < (1 ci) s . (3)
with the restriction that N > Ms+1 . Note that if P;=C;s

for all i, then L(N’E’S | D) reduces to (2) in Castledine
(1981). 1f s = 2, then L(N,p,c | D) is the model con-
sidered by Pollock (1975). It is easily seen that the above
maximum of the likelihood function (3) occurs

at the solution of the equations

Py = xi/(ﬁ . PRI SIS PRI

Ei =y, /M, 1= 2,000,8

and
N /(1 - 0 -
= Ms*l - =1 pi .
The equations above were found to be redundant by Pol-

lock (1975) and the reason is that N is not an iden~-
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tifiable parameter for this model. In order to obtain
the maximum likelihood estimator, Pollock had to make
some restrictions on the parametric space. As will be
seen, & Bayesian estimator for R can be obtained without
any restriction and with minimal prior information.

in the case of model Hi. it follows from (3) that

s+1 s
N - L M y;
N M3+1 s i=1 iEI b,
L(N,p,c | Dlaly ) p (1-p) c
s+1
8 8
> L .z y;
. ('l—::)l-1 i=1 , where N > M__ ., (4)

and the maximum likelihood estimators of p,¢ and N are

given by the solution of

. - s
P = MS*I(BN - 151 Hi) N
d - 1 /(2 oMo
c = . %
i=1 Yi i=1 i i=1
and
s . C1_ayS
N Ma+1 / (1-(1-p) 7).

These equations have also been obtained by Pollock and

otto (1983).

3. A BAYESIAN ANALYSIS FOR THE “HETEROGENEITY
WITH TRAP RESPONSE" MODEL

In this section, we first consider, from a Bayesian

view point, a method for comparing the two alternative

MOdels"M3 and M*% Then, having decided for one of M%¥,

h h'
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or M?h, we consider the problem of deriving Bayesian

estimators for N.

.. % %
3.1. Deciding between Moh and M!h

To decide between Mgh or M?h we make use of the
Bavesian factor approach (see Smith and Spiegelhalter
(1980), for example). Denote by

m p(D|{M* )
K = -9~ oh® (5)

*

ntp(DiMih)

the Bayes factor in favor of Mgh, where ?i denotes the
prior weight attached to model M;h, i = 0,1 and p(D|M€h)
is theipredictivé density under model M*% i =0, 1. In

ih’

order to provide a Bayesian solution to the estimation of

N and a model choice procedure for selecting between M?h

and M;h, it is considered in this and in the next section,
the following prior structure:

ﬂ(N,E,S) = 1m(N) T(E.E),

where 7(N) is a constant; 7(p,c) = 1, O < p

I A
-
-

i
0 <e¢c, <1, 1i=2,...,s} ﬂ(p1) =1, 0 < p, < 1 and

= - P =

ﬂi = 0,5, i = 0,1. The above prior structure is

reasonable when little prior information is available
about the parameters of the model. It also makes it
possible to find a Bayesian solution (with non-informative

priors) for the problem of estimating N, not

completely solved by Pollock (1975). Informative priors
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which also avoids the ridge between N, p and ¢ in (3)
and the question of influence on the posterior dis-
tribution of a special class of prior distributions,are
studied in detail in Section 5.

The predictive density under model Hz p(DfMgh),

h)

is given by

1.1
p(plMt ) = = J (LN, p,c)T(MN(p,c) dp de

N>1
- o’ o

s - -~ - .
= 1 i cyi (1-¢ )Mi i (1- )MS‘*1 S
im1 i i L L :
o’ o
. -(Ms#1+l)
[1 - I (l-pi)] dpidci
i=1
1 3
s n. M . .-n. o (M ) s .

2 oI J p.} (1-p.) S*1 1 7 _srl” g (1-p.)Jdp.
R i 1 . . . 1 1
1=1 o i=0 it 1=1

i) _ .
) ? €] 1+l) ﬁ nx!(Ms+1 no+j)t
j=0 it i=1 (M, 3+
3
.3 (M 4>1+1) ; 1
j=0 j1 i=1 ("s#l””](niﬂ) '
nj+l

vhere * means that the following aproximation was

used:
8 -(Ha+1+1) o (M 1+l)j s b
(1 - I (1-p.)) = I "—i:‘r;— n (1-p;)-,
i= i j=0 it i=1
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which is justified by the fact that, for small t,
in{l-t) & - ¢,
Similarly, under model Mih’ it can be shown that

the predictive density is

(M +1)j s

. T +1 1 ;
p(DlMTh) s ——— g - : . i
j=0 jt i=1 {Hi]["s*l "1‘3*1](xi*1) :

Accordingly, the Bayes factor in favor of M;h is:

o (M *l)j .S

I s+1 I 1
i=0 j! i=1 Ms¢1+3+1 (n.+1)
‘ ni+1 1
o (M +1+1)J s 1
Z PR A —
j=0 it i=1 [Mi [Ms+1+3‘l-ni}(xi+l)
yi x1+1
J
? (M +1+1) ; 1
j=0 i=1 .
it {Ms’1+341}
n.+1
1
- - . (9) |
3 t
o (M +1) s ;
T axl n , 1 ,
j=0 it i=1 {Hi}(ﬂs*l-ﬂi*J*I] 7
yi xi+1 %

If s is reasonably large, it. is enough to consider j=0
in (9), since the other terms in the summation will be
extremely small. In this case, we may write (9) as ap-

proximately equal (=) to
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(54] [fozi701)
. ALY (M 41
K & F[ Y x:+1 . (xl ) (M ) ) (10)

s+1+1] (ny + 1)

The first term on the right hand side of (10) appears
to be an extension of the Fisher exact test statistic
for comparing two binomials (see Lehmann (1986), pp.143).
The second term‘would then correspond to a contribution.
from the Bayesian approach. If a binomial approximation
is used for the hypergeometric distribution, an ap-

proximation for K in (10) is

8 M ~-M.+1 (x.+1) (M.+1)
K = 1 B(ni+1, s+l 1 ; xi+1). L 1 .
i=] Ms+1+1 03+1)
(11)

3.2. Making inferences about N

In this section, the posterior distribution of N is
found under models Mgh and Mih and the prior structure
considered in Section 3.1.

‘Under Mgh we may write, according to (3),

N Xy N-xy
TN,p.elD) o (Giy,y) pyt = py) a2)
X . N-M:=-X3 M:"Y:
. 1 - 1 1 Y3 _ 1 1
. iﬁz Py (1 -pp) et (1 = ey)

Integrating out p and ¢ in (12) we obtain, after

making use of some properties of the beta distribution,
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that the marginal posterior distribution of N is

(13)

s 1
T(N|D)a m
i=1 (N+I—Mi)

with N > Ms It is easily seen that the mode of the

+1°
posterior distribution given by (13) is Mo, - As

mentioned in Section 2, under M¥*

h and the noninformative

prior structure considered in Section 3.1, Ms+1 is the
Bayesian solution for the unsolved estimation problem
discussed in Pollock (1975). It is also worth remarking
that if one considers the improper prior distribution
“(p,c) o ;; p;‘, then ﬂ(NlD) = T(N), that is, the data
is noninf;;;ative for making inferences about N. This
gives a formal justification for why it is not possible
to estimate N without a proper prior distribution for P
and c. Castledine (1981), used the improper prior above
to show the correspondence between his and Darroch's
(1958) approach.

According to the prior structure considered in

Section 3.1, we obtain under model M;h

N s . .
’ 1 3
T{N,p|D) « CT TPy (- p)) . . (s

where, as before, B, o= X, 4+ Y., i=1,...,8, and

N > Ns+l‘ So, it is easily checked that
N
(Ms+1) s
T(N|D) « T (N - ni)! .

(N+1)S 1=t
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where N 2 MS+1. Expression (15) can also be obtained
using (7) in Castledine (1981), although he did nut
consider the possibility of using noninformative, but
proper priors for p and c.

Analytical expressions for the posterior mode of

the probability function (15) are considered in

Leite et al. (1987).

Application 1. In this application the sunfish data

considered in Castledine (1981) is reanalyzed. Using

the binomial approximation (11) it can be shown, after

some numerical computations, that K = 3.498 ~ 10-5. So,

P (M* |D) = 3.489 x 10-5. This shows that M* is not an
oh oh

adequate model, since it has extremely low support from
the data. It is reasonable to base inferences about N on

Mﬁh. Under M* the posterior distribution (13) practically

th'

degenerates into Ms 135. Se, clearly, N = 135 is the

+1
Bayesian estimator for N under the prior structure of

Section 3.1.

Application 2. In this application we consider the data

of Example 4.8 in Seber (1973), pp. 146. After some
numerical computations, it can be shown that K = 0.98
and that P(Mgh'D) = 0.489. Thus, inferences

about N could be based either on Mgh or M?h' It follows

that the mode of the posterior probability function

(15) is N= 58. The 95% credibility interval for N is (56;64).
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4. A BAYESIAN ANALYSIS OF THE "NON HETEROGENEITY
WITH TRAP RESPONSE" MODEL

In this section a method for comparing the two al-
ternative models, MY, the "non heterogeneity with non-
trap response' model, with M{, the "non heterogeneity
with trap response" model is considered. The Bayesian
factor approach considered in Section 3.1 could be used,
but we proposed another method that provides, in this

case, a more elaborated solution.

4.1. Deciding between MX* and M}

From (3), considering the prior structure of Section
3.1, it is not hard to show, by using (7), that the
marginal posterior distributions of c and p are given

by

s ; ) ;
M(c|D) «a ci£2 {i 1 - c)i'Z Mi i=1 Vi
and
f o« ) | ) )
Tpln) @ piTl (1-p)ms"1 iilnlﬂ(l-(l—p)s) Maat” .

respectively.

It is well known that the posterior distribution of
Z=io0og (c/1-c)), given D, is approximately normal with

mean

s 8
Ly = Rogl £ y.+1)/( I M, - I y; ot 1)), and
i=2 1t i=1 Y j=2

[
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variance

s s s
v, = 1/( L y.+1)y + /(L M., - I y. + 1).
L i=2 i=1 1 =2 7

It is also assumed that given D, W =~L0g( —P is
(1-p)
approximately normal with mean 12, which is obtainable

by solving the -equation

. sM s
1 . s+1
M +1) — + —————— - sM - I M. = 0,
s+l t (1+t)s-1 s+1 i=1 i+l
for t.W = fog t. The variance of the posterior
distribution is
- 1
V2
s : ES(MS:¥)[(1+E)S(1—SE)-13
((S+1)Ms+1 - I Mi+1) +
i=1 (1+%)2 ([a+D)5-1] 1+))° -

the inverse of the second derivative of the logarithm
of the posterior density of W at the mode 22 , where

. L
f = e 2. As will be seen in the applications, these

approximations seem are quite reasonable. Using
Hinkley (1969), it follows that the posterior distri-
bution of q = W/Z is proportional to

lllvléizlvz 2

- — T s

e -2 O {am v 0{1-z¢(ii)j+2oze'
ag

'l:

N

Uz/zoz}

(16)
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where ¢ is the distribution function of the standartized
normal distribution,

Lialvi+t,/v, 2 1
LS e e— 8nd g B eeeeee——— s

2
q2/Q1+1/v2 q /v1+1/v2

So, the decision for one of Mg or Mﬁ might be based
on a (1=-0) 1007 HPD interval for q; if @ = 1, is in the

interval then Mg is the model to use for making infer-

ences about N. Otherwise, Mq should be used.

4.2. Making inferences about N

Under the prior structure considered in Section 3.1,
it follows from (4) that the posterior distribution for
N,p and ¢, under Ml is

T(N,p,clD) & L(N,P,c|D). (17)

13

By intergrating out p and ¢ in (17) it follows that

the marginal posterior distribution of N is

(Ns = I M. )!
n N i=1
(o) o Gy ) (18)
s
(Ns - T M, + 1)!
i=1

N > Ms+1' All the information on N can be obtained from

this posterior p.d.f.

On the other hand, under M:, the posterior distribution

of N is
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&
- - t
X (Ns Mo iEI yi).
TNID) @ (Mgyq) 19)
; (Ns-1):

N>H

s+l

Application 3. In this application, the sunfish data of

Application 1 gs reanalyzed. We first decide, based on
the approach presented in Section 4.1, which model to

use, Hg or Hf. The normal approximations for the pos-

terior of Z =fog c/ﬂl-c) and W=Rog p/(l-p), are such

that

L, = - 3.6; v

1 = 0.042; £, = -2.6 and

1 2

v, = 0.077.

In order to see that these approximations are rea-
sonable, a plot of the exact densities of Z and ¥ are
given in Figure 1.

Figure 2 below presents a plot of the posterior
density of q = W/2, which is given in (16).

The 95% HPD interval for q is (0.539; 0.85) and
# = 1.0 is not included; neither it is included in the
99% HPD interval. So, the right
model to choose is Mt. Under this model, a plot of tﬂe
posteéior probability function of N (from (18)) is
given invFigure 3 below. The posterior mode is given by

238. The 95%7 HPD confidence interval for N is (197;546).
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FIG. 1 -

Application 4.

plication 2

for Z and W

Ql = ~0.26;

The 957 HPD interval for q = W/Z is (0.1;23.5).

under M;, the posterior mode is R = 37, and the 957 HPD

interval 1is

(36344).

-1.

Posterior densities.

is now nerformed.

are such that

v

1

0.035; 22 = ~3.02;

nonmbuss, BOLFARINE,
0.040}
0.032}
0.024 ¢

C.016 }

0.008

0.000 e

AND GALVAO LEITFE

-5.0

(b)

(a) z|D;

Va2

A second analysis of the data presented in_

(b) W|D.

Ap-

The normal approximations

= 3.11. !

So,
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0.73 k
0.84

.00 i “"'".n i
0.20 0.36 0.52 0.68
2 - Posterior density of g w/z.

FIG.

5. INFORMATIVE PRIORS
In the previous sections, uniform prior distribu-

But in many situations,
(psc).

tion was taken for (E’C)‘
informative prior knowledge is avaiable about
interesting to investigate the sensi-

Thus, it is
tivity of the posterior distribution of N, to changes
in the prior structure and the model adopted. In this

section, two informative prior structures are investi-

gated.
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5.1.

240

for N under Mi.
.

Independent Reta priors

FIG. 3 - Posterior probability function

If p and ¢ are considered to be prior independent,

it is natural to consider Beta priors. Therefore, under

M;, let

Pj

C .
1

= ¢c = Beta(az,bz)

= p o~ Beta(al,bl) H

I3
*

1,...,8

e

i = 2,..4,8

with p and ¢ independent. Under th, let

(20)

’
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P

i~ Beta(al,bl) s 1= 1,...,s

(21)
c, ~ Beta(az;bz) s 1= 2,...,s8 ,

with p; and ¢y independent, i = 2,...,s.

Combining (20) and (21) with (4) and (3), respecti-
vely, and using the same approach as in Castledine (1981),

we have

) s
(sN = I M, - I x;+b,-1)!
N : i=1 i=1
MIT(N|D)a Gy, ) - mN),
-~ - +
(sN ifl M, o+ a; + b1 1).~
(22)

and

8 (N-Mi-xi+bl—1):

n (N). (23)
i = - - ! .
1=1 (N Mi+al+b1 1)

N
®
Mlh.H(N|D)a(Ms+l)

Note that for al-b1

(13). Also, for ay=0, b;=1, it follows that M(N|D)=NI(N).

=1, under model M?h’ we obtain

In order to investigate the sensitivity of the postcrior
distribution of N to changes in the prior structure, as
in Castledine (1981), let A = N(N|D)/N(N). Applying

Stirling's formula to (22) and (23), we obtain

s s
) G G e
M}: £n) = const + (Ms+1+al)2n sN + ﬁy 1 .
s )
_ I M. (L M. +1)
_ (81+b1)(al+b1 1) O.S(M8+1 al) jel Lgey 1

+ -
8 8 8
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and

M;h:ink = const - (Hs
2
+ s[(al+b1)(al+b1-l)-—bl + 0.5(al+2b1)]}.

As the number of stages s increases, the dominant

s

; *
terms in M1 are Ms+1 and 151 Mi+1' Therefore, the

influence of the prior parameters a, and b, is much

greater in model Mgh than in model M;. Similar result

was obtained by Castledine (1981) when the trap response
is not considered in the estimation process. As in

Castledine (1981), this difference is explained as
s
follows. 1In model M;, p === p; can be learned
8 i=1
from the experiment an by knowing this, we can form an

intuitive estimate,

%‘ z X: M Ms+1 4 (24)
ps i=1

N =

whereas in model M;h' the value -of p is known a priori
to be al/(al+b1), that is, we cannot learn it from the
experiment. Note, also, that the effect of changing a,

and b, is null in both models.

2

Application 5. Table I shows the mode and the 95% HPD

intervals of the distribution of N under models M{ and
M;h based on the sunfish population of Application 1.

As before, NI(N) a 1/N, N > 1.
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Table I. Postefior Distribution of N for the Sun-

fish Data.

Models Prior Parameters Mode 957 HPD Interval
ay b1
M3 1 1 238 (197, 546)
3 100 290 (215, 594)
M* 3° 500 1064 (523, 1124)
1 15 500 356 (267, 607)
. 30 1000 374 (292, 546)
3 100 385 (305, 535)
- 3 : 500 1625 (1157,1628)
1h 15 500 393 (333, 474)
30 . 1000 394 (338, 465)
Il 3 100 - (335, 539)
(Castledi 15 500 - (347, 489)
ne,1981) 30 1000 - (350, 478)

5.2. Diriclet Priors

In the previous sections, independent
prior distributions were taken for P; and ci,i=l,”.,s.
However, this assumption is not realistic in many prac-
tical situations. A prior distribution that takes into
consideration possible negative correlation betwcen P
and c is the Diriclet distribution. Therefore, in thds

section, it is considered that
Mip: (pyeeg) ~ Dlasa ], =1,y (25)
and

py - Blajsagvay]

vhere a = (al,az).
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Table II. Posterior Distribution of N from

the Sunfish Data

Prior Parameters Mode 957 HPD Interval
ao al 82
1 1 1 158 (143 ; 214)
1 1 10 217 (176 ; 348)
10 10 10 139 (135 3 146)
3 10 100 190 (170 ; 219)

Considering the transformation

. c.
= = ———
911 P; and GiZ ) s

-p;

i=1,i..,s, it is not difficult to see that
(1) Gil and GiZ are independent, i=2,...,s ;
(ii) 01 ~ B[al,ao+az] and 912 - B[az,ao+81].
From (3),(25) and T(N) al1l/N, it follows, by integrating

out Gil’ 612 that the marginal posterior distribution

of N is

H(Nln)a(gs*l) n

Y

- — 1
s (N Mi+1+yi+ao+az 1) [1
+
= - - 1
i=1(N Mi+yi+ao+al+a2 1.

: s M=y
i it

M.-y LN_Mi+1+yi+ao+82+J-1}j }n(n)
»
]

=1 [N—Mi+yi+ao+al+az—1]

3 (26)

where {a]j = a(a-1)...(a-j+1). If c; is small, which is

reasonable in many real problems, we can obtain a sim-

plified and approximate version of (26) by consiéering
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only the first (or the first two) term in the summation

involved.

Application 6. Table I1 shows the posterior mode and

the 95 HPD interval, to illustrate the behavior of the
posterior (26) for several values of a say and Ay The
data set employed is the one considered in Application

1.
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